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“Was immer in der Welt passiert,

in seinem Innerem hat es die Bedeutung

von Maximum oder Minimum.
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Abstract

Non-smooth optimization problems in reflexive Banach spaces arise in many applica-

tions. Frequently, all non-differentiabilities involved are assumed to be given by Lipschitz-

continuous operators such as abs, min and max. For example, such problems can refer

to optimal control problems with possibly non-smooth objective functionals constrained

by partial differential equations (PDEs) which can also include non-smooth terms. Their

efficient as well as robust solution requires numerical simulations combined with specific op-

timization algorithms. Locally Lipschitz-continuous non-smooth non-linearities described

by appropriate Nemytzkii operators which arise directly in the problem formulation play

an essential role in the study of the underlying optimization problems.

Typically, substitute assumptions and regularization techniques are applied in order

to avoid facing the intrinsic non-smoothness and to asymptotically approximate optimal

solutions to the non-smooth optimization problems. In this dissertation two specific solu-

tion methods and algorithms to solve such non-smooth optimization problems in reflexive

Banach spaces are proposed and discussed. The central feature of these methods is the ap-

propriate handling of non-differentiabilities. Special focus lies on the underlying structure

of the problem stemming from the non-smoothness and how it can be effectively exploited

to solve the optimization problem in an appropriate and efficient way.

The minimization of non-smooth operators in reflexive Banach spaces by means of suc-

cessive quadratic overestimation is presented as the first solution method. For this purpose,

a suitable local model is constructed in an appropriate way such that the explicit structure

of the underlying non-smoothness can be exploited. Under certain conditions the resulting

algorithm can be proven to converge to first order minimal points.

For optimization problems with non-smooth elliptic PDE constraints, a theoretical and

numerical investigation of a novel optimization approach, which constitutes the second

solution method, is conducted in this dissertation. Explicit exploitation of additional

structural information obtained from the problem data and the involved non-smoothness

consequently enables the application of classical optimization methods. A switching strat-

egy based on structural insights allows solving optimal control problems with non-smooth

PDE constraints in a rigorous way and yields mesh-independent convergence behavior.

Keywords: Non-smooth optimization, Abs-Linearization, quadratic overestimation

method, first-order minimality, SALMIN, SCALi, PDE-constrained optimization





Zusammenfassung

Nichtglatte Optimierungsprobleme in reflexiven Banachräumen treten in vielen Anwen-

dungen auf. Häufig wird angenommen, dass alle vorkommenden Nichtdifferenzierbarkeiten

durch Lipschitz-stetige Operatoren wie abs, min und max gegeben sind. Bei solchen Proble-

men kann es sich zum Beispiel um optimale Steuerungsprobleme mit möglicherweise nicht

glatten Zielfunktionen handeln, welche durch partielle Differentialgleichungen (PDGs) ein-

geschränkt sind, die ebenfalls nicht glatte Terme enthalten können. Eine effiziente und ro-

buste Lösung erfordert eine Kombination numerischer Simulationen und spezifischer Op-

timierungsalgorithmen. Lokal Lipschitz-stetige, nichtglatte Nemytzkii-Operatoren, welche

direkt in der Problemformulierung auftreten, spielen eine wesentliche Rolle in der Unter-

suchung der zugrundeliegenden Optimierungsprobleme.

Typischerweise werden Ersatzannahmen und Regularisierungstechniken angewandt, um

die intrinsische Nichtglattheit zu umgehen und optimale Lösungen der nichtglatten Op-

timierungsprobleme asymptotisch anzunähern. In dieser Dissertation werden zwei spezifi-

sche Methoden und Algorithmen zur Lösung solcher nichtglatter Optimierungsprobleme

in reflexiven Banachräumen vorgestellt und diskutiert. Das zentrale Merkmal dieser Me-

thoden ist ein geeigneter Umgang mit Nichtglattheiten. Besonderes Augenmerk liegt dabei

auf der zugrundeliegenden nichtglatten Struktur des Problemes und der effektiven Aus-

nutzung dieser, um das Optimierungsproblem auf angemessene und effiziente Weise zu

lösen.

Als erste Lösungsmethode wird in dieser Dissertation die Minimierung von nichtglatten

Operatoren in reflexiven Banachräumen mittels sukzessiver quadratischer Überschätzung

vorgestellt. Dazu wird ein adäquates lokales Modell in geeigneter Weise konstruiert, so-

dass die explizite Struktur der zugrundeliegenden Nichtglattheit ausgenutzt werden kann.

Unter bestimmten Bedingungen konvergiert der resultierende Algorithmus nachweislich zu

Minimalpunkten erster Ordnung.

Für Optimierungsprobleme mit nichtglatten elliptischen PDG-Beschränkungen wird ei-

ne theoretische und numerische Untersuchung eines neuartigen Optimierungsansatzes, der

die zweite Lösungsmethode darstellt, durchgeführt. Die explizite Ausnutzung zusätzlicher

struktureller Informationen aus den Problemdaten und der zugrundeliegenden Nichtdiffe-

renzierbarkeit erlaubt die Anwendung klassischer Optimierungsverfahren. Eine auf struk-

turellen Erkenntnissen basierende Switching-Strategie ermöglicht die rigorose Lösung von

Optimalsteuerungsproblemen mit nichtglatten PDG Beschränkungen und weist gitter-

unabhängige Konvergenz auf.

Stichworte:Nicht-glatte Optimierung, Abs-Linearisierung, quadratische Überschätzungs-

methode, Minimalität erster Ordnung, SALMIN, SCALi, PDG-beschränkte Optimierung
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ϕ�(v) Fréchet derivative of ϕ at v

Dviϕ(v1, . . . , vn) partial derivative of ϕ with respect to vi

ϕC(v;h) Clarke derivative of ϕ at v in direction h

∂Cϕ(v) Clarke subdifferential of ϕ at v

ϕloc(v;Δ v) local model of a functional ϕ at v with argument Δ v

ϕQ(v;Δ v) quadratic model of a functional ϕ at v with argument Δ v

V �→ W continuous embedding of V into W

V
c
�→ W compact embedding of V into W

Spaces

N set of natural numbers

Ns set of natural numbers from 1 up to s ∈ N, i.e., Ns := {1, . . . , s}
R set of real numbers

R extended real line R ∪ {±∞}
R+ set of non-negative real numbers

R− set of non-positive real numbers

Rn space of n dimensional real vectors

V ∗ dual space of a normed space V

L(V,W ) space of bounded linear operators between normed spaces V and W

C(Ω) space of continuous functions on Ω

C0(Ω) space of continuous functions on Ω which vanish on the boundary ∂Ω

C1(Ω) space of continuously differentiable functions on Ω

C∞
0 (Ω) space of infinitely differentiable functions on Ω with compact support

Lp(Ω) Lebesgue space of p-integrable functions on Ω

W k,p(Ω) Sobolev space of locally summable functions whose weak derivatives up to

order k exist and belong to Lp(Ω)

Hk(Ω) short notation for the Hilbert space W k,2(Ω) for k ≥ 0

Hk
0 (Ω) closure of C∞

0 (Ω) in Hk(Ω) with k ≥ 1

vi



Abbreviations and Notation

H−1(Ω) dual space of H1
0 (Ω)

C1
abs(V ) class of operators ϕ : V → R which can be represented as a finite compo-
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1
Introduction

1.1. Motivation

The vast field of optimization is interconnected with a multitude of other fields; encompass-

ing applications in economics, engineering, statistics and other application oriented areas.

Likewise, it is associated with purely theoretical investigations in branches of mathemat-

ics, e.g., calculus of variations and applied functional analysis. This trait is an essential

driver for the reciprocal contributions between theoretical results and the design of applied

solution methods. This leads to a continuous expansion of insights, applications, solution

methods and algorithms. Therefore, the field of optimization constitutes one of the most

lively areas of research in mathematics, which in particular caused to the formation of the

challenging but fascinating field of non-smooth optimization.

Practical optimization problems in the numerous application areas can contain different

types of non-smoothness, the cause of which can be of different origins, e.g. for physical,

technological, methodological or numerical reasons. Many optimization problems in the

areas of signal and image processing, mechanics and plasma physics as well as robotics, can

also be expressed as non-smooth optimization problems. Similarly, the non-smoothness

can arise due to modeling or regularization in PDE-constrained minimization problems

arising from optimal control or even inverse problems. Note that in this context the

proper choice of the space of admissible controls together with a suitably non-smooth

regularizing term can yield particular minimizers that feature certain required structural

properties. In addition to formulations that intrinsically exhibit non-smoothness, i.e.,

the non-smoothness arises directly in the problem formulation due to the presence of

non-differentiable operators such as abs or max, there also are problems that implicitly

exhibit non-smoothness, such as optimization problems constrained by variational inequal-

ities (VIs), which are a significant mathematical instrument for modeling free boundary

problems.

Solving smooth optimization problems may sometimes also require the application of

non-smooth optimization concepts or regularization in order to simplify the problem’s

structure or ensure the solution exhibits certain properties such as sparsity. This is done

1



1. Introduction

via a reformulation of the original problem into a non-smooth optimization problem or by

adding a non-smooth regularization term, which is a common practice in regularization-

based image denoising. More details can be found in [40, 72, 135, 175]. Hence, the field

of non-smooth optimization and its methods are evolving to a fundamental instrument,

enabling improvement and expansion of the current optimization methods and applications

in general. Therefore, it is of great interest to develop and analyze useful computational

and theoretical tools for non-smooth optimization.

In this work, two types of optimization problems are considered and employed as appli-

cation examples:

(i) Optimization problems governed by semi-linear PDEs involving Lipschitz-continuous

non-smooth Nemytzkii operators.

(ii) Sparse optimal control problems with non-smooth Lipschitz-continuous control terms

in the objective functional, i.e., L1-regularization.

These optimization problems can lead to mathematical and numerical challenges. In

the case of the presence of non-smooth Nemytzkii operators in the PDE constraint the

control-to-state operator is non-smooth as well. This lack of differentiability prohibits the

derivation of a classical reduced problem formulation or direct application of standard

optimization results and techniques. For this reason, one cannot derive classical necessary

first-order optimality conditions to develop efficient numerical solution algorithms.

The situation is different in the case of optimization problems with smooth constraints

but non-smooth terms in the objective functional. A reduced problem formulation can be

derived in the classical sense. Nevertheless, in this case, the associated reduced functional

is non-smooth. This non-differentiability once again does not support the derivation of

classical optimality conditions.

The most common strategy one can find in the literature to deal with this lack of differ-

entiability is to consider and examine suitably defined generalized differentiability concepts

and subdifferentials, such as in the sense of Clarke, Bouligand or Mordukhovich.

In this case generalized gradients, the elements of the set-valued subdifferentials, are con-

sidered and analyzed, as opposed to the classical gradients of the objective or reduced

functional. Detailed overviews of various subdifferential concepts and applications can

be found in [49, 64, 116, 152, 153, 164, 173, 182, 184]. For the case of a non-smooth

objective functional and smooth constraints, it is beneficial to apply this approach to the

reduced functional by considering and incorporating the chain rules for subdifferentials.

This can lead to corresponding practically relevant optimality conditions, for example,

see [55, 92, 163]. The textbook [182] by Scholtes provides an overview of the various

stationarity types in the non-differentiable case and the related subdifferential concepts.

2



1.1. Motivation

Subgradient methods, along with several variants developed for non-smooth optimiza-

tion, also have the advantage of a simple iteration scheme. On the other hand, these

methods have several disadvantages that cannot be neglected, such as: slow convergence

rates, high sensitivity to the step-size strategy, lack of dual information as well as that of

a reliable stopping criterion. More details can be found in [104, 186].

Moreover, considering subgradients does not necessarily benefit the corresponding anal-

ysis in all cases. For instance, this can be observed in the non-smooth PDE-constrained

case mentioned above. Due to the presence of the non-smooth Nemytzkii operator in the

PDE constraint, the non-differentiability influences the associated reduced functional only

in an indirect way. This also applies to optimization problems constrained by VIs, which

do not contain intrinsic non-differentiabilities but indirectly cause non-smoothness; see

e.g. [44]. As such, proper characterization and evaluation of suitable subdifferentials is

challenging and may even not be possible. Thus, despite its theoretical importance and

relevance, this subgradient approach is not practical for the purpose of the regarded ap-

plication case. Nevertheless, this difficulty has been circumvented, e.g., in [43] for optimal

control problems with non-smooth semi-linear elliptic PDE constraints and in [167, 168]

for obstacle problems by means of generalized derivatives of the solution operator of the

non-smooth state equation. The obtained first-order optimality conditions of necessary

type are stronger than those obtained via regularization and one can employ classical

solution algorithms and methods to solve the corresponding optimization problem; see

e.g. [43]. In this regard [44] proposes a general trust-region method for minimizing non-

smooth, non-convex and locally Lipschitz-continuous functions with a special focus on

optimization problems with elliptic variational inequalities of the second kind. Here as

well, the characterization of the Bouligand subdifferential of the solution operator permits

the characterization of the Bouligand subdifferential of the reduced cost functional and is

exploited to construct the solution method.

A significant amount of the results presented in this dissertation were obtained while

the author participated as a PhD student within the first funding period of the DFG prior-

ity program SPP 1962 “Non-smooth and Complementarity-based Distributed Parameter

Systems: Simulation and Hierarchical Optimization”. The goal of this DFG priority pro-

gram includes the advancement of relevant concepts in non-smooth analysis and laying

the groundwork for appropriate algorithms with mesh independent convergence. This in-

cludes the creation of fundamental theoretical as well as numerical concepts together with

the development and realization of new algorithmic models for the rigorous treatment of

non-smooth optimization problems; cf. [3]. The efforts within the priority program consid-

erably expanded the theory and solution methods of the field of non-smooth optimization.

However, as demonstrated by the various preprints of the SPP 1962, non-smooth PDE-

3



1. Introduction

constrained optimization problems pose a difficult challenge to this day.

Therefore, in addition to the aforementioned generalized derivative and subdifferential

concepts and associated generalized and weakened optimality conditions, the vast majority

of solution approaches rely increasingly on relaxation, regularization and approximation

techniques to circumvent the intrinsic non-smoothness and to avoid dealing with the ex-

plicitly resulting (non-smooth) structure; see e.g., [16, 17, 20, 23, 95, 100, 107, 125, 140,

145, 149, 169, 170, 181, 193]. This way one obtains smooth optimization problems that

asymptotically approximate the original non-smooth optimization problem in a suitable

way and allow the derivation of corresponding optimality conditions. Similarly, a very com-

mon approach in this context is the application of the thoroughly studied semi-smooth

Newton method to the regularized problem, see e.g., [9, 27, 43, 51, 109, 136, 169]. For

example, in [43] a variant of a semi-smooth Newton method is proposed to solve a specific

non-smooth optimization problem involving the max operator. Consequently, the original

non-smooth problem is modified according to its specific challenges, such that it can be

easily solved by a smooth optimization algorithm. In [144] the authors present the investi-

gation of a class of optimal control problems with a non-smooth semi-linear parabolic PDE

constraint and derive two types of necessary optimality conditions of different strength.

In the first case Karush-Kuhn-Tucker (KKT) conditions are derived for a sequence of reg-

ularized problems. Passing to the limit they obtain optimality conditions for the original

non-smooth problem, which, however, are classified of weak type. In the second case, a

stronger optimality system can be derived by exploiting the directional differentiability of

the original non-smooth control-to-state operator. This yields an optimality system that

is equivalent to the classical primary optimality condition in the sense that the directional

derivative of the objective functional is non-negative in feasible directions; cf. [144]. This

indicates once again the characterization of various types of stationarity for corresponding

first-order solutions of the non-smooth problem, e.g., stationarity in the sense of Clarke,

Bouligand or Mordukhovich, as well as weak and strong stationarity, as opposed to the

single stationarity concept in the smooth optimization case. In this context, the derivation

of optimality conditions including the different stationarity concept represents an active

area of research; see e.g. [94, 125, 130, 139, 162, 178, 211]. An in-depth survey of the

various stationarity concepts of varying strength in the case of mathematical programs

with equilibrium constraints (MPECs) is done in [99, 100].

In contrast to commonly applied smoothing and regularization approaches, this work

aims for an explicit exploitation of the structure caused by the non-smoothness. For

this purpose, a special treatment of the absolute value operator is employed depending

on the level where the non-smoothness occurs. As already established before, one may

consider a constraint optimization problem featuring PDE constraints such that a Fréchet
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differentiable control-to-state operator still exists. This can be the case, if a non-smooth

regularization term is added to the target function but the PDE constraint is smooth, as

considered e.g., in [37, 190]. Then, the so-called abs-linearization as already established in

finite dimensions (see, e.g., [79, 84, 85]) can be extended to the infinite dimensional case as

a special handling of the absolute value operator. Additionally, the non-smoothness may

occur at the PDE constraint such that the control-to-state operator is also non-smooth. In

this case, a special reformulation of the absolute value evaluation yields a closely related

smooth optimization problem that can be solved by standard smooth approaches. Doing

so in an appropriate way allows to also calculate a solution of the original optimization

problem with the non-smooth state constraint.

There are two approaches proposed in this dissertation to solve equations in reflexive

Banach spaces defined by non-smooth locally Lipschitz-continuous functions. These ap-

proaches explicitly exploit the structure caused by the non-differentiabilities, as opposed

to commonly utilized smoothing and asymptotic regularization approaches. To this end, a

dedicated concept, the abs-linearization, is applied as a special handling of the occurring

non-smooth operators. In this context the focus is exclusively on Lipschitz-continuous

non-smooth operators which can be formulated by means of the absolute value operator.

Starting from a general framework of optimization problems in reflexive Banach spaces,

we will largely deal with sophisticated special non-smooth optimization problems of the

classes which have been mentioned above and employed as examples.

The aim of this dissertation is the development and investigation of a class of algo-

rithms to solve such optimization problems by explicit exploitation of the intrinsic non-

smoothness. The presented methods are widely applicable, including L1-regularized sparse

optimization problems and optimization problems constrained by VIs or non-smooth

equality constraints, and image denoising problems regularized by total variation (TV).

1.2. Contributions and Outline

Novel Scientific Contribution

An essential part of the present work is devoted to the investigation of a novel treatment

of optimization problems involving non-smooth operators of a special class. The main

contributions of this dissertation can be summarized as:

• A special handling of the non-smoothness caused by the absolute value operator and

extension of the finite dimensional abs-linearization strategy to reflexive Banach

spaces.
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• A novel solution approach for a variety of non-smooth infinite dimensional optimiza-

tion problems with locally Lipschitz-continuous non-smoothness.

• Convergence analysis revealing that for any sequence generated by this algorithm it

holds that every accumulation point is a critical point in the sense of Clarke. Under

certain conditions, it can be shown that these stationary Clarke points are even first

order minimal.

• A theoretical and numerical study of an efficient large-scale optimization approach

for problems subject to non-smooth elliptic PDE constraints.

• A novel treatment of optimization problems with non-smooth elliptic PDE con-

straints and VIs of the first kind by explicit structure exploitation generated by

the involved non-smoothness which consequently allows the application of classical

optimization methods.

• A switching strategy based on structural insights on necessary optimality conditions

for constant abs-linearizations.

• Non-smooth semi-linear elliptic PDE-constrained optimal control routines with mesh

independent convergence behavior.

• Numerical verification of the mesh independence of the proposed approach by ex-

perimental demonstration of the independence of the number of Newton iterations

from the number of mesh points.

The results and solution methods presented in this dissertation are based on the follow-

ing article, in-book chapter of the SPP special issue and upcoming preprints, for each of

which the author has given a substantial contribution:

• A. Walther, O. Weiß, A. Griewank and S. Schmidt. Nonsmooth optimization by

successive abs-linearisation in function spaces. Applicable Analysis, 2020.

• O. Weiß and A. Walther. A structure exploiting algorithm for non-smooth semi-

linear elliptic optimal control problems. Technical report, 2021.

• O. Weiß and M. Weymuth. On solving elliptic obstacle problems by constant abs-

linearization. Technical report, 2021.

• O. Weiß, A. Walther and S. Schmidt. Algorithms based on Abs-Linearization for

Non-smooth Optimization with PDE Constraints. SPP 1962 special issue on non-

smooth and complementarity-based distributed parameter systems, 2021.
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These publications and upcoming preprints are suitably extended, adjusted and further

elaborated in this dissertation to provide the reader with a cohesive and holistic view of

the involved concepts and methods.

Content and Structure of this Dissertation

Within the scope of this dissertation, optimization methods based on the abs-linearization

are proposed and examined in order to solve infinite dimensional optimization problems

involving a Lipschitz-continuous but non-smooth Nemytzkii operator.

This work is partitioned into three main segments. To lay a foundation for the inves-

tigations conducted in the further course, we begin with basic functional analysis tools

in Chap. 2 and take a brief overview of basic aspects, commonly used regularization and

optimization methods in non-smooth optimization in function spaces.

The authors main contribution and centerpiece of this dissertation is formed by the

chapters 3–5.

In Chap. 3 the abs-linearization, a special handling of the non-smoothness in function

space considered in this dissertation, is introduced and examined. Furthermore, a spe-

cially modified variant of abs-linearization, the constant abs-linearization, is presented

and exemplified with some application classes.

Chap. 4 presents an investigation of the translation of an algorithm for finite dimensional

non-smooth unconstrained optimization into the infinite dimensional setting of non-smooth

operator optimization in reflexive Banach spaces. The main contribution of this chapter

is the study of the approximation properties of a suitable local model, which is the basis

of the derived and proposed algorithm SALMIN.

Since this algorithm can only be applied in the case of constrained optimization problems

where the solution operator is still Fréchet differentiable, a corresponding algorithm for

a class of non-smooth constrained optimization problems in reflexive Banach spaces is

introduced in Chap. 5. After an introduction to the model problem with a special focus

on the PDE and the associated control-to-state operator, the application of the constant

abs-linearization and the resulting algorithm CALi are presented and examined. Moreover,

the numerical performance of the proposed algorithm is investigated by applying it to non-

smooth PDE-constrained optimal control problems of the form of the considered model

problem, as well as to obstacle problems including a comparison to usually applied solution

approaches.

The dissertation closes with a summary of the main results and a discussion about open

problems and possible future research directions in Chap. 6.
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2
Notation and Preliminaries

This chapter serves as an introduction for the basic terminology of functional analysis and

Banach space theory, recalling fundamental concepts and results to provide a profound

basis for the following chapters. The first part of this chapter is a summary of relevant

parts from standard literature. Since the provided content is rather conventional, with

the exception of selected generalizations and adaptations, it is refrained from supporting

it with proofs.

The structure of the current chapter is organized as follows. We begin with a presen-

tation of the notation employed in this dissertation, as well as a general introduction to

Banach and Hilbert space theory in Sec. 2.1, including the topological foundations and

relevant operator-continuity concepts. Furthermore, Sec. 2.1 provides a brief account of

Sobolev embedding theory and the weak topology on Banach spaces. In Sec. 2.2, non-

linear operators on reflexive Banach spaces are discussed and certain standard derivation

concepts in Banach spaces, as well as selected generalized derivation concepts are ad-

dressed. Moreover, basic monotone operator theory is briefly presented and important

results which are of relevance for the following chapters are mentioned. Moreover, the

special class of Nemytzkii operators is introduced and several results on continuity and

differentiability are referenced and concisely discussed. Finally, Sec. 2.3 briefly addresses

elements of non-smooth optimization, common regularization and solution approaches.

2.1. Basic Banach Space Theory

This section introduces the employed notation together with basics of Banach and Hilbert

space theory. The current, as well as the following sections are mainly inspired by the

standard literature of functional analysis, where the majority of the presented content

was collected from the textbooks [26, 30, 66, 110, 138, 208] and suitably adapted to the

notation and considerations in this dissertation. In several instances, references other than

those previously mentioned have been consulted and used. These are explicitly cited in

the corresponding passages.
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Despite the introduction of relevant concepts, the basics of functional analysis are as-

sumed to be known by the reader. To find a more comprehensive introduction the reader

is advised to consult the textbooks mentioned above.

Let V and W be normed spaces. For a linear operator T : V → W the operator norm

is defined by

�T� := sup
�v�V =1

�T (v)�W = sup
v �=0

�T (v)�W
�v�V

.

The topological dual space of V , i.e., the space of all continuous linear functionals ϕ :

V → R, is denoted by V ∗. The associated duality pairing, i.e., the operation of functionals

in V ∗ on elements in V is denoted by �., .�V ∗,V : V ∗ × V → R. If the spaces are known

from context, the subscripts may be omitted. Recall that even if V is not a Banach space,

the corresponding dual space is always a Banach space equipped with the corresponding

operator norm. Note that all v ∈ V, v �= 0 and functionals ϕ ∈ V ∗ satisfy the relation

|�ϕ, v�| = �v�
����ϕ, v

�v��
��� ≤ �v� sup

�w�≤1
|�ϕ, w�| = �ϕ��v� . (2.1)

The Banach spaces considered in this work are all assumed to be real, i.e., the underlying

field is R. Recall that a Banach space H is said to be a Hilbert space if it is equipped with

a scalar product (., .)H and complete with respect to the induced norm �.�H :=
�
(., .)H .

For a Hilbert space H and an element v ∈ H the mapping y �→ (v, y) is an element of

the dual space H∗. The mapping y �→ (u �→ (y, u)H) identifies the Hilbert space H with

its dual H∗. This way by Riesz representation theorem each element of a Hilbert space

can be uniquely identified with an element of the dual space and thus the duality pairing

of a Hilbert space can be expressed as a scalar product, i.e., for all ϕ ∈ H∗ there exists

v ∈ H such that ϕ(y) = �v, y�H∗,H = (v, y)H for all y ∈ H and �ϕ�H∗ = �v�H .

A Banach space V is said to be reflexive if V = V ∗∗ := (V ∗)∗, where this equality is to

be understood isometrically, i.e., there exists an isometric isomorphism ι : V → V ∗∗ such

that

�ιv�V ∗∗ = �v�V for all v ∈ V .

By the Riesz representation theorem each Hilbert space is reflexive. Further well-known

examples of reflexive Banach spaces are the Lebesgue spaces Lp(Ω) for 1 < p < ∞ on

some domain Ω.

The space W k,p(Ω) denotes for k ∈ N, 1 ≤ p ≤ ∞ with bounded domain Ω ⊆ Rn and

n ∈ N, the Sobolev space of locally summable functions on Ω whose weak derivatives up to

order k exist and are elements of Lp(Ω). Furthermore, we denote Hk(Ω) := W k,2(Ω) and
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2.1. Basic Banach Space Theory

Hk
0 (Ω) as the closure of C∞

0 (Ω) in Hk(Ω). As usual the dual space of H1
0 (Ω) is denoted

by H−1(Ω). Note that smooth functions are dense in Sobolev spaces.

Theorem 2.1 (Meyers–Serrin). Let Ω ⊆ Rn be a domain and y ∈ W k,p(Ω) for 1 ≤ p < ∞,

k ∈ N. Then there exist functions yn ∈ C∞(Ω) ∩W k,p(Ω) such that yn → y in W k,p(Ω).

A useful result for the Sobolev space W 1,p(Ω) following from Thm. 2.1 is given by:

Corollary 2.2. Let Ω ⊆ Rn be a domain, y ∈ W 1,p(Ω) for 1 ≤ p < ∞ and ϕ ∈ C1(Ω)

with ϕ(0) = 0 and ϕ� ∈ L∞(Ω). Then ϕ ◦ y ∈ W 1,p(Ω) and ∇(ϕ ◦ y) = ϕ�(y)∇y.

For a more detailed illustration of Sobolev spaces, [6] can be examined.

Continuity properties of functions can be fully defined and characterized via sequential

convergence attributes in the following way.

Definition 2.3 (Continuity Properties). Let V and W be Banach spaces, ϕ : V → W

and {vk} ⊆ V an arbitrary convergent sequence with vk → v ∈ V . Then ϕ is

(i) continuous, if ϕ(vk) → ϕ(v) in W .

(ii) lower semicontinuous (lsc), if W = R and ϕ(v) ≤ lim inf
k→∞

ϕ(vk).

(iii) upper semicontinuous (usc), if W = R and ϕ(v) ≥ lim sup
k→∞

ϕ(vk).

Taking into account the second and third property, one can conclude that a mapping ϕ

is lsc provided that −ϕ is usc.

Definition 2.4 (Lipschitz-continuity). Let V and W be Banach spaces. An operator

ϕ : V → W is called

(i) Lipschitz-continuous, if there exists an L > 0 such that for all u, v ∈ V

�ϕ(u)− ϕ(v)�W ≤ L�u− v�V .

In this case L is called the Lipschitz constant of ϕ.

(ii) non-expansive, if ϕ is Lipschitz-continuous with Lipschitz constant L = 1.

(iii) locally Lipschitz-continuous, if for every element v ∈ V there exists a positive con-

stant r ∈ R such that ϕ is Lipschitz-continuous on Br(v).

An especially significant concept along with continuity in functional analysis is the

concept of compactness.
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2. Notation and Preliminaries

Definition 2.5 (Compact Set). A subset K ⊆ V of a Banach space V is called compact

if every sequence in K has a convergent subsequence whose limit is in K.

Definition 2.6 (Compact Operator). Let T : V → W be an operator between two Banach

spaces V and W . The operator T is said to be compact, if for any bounded set B ⊆ V the

closure of the set T (B) is compact in W .

Weak and Weak* Convergence

As many of the familiar properties of finite dimensional normed linear spaces based on

the Heine–Borel theorem cannot be directly transferred to the infinite dimensional case, it

becomes useful to consider weaker topologies. These topologies are the weak and the weak*

topology. Both are indeed weaker than the norm topology. The weak topology exists on

any normed linear space. The weak* topology however exists only on dual spaces. Both

topologies play a pivotal role in functional analysis and Banach space theory. Below,

the two concepts will be briefly introduced together with several important results and

features.

It is important to note that the weak and weak* topology are generally not metrizable,

such that the sequential and topological characterizations do not necessarily coincide and

must be distinguished in general. As a consequence, one cannot employ sequences to

describe the closure of a set, or to study the continuity of mappings, since the sequential

property is only a necessary condition. See e.g., [18, Ex. 3.33]. Note, however, that the

following chapters only require the sequential property. Hence, for the sake of simplicity,

the term –sequentially– is omitted in the following corresponding statements.

Weak Convergence

Let V be a Banach space. Convergence with respect to the weak topology is defined as

follows.

Definition 2.7 (Weak Convergence). A sequence {vk}k∈N ⊆ V converges weakly to v̄ ∈ V ,

i.e., in the weak topology of V , denoted by vk � v̄, if for all functionals f ∈ V ∗ it holds

that

lim
k→∞

�f, vk� = �f, v̄� in R.

Weakly convergent sequences are an important tool in existence theory for nonlinear

PDEs and the related direct method of calculus of variations.

To distinguish the terms, convergence with respect to the norm is often also called strong

convergence. From the definition, it is obvious that strong convergence always implies weak
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convergence. Furthermore, finite dimensionality can be characterized by means of weak

convergence in the following way.

Proposition 2.8. A normed linear space is finite dimensional if and only if the weak and

strong convergence on this space coincide.

We recall certain valuable properties of weakly convergent sequences.

Proposition 2.9 (Properties of Weak Convergence). Let {vk}k∈N be a sequence in V .

(i) The weak limit, if it exists, is unique.

(ii) Weakly convergent sequences are bounded.

(iii) If V is a Hilbert space with scalar product (., .)V then it holds that vk � v if and only

if (vk, w)V � (v, w)V for all w ∈ V .

Definition 2.10. Let V,W be reflexive Banach spaces, v ∈ V and T : V → W . If for

every weakly convergent sequence {vk}k∈N ⊆ V with vk � v the operator T satisfies

(i) T (vk) � T (v) it is called weakly continuous.

(ii) T (vk) → T (v) it is called completely continuous.

(iii) T (v) ≤ lim infk→∞ T (vk) for W = R it is called weakly lsc.

It should be pointed out that many authors use the terms completely continuous and

compact interchangeably, especially for linear operators on Hilbert spaces. This is due to

the circumstance that for linear operators compactness and complete continuity coincide.

Furthermore, compactness implies complete continuity and if V is a reflexive Banach space,

then a completely continuous operator T : V → W is also compact.

Note that weak lower semi-continuity is a more restrictive property than lower semi-

continuity. However, for convex functionals we have:

Lemma 2.11. Any continuous and convex functional on a Banach space is weakly lsc.

To avoid confusion, continuity with respect to the norm (see Def. 2.3) is referred to as

strong continuity. Unlike convergence, strong continuity does not imply weak continuity.

In particular, the norm is no longer continuous with respect to weak convergence, but

only weakly lsc. Note that due to the definition of weak convergence, strong and weak

continuity for linear mappings between Banach spaces are equivalent; cf. [154].

In infinite dimensional spaces the theorem of Heine–Borel is no longer valid, i.e., bounded

and closed sets are generally not compact. However, since this property is essential for
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proving existence of minimizers (or similarly maximizers) in the finite dimensional setting,

one requires a suitable substitute for compactness in the infinite dimensional case. This

is provided by the so-called weak compactness.

Definition 2.12. Let U ⊆ V be a subset.

(i) U is called weakly closed, if for all {vk}k∈N ⊆ U with vk � v it holds that v ∈ U .

(ii) U is called weakly compact if each sequence {vk}k∈N ⊆ U has a subsequence weakly

convergent to a point in U .

Due to the fact that weak convergence is clearly a weaker property with respect to the

norm topology, weak closedness, as well as weak compactness of sets are more restric-

tive and thus stronger properties than closedness and compactness with respect to norm

topology. Every weakly closed set is always also strongly closed.

For convex subsets of Banach spaces the distinction between closed and weakly closed

sets becomes unnecessary.

Proposition 2.13 (Closedness of Convex Sets). Let V be a Banach space and C ⊆ V a

convex subset. Then C is weakly closed if and only if it is closed. In this case the norm

closure of C coincides with the weak closure of C.

Prop. 2.13 provides a tool for the proof of existence statements about minimizers of

optimization problems in infinite dimensional Banach spaces.

The following theorem is essential for functional analytic investigations in infinite di-

mensional Banach spaces and characterizes weakly closed subsets of a Banach space, which

exhibit valuable properties usually observed in metrizable spaces.

Theorem 2.14. A Banach space V is reflexive if and only if every bounded sequence

admits a weakly convergent subsequence in V .

Weak* Convergence

Definition 2.15 (Weak* Convergence). Let V be a normed linear space and V ∗ its dual

space. A sequence {ϕn}n∈N ⊆ V ∗ is weak* convergent to ϕ ∈ V ∗ if ϕn(v) → ϕ(v) for all

v ∈ V .

Remark 2.16 (Observations on the Weak* Topology).

(i) The weak* limit, if it exists, is unique.

(ii) Weak convergence implies weak* convergence.

(iii) On reflexive Banach spaces weak and weak* convergence are equivalent.
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Embedding

This section is devoted to the concept of embedding of function spaces recalling certain

essential embedding theorems. More detailed discussions can be found in [6, 30, 45, 209].

Definition 2.17 (Embedding). Let V and W be Banach spaces.

(i) V is said to be embedded into W if there exists a linear injective operator j : V → W .

(ii) If in addition the operator j is continuous, i.e., if there exists a constant C > 0

independent of v such that �jv�W ≤ C�v�V for all v ∈ V , the Banach space V is

said to be continuously embedded in W , denoted by V �→ W .

(iii) If, additionally, the operator j is compact, then V is called compactly embedded into

W . A compact embedding is denoted by V
c
�→ W .

Note that if V �→ W then also W ∗ �→ V ∗.

By means of the Sobolev embedding theory, existence of solutions of (especially elliptic)

partial differential equations can be examined. The following results often prove to be

useful in this context.

Theorem 2.18 (Sobolev-Lemma). Let Ω ⊆ Rn with n ∈ N be a bounded open domain

with boundary ∂Ω that is Lipschitz-continuous. Then the elements of Hm(Ω) with m = 1, 2

are continuous and bounded on Ω and Hm(Ω) �→ C(Ω) if n < 2m.

Theorem 2.19 (Rellich–Kondrachov). Let Ω ⊆ Rn be a bounded open domain with n ∈ N
and 1 ≤ p < ∞. Then W 1,p

0 (Ω)
c
�→ Lp(Ω). If additionally the boundary ∂Ω is Lipschitz-

continuous then W 1,p(Ω)
c
�→ Lp(Ω). Moreover, Hm

0 (Ω)
c
�→ Hm−1

0 (Ω), and for n < pk it

holds that W k,p(Ω)
c
�→ C0(Ω).

2.2. On Non-Linear Operators in Function Spaces

Let V,W be Banach space and U ⊆ V a subset. This section focuses on non-linear and

continuous operators T : U → W . Note that in this case continuity does not directly

follow from boundedness.

2.2.1. Differentiability Concepts in Banach Spaces

In the context of optimization, the concept of differential calculus in Banach spaces plays

an important role. There are various ordinary and generalized derivation concepts — the

most common ones will be introduced here.

The directional derivative is defined analogously to the finite dimensional case as a

differential quotient.
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Definition 2.20 (Directional Derivative). Let V,W be Banach spaces. An operator T :

V → W is said to be directionally differentiable at a v ∈ V if the limit

T �(v;h) := lim
t�0

T (v + th)− T (v)

t
∈ W

exists for all directions h ∈ V . In this case T �(v;h) is called the directional derivative of

T at v in direction h.

Note that the mapping h �→ T �(u;h) is not necessarily linear.

Proposition 2.21. Let V,W be Banach spaces, and T : V → W . If T is direction-

ally differentiable and locally Lipschitz-continuous, the mapping h �→ T �(v;h) is locally

Lipschitz-continuous for all h ∈ V .

An example of a locally Lipschitz-continuous and directional differentiable operator

that is frequently used in this dissertation is given by the non-smooth operator max(0, v) :

L2(Ω) → L2(Ω); see Ex. 2.46.

Proposition 2.22 (Continuity and Directional Differentiability of Convex Functionals).

Let V be a Banach space, C ⊆ V a convex and open subset and ϕ : C → R a convex

functional. If there exists an element v ∈ C and constants r > 0, M ∈ R such that

ϕ(u) ≤ M for all u ∈ Br(v), then ϕ is locally Lipschitz-continuous and directionally

differentiable on C in all directions h ∈ V .

Other important derivative concepts are the derivatives in the sense of Hadamard,

Gâteaux and Fréchet. According to [25], the Hadamard-directional derivative is defined

as follows:

Definition 2.23 (Hadamard-Directional Derivative). Let V,W be Banach spaces. An

operator T : V → W is said to be Hadamard-directionally differentiable at v ∈ V if the

directional derivative T �(v;h) exists for all directions h ∈ V and furthermore, for each

sequence of directions {hn}n∈N ⊆ V with hn → h in V it holds that

T �(v;h) = lim
n→∞
t�0

T (v + thn)− T (v)

t
=: T �

H(v;h) .

It is important to highlight that the resulting operator h �→ T �
H(v;h) is not required to

be linear in the direction h. Furthermore, the continuity of the directional derivative in h

follows directly from the definition.

Definition 2.24 (Hadamard Derivative). Let V,W be Banach spaces. An operator T :

V → W is said to be Hadamard differentiable at v ∈ V if it is Hadamard-directionally

differentiable at v in all directions h ∈ V and the operator T �
H(v; .) is linear.
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Definition 2.25 (Gâteaux and Fréchet Derivative). Let T : V → W be a continuous

operator acting between the Banach spaces V and W . If the directional derivative T �(v;h)

exists at every point v ∈ V and is continuous and linear in h, then the operator T is said

to be Gâteaux differentiable at v and T �(v; .) is called the Gâteaux derivative of T at v. In

this case T �(v) := T �(v; .) ∈ L(V,W ). If in addition, there exists an operator rv : V → W

such that

T (v + h) = T (v) + T �(v)h+ rv(h) with
�rv(h)�W
�h�V

→ 0 for �h�V → 0 , (2.2)

then T is called Fréchet differentiable with Fréchet derivative T �.

If an operator G : V1 × V2 → W is Fréchet differentiable in (v1, v2), then G(v1, .) and

G(., v2) are Fréchet differentiable in v1 and v2, respectively.

Note that often also the notation DT (v) := T �(v) is employed for the Fréchet derivative

with DT (v)h = T �(v)h and Dv1G(v1, v2),Dv2G(v1, v2) for the partial derivatives of G such

that DG(v1, v2)h := Dv1G(v1, v2)h1 + Dv2G(v1, v2)h2 with h = (h1, h2). This notation is

employed whenever necessary to avoid confusion with other derivative notions.

Evidently, every linear and continuous operator T ∈ L(V,W ) is Fréchet differentiable,

since T (v + h) = Tv + Th + r holds for all v, h ∈ V with remainder function r ≡ 0 and

T � = T .

Definition 2.26 (Continuously Fréchet Differentiable). A mapping T : V → W is called

continuously Fréchet differentiable in v ∈ V if T is Fréchet differentiable in a neighborhood

U of v and the derivative T � : U → L(V,W ) is continuous. If T is continuously Fréchet

differentiable at every point v ∈ V , T is said to be of class C1, which is denoted by

T ∈ C1(V,W ).

Proposition 2.27 (Sum and Chain Rule). Let V,W,Z be Banach spaces and T,G : V →
W , S : W → Z.

(i) If T and G are Fréchet differentiable, then αT +βG is also Fréchet differentiable for

all α,β ∈ R with (αT + βG)� = αT � + βG�.

(ii) If T and S are Fréchet differentiable at v ∈ V and T (v) ∈ W respectively, then

S ◦ T : V → Z is Fréchet differentiable at v with (S ◦ T )�(v) = S�(T (v))T �(v).

Remark 2.28. If an operator is Fréchet differentiable then it is also Hadamard differen-

tiable and the Hadamard and Fréchet derivatives coincide. Furthermore, if the Hadamard

directional derivative exists, then the Gâteaux derivative also exists and both derivatives

coincide. However, even in the finite dimensional setting it holds that the Hadamard dif-

ferentiability is a stronger concept than the Gâteaux differentiability. See [15, Ex. 1.9]
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for an example. Moreover, if an operator is locally Lipschitz-continuous and directionally

differentiable in the sense of Gâteaux then it is also Hadamard directionally differentiable;

cf. [156].

Generalized Derivatives

Since this work deals with non-linear and even non-smooth operators and functions, a

suitable concept for differentiation and gradients is required for this framework. A possible

and frequently employed concept is the generalized gradient in the sense of Clarke.

However, before turning to the definition of the Clarke gradient, we define the Bouligand

generalized derivative, which was proposed by Robinson [171].

Definition 2.29 (Bouligand Subdifferential). Let V,W be Banach spaces, v ∈ V and

T : V → W locally Lipschitz-continuous and Gâteaux-differentiable with Gâteaux deriva-

tive T �. The Bouligand subdifferential is then defined as the set of all limits of Gâteaux

derivatives in nearby points, i.e.,

∂BT (v) := {Gv ∈ L(V,W ) : ∃{vn}n∈N with vn → v and T �(vn) → Gv} .

The elements Gv are sometimes also called B-derivatives.

Definition 2.30 (Clarke Generalized Gradient; cf. [49]). Let V be a Banach space, v̄, h ∈
V and T : V → R locally Lipschitz-continuous. Then the limit superior

lim sup
v→v̄
t�0

1
t (T (v + th)− T (v)) =: TC(v̄;h)

exists for all h ∈ V and is called Clarke derivative of T at v̄ in direction h. The set

∂CT (v̄) ≡ {ξ ∈ V ∗ : TC(v̄;h) ≥ ξ(h) for all h ∈ V } ⊆ V ∗

denotes the Clarke generalized gradient or subdifferential of T at v̄.

Proposition 2.31. Let V be a Banach space, v ∈ V and T : V → R locally Lipschitz-

continuous and Gâteaux-differentiable. Then the Clarke subdifferential is given by the

closed convex hull of the Bouligand subdifferential, i.e., ∂CT (v) = conv ∂BT (v).

Example 2.32. The absolute value function |.| : R → R is differentiable for all t �= 0 with

differential sign(t). At t = 0 the Bouligand subdifferential is given by ∂B|0| = {−1, 1} and

the Clarke subdifferential by ∂C |0| = [−1, 1].
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Considering that one has for a function T : V → R which is Fréchet differentiable

at v̄ the inclusion TC(v̄; .) ∈ ∂CT (v̄) (see, e.g., [49, Prop. 2.2.2]) the concept of Clarke

derivatives fits very well for the non-smooth case analyzed in this dissertation.

As a necessary optimality condition, one has for ϕ the following result.

Theorem 2.33 (Clarke Stationarity). If v∗ is a minimal point of T then the functional

0V ∗ is an element of ∂CT (v
∗).

See also [47, Prop. 6], [49, Sec 1.2] and [110, Thm. 3.46].

Proposition 2.34 (Properties of TC ; cf. [48]). Let T : V → R be locally Lipschitz-

continuous and Clarke differentiable. Then it holds that

(i) the mapping h �→ TC(v̄;h) is Lipschitz-continuous and sublinear in h.

(ii) TC(v̄;h) = sup
ξ∈∂CT (v̄)

ξ(h).

(iii) TC is usc.

Remark 2.35. The Bouligand and Clarke subdifferentials provide a generalization of

the classical notions of derivatives. However, even in the finite dimensional setting, the

Bouligand and Clarke subdifferentials at a point where the Gâteaux derivative exits can

involve other operators besides the Gâteaux derivative; see [49, Ex. 2.2.3].

A stronger concept compared to Clarke stationarity is the first-order minimality.

Definition 2.36 (First-order Minimality). An operator ϕ : V → R is called first-order

minimal at v∗ ∈ V if the directional derivative ϕ�, as defined in Def. 2.20, satisfies for all

h ∈ V that

0 ≤ ϕ�(v∗;h) . (2.3)

In this case, v∗ is called first-order minimal point.

However, both concepts coincide in the case of convex operators and functions.

2.2.2. Fundamentals of Monotone Operator Theory

The theory of monotone operators represents an essential area of non-linear analysis and

originated in independent works of Brwoder, Kachurovskii, Minty and Zaran-

tonello. See, e.g., [31, 32, 150, 151, 113, 212, 213]. Monotone operator theory essentially

generalizes elementary finite dimensional results about the existence and uniqueness of so-

lutions to non-linear equations with monotonically increasing continuous functions.
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Before addressing this important aspect of non-linear functional analysis, we lay the

foundation for the upcoming discussions with definitions of relevant properties concerning

the considered operators.

Definition 2.37 (Monotonicity and Continuity Properties). Let V be a reflexive Banach

space and V ∗ its dual. Furthermore, let u, v ∈ V , u∗ ∈ V ∗ and {un}n∈N ⊆ V . The

operator T : V → V ∗ is called

(i) monotone, if �T (u) − T (v), u − v�V ∗,V ≥ 0 for all u, v ∈ V , and strictly monotone,

if �T (u)− T (v), u− v�V ∗,V > 0 for u �= v.

(ii) uniformly monotone, if �T (u) − T (v), u − v�V ∗,V ≥ ρ(�u− v�V ) �u− v�V for all

u, v ∈ V with a strictly monotonically increasing, continuous function ρ : R+ → R
with ρ(0) = 0 and limt→∞ ρ(t) = ∞.

(iii) strongly monotone, if there exists a constant c > 0 such that

�T (u)− T (v), u− v�V ∗,V ≥ c�u− v�2V for all u, v ∈ V .

(iv) maximally monotone, if T is monotone and �u∗ − T (v), u − v� ≥ 0 for all v ∈ V

implies T (u) = u∗.

(v) coercive, if lim
�u�V →∞

�T (u),u�V ∗,V
�u�V = ∞.

(vi) demi-continuous, if for {un}n → u in V , T (un) � T (u) in V ∗ for n → ∞.

(vii) hemi-continuous, if the mapping t �→ �T ((1− t)u+ tv), w� is continuous on [0, 1] for

all u, v, w ∈ V .

(viii) locally bounded, if for all v ∈ V there exists a neighborhood Uv ⊆ V of v such that

T (Uv) ⊆ V ∗ is bounded.

Note that on finite dimensional spaces continuity coincides with weak continuity, demi-

continuity, complete continuity and compactness; cf. [69]. The diagram presented in

Fig. 2.1 illustrates the key connections between the monotonicity and continuity concepts

for operators in reflexive Banach spaces.

Remark 2.38. It can be shown that the sum of two monotone operators of different

monotonicity types exhibits the stronger of both monotonicity types. The opposite applies

for the continuity case, where the sum of two operators of comparable types of continuity

exhibits the weaker continuity.
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strongly
monotone

uniformly
monotone

completely
continuous
(Def. 2.10(ii))

coercive

strictly
monotone
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continuous
(Def. 2.10(i))

continuous

compact
(Def. 2.6)

monotone

locally
bounded

demi-
continuous

Lipschitz-
continuous

bounded

hemi-
continuous

monotone

locally
Lipschitz
continuous

Figure 2.1.: Connection and relation between the monotonicity and continuity concepts
over reflexive Banach spaces.

Alternatively to Def. 2.37 the monotonicity of an operator can be verified as follows.

Lemma 2.39. An operator T : V → V ∗ is monotone if and only if the mapping τ �→
〈T (u+ τv), v〉V ∗,V is monotonically increasing on [0, 1] for all u, v ∈ V .

The following general result deals with the local boundedness of monotone operators

between a Banach space and its dual.

Proposition 2.40 (Local Boundedness of Monotone Operators; cf. [174]). Let V be a

Banach space. The monotone operator T : V → V ∗ is locally bounded.

For non-linear but strongly monotone and Lipschitz-continuous operators on Hilbert

spaces one has the following decisive theorem by Zarantonello.

Theorem 2.41 (Zarantonello; cf. [214, 212]). Let H be a Hilbert space and T : H → H∗

a Lipschitz-continuous and strongly monotone operator. Then T is bijective.

Thm. 2.41 can serve as a generalization of the Lax-Milgram theorem for linear elliptic

operators and shows that equations with general Lipschitz-continuous and strongly mono-

tone operators on Hilbert spaces admit unique solutions. The following essential theorem

provides a similar result for general separable and reflexive Banach spaces and is therefore

especially valid for separable Hilbert spaces like H1(Ω).
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Theorem 2.42 (Theorem on Monotone Operators; cf. [194, 214]).

Let V be a separable and reflexive Banach space and T : V → V ∗ a monotone coercive

and hemi-continuous operator. Then the following assertions apply:

(i) The operator equation T (v) = f admits a solution v ∈ V for all f ∈ V ∗. The set of

all solutions is bounded, convex and closed.

(ii) If T is additionally strictly monotone, then the solution v ∈ V is unique and T

is bijective with T−1 : V ∗ → V strictly monotone and hemi-continuous mapping

bounded sets into bounded ones.

(iii) If T is uniformly monotone, then the inverse operator T−1 is continuous.

(iv) If T is strongly monotone, then the inverse operator T−1 is Lipschitz-continuous.

The theorem originates from F.E. Browder and G.J. Minty and is often also known

as the Browder–Minty Theorem.

2.2.3. Nemytzkii Operators

In this section, Nemytzkii operators are briefly introduced and important features and

examples are examined.

A Nemytzkii operator, also known as a superposition operator (see e.g., [13, 196]) de-

notes a non-linear operator in functional analysis and plays an important role for many

branches of mathematics, especially when studying integral and differential equations, in

particular, in the discussion of semi-linear PDEs. It is named after the Russian mathemati-

cian Viktor Vladimirovich Nemytzkii and is, according to [12], the most common

operator in non-linear analysis. Due to the Cyrillic origin of the name, the spelling often

differs in literature, such that one also often encounters
”
Nemyskii”,

”
Nemytzki” or also

”
Nemyckii” as well as several other different variations.

Nemytzkii operators have been studied profoundly among others by K. Carathéodor,

M.M. Vainberg, M.A. Krasnoselskii, J. Appell, P.P. Zabreiko and F. Tröltzsch,

which lead to many standard results. In this section however, as well as in the rest of the

dissertation we confine ourselves to Nemytzkii operators between Banach and Hilbert

spaces. We also restrict ourselves to the most significant and essential statements for this

dissertation. For a detailed discussion of Nemytzkii operators on general spaces the reader

is referred to [13]. The following explanations are mainly based on [12, 13, 76, 194] and

[216].
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Definition 2.43 (Nemytzkii Operator). Let Ω ⊆ Rn be a bounded domain with n ∈ N
and f : Ω× R → R a function. The operator F defined by

F (y)(.) := f(., y(.)) a.e. on Ω

is called Nemytzkii operator associated to f .

Nemytzkii operators are induced by potentially non-linear functions and thus can con-

stitute generally non-linear mappings in infinite dimensional function spaces. Necessary

conditions for the Nemytzkii operator to be well-defined are the Carathéodory conditions.

Definition 2.44 (Carathéodory Conditions). Let Ω ⊆ Rn be a bounded domain. A func-

tion f : Ω× R → R is called a Carathéodory function if

(i) t �→ f(x, t) is continuous in t for almost all x ∈ Ω, and

(ii) x �→ f(x, t) is measurable in x ∈ Ω for all t ∈ R.

Note that all continuous functions f : Ω× R → R satisfy the Carathéodory conditions.

To illustrate the concept of Nemytzkii operators, the next two examples present commonly

used Nemytzkii operators with their generating functions.

Example 2.45. (i) The function f(x, t) = sin(t) induces the Nemytzkii operator F

given by F (y)(x) = sin(y(x)).

(ii) The function f(x, t) = a(x)t3 with a ∈ L∞(Ω) induces the Nemytzkii operator

F (y)(x) = a(x)y3(x) .

The following examples will play an important role in subsequent chapters of this dis-

sertation.

Example 2.46 (Nemytzkii Operators Induced by abs and max).

(i) The Nemytzkii operator induced by the absolute value function on a Lebesgue space

V = Lp(Ω) with bounded domain Ω ⊆ Rn and 1 < p < ∞ is defined by

abs : V → V, [abs(v)](x) = |v(x)| for every v ∈ V and for a.a. x ∈ Ω . (2.4)

(ii) Let f : R → R, t �→ f(t) = max(0, t). The Nemytzkii operator associated to f ,

applied to a function y : Ω → R is defined by F (y)(x) := f(y(x)) = max(0, y(x)).

The functions considered in Ex. 2.46 represent a special case of generating functions

and Nemytzkii operators, respectively, since they do not explicitly depend on the spatial
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variable x. In reference to the ordinary differential equation theory, such functions are

often called autonomous.

The focus of interest in the following paragraphs is essentially on the boundedness,

continuity, and differentiability properties of Nemytzkii operators, as well as the necessary

and sufficient conditions for the inducing functions and the underlying function spaces

under which these properties can be guaranteed. First, the boundedness and continuity of

Nemytzkii operators are considered, as well as necessary and sufficient conditions to the

function f , under which the corresponding Nemytzkii operator F maps the space Lp(Ω)

into the space Lq(Ω) with 1 ≤ p, q ≤ ∞.

Definition 2.47 (Growth Condition). Let Ω ⊆ Rn be a bounded domain, 1 ≤ p, q <

∞, g ∈ Lq(Ω) and f : Ω × R → R a Carathéodory function. The function f satisfies the

growth condition if for a constant c > 0 and for all x ∈ Ω and t ∈ R it fulfills

|f(x, t)| ≤ c|t|
p
q + g(x) . (2.5)

Definition 2.48 (Boundedness Conditions). Let Ω ⊆ Rn be a bounded domain. The

function f : Ω × R → R satisfies the boundedness condition if there exists a constant

0 ≤ K < ∞ such that for a.a. x ∈ Ω

|f(x, 0)| ≤ K . (2.6)

Definition 2.49 (Uniform Continuity; cf. [76]). Let Ω ⊆ Rn be a bounded domain. The

function f : Ω × R → R satisfies the uniform continuity condition if for all r, ε > 0 there

exists a constant δ := δ(ε, r) and a set Z(r) of measure zero, such that

|f(x, t1)− f(x, t2)| < ε (2.7)

holds for all x ∈ Ω\Z(r) and all t1, t2 ∈ R with |ti| ≤ r and |t1 − t2| < δ.

Boundedness and Continuity of Nemytzkii Operators

The following theorem presents sufficient conditions for the generating function f to ensure

that the corresponding Nemytzkii operator F transforms all of Lp(Ω) into Lq(Ω).

Theorem 2.50 (Boundedness of Nemytzkii Operators on Lebesgue Spaces; cf. [13, 76]).

Let Ω ⊆ Rn be a bounded domain and f : Ω × R → R be some Carathéodory function.

Then the induced Nemytzkii operator F maps Lp(Ω) into Lq(Ω) for 1 ≤ p, q < ∞ if and

only if the generating function f satisfies the growth condition (2.5). Conversely, if F

maps all of Lp(Ω) into Lq(Ω) for 1 ≤ p, q ≤ ∞ then F is bounded.
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Note that the boundedness of a Nemytzkii operator F : Lp(Ω) → Lq(Ω) does not depend

on any explicit condition on the generating function f .

In contrast to linear operators, non-linear operators between function spaces might be

continuous but unbounded, as well as bounded but discontinuous. Essential statements

on the continuity of Nemytzkii operators between Lebesgue spaces are summarized in the

following theorem.

Theorem 2.51 (Continuity of Nemytzkii Operators on Lebesgue Spaces). Let Ω ⊆ Rn

be a bounded domain, f : Ω × R → R be some Carathéodory function and F the induced

Nemytzkii operator. Then the following assertions apply.

(i) If 1 ≤ p ≤ ∞, 1 ≤ q < ∞ and F maps all of Lp(Ω) into Lq(Ω). Then F is

continuous; cf. [76, Thm. 4].

(ii) If 1 ≤ p, q < ∞ and f satisfies the growth condition Eq. (2.5) then F is continuous

from Lp(Ω) into Lq(Ω) and bounded with �F (y)�Lq ≤ c�y�p/qLp + �g�Lq , i.e., F (y) ∈
Lq(Ω); cf. [214, Sec. 26.3].

(iii) The Nemytzkii operator F : L∞(Ω) → L∞(Ω) is continuous if and only if f satisfies

the uniform continuity condition (2.7); cf. [76, Thm. 5-6].

(iv) If f is locally Lipschitz-continuous in the second component and satisfies the bounded-

ness condition (2.6) then F is continuous on L∞(Ω) and locally Lipschitz-continuous

for all r ∈ [1,∞] in the following sense:

�F (y1)− F (y2)�Lr ≤ LM�y1 − y2�Lr for all yi ∈ L∞(Ω) with �yi�L∞ ≤ M ;

cf. [194, Lem. 4.11].

Thm. 2.51 (ii) is also known as Krasnoselskii’s theorem and shows that essentially the

growth of the generating function f(x, .) determines for which p, q ∈ (1,∞) the associated

Nemytzkii operator F maps the space Lp(Ω) into the space Lq(Ω).

Remark 2.52. Note that the class of generating functions f which induce a continuous

Nemytzkii operator between Lebesgue spaces contains only functions with polynomial

growth of maximum p
q in y. In particular Eq. (2.5) indicates that only functions with at

most linear growth generate Nemytzkii operators F : Lp(Ω) → Lp(Ω) for 1 ≤ p < ∞. For

example, the operator F1(y)(x) := log(1 + |y(x)|) maps the Lp-space for 1 ≤ p < ∞ into

itself, while the operator F2(y)(x) := exp(|y(x)|)− 1 does not map any Lp-space into any

Lq-space (for 1 ≤ p, q < ∞); cf. [12].
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According to [13, Thm. 3.2] the growth condition (2.5) is also necessary for continuity.

Furthermore, one can prove that in the case p = q = ∞ the growth condition (2.5) (if in

this case p
q is set to 0) even implies local Lipschitz-continuity of F .

Example 2.53. The Nemytzkii operator F given in Ex. 2.45 (i) generated by sin(t) is

globally Lipschitz-continuous from L2(Ω) to L2(Ω) and non-expansive.

To show that F is globally Lipschitz-continuous in L2(Ω) one has to prove the existence

of a constant L > 0 such that

�F (y1)− F (y2)�L2 ≤ L�y1 − y2�L2 a.e. on Ω for all y1, y2 ∈ L2(Ω) . (2.8)

Note that | sin(y(x))| ≤ 1 for almost all x ∈ Ω and for every function y ∈ L2(Ω). Hence,

sin(y(.)) is well-defined in L2(Ω) and even in L∞(Ω) (due to uniform boundedness). Since

sin(.) is Lipschitz-continuous on R with Lipschitz constant 1, i.e.,

| sin(y1)− sin(y2)| = | cos(y2 + τ(y1 − y2))(y1 − y2)| ≤ |y1 − y2| ,

for τ ∈ [0, 1] and arbitrary y1, y2 ∈ R, Eq. (2.8) follows directly with Lipschitz constant

L = 1, due to

�

Ω
|F (y1(x))− F (y2(x))|2 dx =

�

Ω
| sin(y1(x))− sin(y2(x))|2 dx ≤

�

Ω
|y1(x)− y2(x)|2 dx .

Main Continuity Results for Nemytzkii Operators:

• A Nemytzkii operator is bounded and continuous, whenever it maps Lp(Ω) into

Lq(Ω) with 1 < p, q < ∞.

• According to Krasnoselskiis theorem the growth condition Eq. (2.5) on the generating

Carathéodory function f : Ω× R → R is both necessary as well as sufficient for the

boundedness and continuity of the induced Nemytzkii operator F : Lp(Ω) → Lq(Ω)

restricting the choice of p and q for the corresponding Lebesgue spaces.

• The continuity of the generating function f : Ω× R → R, f(x, .) for x ∈ Ω (i.e., not

uniformly with respect to x ∈ Ω) does not suffice to ensure the continuity of the

corresponding Nemytzkii operator from Lp or L∞ into L∞.

• The case F : L∞(Ω) → L∞(Ω) reveals different characteristics and does not re-

quire the growth condition Eq. (2.5) but rather uniform continuity properties of the

generating function to ensure continuity.
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Fréchet Differentiability of Nemytzkii Operators

Since the considered function f(t) = sin(t) is smooth and the associated Nemytzkii op-

erator F is globally Lipschitz-continuous, it might seem reasonable to assume that the

Nemytzkii operator F : Lp(Ω) → Lp(Ω) is also Fréchet differentiable. But unfortunately

this is not the case. Ex. 2.54 demonstrates on a special example that the required conver-

gence condition on the remainder term for the Fréchet derivative cannot hold in Lp-spaces

and the corresponding norm with 1 ≤ p < ∞.

Example 2.54. Let Ω ⊆ Rn be a bounded domain and f(t) = sin(t). Then the Nemytzkii

operator F generated by f is not Fréchet differentiable from Lp(Ω) to Lp(Ω) for any

p ∈ [1,∞). It will be demonstrated that the convergence condition on the remainder term

is not satisfied in the Lp-norm. Particularly this is illustrated for the point y = 0. To this

end the corresponding expansion sin(y(x) + h(x)) = sin(y(x)) + cos(y(x))h(x) + ry(h(x))

is considered for a.a. x ∈ Ω with remainder function

ry(h(x)) := h(x)

� 1

0

�
cos(y(x) + th(x))− cos(y(x))

�
dt .

This yields for y ≡ 0

r0(h(x)) = h(x)

� 1

0
(cos(th(x))− 1) dt . (2.9)

However, considering χε to be the indicator function of a sphere Bε(x̄) with sufficiently

small radius ε ≥ 0 for an arbitrary x̄ ∈ Ω, i.e.,

χε(x) =




1, x ∈ Bε(x̄),

0, otherwise

Eq. (2.9) results for h(x) = χε(x) in

r0(χε(x)) =




sin(1)− 1, x ∈ Ω ∩Bε(x̄) =: B̃ε,

0, otherwise ,

with

�r0(χε)�Lp =

��

B̃ε

| sin(1)− 1|p dx

�1
p
= | sin(1)− 1|

��

B̃ε

1p dx

�1
p
= c�χε�Lp ,

for 0 < c := | sin(1)− 1|. Hence, �r0(χε)�Lp

�χε�Lp
→ c �= 0 as �χε�Lp → 0 for ε → 0, so that the

Nemytzkii operator sin(.) fails to be Fréchet differentiable in Lp(Ω) for p ∈ [1,∞).
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Note that despite the fact that the Fréchet differentiability of the Nemytzkii operator

induced by sin(.) fails to hold in Lp(Ω) for 1 ≤ p < ∞, F is Fréchet differentiable from

Lp(Ω) to Lq(Ω) with norm-gap, i.e., 1 ≤ q < p ≤ ∞, see Ex. 2.57. Furthermore, F :

L∞(Ω) → L∞(Ω) is Fréchet differentiable as well, since the required convergence of the

remainder term in the L∞-norm can be obtained. More details can be found in [194,

Chap. 4].

Note that for a Fréchet differentiable Nemytzkii operator F : Lp(Ω) → Lq(Ω) the

pointwise product of F �, i.e., the Nemytzkii operator induced by the pointwise derivative

f �, and a direction h ∈ Lp(Ω) must be an element of Lq(Ω). However, this requirement

therefore imposes additional restrictions on the Nemytzkii operator F �. In the literature

this is usually described by the term two-norm discrepancy.

It is important to highlight that this result has far-reaching consequences for the dis-

cussion of semi-linear optimal control problems, since generally higher regularity of the

solutions of the PDEs (particularly L∞-regularity) is required to ensure differentiability of

the Nemytzkii operators. Differentiation of the accruing Nemytzkii operators is essential

for the derivation of optimality conditions in the context of optimal control problems.

Therefore, it might no longer be sufficient to discuss the equations in the usual spaces like

H1(Ω), as it is common for linear elliptic PDEs; cf. [194, Sec. 4-5].

In the following paragraphs, some conditions on the inducing function are presented,

under which the Fréchet differentiability of the corresponding Nemytzkii operator can be

obtained.

Definition 2.55 (Boundedness Conditions; cf. [194]). Let Ω ⊆ Rn with n ∈ N be a bounded

domain and f : Ω× R → R. The function f satisfies the

(i) boundedness condition (of order one) if there exists a bound 0 ≤ K < ∞ such that

|f(x, 0)| ≤ K and |Dtf(x, 0)| ≤ K for a.a. x ∈ Ω . (2.10)

(ii) local Lipschitz condition of order one if there exists a constant LD = LD(M) such

that

|Dtf(x, t1)−Dtf(x, t2)| ≤ LD|t1 − t2| for all t1, t2 ∈ BM (0) ⊆ R . (2.11)

Note that for any autonomous function both, the boundedness condition (2.10) and

the local Lipschitz condition (2.11) are equivalent to the local Lipschitz-continuity of Df .

Moreover, the boundedness condition (2.10) and the local Lipschitz condition (2.11) imply

the local boundedness and the local Lipschitz-continuity for the function f itself.
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Theorem 2.56 (Differentiability of Nemytzkii Operators). Let Ω ⊆ Rn be a bounded

domain and f : Ω × R → R a function satisfying the Carathéodory conditions. Then the

following assertions apply.

(i) If f satisfies the boundedness condition (2.10) and the local Lipschitz condition

(2.11), then the corresponding Nemytzkii operator F : L∞(Ω) → L∞(Ω) is con-

tinuously Fréchet differentiable with derivative [F �(y)h](x) = Dtf(x, y(x))h(x) for

a.a. x ∈ Ω; cf. [194].

(ii) (Krasnoselski) A Nemytzkii operator F is Fréchet differentiable from Lp(Ω) to Lp(Ω)

for p < ∞ if and only if the generating function f is affine-linear in the second

component, i.e., f has the form

f(x, t) = f0(x) + f1(x)t for all t ∈ R , (2.12)

with f0 ∈ Lp(Ω) and f1 ∈ L∞(Ω); cf. [13, 121].

(iii) If for 1 < q < p < ∞, f satisfies the growth condition (2.5), admits a partial

derivative Dtf(x, t) for a.a. x ∈ Ω and the Nemytzkii operator DyF generated by

Dtf maps Lp(Ω) into Lr(Ω) with r = pq
p−q , then F is Fréchet differentiable from

Lp(Ω) into Lq(Ω); cf. [194].

Example 2.57. Let Ω ⊆ Rn be a bounded domain and f(t) = sin(t). Then the Nemytzkii

operator F generated by f is Fréchet differentiable from L∞(Ω) to L∞(Ω) as well as from

Lp(Ω) to Lq(Ω) with 1 ≤ q < p < ∞.

The Fréchet differentiability of F : L∞(Ω) → L∞(Ω) follows from Thm. 2.56(i) and

the fact that f and f � are Lipschitz-continuous and satisfy the boundedness condition

(2.10) with |f(0)| < |f �(0)| = 1. The Fréchet differentiability of F : Lp(Ω) → Lq(Ω) with

1 ≤ q < p < ∞ follows from Thm. 2.56(iii) and the fact that f �(t) = cos(t) with |f �(t)| ≤ 1

so that for r = pq
p−q the Nemytzkii operator DyF : Lp(Ω) → Lr(Ω) is well-defined and

continuous.

Main Differentiability Results for Nemytzkii Operators:

• Nemytzkii operators are only differentiable in L∞(Ω) or from Lp(Ω) to Lq(Ω) with

q < p, but never in Lp(Ω) with p < ∞, unless the Nemytzkii operator is affine-linear

in the sense of Eq. (2.12).

• A Fréchet differentiable operator F is even constant if 1 ≤ p < q ≤ ∞; cf. [13, 121].
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2.3. Elements of Non-Smooth Optimization

Generally, optimization in Banach spaces deals with minimization problems of the form

min
v∈U

ϕ(v)

for a functional ϕ : V → R and a subset U ⊆ V of a function space V . Note that unlike

in the finite dimensional case over Rn, there is no universal function space. Instead, many

different choices for V are possible, and the specification of the desired function space V

is part of the problem formulation; cf. [131]. However, similar to the finite dimensional

context, special emphasis is placed on the following aspects:

• Existence of a local minimizer v∗ ∈ U , i.e., ϕ(v∗) ≤ ϕ(v) for all v ∈ U ∩ B(v∗) for

some (open) neighborhood B(v∗) of v∗.

• Derivation of necessary and sufficient optimality conditions which provide inherent

characterization of the (local) minimizer v∗, such that the comparison of v∗ to every

element in U can be avoided.

• Development of appropriate and efficient numerical methods and algorithms to de-

termine a (local) minimizer v∗. Here the (finite dimensional) discretization also

might play an important role.

Typical infinite dimensional optimization problems involve, for instance, calculus of

variations, energy minimization and optimal control. For detailed introductions and elab-

orations on optimization in function spaces, existence results, derivation of optimality

conditions and solution methods, the reader is referred to the textbooks [25, 110, 194].

Since this dissertation is mainly concerned with non-smooth optimization problems in

function spaces and discusses two specific newly developed solution methods and algo-

rithms, no further attention is devoted to typical smooth optimization problems in func-

tion space. Instead, we will briefly mention relevant aspects of non-smooth optimization.

This comprises the brief introduction of two well-known and frequently used techniques

that are typically applied in the non-smooth setting and contrast the methods presented

in this dissertation.

Non-smooth optimization problems are generally problems that do not satisfy the usual

differentiability requirements as continuous differentiability of all functions involved. There

are many application-relevant but non-smooth operators, such as the absolute value or

maximum function. The corresponding non-smooth analysis and solution approaches are

concerned with constructing and finding concepts that allow for: (i) similar optimization
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approaches to the well established classical (smooth) optimization methods and (ii) a rea-

sonably comprehensive calculus to cover a sufficiently large class of non-smooth functions.

Furthermore, application-specific numerical procedures and implementations should also

be enabled.

The existence of solutions to abstract minimization problems is based on the assump-

tion that convexity and/or coercivity properties of the functional to be minimized prevail.

This allows minimizing sequences to be considered. Under appropriate compactness as-

sumptions, a convergent subsequence can be selected, provided the problem is posed in a

reflexive Banach space. Depending on the closedness properties of the objective functional,

accumulation points provide a desired minimizer for the optimization problem.

2.3.1. Challenges of Non-Smooth Optimization

Besides the obvious non-differentiability, general non-smooth optimization problems con-

front us with mathematical and numerical challenges. In addition to the theoretical and

analytical challenges, non-smooth optimization problems can cause fundamental algorith-

mic challenges which particularly concern the consistency of the discretization but also

the mesh independence of the applied algorithm. Even today there are only very few

practical methods available for the minimization of operators where the generating func-

tion is Lipschitzian piecewise smooth in the sense of Scholtes [183, Chap. 4]. General

gradient descent methods for smooth optimization are known to fail when applied to gen-

eral non-smooth optimization problems. The employment of subgradients in combination

with square summable step lengths just results in a sublinear rate of convergence; cf. [185,

Chap. 2]. Bundle methods yield a more adequate rate of convergence, however, with the

disadvantage of a somewhat inconsistent performance, see, e.g. [58, 116]. As proposed in

[128], it is also possible to adapt quasi-Newton methods for the non-smooth case. Notably,

[129] presents the beneficial application of a Broyden–Fletcher–Goldfarb–Shanno (BFGS)

algorithm for non-smooth non-convex optimization but also addresses the open question

of whether each accumulation point of the applied procedure is actually a Clarke sta-

tionary point. All these approaches are derived in the finite dimensional setting only. In

contrast, the semi-smooth Newton method for the optimization of semi-smooth functions

is analyzed thoroughly also for infinite dimensions, see, e.g., [198], and inherits the local

convergence properties of the classical Newton approach resulting in a possibly very small

region of convergence near a non-differentiability.
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Definition 2.58 (Reduced Problem Formulation). Consider for general Banach spaces Z

and U and the reflexive Banach space Y the abstract optimization problem

min
(y,u)∈Y×U

J(y, u) subject to e(y, u) = 0, y ∈ Y, u ∈ Uad , (2.13)

with the objective J : Y × U → R, the equality constraint given by e : Y × Uad → Z

with Uad ⊆ U a closed and convex subset of U . The variable y is usually called the state

whereas u denotes the control variable. Assume there exists a well-defined solution operator

S : U → Y , mapping a control u to an associated unique state y(u) = y, i.e.,

u �→ S(u) with e(S(u), u) = 0 .

Then by eliminating the state in the optimization problem (2.13) one can derive the so-

called reduced problem formulation given by

min
u∈Uad

ϕ(u) ,

with ϕ : U → R,ϕ(u) := J(S(u), u).

In Chap. 5, in particular optimal control problems with semi-linear elliptic but non-

smooth PDE constraints are considered, where the non-smoothness is caused by a Lipschitz-

continuous but non-smooth Nemytzkii operator. In this case, the presence of the non-

smooth Nemytzkii operator in the PDE constraint causes the control-to-state operator to

be non-smooth as well. The lack of Gâteaux differentiability for the control-to-state op-

erator does not permit the derivation of a classical reduced problem formulation or direct

application of standard optimization results and techniques. For this reason, one cannot

derive classical necessary first-order optimality conditions and develop efficient numerical

solution algorithms based on them.

However, the situation is different for the optimization problems with smooth constraints

but non-smooth terms in the objective functional, since a reduced problem formulation

can be derived in the classical sense. Nevertheless, the associated reduced functional of the

considered optimal control problem is non-smooth. This non-differentiability once again

does not support the derivation of classical optimality conditions.

The most common strategy one can find in the literature to deal with this lack of

differentiability is the consideration and examination of suitably defined generalized dif-

ferentiability concepts and subdifferentials, e.g., in the sense of Clarke or Bouligand (see

Sec. 2.2.1). In the aforementioned case the generalized gradient and subgradients are con-

sidered and analyzed, as opposed to the classical gradients of the objective or reduced
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functional. Detailed overviews of various subdifferential concepts and applications can be

found, e.g., in [49, 64, 116, 152, 153, 164, 173, 182, 184].

In the case of non-smooth terms in the objective functional and smooth constraints, this

approach, applied to the reduced functional and considering chain rules for subdifferentials,

can lead to practically relevant optimality conditions; see e.g. [55, 92, 163].

The vast majority of solution approaches, in addition to the aforementioned general-

ized derivative and subdifferential concepts and associated generalized and attenuated

optimality conditions, rely increasingly on appropriate relaxation, regularization and ap-

proximation techniques. This allows to circumvent the explicitly resulting and intrinsic

non-smoothness structure, particularly in the non-smooth PDE-constrained case. More

details can be found in [16, 17, 23, 95, 100, 107, 125, 140, 145, 149, 169, 170, 181, 193].

This way, smooth optimization problems are obtained (in order to derive corresponding

optimality systems), that asymptotically approximate the original challenging non-smooth

optimization problem in a suitable way. Similarly, a very common approach in this context

is the application of the thoroughly studied semi-smooth Newton method to the regular-

ized problem; see e.g., [9, 27, 43, 51, 109, 136, 169]. In particular, in [43] a variant of

a semi-smooth Newton method is proposed to solve a specific non-smooth optimization

problem involving the max operator.

Consequently, the original non-smooth problem is adjusted and modified according to

its specific challenges, so that the challenging properties are concealed from the solution

algorithm such that the modified problem can be easily solved by standard solution meth-

ods.

2.3.2. Remarks on Regularization and Non-Smooth Optimization Techniques

The basic idea of regularization methods in non-smooth optimization is to circumvent the

non-differentiability by approximating the non-differentiable term by a family of differen-

tiable functions with a suitably small regularization parameter. The convergence of the

method is then obtained asymptotically for decreasing regularization parameter with a

non-smooth limit problem.

Example 2.59 (Regularized max-Function). Regularizations and smooth, as well as

monotone and convex approximations of the non-smooth max-function are e.g., given

by the functions

maxgε(x) =





0, if x ≤ 0

x2

2ε , if x ∈ (0, ε)

x− ε
2 , if x ≥ ε ,

maxlε(x) =





0, if x ≤ −ε

x2

4ε + x
2 + ε

4 , if x ∈ (−ε, ε)

x, if x ≥ ε .
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These regularizations represent a family of continuously differentiable functions which ap-

proximate the non-smooth max-function suitably, as shown in Fig. 2.2(a). See e.g. [100]

for an application and employment of these specific regularizations. Note that the regular-

ization maxlε deviates from the max-function only locally around the origin. In contrast to

the previous case, the function maxgε represents a global modification of the max-function;

cf. [100].

See also [181] for a further regularization of the max function. Such regularizations and

families of approximating continuously differentiable functions are often used to derive op-

timality conditions for the corresponding regularized optimization problem. For instance,

if the non-smoothness appears in the PDE constraint, regularization can be used to obtain

a Gâteaux differentiable solution operator, which allows the derivation of classical opti-

mality conditions. Subsequently, taking the limit for vanishing regularization(-parameters)

finally yields an optimality system for the original non-smooth optimization problem, how-

ever of weak stationarity type. See, e.g., [144] for an application and in-depth analysis.

The following subsection briefly introduces a common regularization technique for non-

smooth optimization problems in Banach spaces, the Moreau–Yosida regularization.

Moreau–Yosida Regularization

The Moreau–Yosida regularization essentially provides an approximation and smoothing

of a non-smooth function and reveals several beneficial properties such as Fréchet differ-

entiability despite the differentiability properties of the original function; cf. [16]. For

convex functions, the Moreau–Yosida regularization even preserves the minimum value

and also the set of minimizers [173]. Thus, this particular regularization turns out to be

quite advantageous for modifying non-smooth optimization problems, such that classical

optimization methods can be applied to the regularized problem allowing the solution of

challenging optimization problems; see e.g., [11, 97, 126]. Nowadays, the Moreau–Yosida

regularization is considered a standard technique for e.g., state-constrained optimal control

optimization; cf. [103, 198].

Definition 2.60 (Moreau–Yosida Regularization). Let f : V → R be a functional. The

Moreau–Yosida regularization of f with scaling parameter λ is defined as

Mλ,f (v) = inf
y∈V

{f(y) + λ
2�y − v�2L2}

The following theorem briefly summarizes several of the most important properties of

this regularization.
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−λ λ

(a) (b)

Figure 2.2.: Smooth regularizations of the max and abs function.

Theorem 2.61 (Moreau–Yosida Regularization Properties; cf. [16, 29]). Let V be a re-

flexive Banach space and f : V → R = R ∪ {+∞} a lsc and convex functional such that

f(v) < +∞ for at least one v ∈ V . Then it holds that:

(i) Mλ,f is convex, lsc and locally Lipschitz-continuous for all scaling parameters λ > 0.

(ii) There exists a unique minimizer z ∈ V for f(y) + λ
2�y − v�2L2 for all λ > 0.

(iii) If f is additionally bounded from below, then lim
λ→0+

Mλ,f (v) = f(v) for all v ∈ V .

Example 2.62. For f(v) = |v| the Moreau–Yosida regularization is given by the Huber

function, i.e.,

Mλ,f (v) =

�
1
2λ |v|2, where |v| ≤ λ

|v|− λ
2 , where |v| > λ .

See Fig. 2.2(b) for an illustration.

There are numerous publications and applications that address, apply, study and exploit

the Moreau–Yosida regularization and its smoothing properties. Note that these publica-

tions usually provide discussions of necessary conditions for local solutions of the suitably

regularized problem to asymptotically approximate local solutions of the non-smooth un-

regularized problem. However, results concerning the convergence of the entire iterative

solution procedures are often lacking. See [19, 20, 89, 96, 109, 111, 112, 114, 123, 146, 158,

210] for more information on the Moreau–Yosida regularization and related analytical and

theoretical advancement, as well as practical applications and the associated analysis.

Moreau–Yosida Regularization and the Semi-Smooth Newton Method

The Moreau–Yosida regularization is often employed in conjunction with the semi-smooth

Newton method (see e.g. [24, 101, 200]), since the regularized optimization problem allows

the derivation of classical optimality conditions and asymptotically approximates the orig-

inal non-smooth problem. These systems of necessary optimality conditions can be solved
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by a semi-smooth Newton method. In abstract terms, the semi-smooth Newton method

is a generalized Newton method for non-smooth functions taking into account generalized

derivative concepts.

Initially, the concept of semi-smoothness was introduced in [147] for real-valued func-

tions on finite dimensional spaces and after further developments and investigations, the

concept of semi-smooth Newton methods was extended to the infinite dimensional set-

ting in [39, 124, 197]. Especially notable is the book [198] which gives a comprehensive

introduction to the concept of semi-smoothness in Banach spaces. The semi-smooth New-

ton method is often applied in the context of non-smooth optimization problems with

intrinsic non-smoothness, as well as e.g., optimal control with state constraints and other

optimization problems. See, e.g., [43, 50, 53, 52, 108, 109] for some applications.

Under suitable approximate and regularity conditions one can verify superlinear conver-

gence [109], which makes the semi-smooth Newton methods very efficient. Furthermore,

semi-smooth Newton methods exhibit mesh independence; see [198]. However, in general,

similarly to the classical Newton method, only local convergence is valid. Moreover, the

range of convergence may strongly depend on the choice of the Moreau–Yosida regular-

ization parameter; cf. [54].

Semi-smooth Newton methods can be shown to be equivalent to primal-dual active

set strategies, a popular solution approach which allows to solve a non-linear optimality

system by employing a sequence of related linear problems and updates the active sets

based on the solution of the system for the primary and dual variables; see e.g. [98, 109].

Further Methods

Additional methods to handle and approach non-smooth optimization problems are e.g.,

adapted penalization methods [16], augmented Lagrangian approaches [115], Lavrentiev

regularization techniques [142], interior point methods [180], as well as variational inequal-

ity approaches [193].

However, this dissertation follows a different approach and in particular aims at explic-

itly exploiting the given structure of the involved non-smoothness as efficiently as possible.

Therefore, the next chapter presents a special handling of the non-smoothness given by the

absolute value operator and also highlights several important properties of this method,

as well as a dedicated modification.
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3
Abs-Linearization in Reflexive Banach

Spaces

The current and the two subsequent chapters are essentially compilations of the research

papers [203, 205, 207], and the in-book chapter [206], for each of which the author has given

a substantial contribution. The presented work has been adjusted and further elaborated

at selected stages to provide the reader with a holistic view of the presented concepts and

methods.

This chapter serves as an introduction to a fundamental concept of this dissertation,

the abs-linearization, which provides a special handling of the absolute value operator in

finite and infinite dimensions and allows to explicitly exploit the structure caused by the

kind of non-smoothness considered in this dissertation.

After a summarizing introduction and a brief overview of the finite dimensional pre-

liminaries concerning the abs-linearization, the following sections deal with an extension

to the reflexive Banach space setting. In particular, Sec. 3.1 provides a discussion on

the absolute value operator and the induced Nemytzkii operator as well as correspond-

ing essential properties. Sec. 3.2 introduces the class of operators under consideration as

well as a corresponding evaluation and reformulation procedure. Then, Sec. 3.3 provides

an extension of the finite dimensional abs-linearization concept to the reflexive Banach

space setting. Furthermore, a specially modified variation, the constant abs-linearization

is introduced and explained in Sec. 3.4.

The abs-linearization itself was developed in the finite dimensional setting in [79] and is

already well-analyzed for unconstrained optimization, the solution of non-smooth equation

systems and the integration of dynamical systems with non-smooth right-hand sides; see

[68, 80, 82]. Based on the abs-linearization, [67] and [68] present the SALMIN (Successive

Abs-Linear MINimization) method, an optimization approach for minimizing piecewise

smooth unconstrained optimization problems along with numerical results and a compar-

ison of the method with several state of the art non-smooth optimization solvers for finite

dimensional problem formulations. These numerical results as well as the analysis of the

method on the abs-linearization revealed promising results and motivated the extension

37



3. Abs-Linearization in Reflexive Banach Spaces

of this method to a more sophisticated setting in infinite dimensions.

To extend the abs-linearization approach to the infinite dimensional setting, a reflexive

function space V is considered, e.g., Lp-spaces over a bounded domain Ω ⊆ Rn with

1 < p < ∞ or Hilbert spaces, such that the absolute value operator is Lipschitz-continuous.

Furthermore, it is assumed that the non-smoothness is only caused by the Nemytzkii

operator induced by the absolute value function. Hence, the absolute value operator is the

main cause for the non-smoothness and analytical and numerical difficulties. Accordingly,

the absolute value operator plays a crucial role in this work and further investigation and

analysis of the considered non-smooth optimization problems.

3.1. The Absolute Value Operator

In Ex. 2.46 the Nemytzkii operator induced by the absolute value function was introduced

and defined by

abs : V → V, [abs(v)](x) = |v(x)| for every v ∈ V and a.a. x ∈ Ω . (3.1)

For the sake of simplicity, the local argument x will usually be omitted so that abs(.) is

directly considered as an operator on the function space.

The following paragraphs include discussions of familiar and significant properties of the

absolute value operator in the function spaces considered in this dissertation. The reader

is additionally referred to Sec. 2.2.3 and the conditions concerning the generating func-

tion, which guarantee the boundedness, continuity and differentiability of the Nemytzkii

operator.

Note that in general Banach spaces, it is not clear whether the absolute value operator

is Lipschitz-continuous; see, e.g., [62]. However, the following result provides this property

particularly in the function spaces considered here, i.e., reflexive Lebesgue spaces.

Proposition 3.1 (Lipschitz-continuity of abs(.)). Let Ω ⊆ Rn be a bounded domain and

V = Lp(Ω) for 1 < p < ∞. Then the absolute value operator abs : V → V is Lipschitz-

continuous and non-expansive.

Proof. By the inverse triangle inequality, one has for almost every x ∈ Ω and for v, u ∈ V

that
�� abs(v(x))− abs(u(x))

�� ≤ |v(x)− u(x)|. Thus,

� abs(v)− abs(u)�pV =

�

Ω

�� abs(v)− abs(u)
��pdx ≤

�

Ω
|v(x)− u(x)|pdx = �v − u�pV .

Since the Lipschitz constant is 1, one obtains also that abs is non-expansive.
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Another well-known property concerning the absolute value operator is the weak differ-

entiability.

Remark 3.2 (Weak derivative of the absolute value function). Let Ω = (−1, 1) ⊆ R. The
absolute value function is not classically differentiable, but it has a weak derivative of the

form ∇|x| = sign(x) ∈ Lp(Ω). However, there are no further weak derivatives of higher

order such that sign(x) is not weakly differentiable.

In more general terms, it can be shown that for any v, w ∈ W 1,p(Ω), 1 ≤ p ≤ ∞, also

abs(v) ∈ W 1,p(Ω). Due to the relations

max(v, w) =
1

2
(v + w + |v − w|) and min(v, w) =

1

2
(v + w − |v − w|) , (3.2)

this also applies to max(v, 0) and min(v, 0) for v ∈ W 1,p(Ω).

Lemma 3.3. Let Ω ⊆ Rn be bounded, n ∈ N and v ∈ W 1,p(Ω) for 1 ≤ p ≤ ∞. Then the

operators abs(v), max(v, 0), min(v, 0) are also elements of W 1,p(Ω) with weak derivatives

∇|v| :=
�

∇v, where v ≥ 0

−∇v, where v < 0

�
= χΩ+∇v − χΩ−∇v, (3.3)

∇max(v, 0) :=

�
∇v, where v ≥ 0

0, where v < 0

�
= χΩ+∇v,

∇min(v, 0) :=

�
∇v, where v < 0

0, where v ≥ 0

�
= χΩ−∇v,

with characteristic functions χ and Ω+ := {x ∈ Ω : v(x) ≥ 0} and Ω− := {x ∈ Ω : v(x) < 0}.
Furthermore, if v ∈ W 1,p

0 (Ω) then also abs(v),max(v, 0),min(v, 0) ∈ W 1,p
0 (Ω).

Proof. This proof is inspired by the proof of [65, Thm. 4.4]. For ε > 0 the function

ϕε : R → R is defined by ϕε(x) :=
√
x2 + ε2 − ε. Then ϕε ∈ C1(Ω),ϕε(0) = 0, and

ϕε(x) → |x| for all x ∈ R as ε → 0. Furthermore, ϕ�
ε(x) = x√

x2+ε2
for all x ∈ R and

�ϕ�
ε�∞ ≤ 1. Due to Cor. 2.2 it holds that ϕε ◦v ∈ W 1,p(Ω) and with the definition of weak

derivatives �

Ω
(ϕε ◦ v)∇ξ dx = −

�

Ω
ϕ�
ε(v)∇vξ dx for all ξ ∈ C∞

0 (Ω)

with lim
ε→0

ϕ�
ε(x) = sign(x). Consequently,

�

Ω
|v|∇ξ dx = lim

ε→0

�

Ω
(ϕε ◦ v)∇ξ dx = − lim

ε→0

�

Ω
ϕ�
ε(v)∇vξ dx = −

�

Ω
∇|v|ξ dx
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for all ξ ∈ C∞
0 (Ω), where ∇|v| is defined by Eq. (3.3). The assertions for max(v, 0) and

min(v, 0) then follow from Eq. (3.2).

See also [119, p. 50]. By considering Eq. (3.2), the following corollary, concerning the

weak differentiability of the general max and min operators, can be derived from Lem. 3.3.

Corollary 3.4. Let v, w ∈ W 1,p(Ω) for 1 ≤ p ≤ ∞ and Ω ⊆ Rn be bounded with n ∈ N.
Then max(v, w),min(v, w) ∈ W 1,p(Ω) with weak derivatives

∇max(v, w) =




∇v, where v ≥ w

∇w, where v < w ,
∇min(v, w) =




∇v, where v ≤ w

∇w, where v > w .

In the following proposition, the directional differentiability in the sense of Def. 2.20

of the non-smooth Nemytzkii operator abs is investigated on reflexive Lp-spaces. One

can conclude that the kind of admissible non-smoothness arising from the absolute value

operator allows for directional differentiability for all v ∈ V and all directions h ∈ V .

These properties can be easily carried over to the associated Nemytzkii operator.

Note that the Nemytzkii operator associated with the directional derivative in direction

h, i.e., abs�(.;h), is also denoted with the same symbol. Therefore,

abs�(v;h)(x) = abs�(v(x);h(x)) for almost all x ∈ Ω .

Proposition 3.5 (Directional Differentiability of abs(.)). Let Ω ⊆ Rn be a bounded do-

main, V = Lp(Ω) for 1 < p < ∞ and v, h ∈ V . The operator abs : V → V is directionally

differentiable with directional derivative

abs�(v;h) :=





h, where v > 0

abs(h), where v = 0

−h, where v < 0 .

Proof. The directional differentiability of the generating function abs : R → R yields the

pointwise convergence

lim
t�0

���1t
�
abs(v(x) + th(x))− abs(v(x))

�
− abs�(v(x);h(x))

��� = 0 (3.4)

for almost all x ∈ Ω.

The Lipschitz-continuity of abs with Lipschitz constant 1 (see Prop. 3.1) together with
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the fact that abs�(v;h) ≤ abs(h) then yields an integrable majorant

���1t
�
abs(v(x) + th(x))− abs(v(x))

�
− abs�(v(x);h(x))

���

≤ 1
t

��� abs
�
v(x) + th(x)

�
− abs(v(x))

���+
��� abs�(v(x);h(x))

���

≤ 2|h(x)|

(3.5)

for almost all x ∈ Ω and all t > 0. Hence, it follows from Lebesgues dominated conver-

gence theorem, together with the pointwise convergence (3.4) and the domination by an

integrable function (3.5), the integrability of abs�(v(x);h(x)) as well as the convergence

lim
t�0

�

Ω

���1t
�
abs(v(x) + th(x))− abs(v(x))

�
− abs�(v(x);h(x))

���dx = 0 .

Hence,

lim
t�0

���1
t

�
abs(v(x) + th(x)

�
− abs(v(x)))− abs�(v(x);h(x))

���
Lp

= 0 ,

which proves the assertion.

Note that Nemytzkii operators cannot be weakly continuous unless the generating func-

tion f(x, .) is affine-linear for almost all x ∈ Ω; see e.g., [13, 204]. The subsequent propo-

sition reflects this circumstance for the (autonomous) Nemytzkii operator induced by the

absolute value function defined in Eq. (3.1), considering exemplarily the Hilbert space

V := L2(Ω) with the domain Ω = (0, 1) ⊆ R.

Proposition 3.6. Let V := Lp(Ω) with Ω = (0, 1) and 1 < p < ∞. The Nemytzkii

operator abs(.) is not weakly (sequentially) continuous.

Proof. Inspired by [174], it will be demonstrated that this Nemytzkii operator is in fact not

weakly continuous for the above-mentioned setting. To this end, the bounded sequence

{vn}n∈N with vn = sign (sin(nπx)) is considered, which is weakly convergent in the Hilbert

space V with vn � 0 ∈ V . However, due to |vn| ≡ 1 for all n ∈ N, it holds that

|vn| � 1 �= 0 = |0|.

3.2. The Class C1
abs(V )

This section provides a formal definition of the class of operators under consideration as

well as application-relevant examples of elements of this specific class. In analogy to the

class Cd
abs(Rn) in finite dimensions as defined in [84], the here considered operator class is

denoted by C1
abs(V ).
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3. Abs-Linearization in Reflexive Banach Spaces

Definition 3.7 (Operator Class C1
abs(V )). For a reflexive Banach space V , the class

C1
abs(V ) contains all operators ϕ : V → R such that ϕ can be represented as a composition

of Lipschitz-continuously Fréchet differentiable operators ψi : Vi → Ṽi between reflexive

Banach spaces Vi and Ṽi and the Nemytzkii operator induced by the absolute value operator

abs as defined in Eq. (2.4).

Note that the elements of the class C1
abs(V ) can also be called piecewise differentiable

(denoted by PC1, see e.g. [53]) in accordance to the finite dimensional setting ([183]).

However, in the function space setting the piecewise differentiability of a Nemytzkii oper-

ator refers to the corresponding property of the inducing function, see e.g. [53].

Based on the particular scenario, the Lipschitz-continuously Fréchet differentiable op-

erators ψi are mappings between various Banach spaces, which preserve the Lipschitz-

continuity shown in Prop. 3.1. However, for the purpose of this chapter, only the overall

mapping from V to R is important. Using the well-known reformulations Eq. (3.2) a

large class of non-smooth operators and functions is contained in C1
abs(V ). One can thus

conclude that C1
abs(V ) is a sufficiently rich class of functions and operators. Furthermore,

elements of this class have challenging but also special properties that are useful for the

purpose of optimization.

Next, some examples of elements of the class C1
abs(V ) are given.

Example 3.8. Let V be a reflexive Banach space over a domain Ω ⊆ Rn, n ∈ N. The

operator ϕ : V → R defined by

ϕ(u) =

�

Ω
max(0, u(x))dx =

�

Ω

1
2

�
u(x) + abs

�
u(x)

��
dx

is an element of the class C1
abs(V ) and can be represented as the composition

ϕ(u) = (ψ ◦ θ)(u)

with the Nemitzkii operator θ : V → V, u �→ u + abs(u) and the Lipschitz-continuously

Fréchet differentiable operator ψ : V → R, v �→
�
Ω

1
2v.

The next example represents an application-relevant element of the class C1
abs(V ).

Example 3.9. The optimization problem described below features a convex but non-

smooth cost functional and an elliptic PDE as constraint. Here, the non-smoothness

arises from an L1-norm in the objective functional.

For a bounded domain Ω ⊆ R3 and a given desired state yd ∈ H1
0 (Ω) the considered
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optimization problem is given by

min
(y,u)∈H1

0 (Ω)×L2(Ω)

1
2�y − yd�2L2 + α

2 �u�2L2 + β�u�L1

s.t. Ay + T (y) = u+ f in Ω ,

(3.6)

where y and u represent the state and the control, respectively, f ∈ L2(Ω) is a given

function and α > 0, β > 0 are parameters. Furthermore, A : H1
0 (Ω) → H−1(Ω) is a linear

elliptic differential operator of second order, e.g., the Laplace operator. Suppose that

the continuously differentiable operator T : H1
0 (Ω) → L2(Ω) is such that there exists a

Lipschitz-continuously Fréchet differentiable solution operator S : L2(Ω) → H1
0 (Ω), which

gives the solution S(u) = y of the PDE in Eq. (3.6) for any fixed control u ∈ L2(Ω). As

a very simple example one may consider T (y) ≡ 0 as in [190]. Then, the reduced problem

formulation is given by the optimization problem

min
u∈L2(Ω)

ϕ(u) with ϕ(u) = 1
2�S(u)− yd�2L2 + α

2 �u�2L2 + β�u�L1 , (3.7)

where the reduced cost functional ϕ is well-posed due to the continuity of the solution

operator.

Problems of this type are of great interest since the L1-control term leads to sparsely

supported optimal controls.

Structured Evaluation

Until further notice, we assume throughout the following chapters that the non-smooth

functions under consideration (e.g., ϕ : V → R) are elements of the considered function

class C1
abs and can be described as a composition of elemental operators that are either

continuously Fréchet differentiable or the absolute value operator. Subsequently, consecu-

tive continuously Fréchet differentiable elemental operators can be conceptually combined

to obtain a representation where all evaluations of the absolute value function can be

explicitly detected and directly exploited.

Assumption 3.10 (Structured Evaluation). Let v ∈ V and ϕ : V → R be an element of

C1
abs. Then there exist a number s ∈ N and Lipschitz-continuously Fréchet differentiable

operators ψ1, . . . ,ψs with ψi : Vi → Ṽi between reflexive Banach spaces Vi and Ṽi for 1 ≤
i ≤ s such that ϕ can be equivalently reformulated in terms of ψ1, . . . ,ψs and the Nemytzkii

operator induced by the absolute value operator abs. The equivalent reformulation is then

called the structured evaluation, which is defined by the following procedure:
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3. Abs-Linearization in Reflexive Banach Spaces

v0 = v

for i = 1, . . . , s do

zi := ψi((vj)j<i)

σi := sign(zi)

vi := σizi = abs(zi)

end for

w = ψs+1((vj)j<s+1) := ϕ(v).

where the σi are called signature functions. Here and in the following course of this

dissertation s counts the number of absolute value invocations.

Note that the condition j < i in the above definition of zi (Ass. 3.10, line 3 of the

structured evaluation procedure) encodes that the switching operator zi might depend on

other switching operators zj with j �= i but in this case zi only depends on previously

defined zj with j < i. Hence, this notation implies that there are no implicit dependencies

of the switching operators z1, . . . , zs.

Under suitable conditions some of the elemental functions ψi, i = 1, . . . , s, may be linear

differential operators, integral operators, and solution operators. This is also illustrated

by the example given below. As shown hereinafter, the proposed type of reformulation

proves to be extremely useful for creating a suitable algorithm for the considered class of

non-smooth problems.

In the finite dimensional case V = Rn, one has zi ∈ R and therefore σi ∈ {−1, 0, 1}.
For the function space scenario considered here, however, it follows that zi ∈ V and the

functions σi are also Nemytzkii operators defined by

σi : V → V, σi(zi(x)) = sign(zi(x)) for almost all x ∈ Ω

as a function of zi. This choice ensures that vi = σizi = abs(zi) ∈ V holds. Furthermore, it

follows from the representation in Ass. 3.10 that ϕ is locally Lipschitz continuous. Hence,

ϕ is also continuous due to the assumed smoothness of ψi, i = 1, . . . , s. See also [110,

Thm. 3.15] and [215, Chap. 1].

Example 3.11. To exemplify the structured evaluation, once more the optimization prob-

lem as introduced in Ex. 3.9 is considered. The target function ϕ in Eq. (3.7) can be written

as structured evaluation with s = 1 using

v0 = u

z1 = ψ1(v0) ≡ v0, σ1 = sign(z1), v1 = σ1z1 = sign(z1)z1 = |z1|

w = ψ2(v0, v1) ≡ 1
2�S(v0)− yd�2L2 +

α

2
�v0�2L2 + β

�

Ω
v1 dx .
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In this case, ψ1 is the identity on V = L2(Ω) and ψ2 : L2(Ω) × L2(Ω) → R provides an

equivalent representation for ϕ. Note that ψ2 is a Lipschitz-continuously differentiable

operator (in its two arguments v0 and v1).

3.3. Abs-Linearization

For the class of non-smooth operators considered here, one can extend the propagation

of information on the derivative in a suitable way to cover also the absolute value func-

tion. For given elements v, u ∈ V , increments Δ v,Δu ∈ V and a continuously Fréchet

differentiable operator ψ, the following linearizations are employed:

Δw = Δ v ±Δu for w = v ± u , (3.8)

Δw = ψ�(v)(Δ v) for w = ψ(v) �= abs(v) . (3.9)

Note that ψ�(v) denotes the Fréchet derivative of ψ in the sense of Def. 2.25.

An essential difference to the finite dimensional case involves the fact that no lineariza-

tion for a multiplication has to be introduced, since this operation is not defined for two

elements of the Banach space V and Banach algebras will not be considered here. For

linear operators A, the linearizations are given by

Δw = A Δ v for w = Av . (3.10)

Note that in [203] the notation Δv was employed for the increments. However, to avoid

confusion and to distinguish it from the Laplace operator, the corresponding increment

operator is denoted by Δ in this dissertation .

If no absolute value evaluation occurs, the operator w = ϕ(v) is indeed Fréchet differ-

entiable and yields the relation

Δw = ϕ�(v)(Δ v) ∈ R ,

where ϕ�(v) : V → R is the Fréchet derivative of ϕ. Hence, Fréchet differentiation is

equivalent to linearizing all elemental operators. At this point, the question arises which

linearization would be suitable for the absolute value operator. The method of choice in

this dissertation is the so-called abs-linearization given by

Δw = abs(v +Δ v)− w for w = abs(v) . (3.11)

As one can notice, the linearized values Δw depend on both the argument v itself and the
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3. Abs-Linearization in Reflexive Banach Spaces

direction Δ v. If required, we will denote this dependency by Δw(v;Δ v). However, for

notational simplicity, in most cases the arguments v and Δ v will be dropped. Similarly,

the dependence of the intermediates vi occurring during the evaluation of ϕ as described in

Ass. 3.10 on the argument v is denoted by vi(v). The abs-linearization is then constructed

in the following way:

Definition 3.12 (Abs-Linearization). Suppose that ϕ : V → R is an element of the

operator class C1
abs(V ) as defined in Def. 3.7. For a fixed argument v ∈ V and w = ϕ(v) the

abs-linearization Δw(v; .) : V → R based on the linearizations (3.8)–(3.11) is constructed

in the following way:

v0 = v, Δ v0 = Δ v

for i = 1, . . . , s do

zi = ψi((vj)j<i)

Δ zi = Δψi((vj)j<i)((Δ vj)j<i)

σi = sign(zi)

vi = σizi = abs(zi)

Δ vi = abs(zi +Δ zi)− abs(zi)

end for

w = ψs+1((vj)j<s+1) = ϕ(v), Δw = Δψs+1((vj)j<s+1)((Δ vj)j<s+1).

Recall that the σi are Nemytzkii operators in the sense of Sec. 2.2.3.

To illustrate the abs-linearization with an example, we consider a continuation of Ex. 3.11.

Example 3.13. In Ex. 3.11 it has been established that the target function ϕ can be

equivalently reformulated (with s = 1) into

1
2�S(v0)− yd�2L2 +

α

2
�v0�2L2 + β

�

Ω
v1 dx ,

with v0 ≡ u and v1 = σ1z1 = abs(z1). Defining the Fréchet differentiable operator

ϕ1(u) =
1
2�S(u)− yd�2L2 + α

2 �u�2L2 ,

and consequently rewriting the target function into

ϕ(u) = ϕ1(u) + β�u�L1 ,

the corresponding abs-linearization for ϕ according to Def. 3.12 with v0 = u, Δ v0 = Δu

and s = 1 is given by

46



3.4. Constant Abs-Linearization

z1 = ψ1(v0) ≡ v0

Δ z1 = Δψ1(v0;Δ v0) = Δ v0

σ1 = sign(z1)

v1 = σ1z1 = abs(z1)

Δ v1 = abs(z1 +Δ z1)− abs(z1)

ψ2((vj)j<2) = ψ2(v0, v1) = ϕ1(v0) + β
�
Ω v1 dx,

Δψ2((v0, v1); (Δ v0,Δ v1)) = ϕ�
1(v0)(Δ v0) + β

�
ΩΔ v1 dx,

where ϕ�
1(v0)(Δ v0) denotes the Fréchet derivative of ϕ1 at v0 in Δ v0. Substituting the

known quantities yields for the abs-linearization Δϕ(u;Δu) at u in Δu, that

Δϕ(u;Δu) = ϕ�
1(u)(Δu) + β

�

Ω
abs(u+Δu)− abs(u)dx

= ϕ�
1(u)(Δu) + β (�u+Δu�L1 − �u�L1) .

3.4. Constant Abs-Linearization

In the previous section we have seen that by means of the abs-linearization, the concept of

differentiation and linearization can be extended also to the Lipschitz-continuous but non-

smooth operator abs and thus also to operators like max and min. However, a significant

limitation of this concept is the violation of the classical chain rule and the implicit function

theorem, which unfortunately cannot be applied in this context in the same way as in the

smooth setting.

Motivation and Definition

The fact that the generalized linearization concept, the abs-linearization, does not allow

for a similar relation between the linearization of the implicitly defined function and the

linearizations of the explicit function, as we know it from the (classical) implicit function

theorem, has a significant impact on the method introduced and elaborated in Chap. 5. To

circumvent the dilemma mentioned above, we consider in suitable scenarios a modification

of the basic concept of the abs-linearization, the so-called constant abs-linearization, which

establishes an efficient and proficient handling of the absolute value operator based on the

reformulation given by the structured evaluation.

Definition 3.14 (Constant Abs-Linearization). For a given non-smooth operator involv-

ing non-smooth locally Lipschitz-continuous operators and reformulated by the structured

evaluation in the fashion of Ass. 3.10 the constant abs-linearization is obtained by fixing

all signature functions σi for 1 ≤ i ≤ s to given σ̄i ∈ L∞(Ω), σ̄i : Ω → {−1, 1}.
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3. Abs-Linearization in Reflexive Banach Spaces

The application of the constant abs-linearization provides a linearization in the following

sense. By replacing all σi with given fixed σ̄i : Ω → {−1, 1}, the resulting operator is

smooth in its arguments, since the non-smooth dependence of σ on z has been eliminated.

Hence, the terms σ̄izi now only explicitly depend on the switching functions zi, where

the σ̄i are viewed as “factors” which only take the values −1 and +1 in the domain Ω.

This is indeed a linearization, since the terms σizi are now inherently linear in zi. The

decision to assign only the values +1 or −1 (but not 0) to σ̄(x) does not influence the

previous considerations, simply because if zi > 0 and σi = +1, or zi < 0 and σi = −1

respectively, then σizi = abs(zi) is still valid. If zi = 0, then even for σi �= 0 the relationship

abs(zi) = σizi = 0 is guaranteed. Hence, no longer considering zero as a value for σ̄ does

not pose any limitations.

To illustrate this linearization concept further, let us consider the following example.

Example 3.15. Let f : R → R with f(v) = v−min(|v−τ |, v) and some τ ∈ R be the gen-

erating function for the Nemytzkii operator F : L2(Ω) → L2(Ω) with Ω given by the open

interval (0, 1). Then f(v) = v−min(|v− τ |, v) = v− 1
2

�
|v − τ |+ v −

��|v − τ |− v
��� = 1

2v−
1
2

�
|v − τ |−

��|v − τ |− v
���. The induced Nemytzkii operator is then given by F (v)(x) =

1
2v(x)− 1

2

�
|v(x)− τ(x)|−

��|v(x)− τ(x)|− v(x)
��� with τ(x) ≡ τ ∈ R for all x ∈ Ω. Refor-

mulation of F by the structured evaluation in the sense of Ass. 3.10 then yields

F̂ (v,σ1z1,σ2z2) =
1
2v − 1

2 (σz1 − σ2z2) ,

with z1 = v− τ and z2 = σ1z1−v. One can now apply the constant abs-linearization from

Def. 3.14 by fixing σ = (σ1,σ2) to some given σ(x) = (σ̄1(x), σ̄2(x)) with, for instance,

σ̄1(x) = σ̄2(x) =




−1, if x ∈ Ω− :=

�
0, 12

�
,

+1, if x ∈ Ω+ :=
�
1
2 , 1

�

for almost all x ∈ Ω. Then F̂ (v, σ̄1z1, σ̄2z2) = 2χΩ−z1 = 2χΩ− (v − τ) applies. This way,

by fixing σi to σ̄i, the non-smooth dependence of σi = sign(zi) and zi for i = 1, 2 is

removed and the resulting function F̂ (v, σ̄z) itself is not necessarily linearized. However,

the term σizi = abs(zi) which was transformed to σ̄izi is now linear in zi.

Domain Decomposition

Furthermore, Ex. 3.15 reveals that the constant abs-linearization induces a domain decom-

position which is specific for the respective structure of the given non-smooth operator.

Hence, the corresponding Nemytzkii operators partition the domain Ω into subdomains in
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accordance with the constant abs-linearized structure of the considered non-smooth op-

erator. To emphasize on the domain decomposition due to the constant abs-linearization

let us first consider the case s = 1 and z1 = v. For the case s = 1 every fixed σ̄ cor-

respondingly decomposes the domain Ω into non-overlapping open subdomains such that

Ω = Ω+ ∪ Ω− with σ̄(x) = +1 on Ω+ and σ̄(x) = −1 on Ω−.

Example 3.16 (Domain Decomposition by σ̄ in the Case s = 1).

Let F be a non-smooth Nemytzkii operator given by F : L2(Ω) → L2(Ω), F (v) =

max(v, 0) = 1
2(|v| + v) with Ω = (0, 1)2 ⊆ R2. Then the structured evaluation of F is

given by

F̂ (v,σz) = 1
2(σ1z1 + v)

with z1 = v.

We want to apply the constant abs-linearization and fix σ to a given σ̄. For this example,

σ̄ is set to σ̄(x1, x2) = sign(ṽ)(x1, x2) with

ṽ(x1, x2) :=





�
(x1 − 1

2)
4 + 1

2(x1 − 1
2)

3
�
sin(πx2), if x1 ≤ 1

2

0, otherwise .

ṽ

−1 +1

σ̄

x1

x2

0
0 0.5

0.5

1

1

Figure 3.1.: Plot of ṽ and σ̄ correspond-
ing to sign(ṽ).

Since σ̄ takes only non-zero values, the values

σ̄(x1, x2) are fixed to either +1 or -1 when-

ever sign(ṽ)(x1, x2) = 0. Therefore, e.g.,

σ̄ = σ̄1 :=




−1, if x1 ≤ 1

2

+1, otherwise .
(3.12)

Note that the choice σ̄ ≡ −1 would have been plausible as well. This choice still corre-

sponds to sign(ṽ) in the context of the constant abs-linearization. Fig. 3.1 shows ṽ as well

as the chosen σ̄ associated with sign(ṽ) corresponding to Eq. (3.12). Furthermore, Fig. 3.1

reveals and illustrates the resulting domain decomposition of Ω due to σ̄, i.e., Ω = Ω+∪Ω−

with Ω+ := (12 , 0)× (0, 1) (red part) and Ω− := (0, 12)× (0, 1) (blue part).

An analog decomposition applies to the case s > 1, i.e., the case with more than one and

possibly nested absolute value evaluations in the formulation of the considered non-smooth

operator. The next example illustrates this fact for the case s = 2.

Example 3.17 (Domain Decomposition by σ̄ in the Case s = 2).

Let us consider the non-smooth operator F : L2(Ω) → L2(Ω) from Ex. 3.15 which is given
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by F (v) = v − min(|v − τ |, v), with Ω = (0, 1)2. Then the structured evaluation of F is

given by F̂ (v,σz) = 1
2v − 1

2 (σz1 − σ2z2) with z1 = v − τ , σ1z1 = |z1| and z2 = σ1z1 − v.

In order to fix σ = (σ1,σ2) to a given σ̄ = (σ̄1, σ̄2) corresponding to the sign of a given

function, one has to keep in mind the relation between σ and z as well as the definition of

z1 and z2. In this example the fixed function σ̄ is chosen in correspondence with sign(ṽ)

with ṽ(x1, x2) = sin(πx1) sin(2πx2).

The definition of σ1,σ2 and z1, z2 then implies

σ̄1 = sign(ṽ − τ) and

σ̄2 = sign(σ̄1(ṽ − τ)− ṽ) = sign(|ṽ − τ |− ṽ) .

Hence, for τ ≥ 1 it holds that σ̄1 ≡ −1 by fixing

σ̄1 to −1 where ṽ− τ vanishes. See Fig. 3.2 for an

illustration.

−1

σ̄1

0 0.5 1

0.5

1

x1

x2ṽ

x1

x2

Figure 3.2.: Plot of ṽ and σ̄1 corre-
sponding to sign(ṽ−τ).

Furthermore,

σ̄2 = sign (σ̄1(ṽ − τ)− ṽ) = sign (−2ṽ + τ) =




+1, if x2 ≥ 1

2

−1, otherwise .

Consequently, by fixing σ to σ̄ the domain Ω is decomposed in the following way.

By σ̄1 the domain Ω is decomposed into

Ω = Ω+
1 ∪ Ω−

1 with Ω+
1 =∅ and Ω−

1 =
�
(0, 1)×(0, 1)

�
.

The choice of σ̄2 yields Ω = Ω+
2 ∪ Ω−

2 with

Ω+
2 =

�
(0, 1)× (12 , 1)

�
, Ω−

2 =
�
(0, 1)× (0, 12)

�
.

σ̄1

σ̄2

−1

+1

−1

Figure 3.3.: Domain decompositions
by virtue of σ̄1 and σ̄2.

Fig. 3.3 illustrates the domain decomposition of the underlying domain Ω by virtue of the

choice of σ̄1 and σ̄2 with τ ≥ 1. The remaining cases for τ can be considered analogously.

Chap. 5 provides a discussion for criteria for a plausible choice of σ̄ in order to apply

the constant abs-linearization to a class of non-smooth optimization problems in reflexive

function spaces. The reformulation by the constant abs-linearization then allows to exploit

the associated domain decomposition for optimization purposes.
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The SALMIN Algorithm

The current chapter presents an extension of an algorithm for finite dimensional non-

smooth unconstrained optimization into the infinite dimensional setting. In numerous

cases, non-smoothness might occur naturally in optimization problems. However, it may

also be specifically designed and constructed. Of particular interest, in the scope of this

chapter, are PDE-constrained optimal control problems where the objective functional

contains the L1-norm of the control and is therefore non-differentiable. Problems of this

type are of great importance for applications that require sparsely supported optimal

controls, such as cases where control devices cannot be installed all over the domain.

In particular, the L1-term in the objective functional often leads to sparsely supported

optimal controls and a corresponding solution indicates where it is most efficient to place

control devices; see e.g., [37, 190].

This chapter is structured as follows. The finite dimensional preliminaries are recalled

in Sec. 4.1 in order to motivate the extension of the quadratic overestimation method

to the function space setting. Sec. 4.2 defines and discusses the local model in infinite

dimensions including its properties. Here, it is important to point out that the notions of

piecewise smoothness and piecewise linearity [79, 183] are not directly transferable to the

function space setting. Sec. 4.3 covers the extension of the proposed quadratic overestima-

tion method to the infinite dimensional case and provides an analysis of its convergence

behavior. Furthermore, the generation of a suitable local model is proposed, such that

the required approximation properties are satisfied. Subsequently, Sec. 4.4 provides an

example for an optimization problem in function spaces that fits to the considered setting.

The results and elaborations in this chapter are part of the publication [203] and were

modified, abbreviated and elaborated in order to incorporate them within the scope of

this dissertation and create a comprehensive portrayal.

4.1. Finite Dimensional Motivation

In the finite dimensional case V = Rn, the unconstrained minimization of a piecewise

smooth function ϕ : V → R, by means of successive abs-linearization has already been
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analyzed in considerable detail in a number of papers. See for example. [68, 79, 84] as

well as the dissertation [67]. An elementary feature of the results obtained there is the

second order approximation property of the abs-linear local model. The corresponding

proof is substantially based on the Lipschitz-continuity of all quantities involved. To this

end, Griewank provides in [79] an investigation of a class of functions ϕ : Rn → R which

are piecewise smooth in the sense of Scholtes [183], where the non-smoothness results

exclusively from the absolute value function. As a consequence, max- and min-functions,

as well as suitably formulated complementarity conditions are also covered by this class

of functions. For functions of this class, all arguments of absolute value evaluations can

be defined and numbered successively as switching variables zi for i = 1, . . . , s, assuming

throughout that zj can influence zi only if j < i. Furthermore, Griewank proposed a new

approach to generate a local so-called abs-linear model Δϕ(x; .) : Rn → R of ϕ(.) utilizing

the abs-linearization procedure. A significant result of [79] is a favorable approximation

property of Δϕ in that

ϕ(x+Δx)− ϕ(x) = Δϕ(x;Δx) +O(�Δx�2) (4.1)

for Δx → 0. The results of the current chapter will reveal a similarly good approxima-

tion property for a local model in the reflexive function space setting by an appropriate

extension of the abs-linearization introduced in the previous chapter.

Based on Eq. (4.1), the following iterative optimization algorithm was proposed in [79]

xk+1 = xk + argmin
Δx∈Rn

�
ϕloc(xk;Δx) + q�Δx�2

�
(4.2)

with the local model ϕloc(xk;Δx) ≡ ϕ(xk) + Δϕ(xk;Δx) and q > 0. This approach

is called SALMIN for Successive Abs-Linear MINimization. The penalty factor q of

the quadratic term is an estimated bound on the discrepancy between ϕ and its abs-

linearization. This method generates a sequence of iterates {xk}k∈N ⊆ Rn whose cluster

points are first-order minimal; cf. [79]. See Def. 2.36 for a definition of first-order min-

imality. Furthermore, the cluster points are guaranteed to be Clarke stationary if the

inner problem of minimizing the regularized piecewise linear model is not solved exactly,

but merely Clarke stationary increments Δx for Δϕ are accepted as well; cf. [68]. See

Def. 2.33 for a definition of the Clarke stationarity.

However, the Lipschitz-continuity of the absolute value is generally not guaranteed when

extending the results from the finite dimensional case to the infinite dimensional setting;

see, e.g., [62]. Hence, it is not possible to transfer the results obtained for V = Rn directly

to general function spaces.
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The SALMIN algorithm given by Eq. (4.2) can be interpreted as a quadratic overes-

timation method, where the error between the model and the real function is bounded

by the second power of the distance; see, e.g., [78, 81]. Note that the SALMIN approach

is also related to proximal point methods as analyzed for the finite dimensional setting

(e.g. in [120, 155]), and for the function space setting (for example in [63, 86, 172, 195]).

Nevertheless, in these settings the local subproblem is not much easier to solve than the

original problem, since the original function is still an additive component of the local sub-

problem. In contrast to the results presented in the aforementioned literature, instead of

the original function, the SALMIN approach (4.2) employs the local model of the function

to be minimized at the current iterate xk. In any case, it is not possible to transfer the

available results directly to the situation considered here.

In the function space setting, optimization methods which involve a local model can be

based on bundle methods. For convex objective functions, [5] and [56] provide correspond-

ing convergence results. An alternative bundle method covering also non-convex target

functions is presented in [93], together with global convergence results to approximate

stationary points.

The abs-linearization concept in the finite dimensional setting has been successfully in-

tegrated into the well-known algorithmic differentiation (AD) tools ADOL-C [202], Cpp-

AD [21] and Tapenade [90]. Furthermore, abs-linearization has been applied to integrate

dynamical systems [83, 117], as well as for the solution of non-smooth systems of equa-

tions [165].

Performing suitable adaptations, the algorithmic idea of the quadratic overestimation

method presented in [79] can be transferred to the infinite dimensional setting, where the

target function maps a reflexive Banach space into R. For this purpose, it is assumed, sim-

ilarly to Chap. 3, that the non-smooth target function can be described as a composition

of elemental functions that are either continuously Fréchet differentiable or the absolute

value operator interpreted as Nemytzkii operator. It is then possible to derive a suitable

local model with the required approximation properties and to prove convergence to first-

order minimal points for a class of non-smooth PDE-constrained problems including for

example the L1-penalty term as discussed in [190].

4.2. Properties of a Suitable Local Model

The purpose of the current section is to introduce suitable approximation properties similar

to the finite dimensional setting and to investigate relations of a general local model which

exhibits these properties with the originally considered target function.

Throughout the remaining chapter Ω ⊆ Rn is assumed to be a bounded domain and
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V = Lp(Ω) a reflexive Banach space with 1 < p < ∞. Furthermore, an additional reflexive

Banach space V̂ is considered such that V is compactly embedded into V̂ . An example

for this situation is given by V = L2(Ω) and V̂ = H−1(Ω) as the dual space of H1
0 (Ω).

The target function is assumed to be an element of the class of non-smooth locally

Lipschitz-continuous operators C1
abs(V ) defined in Def. 3.7. In Chap. 3 it has already

been discussed that this class is sufficiently rich. In particular, all non-smooth and

Lipschitz-continuous operator equations, as well as constrained optimization problems

with Lipschitz-continuous objective functional and well-defined smooth constraints, can

be treated in the present framework.

The kind of non-smoothness studied in this chapter is once again given by the Nemytzkii

operator induced by the absolute value function

abs : V → V, [abs(v)](x) = |v(x)| for v ∈ V and for a.a. x ∈ Ω ,

as introduced in Ex. 2.46 and examined in Sec. 3.1. See also Sec. 2.2.3 for an introduction

and discussion on Nemytzkii operators.

Note that, if included appropriately in the objective functional, the operator abs(.) can

enforce sparsity, see, e.g., [37, 190]. Moreover, it can be applied to characterize a class

of PDEs involving Lipschitz-continuous and directionally differentiable but non-smooth

non-linearities such as those appearing in the two-phase Stefan problem, see, e.g., [43].

As will be shown in Sec. 4.3, the assumed structure of the C1
abs(V ) class allows for the

construction of a suitable local model. This local model can then be used for the quadratic

overestimation method discussed in the next section.

Since the aim is to minimize the objective functional ϕ ∈ C1
abs(V ), we recall from

Thm. 2.33 that the necessary optimality condition is Clarke stationarity. That is, if v∗ is

a minimal point of ϕ then the functional 0V ∗ is an element of ∂Cϕ(v
∗), see also [47, Prop.

6] and [110, Thm. 3.46]. Here, in accordance with Def. 2.30 and [49, Sec 1.2], ∂Cϕ(v̄)

denotes the Clarke generalized gradient (or subdifferential) of ϕ at v̄ ∈ V . Furthermore,

ϕC(v̄;h) denotes the Clarke derivative of ϕ at v̄ in direction h. Note that for a Fréchet

differentiable function ϕ : V → R at v̄ one has the inclusion ϕC(v̄; .) ∈ ∂Cϕ(v̄); see

Sec. 2.2.1 and [49, Prop. 2.2.2].

In contrast to many other approaches, here first-order minimality is targeted, which is

defined by Def. 2.36. In the general non-convex case this property is stronger than the

frequently used concept of Clarke stationarity. For example, this can be easily illustrated

by the negative absolute value function −|x| : R → R, which does not have a minimizer

on R but a maximizer at the origin x = 0. However, the function −|x| is Clarke stationary
at the origin but not first-order minimal. Nevertheless, both concepts coincide in the
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convex case, which will play an important role in the following sections. Note that first-

order minimality is often also called criticality as defined in [4] and [14], where 0 ∈ Rn is

required to be a Fréchet subgradient.

To prove convergence of the quadratic overestimation method proposed in the next

section, the following properties are assumed.

Assumption 4.1 (Approximation Properties). Let ϕ ∈ C1
abs(V ) and W ⊆ V be a closed

convex subset. Then it is assumed that for all v̄ ∈ W , there exists a Lipschitz-continuous

local model ϕloc(v̄; .) ∈ C1
abs(V ), given by a finite composition of linear functions and the

absolute value operator. Moreover, it is assumed that there exists a constant q̄ > 0 such

that for all pairs v̄, v ∈ W one has

ϕ(v̄) = ϕloc(v̄; 0), |ϕ(v)− ϕloc(v̄; v − v̄)| ≤ q̄�v − v̄�2V . (4.3)

The quadratic model corresponding to such a local model is then defined by

ϕq(v̄; .) := ϕloc(v̄; .) + q�.�2V , (4.4)

with a constant q ≥ 0.

For a local model satisfying Ass. 4.1, one can show the following result with respect to

elements of the Clarke generalized gradients of ϕ at v̄ ∈ V and the local model ϕloc(v̄; .)

at Δ v = 0V .

Lemma 4.2. Let ϕ ∈ C1
abs(V ). Furthermore, assume that Ass. 4.1 holds. Then, one has

for v̄ ∈ W that

∂Cϕloc(v̄; 0) ⊆ ∂Cϕ(v̄) . (4.5)

Proof. Let ξ ∈ ∂Cϕloc(v̄; 0) be arbitrary but fixed. Then by Prop. 2.34(ii) it holds for all

h ∈ V that ϕC
loc(v̄; 0)(h) ≥ ξ(h). Now assume that ξ �∈ ∂Cϕ(v̄). Then, there exists h̄ ∈ V

such that ϕC(v̄; h̄) < ξ(h̄), where one can assume without loss of generality that �h̄�V = 1

due to Prop. 2.34(i). One obtains from the definition of the Clarke derivative and the

properties of the local model that

ξ(h̄) > ϕC(v̄; h̄) = lim sup
v→v̄
λ�0

1
λ

�
ϕ(v + λh̄)− ϕ(v)

�

= lim sup
v→v̄
λ�0

1
λ

�
ϕloc(v;λh̄)− ϕloc(v; 0) + o

�
�λh̄�V

� �

= lim sup
v→v̄
λ�0

1
λ

�
ϕloc(v;λh̄)− ϕloc(v; 0) + o(λ)

�
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= lim sup
v→v̄
λ�0

1
λ

�
ϕloc(v;λh̄)− ϕloc(v; 0)

�

= ϕC
loc(v̄; 0)(h̄) ≥ ξ(h̄)

and therefore a contradiction. Hence, ξ ∈ ∂Cϕ(v̄) must hold, proving the assertion.

Note that in Eq. (4.5) the set ∂Cϕloc(v̄; 0) may be a proper subset of ∂Cϕ(v̄). The

approximation quality stated in Ass. 4.1 also suffices to prove the following properties.

Proposition 4.3. Suppose for ϕ ∈ C1
abs(V ) and v∗ ∈ W that Ass. 4.1 holds for the local

model ϕloc(v∗, .) in a neighborhood of v∗. Then one has:

(i) If the quadratic model ϕq(v∗; .) is Clarke stationary at Δ v = 0 for some q ≥ 0, then

ϕ is Clarke stationary at v∗.

(ii) If the quadratic model ϕq(v∗; .) is first-order minimal at Δ v = 0 for some q ≥ 0,

then ϕ is first-order minimal at v∗.

(iii) If ϕ is first-order minimal at v∗, then the quadratic model ϕq(v∗; .) is first-order

minimal at Δ v = 0 for all q ≥ 0.

Proof. To prove the first assertion (i), define ψ : V → R by ψ(v) := q
2�v�2V . Note that ψ is

twice Fréchet differentiable with the unique minimizer at v = 0 and ∂Cψ(0) = {0} ⊂ V ∗.

Then, the quadratic model in Eq. (4.4) is given by ϕ q
2
(v∗;Δ v) = ϕloc(v∗;Δ v) + ψ(Δ v).

If ϕ q
2
(v∗; .) is Clarke stationary in Δ v = 0, it implies that

0 ∈ ∂Cϕ q
2
(v∗; 0) = ∂C(ϕloc(v∗; 0) + ψ(0)) ⊆ ∂Cϕloc(v∗; 0) + ∂Cψ(0) ⊆ ∂Cϕ(v∗) ,

using the inclusion of the Clarke generalized gradients shown in Lem. 4.2. Hence, 0 ∈
∂Cϕ(v∗) so that ϕ is Clarke stationary in v∗.

To prove the first-order minimality statements (ii) and (iii), the directional derivative of

ϕ as defined in Eq. (2.20) is considered. One has for all h ∈ V and q ≥ 0 that

ϕ�(v∗;h) = lim
t�0

1
t (ϕ(v∗ + th)− ϕ(v∗))

= lim
t�0

1
t (ϕloc(v∗; th)− ϕloc(v∗; 0) + o (�th�V ))

= lim
t�0

1
t

�
ϕloc(v∗; th) + q�th�2V − ϕloc(v∗; 0) + o(t)

�

= lim
t�0

1
t (ϕq(v∗; 0 + th)− ϕq(v∗; 0)) = ϕ�

q(v∗; 0)(h) ,
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immediately yielding the assertions (ii) and (iii). Here, ϕ�
q(v∗; 0)(h) denotes the directional

derivative of ϕq(v∗; .) at 0 in direction h.

Note that the second order approximation given by Eq. (4.3) justifies the term quadratic

model in the last lemma.

4.3. The Quadratic Overestimation Method SALMIN

This section is devoted to the introduction and discussion of the quadratic overestimation

method — the algorithm SALMIN.

Assume for a given v0 ∈ V and a bounded subset W ⊆ V that a local model is available

for all v ∈ W . To update the factor in front of the quadratic penalty term appropriately,

the following function is defined:

q̂(v,Δ v) :=
|ϕ(v +Δ v)− ϕloc(v;Δ v)|

�Δ v�2V
(4.6)

for all v ∈ V,Δ v ∈ V \ {0}. Before introducing the quadratic overestimation method and

the corresponding algorithm, further necessary assumptions for the considered setting are

specified below.

Assumption 4.4 (Considered Setting). Suppose that ϕ ∈ C1
abs(V ) has for a given v0 ∈ W

a bounded level set

N0 := {v ∈ V : ϕ(v) ≤ ϕ(v0)} ,

and that ϕ(.) is bounded from below on N0. Furthermore, let ϕloc(v, .) be a local model such

that Ass. 4.1 holds. Assume that there exists a monotone mapping q̄ : [0,∞) → [0,∞)

such that for all v ∈ N0 and Δ v ∈ V with v +Δ v ∈ N0 it holds that

q̂(v,Δ v) ≤ q̄(�Δ v�V ) . (4.7)

Moreover, assume that the quadratic model ϕq(v, .) attains a local minimum on V .

In the following section, it will be observed that for the considered problem class pre-

sented in Ex. 3.9, the resulting quadratic model indeed admits a minimal point. If the

local model is such that Ass. 4.4 holds, then Prop. 4.3 yields the relationship between the

minimizer of ϕq(vk, .) and ϕ. The proposed SALMIN approach is stated in Algo. 1 below

and illustrated in Fig. 4.1.
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Algorithm 1 SALMIN

Require: v0 ∈ V , q0 > 0, τ > 1.
for k = 0, 1, 2, . . . do

Compute

Δ vk = argmin
Δ v ∈V

�
ϕQ(vk;Δ v) := ϕloc(vk;Δ v) + τqk

2 �Δ v�2V
�

(4.8)

if Δ vk = 0 then
STOP

if ϕ(vk +Δ vk) < ϕ(vk) then
vk+1 = vk +Δ vk
Compute qk+1 = max{qk, q̂(vk,Δ vk)}

else
vk+1 = vk
Compute qk+1 = max{τqk, q̂(vk,Δ vk)}

Assuming one has a local model with the presented approximation properties, it will

first be shown that the SALMIN algorithm generates iterates that converge to a first-

order minimal point also in the considered infinite dimensional case. In a first step, one

obtains a sequence that converges weakly to a limit point in V . Subsequently, exploiting

the compact embedding V
c
�→ V̂ , it can be shown that the limit point is Clarke stationary

and in the convex case even first-order minimal.

To prepare the convergence analysis of the generated sequence, we discuss several inter-

mediate results. If the local model is such that Ass. 4.4 holds, then the argmin computation

step of the algorithm for the quadratic model is well-defined. Whenever the step is not

successful in that ϕ(vk + Δ vk) ≥ ϕ(vk) and vk+1 = vk, the new penalty factor qk+1 is

bigger than the current value qk yielding a descent direction Δ v in finitely many steps.

Hence, for the convergence analysis below, a subsequence of iterates is considered, which

always yields descent in the function value. All remaining iterates can be grouped together

such that they form one update of the penalty factor in front of the quadratic term. For

simplicity, the subsequence of iterates with strictly decreasing function values is again

denoted by {vk}k∈N.
For the sequence of penalty factor {qk}k∈N, one obtains the following result:

Proposition 4.5. Suppose that ϕ ∈ C1
abs(V ) satisfies Ass. 4.4. Then, the values {qk}k∈N

generated by the algorithm SALMIN converge to some q∗ ∈ (0,∞).

Proof. In the case that there exists an index k ∈ N such that Δ vk = 0, the values {qk}
represents a finite sequence and thus satisfies the statement. Now assume that Δ vk �= 0

for all k ∈ N. The algorithm SALMIN ensures that all iterates vk stay in the bounded
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level set N0. Hence, it follows from Eq. (4.7) that there exists an upper bound q̌ with

q̂(vk,∆ vk) ≤ q̄(‖∆ vk‖V ) ≤ q̌.

Therefore, the sequence {qk}k∈N is increasing and bounded. Combining this with the fact

that q0 > 0 yields that q∗ ∈ (0,∞) as well as the assertion with q∗ ≤ q̌.

ϕ ∈ C1
abs(V )

local model at vk
(e.g. via abs-linearization)

ϕloc(vk;∆ vk)

overestimated quadratic
model with parameterQ := τqk

2

argmin computation

∆ vk

update vkupdate qk

if ∆ vk = 0

ϕQ(vk;∆ vk)

check for
improvement

ϕ(vk +∆ vk) < ϕ(vk)

yesno

vk
first-order minimal

Figure 4.1.: A schematic representation of the SALMIN algorithm.

In finite dimensions, the existence of the monotone function q̄(.) follows directly from

the boundedness of the level set N0 and the approximation property Ass. 4.1. However,

this is not the case in the infinite dimensional setting. Therefore, the existence of this

function q̄(.) has to be assumed. Obviously, the function q̄(.) is usually not known. The

quantities qk in the algorithm SALMIN yield an approximation of q̄(.) for the specific level

set N0.

Now, everything is prepared to prove the main results of this chapter.

Theorem 4.6. Let ϕ ∈ C1
abs(V ) satisfy Ass. 4.4. Then a subsequence of the sequence

{vk}k∈N generated by the algorithm SALMIN converges weakly to an element v∗ ∈ V and

the sequence {∆ vk}k∈N converges strongly to 0 in V.
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Proof. The algorithm SALMIN ensures that all iterates stay in the bounded level set N0.

Since V is a reflexive Banach space this ensures that a subsequence of {vk}k∈N converges

weakly to a v∗ ∈ V by Thm. 2.14.

Secondly, one has to show that Δ vk converges strongly to 0 in V . For a given iterate vk,

the step Δ vk is generated by solving the overestimated quadratic problem (4.8). First,

assume that Δ vκ = 0 holds for one iterate κ ∈ N. Then, the algorithm SALMIN stops

with vκ = vκ−1 and Δ vκ = 0 and the assertion is proven. Now assume that Δ vk �= 0 for

all k ∈ N. Since Δ vk is defined by Eq. (4.8), one has

ϕloc(vk;Δ vk) +
τqk
2 �Δ vk�2V < ϕloc(vk; 0) = ϕ(vk) . (4.9)

The algorithm SALMIN ensures that Δ vk is indeed a descent direction for ϕ(.) at the

current iterate vk. Due to the definition of q̂(vk;Δ vk), one has

ϕ(vk +Δ vk)− ϕloc(vk;Δ vk) ≤ 1
2 q̂(vk;Δ vk)�Δ vk�2V .

Combining this with Eq. (4.9) yields for the descent directions Δ vk that

ϕ(vk +Δ vk)− ϕ(vk) = ϕ(vk +Δ vk)− ϕloc(vk;Δ vk) + ϕloc(vk;Δ vk)− ϕ(vk)

< 1
2 (qk+1 − τqk) �Δ vk�2V (4.10)

holds for all k ∈ N. Here, it has been used that q̂(v;Δ vk) ≤ qk+1, which holds due to the

update rule for qk+1. The fact that the sequence {qk}k∈N converges from below to q∗, as

shown in Prop. 4.5, implies that

ϕ(vk +Δ vk)− ϕ(vk) <
1
2 (q∗ − τqk) �Δ vk�2V .

Exploiting once more that {qk}k∈N converges from below to q∗, it follows that for each

τ > ε > 1 there exists k̄ ∈ N such that for all k ≥ k̄ the inequality 0 ≤ q∗ − qk < ε

and therefore also q∗ − τqk ≤ c holds for a constant c < 0. Due to the boundedness

of the objective function ϕ from below on N0, the number of significant descent steps is

bounded and thus ϕ(vk + Δ vk) − ϕ(vk) has to converge to 0 as k → ∞. Consequently,

the right-hand side of the inequality (4.10) has to converge to 0 as well. This implies that

the sequence {Δ vk}k∈N converges strongly to 0.

The following theorem shows that the algorithm SALMIN generates a bounded and

weakly convergent sequence in V with a strongly convergent subsequence in V̂ . Further-

more, strong convergence to a first-order minimal point in V can be proven, if Δ vk = 0
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holds for some iterate with index k > 0.

Theorem 4.7. Suppose that ϕ ∈ C1
abs(V ) satisfies Ass. 4.4. Whenever there exists a

Banach space V̂ such that V is compactly embedded into V̂ , then a subsequence of the

sequence {vk}k∈N generated by the algorithm SALMIN converges strongly to an element

v∗ in V̂ .

Furthermore, if Δ vk = 0 holds for some k > 0, the cluster point v∗ in V̂ is first-order

minimal, i.e., 0 ≤ ϕ�(v∗, h) for all h ∈ V̂ .

Proof. Thm. 4.6 ensures that a subsequence of {vk}k∈N converges weakly to an element

v∗ ∈ V . Taking into account that V is compactly embedded in V̂ , the weaker norm on

V̂ yields strong convergence of this subsequence to v∗ in V̂ . One obtains from Prop. 4.3

that an iterate vκ is first-order minimal if Δ vκ = 0 holds. Then, SALMIN stops with the

iterate vκ = vκ−1, which is first-order minimal and the assertion is proven. In this case

one has immediately also strong convergence and uniqueness of the cluster point in V .

Due to the compact embedding, the same holds in V̂ .

In the algorithm SALMIN as well as in the corresponding proof of convergence, only

the update formula

qk+1 = max{qk, q̂(vk,Δ vk)}

and therefore a monotone increasing qk+1 is considered. Similar to the finite dimensional

situation analyzed in [68, Thm. 4], one could also use the more general updating strategy

qk+1 = max{q̂k+1, µ qk + (1− µ) q̂k+1, qlb}

with µ ∈ [0, 1] and a fixed lower bound qlb ≥ 0. However, this approach complicates the

convergence analysis considerably and remains subject of further research.

In addition to the previous convergence results, it will now be shown that the algorithm

SALMIN generates Clarke stationary and even first-order minimal solutions in the consid-

ered function space V . To this end, first useful results concerning the Clarke subdifferential

as defined in Def. 2.30 are provided and proved.

Lemma 4.8. Suppose that ϕ ∈ C1
abs(V ) and v∗ ∈ V . If ϕ is convex and Clarke stationary

at v∗, then v∗ is already a first-order minimal point for ϕ.

Proof. If ϕ is convex and Clarke stationary at v∗, then the Clarke derivative and the direc-

tional derivative of ϕ at v∗ coincide; see e.g., [110, Thm. 3.42]. The Clarke subdifferential
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of ϕ at v∗ is then given by

∂Cϕ(v∗) = {ξ ∈ V ∗ : ϕ�(v∗;h) ≥ ξ(h) for all h ∈ V } .

The first-order minimality then follows directly from the requirement that 0V ∗ has to be

an element of the Clarke subdifferential.

Proposition 4.9. Suppose that ϕ ∈ C1
abs(V ). Assume that there exists a sequence

{wk}k∈N ⊆ V with wk → w∗ ∈ V , as well as a sequence of functionals {ξk}k∈N ⊆ V ∗

with a weak*-cluster point ξ∗ ∈ V ∗. In addition, assume that ξk ∈ ∂Cϕ(wk) for all k ∈ N.
Then the limit ξ∗ is an element of the Clarke subdifferential ∂Cϕ(w∗) of ϕ at the limit

point w∗.

Proof. For all elements h ∈ V one has

ξ∗(h) ≤ lim sup
k→∞

ξk(h) ≤ lim sup
k→∞

ϕC(wk;h) ≤ ϕC(w∗;h) ,

where the last inequality follows from the fact that the Clarke derivative ϕC(.; .) is upper

semicontinuous; see Prop. 2.34 and [48]. Thus, one obtains that ξ∗ ∈ ∂Cϕ(w∗).

It is worth recalling the fact that in the setting considered throughout this dissertation,

i.e., reflexive Banach spaces, weak and weak* convergence coincide. The above introduced

property of the Clarke gradient and corresponding subdifferential, allows us to formulate

the following theorem.

Theorem 4.10. Let ϕ ∈ C1
abs(V ). Suppose that ϕ ∈ C1

abs(V ) satisfies Ass. 4.4. Let

{vk}k∈N be the sequence of iterates generated by the algorithm SALMIN and v∗ be a weak

cluster point of this sequence. Further, assume that ϕloc(v; .) is convex for all v ∈ N0.

Then ϕ is first-order minimal at v∗.

Proof. The algorithm SALMIN requires the computation of the minimizer Δ vk of the

quadratic model. For this purpose, we will make use of the fact that the subdifferential

in the sense of convex analysis of a Lipschitz-continuous, proper and convex operator

and the Clarke generalized gradient coincide; see e.g., [46]. This applies in particular to

ϕQ(vk; .) for a given vk ∈ N0, which is convex due to the assumed convexity of ϕloc(vk; .).

Therefore, as a necessary optimality condition, 0V ∗ is an element of the subdifferential

∂CϕQ(vk;Δ vk) for all k ∈ N because each increment Δ vk of the algorithm SALMIN is a

minimizer of the quadratic model. In this case in particular 0V ∗ ∈ ∂CϕQ(v∗;Δ v) applies.

Due to the requirement of ϕ satisfying Ass. 4.4, Ass. 4.1 also applies and thus Thm. 4.6

provides that the sequence {Δ vk}k∈N converges strongly to 0V . Consequently, Prop. 4.9
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applied to ϕQ(v∗; .) with wk = Δ vk and ξk = 0 together with the definition of the local

and quadratic model yields

0V ∗ ∈ ∂CϕQ(v∗; 0) = ∂Cϕloc(v∗; 0) + {0V } = ∂Cϕloc(v∗; 0).

Thus, ϕloc(v∗; .) is Clarke stationary at 0V ∗ . By Lem. 4.8 the local model ϕloc(v∗; .) is

already first-order minimal at 0V due to the assumed convexity. With Prop. 4.3 one can

conclude that in the considered case ϕ is first-order minimal at v∗.

It is worth pointing out that the convexity assumption is by no means an excessive

requirement since there is a large class of model problems for which this requirement is

met, as discussed later. Furthermore, note that in proving the main convergence results

and the quality of the minimizer in the previous theorems we essentially used only the

approximation properties of the local model. Thus, these results are independent of the

way the local model is generated and characterized in detail.

Generating a Suitable Local Model

Following the convergence analysis for the quadratic overestimation method in the last

section, now one possible approach is presented to generate a suitable local model which

satisfies the approximation requirements of Ass. 4.1.

As already mentioned, the abs-linearization according to Def. 3.12 serves as a suitable

method of linearization and results in a local model which fulfills all requirements men-

tioned above. It is assumed that the non-smooth function ϕ : V → R is an element of the

considered function class C1
abs. Furthermore, it is assumed that the non-smooth function

ϕ is given in the structured evaluation in the sense of Ass. 3.10 such that all evaluations

of the absolute value function can be explicitly detected and directly exploited. As will be

shown hereinafter, the proposed type of reformulation proves to be extremely useful for

creating a suitable algorithm for the considered class of non-smooth problems.

Then the local model corresponding to the abs-linearization is constructed in the fol-

lowing way:

Definition 4.11 (Abs-Linear Local Model). Let ϕ ∈ C1
abs(V ) and v,Δ v ∈ V . The local

model based on the abs-linearization is then defined by ϕloc(v; .) : V → R, with

ϕloc(v;Δ v) = ϕ(v) +Δϕ(v;Δ v) , (4.11)

where Δϕ(v;Δ v) is constructed by the abs-linearization defined in Def. 3.12.
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Recall that all Fréchet differentiable parts are linearized in the usual sense (see Eq. (3.9))

and the linearization for the absolute value operator is given by

Δw = abs(v +Δ v)− w for w = abs(v) . (4.12)

Verification of Assumptions

Below, it will be shown that the abs-linearization provides a local model that satisfies the

required approximation properties of Ass. 4.1.

Proposition 4.12 (Approximation Properties of the Abs-Linear Local Model). Suppose

that ϕ ∈ C1
abs(V ). Then there exists a constant q̄ > 0, such that for all closed convex

subsets W ⊆ V and for all pairs v̄, v ∈ W , one has for the local model ϕloc(v̄; .) : V → R,
defined in Eq. (4.11), that

ϕ(v̄) = ϕloc(v̄; 0) and |ϕ(v)− ϕloc(v̄; v̄ − v)| ≤ q̄�v̄ − v�2V .

Proof. The first equality follows directly from the definition of the local model. The second

inequality is shown by induction on i by proving that for all intermediates it holds that

vi(v +Δ v)− vi(v) = Δ vi(v;Δ v) +O(�Δ v�2V )

for Δ v = v̄ − v in a neighborhood of v. For the first intermediate, i.e., v0, this holds

trivially due to Δ v0 = Δ v. For the arithmetic operations + and −, as well as the

continuously Fréchet differentiable elemental operators, the Taylor series theory in Banach

spaces (see, e.g., [215, Sec. 4.5]) ensures that the linearizations Eqs. (3.8) and (3.9) yield

for the resulting Δ vi the asserted approximation property. For linear continuous operators

the approximation property holds trivially. Therefore, one only has to consider the case

w = abs(u). Then Eq. (4.12) yields that

w(v)+Δw(v;Δ v)− w(v +Δ v)

= abs(u(v)) + [abs(u(v) +Δu(v;Δ v))− abs(u(v))]− abs(u(v +Δ v))

= abs(u(v) +Δu(v;Δ v))− abs(u(v +Δ v)) = O(�Δ v�2V ) ,

where the last relation follows from the induction hypothesis and the Lipschitz-continuity

of all quantities involved. This yields for w(v) = ϕ(v) ∈ R and w(v+Δ v) = ϕ(v+Δ v) ∈ R
that w(v +Δ v)− w(v)−Δw(v;Δ v) = O(�Δ v�2V ), proving the assertion.
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4.4. An Application Scenario

Before closing this chapter and transitioning to a different algorithm based on the abs-

linearization idea, we should take a moment to discuss the well-definedness of the mini-

mization step of the algorithm SALMIN, i.e., Eq. (4.8). In the finite dimensional setting

one can argue that the local model consists just of linear functions and the absolute value

function. Hence, the quadratic model which adds a quadratic penalty term to the local

model attains a minimizer. However, the situation becomes more delicate in the function

space setting.

Nevertheless, the next proposition reveals that there is a whole class of application rele-

vant PDE-constrained optimization problems, i.e., optimal control problems with sparsity

functionals, that fulfills the requirements of the local model assumed in the previous sec-

tion. Furthermore, the associated quadratic model always attains a minimum, which en-

sures that the argmin computation step in the algorithm SALMIN is well-defined. There-

fore, we will consider the optimization problem as introduced in Ex. 3.9.

Proposition 4.13. Let Ω ⊆ Rn be a bounded domain, n ∈ N and ū, u ∈ V . Furthermore,

let A : H1
0 (Ω) → H−1(Ω) be a linear elliptic differential operator of second order and

T : H1
0 (Ω) → L2(Ω) an operator such that there exists a continuously Fréchet differentiable

solution operator S : L2(Ω) → H1
0 (Ω) to

Ay + T (y) = u+ f in Ω .

Then for any ū ∈ V the abs-linear local model corresponding to the reduced formulation

(in the sense of Def. 2.58) of the optimization problem

min
(y,u)∈H1

0 (Ω)×L2(Ω)

1
2�y − yd�2L2 + α

2 �u�2L2 + β�u�L1

s.t. Ay + T (y) = u+ f in Ω ,

(4.13)

is such that the quadratic model ϕQ(ū; .) with Q = τq
2 and τ > 1, q > 0 attains a minimizer

w = argmin
u∈V

ϕloc(ū;u) +
τq
2 �u�2V .

Proof. By defining the Fréchet differentiable operator

ϕ1(u) :=
1
2�S(u)− yd�2L2 + α

2 �u�2L2 ,
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the target function corresponding to the reduced problem formulation is given by

ϕ(u) = ϕ1(u) + β�u�L1 . (4.14)

Applying the abs-linearization Def. 3.12 which has been established in Ex. 3.13 and sub-

stituting the known quantities yields for the local model defined by Def. 4.11 that

ϕloc(u;Δu) = ϕ(u) +Δϕ(u;Δu)

= ϕ(u) + ϕ�
1(u)(Δu) + β

�

Ω
abs(u+Δu)− abs(u)dx

= ϕ1(u) + ϕ�
1(u)(Δu) + β�u+Δu�L1 .

The last relation follows from the definition of ϕ and ϕ1 eliminating the term β�u�L1

in the last line. Recall that the local model generated by the abs-linearization defined

in Def. 3.12 consists just of linear operators and the Nemytzkii operator induced by the

absolute value operator defined in Eq. (2.4). It can be observed that the first term of ϕloc,

i.e., ϕ1(u), is constant with respect to Δu, the second term ϕ�
1(u)(Δu), is linear in Δu

and the third term β�u + Δu�L1 is convex in Δu. Hence, the local and therefore also

the quadratic model ϕQ(u;Δ) for every τ > 1, q > 0 are convex in Δu. By Lem. 2.11

every convex and continuous functional defined on a Banach space is weakly lower semi-

continuous. Therefore, the local and hence also the quadratic model ϕQ(u;Δ) are weakly

lower semi-continuous. Consequently, every problem of this type with L1-control term

and well-defined PDE constraint with Fréchet differentiable solution operator, admits a

quadratic model that is convex and weakly lower semi-continuous in Δu. Furthermore,

ϕQ is coercive such that

lim
�Δu�→∞

ϕQ(ū;Δu) = ∞.

Let us now consider an infimizing sequence {Δuk}k∈N ⊆ V with

ϕQ(ū;Δuk) → ϕ∗
Q := inf

Δu∈V
ϕQ(ū;Δu) .

Then the coercivity of ϕQ implies that this sequence is bounded. Due to the reflexiv-

ity of the Banach space V , by Thm. 2.14 there exists a weakly convergent subsequence

{Δukj}j∈N with Δukj � Δu∗ ∈ V . It now follows with the weak lower semi-continuity

of ϕQ that

ϕ∗
Q ≤ ϕQ(ū;Δu∗) = lim inf

j→∞
ϕQ(ū;Δukj ) = ϕ∗

Q,

i.e., equality which proves the existence of a minimizer Δu∗ for ϕQ(ū; .).
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The case for the trivial operator T was considered in [190]. Due to the special choice

of the local model, the step Eq. (4.8) in the algorithm SALMIN is always well-defined for

this class of optimization problems. The requirements on the PDE are merely the well-

definedness and the existence of a Fréchet differentiable solution operator. It is important

to highlight that in the case of a non-linear PDE, the reduced functional ϕ is not convex

in the optimization variable u. However, the local model ϕloc(u,Δu) is always convex in

Δu for all problems of this class.

Corollary 4.14. Consider the setting from Prop. 4.13. Then the algorithm SALMIN

generates a weakly convergent subsequence {vk}k∈N with vk � v∗ ∈ L2(Ω). Furthermore,

the weak limit point v∗ is a first-order minimal point for the reduced functional ϕ in

Eq. (4.14).

Proof. Due to the structure of the resulting reduced formulation for this optimization

problem, Ass. 4.1 and 4.4 are satisfied for the target function ϕ and the local model ϕloc.

Hence, by Thm. 4.6, the algorithm SALMIN applied to this optimization problem gener-

ates a weakly convergent subsequence vk � v∗ ∈ L2(Ω), which converges even strongly in

H−1(Ω) by Thm. 4.7, and a strongly convergent sequence Δ vk → 0L2 . In the case of S

being a continuously Fréchet differentiable operator, ϕloc(vk; .) is convex and hence, v∗ is

a first-order minimal point by Thm. 4.10.

To conclude this chapter, let us briefly summarize the main results presented here. The

algorithm SALMIN presents a new quadratic overestimation approach based on a local

model with appropriate properties but rather minimal requirements for the solution of

non-smooth optimization problems in reflexive function spaces. Convergence to first-order

minimal points could be shown if a suitable local model was employed, which for instance

can be generated based on the abs-linearization.

A class of PDE-constrained optimization problems incorporating the L1-penalty term

fits well into the class of non-smooth optimization problems considered here. Due to the

special choice of the local model, the step Eq. (4.8) for this class of problems is always

well-defined, regardless of the linearity properties of the solution operator S.

Note that the presented theory can be easily extended to more general reflexive Banach

spaces V where the absolute value function is still Lipschitz-continuous. The finite dimen-

sional case represents a special case of the here considered setting, implied by V = V̂ = Rn.

Hence, this chapter presented the successful extension and adaptation of the algorithmic

idea of the SALMIN approach in finite dimensions to the infinite dimensional case, e.g., to

PDE-constrained optimization problems with non-smooth objective functionals. However,

the analysis for the extension of the SALMIN approach to the function space setting so
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far requires continuously Fréchet differentiable control-to-state operators. Therefore, it

is currently challenging to apply the optimization approach SALMIN to infinite dimen-

sional non-smooth optimization problems where the non-smoothness appears in or stems

from the constraint, e.g., a non-smooth PDE or VI. The main difficulty involves the chal-

lenge that, due to the non-smooth constraint, one cannot derive an adjoint equation in

the classical sense, as well as a classical reduced problem formulation. It is also impor-

tant to note that the local model presented in this chapter for the non-smooth case does

not support the classical chain rule. Hence, one cannot directly handle the reduced un-

constrained formulation. For this reason, the following chapter addresses such a class of

non-smooth optimization problems in function space, where the non-smoothness appears

in the constraint. For this class of optimization problems Chap. 5 presents an alternative

penalty-based optimization approach combined with abs-linearization concepts to explic-

itly treat the non-smooth constraint.
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This chapter addresses optimization problems in reflexive function spaces where the non-

smoothness occurs in the constraint. Precisely, optimal control problems are considered

with a non-smooth semi-linear elliptic equation as constraint and a monotone non-smooth

non-linearity caused by Nemytzkii operators. These Nemytzkii operators are assumed to

be generated by the functions abs, min and max, as well as combinations and suitable

nestings of these. To solve such problems in an efficient and robust way, a new optimization

method based on the constant abs-linearization is proposed. Partial results of the present

chapter have been submitted for publication; cf. [205, 206] and [207].

The constant abs-linearization as introduced in Chap. 3 constitutes a special handling

of the non-smoothness caused by the absolute value operator with proficient exploitation

of the underlying non-smooth structure of the optimization problem. Exploitation of the

given problem data allows for a targeted and optimal decomposition of the optimization

problem in order to compute stationary solutions. This approach requires comparably few

Newton steps and additionally maintains reasonable convergence properties.

This chapter is organized as follows. Sec. 5.1 motivates the idea of the proposed solution

approach by means of an example. Then Sec. 5.2 establishes the considered problem class

in general terms along with the prevailing assumptions and a discussion of the properties of

the underlying non-smooth PDE. In Sec. 5.3 a special variant of this non-smooth problem

class of non-smooth optimization problems with tracking type objective functional, which

is the main focus for the further course, is presented and its well-posedness is analyzed.

Sec. 5.4 discusses an equivalent reformulation of the non-smooth optimization problem by

means of the structured evaluation. Subsequently, Sec. 5.5 presents the application of the

constant abs-linearization which provides a reformulation into closely related but smooth

optimization problems and allows to derive first-order necessary optimality conditions.

Moreover, a solution approach involving a penalty term is proposed together with an

analysis of the corresponding optimality conditions in the continuous setting. Sec. 5.6

describes the resulting optimization algorithm and the chosen discretization approach.

In Sec. 5.7 obstacle problems are introduced as a new problem class together with a

suitable regularization which leads to optimization problems with a non-smooth PDE
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constraint. Following the results of the previous sections, a reformulation of the non-

smooth optimization problem using constant abs-linearization is demonstrated in order to

apply the CALi algorithm. Numerical results for a collection of test problems illustrate

the performance of the proposed approach in Sec. 5.8. Finally, Sec. 5.9 introduces a

preliminary heuristic-based extension of the proposed algorithm CALi for a more general

setting together with several numerical results.

5.1. Motivation and Introduction

Non-smooth PDE-constrained optimization problems are known to be difficult to handle,

both theoretically and algorithmically. The challenge usually lies in the fact that one can-

not derive an adjoint equation in the classical sense. This has a direct implication for the

development of algorithms, since no reduced gradient is available for first-order methods.

As before, it is assumed that the non-smoothness, which here occurs in the semi-linear

elliptic state equation, is caused by a non-smooth Nemytzkii operator which can be decom-

posed into a finite number of smooth functions and the non-smooth Lipschitz-continuous

operator abs. The presented algorithm takes advantage of this structural assumption and

specifically exploits the non-smooth structure in the interest of computing a local solution

to the optimization problem.

Non-smooth optimization problems with an elliptic PDE constraint, which involves the

mentioned non-smooth non-linear functions, arise in many modern applications. They may

arise in mathematical models representing physical systems and engineering problems, e.g.,

areas of signal and image processing, mechanics and plasma physics, as well as robotics;

see e.g., [16, 23, 70, 71, 118, 161, 166, 175, 192]. For brevity, only two representative

applications are mentioned here. The deflection of a stretched thin membrane partially

covered by water can be described by a semi-linear non-smooth elliptic PDE involving the

max operator; see [118]. A similar non-smooth PDE arises in free boundary problems for

a confined plasma; see. [118, 192].

Even nowadays, the optimization of such problems is challenging. Therefore, often

either the non-smoothness is regularized, i.e., the non-differentiable term is replaced by a

suitable smooth approximation to avoid dealing with the non-smoothness [16, 170], or the

semi-smooth Newton method is applied. For example, in [43] a variant of a semi-smooth

Newton method is proposed to solve a specific non-smooth optimization problem including

the max operator in the state equation.

Considering optimal control problems with non-smooth semi-linear elliptic PDE con-

straints with Lipschitz-continuous but non-smooth Nemytzkii operator, the challenge lies

in the lack of Gâteaux differentiability of the associated control-to-state operator. In
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contrast to the setting in the previous chapter, this non-differentiable control-to-state op-

erator does not permit the derivation of a classical reduced problem formulation and the

direct application of standard optimization techniques. For this reason, one cannot derive

classical necessary first-order optimality conditions and develop corresponding efficient

numerical solution algorithms.

The most common strategy one can find in the literature to deal with this lack of

differentiability is the consideration and examination of suitably defined generalized dif-

ferentiability concepts and subdifferentials (e.g., in the sense of Clarke, Mordukhovich or

Bouligand). In this case, subgradients (the elements of the subdifferentials) are considered

and analyzed, as opposed to the classical gradients of the objective or reduced functional,

which unfortunately do not exist in the cases mentioned above. Detailed overviews of

assorted subdifferential concepts can be found, e.g., in [49, 64, 153, 173, 182].

However, the consideration of various subgradients does not necessarily benefit the cor-

responding analysis in all scenarios. This is, for instance, the case in the non-smooth

PDE-constrained case mentioned above. Due to the presence of the non-smooth Nemytzkii

operator in the PDE constraint, the non-differentiability can influence the associated re-

duced functional only in an indirect way. As such, a proper characterization and hence

examination and evaluation of suitable subdifferentials is challenging and may not be pos-

sible. Thus, this approach is unfortunately not practical for optimal control problems with

non-smooth semi-linear PDE constraints. Nevertheless, this difficulty has been circum-

vented, e.g., in [43, 167, 168] by means of regularization and generalized derivatives of the

non-smooth solution operator corresponding to the non-smooth state equation. This way,

obtaining necessary first-order optimality conditions for the modified optimization prob-

lem, one can employ classical solution algorithms and methods to solve the corresponding

optimization problem; see e.g. [43].

In contrast to the above-mentioned approaches, the current chapter proposes an alterna-

tive algorithm that is not based on subdifferentials or the semi-smooth Newton method but

on a reformulation and penalty approach which explicitly exploits the structure of the given

non-smoothness. In order to introduce and motivate the problem class and the new solu-

tion algorithm presented in this chapter, an application example for illustration purposes

is employed below. Therefore, the following non-smooth semi-linear PDE-constrained

optimization problem with a typical tracking type objective functional is considered.

min
(y,u)∈H1

0 (Ω)×L2(Ω)

1
2�y − yd�2L2 + α

2 �u�2L2

s.t. −Δy + �(y)− u = f in Ω = (0, 1)2 and y = 0 on ∂Ω,

(5.1)

with desired state yd(x1, x2) = sin(πx1) sin(2πx2) and �(y) = max(0, y) as presented in

71



5. The CALi Algorithm

[43]. Here f ∈ L2(Ω) is chosen such that f = −Δyd + �(yd) holds. Obviously, the non-

differentiable operator max(0, y) represents a challenge for classical optimization methods.

However, due to the choice of yd and f , the optimal state y∗ coincides with yd. Observing

the desired state and hence also the optimal state, one can notice that the sign of yd divides

the domain Ω = (0, 1)2 into two sections, while only considering positive and negative signs

and setting sign(yd)(x) = +1, or equally possible to −1, for all x ∈ Ω where yd(x) = 0.

See Fig. 5.1 for an illustration.

This observation reveals that with Ω+ := (0, 1) ×
�
0, 12

�
and Ω− := (0, 1) ×

�
1
2 , 1

�
, the

optimal state for Eq. (5.1) also solves the following optimal control problem.

min
(y,u)∈H1

0 (Ω)×L2(Ω)

1

2
�y − yd�2L2 +

α

2
�u�2L2

s.t. −Δy + y − u = f in Ω+

−Δy − u = f in Ω−

y = 0 on ∂Ω+ ∪ ∂Ω− .

(5.2)

Note that Eq. (5.2) can be abbreviated to

min
(y,u)∈H1

0 (Ω)×L2(Ω)

1

2
�y − yd�2L2 +

α

2
�u�2L2

s.t. −Δy + 1
2(y + σ̄y)− u = f in Ω

y = 0 on ∂Ω ,

(5.3)

where for all x ∈ Ω the choice σ̄(x) = sign(yd(x)) is motivated by the desired state yd (see

Fig. 5.1) and thus a known parameter. Taking into account the reformulation

max(0, y) = 1
2(y + |y|) = 1

2(y + sign(y)y) , (5.4)

of the non-smooth max operator, it can be observed that the original non-smooth opti-

mization problem (5.1) can be reformulated as Eq. (5.3) by applying Eq. (5.4) and fixing

σ̄ to sign(yd). This way, a closely related but smooth optimization problem is created,

since the non-smooth dependency of the state equation on y is eliminated. Hence, the

problem formulations (5.2) and (5.3) are smooth in the conventional sense and thus do

not pose the difficulties of the non-differentiable state equation given in Eq. (5.1). In fact,

this kind of reformulation can be exploited in any tracking type optimization setting with

an absolute value based non-smoothness in the state constraint where the desired state or

its sign satisfy certain conditions, which will be specified in the further course.
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yd = y∗

sign(yd) ≡ −1

sign(yd) ≡ +1

σ̄

x1

x2

Figure 5.1.: Desired state yd with corresponding σ̄ = sign(yd) and the optimal state y∗ for
the optimal control problem Eq. (5.1).

A further well illustrating example can be given by the one dimensional tracking-type

model problem

min
(y,u)∈R2

(y − 10−2)2 + 1
2u

2 s.t. u = −|y| ,

which possesses the unique globally optimal solution (y∗, u∗) = ( 1
150 ,− 1

150) with optimal

function value 30000−1. However, applying the above strategy yields a closely related but

smooth optimization problem given by

min
(y,u)∈R2

(y − 10−2)2 + 1
2u

2 s.t. u = − sign(yd)y = − sign(10−2)y = −y ,

providing the same optimal solution (y∗, u∗) =
�

1
150 ,− 1

150

�
.

This reformulation strategy and the appropriate fixing of the respective signs allow to

effectively exploit the structure of the corresponding original non-smoothness and yields

an optimization problem which does not feature any non-smoothness. Motivated by this

observation, an efficient algorithm will be presented which enables the solution of non-

smooth optimization problems given by Eq. (5.1) in a proper way, by exploiting the non-

smooth structure of the operator �.

5.2. The Problem Class and its Properties

In order to illustrate the idea of the developed algorithm, the following optimization

problem is considered in the further course of this chapter with a focus on real valued

functions defined on a bounded Lipschitz domain Ω ⊆ Rn, n ∈ N. As a model problem,
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elliptic PDE-constrained optimization tasks of the form

min
(y,u)∈H1

0 (Ω)×L2(Ω)
j(y) +

α

2
�u�2L2

s.t. Dy + �(y)− u = 0 in Ω

(5.5)

are considered with a continuously Fréchet differentiable functional j : H1
0 (Ω) → R and a

semi-linear elliptic PDE constraint.

The special and at the same time challenging feature of Eq. (5.5) is caused by the non-

smooth operator � : L2(Ω) → L2(Ω) in the state equation. Throughout the chapter, it is

assumed that the model problem (5.5) has the following properties:

Assumption 5.1.

(i) The domain Ω ⊆ Rn with n ∈ N, is an open, bounded and measurable domain that

is either convex and polygonal or has a C1,1-boundary.

(ii) The operator D : H1
0 (Ω) → H−1(Ω) is a linear uniformly elliptic and coercive differ-

ential operator of second order satisfying the following regularity conditions:

Dy(x) = −
n�

i,j=1

Dxi

�
aij(x)Dxjy(x)

�

with aij ∈ L∞(Ω) such that for some 0 < mD < ∞ the coefficients satisfy

n�

i,j=1

aij(x)ξiξj ≥ mD�ξ�2 for all ξ ∈ Rn, a.e. on Ω .

(iii) The functional j : H1
0 (Ω) → R+ is twice continuously Fréchet differentiable, bounded

from below and weakly lower semi-continuous.

(iv) The given Tikhonov parameter α is constant and positive.

These assumptions are rather standard and concern mainly the objective functional,

the differential operator and the underlying function spaces. The differential operator

D can for example represent the negative Laplacian, denoted by −Δ, with homogeneous

Dirichlet boundary conditions.

An individual set of assumptions for the non-smooth operator � is given below.

74



5.2. The Problem Class and its Properties

On the Operator �

Assumption 5.2.

(i) The operator � : L2(Ω) → L2(Ω), �(y)(x) = �(y(x)) denotes an autonomous Nemytzkii

operator induced by a non-linear and non-smooth function � : R → R which satisfies

the Carathéodory conditions (see Def. 2.44), i.e., the mapping t �→ �(t) is continuous.

(ii) The function � : R → R is monotonically increasing, and satisfies the growth condi-

tion

|�(t)| ≤ K + L|t| for all t ∈ R (5.6)

for some constants 0 ≤ L,K < ∞. Furthermore, � is locally Lipschitz-continuous

(see Def. 2.4), i.e., for all 0 < M < ∞ there exists a corresponding LM > 0 such

that

|�(t1)− �(t2)| ≤ LM |t1 − t2| for all t1, t2 ∈ [−M,M ] . (5.7)

(iii) The Nemytzkii operator � is directionally differentiable in the sense of Hadamard (see

Def. 2.23), i.e.,

����(y + th)− �(y)

t
− ��(y; h̄)

���
L2

→ 0 , (5.8)

for t → 0+ and h → h̄ ∈ L2(Ω), at every y ∈ L2(Ω) and in all directions h̄ ∈ L2(Ω),

with ��(y; .) being locally Lipschitz-continuous and monotone, as well.

(iv) The operator � can be expressed as a finite composition of the absolute value function

and Fréchet differentiable operators.

These properties are inspired in part by the requirements for the generating function of

a Nemytzkii operator for boundedness and continuity from Sec. 2.2.3.

Ass. 5.2 allows us to deal with profoundly non-linear functions and their corresponding

Nemytzkii operators. Note that the Nemytzkii operator is not assumed to be differen-

tiable. Indeed, all considered cases in this chapter cover non-differentiable but Lipschitz-

continuous Nemytzkii operators �, see, e.g., Lem. 5.3 below. Nevertheless, in the further

course modified Nemytzkii operators derived from � will be considered and their Fréchet

differentiability will be discussed. As already done in Ass. 5.2 (i), the Nemytzkii operator

will be denoted by the same symbol as the inducing function, but having other domain

and image spaces. Here, Ass. 5.2 (iv) is meant to ensure that the Lipschitz-continuous
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operator � can be described by the structured evaluation which was introduced in Chap. 3.

The associated structured evaluation procedure is described in more detail in Ass. 5.17.

Lemma 5.3 (Properties of max(0, y)). The Nemytzkii operator max(0, y) : L2(Ω) →
L2(Ω) and its inducing function max(0, t) : R → R+ satisfy the corresponding properties

in Ass. 5.2.

Proof. The operator �(y) = max(0, y) is a Nemytzkii operator induced by the non-linear

and non-smooth function max(0, .) =: �(.) : R → R+, t �→ max(0, t), which satisfies

the Carathéodory conditions. The inducing function max(0, .) is obviously monotonically

increasing and satisfies the boundedness condition |�(0)| = |max(0, 0)| = 0 =: K as well

as the growth condition (5.6) with |�(t)| ≤ K +L|t| and L := 1. Furthermore, max(0, .) is

globally Lipschitz-continuous with Lipschitz constant 1. Moreover, the inducing function

�(.) : R → R+ is directionally differentiable with directional derivative

max�(t;h) =





h, if t > 0 ,

max(0, h), if t = 0 ,

0, if t < 0 ,

which is also globally Lipschitz-continuous and monotone itself. Hence, |max�(t;h)| ≤ |h|
for all directions h ∈ R. Then similarly to Prop. 3.5, Lebesgue’s dominated convergence

theorem implies also the directional differentiability of the induced Nemytzkii operator.

This proves the assertions (i)–(iii). Assertion (iv) follows from Ex. 5.18(i) below.

The well-definedness of Nemytzkii operators, as well as their boundedness, continuity

and differentiability depend substantially on the properties of the inducing function, as

well as on the considered function spaces, see Sec. 2.2.3. A detailed study on Nemytzkii

operators can be found in [13].

Lemma 5.4. A function � : R → R which satisfies Ass. 5.2 (i) and (ii) is locally bounded

and satisfies the boundedness condition |�(0)| ≤ K.

Proof. The boundedness on [−M,M ] for M < ∞ , as well as the boundedness condition

follow directly from the conditions Ass. 5.2 (ii) because of

|�(t)| ≤ L|t|+K ≤ LM +K < ∞ , (5.9)

and |�(0)| ≤ L|0|+K = K.

Due to the assumptions on the generating function, the Nemytzkii operator � admits

relevant properties like Lipschitz-continuity and monotonicity itself.
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Proposition 5.5. The Nemytzkii operator � : L2(Ω) → L2(Ω) induced by the function

� : R → R which satisfies Ass. 5.2 is bounded and continuous.

Proof. Since the function � fulfills the growth condition (2.5) as well as the boundedness

condition (2.10), Thm. 2.50 and Thm. 2.51 provide the boundedness and continuity of the

induced Nemytzkii operator � : Lp(Ω) → Lq(Ω) for all 1 ≤ p, q ≤ ∞, and thus also in

particular for p = q = 2. Below, the boundedness of � will be proven explicitly for the

case p = q = 2, as the corresponding estimation will be involved in further investigations.

The proof of the boundedness requires the growth condition. For y ∈ L2(Ω) and positive

constants C̃ and Ĉ = Ĉ(K,Ω) it holds that

��(y)�2L2 =

�

Ω
|�(y(x))|2 dx ≤

�

Ω
(L|y(x)|+K)2 dx

≤ 2

�

Ω
L2|y(x)|2 +K2 dx ≤ 2

�
L2�y�2L2 +K2|Ω|

�

≤ C̃�y�2L2 + Ĉ ,

Consequently the Nemytzkii operator � is bounded in L2(Ω).

Proposition 5.6. The continuous Nemytzkii operator � : L2(Ω) → L2(Ω) induced by the

function � : R → R which satisfies Ass. 5.2 is monotone and hemi-continuous.

Proof. The monotonicity of the Nemytzkii operator follows directly from the monotonicity

of the inducing function. From (�(s) − �(t))(s − t) ≥ 0 for all s, t ∈ R, one can conclude

that

��(y)− �(v), y − v� =
�

Ω
(�(y(x))− �(v(x)))(y(x)− v(x)) dx ≥ 0

holds for all y, v ∈ L2(Ω), where �., .� denotes the duality pairing on the space L2(Ω) and its

dual. Furthermore, the Nemytzkii operator is hemi-continuous due to its continuity.

Due to the compact embedding H1
0 (Ω) �→ L2(Ω) the operator � is also continuous from

H1
0 (Ω) into L2(Ω). In the further course, the set BM (ȳ) := {y ∈ V : �y − ȳ�V ≤ M} ⊆ V

denotes the closed ball at ȳ ∈ V with radius M in the considered Banach space V .

Proposition 5.7. The Nemytzkii operator induced by the function � which satisfies Ass.

5.2 (i) and (ii) is continuous in L∞(Ω), as well as in L2(Ω) and locally Lipschitz-continuous

for all p ∈ [1,∞], in the sense that

��(y1)− �(y2)�Lp ≤ LM�y1 − y2�Lp for all y1, y2 ∈ BM (0) ⊆ L∞(Ω) , (5.10)
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with some LM > 0. Furthermore, the Nemytzkii operator � = �(y)(x) is monotone in

y ∈ H1
0 (Ω) for almost every x ∈ Ω and locally Lipschitz-continuous, such that for every

constant M > 0 there exists a L̃M > 0 with

��(y1)− �(y2)�L2 ≤ L̃M�y1 − y2�H1 for all y1, y2 ∈ BM (0) ⊆ H1
0 (Ω) ∩ L∞(Ω) . (5.11)

Proof. To prove the first assertion, suppose that y ∈ L∞(Ω). From Lem. 5.4 one obtains

for the Nemytzkii operator induced by � that �(y(.)) ∈ L∞(Ω) because of Eq. (5.9).

Hence, the considered Nemytzkii operator maps the Banach space L∞(Ω) into itself. For

y1, y2 ∈ L∞(Ω) with |y1|, |y2| ≤ M almost everywhere on Ω, the local Lipschitz-continuity

of � implies for any p ∈ [1,∞) that

��(y1)− �(y2)�pLp =

�

Ω
|�(y1(x))− �(y2(x))|p dx

≤ (LM )p
�

Ω
|y1(x)− y2(x)|p dx = (LM )p�y1 − y2�pLp .

Since y1, y2 ∈ BM (0) ⊆ L∞(Ω) were chosen arbitrarily, this proves Eq. (5.10) for p ∈
[1,∞). For p = ∞ the assertion follows similarly.

The monotonicity of the Nemytzkii operator � follows directly from

��(y1)− �(y2), y1 − y2� =
�

Ω
(�(y1(x))− �(y2(x)))(y1(x)− y2(x)) dx ≥ 0 , (5.12)

since (�(t1)− �(t2)) (t1 − t2) ≥ 0 for all t1, t2 ∈ R.
Due to the continuous embedding H1(Ω) �→ L2(Ω) there exists a positive constant c such

that �y�L2 ≤ c�y�H1 for all y ∈ H1(Ω) and therefore, p = 2 in Eq. (5.10) yields

��(y1)− �(y2)�L2 ≤ LM�y1 − y2�L2

≤ cLM�y1 − y2�H1 for all y1, y2 ∈ H1
0 (Ω) with �yi� ≤ M ,

with L̃M := cLM proving the last assertion.

Well-Posedness of the Non-Smooth semi-linear Elliptic PDE

This section is devoted to results of existence, uniqueness and regularity of weak solutions

to the non-smooth optimal control problem (5.5) where D is exemplarily chosen to be the

negative Laplacian. Throughout, given the reflexive Banach space H1
0 (Ω) and its dual

H−1(Ω), their duality map is denoted by �., .�.
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Definition 5.8 (Weak Solution to the PDE). Let u ∈ L2(Ω) be given. A function y ∈
H1

0 (Ω) is said to be a weak solution to the semi-linear elliptic PDE

−Δy + �(y)− u = 0 in Ω

y = 0 on ∂Ω ,
(5.13)

if it satisfies the identity

�

Ω
∇y(x) ·∇v(x) dx+

�

Ω
�(y(x))v(x) dx =

�

Ω
u(x)v(x) dx . (5.14)

for every v ∈ H1
0 (Ω).

The following lemma confirms that this weak formulation can also be formulated as an

abstract operator equation

T (y) = b

in the dual space H−1(Ω). To be precise, y is a weak solution of Eq. (5.13) if and only if

�T (y), v� = �b, v� for all v ∈ H1
0 (Ω) ,

where the operator T and the functional b are defined by the relations

�T (y), v� =
�

Ω
∇y(x) ·∇v(x) dx+

�

Ω
�(y(x))v(x) dx for all y, v ∈ H1

0 (Ω) , (5.15)

�b, v� =
�

Ω
u(x)v(x) dx for all v ∈ H1

0 (Ω) . (5.16)

Lemma 5.9. Let Ω ⊆ Rn be a bounded domain and � such that Ass. 5.2 is satisfied. Then

b defined by Eq. (5.16) is a functional, i.e., b ∈ H−1(Ω) and T defined by Eq. (5.15) maps

H1
0 (Ω) to H−1(Ω) and is strongly monotone, continuous, bounded and coercive.

Proof. For u ∈ L2(Ω) one can estimate the linear functional b with the help of the Hölder-

inequality

|�b, v�| =
���
�

Ω
u(x)v(x) dx

��� ≤ �u�L2�v�L2 ≤ c�v�H1
0
.

Hence, the functional b is bounded and linear, such that b ∈ H−1(Ω) holds.

Next, it will be proven that T (y) ∈ H−1(Ω), i.e., a linear bounded mapping from H1
0 (Ω)

into R with �T (y), v� ≤ C�v�H1 for all y, v ∈ H1
0 (Ω) with C := C(y) ≥ 0. Note that despite

the operator T not being linear, the functional �T (y), .� is linear. To recognize that the

operator T maps H1
0 (Ω) into its dual H−1(Ω), T is split into two parts, T = T1 + T2, the
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first defined by the Laplacian and the second defined by the operator �, i.e.

�T1y, v� =
�

Ω
∇y(x) ·∇v(x) dx

�T2(y), v� =
�

Ω
�(y(x))v(x) dx .

Once again by the Hölder’s inequality, T1 admits the following estimate

|�T1y, v�| ≤ �∇y�L2�∇v�L2 = �y�H1
0
�v�H1

0
.

Hence, the operator T1 defines a bilinear symmetric form, maps H1
0 (Ω) into H−1(Ω) and

is linear and bounded, i.e., continuous. Additionally, T1 is strongly monotone, considering

that by Poincaré’s inequality, the norm defined by (�T1v, v�)1/2 = (
�
Ω(∇v(x))2 dx)1/2 is

equivalent to the norm �.�H1 for all elements of H1
0 (Ω).

Due to the assumptions on �, the estimation

|�T2(y), v�| =
���
�

Ω
�(y(x))v(x) dx

��� ≤
�

Ω
max
x∈Ω

|�(y(x))|max
x∈Ω

|v(x)| dx ≤ C(y)�v�H1 , (5.17)

yields the desired estimate and proves that T2(y) ∈ H−1(Ω). By

�T2(y)�H−1 = sup
�v�

H1
0
≤1
�T2(y), v� ≤ C�v�H1

0
≤ C , (5.18)

where C depends only on �y�, T2 is bounded. The continuity of T2 follows similarly.

Consider a convergent sequence {yn} ⊆ H1
0 with yn → y in H1

0 (Ω) as n → ∞. Then

�T2(yn)− T2(y)�H−1 ≤ sup
�v�

H1
0
≤1

�

Ω

����(yn(x))− �(y(x))
���
��v(x)

�� dx

≤ sup
�v�H1≤1

��(yn)− �(y)�L2�v�L2 −→ 0 as n → ∞ ,

where Hölder’s inequality was used for the second line. Now, due to �v�L2 ≤ 1 and the

continuity of the Nemytzkii operator �, the term in the last line converges to zero. Note

that due to the monotonicity of �, the operator T2 is monotone, too. Therefore, T is the

sum of a strongly monotone and a monotone operator, hence strongly monotone itself.

The same applies to the continuity and boundedness. It remains to prove the coercivity of

T . Note that the monotonicity of � provides that ��(y)− �(0), y� ≥ 0. Then the coercivity

of the Laplacian operator −Δ : H1
0 (Ω) → H−1(Ω) together with the monotonicity of �
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and Poincaré’s inequality yield

�T (y), y� =
�

Ω
(∇y(x))2 + �(y(x))y(x) dx

= �y�2H1
0
+

�

Ω
�(y(x))y(x) dx = �y�2H1

0
+ ��(y), y�

≥ �y�2H1
0
+ ��(y)− �(0), y�+ ��(0), y� ≥ �y�2H1

0
+ ��(0), y�

≥ �y�2H1
0
− |��(0), y�| ≥ �y�2H1

0
− C�y�L1 ≥ �y�2H1

0
− C�y�H1

≥ �y�2H1
0
− C ��y�H1

0
,

where it was used that the term |��(0), y�| is bounded since it holds that

|��(0), y�| =
���
�

Ω
� (0(x)) y(x) dx

��� ≤ C�y�L1 ≤ C�y�H1 .

Consequently, it holds that

�T (y), y�
�y�H1

0

→ ∞ for �y�H1
0
→ ∞ ,

which proves the coercivity of T .

Note that one could as well consider here semi-linear PDEs with Neumann or mixed

boundary conditions. This augments the operator T by another expression. For example,

one might consider

−Δy + �(y) = u in Ω

∂νy + b(x, y) = g on ∂Ω

where b is a Nemytzkii operator satisfying Ass. 5.2. In this case T has the form T =

T1 + T2 + T3 with T1 and T2 as before and T3 given by

�T3(y), v� =
�

∂Ω
b(x, y(x))v(x) ds .

Under appropriate adaptations, all previous statements can be transferred, as well as the

following ones; see, e.g., [194]. In the further course of this section, however, we will

restrict our attention to the homogeneous Dirichlet model problem.

Observe that T is a bounded, continuous, strongly monotone and coercive operator with

T (y) ∈ H−1(Ω). The Browder–Minty theorem then yields the following result of existence

and uniqueness of a weak solution y ∈ H1
0 (Ω) to the PDE.
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Proposition 5.10 (Existence and Uniqueness of Weak Solution). Let Ass. 5.1–5.2 hold.

Then for every u ∈ L2(Ω) the PDE (5.13) has a unique weak solution y ∈ H1
0 (Ω).

Proof. Lem. 5.9 shows that the PDE (5.13) defines an operator T which is strongly mono-

tone, bounded, hemi-continuous and coercive. Hence, Thm. 2.42 yields that T is surjective

and even bijective due the strong monotonicity. This yields the existence and uniqueness

of a solution for every u ∈ L2(Ω).

Lemma 5.11. Let Ass. 5.1–5.2 hold with �(0) = 0. Then for u ∈ L2(Ω) the weak solution

y ∈ H1
0 (Ω) of the PDE (5.13) satisfies the a priori estimate

�y�H1
0
≤ c0�u�L2 , (5.19)

with a non-negative constant c0 independent of u.

Proof. The variational formulation (5.14) of the PDE (5.13) with state y as test function

yields

�T (y), y� =
�

Ω
(∇y(x))2 + �(y(x))y(x) dx =

�

Ω
u(x)y(x) dx .

The term containing � is non-negative due to the monotonicity of � and the requirement

that �(0) = 0, i.e., ��(y), y� = ��(y)− �(0), y� ≥ 0. Hence,

�

Ω
(∇y(x))2 dx ≤

�

Ω
u(x)y(x) dx .

The right-hand side is then estimated with the Hölder and Cauchy-Schwarz inequalities

and then with Poincaré’s inequality, which yields

�y�2H1
0
≤ �u�L2�y�L2 ≤ c�u�L2�y�H1

0
,

with positive constant c. This then yields the desired estimate, i.e., �y�H1
0
≤ c�u�L2 and

hence a uniform bound for y.

An a priori estimate for the general case now follows by applying the above lemma.

Proposition 5.12 (A Priori Estimate). Let Ass. 5.1–5.2 hold. For u ∈ L2(Ω), the weak

solution y ∈ H1
0 (Ω) of the PDE (5.13) satisfies the a priori estimate

�y�H1
0
≤ c�u− �(0)�L2 , (5.20)

with a non-negative constant c independent of u.
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Proof. To prove the a priori estimation we consider the restated PDE

−Δy + �(y)− �(0) = u− �(0) in Ω

y = 0 on ∂Ω .

Note that the mapping �0(y) := �(y) − �(0) vanishes at y = 0. Moreover, due to the

assumptions on the operator �, it holds that �(0(.)) is bounded and measurable, so that

u0 := u − �(0) with u ∈ L2(Ω) lies also in L2(Ω). Thus, applying Lem. 5.11 to the

right-hand side u0, one obtains

�y�H1
0
≤ c�u− �(0)�L2 ,

i.e., a uniform bound for the state y.

Next, regularity results for the solution of the considered state equation Eq. (5.13) are

considered. It will be established that the solution of the semi-linear PDE in Eq. (5.13),

and similarly the solution to Eq. (5.5), lies in the space

H := H1
0 (Ω) ∩H2(Ω) ,

as well as in

Y := H1
0 (Ω) ∩ C(Ω) ,

if n < 4. For brevity, the corresponding norm is denoted by

�v�Y := �v�H1
0
+ �v�C(Ω) .

Note that the space H is a Hilbert space with respect to the H2-norm, as well as with

respect to the norm defined by

�v�H := �Δv�L2 .

Similarly to [43], we consider the following space of admissible functions for Eq. (5.13)

HΔ := {v ∈ H1
0 (Ω)|Δv ∈ L2(Ω)} , (5.21)

which is therefore the appropriate image space of the solution operator corresponding to
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Eq. (5.13). The space HΔ, equipped with the norm � · �HΔ
which is defined by

�v�HΔ
:=

�

Ω
(Δv(x))2 + (∇v(x))2 + v(x)2 dx ,

and induced by the scalar product (v, w)HΔ
:=

�
ΩΔvΔw +∇v ·∇w + vw dx, constitutes

a complete normed linear space and thus a Hilbert space. By regularity theory for elliptic

differential operators, HΔ is isomorphic to the Hilbert space H; see e.g. [74]. Additionally,

the space HΔ is compactly embedded into H1
0 (Ω), i.e., HΔ

c
�→ H1

0 (Ω). Furthermore,

similarly to before by applying Rellich–Kondrachov’s Sobolev embedding theorem (see

Thm. 2.19 and [6, 30]), one can deduce that HΔ is continuously embedded into the space

Y, which itself is continuously embedded into L2(Ω), i.e., HΔ �→ Y �→ L2(Ω).

Lemma 5.13 (Regularity of the Weak Solution). Let Ass. 5.1-5.2 hold. Then the unique

weak solution y of the PDE (5.13) belongs to H and satisfies

�y�H ≤ �y�H2 ≤ κ̄max (�u�L2 , �u− �(0)�L2) + κ̂ , (5.22)

with positive constants κ̄, κ̂ > 0 independent of u. Furthermore, if the dimension n ∈ N of

Ω ⊆ Rn satisfies n < 4, then y is even continuous, i.e., y ∈ Y, satisfying

�y�Y ≤ c̄max (�u�L2 , �u− �(0)�L2) + ĉ,

with positive constants c̄, ĉ independent of u.

Proof. Note that according to Prop. 5.10 the existence of a unique solution y ∈ H1
0 (Ω)

follows from the monotonicity assumption on the generating function � with the Browder–

Minty theorem. Provided this solution, consider the PDE

−Δy = u− f in Ω (5.23)

y = 0 on ∂Ω .

Given the unique solution y ∈ H1
0 (Ω) to PDE (5.13), it has already been established that

�(y(.)) ∈ L2(Ω). Interpreting the second term of the right-hand side of Eq. (5.23) as a

function f(.) := �(y(.)) such that f(x) is bounded due to Prop. 5.5, provides that y is

a weak solution to Eq. (5.23). Furthermore, in particular regularity estimates for weak

solutions of elliptic PDEs (see, e.g., [74, Sec. 9]) imply for the unique weak solution that

y ∈ H which proves H2-regularity of the solution y. Furthermore, considering Eq. (5.23),

as well as the definition of the H2-norm together with the Miranda–Talenti estimate (see
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e.g. [137, 188]), the solution y satisfies the following estimate

�y�H2 ≤ κ�Δy�L2 = κ�u− f�L2 ≤ κ (�u�L2 + �f�L2)

for a positive constant κ independent of y. The boundedness of the operator � (see

Prop. 5.5), as well as the a priori estimate (5.20) then yield

�y�H2 ≤ κ (�u�L2 + ��(y)�L2) ≤ κ�u�L2 + κC̃�y�L2 + κĈ(K,Ω)

≤ κ�u�L2 + κC̃C̄�y�H1
0
+ κ̂ ≤ κ�u�L2 + κC̃C̄c�u− �(0)�L2 + κ̂

≤ κ̄max (�u�L2 , �u− �(0)�L2) + κ̂ ,

with constants C̃, Ĉ(K,Ω) from Prop. 5.5 and κ̄ := κ(1+C̃C̄c), κ̂ := κĈ(K,Ω). Due to the

assumptions on the domain Ω, the Sobolev embedding theorem by Rellich–Kondrachov

(see Thm. 2.19 and [6, 45]) then provides the compact embedding H2(Ω)
c
�→ C(Ω) which

implies the continuity of the weak solution y, as well as

�y�C(Ω) ≤ δ�y�H2 for some δ > 0 . (5.24)

The a priori estimate (5.20), together with the above proved estimate (5.22) and Eq. (5.24),

then yields

�y�H1
0
+ �y�C(Ω) ≤ c�u− �(0)�L2 + δ�y�H2 + cĈ(K,Ω)

≤ c̄max (�u�L2 , �u− �(0)�L2) + ĉ ,

with ĉ := cĈ(K,Ω).

Note that the continuity of the state will be required for the appropriate treatment of

state constraints, which will be encountered in Sec. 5.4.

The Solution Operator

The solution operator S(u) = y associated with the non-smooth state equation given in

Eq. (5.13) plays an important role in the analysis of the overall optimization problem.

Therefore, the following lemma states several main properties and results.

Lemma 5.14 (The Solution Operator). Let Ass. 5.1 hold. Furthermore, let � : H1
0 (Ω) →

L2(Ω) be a non-smooth operator satisfying Ass. 5.2 and S : u �→ S(u) = y the solution

operator associated with the PDE (5.13). Then S reveals the following properties.

85



5. The CALi Algorithm

(i) Let Z ∈ {HΔ, H
1(Ω),Y}. The operator S : L2(Ω) → Z is well-defined and Lipschitz-

continuous, but generally non-smooth. Moreover, for the choice Z = HΔ, the opera-

tor S is also bijective.

(ii) S : L2(Ω) → HΔ is directionally differentiable in the sense that the directional deriva-

tive S�(u;h) = lim
t�0

1
t (S(u+ th)− S(u)) in HΔ exists for all u ∈ L2(Ω) and all di-

rections h ∈ L2(Ω). However, S is generally not Gâteaux differentiable.

(iii) S : L2(Ω) → HΔ is Hadamard directional differentiable for all points and in all

directions in L2(Ω) with Lipschitz-continuous directional derivative.

Proof. (i) The well-definedness and consequently the bijectivity follow from the exis-

tence and uniqueness of solutions to the semi-linear PDE (5.13) which follows from

the Browder–Minty theorem on monotone operators, see Thm. 2.42. Hence, for

any given control u ∈ L2(Ω) the PDE (5.13) is well posed and has a unique solution

y ∈ HΔ. The operator S : L2(Ω) → HΔ is surjective since for any state y ∈ HΔ there

exists a control u ∈ L2(Ω) with u = −Δy + �(y) such that S(u) = y. Furthermore,

S is injective due to the uniqueness of the solution. However, the operator S is not

Fréchet differentiable due to the presence of the non-smooth operator � in the state

equation in model problem (5.5). For proving the global Lipschitz-continuity of S we

introduce the continuous bounded and coercive bilinear form a : H1
0 (Ω)×H1

0 (Ω) → R
defined by

a(v, w) :=

�

Ω
∇v(x) ·∇w(x) dx for all v ∈ H1

0 (Ω). (5.25)

The weak form of the semi-linear PDE (5.13) is then given by

a(y, v) + (�(y), v)L2 = (u, v)L2 . (5.26)

The coercivity constant of a(., .) will be denoted by β, i.e., it holds that

a(v, v) ≥ β�v�2H1 for all v ∈ H1
0 (Ω). (5.27)

First, we will straightforwardly prove the globally Lipschitz-continuity of S as an

operator into H1(Ω) with Lipschitz constant 1
β . We consider therefore the two

arbitrary but fixed controls u1, u2 ∈ L2(Ω) with corresponding solutions y1 := S(u1)

and y2 := S(u2). By substituting y = y1, y = y2 with v = y1−y2, u = u1 and u = u2,

respectively into Eq. (5.26) and subtracting the resulting equations from each other,

a(y1 − y2, y1 − y2) + (�(y1)− �(y2), y1 − y2)L2 = (u1 − u2, y1 − y2)L2 is obtained.
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The coercivity of the bilinear form a(., .) then yields

β�y1 − y2�2H1 ≤ −(�(y1)− �(y2), y1 − y2)L2 + (u1 − u2, y1 − y2)L2 .

The monotonicity of the operator � provides that the first term on the right-hand

side is non-positive and hence

β�y1 − y2�2H1 ≤ (u1 − u2, y1 − y2)L2 = (u1 − u2, S(u1)− S(u2))L2 ,

which ultimately provides

�S(u1)− S(u2)�H1 = �y1 − y2�H1 ≤ 1
β�u1 − u2�L2 , (5.28)

i.e., the globally Lipschitz-continuity of S in H1
0 (Ω) with Lipschitz constant 1

β .

For proving the globally Lipschitz-continuity of S in HΔ, one has to confirm that

�S(u1)− S(u2)�HΔ
=

�
�y1 − y2�2H1 + �Δ(y1 − y2)�2L2

�1
2 ≤ LS,HΔ

�u1 − u2�L2 ,

for a Lipschitz constant LS,HΔ
> 0. The PDE (5.13), together with Eq. (5.28) and

the assumed Lipschitz-continuity of the operator � yields

�Δy1 −Δy2�L2 ≤ L�y1 − y2�L2 + �u1 − u2�L2 ≤
�
L
β + 1

�
�u1 − u2�L2 , (5.29)

where L denotes the Lipschitz constant of the operator �. Combining this with the

estimation of the remaining term �y1 − y2�2H1 via Eq. (5.28) and completing the

square yields the assertion in the HΔ-norm. In order to prove the global Lipschitz-

continuity of S as an operator into Y, one has to confirm that

�y1 − y2�H1 + �y1 − y2�C(Ω) ≤ LS,Y�u1 − u2�L2 ,

for some Lipschitz constant LS,Y > 0. To yield the assertion, one may: (a) consider

Eq. (5.24) together with Eq. (5.28), (b) use the Miranda–Talenti estimate (see e.g.,

[137, 188]) to estimate the H2-norm by the norm of the Laplacian and (c) exploit

Eq. (5.29).

(ii) To prove the assertion one hast to show that the operator S is directionally differ-

entiable with S�(u;h) = ηh ∈ HΔ, where ηh is the unique solution to the PDE

−Δηh + ��(y; ηh) = h in Ω, ηh = 0 on ∂Ω . (5.30)
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Note that Eq. (5.30) indeed admits a unique solution ηh ∈ HΔ for every h ∈ L2(Ω)

since ��(y; ηh) satisfies Ass. 5.2 and the same arguments apply as in the proof of

Prop. 5.10. Let y, u ∈ L2(Ω) be arbitrary but fixed and {tn}n∈N ⊆ R+ with tn � 0.

Consider the sequence {yn}n∈N with yn := S(u+ tnh) ∈ HΔ, i.e.,

−Δyn + �(yn) = u+ tnh in Ω, yn = 0 on ∂Ω . (5.31)

Dividing the PDE (5.31) by tn and subtracting the PDE (5.13) (also divided by tn),

as well as the PDE (5.30) yields

−Δ(yn−y
tn

− ηh) +
�(yn)−�(y)

tn
− ��(y; ηh) = 0 in Ω , (5.32)

and hence equivalently

−Δ(yn−y
tn

− ηh) = −
�
�(y+tnηh)−�(y)

tn
− ��(y; ηh)

�
+ �(y+tnηh)−�(yn)

tn
in Ω . (5.33)

Note that due to Eq. (5.8) in Ass. 5.2(iii) the operator � is also directionally differ-

entiable in the sense of Def. 2.20. The variational form of Eq. (5.33) with the test

function vn,h := yn−y
tn

− ηh reads as

���S(u+tnh)−S(u)
tn

− ηh

���
2

H1
0

= �vn,h�2H1
0
= I1 + I2 ,

with

I1 := −
�

Ω

�
�(y+tnηh)−�(y)

tn
− ��(y, ηh)

�
vn,h dx

and

I2 :=

�

Ω

�
�(y+tnηh)−�(yn)

tn

�
vn,hdx = −1

t2n

�

Ω
(�(y + tnηh)−�(yn))(y + tnηh − yn) dx.

Note that for the reformulation of I2 one can exploit that vn,h = − 1
tn
(y+ tnηh− yn).

The monotonicity of the operator � consequently yields the boundedness of vn,h in

H1
0 (Ω) for all n ∈ N. Furthermore, the directional differentiability of � yields

�yn−y
tn

− ηh�H1
0
→ 0 for n → ∞ . (5.34)

The directional differentiability and local Lipschitz-continuity of � together with
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Eq. (5.34) assert that

� �(yn)−�(y)
tn

− ��(y; ηh)�L2 → 0 for n → ∞ . (5.35)

Thus, the boundedness of the sequence {yn−y
tn

− ηh}n∈N in HΔ, as well as the con-

vergence
yn−y
tn

− ηh → 0 in HΔ ,

follow collectively from Eq. (5.32), so that the operator S is directionally differen-

tiable with S�(u;h) = ηh ∈ HΔ. However, since the operator S�(u; .) : L2(Ω) →
H1

0 (Ω) is generally not linear, S fails to be Gâteaux differentiable.

(iii) The Hadamard directional differentiability with Lipschitz-continuous directional de-

rivative follows from the fact that the operator S is directionally differentiable and

locally Lipschitz-continuous due to point (i) above, see, e.g., [25]. However, since

the directional derivative is not necessarily linear, S is not Hadamard differentiable.

The solution operator S is even weakly continuous in the sense of Def. 2.10(i).

Lemma 5.15. Let Ass. 5.1–5.2 hold. The solution operator S : L2(Ω) → HΔ is weakly

continuous, i.e., transfers weakly continuous sequences {uk}k∈N ⊆ L2(Ω) with uk � u for

k → ∞ into weakly continuous sequences {yk}k∈N ∈ HΔ with yk � y for k → ∞, where

yk and y are the solutions to the PDE with right-hand side uk and u, respectively.

Proof. To prove the weak continuity of S, we consider an arbitrary weakly convergent

sequence {uk}k∈N in L2(Ω) with weak limit u ∈ L2(Ω) and show that S(uk) � S(u) ∈ HΔ.

Denote by {yk}k∈N ∈ HΔ the sequence of unique weak solutions to the PDE

−Δyk + �(yk) = uk in Ω , (5.36)

and by y ∈ HΔ the unique weak solution to the original state equation

−Δy + �(y) = u in Ω . (5.37)

Thus, S(uk) = yk and S(u) = y. Due to the assumed local Lipschitz-continuity and

monotonicity of the non-smooth operator �, both PDEs (5.36) and (5.37) admit unique

solutions in HΔ. Since {uk}k∈N is a weakly convergent sequence in the reflexive Banach

space L2(Ω) it is also bounded and consequently the sequence yk is bounded in HΔ.

According to Thm. 2.14, every bounded sequence in a reflexive Banach space contains

weakly convergent subsequences such that one can now consider a weakly convergent
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subsequence which, for the sake of simplicity, will also be denoted by {yk}k. The weak

limit of this subsequence will be denoted by ỹ ∈ HΔ. Due to the compact embedding

HΔ
c
�→ H1

0 (Ω), this subsequence converges strongly in H1
0 (Ω), i.e., yk → ỹ ∈ H1

0 (Ω). As a

direct consequence of the weak convergence uk � u and the strong convergence yk → ỹ,

by passing to the limit in Eq. (5.36), one finds that ỹ is a weak solution to the PDE

−Δỹ + �(ỹ) = u. However, since it has been already established that Eq. (5.37) has a

unique solution, ỹ must therefore coincide with y. Now, every subsequence of {yk}k∈N
contains a subsequence which converges weakly to y. But, since also every weak limit is

unique, the whole sequence must be weakly convergent with weak limit y ∈ HΔ. Thus,

finally S(uk) � S(u) ∈ HΔ for k → ∞ applies.

Note that due to the weak continuity of the solution operator S as a function from L2(Ω)

to H1
0 (Ω) and the compact embedding H1

0 (Ω)
c
�→ L2(Ω), S is also completely continuous

from L2(Ω) into itself. Furthermore, the results concerning the PDE and also the optimal

control problem are preserved even if one perturbs the right-hand side of the PDE with a

disturbance function f ∈ L∞(Ω) or f ∈ L2(Ω).

Since the function spaces considered here are reflexive, the Radon–Nikodym property

holds; see, e.g., [22, 177, 132]. Hence, every Lipschitz-continuous operator is differentiable

almost everywhere. The Lipschitz-continuous solution operator S is Gâteaux differentiable

at exactly those points u ∈ L2(Ω) for which it holds that the measure of the set {x ∈ Ω :

S(u(x)) = 0} is zero. See [43] for a corresponding investigation concerning the particular

operator �(y) = max(0, y).

However, it should be noted that the directional differentiability and even the Gâteaux

differentiability almost everywhere in L2(Ω) do not suffice. To apply standard optimal

control theory, one requires a genuine local linear approximation of the control-to-state

operator, i.e., the Fréchet derivative. By Lem. 5.14(ii), the operator S is not Fréchet

differentiable due to the presence of the non-smooth operator � in the governing state

equation in model problem (5.5). Nevertheless, if the semi-linearity given by the Nemytzkii

operator � in the PDE is differentiable, then by the implicit function theorem S : L2(Ω) →
HΔ is continuously Fréchet differentiable.

5.3. On the Model Problem

Before introducing the specific model problem to be considered in the further course, an

existence result is provided for a control solution of the optimal control problem (5.13).

However, unlike the solution to the state equation, the solution to the optimal control

problem does not have to be unique.
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Proposition 5.16 (Existence of Optimal Controls). Let Ass. 5.1–5.2 hold, as well as

n < 4. The optimal control problem (5.5) admits at least one globally optimal solution

(ȳ, ū) ∈ Y × L2(Ω).

Proof. This statement can be proven by applying the direct method of variational calculus.

Let F := {(y, u) ∈ Y ×L2(Ω) : y solves (5.26) with r.h.s. u} denote the feasible set to the

optimal control problem (5.5). Since the functional j is assumed to be bounded from

below (see Ass. 5.1), the objective functional J(y, u) := j(y) + α
2 �u�2L2 is bounded from

below as well. Since F is non-empty by Prop. 5.10 and Lem. 5.13, the infimum

J∗ = inf
(y,u)∈F

J(y, u) (5.38)

exists. Hence, there is a minimizing sequence {wk}k∈N := {(yk, uk)}k∈N ⊆ F with

limk→∞ J(yk, uk) = J∗. Thus, due to α > 0 the sequence {uk}k∈N is bounded by

�uk�2L2 ≤ 2
αJ(yk, uk). By Lem. 5.15 the solution operator S is weakly continuous and

therefore bounded. The boundedness of S together with the boundedness of {uk}k∈N im-

ply the boundedness of the sequence {yk}k∈N = {S(uk)}k∈N. Recall that by the Riesz

representation theorem the Hilbert spaces L2(Ω) and H1
0 (Ω) are reflexive Banach spaces.

Therefore, the bounded sequence {wk}k∈N = {(yk, uk)}k∈N ⊆ F ⊆ H1
0 (Ω)×L2(Ω) contains

a weakly convergent subsequence {wki}i∈N with wki � w̄ = (ȳ, ū) ∈ H1
0 (Ω) × L2(Ω) for

i → ∞. The weak continuity of S then yields S(ukj ) � S(ū) in HΔ. Moreover, since

S(uki) = yki , the subsequence {yki}i∈N is weakly continuous with yki = S(uki) � S(ū) = ȳ

in HΔ. Now ȳ is a solution to Eq. (5.14) and therefore ȳ ∈ H ⊆ Y. It follows that w̄ ∈ F .

Due to the weak lower semi-continuity of j this property holds also for J and it can be

concluded that

J∗ ≤ J(ȳ, ū) ≤ lim inf
i→∞

J(yki , uki) = lim
i→∞

J(yki , uki) = J∗ , (5.39)

which indicates equality. Note that the first inequality in Eq. (5.39) follows from Eq. (5.38),

the second from the lower semi-continuity of J and the last equality from the considered

minimizing sequence. This implies that (ȳ, ū) is a solution to the optimal control problem

(5.5) and proves the assertion.

A Specific Objective Functional

A frequently used functional j as part of the cost function is the tracking type functional

j(y) =
1

2
�y − yd�2L2
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with a given function yd ∈ L2(Ω) usually denoting a given desired state. In this case, j is

even convex. Furthermore, as already mentioned above, a suitable and significant example

for the operator D is the distributed negative Laplacian −Δ with homogeneous Dirichlet

boundary conditions on the state. To illustrate the solution approach, the focus will be

on the following optimization problem

min
(y,u)∈H1

0 (Ω)×L2(Ω)
J (y, u)

s.t. −Δy + �(y)− u = 0 in Ω, y = 0 on ∂Ω ,

(5.40)

with J (y, u) = 1
2�y − yd�2L2 + α

2 �u�2L2 . However, it should be noted that the algorithm

proposed in Sec. 5.6 is not limited to this specific class of semi-linear PDEs or this kind of

objective functionals. Instead, the arguments can easily be adapted to more general cases

with, for example, a general linear elliptic differential operator of second order instead of

the Laplacian, as well as to the more general objective functional considered in Eq. (5.5).

In addition to the assumptions on the non-smooth state equation given in Ass. 5.2,

one can observe that the tracking type objective functional J : H1
0 (Ω) × L2(Ω) → R in

Eq. (5.40) is weakly lower semi-continuous and twice continuously Fréchet differentiable.

One particular example of this class of model problems of non-smooth semi-linear elliptic

optimal control problems, where �(y) = max(0, y), can be found in [43].

Although the objective functional itself is convex, the optimization problem (5.40) is

not necessarily convex, which is why the existence of several locally optimal controls

has to be taken into account. Moreover, due to the non-convexity of the above optimal

control problem, necessary first-order optimality conditions are no longer sufficient and

the consideration of sufficient second-order optimality conditions becomes necessary if one

wants to compute an actual minimizer. However, in this dissertation the considerations are

limited to stationary or first-order optimal points as well as an alternative way of ensuring

a minimum, hence second-order conditions will not be the subject of this dissertation.

For general optimization problems and the case α = 0, one has to take into consideration

that it is usually not possible to attain arbitrary controls u ∈ L2(Ω). Therefore, control

constraints yielding a bounded and convex set of admissible controls can be introduced

into the model problem. In addition to the methods presented here, the handling of such

control constraints may include standard optimal control methods for control constraints

[194] or the application of an additional penalty term similar to Eq. (5.52). However, this

is not directly dealt with in this dissertation.

From now on, Ass. 5.1 is assumed to hold together with n < 4. Note that all previously

made statements are valid regardless of the dimension n, except for the regularity and

continuity of the solution to the semi-linear PDE, see Lem. 5.13.
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5.4. Reformulating the PDE Constraint

An essential reformulation of the PDE constraint can be obtained by applying the constant

abs-linearization as defined in Def. 3.14. For this purpose, the Nemytzkii operator � is

considered, which is defined by the non-linear part of the PDE. Similarly to the previous

chapter, it is assumed that the non-smoothness, given here by the non-smooth operator

�, can be described as a composition of elemental functions that are either continuously

Fréchet differentiable or the absolute value operator. As a consequence, consecutive contin-

uously Fréchet differentiable elemental functions can be conceptually combined to obtain

a representation, where all evaluations of the absolute value function can be explicitly

detected and directly exploited, see Ass. 5.17. An illustration is given in Ex. 5.18.

Assumptions 5.17 (Structured Evaluation of �). Let � : H1
0 (Ω) → L2(Ω) be a non-

smooth Lipschitz-continuous operator satisfying Ass. 5.2 and s ∈ N. Furthermore, let

ψ1 : H1
0 (Ω) → H1(Ω), ψi : H

1
0 (Ω) × [H1(Ω)]i−1 → H1(Ω) for 2≤ i ≤ s + 1 be Lipschitz-

continuously Fréchet differentiable operators. The considered non-smooth operator � can

be reformulated such that an equivalent representation of � denoted by �̂ can be obtained

using the structured evaluation given by

zi := ψi(y, (σjzj)j<i)

σi := sign(zi)

�
i = 1, . . . , s

�̂(y,σz) := ψs+1(y, (σizi)1≤i≤s) with σz = (σ1z1, . . . ,σszs).

Note that the switching functions zi depend on the state y. Therefore, the dependency

on a different but explicit function ỹ will be explicitly denoted by zi(ỹ).

The functions zi in the structured evaluation procedure are introduced as auxiliary func-

tions for each argument of the absolute value operators, which appear within the operator

� and can be given by different compositions with Fréchet differentiable operators ψ. The

absolute value operator is then substituted by σizi. By applying this successively for all

absolute value operators and their arguments, one obtains an equivalent reformulation of

the original operator � in terms of y and σizi given by �̂.

It is worth emphasizing that whenever the structured evaluation is applicable, it pro-

vides an equivalent reformulation for the respective operator � given by the operator �̂.

Therefore, �̂ maps also into the same function space as �. Likewise, �̂ also satisfies all

assumptions in Ass. 5.2.

Note that Ass. 5.17 ensures that the underlying non-smoothness does not contain any

implicit dependencies for the switching functions zi, so that the structured evaluation pre-

sented above may be applied to obtain an equivalent reformulation. However, the notation
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(σjzj)j<i indicates that ψi might depend explicitly on the previously defined switching

functions zj with j < i. Hence, the switching function z1 is defined as the argument of

the first absolute value evaluation, i.e., as ψ1(y). Ex. 5.18 provides an illustration of the

structured evaluation and also deals with the image and value spaces of the operators ψi.

In the finite dimensional case, the variables zi are real constants, i.e., zi ∈ R and

therefore σi ∈ {−1, 0, 1}. For the infinite dimensional setting considered here, one obtains

functions zi ∈ H1(Ω). Furthermore, in this setting the signature functions σi are also

Nemytzkii operators defined by

σi : H
1(Ω) → L∞(Ω), [σi(zi)](x) := sign(zi(x)) a.e. in Ω

as functions of zi. From now on, the argument zi will be omitted for brevity whenever

referring to σi. The definition of σi ensures that σi = σi(zi) ∈ L∞(Ω) holds, as well

as σizi = abs(zi) ∈ H1(Ω) for 1 ≤ i ≤ s and the function zi ∈ H1(Ω) defined by

the corresponding structured evaluation. Additionally, the notation �̂(y,σz) = �(y) for

σz = σ(z)z = (σ1z1, . . . ,σszs) refers explicitly to this particular representation of the non-

smooth part �(y) based on the corresponding auxiliary functions zi and σi for 1 ≤ i ≤ s,

defined by the structured evaluation.

It follows from the representation in Ass. 5.17 that � is locally Lipschitz-continuous.

Hence, � and therefore also the equivalent �̂(y,σz) are also continuous due to the assumed

smoothness of ψi for all i = 1, . . . , s; see e.g. [110, Theo. 3.15] and [215, Cha. 1]. Note

however, that the operator �̂(., .) is not Fréchet differentiable in z since σ depends non-

Fréchet differentiably on z. Nevertheless, it is important to point out that the new defined

function �̂(y, w) is smooth, i.e., Fréchet differentiable, in its two arguments y and w =

σz = |z|, due to the chosen formulation. This fact will be exploited later to define the

closely related smooth problem formulations.

Once again by using the well-known reformulations of max and min in terms of abs,

i.e., Eq. (3.2), a large class of non-smooth functions is covered by this function model.

The example below provides the structured evaluation for the non-smooth operator max

as well as an operator which features nested non-smoothness.

Example 5.18. (i) The operator �(y) = max(0, y) satisfies the Carathéodory condition

and just like abs(.) is globally Lipschitz-continuous with Lipschitz constant L = 1.

Hence, the associated Nemytzkii operator maps L2(Ω) into itself. Exploiting the

identities (3.2), one can reformulate � as a function in terms of the absolute value

function and smooth elemental functions such that �(y) = max(0, y) = 1
2(y + |y|).

The corresponding structured evaluation for �(y) = max(0, y) is then given by
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z1 = ψ1(y) = y

σ1 = sign(z1)

�̂(y,σz) = ψ2(y,σz) = 1
2

�
y + σ1z1

�

with

ψ1 : H
1
0 (Ω) → H1

0 (Ω), y �→ y and ψ2 : H
1
0 (Ω)×H1

0 (Ω) → H1
0 (Ω), (y, v) �→ 1

2

�
y + v

�
.

(ii) The non-smooth operator �(y) = y −max(|y − τ1|, τ2) admits nested absolute value

operators. Moreover, for τ1, τ2 ≥ 1 the inducing function � is bounded, measurable,

monotone and globally Lipschitz and hence also satisfies all assumptions required in

Ass. 5.2. Then the corresponding structured evaluation is given by

z1 = ψ1(y) = y − τ1

σ1 = sign(z1)

z2 = ψ2(y,σ1z1) = σ1z1 − τ2

σ2 = sign(z2)

�̂(y,σz) = ψ3(y,σz) = y − 1
2(σ1z1 + τ2 + σ2z2)

with ψ1 : H
1
0 (Ω) → H1(Ω), y �→ y−τ1, ψ2 : H

1
0 (Ω)×H1(Ω) → H1(Ω), (y, v) �→ v−τ2

and ψ3 : H
1
0 (Ω)×H1(Ω)×H1(Ω) → H1(Ω), (y, v, w) �→ y − 1

2(v − τ2 + w) .

Next, we state the equivalent reformulation of the optimal control problem (5.40) by

means of the structured evaluation. By inserting the formulation �̂(y,σz), with the func-

tions σi and zi defined by the structured evaluation of �, into the original optimal control

problem (5.40), one obtains for the functions y ∈ H1
0 (Ω), z ∈ [H1(Ω)]s, u ∈ L2(Ω) and

σi = sign(zi) the following optimization problem with state constraints

min
y,z,u,σ

1
2�y − yd�2L2 + α

2 �u�2L2

s.t. (∇v,∇y)L2 + (�̂(y,σz)− u, v)L2 = 0 for all v ∈ H1
0 (Ω)

(ψi(y, (σjzj)j<i)− zi, v)L2 = 0 for all v ∈ H1
0 (Ω)

σizi ≥ 0 a.e. in Ω

σi : Ω → {−1, 0, 1}





for all 1 ≤ i ≤ s.

(5.41)

Here, [H1(Ω)]s denotes the product H1(Ω)×· · ·×H1(Ω) of the Hilbert spaces, in which

the switching function z = (z1, . . . , zs) lives.

At this point, an idea may arise that by reformulating and including functions with

binary values, the underlying optimization problem was made considerably more difficult

and complicated, since all derivative-based algorithms are not applicable due to the lack

95



5. The CALi Algorithm

of continuity and differentiability of the integer-valued functions. However, as will be seen

in the further course of this chapter and as it was already motivated in Sec. 5.1, this work

pursues a rather different strategy to exploit an efficient and proficient handling of the

absolute value operator based on the reformulation given by the structured evaluation.

In the context of constant abs-linearization, all σ̄i only take the values +1 and −1, but

not 0. This leads to the desired linearization since the dependency of zi and σi has been

removed and the term σ̄izi is linear in zi. The decision to assign only the values +1 or

−1 to σ̄(x) does not influence the previous considerations, simply because if zi > 0 and

σi = +1, or zi < 0 and σi = −1 respectively, then σizi = abs(zi) is still valid. If zi = 0,

then even for σi �= 0 the relationship abs(zi) = σizi = 0 is guaranteed. Hence, no longer

considering zero as a value for σ̄ does not pose any limitations.

Definition 5.19 (The Function σ̄d). Let � : H1
0 (Ω) → L2(Ω) be a Lipschitz-continuous

operator satisfying Ass. 5.2, s ∈ N and �̂ the resulting operator of structured evaluation

described in Ass. 5.17. Then a given function yd defines the switching function

z(yd) := (z1(yd), . . . , zs(yd)) with zi(yd) := ψi(yd, (σjzj(yd))j<i) .

For yd ∈ L2(Ω) the function

σ̄d := σ(z(yd)) = (σ1(z1(yd)), . . . ,σs(zs(yd))) =: (σ̄d
1 , . . . , σ̄

d
s )

denotes the signature functions defined by the desired state yd according to the correspond-

ing structured evaluation.

In Ex. 3.16 - 3.17, it has already been illustrated for different operators � that the

constant abs-linearization provides a corresponding domain decomposition. In order to

exemplify the domain decomposition and its effect on the considered setting, first the case

s = 1 with z1 = y will be considered together with the sign of the desired state yd, i.e.,

sign(z1(yd)(x)) =

�
+1, for x ∈ Ω+

d := {x ∈ Ω|yd(x) ≥ 0},
−1, for x ∈ Ω−

d := {x ∈ Ω|yd(x) < 0}.
(5.42)

Hence, for the case s = 1 every fixed σ̄ analogous to Eq. (5.42) correspondingly decomposes

the domain Ω into measurable subdomains such that Ω = Ω+ ∪ Ω− with σ̄(x) = +1 on

Ω+ and σ̄(x) = −1 on Ω−. The same applies for the case s > 1, i.e., the case with more

than one absolute value evaluation in the formulation of �.

In this context, let us recall the variational form of the underlying PDE and also point

out the weak form of the equivalent reformulation using the structured evaluation. Sim-
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ilar to the linear case, one derives the weak formulation of a non-linear elliptic PDE by

multiplying the equation with a test function, integrating the equation over the domain

and then applying partial integration to transfer a derivative to the test function. In the

case of the non-linear state equation in (5.40) one formally obtains the integral equation

�

Ω
∇y(x) ·∇v(x) + �(y(x))v(x) dx =

�

Ω
u(x)v(x) dx . (5.43)

Throughout the further course, the spatial argument x in the integral equations will be

omitted for simplicity.

Due to the equivalent reformulation given by the structured evaluation in Ass. 5.17 and

the decomposition of the domain Ω into Ω = Ω+ ∪ Ω− as well as considering the case

s = 1, Eq. (5.43) can be reformulated into

�

Ω
∇y ·∇v dx+

�

Ω+

�̂(y, σ̄z)v dx+

�

Ω−
�̂(y, σ̄z)v dx =

�

Ω
uv dx

⇔
�

Ω
∇y ·∇v dx+

�

Ω+

�̂(y,+z)v dx+

�

Ω−
�̂(y,−z)v dx =

�

Ω
uv dx .

To demonstrate this circumstance for cases with s = 2 once again Ex. 3.17 is considered.

Example 5.20. Let �(y) = y − min(|y − τ |, y) with τ ≥ 1. Then the weak form of the

reformulated PDE reads as

�

Ω
∇y ·∇v dx+

�

Ω
�̂(y, σ̄z)v dx =

�

Ω
uv dx .

Due to �̂(y, σ̄z) = 1
2y− 1

2(σ̄1z1− σ̄2z2) =
1
2y− 1

2 (σ̄1(y − τ)− σ̄2(σ̄1(y − τ)− y)) the second

term of the left-hand side of the weak form can be equivalently reformulated such that

�

Ω
�̂(y, σ̄z)v dx =1

2

�

Ω
yv dx− 1

2

�

Ω
(σ̄1(y − τ)− σ̄2(σ̄1(y − τ)− y))v dx

=1
2

�

Ω
yv dx− 1

2

�

Ω+
1

(y− τ)v dx+ 1
2

�

Ω−
1

(y − τ)v dx

+ 1
2

�

Ω+
2

(σ̄1(y−τ)− y)v dx+ 1
2

�

Ω−
2

(−σ̄1(y−τ) + y)v dx

=1
2

�

Ω
yv dx− 1

2

�

Ω+
1

(y− τ)v dx+ 1
2

�

Ω−
1

(y − τ)v dx

− 1
2

�

Ω+
2 ∩Ω+

1

τv dx− 1
2

�

Ω+
2 ∩Ω−

1

(2y − τ)v dx

+ 1
2

�

Ω−
2 ∩Ω+

1

τv dx+ 1
2

�

Ω−
2 ∩Ω−

1

(2y − τ)v dx .
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Applying the definition of σ̄d with yd(x1, x2) = ṽ(x1, x2) = sin(πx1) sin(2πx2) from

Ex. 3.17 yields the domain decompositions Ω = Ω+
1 ∪ Ω−

1 = Ω+
2 ∪ Ω−

2 with

Ω+
1 =∅, Ω−

1 =
�
(0, 1)×(0, 1)

�
and Ω+

2 =
�
(0, 1)× (12 , 1)

�
, Ω−

2 =
�
(0, 1)× (0, 12)

�
.

Hence,

�

Ω
∇y ·∇v dx+

�

Ω−
2 ∩Ω−

1

(2y − τ)v dx =

�

Ω
uv dx .

Similarly, for a larger number s ∈ N of absolute value evaluations, the integrals can be

partitioned according to the decomposition of the domain Ω and the terms depending on

the respective σ̄d
i .

Applying the constant abs-linearization, the resulting operator �̄σ̄(., .) = �̂(., σ̄.) is

smooth in both arguments. In addition to Ass. 5.2, it is also assumed that the given

non-smooth operator � is such that �̄σ̄ fulfills the following property.

Assumption 5.21 (The Operator �̄σ̄ ). Let � : H1
0 (Ω) → L2(Ω) fulfill Ass. 5.2 and �̄σ̄(y, z)

be the corresponding structured evaluation (see Ass. 5.17) with subsequently fixed σ̄. For

σ̄(x) ∈ {−1, 1} the autonomous operator �̄σ̄ is assumed to be affine-linear in y in the sense

of Eq. (2.12).

From now on, the notation �̄σ̄(y, z) := �̂(y, σ̄z) will be used interchangeably. Note that

due to the affine-linearity assumption on �̄σ̄ also the associated operators ψi(y, σ̄z) for

1 ≤ i ≤ s are affine-linear in y and z, respectively. At this point, it is important to point

out that these requirements are indeed reasonable and can be satisfied by a large class of

optimal control problems. Once again, the operator max(0, y) is considered as an example.

Example 5.22 (Affine-Linearity of �̄σ̄).

(i) Consider �(y) = max(0, y). Then s = 1 and by Ex. 5.18 (i) the operator �̄σ̄ is given

by �̄σ̄(y, z) = �̂(y, σ̄z) = 1
2(y + σ̄1z1) with z1 = y. Now fixing σ1 for example to

σ̄1(x) ≡ +1 on Ω yields �̄σ̄(y, z) =
1
2(y + z1) = y and therefore a linear operator.

(ii) Alternatively, σ̄ with σ̄1(x) = +1 on Ω+, σ̄1(x) = −1 on Ω− with measurable subsets

Ω+,Ω− such that Ω = Ω+ ∪ Ω−, e.g., Ω+,Ω− as in (5.2) yields

�̂(y, σ̄z) =





1
2(y + z1) = y, on Ω+

1
2(y − z1) = 0, on Ω− ,

so that �̄σ̄ is (affine-)linear in y with �̄σ̄(y)(x) = χΩ+(x)y(x).
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(iii) Let Ω = (0, 1)2 ⊆ R2. For the nested formulation of the non-smooth operator

�(y) = |y+ |y|| the operator �̄σ̄ is given by �̄σ̄(y, z) = �̂(y, σ̄z) = σ̄2z2 with z1 = y and

z2 = y + σ̄1z1. Fixing exemplary σ1 and σ2 to

σ̄1 =

�
+1, on Ω+

1 := (0, 12)× (0, 1)

−1, on Ω−
1 := (12 , 1)× (0, 1) ,

σ̄2 =

�
+1, on Ω+

2 := (0, 1)× (12 , 1)

−1, on Ω−
2 := (0, 1)× (0, 12) ,

yields �̄σ̄(y, z)(x) = 2(χΩ+
1 ∩Ω+

2
(x) + χΩ+

1 ∩Ω−
2
(x))y(x).

Proposition 5.23 (Differentiability of the Nemytzkii Operator �̄σ̄). Let � : H1
0 (Ω) →

L2(Ω) fulfill Ass. 5.2 and �̂(y,σz) be given by Ass. 5.17 with �̄σ̄(y, z) = �̂(y, σ̄z) satisfying

Ass. 5.21 for a fixed σ̄ ∈ L2(Ω) with σ̄(x) ∈ {−1,+1} for all x ∈ Ω. Then the induced

Nemytzkii operator �̄σ̄ is Fréchet differentiable in L∞(Ω), as well as in L2(Ω).

Proof. The application of Thm. 2.56 (i) implies the differentiability of �̄σ̄ in L∞(Ω). Ad-

ditionally, Thm. 2.56 (ii) implies the differentiability of �̄σ̄ in L2(Ω). The reader is also

referred to [194, Lemma 4.12] and [13].

A local solution for the two considered problem formulations (5.40) and (5.41) is defined

as follows.

Definition 5.24 (Local Solution). Let y∗ ∈ H1
0 (Ω), z

∗ ∈ H1(Ω) and u∗,σ∗ ∈ L2(Ω) with

Ny ⊆ H1
0 (Ω), Nu ⊆ L2(Ω), Nz ⊆ H1(Ω) and Nσ ⊆ L2(Ω) local neighborhoods of y∗, u∗, z∗

and σ∗, respectively. A pair (y∗, u∗) ∈ Ny×Nu is said to be a local solution to the original

optimization problem (5.40), if (y∗, u∗) is feasible, i.e., satisfies the state constraint, and

J(y, u) ≥ J(y∗, u∗) for all (y, u) ∈ Ny ×Nu ⊆ H1
0 (Ω)× L2(Ω) that are admissible.

Similarly, (y∗, z∗, u∗,σ∗) ∈ Ny ×Nz ×Nu ×Nσ is said to be a local solution to the opti-

mization problem (5.41) if (y∗, z∗, u∗,σ∗) satisfies the constraints in (5.41) and

J(y, u) ≥ Ĵ(y∗, z∗, u∗,σ∗) := J(y∗, u∗) for all (y, u) ∈ Ny ×Nu ⊆ H1
0 (Ω)× L2(Ω) .

Note that the neighborhoods Ny and Nz are defined in the H1-norm whereas Nu and

Nσ are defined in the L2-norm.

The following lemma characterizes the essential relation between the solutions of the

original optimization problem (5.40) and the according to Ass. 5.17 reformulated optimiza-

tion problem (5.41) with additional equality and inequality constraints for the auxiliary

functions z and σ.
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Lemma 5.25. A pair (y∗, u∗) ∈ H1
0 (Ω) × L2(Ω) with y∗ := y∗(u∗) is a local solution to

the original optimization problem (5.40) if and only if (y∗, z∗, u∗,σ∗) ∈ H1
0 (Ω)×H1(Ω)×

L2(Ω) × L2(Ω) with σ∗
i = sign(z∗i ) and z∗i = ψi(y

∗, (σ∗
j z

∗
j )j<i) for 1 ≤ i ≤ s is a local

solution of the optimization problem (5.41).

Proof. Assume that u∗ and the corresponding y∗ := y∗(u∗) are local solutions of the

original optimization problem (5.40). Taking into account the equivalent reformulation of

the operator � into �̂ by Ass. 5.17 and defining for i = 1, . . . , s the auxiliary functions z∗i
and σ∗

i by

z∗i = ψi(y
∗, (σ∗

j z
∗
j )j<i), σ∗

i = sign(z∗i ) , (5.44)

it follows that (y∗, z∗, u∗,σ∗) is a local solution of the optimization problem (5.41). Here,

the additional equality and inequality constraints for the definitions of the additional

functions z∗i and σ∗
i , 1 ≤ i ≤ s, ensure that σ∗

i z
∗
i = abs(z∗i ) ∈ H1(Ω) is valid for 1 ≤ i ≤ s.

On the other hand, assume that (y∗, z∗, u∗,σ∗), with σ∗
i defined by Eq. (5.44), is a local

solution for optimization problem (5.41). Then σ∗
i z

∗
i = abs(z∗i ) ∈ H1(Ω) is valid for

1 ≤ i ≤ s and one can replace in Eq. (5.41) σi accordingly, as well as zi by ψi(y, (σjzj)j<i)

for 1 ≤ i ≤ s, taking the second equality condition in Eq. (5.41) into account. Then this

yields the optimal control problem (5.40) with solution (y∗, u∗).

This observation motivates the optimization algorithm proposed in this chapter. Note

that the derivation of meaningful optimality conditions for Eq. (5.41) does not succeed

with classical methods because of the non-smooth dependence of σ on z. However, if

σ∗ is known and σ ≡ σ∗ is fixed accordingly, the optimality conditions can be derived

using the formal Lagrange technique and adapted approaches based on [35, 34] and [194,

Sec. 6.2.2] for optimal control problems with elliptic PDEs and pointwise state constraints

since the non-smooth dependence of the signature function σ on the switching function z

is removed.

Definition 5.26 (Optimally Reachable). Let yd ∈ L2(Ω) and σ̄d be as defined in Def. 5.19.

The desired state yd is said to be an optimally reachable desired state if for an optimal

solution (y∗, u∗, z∗,σ∗) the corresponding function σ̄d is such that σ̄d(x) = σ∗(x) for almost

all x ∈ Ω with σ∗(x) �= 0.

In the further course, a necessary condition will be derived that allows one to easily

check if σ̄d �= σ∗. Nevertheless, from now on it is assumed that the given desired state yd

is always optimally reachable.
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Assumptions 5.27 (Optimally Reachable Desired State yd). The considered optimal

control problem is such that the featured desired state yd is optimally reachable in the

sense of Def. 5.26 and hence σ̄d(x) = σ∗(x) a.e. on Ω where σ∗ �= 0.

Optimality Conditions Next, we examine the first-order necessary optimality conditions

for Eq. (5.41) with fixed functions σi ≡ σ∗
i according to Eq. (5.44). In order to motivate and

derive the optimality system, a special case is considered. If the considered optimization

problem and the semi-linearity given by the Nemytzkii operator � is such that s = 1

and σ∗ decomposes the domain into two separate non-overlapping connected measurable

subdomains Ω+,Ω− such that Ω = Ω+ ∪ Ω−, then the optimization problem Eq. (5.41)

reads as

min
y,z,u

1
2�y − yd�2L2 + α

2 �u�2L2

s.t. −Δy + �̂(y,σz)− u = 0 in Ω

ψ(y)− z = 0 in Ω

y = 0 on ∂Ω

z ≥ 0 a.e. in Ω+

z ≤ 0 a.e. in Ω−

(5.45)

with σ ≡ 0 and hence z ≡ 0 on the common interface Γ0 := Ω+ ∩ Ω−. Furthermore,

Γ+ := ∂Ω ∩ ∂Ω+ and Γ− := ∂Ω ∩ ∂Ω− denote the exterior boundary segment of Ω+

and Ω− respectively. Then by construction it holds that y = 0 on Γ+ ∪ Γ− = ∂Ω. See

Fig. 5.2 for an illustration of the decomposition of Ω into the subdomains Ω+,Ω− and the

resulting interface Γ0. The reader is also referred to Sec. 3.4 for the domain decomposition

generated by σ̄, which applies analogously in the case σ ≡ σ∗.

Ω+

Ω−
Γ0

Ω

Ω+

Ω

Γ0

Ω−

Ω+

Γ0

Ω

Ω− Ω+

Ω−

Figure 5.2.: Non-overlapping decompositions of Ω into Ω+,Ω− with common interface Γ0.

Based on the assumptions on the original problem and the resulting conclusions, the

underlying PDE yields a unique continuous state solution y for any control u ∈ L2(Ω).

Thus, due to the continuity of ψ, the switching function z is also uniquely determined
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and continuous as well. This yields in particular continuity of y and z across adjacent

neighboring subdomains of Ω.

The reformulated optimal control problem (5.45) with coupled constrained systems over

the subdomains is given by

min
y,z,u

1
2�y − yd�2L2 + α

2 �u�2L2 (5.46a)

s.t. −Δy + �̂(y,+z)− u = 0 in Ω+ (5.46b)

ψ(y)− z = 0 in Ω+ (5.46c)

z > 0 a.e. in Ω+ (5.46d)

z = 0 on Γ0 (5.46e)

y = 0 on Γ+ (5.46f)

−Δy + �̂(y,−z)− u = 0 in Ω− (5.46g)

ψ(y)− z = 0 in Ω− (5.46h)

−z > 0 a.e. in Ω− (5.46i)

z = 0 on Γ0 (5.46j)

y = 0 on Γ− . (5.46k)

The constraints (5.46b)–(5.46f) and (5.46g)–(5.46k) then provide local solutions y+, z+

and y−, z− with y+ = y− on Γ0, y+ = y− = 0 on ∂Ω and z+ = z− = 0 on Γ0. The

overall solution satisfies y(x) = χΩ+(x)y+(x) + χΩ−(x)y−(x) and z(x) = χΩ+(x)z+(x) +

χΩ−(x)z−(x).

Let us recall that due to Ass. 5.21 in the case where σ is fixed to some σ̄, the operators

�̂(., σ̄.) and ψi(., σ̄.) are affine-linear. This also applies if σ is fixed to σ∗. Thus, the above

optimization problem involves only (affine-)linear constraints. The well-posedness of the

original PDE provides the well-posedness of the constraints restricted to the considered

subdomains. Furthermore, the subproblem with the objective functional (5.46a) restricted

to Ω+ and constrained by Eqs. (5.46b)–(5.46f) represents an optimization problem satis-

fying, e.g., the Slater constraint qualifications (CQs), such that the existence of associated

Lagrange multipliers is ensured. The same applies to the optimization problem restricted

to Ω−.

Remark 5.28. Due to the affine-linearity assumption, Ass. 5.21 all the constraints of the

problem formulations where σ is fixed are (affine-)linear, hence also in the case where σ is

set to σ∗. Considering the cones which are spanned by the inequality constraints for z on

Ω− and Ω+, the Slater CQ requires the interior of these cones to be non-empty in C(Ω−)

and C(Ω+), respectively. For controls u ∈ L2(Ω) such that the inequality condition is a

102



5.4. Reformulating the PDE Constraint

genuine inequality σ̄i(x)zi(x) > 0 for x ∈ Ω̂ ⊆ Ω on some subset satisfying |Ω̂| �= 0, due

to the continuity of zi, the switching functions restricted to Ω+ (and analogous to Ω−)

are already elements of the interior of the respective cone. Hence, the interior of these

cones is not empty, satisfying the Slater CQ. If such a control u does not exist and only

σ̄i(x)zi(x) = 0 for almost all x ∈ Ω is valid for a feasible σ̄, i.e., zi = 0, then this condition

can be ignored and zi can be removed from the set of constraints. If this applies to all

1 ≤ i ≤ s then an optimal control problem with an affine-linear PDE (in the sense of

Ass. 5.21) remains.

The space M(Ω) denotes the space of real regular Borel measures on Ω. Note that by

the Riesz-representation theoremM(Ω) can be identified with the dual of C0(Ω), the space

of continuous functions on Ω which vanish on the boundary ∂Ω. Furthermore, M(Ω) is

endowed with the norm

�µ�M = sup
v∈C0(Ω),�v�L∞≤1

�

Ω
v dµ .

Consequently, by considering the optimization problem partitioned into the subdomains,

on which σ∗ is constant, as well as the fact that σ∗ ≡ 0, z ≡ 0 on the interface Γ0, one can

adapt the theory of [34, 35] and [194, Sec. 6.2.1] to provide the existence of well-defined

Lagrange multipliers λ+
P ,λ

−
P ,λ

+,λ− and regular Borel measures µ+, µ−, i.e., µ± ∈ M(Ω±).

Composite construction then yields for the Lagrangian that there exists a real regular Borel

measure µ on Ω, with µ = µ|Ω+
+µ|Ω− = µ++µ−, an adjoint state λP = λP |Ω+

+λP |Ω− =

λ+
P + λ−

P and a multiplier λ = λ|Ω+
+ λ|Ω− = λ+ + λ− ∈ W 1,p(Ω), p ∈ [1, n

n−1) (see [194,

Thm. 6.5]) such that the associated Lagrangian is given by

L(y, z, u,λP ,λ, µ) = J (y, u)|Ω+
+

�
∇λP ,∇y

�
L2(Ω+)

+
�
λP , �̂(y, z)− u

�
L2(Ω+)

+ (λ,ψ(y)− z)L2(Ω+) −
�

Ω+

z dµ

+ J (y, u)|Ω− +
�
∇λP ,∇y

�
L2(Ω−)

+
�
λP , �̂(y,−z)− u

�
L2(Ω−)

+ (λ,ψ(y)− z)L2(Ω−) +

�

Ω−
z dµ .

By considering that Ω = Ω+ ∪ Ω− the above expression can be simplified to

L(y, z, u,λP ,λ, µ) = J (y, u) +
�
∇λP ,∇y

�
L2 +

�
λP , �̂(y,σz)− u

�
L2

+ (λ,ψ(y)− z)L2 −
�

Ω
σz dµ .

This Lagrangian L(y, z, u,λP ,λ, µ) then satisfies at an optimal solution, with σ fixed to
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σ∗, the following first-order necessary conditions

0 = DyL(δy) = ∂J
∂y δy +

�
∇λP ,∇δy

�
L2 +

�
λP

∂�̂
∂y , δy

�
L2 +

�
λ∂ψ

∂y , δy
�
L2 ∀δy ∈ H1

0 (Ω),

0 = DuL(δu) = ∂J
∂u δu −

�
λP , δu

�
L2 ∀δu ∈ L2(Ω),

0 = DλP
L(δλP

) =
�
∇δλP

,∇y
�
L2 +

�
�̂− u, δλP

�
L2 ∀δλP

∈ H1
0 (Ω),

0 = DλL(δλ) =
�
ψ − z, δλ

�
L2 ∀δλ ∈ HΔ,

0 = DzL(δz) =
�
λPσ

∗ ∂�̂
∂z , δz

�
L2 −

�
λ, δz

�
L2 −

�

Ω
σ∗δz dµ ∀δz ∈ HΔ,

0 =

�

Ω
(σ∗z) dµ, µ ≥ 0,

with the space HΔ as defined in Eq. (5.21). Note that the arguments of the functions and

operators L(y, z, u,λP ,λ, µ), �̂(y,σ
∗z) and ψ(y,σ∗z) are omitted for brevity. The multiplier

µ is non-negative in the sense that
�
Ω ξ(x) dµ(x) ≥ 0 for all ξ ∈ C(Ω) with ξ(.) ≥ 0.

Ω+

Ω−

Γ0

Ω

Ω0

Ω

Γ0

Ω0

Ω

Ω0

Ω−

Γ0

Figure 5.3.: Non-overlapping decompositions of Ω into Ω+,Ω− and Ω0.

In constellations where σ∗ vanishes on a region of measure greater than zero (as illus-

trated in Fig. 5.3), i.e., σ∗ ≡ 0 on Ω0, the above considerations still apply in an adapted

manner with homogeneous boundary conditions and adjusted regions.

Consequently, adapting the theory of [34, 35] and [194, Sec. 6.2.1] to the general case

s ∈ N, one derives for the Lagrangian

L(y, z, u,λP ,λ, µ) = J (y, u) +
�
∇λP ,∇y

�
L2 +

�
λP , �̂(y,σz)− u

�
L2

+
s�

i=1

�
λi,ψi(y, (σjzj)j<i)− zi

�
L2 −

s�

i=1

�

Ω
σizi dµ

(5.47)

at an optimal point with σi fixed to σ∗
i the following first-order necessary conditions. By

DyL = 0 one obtains the adjoint equation and by DuL = 0 combined with complementary

conditions the optimality system. If the control u is assumed to be a solution of problem

(5.40) and y the associated state, i.e., solves the semi-linear PDE with right-hand side

u, then there exist real regular Borel measures µi on Ω for 1 ≤ i ≤ s, i.e., µi ∈ M(Ω).

Furthermore, there exists an adjoint state λP and Lagrange multipliers λi for 1 ≤ i ≤ s

which are elements of the Sobolev spaceW 1,p(Ω) for all p ∈ [1, n
n−1), such that the following
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optimality system is satisfied.

0 = DyL(δy) = ∂J
∂y δy +

�
∇λP ,∇δy

�
L2

+
�
λP

∂�̂
∂y , δy

�
L2 +

s�

i=1

�
λi

∂ψi

∂y , δy
�
L2 ∀δy ∈ H1

0 (Ω) (5.48a)

0 = DuL(δu) = ∂J
∂u δu −

�
λP , δu

�
L2 ∀δu ∈ L2(Ω) (5.48b)

0 = DλP
L(δλP

) =
�
∇δλP

,∇y
�
L2 +

�
�̂− u, δλP

�
L2 ∀δλP

∈ H1
0 (Ω) (5.48c)

0 = Dλi
L(δλi

) =
�
ψi − zi, δλi

�
L2 ∀δλi

∈ HΔ, i ∈ Ns (5.48d)

0 = DzkL(δzk) =
�
λPσ

∗
k

∂�̂
∂zk

, δzk
�
L2 −

�
λk, δzk

�
L2

+

s�

i=k+1

�
λiσ

∗
k
∂ψi

∂zk
, δzk

�
L2−

�

Ω
σ∗
kδzkdµk ∀δzk ∈ HΔ, k ∈ Ns, (5.48e)

0 =

�

Ω
σ∗
i zidµi, µi ≥ 0, i ∈ Ns , (5.48f)

with Ns := {1, . . . , s}. In these equations one obtains additional factors σ∗
k due to the chain

rule. In the optimality system (5.48) σ∗ is fixed, eliminating the non-smooth dependency

of the signature function on zi. Therefore, a discussion of generalized stationarity concepts

is not required. Moreover, in the optimally reachable desired state case σ∗ coincides with

σ̄d, so that the assertions made previously with respect to σ̄d also apply here.

Definition 5.29 (Stationary Point). Let (y∗, u∗) ∈ Y × L2(Ω) be such that Eqs. (5.48a)–

(5.48f) hold. Then (y∗, u∗) is called a stationary point for the optimal control prob-

lem (5.40).

Rearranging the terms in the integrals, Eq. (5.48e) yields for k ∈ Ns that

�

Ω
σ∗
kδzkdµk =

�
λPσ

∗
k
∂�̂(y,σ∗z)

∂zk
− λk +

s�

i=k+1

λiσ
∗
k
∂ψi(y,(σ

∗
j zj)j<i)

∂zk
, δzk

�

L2

∀δzk ∈ HΔ .

By applying σ∗
k as well as sign(δzk) and exploiting the non-negativity of µk according to

Eq. (5.48f), one obtains with |σk| ≡ 1 on Ω and the function r(.) defined by

r(σk) := |σk|λP
∂�̂(y,σz)

∂zk
− σkλk+

s�

i=k+1

|σk|λi
∂ψi(y,(σjzj)j<i)

∂zk
, (5.49)

that

0 ≤
�

Ω
|σ∗

k||δzk |dµk =
�
r(σ∗

k), |δzk |
�
L2
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for all δzk ∈ HΔ and k ∈ Ns. Hence,

0 ≤ r(σ∗
k) a.e. in Ω, k ∈ Ns . (5.50)

The inequality (5.50) will later be used to verify that the determined solution is a stationary

point. Note that if yd is not optimally reachable in the sense of Def. 5.26, the constant

abs-linearized problem given by σ̄d is not necessarily optimal, i.e., σ̄d �= σ∗. This can be

verified by means of the function r(.) defined in Eq. (5.49). If r(.) is negative at σ̄d
k for

one k ∈ Ns the optimality condition is not satisfied. Therefore, it can be easily detected

whether a computed solution corresponding to a chosen σ̄ for the constant abs-linearized

problem is stationary for the original problem (5.5).

5.5. Defining and Solving Constant Abs-Linearized Problems

Now, everything is prepared to introduce the main idea of the optimization method CALi.

For 1 ≤ i ≤ s, (y, z, u) ∈ H1
0 (Ω)× [H1(Ω)]s × L2(Ω) and fixed functions σ̄i : Ω → {−1, 1}

the constant abs-linearized problem (CAL-problem) is defined by

min
y,z,u

J (y, u) (5.51a)

s.t. (∇v,∇y)L2 + (�̄σ̄(y, z)− u, v)L2 = 0 for all v ∈ H1
0 (Ω) (5.51b)

(ψi(y, (σ̄jzj)j<i)− zi, vi)L2 = 0 for all vi ∈ H1
0 (Ω), i ∈ Ns (5.51c)

σ̄izi ≥ 0 a.e. in Ω, i ∈ Ns . (5.51d)

All functions occurring in this CAL-problem are smooth in the variables y, u and z because

the function �̂(., .) is smooth in its arguments as mentioned already in the last section.

Due to the applied reformulation by means of the structured evaluation and constant

abs-linearization, the considered optimal control problem exhibits pointwise state con-

straints (5.51d), which might lead to difficulties due to the low regularity of the respective

Lagrange multipliers. More information can be found in [35]. Despite the increased

smoothness of the involved operators, the pointwise constraints (5.51d) can be challenging

since they can cause analytical, as well as numerical difficulties in solving the optimization

problem. Note that the essential difference between integral and pointwise state con-

straints is the quality of the associated Lagrange multipliers in the optimality conditions.

In the integral case, the Lagrange multipliers are integrable functions. In the pointwise

case, however, they are measures.

In general, the challenges related to pointwise state constraints concern the question of

the existence of Lagrange multipliers, which is required to formulate necessary first-order

106



5.5. Defining and Solving Constant Abs-Linearized Problems

optimality conditions of KKT type. In this context, the most common approach is to

assume Slater-type CQs. Thereby, to apply Slater CQs to pointwise state constraints,

the existence of an interior point in the cone of the non-negative functions is required.

However, this requires continuity of the state functions; cf. [157, 194]. Nonetheless, even if

the existence of the Lagrange multipliers can be guaranteed, they are generally elements

of the space of regular Borel measures. Thus, we observe that suitable regularization or

penalization concepts can be valuable in yielding optimization problems with Lagrange

multipliers which exhibit higher regularity. Hence, several regularization methods (in

the smooth PDE case) like the Moreau–Yosida approximation [108], the Lavrentiev type

regularization [142] or even barrier methods like the interior point method [179, 180] were

proposed to overcome this difficulty and to allow the application of, e.g., semi-smooth

Newton, SQP or active set methods.

There is also a rich literature on PDE-constrained optimization with state inequality

constraints and the corresponding measure-valued adjoint variables. For instance, [36]

provides a convergence proof for finite element approximations to optimal control problems

with semi-linear elliptic PDEs and a finite number of state constraints. Extensions of

this result to a similar setting but lower state regularity can be found in [38], including

convergence results for approximations of the state equations by finite elements to semi-

linear optimal control problems. Furthermore, a consideration of elliptic optimal control

problems with pointwise state constraints including an L2-convergence analysis can be

found in [60].

However, here we consider alternative approaches to handle the state constraints and

in this framework apply a special bi-quadratic penalty method that works well for solving

the CAL-problem. It is important to highlight that the increased smoothness and the

new pointwise constraints on the switching functions are very important observations and

exploited heavily by the presented solution approach, since each of the reformulated closely

related problems can be solved by a variety of methods for smooth problems, in particular

active-set SQP-approaches, penalization or inner point methods. Here, it is important

to note that the σ̄i are fixed in the CAL-problem formulation such that the inequality

constraints are linear in the optimization variables and not of quadratic type.

The Lagrangian with Bi-Quadratic Penalty

For the special problem class considered here a penalty-based approach is proposed to solve

the optimization problem (5.51), where the constraints (5.51b) and (5.51c) are handled

explicitly. Methods based on a reduced formulation will be subject of future research.

From a formal point of view, the inequality constraints (5.51d) are treated with a penalty
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approach such that the target function (5.51a) is modified to obtain the augmented ob-

jective functional

min
y,z,u

J (y, u) + ν

�

Ω

s�

i=1

�
max(−σ̄izi, 0)

�4
dx (5.52)

with a penalty factor ν > 0. In this context, as well as in the further course, ν describes a

non-negative constant penalty parameter for the inequality conditions on σ̄izi. Here, we

chose the exponent 4 to ensure that the target function is twice continuously differentiable

despite the max function that is used for the formulation of the penalty function. Note that

the bi-quadratic penalty term is applied in order to treat the state inequality constraints

and yields a smooth auxiliary optimization problem.

The modified target function (5.52) is coupled with the equality constraints by means

of Lagrange multipliers, yielding the Lagrangian

Lp(y, z, u,λP ,λ) = J (y, u) + ν

�

Ω

s�

i=1

�
max(−σ̄izi, 0)

�4
dx+

�
∇λP ,∇y

�
L2

+
�
λP , �̂(y, σ̄z)− u

�
L2 +

s�

i=1

�
λi,ψi(y, (σ̄jzj)j<i)−zi

�
L2 ,

(5.53)

with λ = (λ1, . . . ,λs). A similar penalty approach was studied in [199], where the loga-

rithm was used as barrier function. Here, the max-function is employed since the penalty

function must also be evaluated at 0.

On the Bi-Quadratic Penalty Obviously, any unsatisfied inequality constraint affects the

argument by a bi-quadratic penalty of the violation multiplied by the penalty parameter ν.

However, since this influence is compensated by the original objective functional J (y, u),

minimizing J (y, u) + ν
�
Ω

�s
i=1 (max(−σ̄izi, 0))

4 dx can result in a solution that would

not be feasible for the original constrained problem, if the value of the penalty parameter

ν is small relative to the original objective function value J (y, u). However, if the value

of the penalty parameter ν is suitably large, the penalty for each violated constraint

will increase the objective value so that minimizing the penalized objective function will

consequently yield a feasible solution. By increasing ν, the corresponding solution will

therefore approach the feasible set and minimize the original objective functional J (y, u).

As a matter of principle, the solution corresponding to the penalized optimization problem

then converges to a solution of the original problem as ν → ∞. Nevertheless, in Sec. 5.8.1

we will observe and discuss that due to the specific choice of σ̄ in the optimally reachable

case, there is no adjustment and asymptotic approximation of ν required.
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Alternatively to the CALi approach together bi-quadratic penalization, one could also

apply a more common approach, which is the direct regularization and modification of

the non-smooth Nemytzkii operator in the state equation in order to obtain a Gâteaux

differentiable operator, which enables the standard way of deriving first-order optimality

conditions by using adjoint calculus. However, this procedure does not only require several

additional assumptions on the considered non-smooth optimization problem, but also an

asymptotic limit analysis for vanishing regularization parameters to eventually provide

an optimality system of weak stationarity type. Hence, directly modifying the Nemytzkii

operator does not result in a more efficient approach compared to the method presented

here. This fact is also illustrated in Sec. 5.8.1, where a comparison between a method

based on such a regularization by direct modification and the CALi method is presented.

Deriving Necessary Optimality Conditions for the Penalty Problem

The first-order necessary optimality conditions for a constant abs-linearized problem can

be derived from the Lagrangian (5.53) by using standard KKT theory for smooth PDE-

constrained optimization problems given that some CQs (e.g., Slater CQ) are satisfied at

the local minimum. This yields the following necessary first-order conditions

0 = DyLp(δy) = ∂J
∂y δy +

�
∇λP ,∇δy

�
L2 +

�
λP

∂�̂
∂y , δy

�
L2

+

s�

i=1

�
λi

∂ψi(y,(σ̄jzj)j<i)
∂y , δy

�
L2 ∀δy ∈ H1

0 (Ω) (5.54a)

0 = DuLp(δu) = ∂J
∂u δu −

�
λP , δu

�
L2 ∀δu ∈ L2(Ω) (5.54b)

0 =DλP
Lp(δλP

)=
�
∇y,∇δλP

�
L2 +

�
�̂− u, δλP

�
L2 ∀δλP

∈ H1
0 (Ω) (5.54c)

0 = Dλi
Lp(δλi

) =
�
ψi(y, (σ̄jzj)j<i)− zi, δλi

�
L2 ∀δλi

∈ HΔ(Ω), i ∈ Ns (5.54d)

0 = DzkLp(δzk) =
�
λP σ̄k

∂�̂(y,σ̄z)
∂zk

, δzk
�
L2 −

�
λk, δzk

�
L2

+

s�

i=k+1

�
λiσ̄k

∂ψi(y,(σ̄jzj)j<i)
∂zk

, δzk
�
L2 (5.54e)

+ ν

�

Ω
−4σ̄k max(−σ̄kzk, 0)

3 dx ∀δzk ∈ HΔ(Ω), k ∈ Ns.

Definition 5.30 (KKT Point). Let ȳ ∈ H1
0 (Ω), z̄ = (z̄1, . . . , z̄s) ∈ [H1(Ω)]s, ū ∈ L2(Ω).

The pair (ȳ, z̄, ū, λ̄P , λ̄) is called a KKT point of the optimization problem (5.51) if there

exist multipliers λ̄P ∈ H−1(Ω) and λ̄ = (λ̄1, . . . , λ̄s) ∈ [(L2)∗]s such that Eq. (5.54a)–

(5.54e) hold for (ȳ, z̄, ū, λ̄P , λ̄). In this case (ȳ, z̄, ū) is a stationary point of (5.51).
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As one can notice, the optimality conditions (5.48a)–(5.48d) coincide with the optimality

conditions (5.54a)–(5.54d). The following relation between the KKT point of the penalty

problem (5.51) and the original optimization problem (5.40) can be derived.

Lemma 5.31. Let ȳ ∈ H1
0 (Ω), z̄ = (z̄1, . . . , z̄s) ∈ [H1(Ω)]s, ū ∈ L2(Ω), λ̄P ∈ H−1(Ω)

and λ̄ = (λ̄1, . . . , λ̄s) ∈ [(L2)∗]s. Assume that the conditions (5.54a)–(5.54e) hold for

(ȳ, z̄, ū, λ̄P , λ̄) together with Eq. (5.50) for all 1 ≤ k ≤ s. Then the pair (ȳ, z̄, ū, λ̄P , λ̄) is a

KKT point of the optimization problem (5.47). Furthermore, (ȳ, ū) is a stationary point

of the original problem (5.40).

Proof. Once again, note that the optimality conditions (5.48a)–(5.48d) for the CAL-

problem with σ∗ coincide with the optimality conditions (5.54a)–(5.54d) for the refor-

mulated problem Eq. (5.41). Hence, if one computes a solution of the penalty problem

with the target function (5.52) and the constraints (5.51b)–(5.51c), the necessary first-

order conditions (5.48a)–(5.48d) of the original optimization problem are already satis-

fied. Consequently, the only condition to verify is Eq. (5.50). Since the expressions on the

right-hand side are completely independent of the Lagrange multiplier µ of the original

optimization problem, one can compute this quantity also for the solution of the con-

stant abs-linearized problem. If it is non-negative, the computed solution (ȳ, z̄, ū) of the

constant abs-linearized problem fulfills the necessary first-order conditions of the original

optimization problem for the chosen functions σ̄i ∈ L2(Ω). Hence, (ȳ, z̄, ū) is a stationary

point of Eq. (5.41) and by Lem. 5.25 it is also a stationary point of Eq. (5.40).

Original Problem �(y)

Equivalent Reformulation �̂(y,σz), σz ≥ 0

CAL-Problem �̂(y, σ̄dz), σ̄dz ≥ 0

Penalty Problem �̂(y, σ̄dz), νmax(−σ̄d
i zi, 0)

4

(5
.4
8)

Figure 5.4.: Different optimization problem formulations and their relations.

Fig. 5.4 illustrates the nature of the relationships between the different problem formula-

tions that were encountered so far. It is worth pointing out, that similarly to the operator

� considered here, also more general non-linear and non-autonomous Nemytzkii operators
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can be considered as long as the generating function satisfies the growth condition

|�(x, y)| ≤ c|y|p−1 + h(x) for a.e. x ∈ Ω

for all y ∈ H1
0 (Ω), with c ≥ 0 and some h ∈ Lq(Ω), where the exponents p, q are chosen

such that H1
0 (Ω) is compactly embedded into Lp(Ω) and �(., y) ∈ Lq(Ω), i.e., 1 < p < 2n

n−2

(and p < ∞ for n ≤ 2), 1
p + 1

q = 1. For the derivation of optimality conditions a norm

gap has to be considered for Nemytzkii operators generated by functions that are not

affine-linear in the respective subdomains, hence more caution should be devoted to the

considered domain and image spaces.

5.6. The Optimization Algorithm CALi

Motivated by the observations of the last section, the method stated in Algo. 2 is proposed

to solve optimal control problems with non-smooth PDEs of the class considered here as

constraints.

Algorithm 2 CALi

Input: Initial values: σ̄ = σ̄d = (σ̄d
1 , . . . , σ̄

d
s ), y = 0, z = (z1, . . . , zs) = 0, u = 0

Parameter: α > 0, ν > 0
Solve smooth penalty problem (5.52) with constraints (5.51b)–(5.51c) to obtain
y∗, z∗, u∗,λ∗

P ,λ
∗

if Eq. (5.50) holds for k ∈ Ns then
y∗, z∗, u∗ stationary for original optimal control problem

Output: y∗, z∗, u∗

Since the proposed algorithm is essentially motivated by the special handling of the

absolute value function, i.e., the constant abs-linearization, the resulting optimization

algorithm is called CALi for Constant Abs-Linearization.

Note that, as described above, the algorithm CALi provides an optimal solution to

the original optimization problem in the optimally reachable case. However, since this

constitutes a special requirement, Sec. 5.9 also presents and discusses a method for the

general case by means of a successive application of the method described so far. For this

reason, the investigations concerning the CALi method are of particular importance.

Following a standard practice for PDE-constrained optimization, the algorithm is devel-

oped and formulated in a function space setting. Therefore, up to this point one can use

the preferred method to solve the closely related smooth CAL-problems. Furthermore,

the function space formulation has the advantage that the associated algorithms are often

able to provide mesh-independent convergence for a variety of conform discretizations;
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cf. [8, 10, 102, 198]. As one can notice from the numerical results in Sec. 5.8, mesh

independence is also an important feature of the algorithm presented here.

For the numerical results shown in the next section, a finite element approach based

on FEniCS [134] was used to discretize the PDEs as well as the other constraints, in

combination with a Newton method for the solution of the smooth constant abs-linearized

problems. For the initial state, control and parameters σ̄i, the non-linear variational

Lagrange problem is solved by the Newton method using the derivatives calculated within

FEniCS.

Finite Dimensional Formulation

In the last section, the algorithm was presented and explained in the continuous function

space setting. For the numerical treatment of the optimal control problem (5.52) with

the constraints given by Eqs. (5.51b) and (5.51c) and implementation of the presented

algorithm, a discretization of the state space and the Lagrange equation (5.53) is required.

For this purpose, we apply a standard finite element method with piecewise linear and

continuous ansatz functions for the discretization of the state y and the functions zi,σi, i =

1, . . . , s, and piecewise constant ansatz functions for the control u. The resulting problem is

solved by the Galerkin method within the open-source finite element environment FEniCS.

Below, we will discuss the spatial discretization of the constrained optimization problem

(5.40), which will result in a large-scale non-linear optimization problem. The focus lies

on finite element approaches based on the following assumptions.

Assumption 5.32.

(i) Ω=
�

T∈Th

T with quasi uniform triangulation Th = {T1, . . . , Tm} in the sense of [28,

41].

(ii) V h ⊆ H1
0 is an n dimensional vector space of test functions with the basis {ξ1, . . . , ξn}

of piecewise linear functions ξj supported on the corresponding element Tj, i.e.

V h := {vh ∈ H1
0 (Ω) : v

h|Tj ∈ P1(T ) ∀T ∈ Th, vh|∂Ω = 0} = span{ξ1, . . . , ξn}

with 0 < n ∈ N and P1 denotes the set of linear polynomials.

(iii) The discrete control space is given by the space of piecewise constant functions Uh :=

span{eT : T ∈ Th} where eT : Ω → R denotes the characteristic function for the

simplex T ∈ Th.
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(iv) The superscript h denotes the mesh size of the triangulation and is given by

h := max
T∈Th

diam(T ) .

In the following (., .)Ω denotes the discrete finite dimensional scalar product over the

domain Ω. Then the discretization of Eq. (5.40) can be stated as

min
(yh,uh)∈V h×Uh

J(yh, uh) (5.55a)

s.t. (∇yh,∇vh)Ω + (�(yh), vh)Ω − (uh, vh)Ω = 0 for all vh ∈ V h . (5.55b)

For a given function yh ∈ V h we denote by y = (y1, . . . , yn)
� ∈ Rn its vector of coefficients

with respect to the basis {ξ1, . . . , ξn}, i.e.,

yh(x) =

n�

i=1

yiξi(x) .

Similarly, every discretized control function in the space Uh with u = (u1, . . . , um)� ∈ Rm

can be written as

uh(x) =
m�

i=1

uieTi(x) ,

where m is the total number of elements T in the triangulation Th. Taking into account

that the operator � is non-linear, the above representations yield the following discretiza-

tions:

�(yh) = �

�
n�

i=1

yiξi

�

and

(�(yh), vh)L2 =

�

Ω
�(yh)vhdx =

�

T∈Th

�

T
�(yh)vhdx . (5.56)

The integrals over the elements T ∈ Th are approximated by a quadrature formula

�

T∈Th

�

T
�(yh)vhdx ≈

�

T∈Th

nk�

k=1

ωk �

�
n�

i=1

yiξi(xk)

�
n�

j=1

ξj(xk) , (5.57)

with nk quadrature points per element T and corresponding weights ωk.

Hence, the naturally arising discretization for the non-smooth operator from Ass. 5.17 in
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the finite element context is per quadrature point. This increases the number of absolute

value evaluations, but not the way they are nested.

As one can notice in Eq. (5.57), the number of non-smooth functions � in the dis-

cretized problem is defined per quadrature point. Compared with our substitution strat-

egy Ass. 5.17, this is not in perfect alignment with a representation by a finite element

function like the state y. Consequently, the choice of this discretization and the execution

of the equivalent reformulation according to Ass. 5.17 leads to an increase of the poly-

nomial degree due to the multiplication of the signature and the switching functions in

the discretized representation of the operator �̂ in contrast to the operator �. However,

this specific discretization allows for a straight forward implementation within FEniCS.

Accordingly, the given expressions for the signature functions are projected onto the space

V h. Thus, σ̄h
i has as many entries as yh and zhi . Consequently, the discretization of σ̄i is

constant on all elements except for the elements with sign change at the vertices. Within

such an element T ∈ Th with sign change at the vertices the discretized signature function

σ̄h
i can show a linear behavior from -1 to +1 to ensure the chosen sign constellation. This

way, σ̄h
i attains only the values +1 and -1 on the vertices of the mesh. See Ex. 5.33 for an

illustrative example.

σ̄h

Figure 5.5.: (Left) surface plot for σ̄h over Ωh with edges of the mesh and (right) mesh
point values of σ̄h corresponding to Eq. (5.58).

Example 5.33. For Ω = (0, 1)× (0, 1) let σ̄ be given by

σ̄ =




+1, if x1, x2 <

1
2

−1, else .
(5.58)

Then Fig. 5.5 illustrates a very coarse discretization of Ω into triangles and the discretiza-

tion of σ̄h over the discretized domain. It reveals that σ̄ attains only the values +1 and

-1, respectively, at the corresponding vertices of the triangulation. Within most elements,

σ̄h is thus constant. On the elements of the triangulation where σ̄ attains on one of the

vertices a different sign then on the other two, σ̄h shows a linear progression between these

values.
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Inserting Eq. (5.56) into Eq. (5.55b) and replacing v by ξ leads to

�

Ω

n�

k=1

∇ξj(x) ·∇ξk(x)yk + �

�
n�

i=1

yiξi(x)

�
ξj(x) dx =

�

Ω

�
m�

s=1

useTs(x)

�
ξj(x) dx (5.59)

for 1 ≤ j ≤ n. By defining

Ajk :=

�

Ω
∇ξj(x) ·∇ξk(x) dx = (∇ξj ,∇ξk)Ω,

bk(y
h) :=

�

Ω
�

�
n�

i=1

yiξi(x)

�
ξk(x) dx and

gj :=

�

Ω
uh(x)ξj(x) dx =

�

Ω

�
m�

s=1

useTs(x)

�
ξj(x) dx ,

Eq. (5.59) can be rewritten as

n�

k=1

Ajkyk + bk(y
h) = gj for 1 ≤ j ≤ n .

Here, Ajk represent the entries of the stiffness matrix A. The discretization of the PDE

results in a non-linear system of algebraic equations, which is abbreviated as

Ay + b(y) = E�u

with the control matrix Eij := (eTi , ξj) and y = (y1, . . . , yn)
� denoting the finite element

approximation belonging to the right-hand side given by the discrete control u. To this

end, the function yh|Tk
on the linear element Tk is realized in terms of its point values at

the nodes of Tk. Note that in the above algebraic system the vector u and the matrices

A,E are constant since they are independent of the unknowns y1, . . . , yn. However, as

previously mentioned, this non-linear algebraic equation is assumed to be based on a

reasonable approximation of the integral via quadrature.

Hence, the resulting discretized objective functional reads as

min
(y,u)∈Rn×Rm

J(y,u) =
1

2
(y − yd)

�M(y − yd) +
α

2
u�Du .

Herein M ∈ Rn×n denotes the mass matrix Mij = (ξi, ξj)Ω and D the control mass matrix

with the entries Dij = (eTi , eTj )Ω, where D is a diagonal matrix because the interior of

the triangles are disjunct to each other.

Similarly, to the previously derived discretization, the discrete counterpart to the CAL-
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problem (5.51) with bi-quadratic penalty is given by:

min
(yh,zh,uh)∈V h×[V h]s×Uh

J(yh, uh) + ν

�

Ω

s�

i=1

max
�
−σ̄h

i z
h
i , 0

�4
dx

s.t. (∇yh,∇vh)Ω +
�
�̂(yh, σ̄hzh), vh

�
Ω
= (uh, vh)Ω ∀vh ∈ V h

(zhi − ψi(y
h, (σ̄h

j z
h
j )j<i), v

h)Ω = 0 ∀ 1 ≤ i ≤ s, ∀vh ∈ V h .

(5.60)

Note that zh = (zh1 , . . . , z
h
s ) ∈ [V h]s. Hence, it becomes clear that the inequality constraint

from Eq. (5.51d) is enforced per quadrature point via this penalty approach. Moreover, the

assumptions for the non-smooth operator � are carried over from the continuous into the

discrete setting. The corresponding discrete Lagrange functional related to the penalized

CAL-problem of system (5.60) is now given by

Lp(wh) =J (yh, uh) + ν

�

Ω

s�

i=1

�
max(−σ̄h

i z
h
i , 0)

�4
dx+

�
∇λh

P ,∇yh
�
Ω

+
�
λh
P , �̂(y

h, σ̄zh)− uh
�
Ω
+

s�

i=1

�
λh
i ,ψi(y

h, (σ̄h
j z

h
j )j<i)− zhi

�
Ω
,

(5.61)

with wh := (yh, zh, uh,λh
P ,λ

h). The KKT system corresponding to Eq. (5.61) is then

solved with a non-linear variational Newton solver which is provided by FEniCS.

The corresponding numerical results for solving non-smooth semi-linear PDE-constrained

optimal control problems are given in Sec. 5.8. However, before addressing specific ex-

amples of corresponding optimization problems and associated numerical results, we turn

to another class of optimization problems where the presented algorithm CALi can be

applied as well and yields promising results, demonstrating that this algorithm is indeed

versatile and multifunctional.

5.7. On Solving Obstacle Problems with CALi

In this part of the dissertation we turn our attention to a class of optimal control prob-

lems constrained by an elliptic variational inequality of the first kind, namely the obstacle

problem. Such VIs originate in particular from kinetic and plastic models. Furthermore,

such problems also appear directly as part of the constant abs-linearization strategy ex-

amined in Sec. 5.4. The various important applications which are modeled by means of

VIs include e.g., elastoplasticity, viscoplasticity or piezo electricity. Hence, many problems

of great practical relevance fall into this category, e.g., the control of Bingham fluids or of

(thermo-)plastic deformations, contact or free boundary problems, as well as economics,
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see, e.g., [16, 33, 42, 73, 105, 106, 122, 119, 161, 187, 189]. Due to the VI constraint these

kinds of problems are non-smooth and non-convex which complicates their theoretical and

numerical treatment.

The focus of this section is put on a new algorithmic realization, i.e., the algorithm

CALi. Therefore, the topic of necessary and sufficient optimality conditions will not be

discussed in this section. Nevertheless, these have already been intensively studied in the

literature, consider e.g. [7, 88, 99, 107, 125, 148, 149, 160, 201] and the references therein.

Various solution algorithms for the optimal control of the obstacle problem already exist

in the literature. A commonly used approach is to regularize or penalize the VI to obtain

a semi-linear PDE, where the non-linearity depends on the regularization parameter, see,

e.g., [16, 95, 100, 107, 125, 145, 149, 181] and the references therein. This approach is also

followed here.

Therefore, the VI is treated by a penalization which leads to optimization problems

governed by a non-smooth semi-linear elliptic PDE. The algorithm CALi is then applied

for the efficient solution of these non-smooth optimization problems and also allows to

explicitly exploit the non-smooth structure. Stationary points are located once again

by an appropriate decomposition of the optimization problem into smooth constant abs-

linearized problems. Each of these CAL problems can be solved by classical means. The

adapted algorithmic concept is presented and its performance is discussed through exam-

ples.

The main goal of this section is to elaborate and illustrate the adjustment of the al-

gorithm CALi to exactly this class of non-smooth optimization problems. Therefore, the

considered optimization problems are reformulated into optimal control problems gov-

erned by non-smooth elliptic PDEs. The algorithm CALi is then applied for the efficient

solution of these non-smooth optimization problems with the absolute value operator as

the only source of the non-smoothness. Due to reformulations based on the constant

abs-linearization and well-known reformulations, this covers also (but not exclusively) the

non-smoothness given by the max and min operators.

The exploitation of the given data allows a targeted and optimal decomposition of the

optimization problem in order to compute stationary points. This approach permits the

computation of a solution to the considered class of non-smooth optimization problems

in few Newton steps and also preserves reasonable convergence properties. Numerical

results for the non-smooth optimization problems illustrate the proposed approach and its

performance.
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Notation and Problem Statement

We recall the bilinear form a : H1
0 (Ω) × H1

0 (Ω) → R, already introduced in Eq. (5.25),

defined by

a(y, v) :=

�

Ω
∇y ·∇v dx.

The coercivity constant of a(., .) will be again denoted by β, see Eq. (5.27).

The main focus of this section is on optimal control problems governed by an elliptic

VI of the first kind

min
(y,u)∈K×L2

J(y, u) :=
1

2
�y − yd�2L2 +

α

2
�u�2L2 (5.62a)

s.t. (∇y,∇(v − y)) ≥ �u+ f, v − y� for all v ∈ K, (5.62b)

with the closed convex set K defined by

K := {v ∈ H1
0 (Ω) : v ≥ ψ a.e. in Ω} ,

where ψ denotes a given obstacle. The variational inequality (5.62b) is also known as the

(elliptic) obstacle problem.

Similarly to Ass. 5.1 the following assumptions are imposed on the data in Eq. (5.62).

Assumption 5.34.

(i) Ω ⊆ Rn, n ∈ N with n < 4 is a bounded domain that is either convex and polygonal

or has a C1,1-boundary.

(ii) The desired state satisfies yd ∈ L2(Ω) and α > 0 is a fixed real number.

(iii) The obstacle ψ satisfies ψ ∈ W 2,∞(Ω), γ∂Ωψ ≤ 0 a.e. on ∂Ω, where γ∂Ω : H1(Ω) →
L2(∂Ω) denotes the trace operator.

(iv) The given disturbance f is a function in L2(Ω).

The non-positivity condition ψ ≤ 0 a.e. on ∂Ω is required to ensure the existence of

solutions for the obstacle problem (5.62b); cf. [145].

5.7.1. Preliminaries and Penalization of the Obstacle Problem

The current section provides a summary of relevant known results about the VI (5.62b)

and the optimal control problem (5.62). The lemma below states a known existence and

uniqueness result, see, e.g., [119, 145].
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Lemma 5.35. For every u ∈ H−1(Ω) the VI (5.62b) admits a unique solution y ∈ K.

Furthermore, the associated solution operator S : H−1(Ω) → K ⊆ H1
0 (Ω), u �→ y, is

globally Lipschitz-continuous with Lipschitz constant L = 1/β, where β is the coercivity

constant for the bilinear form a(., .), see Eq. (5.27).

Proof. The standard proof can, e.g., be found in [119].

It is important to note that the control-to-state operator S is in general not Gâteaux

differentiable; see e.g., [148]. The continuity of S and the weak lower semicontinuity of J

imply the following result which can be found in [16].

Proposition 5.36. There exists a globally optimal solution to the optimization problem

(5.62) which is in general not unique due to the non-linearity of S.

In order to solve the VI (5.62b) the common technique of penalization is applied. The

idea of this method is to approximate the VI by a sequence of non-linear equations. For

details on penalization, the reader is referred to [75, 119].

Using the max-function as a penalty operator and ε > 0, the VI (5.62b) can be approx-

imated by the penalized equation

(∇y,∇v)− 1
ε (max(0,ψ − y), v) = �f + u, v� ∀v ∈ H1

0 (Ω). (5.63)

Following the arguments of Prop. 5.10, one can show that due to the monotonicity of the

max-function, Eq. (5.63) has a unique solution yε(u) for every u ∈ H−1(Ω); see also [75].

Therefore, the associated solution operator Sε : H−1(Ω) → H1
0 (Ω), mapping u to yε, is

well-defined.

Lemma 5.37. The operator Sε is globally Lipschitz-continuous with Lipschitz constant

1/β, where β is defined as in Eq. (5.27).

Proof. The proof is straightforward. Set y
(1)
ε = Sε(u1) and y

(2)
ε = Sε(u2) and insert

v = y
(1)
ε − y

(2)
ε ∈ H1

0 (Ω) in Eq. (5.63) with u = u1 and u = u2. Subtracting the arising

equalities and using the coercivity of a(., .) leads to

β�y(1)ε − y(2)ε �2H1

≤ a(y(1)ε − y(2)ε , y(1)ε − y(2)ε )

= �u1 − u2, y
(1)
ε − y(2)ε �+ 1

ε
(max(0,ψ − y(1)ε )−max(0,ψ − y(2)ε ), y(1)ε − y(2)ε ).

The monotonicity of the max-function then implies the claim.

The following result is well-known and can be found, e.g., in [75].
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Lemma 5.38. Let S(u) denote the solution of the VI (5.62b) associated with control u.

Then it holds that Sε(u) → S(u) in H1
0 (Ω) as ε → 0.

Theorem 5.39. Let {uε}ε>0 ⊆ L2(Ω) be a sequence that converges weakly in L2(Ω) to

some u ∈ L2(Ω) as ε → 0. Then the strong convergence Sε(uε) → S(u) in H1
0 (Ω) applies

as ε → 0.

Proof. The triangle inequality yields

�Sε(uε)− S(u)�H1 ≤ �Sε(uε)− Sε(u)�H1 + �Sε(u)− S(u)�H1 .

We observe that the second term tends to zero by Lem. 5.38. Moreover, due to Lem. 5.37

the first term can be estimated by

�Sε(uε)− Sε(u)�H1 ≤ 1

β
�uε − u�H−1 . (5.64)

By compact embeddings the right-hand side of Eq. (5.64) tends to zero for ε → 0.

Applying Eq. (5.63) the optimal control problem (5.62) can be approximated by

min
(y,u)∈H1

0 (Ω)×L2(Ω)
J(y, u) :=

1

2
�y − yd�2L2 +

α

2
�u�2L2 , (5.65a)

s.t. (∇y,∇v)− 1
ε (max(0,ψ − y), v) = �f + u, v� for all v ∈ H1

0 (Ω). (5.65b)

Due to the continuity of the solution operator Sε and the weak lower semi-continuity of

the objective functional, the optimization problem (5.65) has a globally optimal solution.

Moreover, using Thm. 5.39 one can argue as in [125, proof of Thm. 3.14] to show that for

each strictly locally optimal pair (y∗, u∗) of Eq. (5.62) there is a family of local solutions

(yε, uε) to the optimization problem (5.65) that converges strongly to (y∗, u∗) in H1
0 (Ω)×

L2(Ω).

5.7.2. Reformulation of the Penalized Optimal Control Problem

In this section, analogous to before, the constant abs-linearization (introduced in Sec. 3.4)

is applied to the non-smooth optimization problem (5.65) in order to reformulate it into

a closely related but smooth optimization problem. Moreover, it is explained how the

algorithm CALi can be adapted to this problem class of obstacle problems. Furthermore, a

finite element discretization of the reformulated optimization problem is briefly examined.

Throughout this section, the operator � : L2(Ω) → L2(Ω) is set to the positive-part

function, i.e., �(y) := max(0, y). Hence, the non-smooth function in Eq. (5.65b) is donated
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by �(ψ − y) = max(0,ψ − y). By Lem. 5.3 the non-smooth operator max(0, y) satisfies

the properties in Ass. 5.2. Recall from Ex. 5.18(i) that the structured evaluation of the

Lipschitz-continuous operator � : H1
0 (Ω) → L2(Ω), �(y) = max(0, y)), is given by

z = y

σ = σ(z) = sign(z)

σz = abs(z) (= abs(y))

�̂(y,σz) = 1
2(y + σz) .

Recall from the previous sections and Sec. 3.4 that for a given non-smooth operator equa-

tion involving the abs-operator or reformulated by the structured evaluation in the fashion

of Def. 5.17, the constant abs-linearization of the non-smooth operator equation is obtained

by fixing the involved Nemytzkii operator σ(z) to a given σ̄ ∈ L∞(Ω), σ̄ : Ω → {−1, 1}.
Hence, using the constant abs-linearization, the resulting operator equation is smooth in

both arguments z and σ̄, since the non-smooth dependence of σ on z has been eliminated.

Reformulating max in Eq. (5.65b) by (3.2) and applying the constant abs-linearization,

Eq. (5.65) can be reformulated into the smooth optimization problem

min
y,z,u

1

2
�y − yd�2L2 +

α

2
�u�2L2 , (5.66a)

s.t. (∇y,∇v)L2 − 1
2ε(ψ − y + σ̄z, v)L2 = �u+ f, v� for all v ∈ H1

0 (Ω) (5.66b)

(z − (ψ − y), v)L2 = 0 for all v ∈ H1
0 (Ω) (5.66c)

σ̄z ≥ 0 a.e. in Ω. (5.66d)

Following the bi-quadratic penalty approach presented in Eq. (5.52) to treat the inequality

constraint (5.66d) the objective function (5.66a) is modified to

min
y,z,u

J(y, u) + ν

�

Ω

�
max(−σ̄z, 0)

�4
dx (5.67)

with a positive penalty factor ν. This modified objective function is then coupled with the

equality constraints (5.66b)–(5.66c) using Lagrange multipliers, resulting in the following

Lagrange function

L(y, z, u,λP ,λz) = J(y, u) + ν

�

Ω
max(−σ̄z, 0)4 dx+

�
∇λP ,∇y

�
L2

+
�
λP ,− 1

2ε(ψ − y + σ̄z)− (f + u)
�
L2 +

�
λz, z − (ψ − y)

�
L2 .

(5.68)
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How to Choose σ̄?

Before introducing the adapted algorithm for the solution of problem (5.66), let us inves-

tigate a specific choice of the fixed signature function σ̄ for the considered case.

Definition 5.40. For ψ ∈ W 2,∞(Ω) and yd ∈ L2(Ω) the fixed σ̄ with respect to the

desired state yd and the obstacle ψ according to constant abs-linearization in Def. 3.14 by

virtue of the respective structured evaluation of the operator max(0,ψ − y) is denoted by

σ̄ψ, which is defined by

σ̄ψ := sign(ψ − yd) =




+1, on Ω+ := {x ∈ Ω : yd(x) < ψ(x)}
−1, on Ω− := {x ∈ Ω : yd(x) ≥ ψ(x)} .

(5.69)

As already discussed in the previous sections, the choice of the specific σ̄ is crucial.

It determines the decomposition of the domain of the underlying optimization problem

and provides an associated CAL-problem formulation which yields a first-order optimal

solution depending on the choice of σ̄.

The following example emphasizes the domain decomposition due to the constant abs-

linearization and motivates the choice of σ̄ψ.

Example 5.41 (Domain Decomposition by σ̄ψ). In order to motivate the choice of a

specific σ̄ and to illustrate the corresponding domain decomposition, we examine the

following obstacle problem from [141], where the domain Ω1 is replaced by Ω.

Ω = (0, 1)2 ⊆ R2, yd(x1, x2) = − sin(πx1) sin(πx2), f(x1, x2) = −2π2 sin(πx1) sin(πx2)

and ψ(x1, x2) = −0.25 .

Note that due to the chosen data the optimal state is given by

y∗ =




ψ, on Ω+ := {x ∈ Ω : yd(x) < ψ(x)}
yd, on Ω− := {x ∈ Ω : yd(x) ≥ ψ(x)} .

As a consequence of the choice of f , y∗ can be attained for all controls u ≤ 0 and hence

especially for u∗ ≡ 0. Consequently, z∗ = ψ − y∗. However, this corresponds exactly to

the function zψ, which is given by

zψ :=




0, on Ω+

ψ − yd, on Ω− .
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Therefore, choose

σ̄ = σ̄ψ =




+1, on Ω+

−1, on Ω− ,

correspondingly. Based on these considerations, it is recommended to usually set σ̄ = σ̄ψ

as defined in Def. 5.40. This choice is reasonable according to the specifications in Sec. 5.4

for the cases considered here whenever the function y∗ = max(ψ, yd) can be reached as a

feasible state.

Due to the decomposition of the domain Ω into Ω = Ω+∪Ω− provided by σ̄ψ, Eq. (5.66b)

can be reformulated as

�

Ω
∇y ·∇v dx− 1

2ε

�

Ω+

(ψ − y + σ̄ψz)v dx− 1
2ε

�

Ω−
(ψ − y + σ̄ψz)v dx =

�

Ω
(u+ f)v dx

⇔
�

Ω
∇y ·∇v dx− 1

2ε

�

Ω+

(ψ − y + z)v dx− 1
2ε

�

Ω−
(ψ − y − z)v dx =

�

Ω
(u+ f)v dx .

Motivated by the previous examinations and based on the algorithm CALi, the follow-

ing procedure is proposed to solve the optimization problem (5.67) with the constraints

(5.66b)–(5.66c).

Algorithm 3 CALi for Obstacle Problems

Input: Initial values: σ̄ψ, y, z, u. Parameter: α, ν, ε ≥ 0.
Solve problem (5.67) subject to (5.66b)–(5.66c) for σ̄ = σ̄ψ to obtain y∗, z∗, u∗,λP

∗,λ∗
z

Output: y∗, z∗, u∗

Once again, it should be noted that the solution of the smooth reformulated penalized

problems can be accomplished with traditional methods of smooth optimization. For the

numerical results shown in Sec. 5.8.2, a finite element approach based on FEniCS [134] is

used to discretize the PDEs and to describe the other constraints. Furthermore, a Newton

method provided by FEniCS is used to solve the non-linear variational Lagrange problem

provided by the closely related but smooth constant abs-linearized problem corresponding

to the signature function σ̄ψ.

It is to be considered that in a case of a non-optimal choice of σ̄, e.g., due to a lack

of sufficient prior knowledge, the solution computed by Algo. 3 does not yield an optimal

solution of the initial problem. Thus, a readjustment of the initially chosen σ̄ can become

necessary. A suitable strategy for readjusting σ̄ will be presented in Sec. 5.9.
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The Discrete System

Since the here employed discretization is analogous to the one described in Sec. 5.6, only

the main features are highlighted below.

In order to solve the considered systems numerically, the semi-linear PDE arising by

regularization of the VI-constraint is discretized with the help of continuous, piecewise

linear finite elements for the state and piecewise constant functions for the control, anal-

ogous to Sec. 5.6 with the same notations of yh and uh. Therefore, once again Ass. 5.32

is employed. Then, the discretization of the optimization problem (5.62) where the VI is

approximated by the penalized equation Eq. (5.65b) is given by

min
(yh,uh)∈V h×Uh

J(yh, uh) (5.70a)

s.t. (∇yh,∇vh)− 1
ε (max(ψh − yh, 0), vh) = (uh, vh) + (fh, vh) for all vh ∈ V h . (5.70b)

Here, ψh is set to Ihψ, with Ih : C(Ω) → V h denoting the standard Lagrange interpolation

operator. Due to the continuous embedding W 2,∞(Ω) �→ C(Ω), Ihψ is well-defined.

Furthermore, fh is defined as fh := P hf , where P h : L2(Ω) → Uh is the L2-projection

onto the space of piecewise constant functions. Inserting Eq. (5.56) into Eq. (5.70b) and

replacing v by ξ leads to

�

Ω

n�

k=1

∇ξj(x) ·∇ξk(x)yk − 1
ε �

�
n�

i=1

yiξi(x)

�
ξj(x) dx

=

�

Ω

�
m�

s=1

useTs(x)

�
ξj(x) dx +

�

Ω

�
m�

t=1

fteTt(x)

�
ξj(x) dx ,

(5.71)

for 1 ≤ j ≤ n. Here �(y) is given by �(y) = max(ψh − y, 0) and hence the second term on

the left-hand side is particularly given by

�

Ω
�

�
n�

i=1

yiξi(x)

�
ξj(x) dx =

�

Ω
max

�
n�

i=1

(ψi − yi)ξi(x), 0

�
ξj(x) dx.

Eq. (5.71) can be rewritten as

n�

k=1

Ajkyk + bk(y
h) = gj for 1 ≤ j ≤ n, with

Ajk :=

�

Ω
∇ξj(x) ·∇ξk(x) dx = (∇ξj ,∇ξk),
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bk(y
h) := −1

ε

�

Ω
�

�
n�

i=1

yiξi(x)

�
ξk(x) dx = −1

ε

�

Ω
max

�
n�

i=1

(ψi − yi)ξi(x), 0

�
ξk(x) dx,

gj :=

�

Ω

�
m�

s=1

useTs(x)

�
ξj(x) dx +

�

Ω

�
m�

t=1

fteTt(x)

�
ξj(x) dx.

Here Ajk represent the entries of the stiffness matrix A. The discretization of the PDE

results in a non-linear system of algebraic equations, which is abbreviated as

Ay + b(y) = (u� + f�)E,

with the control matrix Eij := (eTi , ξj) and y = (y1, . . . , yn)
� denoting the finite element

approximation belonging to the right-hand side given by the discrete control u. Likewise,

as in Sec. 5.6, the resulting discretized objective functional reads as

min
(y,u)∈Rn×Rm

J(y,u) =
1

2
(y − yd)

�M(y − yd) +
α

2
u�Du ,

with mass matrix M ∈ Rn×n,Mij = (ξi, ξj) and control mass matrix D,Dij = (eTi , eTj ).

Analogous to the previously deduced discretization, the discrete version of the constant

abs-linearized problem (5.66) with the added penalty approximation introduced in Eq. (5.67)

is given by

min
(yh,zh,uh)∈V h×V h×Uh

J(yh, uh) + ν

�

Ω
max

�
−σ̄hzh, 0

�4
dx

s.t. (∇yh,∇vh)− 1
2ε

�
ψh − yh + σ̄hzh, vh

�
= (uh, vh) + (fh, vh) for all vh ∈ V h

(ψh − yh − zh, vh) = 0 for all vh ∈ V h .

(5.72)

The corresponding discrete Lagrange functional related to the penalized constant abs-

linearized problem of system (5.72) reads as

L(yh, zh, uh,λh
P ,λ

h
z ) = J(yh, uh) + ν

�

Ω

�
max(−σ̄hzh, 0)

�4
dx+

�
∇λh

P ,∇yh
�

+
�
λh
P ,− 1

2ε(ψ
h − yh + σ̄hzh)− uh − fh

�
+

�
λh
z ,ψ − yh − zh

�
.

The corresponding KKT system with σ̄h = (σ̄ψ)
h is then solved with a non-linear varia-

tional Newton solver.
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5.8. Numerical Results

Finally, this section provides numerical results of applying CALi to specific examples of

the semi-linear elliptic optimal control problem Eq. (5.40), as well as to specific examples

of the obstacle problem Eq. (5.62).

A substantial amount of time invested in this work was devoted to the development,

implementation and testing of the algorithm CALi. The implemented solver was written

in the programming language Python, version 3.6.9, and is based on the software pack-

age DOLFIN within the non-commercial programming package FEniCS (which is briefly

described below), version 2019.1.0. For the resulting nonlinear systems of equations, a

Newton solver provided by FEniCS was employed.

The FEniCS Project is a freely available open-source finite element software, which was

developed for the automated solution of differential equations. It is a compilation of many

individual open-source software components and was established in 2003 as a research col-

laboration between the University of Chicago and Chalmers University of Technology. In

the meantime FEniCS is further developed and maintained by a worldwide community of

scientists and software developers; cf. [1]. Among others, e.g., the Argonne National Labo-

ratory, Charles University, Simula Research Laboratory, University of Cambridge and the

University of Luxembourg were and are actively involved institutions in the development,

advancement and maintenance of FEniCS; see [2].

As a special feature, FEniCS allows a formulation of the variational form in a mathe-

matically highly intuitive way. The essential components for the implementation within

the scope of this dissertation are: the FEniCS form compiler FFC, the problem-solving

environment DOLFIN, the uniform form language UFL, FIAT for the construction of the

FE basic functions and numpy, the basic Python package for scientific computing. For

more information on FEniCS, the reader is referred to the standard textbook [134], as well

as to the web page [1].

5.8.1. Non-Smooth Semi-Linear Elliptic Optimal Control Problems

For the numerical tests, two-dimensional examples are considered, which are defined below

in Case 1 – Case 3. In each example the domain Ω was chosen to be the unit square, and

y = z1 = z2 = 0, u = 0 is taken as an initial guess. Furthermore, σ̄1 and σ̄2 are chosen such

that they fit the ones defined by the desired state yd, i.e., σ̄ = σ̄d. The Newton iterations

are terminated if the norm of the corresponding residuals becomes less than 10−12.

The numerical results for these cases, considering different values of the mesh size de-

noted by h, the Tikhonov parameter α for the control term in the objective functional, and

the penalty parameter ν in the bi-quadratic penalty term, are presented in Tab. 5.1–5.4.
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Commonly used methods for solving such non-smooth problems are semi-smooth Newton-

like methods. Therefore, the numerical results also provide a comparison with results

obtained with a semi-smooth Newton approach. It can be observed that in all cases only

a few Newton iterations are needed to solve the problem and to compute a stationary

solution.

The fact that CALi converges in very few Newton steps is mainly due to the reason that

the reformulation described in Ass. 5.17 allows to exploit as much information as possible,

given by the optimization problem, the non-smooth structure and in particular by the

given desired state yd. The initial choice of σ̄ = (σ̄1, . . . , σ̄s), motivated by the optimally

reachable desired state, already provides the perfect guess for the signature functions σ̄i.

This underlines the importance of the structure exploitation, which is possible only due

to the constant abs-linearization approach.

The more involved case of a non-optimally reachable desired state is subsequently ad-

dressed and examined in Sec. 5.9 and a corresponding extension is discussed.

Case 1

min
(y,u)

1

2
�y − yd�2L2 +

α

2
�u�2L2

s.t. −Δy +max(0, y)− u = f in Ω = (0, 1)2, y = 0 on ∂Ω

with desired states

(a) yd(x1, x2) = sin(πx1) sin(2πx2) ,

(b) yd(x1, x2) =




((x1 − 1

2)
4 + 1

2(x1 − 1
2)

3) sin(πx2), if x1 ≤ 1
2

0, otherwise,

and the disturbance function f is chosen such that −Δyd +max(0, yd) = f is fulfilled.

Case 1 (a) and (b) represent examples introduced and discussed in [43]. The parameters

were adopted accordingly and the mesh size was reconstructed to match the one used in

[43] in the best possible way. Fig. 5.6 illustrates the desired state yd and the corresponding

sign on Ω = (0, 1)2 for Case 1(b). Note that due to the chosen data, the optimal solution

for the state y coincides with yd. An illustration for Case 1(a) was already given by

Fig. 5.1. It is important to highlight that having knowledge about the optimal CAL

problem formulation given by σ∗ corresponding to σ̄d = σ(z(yd)) beforehand and using

this to define the initial values accordingly, the function value r(σ̄d) given by Eq. (5.49)

is always non-negative.
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5. The CALi Algorithm

CALi [43]

h α ν
�yd−yh�L2

�yd�L2
# Newton # Newton

3.009e-02 1e-4 100 1.787e-04 1 3
1.537e-02 1e-4 100 4.655e-05 1 3
7.728e-03 1e-4 100 1.176e-05 1 3
3.885e-03 1e-4 100 2.973e-06 1 3
2.828e-03 1e-4 100 1.576e-06 1 -

7.728e-03 1e-4 1e-3 1.176e-05 1 3
7.728e-03 1e-4 1e-2 1.176e-05 1 3
7.728e-03 1e-4 1e-1 1.176e-05 1 3
7.728e-03 1e-4 1.0 1.176e-05 1 3
7.728e-03 1e-4 10 1.176e-05 1 3
7.728e-03 1e-4 1000 1.176e-05 1 3

7.728e-03 1e-2 100 1.202e-04 1 3
7.728e-03 1e-3 100 3.197e-05 1 3
7.728e-03 1e-6 100 5.697e-07 1 3
7.728e-03 1e-8 100 1.255e-07 1 3

Table 5.1.: Numerical results in Case 1(a).

CALi [43]

h α ν
�yd−yh�L2

�yd�L2
# Newton # Newton

3.009e-02 1e-4 50 5.764e-04 1 4
1.537e-02 1e-4 50 1.514e-04 1 5
7.728e-03 1e-4 50 3.790e-05 1 3
3.885e-03 1e-4 50 9.663e-06 1 3

3.009e-02 1e-4 100 5.764e-04 1 4
1.537e-02 1e-4 100 1.514e-04 1 5
7.728e-03 1e-4 100 3.790e-05 1 3
3.885e-03 1e-4 100 9.663e-06 1 3

7.728e-03 1e-4 1e-3 3.790e-05 1 3
7.728e-03 1e-4 1e-2 3.790e-05 1 3
7.728e-03 1e-4 1e-1 3.790e-05 1 3
7.728e-03 1e-4 1.0 3.790e-05 1 3
7.728e-03 1e-4 1000 3.790e-05 1 3

7.728e-03 1e-2 100 8.106e-05 1 2
7.728e-03 1e-3 100 6.609e-05 1 2
7.728e-03 1e-5 100 1.237e-05 1 5
7.728e-03 1e-6 100 3.056e-06 1 no conv.

Table 5.2.: Numerical results in Case 1(b).

128



5.8. Numerical Results

Tab. 5.1 and 5.2 show a comparison between the CALi approach and the proposed semi-

smooth Newton method in [43]. It can be observed that in Case 1(a) as well as in Case

1(b), the CALi approach presented here requires only one single Newton step to compute

an optimal solution. The semi-smooth Newton method on the other hand requires in Case

1(a) three Newton steps and in Case 1(b), the more involved example according to [43],

on average between three to five steps. Tab. 5.1 also shows the quality of the resulting

approximation which is given by the relative error �yh − y�L2 / �y�L2 .

Moreover, Tab. 5.1 and 5.2 also reveal that the penalty parameter ν has no apparent

effect on the solution or even the number of Newton steps needed. This is due to the

fact that the desired state is optimally reachable and hence the corresponding choice of

σ̄ = σ̄d yields σ̄z = abs(z). Consequently, the penalty term is zero. This observation

was also made in all other test cases. Hence, neither an asymptotic approximation nor

a sophisticated selection of the penalty parameter ν is necessary. Thus, in the remaining

examples considered here, ν is set to 100 without further adjustments.

It is important to highlight that in the case of applying a direct regularization approach,

alternatively to the bi-quadratic penalty, the solution of a sequence of related regular-

ized auxiliary problems with assigned regularization parameters is required in order to

asymptotically approximate the solution of the original non-smooth problem. However, as

described above, the CALi approach applied to the here considered setting with optimally

reachable desired states does not require asymptotic approximations or adaption of the

parameter ν. Instead, only the solution of a single smooth problem is required, hence

CALi constitutes a different approach compared to common regularization-based methods

for non-smooth optimization.

yd

σ̄d

Figure 5.6.: Desired state yd which coincides with the optimal solution y and the corre-
sponding sign on Ω = (0, 1)2 for Case 1(b).

As additional observation, the numerical results suggest a further special property of

CALi, namely mesh independence. Regardless of the mesh size h, the behavior for the

relative error �yd − yh�L2 / �yd�L2 with respect to different parameters α remains the same.

The mesh independence can also be observed in Tab. 5.1 for Case 1, since independent of

the mesh size only one Newton step is required. According to [8], an algorithm requiring

the same number of Newton iterations, regardless of the mesh size, in the case of smooth

optimization, is known as strong mesh independence.
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5. The CALi Algorithm

Moreover, it should be emphasized that in each test case, it is verified that for each

parameter setting the desired condition σ̄izi = abs(zi) for i ∈ Ns is met in the integral

sense for the resulting switching function z. This has been exemplary computed and

documented for Case 2–Case 4 where the maximal value of
��σ̄izi−|zi|

��
L2 for i = 1, 2 is

consistently fairly close to zero (more precisely very close to the single machine precision).

The following optimization problems, Case 2–Case 4 were inspired by the above case and

constructed such that the performance of CALi could be examined also for different non-

smooth operators �. Case 2 shows an optimization problem with a non-smooth operator

as the sum of two non-smooth operators. However, it should be noted that this case still

corresponds to the case of s = 1 and thus only one absolute value evaluation occurs in the

corresponding structured evaluation.

Case 2

min
(y,u)

1

2
�y − yd�2L2 +

α

2
�u�2L2

s.t. −Δy +max(0, y) + βmin(0, y) = u+ f in Ω, y = 0 on ∂Ω,

with the desired state yd(x1, x2) = 102(x1− 1
2)

3 sin(2πx1) sin(πx2) cos(πx2) and β ∈ (0, 1).

Once again, f ∈ L2(Ω) is set to the right-hand side of the homogeneous state constrained

with y = yd and u = 0.

Tab. 5.3 represents the numerical results for Case 2 where the parameter β was chosen

to β = 0.01. Fig. 5.7 illustrates σ̄d
1 = sign(yd) on Ω = (0, 1)2 as well as the corresponding

optimal solution y, which coincides with the desired state yd.

h α
�y−yh�L2

�y�L2
�σ̄z−|z|�L2 #Newton

3.009e-02 1e-04 7.843e-03 7.8e-07 2
1.537e-02 1e-04 2.051e-03 2.4e-06 2
7.727e-03 1e-04 5.191e-04 1.2e-08 2
3.885e-03 1e-04 1.325e-04 3.9e-08 2
2.828e-03 1e-04 7.231e-05 1.5e-08 2

7.727e-03 1e-2 6.658e-04 1.2e-08 2
7.727e-03 1e-3 6.251e-04 1.2e-08 2
7.727e-03 1e-5 3.314e-04 1.2e-08 2
7.727e-03 1e-6 2.193e-04 1.2e-08 2
7.727e-03 1e-7 1.591e-04 1.2e-08 2

Table 5.3.: Numerical results for Case 2 with β = 0.01.
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yd

σ̄d
1

y

−1

−1 +1

+1

Figure 5.7.: Desired state yd, the corresponding sign σ̄d
1 = sign(yd) on Ω = (0, 1)2 and

optimal state solution y for Case 2.

In contrast to the cases before, Case 3 and Case 4 feature nested non-smoothness with

s = 2 where the second absolute value depends on the first one. The corresponding

numerical results demonstrate the performance of the algorithm in the case of more general

non-smooth operators satisfying Ass. 5.2. Here, Case 3 represents a special case, since the

non-smooth nesting in this case can be reformulated to a non-nested formulation. The

associated numerical results provide a comparison for both formulations.

Case 3

min
(y,u)

1

2
�y − yd�2L2 +

α

2
�u�2L2

s.t. −Δy−max(|y|− y, 0)− u = f in Ω, y = 0 on ∂Ω,

with yd(x1, x2) = exp(−10(x1 − 1
4)

3 + (x2 − 1
2)

2) sin(2πx1) sin(2πx2) and f ∈ L2(Ω) set to

the right-hand side for the homogeneous state constraint for y = yd.

h α
�y−yh�L2

�y�L2
max
i=1,2

{�σ̄izi−|zi|�L2} #Newton

3.009e-02 1e-04 4.431e-03 4e-06 2
1.537e-02 1e-04 1.157e-03 3e-06 2
7.728e-03 1e-04 2.922e-04 2e-07 2
3.885e-03 1e-04 7.390e-05 4e-08 2
2.828e-03 1e-04 3.917e-05 2e-08 2

7.728e-03 1e-05 1.135e-04 2e-07 2
7.728e-03 1e-06 4.332e-05 2e-07 2
7.728e-03 1e-07 2.989e-05 2e-07 2

Table 5.4.: Numerical results for Case 3 with nested formulation.

The Nemytzkii operator �(y) = −max(|y| − y, 0) = −1
2(|y| − y +

��|y| − y
��) can be

reformulated into the non-nested formulation �(y) = 2min(y, 0) = y− |y|. The generating

function � : R → R for both formulations satisfies Ass. 5.2. Tabs. 5.4 and 5.5 show the
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5. The CALi Algorithm

numerical results for the nested and the non-nested formulation, respectively. It can be

observed that in both cases the algorithm CALi returns similar or even the same results.

h α
�y−yh�L2

�y�L2
�σ̄1z1−|z1|�L2 #Newton

3.009e-02 1e-04 4.432e-03 1e-06 2
1.537e-02 1e-04 1.156e-03 3e-06 2
7.728e-03 1e-04 2.922e-04 1e-08 2
3.885e-03 1e-04 7.385e-05 4e-08 2
2.828e-03 1e-04 3.914e-05 2e-08 2

7.728e-03 1e-05 1.138e-04 1e-08 2
7.728e-03 1e-06 4.335e-05 1e-08 2
7.728e-03 1e-07 2.989e-05 1e-08 2

Table 5.5.: Numerical results for Case 3 with non-nested formulation.

Case 4

min
(y,u)

1

2
�y − yd�2L2 +

α

2
�u�2L2

s.t. −Δy + y −min(|y − τ |, y)− u = f in Ω, y = 0 on ∂Ω,

with τ ≥ 1, yd(x1, x2) = 2 exp(x1) sin(πx1) sin(πx2) and f ∈ L2(Ω) set to the right-hand

side for the homogeneous state constraint with y = yd.

Case 4 features an actual nested formulation �(y) = y−min(|y−τ |, y). Tab. 5.6 lists the

corresponding numerical results with τ = 2.76. Also in this actual nested case, one can

observe mesh independent behavior with only two Newton steps for all parameter settings.

h α
�y−yh�L2

�y�L2
�σ̄1z1−|z1|�L2 #Newton

3.009e-02 1e-04 3.504e-04 3e-04 2
1.537e-02 1e-04 9.119e-05 5e-05 2
7.728e-03 1e-04 2.302e-05 4e-06 2
3.885e-03 1e-04 5.817e-06 7e-07 2
2.828e-03 1e-04 3.082e-06 3e-07 2

7.728e-03 1e-02 7.170e-05 6e-06 2
7.728e-03 1e-03 4.111e-05 6e-06 2
7.728e-03 1e-05 1.561e-05 6e-06 2
7.728e-03 1e-06 1.139e-05 6e-06 2
7.728e-03 1e-07 8.502e-06 6e-06 2

Table 5.6.: Numerical results for Case 4 with τ = 2.76.
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5.8.2. Obstacle Problem

In this section, the performance of the algorithm CALi in the version of Algo. 3 is examined

for the numerical solution of optimization problems of the form Eq. (5.62). Additionally,

convergence rates and error estimates are experimentally inspected. For this purpose,

three different test examples, taken from [7], [100] and [141] are considered. In all three

examples, the computational domain is chosen to be the unit square Ω = (0, 1)2 and

y0 = z0 = 0, u0 = 0 as initial guess for Newton’s method. The ε-homotopy is initialized

with ε = 1.0 and the value of the penalization parameter is decreased constantly until

the linear system in the Newton method is too ill-conditioned and does not converge in

under 20 steps, where an absolute error of 10−12 is pursued within the respective Newton

procedure. For each ε < 1.0 we take the solution of the constant abs-linearized and

penalized problem, i.e., Eq. (5.67), at the preceding value of ε as the starting value.

Besides the number of Newton steps, also the value
��σ̄z − |z|

��
L2 is documented, which

measures the violation of the condition σ̄z = |z|. Furthermore, following [7] the value

µ− := min
k∈N−

(yk − ψk) with N− := {k ∈ {1, . . . , n} : yk − ψk < 0}

is also documented, which denotes the violation of the obstacle constraint, i.e., y ≥ ψ a.e.

in Ω. As the penalty parameter ε decreases, µ− typically should tend to zero.

For all considered cases, the finite element discretization, as introduced in Sec. 5.7.2, is

employed. The next test case considers the scenario introduced in Ex. 5.41.

Case 5

The first obstacle optimal control task is constructed with

yd(x1, x2) = − sin(πx1) sin(πx2), ψ(x1, x2) ≡ −0.25,

and

f(x1, x2) = −2π2 sin(πx1) sin(πx2).

In Ex. 5.41 it has been discussed that the optimal state is given by

y∗ = max(ψ, yd) =




ψ, on Ω+ := {x ∈ Ω : yd(x) < ψ(x)}
yd, on Ω− := {x ∈ Ω : yd(x) ≥ ψ(x)}

with y∗|∂Ω = 0 and u∗ ≡ 0.
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y

y max(yd,ψ)yd

uλPσ̄ψ

Figure 5.8.: Solution y with adjoint λP and control u for Case 5 with yd and max(ψ, yd)
for σ̄ ≡ σ̄ψ.

The numerical results for this case considering different values for the parameters α, ε

and different mesh sizes are provided in Tab. A.1. As expected, one can notice in the

numerical results that the value µ− tends to zero as ε decreases. Moreover, one can

observe that except for ε = 1 only two Newton steps are required to solve the problem.

Fig. 5.8 illustrates the desired state yd, the fixed σ̄ψ, the solutions y, λP and u obtained

with Algo. 3 using the Tikhonov parameter α = 1.0, the penalty parameter ε = 1e-06 and

mesh size h = 7.728e-03, as well as the exact solution y∗ = max(yd,ψ). Fig. 5.9 provides

a convergence plot for the violation of the obstacle condition denoted by the value |µ−|
together with a convergence plot for the L2-error �y − y∗�L2 for Case 5 using the mesh

size h = 5.05e-03 and the parameter α = 1.0 for decreasing ε values.

|µ
−
|,

�y
−

y
∗ �

L
2

ε

|µ−|
�y − y∗�L2

Figure 5.9.: Convergence plot of the obstacle violation |µ−| and the L2-error for the state
y for Case 5 with h = 5.05e-03 and α = 1.0 for decreasing ε values.
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Case 6

The data for the second obstacle problem is chosen according to [99, Ex. 5.1] as

yd = y∗ + ξ∗ − αΔy∗, f = −Δy∗ − y∗ − ξ∗, ψ = 0.0 with

y∗ =




160

�
x31 − x21 + 0.25x1

��
x32 − x22 + 0.25x2

�
, in (0, 0.5)2

0, else,

and ξ∗ = max
�
0,−2|x1 − 0.8|− 2|x1x2 − 0.3|+ 0.5

�
.

Note that by construction, the optimal control is u∗ = y∗. The numerical results for

this example considering different values for the parameters α, ε and different mesh sizes

are provided in Tab. A.2. Tab. A.2 reveals that for all combinations of parameter values,

except for ε = 1.0, only one Newton iteration is required to obtain a residual norm below

10−12.

In [99] this example is described as “lack of strict complementarity” due to the fact that

the active set at the solution contains a subset where strict complementarity does not hold,

i.e., the biactive set has a positive measure. Because of the linear dependency of the active

constraint gradients at the solution, it is precisely this lack of strict complementarity that

poses a challenge; cf. [99].

|µ
−
|

ε

y ξ∗

λP u

(a) (b)
Figure 5.10.: (a) Convergence plot of the obstacle violation for Case 6 with h = 7.728e−03

and α = 1.0 for decreasing ε values.
(b) Solution y, control u and adjoint λP for Case 6 with ξ∗ for α = 1.0 and
ε = 10−8.

In [99] the regularized functions maxgε and maxlε, as presented in Ex. 2.59, are employed

to regularize and smoothen the non-smooth optimization problem (5.65). The following
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associated results thus provide a direct comparison between the CALi method presented

here for direct exploitation of non-smoothness and a regularization using maxgε and maxlε.

Fig. 5.10 shows the decay of the obstacle violation |µ−| for Case 6 with h = 7.728e− 03

and α = 1.0 for decreasing ε values in a log-log-scale. The numerical solutions for the

parameters α = 1.0 and ε = 10−8 are displayed on the right-hand side of Fig. 5.10. In

this context it is important to note that the solution of the state in Fig. 5.10 differs from

Fig. 2 in [99] by a factor of 10−1 since the scaling factor is missing at the corresponding

axis in [99, Fig. 2].

In order to numerically investigate and ascertain approximation properties of the pre-

sented solution method, the errors were computed for different penalization parameters

and different mesh sizes. It can be observed that the overall error consists of two con-

tributions, namely the regularization error, i.e., �y∗ε − y∗�L2 resp. �u∗ε − u∗�L2 , and the

discretization error, i.e., �y∗ε,h − y∗ε�L2 resp. �u∗ε,h − u∗ε�L2 .

Fig. 5.11 shows the convergence plot for the L2-regularization-errors of the state and

the control with fixed mesh size h and decreasing ε values for Case 6 in a log-log-scale.

Representational for the numerical test, Fig. 5.11 suggests an approximation order of O(ε)

for the L2-error of the state and O(
√
ε) for the L2-error of the control which coincides with

the results concerning the error estimates presented in [99]. Moreover, one can observe

that for a penalty parameter ε ≤ h2, the approximation error remains almost constant.

Hence, the approximation error is dominated by the discretization error provided that ε

is sufficiently small. See Fig. 5.13 for the convergence plots of the L2-error of the state y

and Fig. 5.14 for the convergence plots of the L2-error of the control u for different mesh

sizes h.

ε ε

O(ε) O(
√
ε)

�u
−

u
∗ �

L
2

�y
−

y
∗ �

L
2

Figure 5.11.: Convergence plot of the L2-error of the state (left) and the control (right)
for Case 6 with α = 1.0 and h = 6.4e− 03 for decreasing ε.
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Fig. 5.12 shows convergence plots for Case 6 for the L2-errors �y∗ε,h − y∗�L2 and �u∗ε,h −
u∗�L2 in a log-log-scale for the decreasing mesh size h and fixed parameter ε = 10−9. The

observations suggest an approximation order of O(h) for the L2-error of the control and

O(h2) for the L2-error of the state. Similar observations were made for other test cases.

�y
h
−

y
∗ �

h

�u
h
−

u
∗ �

h

O(h)
O(h2)

Figure 5.12.: Convergence plot of the discretization error for Case 6, i.e., L2-error of the
control u (left) and the state y (right) with parameters α = 1.0 and ε = 10−9

for decreasing mesh size h.

�y
ε
−

y
∗ �

�y
ε
−

y
∗ �

ε

ε

ε

ε

h = 3.009e-2 h = 1.571e-02
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Figure 5.13.: Convergence plot of the L2-error of the state y for Case 6 with α = 1.0 for
decreasing ε and different mesh sizes h.
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Figure 5.14.: Convergence plot of the L2-error of the control u for Case 6 with α = 1.0 for
decreasing ε for different mesh sizes h.

The above cases and corresponding numerical results verify that the choice of σ̄ = σ̄ψ is

reasonable if max(ψ, yd) ∈ H1
0 (Ω) is the optimal state. In this case, the reformulation based

on σ̄ψ leads to the same optimal solution as the penalized problem. However, one should

be aware that this is in general not the case. On the one hand, the regularity assumptions

might not admit max(ψ, yd) as the solution when it is not an element of H1
0 (Ω). On the

other hand, the regularization term for the control in the objective functional can lead to

optimal states different from max(ψ, yd).

To illustrate such a scenario, let us consider Case 7. The following case has a special

feature in contrast to the previous ones, since the function max(ψ, yd) does not provide

the optimal signature function σ̄ and thus σ̄ψ does not yield the CAL-problem formula-

tion which provides an optimal solution y∗. This case is in particular presented as an

outlook for further research on optimal strategies for generating σ̄ or a sequence of σ̄-

signature functions together with an efficient switching strategy (see Sec. 5.9) such that

the corresponding final CAL-problem formulation provides an optimal solution.
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Case 7

For this example, which corresponds to [7, Ex. 2], the following data is chosen

yd(x1, x2) = −5x1 − x2 + 1, f(x1, x2) = −x1 + 0.5, ψ(x1, x2) = 0.0 ,

with σ̄ set to the negative sign of the disturbance function f , i.e.,

σ̄((x1, x2)) =




−1, x1 ≤ 0.5

+1, else .

|µ
−
|

ε
(a)

u

y

(b)

Figure 5.15.: (a) Convergence plot of the absolute obstacle violation |µ−| for decreasing ε
for Case 7 with α = 0.1.
(b) Optimal control u and optimal state y for Case 7 with α = 0.1.

The numerical results for this case are provided in Tab. A.3 considering different values

for the parameters α, ε and different mesh sizes. Once again, strict complementarity is

not satisfied, which makes this problem a further challenge. Similar to [7] we observe a

reduction in the absolute obstacle violation proportional to the reduction in the penalty

parameter ε, see Fig. 5.15(a). The optimal control u and optimal state y for Case 7 with

Tikhonov parameter α = 0.1 are shown in Fig. 5.15(b).

Although the invoked technique and the corresponding algorithm works impeccably for

a large class of optimization problems with obstacle conditions and allows an explicit

structure exploitation, which records a reduction in the number of required Newton steps,

there are also optimization problems like Case 7 where the initial choice of σ̄ = σ̄ψ does not

lead directly to the optimal CAL-problem without further analysis and effort. Similarly,
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there may be optimization problems of the structure considered in Sec. 5.8.1, however,

with non-optimally reachable desired state or the associated σ̄ sign constellation might

not be easy to determine for various reasons. To cover these cases, a novel preliminary

extension of the algorithm CALi is presented and discussed in the next section.

5.9. A Heuristic Extension - SCALi

The previous chapters on the algorithm CALi as well as the numerical results already

indicate that the initial choice of σ̄ is crucial for the performance of the algorithm CALi

and more importantly for the optimality of the solution to the corresponding CAL-problem

in regards to the original non-smooth problem formulation.

Naturally, the question arises how to choose the functions σ̄i, 1 ≤ i ≤ s, such that a

stationary point of the associated CAL-problem formulations is already a stationary point

of the original non-smooth problem formulation. It was previously illustrated in Eq. (5.3)

that a natural choice for σ̄ is given by the sign of the desired and tracked state yd.

A suitable criterion for which yd is actually the appropriate choice was introduced as the

concept of optimally reachable desired states. However, this raises the question of how to

choose σ̄ if one has no indications for this initial choice for various reasons, e.g., because

no optimally reachable desired state is involved or its sign on the domain Ω cannot be

evaluated or instead can only be evaluated with difficulty. Similarly, the section on obstacle

problems and the application of the algorithm CALi in Sec. 5.8 highlighted that despite

the preliminary work on the initial choice of σ̄, there are problem formulations where

this initial choice does not lead directly to the optimal CAL-problem and requires further

analysis and adaptation of the initial fixed signature function σ̄.

For this reason, let us consider in this section an extension of the algorithm CALi

in which its strategy is applied successively such that the solutions of the associated

CAL-problem formulations approach stationary points of the original non-smooth prob-

lem. Furthermore, a heuristic approach for switching between fixed σ̄ and the associated

CAL-problem formulations is employed to ensure consistent descent in the objective func-

tion value. In this regard, only examples of semi-linear optimal control problems with

non-smooth Lipschitz-continuous semi-linearity in the PDE will be considered and corre-

sponding numerical results will be provided. Note that the obstacle problems considered in

the previous section have been regularized and reformulated into such semi-linear elliptic

optimal control problems in order to apply the algorithm CALi.

140



5.9. A Heuristic Extension - SCALi

5.9.1. Towards A Switching Strategy

A simple comparison of the equivalently reformulated problem, as well as the penalized

CAL-problem, suggests that a solution to the penalized CAL-problem is feasible for the

original problem, if it satisfies the condition

σizi = abs(zi) a.e. in Ω. (5.73)

However, this provides no statement about the optimality of the solution. In addition,

if the condition Eq. (5.73) is not fulfilled, only a statement about the selected penalty

parameter can be made, but no efficient strategy for switching the fixed σ̄i can be derived.

Therefore, the strategy presented below guarantees a descent in the objective value due

to Farkas lemma, see Thm. 5.42.

We consider once again the first-order optimality conditions (5.48a)–(5.48f) and (5.54a)–

(5.54e). It has been established before that the optimality conditions (5.48a)–(5.48d)

coincide with the optimality conditions (5.54a)–(5.54d), such that a solution of the closely

related problem with the target function (5.52) and the constraints (5.51b)–(5.51c) already

satisfies the necessary first-order conditions (5.48a)–(5.48d) of the original optimization

problem. Hence, it remains to verify the condition given in Eq. (5.50), i.e.,

0 ≤ r(σ∗
k) a.e. in Ω for k ∈ Ns,

with r defined in Eq. (5.49).

Since the operator r is completely independent of the multiplier µ of the original op-

timization problem, one can compute this quantity also for the solution of the modified

CAL-problem formulation. If it is non-negative, the computed solution (y∗, z∗, u∗) of the

modified CAL-problem satisfies the necessary first-order conditions of the original opti-

mization problem for the chosen functions σ̄i ∈ L2(Ω) and the optimization algorithm

CALi can be stopped. Otherwise, it is a very natural strategy to choose the index k for

which the right-hand side of the condition (5.50) is minimal, to modify the corresponding

σ̄k appropriately and then to solve the newly defined CAL-problem by the same strategy.

Due to the structure of Eq. (5.50), the Lagrange multiplier λk identifies the regions where

the sign of σ̄k has to be changed to obtain a reduction in the function value. Obviously,

other strategies to choose the index k as alternatives to the greedy approach described

here might be applied as well.

One might suspect that the update strategy for σ̄ is somehow reminiscent of active-set

strategies. However, let us highlight one more time that the σ̄-update strategy depends

only on the Lagrange multiplier associated with the specific equality constraint corre-
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sponding to the definition of the specific switching function z.

It should also be emphasized that the motivated strategy generates a sequence of prob-

lems with linear state-inequality-constraints. If one however considers a reformulation in

which σ : Ω → [−1, 1] is continuous, detached from z and hence from y and also represents

an optimization variable smoothly entering the optimization problem, then σ acts as an

additional control variable. However, this has the disadvantage that the convexity of the

state-control-constraint is lost. Thus, the unique solvability for the state and the switching

functions is compromised.

5.9.2. The Resulting Optimization Algorithm

Motivated by the observations of the last section, the following method stated in Algo. 4

is proposed to solve optimal control problems with non-smooth semi-linear PDEs as con-

straints. The proposed algorithm is essentially motivated by the successive application

of the special handling of the absolute value function, i.e., the constant abs-linearization.

This motivates the name of the resulting optimization algorithm SCALi abbreviating Suc-

cessive Constant Abs-Linearization.

Algorithm 4 SCALi

Input: Initial values: σ̄0 = (σ̄0
1, . . . , σ̄

0
s), y

0, z0 = (z01 , . . . , z
0
s ), u

0

Parameter: α > 0, ν > 0
for i = 0, 1, . . . do

Solve penalized CAL-problem, i.e., Eq. (5.52) with constraints (5.51b)–(5.51c)
to obtain yi, zi, ui,λi

P ,λ
i

if Eq. (5.50) holds for k = 1, . . . , s then
yi, zi, ui stationary for original optimal control problem, STOP

else
κ = argmax{k ∈ {1, . . . , s} : −r(σ̄i

k)}, where r(.) is given by Eq. (5.49)
Switch CAL-Problem using λκ to define σ̄i+1

κ

Set σ̄i+1
k = σ̄i

k for k = 1, . . . , s with k �= κ

Note that once again the formulation of the algorithm is done in the function space.

For the numerical results presented in Sec. 5.9.3, similarly to before, a finite element

approach based on FEniCS [134] was employed to discretize the PDEs and to describe

the other constraints in combination with the Newton method for the solution of the

smooth modified CAL-problems. For the initial state, control and parameters σ̄i, the non-

linear variational Lagrange problem is solved by the Newton method using derivatives

calculated within FEniCS. The computed solution is examined according to the switching

rule and the CAL-problem is modified by updating the corresponding σ̄i. Here again the

update strategy is based on Eq. (5.50). It should be emphasized that κ = argmax{k ∈
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Ns : −r(σ̄i
k)}, where r(.) is given by Eq. (5.49), identifies the switching function σ̄κ out

of σ̄1, . . . , σ̄s, which has the most influence on r(.) such that the optimality condition is

violated or satisfied. Thus, only one of these s σ̄i functions is identified and changed at

a time. However, κ does not indicate how and where to change the current σ̄ to actually

satisfy the optimality conditions or to get reduction in the objective function value.

Algorithm 5 Update-Heuristic for σ̄

Input: Solved CAL-problem (5.52) for σ̄i with solution yi, zi, ui,λi
P , and values λi,

L(yi, zi, ui,λi
P ,λ

i), J (yi, ui), L(yi−1, zi−1, ui−1,λi−1
P ,λi−1), J (yi−1, ui−1)

Parameter: ε1, ε2, ε3,Λ > 0
if �λk�∞ < ε1 holds for all k = 1, . . . , s then

yi, zi, ui stationary for original optimal control problem, Stop

if |L(yi, zi, ui,λi
P ,λ

i)−J (yi, ui)| < ε2 and |J (yi−1, ui−1)−J (yi, ui)| < ε3 holds then
Stop

else
κ = argmax{k ∈ {1, . . . , s} : �λk�∞}
Switch CAL-problem, e.g., switch sign σ̄i+1

κ where σ̄i
κλ

i
κ > Λ

Set σ̄i+1
k = σ̄i

k for k = 1, . . . , s, k �= κ

Instead of verifying the optimality condition Eq. (5.50), one can also apply a heuristic

approach for the switching strategy, which is presented in Algo. 5, and provides successive

reduction of the objective value, as it can be seen in the numerical results. By exploiting

the essence of Eq. (5.50), a beneficial update strategy for the parameters σ̄i can be created.

Eq. (5.50) provides for all k ∈ Ns that

0 ≤ |σk|λP
∂�̂(y,σz)

∂zk
− σkλk+

s�

i=k+1

|σk|λi
∂ψi(y,(σjzj)j<i)

∂zk
.

This condition is violated if and only if there exists an index k ∈ Ns such that

0 > λP
∂�̂(y,σz)

∂zk
− σkλk+

s�

i=k+1

λi
∂ψi(y,(σjzj)j<i)

∂zk
. (5.74)

Therefore, it is a very natural strategy to perform the following steps: (i) choose that

index k for which the violation of the optimality condition is maximal, i.e., for which

the right-hand side of the condition (5.74) is minimal and (ii) modify the corresponding

σ̄k appropriately to define the CAL-problem. This inequality will be used to define the

sequence of subproblems to be solved. In a figurative sense, one could conclude that the

Lagrange multipliers contain information about how well the optimality conditions are met

and thus sort the CAL-problems by importance. This results in the following heuristic σ̄-
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update strategy such that the Lagrange multiplier, corresponding to the equality condition

defining the switching function zk, identifies the regions where the sign of σ̄k has to be

switched. Precisely, the sign of the corresponding discretized σ̄k is switched at those mesh

points where σ̄kλk is large and exceeds a certain threshold.

This new approach creates and solves a sequence of (penalized) CAL-problems as illus-

trated in Fig. 5.16, such that the solution is obtained via successive solution of the nested

CAL-problems which have increased regularity over the original non-smooth optimization

problem.

solve

CAL-problem

for σ̄1

yσ̄
1

, zσ̄
1

, uσ̄1

, λσ̄1

update σ̄1 to σ̄2

solve

CAL-problem

for σ̄2

update σ̄2 to σ̄3

solve

CAL-problem

for σ̄∗

...

yσ̄
2

, zσ̄
2

, uσ̄2

, λσ̄2
yσ̄

∗
, zσ̄

∗
, uσ̄∗

, λσ̄∗

Figure 5.16.: Abstract illustration of the SCALi procedure via successive solution of (pe-
nalized) CAL-problems.

Once again, it is important to highlight that the increased smoothness and the new

local bounds on the state are very important observations and exploited heavily by the

presented solution approach, since each of the CAL-problems can be solved by a variety

of methods for smooth problems, in particular active-set SQP-approaches, penalization

or also inner point methods. Here, it is important to note that the σ̄i are fixed in the

subproblems such that the inequality constraints are linear in the optimization variables

and not of quadratic type. The state constraint σ̄z ≥ 0 spatially changes its type based

on the choice of the externally given and fixed σ̄i, such that the state constraint reads as

zi(x) ≥ 0 in {x ∈ Ω : σi(x) = 1} and zi(x) < 0 in {x ∈ Ω : σi(x) = −1}. (5.75)

Hence, this state constraint problem, together with the measure-valued nature of the

adjoint equation belonging to a classical state constraint, yields a notoriously hard to

solve problem, for which the novel penalty approach SCALi provides a suitable solution

procedure.

Again, as already discussed, it is a natural strategy to choose the index k for which

the right-hand side in Eq. (5.74) is minimal. Since this is significantly influenced by
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the Lagrange multiplier λk, one can use this as an indicator to switch from the current

penalized CAL-problem defined by σ̄i
k to the next one defined by σ̄i+1

k by switching the

signs of σ̄i
k in the regions where the corresponding term σ̄i

kλ
i
k is largest. For this purpose,

the Lagrange multipliers λi corresponding to the solution of the current penalized CAL-

problem are projected to the adequate finite dimensional function space and their L∞-

norm is computed in order to determine the Lagrange multiplier λk with the maximal

influence on Eq. (5.74). If this maximum value (almost) vanishes, a stationary point

is already reached and the algorithm stops. Otherwise, the sign of the corresponding

discretized σ̄k is switched at those mesh points where σ̄kλk is large and exceeds a certain

threshold. Note that per switching iteration, there are only switches with respect to one σ̄κ

component of σ̄ = (σ̄1, . . . , σ̄s). The advantage of this heuristic strategy is the simple yet

effective determination of a new σ̄ which yields reduction in the objective function value,

as opposed to a direct but more complex approach via the function r by determining a σ̄

which minimizes the function r.

Certainly, there are also other update strategies. However, the above strategy has

shown convincing results, as it can be observed in the further course of this chapter and in

particular in the corresponding numerical results presented in Sec. 5.9.3. It is important to

emphasize that the vanishing Lagrange multiplier λk corresponds to the equality constraint

Eq. (5.51c) for the definition of the switching function zk. The termination condition due

to this vanishing Lagrange multiplier is based on a requirement that the associated equality

constraint Eq. (5.51c) is satisfied naturally at the solution. Nevertheless, the Lagrange

multipliers do not necessarily have to vanish at the stationary point. For this reason, it is

additionally checked whether the admissibility is maintained by calculating the difference

between the Lagrange function value of the current CAL-problem at the calculated solution

and the original target function (without a penalty term). The admissibility is achieved if

this difference is close to zero. The algorithm stops if the admissibility is reached and the

objective function value does not improve significantly compared to the previous values,

even if �λk�∞ is not close to zero for all 1 ≤ k ≤ s.

Note that if the switching does not occur, then the closely related problem formulation

to the original problem with an optimal solution was reached, and the algorithm stops.

Otherwise, the CAL-problem is updated accordingly and a new solution is computed by

once again solving the non-linear variational Lagrange problem by applying the Newton

method. This way, a successive reduction in the objective function value is observed as

can also be exemplary observed in Fig. 5.19(a).

The next theorem deals with the reduction of the objective function value after each

CAL-problem switch, i.e., the switch from σ̄i to σ̄i+1, and examines it in more detail.
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Theorem 5.42 (Descent Direction). Consider the optimization problem Eq. (5.40) with a

non-smooth operator � : H1
0 (Ω) → L2(Ω) satisfying Ass. 5.21. Then a solution (ȳ, z̄, ū) for

the associated penalty optimization problem corresponding to σ̄ with objective functional

Eq. (5.52) and constraints Eqs. (5.51b)–(5.51c) is already an optimal solution for Eq. (5.40)

or there exists a signature function σ◦ such that the solution (y◦, z◦, u◦) to the correspond-

ing penalized CAL-problem is feasible for Eq. (5.40) and satisfies J(y◦, u◦) ≤ J(ȳ, ū).

Proof. We consider the Farkas alternative (see e.g., Appendix A.1 as well as [57, 61, 127])

to provide necessary conditions of KKT type. The Farkas alternative then especially yields

that, if the solution to the penalized CAL-problem fails to be an optimal solution to the

original problem formulation, i.e., Eq. (5.50) does not hold, then there exists a descent

direction yielding reduction in the objective value. According to Lem. 5.31 the solution

w̄ := (ȳ, z̄, ū) for the associated penalty optimization problem is already a solution for

the original optimization problem (5.40) if Eq. (5.48e) —and hence condition (5.50)—

holds. Since the optimality conditions Eqs. (5.48a)–(5.48d) coincide with the optimality

conditions Eqs. (5.54a)–(5.54d), they hold for w̄. Hence, the only potential non-vanishing

components in the derivative of Lp(w̄,λP ,λ) are the derivatives with respect to the switch-

ing functions zi, i ∈ Ns. Let K be the cone that is spanned by the equality and active

inequality constraints Eqs. (5.51b)–(5.51d), A : L2(Ω) → L2(Ω)∗ the operator defined by

the derivatives of the constraints and b := DJ(w̄) the derivative of the objective functional

J(w̄) := J(ȳ, ū) at the considered point w̄. Note that for the active inequality constraints

one has zi = 0. Hence, the extended Farkas Lemma, Lem. A.1, yields that the solution

to the current penalized CAL-problem either fulfills Eq. (5.50) and therefore all optimal-

ity conditions for the original optimal control problem are met and the current iterate is

already a solution to the original problem, or there exists a direction v∗ such that

�DJ(w̄), v∗� < 0 . (5.76)

The latter implies a descent direction for the objective functional and hence the existence

of a signature function σ◦ �= σ̄ such that the solution to the corresponding penalized CAL-

problem satisfies J(y◦, u◦) ≤ J(ȳ, ū). Once again, the Farkas alternative implies that this

solution is either an optimal solution to the original optimization problem or there exists

a decent direction in the sense of Eq. (5.76). This proves the assertion.

Thus, it should be noted that because of this choice, the corresponding penalized CAL-

problem either already provides an optimal solution of the original problem or, by using

Eq. (5.74), a descent direction. It is precisely this circumstance, exploited in the previously

explained switching strategy and the heuristic, that iteratively leads to a reduction in
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the objective functional and ultimately to a stationary point. Therefore, the proposed

strategy ensures that each possible sign combination of σ̄ occurs at most once. Otherwise,

a repeating σ̄ would yield a function value that has already been encountered and thus

cause an increase in the objective function value.

5.9.3. Numerical Results

For the numerical tests, once again Case 1 as well as additional nested non-smooth exam-

ples are considered, which are defined below in Case 8 and Case 9. In each example, Ω

was chosen to be the unit square and y ≡ 0, u ≡ 0, z1 ≡ 0, z2 ≡ 0 as an initial guess. Fur-

thermore, σ̄ is initially chosen to correspond to the desired state yd, i.e. σ̄ = σ̄d. However,

in order to demonstrate the switching procedure in some cases also other choices for the

initial σ̄ were considered. In these cases, the choice of the initial σ̄ is explicitly stated.

The procedure is terminated if either the L∞-norm of the Lagrange multipliers λi or

of the product σ̄k
i λ

k
i becomes less than 10−9 for all i ∈ Ns in some iteration k > 0

and therefore no further switching between CAL-problems is executed. Furthermore, the

algorithm stops if the difference between the Lagrange function value, which includes the

bi-quadratic penalty terms and the original objective functional, as well as the reduction in

the objective function value compared to the iteration before become less than 10−12. This

way it is implicitly ensured that the sign condition σ̄izi ≥ 0 is correctly adhered to. All

calculations were performed with FEniCS, version 2019.1.0, using the Python interface.

In the future course, #SC abbreviates the term switch calls and denotes the total number

of switches between CAL-problems for the given parameter setting.

In Tab. 5.7 it can be observed that by applying the algorithm SCALi to Case 1 no

switches between CAL-problems were required to compute the first-order optimal solution.

This verifies exemplarily the chosen constellation for σ̄ corresponding to yd as well as the

termination condition at stationarity. The fact that the algorithm SCALi does not require

any switches between CAL-problems for the initial choice σ̄ = σ̄d validates the fact that

the structured reformulation (Ass. 5.17) and constant abs-linearization (Def. 3.14) make

it possible to exploit additional structural information from the underlying optimization

problem and in particular from the given desired state yd. The initial choice of σ̄ = σ̄d

motivated by the desired state already provides the perfect guess for the signature function.

Since due to the chosen data the desired state is optimally reachable, no switches between

CAL-problems are required and an optimal solution can be computed by solving the

initial CAL-problem, which is already the final one. Therefore, the convergence in just one

Newton step in Tab. 5.7 is not surprising either. Due to the desired state yd being optimally

reachable, the respective branch of the corresponding absolute value is known beforehand.
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Hence, the state equation could also be written as −Δy + 1
2(y + sign(yd)y) − u = f .

Note that this yields a different PDE than the original one, but in the tracking type

optimization context both optimization problems will attain the same solution. Modifying

the state equation this way, one receives a quadratic objective with a linear constraint in

y and hence convergence in just one Newton step. For similar reasons, convergence in two

Newton steps can be observed in Tab. 5.9 and Tab. 5.12.

SCALi [43]

h α ν
�yd−yh�L2

�yd�L2
#SC # Newton # Newton

3.009e-02 1e-4 10 5.764e-04 0 1 4
1.537e-02 1e-4 10 1.514e-04 0 1 5
7.728e-03 1e-4 10 3.790e-05 0 1 3
3.885e-03 1e-4 10 9.663e-06 0 1 3

3.009e-02 1e-4 100 5.764e-04 0 1 4
1.537e-02 1e-4 100 1.514e-04 0 1 5
7.728e-03 1e-4 100 3.790e-05 0 1 3
3.885e-03 1e-4 100 9.663e-06 0 1 3

7.728e-03 1e-4 1000 3.790e-05 0 1 3

7.728e-03 1e-2 100 8.106e-05 0 1 2
7.728e-03 1e-3 100 6.609e-05 0 1 2
7.728e-03 1e-5 100 1.237e-05 0 1 5
7.728e-03 1e-6 100 3.056e-06 0 1 no conv.

Table 5.7.: Numerical results applying SCALi to Case 1.

It is important to highlight that having a priori knowledge about the optimal CAL-

configuration for σ̄ given by σ∗ corresponding to sign(yd) and using this to define the

initial values accordingly, the operator r(.) given by Eq. (5.49) evaluated at σ∗ is already

non-negative. Thus, the described switching method based on r(σk) leads to the desired

result, i.e., no switching, since the initial σ̄ = σ∗ has already the correct sign.

One may wonder how the algorithm performs if one cannot extract the correct CAL-

problem or the correct signs of the σi from the underlying a priori information. Numerical

results for Case 1 with randomly chosen initial σ̄i are presented in Tab. 5.8 below. Here

σ̄1
1 is given by

σ̄1
1 =




+1, if x1 + x2 > 1

−1, otherwise .

This shows in particular that the presented algorithm and more precisely the associated

switching method performs as intended, even if one does not start with the proper CAL-
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problem. In any case, the algorithm SCALi converges properly. However, considering

that the optimization problem already provides the correct sign for σ as for instance with

tracking type objective functionals, it is always advisable to exploit this for the initial

choice of the switching function σ̄1. As additional observation, Tab. 5.7 and Tab. 5.8

suggest a further special property of the algorithm SCALi, namely mesh independence.

Regardless of the mesh size, the behavior for the relative error �yd − y�L2 / �yd�L2 with

respect to different parameters α remains the same. Moreover, independent of the mesh

size the same number of Newton steps is required. Similar observations can be made for

the remaining cases.

h α ν
�yd−yh�L2

�yd�L2
#SC # Newton

3.009e-02 1e-4 100 5.710e-04 2 3
1.537e-02 1e-4 100 4.477e-04 2 3
7.728e-03 1e-4 100 3.101e-04 2 3
3.885e-03 1e-4 100 1.103e-04 2 3

7.728e-03 1e-2 100 1.519e-03 2 3
7.728e-03 1e-3 100 1.027e-03 2 3
7.728e-03 1e-5 100 2.220e-04 2 3
7.728e-03 1e-6 100 1.403e-04 2 3

Table 5.8.: Numerical results in Case 1 with initial σ̄ not corresponding to sign(yd).

Case 8

min
(y,u)

1

2
�y − yd�2L2 +

α

2
�u�2L2

s.t. −Δy + y −max(|y − τ1|, τ2)− u = f in Ω,

with yd(x1, x2) = cos
�
10π

��
x1 − 1

2

�2
+

�
x2 − 1

2

�2��
sin(πx1) sin(πx2), and τ1, τ2 ≥ 1.

The disturbance function f ∈ L2(Ω) on the right-hand side of the PDE is chosen such

that −Δyd + yd −max(|yd − τ1|, τ2) = f is fulfilled.

Case 8 features a nested non-smooth term which does satisfy the affine-linearity as-

sumption Ass. 5.21 for �̄σ̄. The numerical results for this case with τ1 = τ2 = 1.0 are

presented in Tab. 5.9–Tab. 5.10, considering different values of the mesh size denoted by

h, the penalty parameter α for the control in the objective functional, and the penalty

parameter ν in the bi-quadratic penalty term.

The mesh independence can also be observed in Tab. 5.9 where, independent of the

mesh size, two Newton steps are required. Moreover, it is evident that in each parameter

setting the desired condition σ̄izi = abs(zi) for i ∈ Ns is fulfilled in the integral sense.
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5. The CALi Algorithm

h α ν
�yd−yh�L2

�yd�L2
max
i=1,2

{�σ̄izi−|zi|�L2} #SC # Newton

3.009e-02 1e-4 100 6.268e-03 1e-05 0 2
1.537e-02 1e-4 100 1.681e-03 4e-06 0 2
7.728e-03 1e-4 100 4.279e-04 3e-07 0 2
3.885e-03 1e-4 100 5.084e-05 1e-07 0 2

7.728e-03 1e-3 100 4.452e-04 3e-07 0 2
7.728e-03 1e-5 100 3.557e-04 3e-07 0 2
7.728e-03 1e-6 100 1.908e-04 3e-07 0 2

Table 5.9.: Numerical results for Case 8 with σ̄ = σ̄d.

h α ν
�yd−yh�L2

�yd�L2
max
i=1,2

{�σ̄izi−|zi|�L2} #SC
�

# Newt.

3.009e-02 1e-4 100 6.272e-03 2e-05 5 20
1.537e-02 1e-4 100 1.681e-03 5e-06 7 24
7.728e-03 1e-4 100 4.287e-04 1e-06 7 25
3.885e-03 1e-4 100 5.090e-05 1e-07 8 28

7.728e-03 1e-3 100 4.453e-04 1e-06 7 21
7.728e-03 1e-5 100 3.571e-04 1e-06 7 24
7.728e-03 1e-6 100 2.191e-04 1e-06 7 26

Table 5.10.: Numerical results for Case 8 with initial σ̄ not corresponding to σ̄d.

σ̄∗
2σ̄1

2σ̄d
2

yd

y y y

Figure 5.17.: Desired state yd for Case 8 as well as σ̄d
2 , the initially selected σ̄1

2 and σ̄∗
2

resulting after SCALi switchings with the correspondingly resulting state
solutions.

In contrast to Case 8, Case 9 features a non-smooth term which however does not satisfy

the affine-linearity assumption Ass. 5.21 for �̄σ̄, see Rem. 5.43 below. Nevertheless, the

application of the algorithm SCALi provides promising results.
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Remark 5.43. Consider the non-smooth operator �(y) = max(5y, y|y|). Exploiting

the identities (3.2), one can reformulate � into �(y) = 1
2

�
5y + y|y| +

��5y − y|y|
��
�
. The

corresponding structured evaluation is then given by

z1 = ψ1(y) = y

σ1 = sign(z1)

z2 = ψ2(y,σ1z1) = 5y − yσ1z1

σ2 = sign(z2)

�̂(y,σz) = ψ3(y,σz) = 1
2

�
5y + yσ1z1 + σ2z2

�
.

Consequently, z2, and hence �̄σ̄, features the quadratic term y|y| = yσ1z1. After applying

the constant abs-linearization this term reads as σ̄1y
2, such that Ass. 5.21 is violated.

Case 9

min
(y,u)

1

2
�y − yd�2L2 +

α

2
�u�2L2

s.t. − εΔy +max(5y, y|y|)− u = 0 in Ω,

with

(a) yd(x1, x2) =
sin

�
10π((x1−1

2 )
2+(x2−1

2 )
2)
�

�
1

100+(x1−1
2 )

2+(x2−1
2 )

2
− 1 and ε = 1.

(b) yd(x1, x2) = min
�
max

���x1 − 1
2

��,
��x2 − 1

2

���− 1
4 , 0

�
and ε ≥ 0, const.

The numerical results for these cases are presented in Tab. 5.11–5.13, considering different

values of the mesh size denoted by h, the penalty parameter α for the control in the

objective functional, and the penalty parameter ν in the bi-quadratic penalty term.

Note that yd in Case 9(a) is not reachable on purpose, to force switchings in the σ̄i. On

the left-hand side of Fig. 5.19 the convergence history including the switching strategy is

illustrated. In this demanding case, where a genuine non-linear and non-smooth operator

in the PDE and an unreachable target function yd occur, comparatively more switches be-

tween CAL-problems and also more Newton iterations are needed to compute a stationary

solution.
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5. The CALi Algorithm

h α
�yd−yh�L2

�yd�L2
#SC #Newton

1.159e-02 1e-2 8.433e-01 8 29
7.071e-03 1e-2 8.452e-01 9 30

1.537e-02 1e-4 7.999e-01 15 67
1.159e-02 1e-4 8.001e-01 16 79
7.071e-03 1e-4 8.006e-01 16 82

1.159e-02 1e-6 2.930e-01 18 93
7.071e-03 1e-6 2.937e-01 18 93

Table 5.11.: Numerical results for smooth but non-reachable yd in Case 9(a).

h α
�yd−yh�L2

�yd�L2
max
i=1,2

{�σ̄izi−|zi|�L2} #SC # Newton

7.071e-03 1e-2 4.568e-02 8.9e-30 0 2
7.071e-03 1e-3 3.431e-02 5.1e-28 0 2

1.537e-02 1e-4 2.133e-02 2.0e-08 0 2
1.159e-02 1e-4 2.132e-02 2.0e-08 0 2
7.071e-03 1e-4 2.131e-02 1.9e-08 0 2

1.159e-02 1e-4 2.132e-02 2.0e-08 0 2
7.071e-03 1e-4 2.131e-02 1.9e-08 0 2

Table 5.12.: Numerical results in Case 9(b) for ε = 1.

The previously witnessed mesh independence can also be observed in Tab. 5.12–5.13

where, independent of the mesh size, two Newton steps are required. Note that the

nesting of the absolute value occurring in Case 9(b) leads to a quadratic term appearing

in the PDE. Moreover, with Tab. 5.12 it is evident that in each parameter setting the

desired condition σ̄izi = abs(zi) for i ∈ Ns holds in the integral sense.

yσ̄1 σ̄2

Figure 5.18.: Initial iteration step with initial CAL-problem indicated by initial choice of
σ̄ = (σ̄1, σ̄2) and resulting state solution y corresponding to the CAL-problem
defined by σ̄ for Case 9(a).
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Switching iterations
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(a)

yd y

σ̄∗
1 σ̄∗

2

z1 z2

(b)

Figure 5.19.: (a) History of the objective function value with respect to the CAL-problem
switches corresponding to the parameters given in the third row in Tab. 5.11.
(b) Final iteration step with final CAL-problem (indicated by σ̄) and result-
ing solution for y, z1 and z2.

It should be noted that in each test case, it is verified that the condition σz = abs(z) in

the integral sense holds for the resulting z. This is shown here in an exemplary fashion for

the second case in Fig. 5.19 and has also been computed for Case 9(b). See Tab. 5.12, where

the maximal value of �σizi−|zi|�L2 for i = 1, 2 is always fairly close to zero. Fig. 5.19(b)

illustrates the last iteration step in σ1,σ2 as well as the resulting states y, z with an over

line plot for the z and σ̄ components showing how the prescribed signs are observed. The

target function yd is shown in the top left corner. In Fig. 5.19(a) one can see how the

successive exploitation of the corresponding dual variables leads to the next CAL-problem

which results in a successive reduction in the objective function value for all considered

cases.

The presented method also allows the treatment of optimization problems of the con-

sidered problem class with piecewise affine target functions yd as given in Case 9(b). Such

target functions are not admissible for the PDE constraint with the Laplacian as differ-

ential operator. Nevertheless, in the example considered in Case 9(b), with non-damped

Laplacian, i.e., ε = 1, no switches and only two Newton steps are required to calculate a

minimal solution. This is due to the fact that sign(yd) corresponds to the sign of a feasible
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5. The CALi Algorithm

and optimal solution such that the CAL-problem formulation for σ̄d already provides a

minimal solution. The corresponding numerical results are given in Tab. 5.12.

The algorithm SCALi can also be successfully applied to non-smooth optimal control

problems where the Laplace operator is attenuated by a positive factor ε < 1. Tab. 5.13

shows the numerical results for different values of ε in Case 9(b).

h ε α
�yd−yh�L2

�yd�L2
#SC # Newton

1.537e-02 1e-1 1e-4 4.181e-01 0 2
1.159e-02 1e-1 1e-4 4.179e-01 0 2
7.071e-03 1e-1 1e-4 4.177e-01 0 2

1.537e-02 1e-2 1e-4 4.181e-01 0 2
1.159e-02 1e-2 1e-4 4.179e-01 0 2
7.071e-03 1e-2 1e-4 4.177e-01 0 2

1.537e-02 1e-4 1e-4 4.181e-01 0 2
1.159e-02 1e-4 1e-4 4.179e-01 0 2
7.071e-03 1e-4 1e-4 4.177e-01 0 2

7.071e-03 1e-6 1e-4 4.179e-01 0 2

Table 5.13.: Numerical results in Case 9(b) with damped Laplacian.

The results of this preliminary approach are twofold. First, the switching results show

the desired behavior and thus indicate that the procedure is correct. Second, the method

was also tested on a semi-linear optimal control problem in which the Nemytzkii operator

� does not quite satisfy the requirements in Ass. 5.2 and its constant abs-linearization does

not exhibit the required linearity, see Rem. 5.43. Nevertheless, the numerical results reveal

that the presented approach also performs well in this less regular case. These promising

results indicate that under appropriate advanced analysis and further development, the

method can be used in an application-oriented and versatile manner.

154



6
Conclusions and Outlook

This dissertation covers the development and investigation of algorithms for two different

classes of non-smooth optimization problems in reflexive Banach spaces with explicit ex-

ploitation of the non-smooth structure. The following sections conclude with a summary

of the key assumptions and main findings as well as a discussion of possible topics for

future research.

6.1. Summary and Discussion

The previous chapters provide a rather thorough overview of the abs-linearization methods

SALMIN and CALi together with the extension SCALi for the non-smooth optimization

in reflexive Banach spaces, which include optimization problems constrained by possibly

non-smooth PDEs or VIs. The main results of this work are thus the development and

investigation of the algorithm SALMIN for a class of non-smooth optimization problems in

reflexive Banach spaces as well as the newly developed algorithm SCALi. Remarkable for

both algorithms is the handling of the underlying non-smoothness in function space as well

as, in contrast to numerous conventional non-smooth algorithms, the explicit exploitation

of the non-smooth structure. SALMIN exploits additional structural information obtained

from the successively generated quadratic local model and, in particular, from the under-

lying abs-linearization. SCALi exploits structural information from the given data and the

non-smoothness, in particular the structure obtained from the CAL-problem formulations

and the constant abs-linearization.

Chap. 3 introduced the concept of abs-linearization as well as a special variation, the

constant abs-linearization. For this purpose, it was assumed that the considered non-

smooth operator can be described as a composition of elemental functions that are either

continuously Fréchet differentiable or the absolute value operator interpreted as Nemytzkii

operator. Both generalized linearization forms were examined regarding their properties

and illustrated by means of examples. The abs-linearization yields a local Lipschitz-

continuous local model with an approximation property of second order. The constant

abs-linearization, a special handling of the abs-operator based on the abs-linearization and
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structured evaluation, allows an explicit structure exploitation and domain decomposition

given by the involved non-smooth Nemytzkii operator.

Chap. 4 proved that the algorithmic idea of a quadratic overestimation method can

be transferred to the infinite dimensional setting, where the target function maps from a

reflexive Banach space V = Lp(Ω) with 1 < p < ∞ and a given bounded domain Ω ⊆ Rn

to R. The quadratic overestimation approach SALMIN is based on a local model with

appropriate properties but minimal requirements and provides a solution of non-smooth

optimization problems in reflexive function spaces. Merely based on the properties of

the local model, a convergence theory, providing also convergence to first-order minimal

points, for the resulting algorithm SALMIN could be established. Furthermore, it was

confirmed that the abs-linearization can be employed to generate a suitable local model

with approximation properties of second order. A class of PDE-constrained optimization

problems incorporating the L1-penalty term could be shown to fit well into the class of

non-smooth optimization problems considered here. The class of treatable optimization

problems includes locally Lipschitz-continuous and possibly non-smooth objective func-

tionals, including e.g., constrained optimization problems with an associated well-defined

and Fréchet differentiable solution operator and a non-smooth local Lipschitz-continuous

objective functional.

The proposed algorithm SALMIN is deliberately kept general and allows for adaptations

for the solution of the local step with any suitable method. Regardless of the choice of

solver for the local model, a convergence to first-order minimal points and hence a stronger

stationarity concept than Clarke stationarity of the algorithm SALMIN was proven.

The presented theory can be easily extended to more general reflexive Banach spaces

V , provided the absolute value function still is Lipschitz-continuous. It should be noted

that the finite dimensional case represents a special case of the presented setting, implied

by V = V̂ = Rn. In summary, an algorithm has been presented, which is capable of

finding a local minimizer of a non-smooth locally Lipschitz-continuous function defined

on a reflexive Banach space. This algorithm is thus applicable to a very broad class of

non-smooth optimization problems. Due to the special choice of the local model, the

minimization step given by Eq. (4.8) for the considered class of problems is always well-

defined, regardless of the linearity properties of the corresponding solution operator S.

Chap. 5 presented a new approach based on successive abs-linearization for the solution

of optimization problems constrained by non-smooth PDEs. For the considered class of

genuinely non-smooth problems, this approach enables the optimization without any sub-

stitute assumptions for the non-smoothness and explicitly exploits the given non-smooth

structure. The key idea is to consider closely related but smooth optimization problems

and exploit the domain decomposition given by the constant abs-linearization. A selective
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choice of the constant abs-linearized problem, given by the sign of the optimally reachable

desired state, generates a suitable reformulation of the original problem which yields the

same optimal solution, but can be solved using conventional methods for smooth opti-

mization problems. Optimality conditions for the considered formulations were derived

and discussed.

By treating the resulting state-inequality constraints with the bi-quadratic penalty ap-

proach, the sign condition could easily be incorporated into the algorithmic framework.

The type of discretization employed here was also presented and critically examined.

Finally, several non-smooth PDE-constrained problems that fit into the considered set-

ting were discussed. The corresponding numerical results clearly show the mesh indepen-

dence of the presented method. Furthermore, numerical experiments and comparisons

have shown that with the proposed strategy, the underlying PDE with the known optimal

decomposition given by the signs of the desired state can be optimally solved in a reduced

and minimal number of Newton steps.

The presented algorithm CALi was also applied to optimization problems constrained

by VI of the first kind, the so-called obstacle problems. Here, a regularization approach for

obstacle optimization problems has been investigated, which results in elliptic semi-linear

optimal control problems constrained by a genuinely non-smooth PDE.

Moreover, error estimates, containing information about the coupling of the regular-

ization and the mesh size for the state and the control were numerically investigated

and verified. The corresponding numerical experiments included three different obsta-

cle problems. Numerical results, illustrating the promising performance of the examined

algorithm, were presented and evaluated.

The analysis and the numerical results have shown that it is useful, as well as purposeful,

to rewrite the considered obstacle optimization problem by means of penalization and

constant abs-linearization into a smooth but strongly related problem. By reasonable

choice of the signature function σ̄ one obtains a subproblem of the penalized non-smooth

problem, which itself is smooth and can be solved efficiently and effectively by means of

standard optimization methods. It has been shown that the choice of σ̄ψ = sign(ψ − yd)

can provide the optimal signature function. However, the choice of the signature function

σ̄ seems to be a delicate issue in general.

Furthermore, it was discussed that under certain circumstances an optimal closely re-

lated CAL-problem formulation cannot be generated directly because, e.g., the involved

desired state is not optimally reachable. For this case, an extension of CALi, the algorithm

SCALi was presented and investigated. The key idea is to appropriately decompose the

non-smooth problem into closely related smooth penalized CAL-problems. Solving the

current CAL-problem, which is defined by a fixed signature function σ̄, and exploiting
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standard optimality conditions for the smooth case as well as using an indicator strategy

to determine the next CAL-problem, yields a successive reduction in the objective func-

tion value for all tested cases and leads to a minimal solution. The switches from one

CAL-problem into another by modifying the Nemytzkii operator σ̄ are motivated by the

corresponding Lagrange multipliers. However, comprehensive convergence analysis for the

continuous case in the function space setting remains subject of future research.

In conclusion, the presented algorithm is versatilely applicable and capable of finding

local minimizers of locally Lipschitz-continuous, non-smooth and non-convex functions

on reflexive Banach spaces. This algorithm is thus applicable to a very broad class of

problem formulations. Due to the promising numerical results, further development of this

algorithm is highly encouraging. The presented efficient structure exploitation, enabled

by the constant abs-linearization, distinguishes the methodology of the algorithm SCALi

from other rather conventional methods.

6.2. Future Research

Future Research with respect to SALMIN

A comprehensive convergence analysis for the continuous case in the function space setting,

as well as the more detailed analytical investigation of the optimality conditions and their

classification, such as the comparison with the optimality conditions of MPECs, remains

the subject of current and further research. Another aspect not yet addressed involves

questions of how to deal with non-convex problems and under which circumstances the

existence of a minimizer of the quadratic model can be guaranteed.

Future work will also be dedicated to an extension of the theory for more general solution

operators such that, for example, also non-smooth PDE constraints can be handled. Fur-

thermore, currently the extension of the considered and investigated class of non-smooth

Lipschitz-continuous operators by non-Lipschitz-continuous non-smoothness, such as the

square root function, poses a challenge. Nevertheless, the results presented in this disserta-

tion could be exploited to extend the considered class of non-smooth Lipschitz-continuous

or even discontinuous operators suitably, as well as to develop methods for the treatment of

non-Lipschitz-continuous operators by reverting to the treatment of Lipschitz-continuous

non-smooth operators and suitable regularization approaches. However, in this case the

considered problem formulations should allow sufficiently rich properties such as existence

and regularity qualities of these solutions.
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Towards MPECs The handling of the special non-smoothness considered in this disser-

tation by means of abs-linearization represents an advantageous approach. Furthermore,

it is shown in [91] that the class of non-smooth optimization problems that can be handled

with the abs-linearization is equivalent to a class of Mathematical Programs with Equilib-

rium Constraints (MPECs). As illustrated in the same paper, the formulation based on

the abs-linearization reveals additional structure that is so far not exploited by the solu-

tion approaches developed for MPECs. Hence, the solution approaches for MPECs may

also benefit from the results of this dissertation.

Future Research with respect to SCALi

A part of continued research remains the development of an efficient extension of the pro-

posed approach SCALi for optimal control problems with given yd which is not necessarily

optimally reachable, hence unknown optimal choice for σ̄. Furthermore, the existence and

uniqueness of solutions to optimization problems constrained by PDE with more general

non-smooth non-linearities � remain the subject of current and further research. In this

context it is important to note that for the derivation of optimality conditions a norm

gap has to be considered for Nemytzkii operators that are not affine-linear, hence more

caution should be devoted to the considered domain and image spaces.

Despite the fact that the presented heuristic in Chap. 5 works well in practice, it will

be continued to develop the existing approach further and adapt it for the calculation of

Eq. (5.50) and a related systematic switching strategy of the CAL-problems. Moreover, a

comprehensive convergence analysis for the continuous case in the function space setting,

as well as the more detailed analytical investigation of the optimality conditions and their

classification, such as the comparison with the optimality conditions of MPECs, remain

subject of current research.

The presented prototypical algorithm SCALi provides a switching strategy to switch

from one CAL-problem to another one by an appropriate modification of the σ̄i functions.

These changes by modifying the Nemytzkii operators are motivated by the Lagrange mul-

tipliers that are available for the CAL-problems. So far, the convergence theory of this

approach is available only in the finite dimensional setting. Hence, an open challenge is

to analyze the structure and corresponding switches from one CAL-problem to another in

the function space setting. Here, the interpretation of the switching structure as a topol-

ogy optimization problem can be exploited and may yield a completely new convergence

approach.

Furthermore, the presented method is so far only applicable in the semi-linear elliptic

PDE case, so that motivated by the promising results, an extension to the non-smooth
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quasi-linear elliptic optimal control problem is intended. In this context, [53] can be

pointed out, where an optimization problem constrained by a non-smooth quasi-linear

elliptic PDE is studied, Clarke- as well as strong stationarity conditions are derived and

a semi-smooth Newton method is presented and applied.

The results presented in Chap. 5 reveal that the proposed algorithm has a lot of poten-

tial in application to optimization problems constrained by quasi-linear PDEs. One can

also consider the equivalently reformulated optimization problem, applying the structured

evaluation procedure in case of σi not being fixed, as an optimization problem constrained

by quasi variational inequalities. Moreover, one could also e.g., intent to treat the result-

ing integer aspect (due to the additional state constraints [σ̄i(zi)](x) ∈ {−1, 1} and the

resulting nestedness of the zi) via topology optimization techniques.

Towards Error Estimates The numerical results in the previous chapter showed clearly

decreasing errors and thus the required performance of the algorithms CALi and SCALi.

Theoretical results in this direction, such as an investigation of error estimates with re-

spect to regularization and discretization are, however, the basis of current and following

research. Below follows a brief outline of preliminary considerations and a small outlook.

The aim is to achieve an error estimate for the L2-error of the control, i.e., for �u∗ε,h −
u∗�L2 under the assumption that a quadratic growth condition holds. Here u∗ and

u∗ε,h ∈ L2(Ω), respectively, denote locally optimal solutions of Eq. (5.62) and Eq. (5.70),

respectively. Additionally, results concerning the convergence rates with respect to the

regularization parameter for the error in the control and the state are favorable, as well as

information about the coupling of the regularization parameter and the mesh size. Similar

error estimates for another smoothing-scheme are established, for example, in [181].

In order to derive an error bound for the setting of the optimal control of the obstacle

problem, introduced in Sec. 5.7, one possible approach could be to adapt the technique

introduced in [145]. The proof is based on a quadratic growth condition and the L2-error

estimates for the state presented in [87] and [159], respectively.

Towards Parametrization and Time-Dependent Constraints So far, the approaches de-

scribed in Chap. 5 are available only for stationary applications. However, there are

important applications that require a time-dependent PDE as constraint. In particular,

problems where the optimal layout of competing physical processes governs an optimiza-

tion problem, e.g., plasticity problems, form a broad class of problems of particular prac-

tical importance, such as visco-plastic fluid flow or damage and permanent bending in

solids, see e.g., [59, 143]. These cases require the extension of the stationary abs-operator

switching topology to a time-dependent approach. If this would be done based on the full
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stationary model, an enormous amount of data would be needed. Currently, strategies

to overcome this problem are missing and might be based on reduced order models. In

a cooperation with the working group by Prof. Dr. Stefan Volkwein at the University of

Konstanz, a preliminary reduced order model based on Proper Orthogonal Decomposition

(POD) was developed and investigated. First results are available for the parametrized

non-smooth PDE

− µ Δy + ν max(5y, y abs(y)) = u, (6.1)

with varying parameters µ, ν > 0 and a given right-hand side u ∈ L2(Ω) as one possible

extension of the PDE constraint in the considered optimization problem. The results

reveal that the considered model has a low rank structure and the finite element solution

space can be essentially reduced to a finite dimensional function space, which is spanned by

ten basis functions. The first four of these ten resulting POD bases are shown in Fig. 6.1.

The low rank structure in combination with the eigenvalue decay as illustrated in Fig. 6.2

suggests that further investigation concerning a reduced order model based on POD will be

beneficial to develop an extension of the algorithm SCALi also for optimization problems

with VI time-dependent PDE-constraints.

Figure 6.1.: First four POD bases for the PDE constraint (6.1).
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Figure 6.2.: Eigenvalue decay for the POD bases of the PDE constraint (6.1).
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Application to TV-Regularized Image Denoising In addition to PDE-constrained op-

timization methods, variational methods have considerable success in a variety of image

recovery problems and are still an area of active research in mathematical image process-

ing. This area is very wide and the focus here will therefore lie on image denoising. For

the purpose of illustration, the model of total variation (TV) is employed. This model was

designed by Rudin, Osher and Fatemi with the explicit purpose of denoising an image

while maintaining sharp edges or discontinuities [175, 176, 191].

To demonstrate the effectiveness and efficiency of the SCALi algorithm it may be applied

to a noisy image. Therefore, the following minimization problem is considered.

min
u

1
2

�

Ω
(u− ud)

2dx+ β
�

E∈E
|E| · |�u�|, (6.2)

where u represents the state variable, ud the given image, β a given positive regularization

parameter, E the set of all edges E of the triangulation of the domain Ω and the length

of the edge E is given by |E|. Furthermore, �u� denotes the jump of u across an interior

edge. By adding Gaussian distributed noise one can generate the noisy image, which will

be denoted by ud. The iteratively denoised image is given by the state u.

Preliminary investigations and numerical experiments show that the algorithm SCALi

works well in this framework and is applicable in a wide area. Note that each solution and

resulting image by SCALi can hardly be distinguished from the solutions of the widely

used Split-Bregman algorithm, see Figs. 6.3 – 6.4. An introduction and analysis of the

Split-Bergman algorithm can be found in [77]. The idea and advantage of the Split-

Bregman method is the separation of the L2- and L1-norm functions such that they can

be solved analytically in two alternating steps. However, this approach requires a cautious

adjustment of the involved parameters, see e.g. [77, 133].

Fig. 6.3 shows that the denoised image by SCALi also maintains sharp edges or dis-

continuities, as it is typical for these TV regularized problems. Furthermore, Fig. 6.3

reveals that by denoising the image with the algorithm SCALi the solution also features

nearly the same (typical) stair casing effect for TV regularized problems as the solution

given by the Split-Bregman method, suggesting that the SCALi procedure performs just

as purposefully. This can be further examined in Fig. 6.4, which additionally provides blue

contour lines for the gray scale values 0.0, 0.2, 0.5 and 1.0 of the corresponding images. As

illustrated by these results, it is worthwhile to pursue investigations in this direction.
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Figure 6.3.: Original, noisy and denoised images.

Figure 6.4.: Original, noisy and denoised images with selected contour lines.
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A.1. Farkas Alternative in Hilbert Spaces

We recall an extended version of the Farkas’ Lemma, which gives necessary and sufficient

conditions on the solvability of a linear system. The following result is derived from [57].

Lemma A.1 (Farkas’ Lemma). Let H and V be Hilbert spaces and denote by H∗ and V ∗

the topological dual of H and V , respectively. Furthermore, let K be a convex cone in H

and A : H → V a bounded linear operator. If A(K) is weakly closed, then the following

statements are equivalent:

(a) The system Ax = b has a solution x ∈ K∗.

(b) �b, v∗� ≥ 0 for all v∗ with A∗v∗ ∈ K∗.

For a more general version of the Farkas lemma see for instance [61] and [127].

Note that the equivalence in Lem. A.1 also indicates that only one of the two following

properties can hold.

(a ) The system Ax = b has a solution x ∈ K∗.

(b’) ∃v∗ with A∗v∗ ∈ K∗ such that �b, v∗� < 0.

This is known as the Farkas alternative.

165



A. Appendix

A.2. Supplementary Numerical Results

h α ε �y − y∗�L2(Ω) �σ̄z−|z|�L2(Ω) µ− # Newton

3.009e-02 1.0 1.0 2.17e-01 1.3e-05 -5.295e-01 4
3.009e-02 1.0 1e-2 7.09e-02 1.8e-05 -1.570e-02 2
3.009e-02 1.0 1e-4 3.87e-03 2.2e-05 -1.935e-03 2
3.009e-02 1.0 1e-6 2.84e-03 2.8e-08 -8.594e-04 2

1.571e-02 1.0 1.0 2.16e-01 1.6e-06 -7.188e-01 4
1.571e-02 1.0 1e-2 7.09e-02 1.2e-04 -5.281e-02 2
1.571e-02 1.0 1e-4 1.55e-03 2.1e-05 -1.970e-03 2
1.571e-02 1.0 1e-6 1.51e-03 3.1e-08 -9.987e-04 2

7.728e-03 1.0 1.0 2.16e-01 6.6e-07 -7.188e-01 4
7.728e-03 1.0 1e-2 7.09e-02 1.4e-04 -5.281e-02 2
7.728e-03 1.0 1e-4 1.60e-03 2.4e-05 -1.970e-03 2
7.728e-03 1.0 1e-6 1.04e-03 3.0e-08 -7.130e-04 2

3.009e-02 1e-1 1.0 3.01e-01 1.3e-05 -7.181e-01 6
3.009e-02 1e-1 1e-2 7.09e-02 1.7e-04 -1.570e-02 2
3.009e-02 1e-1 1e-4 3.88e-03 2.3e-05 -1.969e-03 2
3.009e-02 1e-1 1e-6 7.91e-03 3.1e-08 -8.374e-04 2

2.210e-02 1e-1 1.0 3.02e-01 2.7e-06 -7.193e-01 6
2.210e-02 1e-1 1e-2 7.10e-02 1.6e-04 -1.571e-02 2
2.210e-02 1e-1 1e-4 6.17e-03 2.0e-05 -1.971e-03 2
3.009e-02 1e-1 1e-6 7.91e-03 3.1e-08 -8.374e-04 2

1.571e-02 1e-1 1.0 3.02e-01 1.5e-06 -7.194e-01 6
1.571e-02 1e-1 1e-2 7.10e-02 1.7e-03 -1.571e-02 2
1.571e-02 1e-1 1e-4 6.23e-03 2.1e-05 -1.971e-03 2
1.571e-02 1e-1 1e-6 4.44e-03 3.1e-08 -9.987e-04 2

7.728e-03 1e-1 1.0 3.02e-01 6.3e-07 -7.194e-01 6
7.728e-03 1e-1 1e-2 7.10e-02 1.7e-03 -1.570e-02 2
7.728e-03 1e-1 1e-4 7.24e-03 2.4e-05 -1.970e-03 2
7.728e-03 1e-1 1e-6 1.44e-03 3.0e-08 -7.130e-04 2

1.571e-02 1e-3 1.0 3.11e-01 9.2e-07 -7.397e-01 9
1.571e-02 1e-3 1e-2 8.37e-02 9.5e-04 -1.938e-01 2
1.571e-02 1e-3 1e-4 6.81e-03 2.1e-05 -1.978e-03 2
1.571e-02 1e-3 1e-6 4.44e-03 3.1e-08 -9.988e-04 2

1.571e-02 1e-5 1.0 3.16e-01 9.3e-07 -7.500e-01 10
1.571e-02 1e-5 1e-2 2.82e-01 1.3e-06 -6.679e-01 2
1.571e-02 1e-5 1e-4 6.13e-03 2.0e-05 -2.714e-03 2
1.571e-02 1e-5 1e-6 4.07e-03 3.2e-08 -1.006e-03 2

Table A.1.: Numerical results for Case 5.
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h α ε �σ̄z−|z|�L2(Ω) µ− # Newton

3.009e-02 1.0 1.0 1.4e-07 -5.162e-03 2
3.009e-02 1.0 1e-03 3.9e-11 -3.791e-04 1
3.009e-02 1.0 1e-06 2.2e-14 -1.437e-06 1
3.009e-02 1.0 1e-09 2.4e-20 -1.531e-09 1
3.009e-02 1.0 1e-12 2.4e-26 -1.373e-12 1

1.571e-02 1.0 1.0 7.5e-08 -5.220e-03 2
1.571e-02 1.0 1e-03 1.9e-11 -3.819e-04 1
1.571e-02 1.0 1e-06 1.3e-13 -4.688e-06 1
1.571e-02 1.0 1e-09 1.8e-19 -5.689e-09 1
1.571e-02 1.0 1e-12 2.5e-25 -6.061e-12 1

7.728e-03 1.0 1.0 1.2e-07 -5.019e-03 2
7.728e-03 1.0 1e-03 5.2e-11 -3.811e-04 1
7.728e-03 1.0 1e-06 1.4e-15 -1.390e-06 1
7.728e-03 1.0 1e-09 4.1e-21 -1.235e-09 1
7.728e-03 1.0 1e-12 4.1e-27 -1.236e-12 1

3.009e-02 1e-01 1.0 1.4e-08 -3.865e-03 2
3.009e-02 1e-01 1e-03 3.9e-11 -3.716e-04 1
3.009e-02 1e-01 1e-06 2.2e-14 -1.293e-06 1
3.009e-02 1e-01 1e-09 2.4e-20 -1.373e-09 1
3.009e-02 1e-01 1e-12 2.4e-26 -1.373e-12 1

2.210e-02 1e-01 1.0 2.2e-08 -3.751e-03 2
2.210e-02 1e-01 1e-03 7.6e-10 -3.768e-04 1
2.210e-02 1e-01 1e-06 2.4e-13 -5.291e-06 1
2.210e-02 1e-01 1e-09 2.8e-19 -5.876e-09 1
2.210e-02 1e-01 1e-12 3.7e-25 -6.124e-12 1

1.571e-02 1e-01 1.0 1.2e-08 -3.799e-03 2
1.571e-02 1e-01 1e-03 1.9e-11 -3.818e-04 1
1.571e-02 1e-01 1e-06 1.3e-13 -4.688e-06 1
1.571e-02 1e-01 1e-09 1.8e-19 -5.690e-09 1
1.571e-02 1e-01 1e-12 2.5e-25 -6.061e-12 1

7.728e-03 1e-01 1.0 1.9e-08 -3.900e-03 2
7.728e-03 1e-01 1e-03 1.0e-11 -3.816e-04 1
7.728e-03 1e-01 1e-06 1.7e-15 -9.199e-07 1
7.728e-03 1e-01 1e-09 4.1e-21 -1.235e-09 1
7.728e-03 1e-01 1e-12 4.1e-27 -1.236e-12 1

1.571e-02 1e-03 1.0 3.2e-07 -4.167e-03 6
1.571e-02 1e-03 1e-03 3.1e-11 -3.816e-04 1
1.571e-02 1e-03 1e-06 1.3e-13 -4.756e-06 1
1.571e-02 1e-03 1e-09 1.9e-19 -5.781e-09 1

1.571e-02 1e-05 1.0 4.5e-09 -4.568e-04 8
1.571e-02 1e-05 1e-03 9.6e-11 -3.557e-04 1
1.571e-02 1e-05 1e-06 1.9e-13 -5.187e-06 1
1.571e-02 1e-05 1e-09 2.7e-19 -6.385e-09 1

Table A.2.: Numerical results for Case 6.
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h α ε �σ̄z−|z|�L2 µ− # Newton

3.009e-02 1e-01 1.0 1.2e-03 -6.288e-02 10
3.009e-02 1e-01 1e-01 7.1e-04 -4.434e-02 4
3.009e-02 1e-01 1e-02 2.6e-05 -8.103e-03 4
3.009e-02 1e-01 1e-03 1.4e-07 -9.451e-04 3
3.009e-02 1e-01 1e-04 3.3e-10 -9.566e-05 2
3.009e-02 1e-01 1e-05 1.5e-12 -7.008e-06 2
3.009e-02 1e-01 1e-06 3.7e-14 -1.064e-06 2

1.571e-02 1e-01 1.0 1.1e-03 -6.290e-02 10
1.571e-02 1e-01 1e-01 6.9e-04 -4.409e-02 4
1.571e-02 1e-01 1e-02 2.3e-05 -7.672e-03 4
1.571e-02 1e-01 1e-03 8.4e-08 -7.816e-04 3
1.571e-02 1e-01 1e-04 9.1e-11 -5.458e-05 2
1.571e-02 1e-01 1e-05 1.4e-12 -5.906e-06 2
1.571e-02 1e-01 1e-06 5.8e-14 -1.626e-06 2

7.728e-03 1e-01 1.0 1.2e-03 -6.283e-02 10
7.728e-03 1e-01 1e-01 7.2e-04 -4.434e-02 4
7.728e-03 1e-01 1e-02 2.7e-05 -8.168e-03 4
7.728e-03 1e-01 1e-03 1.7e-07 -1.018e-03 3
7.728e-03 1e-01 1e-04 1.7e-09 -1.780e-04 2
7.728e-03 1e-01 1e-05 2.7e-11 -3.665e-05 2
7.728e-03 1e-01 1e-06 6.4e-14 -3.038e-06 2

4.714e-03 1e-01 1.0 1.2e-03 -6.283e-02 10
4.714e-03 1e-01 1e-01 7.1e-04 -4.426e-02 4
4.714e-03 1e-01 1e-02 2.6e-05 -8.023e-03 4
4.714e-03 1e-01 1e-03 1.4e-07 -9.521e-04 3
4.714e-03 1e-01 1e-04 1.0e-09 -1.464e-04 2
4.714e-03 1e-01 1e-05 8.6e-12 -2.326e-05 2
4.714e-03 1e-01 1e-06 3.0e-14 -7.392e-07 2

Table A.3.: Numerical results for Case 7 with a Newton tolerance of 10−15.
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