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Abstract
Whether the cosmological expansion can influence the local dynamics, below
the galaxy clusters scale, has been the subject of intense investigations in the
past three decades. In this work, we consider McVittie and Kottler spacetimes,
embedding a spherical object in a FLRW spacetime. We calculate the influence
of the cosmological expansion on the frequency shift of a resonator and estimate
its effect on the exchange of light signals between local observers. In passing,
we also clarify some of the statements made in the literature.
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1. Introduction

The large scale structure of the Universe is described by way of the ΛCDM cosmological
model which is in accordance with current observations showing an accelerated expansion
of the Universe [1]. The accelerated expansion is well captured by the cosmological Fried-
mann–Lemaître–Robertson–Walker (FLRW) spacetime metric, once visible matter, dark mat-
ter and dark energy are accounted for in the energy density of the Universe. This description
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is effective above the supercluster scales, where space can be considered homogeneous to a
good approximation. At these scales, the evolution is dominated by the so-called Hubble flow,
with structures receding from each other with relative velocities linearly proportional to their
relative distance in first approximation.

However, whether the cosmic expansion of spacetime can affect local gravitating systems
has been the subject of a lively debate dating back to Einstein and Straus in the 1940s [2, 3].
Since then, a growing body of literature has tackled the issue with sometimes conflicting pre-
dictions on the existence of local effects of the cosmological expansion [4–25] (see the review
[25], and references therein, for a detailed account of the literature up to 2010).

The major problem in addressing unambiguously which structures in the Universe partic-
ipate in the expansion and which do not resides in the difficulty of handling the solutions
of general relativity (GR) outside extremely simplified and idealized scenarios. Ideally, one
should be able to account for the local environment such as the one in the Solar System and, at
the same time, consider the larger environment in which the former is embedded and which, in
turn, will not be described by a cosmological solution to Einstein’s equations in general [17].
Since such detailed description is not currently available, we are led to consider simplified
scenarios with varying degrees of approximation. As highlighted in [25], while this is totally
justified from a methodological point of view, it also demands for a conservative interpretation
of the final results as indicating more likely an upper-bound on the effects of cosmic expansion
on local systems than an accurate estimate.

With these clarifications at hand, in this work we consider the effect of the global cos-
mological expansion on local scales using the McVittie metric [26], describing a spherical
symmetric object embedded in an expanding FLRW spacetime, and its limit case when space-
time is asymptotically de Sitter. We will focus on the effect of the cosmic expansion on the
frequency of propagating light signals. In particular, we consider the effect of the expansion
on the frequency shift of a resonator moving along different trajectories. We also briefly review
the effect of the expansion on the exchange of light signals between different observers and
clarify some statements present in the literature in this regard.

This investigation is motivated by the rapid development of optical clocks. The great
advancements in the field of optical clocks [27–36] in the past 20 years—gaining about five
orders of magnitude in accuracy—open potential new windows of exploration of fundamental
physics allowing to measure time and frequency with unprecedented precision. Just this year,
a measurement of the frequency ratio between three atomic clocks with a fractional frequency
uncertainty below 8 × 10−18 was reported in [37] and fractional stability of optical clocks to
one part in 1018 [35] or even in 1019 [38] over average times of hundreds of seconds have
been reached. Moreover, new concepts like nuclear clocks are being explored which promise
even better frequency standards. It should be noted that in SI units the current value of the
Hubble parameter is around 10−18 s−1 such that relative frequency shifts over 1 s—e.g. in
a space-bound cavity or Doppler measurements—linearly proportional to it (if any) would
be comparable to the current optical clocks’ uncertainty, when averaging for ∼102 s. It is
then intriguing to investigate if the effect on local systems of the cosmic expansion can be of
this order of magnitude, and whether current or near future experiments employing quantum
technological platforms could have any hope to detect such effects.

The work is organized as follows: in section 2, we discuss the model of spherical symmetric
object embedded in an expanding FLRW spacetime that we use in the rest of the work, as
well as the different observer fields we consider. Section 3 briefly reviews the derivation of
the frequency shift in a resonator in curved spacetime [39]. Here we show how the cosmic
expansion affects the resonator, depending on its trajectory. In section 4, we use the previous
results to clarify some aspects of the imprint of the global cosmological expansion on the
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kinematic effects related to the exchange of light signals between different observers. Section 5
presents estimates of the magnitude of the effects previously discussed. Finally, in section 6
we conclude with a discussion of our results and outlooks.

2. Expanding Universe with a spherical inhomogeneity

In the existing literature, several techniques and approaches have been used to study the
impact of the cosmological evolution on local systems. Beyond using perturbation theory and
improved Newtonian calculations, exact solutions to the Einstein’s equations have been found
that describe an inhomogeneity embedded in an expanding FLRW spacetime. As discussed
in detail in [25], two alternatives have been investigated. The first amounts to matching two
known solutions of Einstein’s equations, one representing the cosmological FLRW spacetime
and the other the geometry induced by the isolated inhomogeneity. This has been the basis
for the Einstein–Straus vacuole solution [2, 3, 40]. The second requires finding exact solu-
tions of Einstein’s equations, with the only constraint of approximating each of the two known
solutions of interest in some region.

In this work, we will follow the second strategy and consider it as a viable approach for
describing a local system embedded in an expanding spacetime whose metric is the so called
McVittie metric. Firstly derived in the early ’30s [26], the McVittie metric is a spherically
symmetric solution to Einstein’s equations and describes a non-charged, non-rotating compact
object in an expanding cosmological FLRW spacetime. As such, the McVittie metric reduces,
by construction, to the exterior Schwarzschild solution at small radii and to FLRW asymp-
totically. We restrict ourselves to the case in which the FLRW asymptotic metric describes
a spatially flat spacetime, in accordance with current cosmological observations. The analyt-
ical properties of the McVittie solution were carefully analyzed in [41–44] where also the
properties of the timelike and lightlike geodesics of the metric are considered4.

In the following, we use mainly two coordinate representations for the McVittie metric,
always assuming to be at distances from the central object much larger than its Schwarzschild
radius. We also set c = G = 1 unless otherwise stated. In isotropic spherical coordinates, the
McVittie metric reads

ds2 = −
(
1 − m(t)

2r

)2(
1 + m(t)

2r

)2 dt2 +

(
1 +

m(t)
2r

)4

a(t)2(dr2 + r2dθ2 + r2 sin2 θdφ2), (1)

where we are using the (−+++) signature. Here, a(t) indicates the scale factor of the asymp-
totic FLRW metric. As discussed in [25] and references therein, the matter content of the
McVittie spacetime is assumed to consist of a perfect fluid moving along the integral curves
of the (normalized) vector field ∂t. Following [25], from the Einstein’s equations we have
m(t) = m0/a(t) with m0 = rS/2 the mass of the central object5 and rS its Schwarzschild radius.

A second set of coordinates that will turn out to be useful are the areal radius coordinates.
The areal radius is defined as

R(t, r) =

(
1 +

m(t)
2r

)2

a(t)r. (2)

4 In [25, 41, 42, 45], the singularity properties of the McVittie spacetime are considered. In the following, we work
always far away from the Schwarschild radius (r � rS) and thus do not concern ourselves with such issues.
5 In physical units, m0 = GM/c2 = rS/2, where G is the gravitational constant, c is the speed of light, and M is the
mass of the central object.
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We can then adopt the change of coordinates t → t, r → R and rewrite the metric, in the region
R > 2m0, in areal radius coordinates as

ds2 = −
(
1 − 2μ(R) − h(R, t)2

)
dt2 − 2h(R, t)√

1 − 2μ(R)
dt dR

+
1

1 − 2μ(R)
dR2 + R2dθ2 + R2 sin2 θdφ2, (3)

where μ(R) = m0/R, h(R, t) = H(t)R, and H(t) = a′(t)/a(t)—where the prime indicates
derivative with respect to the coordinate time—is the Hubble parameter as usual.

Before proceeding it should be noted that, considering the current estimates for the value
of the Hubble parameter at the current time H0 ∼ 70 s−1 km Mpc−1 ∼ 2 × 10−18 s−1 in the
ΛCDM paradigm (cf appendix A), H′

0 is of the same order of magnitude as H2
0. Thus, in the

following we will consider terms in H′ as quadratic corrections in the Hubble parameter.

2.1. Limiting case: Kottler spacetime

From the form of the metric in equation (1), it is immediate to see that, for m0 → 0, we recover
the FLRW metric in spherical isotropic coordinates while imposing a(t) = 1, we obtain the
exterior Schwarzschild metric. Furthermore, from the form of the metric in equation (3) it is
also immediate to see that, imposing the Hubble parameter to be constant H(t) = H0—where
H0 is the so-called Hubble’s constant—or equivalently, choosing a(t) = eH0t, we recover the
line element of Schwarzschild–de Sitter (or Kottler [46]) spacetime with cosmological constant
Λ = 3H2

0 in areal radius coordinates.
The Schwarzschild–de Sitter (SdS) case will be of relevance in the following. The SdS

metric has been used in the existing literature to investigate the effect of the cosmological
constant on the local dynamics in a variety of situations [8, 16, 24, 47] and has also been
generalized to include a rotating, axis-symmetric central object, which yields the Kerr–de Sitter
metric [18, 48–50]. While the SdS metric encodes only the effect of the cosmological constant,
it nonetheless allows for analytical solutions where only numerics can be used with the general
McVittie line element. We will thus resort to the SdS line element for some of the results in
the following.

Before moving on, let us notice that SdS spacetime is static, and indeed the metric can be
rewritten in the time-independent, diagonal form6 [44]

ds2 = −α(R)dt2 + α(R)−1dR2 + R2(dθ2 + sin2 θdφ2), (4)

where α(R) = 1 − rS/R − H2
0R2. We will refer to this in the following as using ‘manifestly

static’ coordinates.

2.2. Observer fields and the proper detector frame

In the next section, we are going to consider the frequency shift induced by the cosmological
expansion in a resonator attached to a support moving along a given trajectory in spacetime. It
is thus useful to specify which timelike trajectories we are going to consider in the following.

Independently of the specific observer field, in order to determine the frequency shift of the
resonator, we will employ the metric and the Riemann tensor expressed in the proper detec-
tor frame [51]. The proper detector frame is defined, up to spatial rotations and with respect

6 This form of the metric can be obtained from equation (3), with the condition H(t) = H0 constant, by performing
the change of coordinates t → t + u(R) with u′(R) = H0R/

(√
1 − 2μ(R)α(R)

)
as described e.g. in [44].
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to a time-like trajectory γ, as the Fermi–Walker transported orthonormal tetrad {eα} , α ∈
{0, 1, 2, 3} with e0 = γ̇ the normalized four-velocity along the trajectory, that is

⎧⎪⎨
⎪⎩

e0 = γ̇

0 =
DFea

ds
≡ Dea

ds
−
(

ea,
De0

ds

)
e0 + (ea, e0)

De0

ds
, ∀ a ∈ {1, 2, 3},

(5)

where DX/ds = eμ0∇μX is the covariant derivative of the Levi-Civita connection along the
direction of e0 and De0/ds = a its four-acceleration. Due to the Fermi–Walker transport, the
proper detector frame is said to be non-rotating and can be physically realized by an observer
carrying along a clock defining time and a system of three gyroscopes with spin vectors orthog-
onal to each other defining the spatial reference frame [52]. Note that Fermi–Walker transport
along a geodesic corresponds to parallel transport.

We are now in the position to consider several different observer fields which will be used
in the following.

2.2.1. Cosmological observer. The first observer field that we consider is obtained normaliz-
ing the ∂t vector field in isotropic spherical coordinates (1). It is then given by

u = ‖∂t‖−1∂t. (6)

As we commented above, the perfect fluid matter content of McVittie spacetime moves along
the integral lines of such an observer field. While in FLRW such a field is geodesic, this is not
the case in McVittie (or SdS) spacetime. The cosmological observer corresponds to an observer
at a constant coordinate radius r and, in the asymptotic region approximating FLRW, defines
the so-called Hubble flow.

The four-acceleration a = ∇uu of this field is given by

a =

{
0,

m(t)
r2a2(t)(

1 − m(t)
2r

) (
1 + m(t)

2r

)5 , 0, 0

}
, (7)

i.e., purely radial and outward pointing in these coordinates at the fixed value of r.

2.2.2. Kodama observer. The Kodama observer field is the normalized version of the Kodama
vector field, which is a naturally distinguished field in spherically symmetric spacetimes.
Indeed, the Kodama vector field (vK) is the unique (up to a sign) spherically symmetric vector
field orthogonal to the gradient of the areal radius. Thus, upon normalization, we obtain a nat-
urally distinguished observer field uK = ‖vK‖−1vK corresponding to an observer at a constant
areal radius.

As discussed in detail in [25, 53], to which we refer the interested reader for further details,
the integral curves of the Kodama observer are worldlines which ‘stay’ at constant areal radius
and are orthogonal to the orbits of the SO(3) isometry group. These are the key properties
of the Kodama observer field, making it the natural substitute for a timelike Killing field in
an arbitrary spherically symmetric spacetime. This holds true in McVittie spacetime where,
in general, no timelike Killing vector field is present. Furthermore, the Kodama vector field
coincides with the timelike Killing vector field in the limit in which McVittie reduces to the
SdS spacetime.
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Starting from equation (1), and using the fact that m(t) = m0/a(t), the Kodama vector field
is given as

vK = ∂t − H(t)R‖∂r‖−1∂r. (8)

However, due to the properties of the Kodama vector field, it is convenient to work with it in
areal radius coordinates equation (3) in which the Kodama vector field assume the simple form
vK = {1, 0, 0, 0}. The Kodama observer field is finally obtained as

uK =
1√

1 − 2μ(R) − h(R, t)2
{1, 0, 0, 0}. (9)

It should be noted that, the Kodama observer field is, in general, not geodesic similarly to
the cosmological observer field in McVittie spacetime. The four-acceleration can be easily
computed by fixing, without loss of generality, θ = π/2 and is given by

aK =

⎧⎨
⎩

RH(t)
(

RH′(t) − (μ(R)−h2(R,t))(1−2μ(R)−h2(R,t))
R
√

1−2μ(R)

)
(1 − 2μ(R) − h2(R, t))2

,
m0

R2

− R
√

1 − 2μ(R)H′(t)
1 − 2μ(R) − h2(R, t)

− RH(t)2, 0, 0

⎫⎬
⎭ , (10)

for the observer at fixed areal radius R.
In FLRW, the Kodama observer would still be not geodesic, contrary to the cosmological

one and, given the fact that the expression for the areal radius reduces to R = a(t)r, would cor-
respond to an observer at a constant proper distance from the origin of the coordinate system.
In the limit in which a(t) = 1, the Kodama observer is just the stationary one of Schwarzschild
spacetime.

2.2.3. Geodesic observers. Among the better physically justified observers to consider there
are undoubtedly geodesic observers, i.e., inertial observers in free-fall. Indeed, the previous
two observer fields require a proper acceleration for a spacecraft to keep on moving along
their integral curves, in contrast to geodesic ones.

Timelike geodesics in McVittie spacetime have been carefully analyzed in [44]. Unfortu-
nately, for a general geodesic there are no analytical expressions and also finding the associated
proper detector frame analytically is a tall order. Thus, in the following, when speaking of
geodesic observers, we will consider the SdS limit of McVittie spacetime and work in mani-
festly static coordinates (4). In the case of SdS, analytical expressions for timelike geodesics
have been derived [54] albeit involving hyper-elliptic integrals. Since we consider the SdS
spacetime metric, our conclusions for what regards geodesic observers will be concerned with
the local effects of a cosmological constant.

As discussed in [54], the symmetries of SdS spacetime allow to define the two conserved
quantities energy E and angular momentum L that, together with the normalization condi-
tion for the four-velocity γ̇ of a timelike (ε = 1) or null (ε = 0) geodesic trajectory, uniquely
characterize the four-velocity of the trajectory as

γ̇ =

{
E

α(R)
,

√
E2 − α(R)

(
ε +

L2

R2

)
, 0,

L
R2

}
, (11)
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where we are working in static coordinates, and we have restricted ourselves, without loss of
generality, to motion in the equatorial plane (θ = π/2).

In the following, we focus on circular and radial geodesics. The former give a crude approx-
imation of the physical motion of planets in the Solar System, while the latter describe the
motion of an infalling or outwards escaping spacecraft. Radial geodesics are easily determined
by fixing L = 0 and are parameterized by the energy E. The corresponding Fermi transported
tetrad that defines the proper detector frame is derived in appendix B. Circular orbits are
instead obtained by demanding that Ṙ = 0 and R̈ = 0, where the dot stands for derivative
with respect to the proper time along the geodesic, and we parameterize the trajectory as
γ(τ ) = (t(τ ), R(τ ), 0,φ(τ )) with τ the proper time. Also for this case, the Fermi transported
tetrad is derived in appendix B. Furthermore, the results for the circular geodesics can be easily
generalized to include a central spinning object, i.e., working with the Kerr–de Sitter spacetime
metric. We report this case in appendix B5 for the interested reader.

3. Frequency shift for a local resonator

In [39] a resonator, consisting of two mirrors connected by an elastic rod which itself is fixed
to a support, affected by a curved background metric is studied. Based on this, we analyze here
the effects of cosmological expansion on the frequency of a resonator on different trajectories.

Attached by a support to an observer, which is characterized by a timelike trajectory and
its local proper detector frame, the resonator is subject to gravitational effects of the metric (cf
figure 1). We indicate the spatial coordinates in the proper detector frame as {x, y, z} along the
directions defined by the spatial part of the Fermi–Walker transported tetrad {eμJ } introduced in
(5) and whose explicit expressions are given in appendix B for different observers7. We assume
that the resonator is aligned along the, arbitrarily chosen, J-direction, with J ∈ {x, y, z} in the
proper detector frame and that the rod’s elasticity is characterized by the material’s speed of
sound cs.

The slowly varying acceleration and tidal forces induce internal stress within the rod, which
accumulates along it leading to a compression or elongation. Other contributions to the change
in length are the relativistic length contraction which is subleading by a factor c2

s/c2, the effects
resulting from transverse proper acceleration, and change in trajectory of the light pulse which
are second order effects in the perturbation of the proper detector frame metric. The proper
acceleration of the mirrors can be ignored if the mirrors are considered lightweight compared
to the rod. Additional effects of tidal acceleration in transverse directions are negligible for a
slim rod. Following the detailed derivation in [39], the change in length translates to a shift in
the resonance frequency which, in quadratic order of the metric perturbation and in the limit
of a slowly moving observer, is given in equation (29) of [39] by

Δω

ω
≈ aJ

2c2

(
c2

c2
s
β − σ

)
Lp +

R0J0J

24

(
2

c2

c2
s

(3β2 + 1) − 3σ2 − 6σβ + 1

)
L2

p,

(12)

7 Note that, as detailed in [39], the proper detector frame coordinates used for the derivation of the frequency shift
are valid for distances from the point of expansion much smaller than min

{
c2/|aJ |, 1/|RM

NPQ|1/2, |RM
NPQ|/|∂K RM

NPQ|
}

,
where aJ = eJ

μaμ is the non-gravitational acceleration with respect to a local freely-falling frame while RMNPQ =

eαMeβNeγPeδQRαβγδ are the proper detector frame components of the Riemann tensor.

7
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Figure 1. Pictorial representation of the resonator rod carried along a trajectory γ by an
observer (the spacecraft) in a curved background. The observer trajectory γ is the one
followed by the support point at which the resonator is fixed to the observer. The proper
length of the resonator is denoted by Lp, the support point is at a distance βLp/2 from
the center of mass and the frequency measurement is performed in an arbitrary point of
the resonator at a distance σLp/2 from the center of mass.

where ω is the resonance frequency of the oscillator in the absence of curvature and accel-
eration, aJ ≡ eJ

μaμ and R0J0J = eα0 eβJ eγ0eδJRαβγδ are the proper acceleration and the Riemann
curvature tensor components in the detector frame, βLp/2 is the distance of the rod’s support
from the center of mass and σLp/2 is the distance of the point of measurement from the center-
of-mass (cf figure 1). Note that we have re-inserted the speed of light for clarity of exposition.
By design, i.e., by the choice of alignment, the acceleration and curvature parallel to the axis
of the resonator are the only components to contribute in leading order to the frequency shift of
the resonator. Analytic formulae for the relevant proper acceleration and curvature tensor ele-
ments and the impact of cosmological expansion on these are given for some relevant observer
field in the following.

3.1. Cosmological observer

For the cosmological observer, the spatial component of the four-acceleration in the proper
detector frame is given by

a =

(
m(t)

a(t)r2(
1 − m(t)

2r

) (
1 + m(t)

2r

)3 , 0, 0

)
. (13)

An expansion to second order in ra′(t)/a(t) and first order in r2a′′(t)/a(t) (here, derivatives are
taken with respect to coordinate time) of the relevant terms of the Riemann curvature tensor in
the proper detector frame results in

8
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R0x0x ≈ − 2m(t)
r3a(t)2

1(
1 + m(t)

2r

)6 +
m(t)

r
1

1 − m(t)
2r

(
a′(t)
a(t)

)2

−
(
1 + m(t)

2r

)(
1 − m(t)

2r

) a′′(t)
a(t)

, (14)

R0y0y = R0z0z ≈
m(t)

r3a(t)2

1(
1 + m(t)

2r

)6 +
m(t)

r
1

1 − m(t)
2r

(
a′(t)
a(t)

)2

−
(
1 + m(t)

2r

)(
1 − m(t)

2r

) a′′(t)
a(t)

, (15)

where we see that in the radially aligned eμx direction the curvature is different from the

two orthogonal directions. Apart from the
(
a′(t)/a(t)

)2
and a′′(t)/a(t) factors, the cosmolog-

ical expansion only enters as ra(t) in both the Riemann tensor and the acceleration in the
Fermi–Walker transported detector frame. Expanding the scale factor a(t) ≈ a(t0)(1 + H0Δt)
gives terms linear in H0 in both the acceleration and the curvature, all suppressed by factors
m0/r. As we show in the following, this is not the case for the other observers that we con-
sider, which do not follow the Hubble flow. Note that, in the limit m(t)/r → 0, i.e., when the
usual FLRW metric is recovered, we remain with corrections quadratic in H0 in agreement
with previous results in the literature [10].

3.2. Kodama observer

Similarly, starting from the McVittie metric in areal radius coordinates, we can calculate the
quantities relevant to the frequency shift of a resonator on the trajectory of a Kodama observer.
The spatial component of four-acceleration in the proper detector frame is given by

aK =

⎛
⎝ m0

R2 − RH2(t)√
1 − R2H(t)2 − 2m0

R

−

√
1 − 2m0

R RH′(t)(
1 − R2H(t)2 − 2m0

R

)3/2 , 0, 0

⎞
⎠ . (16)

The relevant components of the Riemann tensor in the detector frame, i.e., the ones entering
(12), are given by

R0x0x = − H′(t)√
1 − 2m0

R

− H(t)2 − 2m0

R3
, (17)

R0y0y = R0z0z =
m0

R3
− H2(t) −

√
1 − 2m0

R H′(t)

1 − R2H(t)2 − 2m0
R

. (18)

It should be noted that, both the proper acceleration and any component of the Riemann curva-
ture tensor in the proper detector frame do not contain any linear term in the Hubble parameter
H nor any instance of a(t) from which a linear term in H0 could arise when expanded for
small time differences. The same is true for the Ricci and Einstein tensors and the scalar
curvature and it is in stark contrast to the case of the cosmological observer. Finally, it is
worth mentioning that, performing the same calculations starting from the McVittie metric
in isotropic coordinates calls for some care. Indeed, one needs to impose the constancy of the
areal radius, characteristic of the Kodama observer, in order to correctly account for correction
to the resonator frequency and obtain results that agree with the one discussed here.
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3.3. Geodesic observers

As discussed in the previous section, finding the proper detector frame for a general geodesic
observer in McVittie spacetime is a tall order. We thus focus on geodesics in SdS spacetime
working in static coordinates.

Let us first consider an observer freely-falling along an equatorial circular geodesic. The
Riemann curvature tensor in the proper detector frame is given by

R0x0x =

−3 rS
R3 α(R) cos

(
φ
√

4 − 6rS
R

)
− H2

0

(
4 − 9 rS

R

)
− rS

R3

2
(
2 − 3 rS

R

) , (19)

R0y0y =
1

2 − 3 rS
R

( rS

R3
− 2H2

0

)
(20)

R0z0z =

3 rS
R3 α(R) cos

(
φ
√

4 − 6rS
R

)
− H2

0

(
4 − 9 rS

R

)
− rS

R3

2
(
2 − 3 rS

R

) . (21)

Note that, the trigonometric functions appearing in these expressions originate from requiring
the detector frame to be non-rotating (see also appendix B).

In the case of a radial, equatorial geodesic in SdS, characterized by a vanishing angular
momentum L = 0, we find for the components of interest of the proper detector frame Riemann
tensor

R0x0x = − rS

R3
− H2

0, (22)

R0y0y = R0z0z =
rS

2R3
− H2

0 . (23)

Note that, these expressions coincide, at a fixed value of the areal radius, with the ones of the
Kodama observer (17) in the limit H(t) → H0.

The previous expressions show that, for both the circular and the radial geodesics, the lead-
ing order correction to the frequency shift of the resonator resulting from the cosmological
expansion is proportional to H2

0 . Let us also notice that the same conclusion can be reached
for the particular case of circular geodesics in Kerr–de Sitter spacetime [55–57], in which a
central rotating body is considered (cf appendix B for additional details).

4. Redshift and satellite tracking

Having considered the impact of the global cosmological expansion on a local experiment, we
conclude with a brief overview of the effect of the same expansion on the frequency redshift
of signals exchanged between observers and the related concept of double Doppler tracking
(DDT). These kinematic effects have been treated in detail in the existing literature [8, 9, 24,
25]. Here, we focus on clarifying some of the results in the literature by following the derivation
in [25].

In the case of FLRW spacetime, the redshift formula for exchanges of light signals between
two observers following the Hubble flow is easily obtained. Consider two cosmological
observers at r0 and r1, respectively, in isotopic spherical coordinates8, then the ratio between

8 In these coordinates the FLRW line element has the usual form ds2 = −dt2 + a2(t)(dr2 + r2 sin θ2dφ2 + dθ2).
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the frequency emitted by the first observer and the one received by the second observer is
given by ω1/ω0 = a(t0)/a(t1) ∼ 1 − H0(t1 − t0), where we have assumed the leading order of
the Hubble parameter to be H0 = const., and where the frequency measured by an observer u
is given by the scalar product between the observer field and the null tangent to the light signal
k, i.e. |g(u, k)|. We notice that the redshift encodes a correction linear in the Hubble constant.
As shown in [25], this persists also in the case in which a spherical inhomogeneity is included.

The DDT, as the name suggests, is a technique used to track the position of spacecrafts.
In order to address the DDT, we need to consider the ratio between the frequency emitted by
an observer and the frequency received back by the same observer after the light signal has
been reflected by an arbitrarily moving ‘spacecraft’. In FLRW, considering the cosmological
observer field and a spacecraft reflecting back the light signal upon reception, this ratio can be
broken into three terms ω2(t2)/ω0(t0) = (ω2/ω

′
1)(ω′

1/ω1)(ω1/ω0). Here, the observer receiving
(at t = t2) and sending (at t = t0) the signal is at a fixed value of the coordinate radius r. Also
notice that, for the cosmological observer in FLRW, proper time coincides with the coordi-
nate time t. The ratio ω1/ω

′
1 represents the ratio between the frequency at the reflection point

as measured by the cosmological observer at that point and the frequency after reflection as
measured by the same observer. This ratio accounts for the relativistic Doppler shift due to the
motion of the spacecraft relative to the cosmological observer field at the reflection point. The
other two ratios are easily obtained from the previous expression of the single-way redshift.
All together, one arrives at equation (140) of [25]

ω2(t2)
ω0(t0)

=
a0

a2

(
2

1 − βk̂
u(v)

1 − βu(v)2
− 1

)
. (24)

Here, we have considered a spacecraft with four velocity v whose relative velocity with respect
to the observer field u at the reflection point is βu(v) = (v − |g(v, u)|u)/|g(v, u)| [25]. Fur-
thermore, we have considered a null signal propagating radially between the emitter and the
reflection point with tangent k whose normalized projection in the rest frame of the observer
is k̂. Finally, with βk̂

u we indicate the projection of the relative velocity along the unit vec-
tor k̂ in the rest frame of u. Equation (24) relates the frequency shift to the spacecraft spatial
velocity and can be approximated to linear order in β and H0Δt20 with Δt20 = t2 − t0 giv-
ing ω2(t2)/ω0(t0) ≈ 1 − 2βk̂

u(v)p1 − H0Δt20 showing once more a linear correction in H0. It is
clear from our previous discussion that the linear term in H0 originates from the analogous
term in the one-way redshift.

The last step in accounting for the DDT is to differentiate the previous expression with
respect to the proper time of the observer at reception of the reflected signal. In [25], this
calculation is detailed, and its result is

1
ω0(t0)

dω2(t2)
dt2

≈ −2
{
αk̂

u(1 − 3βk̂
u − 3H0Δt20/2) + H0β

k̂
u

}
, (25)

where now αk̂
u is the relative spatial acceleration of the spacecraft trajectory with respect to the

observer field in the direction of the unit vector k̂. It should be emphasized here that, in the rate
of the DDT ratio above, not all the corrections linear in H0 can be traced back to the one-way
redshift. Indeed, the derivative with respect to t2 is also responsible for the introduction of such
corrections as can be easily seen from equation (143) in [25].

We now want to show that such linear corrections in H0 are a peculiarity of the cosmological
observer already in FLRW. This result then extends trivially to the case of McVittie spacetime.

11
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A first hint of this fact is given by considering the simple case of de Sitter spacetime9, and the
Kodama observer field which, in the region of interest, is a timelike Killing vector field. The
one way redshift is thus given by [58]

ω1

ω0
=

√
α(R0)√
α(R1)

= 1 + (R2
1 − R2

0)
H2

0

2
+O

(
H4

0R4
)

, (26)

with R the largest scale among R0 and R1 entering the problem and α(R) = 1 − H2
0R2. Note

that the same expression holds in the case of SdS spacetime, where only the functional form
of α(R) changes (see also section 5 for an alternative way to compute the one-way redshift for
the Kodama observer). Moreover, we point out that the expression for the redshift as expressed
in [8] contains an error—in that R0 and R1 are interchanged.

The previous expression shows that no contribution linear in H0 appears while the leading
corrections are proportional to H2

0. It also tells us immediately that the only possible source of
corrections linear in H0 in the DDT rate could be the time derivative. However, no contributions
of this nature arise from the time derivative. A simple way to see this is to work in static
coordinates for de Sitter spacetime. In these coordinates the Kodama observer field is uK =
α−1/2∂t and the proper time for such an observer coincides with the coordinate time to first
order in H0R. We can thus ignore the difference between the proper and the coordinate time.
The DDT ratio can be obtained in complete analogy to the previous case of the cosmological
observer as

ω2

ω0
=

{
2

1 − βk̂
uK

(v)

1 − βuK (v)2
− 1

}
, (27)

where we have used the fact that ‖uK‖t=t0/‖uK‖t=t2 = 1. Next, by using the null condition for
an inward directed (assuming R1 > R2 = R0) radial lightlike geodesic∫ t2

t1(t2)
dt = −

∫ R2

R1(t1(t2))

dR
α

, (28)

we obtain

dt1
dt2

=
(

1 + βk̂
uK

(v)
)−1

, (29)

where it can be shown that the relative spatial velocity of the spacecraft at the reflection point
has the form βk̂

uK
(v) = α(R1)−1dR1/dt1 (cf appendix C). We then see that this derivative does

not contain any correction proportional to H0 so that the rate of the DDT will have leading
corrections quadratic in the Hubble parameter. This same argument extends straightforwardly
to the case of SdS spacetime (cf appendix C). Moreover, since SdS spacetime is a special case
of the McVittie one, with H′ = 0 (cf equation (31)), the argument should apply for the general
case showing that the DDT ratio and rate contain corrections at most quadratic in the Hubble
parameter, which strongly limits the possibility to observe such effects.

In order to strengthen our point, let us consider also a generic, freely falling observer field in
SdS spacetime. In the equatorial plane, this observer field is parameterized as in equation (11)
with ε = 1. From the form of the metric in equation (4), and the parameterization of timelike
and null geodesics in equation (11), it is easy to deduce that the leading order corrections of the
redshift ratio have to be at least of second order in the Hubble constant so that also a generic

9 See also appendix C for further details.
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geodesic observer does not have access to corrections linear in H0 in the frequency ratio of the
DDT.

5. Differential acceleration & expansion’s effects estimate

An intuitive understanding of the differences between the observers considered can be gained
through their proper acceleration in a weak field limit and the comparison to the Newto-
nian limit. In equations (13) and (16) the proper acceleration is given for the cosmological
observer and the Kodama observer, respectively, while it vanishes for the geodesic observer
by definition. We immediately see that equation (13) contains only an acceleration due to the
central object that is, to lowest order in m0/a(t)r, the Newtonian gravitational acceleration due
to a mass m0 at a distance a(t)r. We can conclude that the cosmological observer freely follows
the Hubble flow but accelerates against the gravitational pull of the central object, which agrees
with its standard interpretation. In equation (16), we find a term of lowest order in m0/R and
HR that coincides with the Newtonian gravitational acceleration due to a central mass m0 at
distance R. The additional terms represent an inward acceleration that depends on the cosmo-
logical expansion. These terms result from the property of the Kodama observer to be located
at constant areal radius, which implies that it is accelerating against the gravitational effect of
the cosmological expansion such that it will never join the Hubble flow.

To lowest non-trivial order, the radial proper acceleration of the Kodama observer in the
corresponding proper detector frame becomes

aK,R =
m0

R2
− R(H2(t) + H′(t)). (30)

If the Kodama observer is realized and test matter is released by it, aK,R is their differential
acceleration. We recognized that the small quantities H2(t), H′(t) ∼ H2

0 are multiplied by the
potentially large quantity R. This seems like a potential opportunity for a measurement of
Hubble parameter H0 and the cosmological constant Λ. However, in the described setup, the
fundamental challenge would be to realize the Kodama observer without knowledge of the
cosmological acceleration. The only obvious possibility seems to be a measurement of the
distance to the central object, which seems very challenging, in particular, for very large R.

The acceleration in equation (30) is equivalent, up to a sign, to the gravitational acceleration
appearing in the Newtonian limit of a gravitating spherically symmetric central object in an
expanding spacetime (e.g. see equation (87) in [59] and equation (1) of [7]). The sign change
is the result of aK,R being the non-gravitational acceleration necessary to compensate for the
gravitational one. There exists an extended literature about the gravitational acceleration being
proportional to H2 due to the cosmological expansion and its local measurability [7, 13, 14,
16, 19, 22, 23, 25, 59] that we do not review here.

By expanding all expressions to second order in HR, we can approximately diagonalize the
McVittie metric in (3) by a redefinition of the time variable to obtain the line element (see
appendix D for details)

ds2 ≈ −
(

1 − 2m0

R
− (H(t)2 + H′(t))R2

)
dt2

+

(
1 +

2m0

R
+ H(t)2R2

)
dR2 + R2dθ2 + R2 sin2 θdφ2 (31)

in the weak field limit where m0/R � 1, where we have also neglected terms proportional
to m0H(t)2R and m0H′(t)R. Identifying the zero-component of the perturbation of the metric,
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with respect to the flat Minkowski metric, with a Newtonian potential, i.e. g00 = −1–2Φ =
−1 + 2m0G/(c2R) + R2(H2 + H′)/c2, leads to a gravitational redshift/time dilation propor-
tional to m0(1/R1 − 1/R2) + (R2

1 − R2
2)(H2 + H′)/2 for two observers located at R1 and R0.10

Alternatively, this expression for the redshift can be directly deduced from the effective gravi-
tational acceleration −aK,R by interpreting it in terms of an effective metric in the Newtonian
limit.

The current value of the Hubble constant is H0 ∼ 2.2 × 10−18 s−1 and that of the cosmolog-
ical constant is Λ = 3H2

0ΩΛ/c2 ∼ 10−52 m−2. Considering the ΛCDM model and neglecting
the small contribution of radiation at present day, we obtain H2 + H′ = (Λc2 − H2

0)/2, where
we have taken into account that ΩΛ +Ωm = 1 in the ΛCDM model (see appendix A for fur-
ther details). Following [8], and using equation (31), by assuming Earth as the central object,
a satellite at an altitude of R1 = 15 000 km � R0, and assuming a clock comparison accuracy
of 10−15 and no deviation in the frequency redshift with respect to the prediction of Einstein’s
theory without cosmological expansion, we can estimate an upper bound to the cosmological
constant of |Λ| � 2 × 10−29 m−2 (compare with [8]) assuming precise knowledge of H2

0 , m0

and R2 from other measurements. This translates to an upper bound on H2
0 , based on the same

parameters, of H2
0 � 10−12 s−2 assuming Λ, m0 and R2 to be known precisely. If we consider

instead the Sun as a central object, a relative clock accuracy of 10−19, and a spacecraft at a
distance from the Sun comparable to the one of the Voyager 1, i.e. R1 ∼ 23 × 1012 m, we can
push the bounds to |Λ| � 10−45 m−2 and H2

0 � 3 × 10−29 s−2, ‘only’ seven orders of magni-
tude away from the currently accepted values. Considering a scaling of the clock uncertainty
with the inverse of the square root of the averaging time [27] and the fact that currently an
averaging time of the order of 102 s is needed to reach an uncertainty of the order of 10−19, we
see that to fill the six orders of magnitude gap would require around 106 years of integration
time. It is thus clear that further advances in clock accuracy are needed to be able to assess
cosmological quantities in this kind of local experiments.

In addition to redshift measurements, another option to estimate the non-Newtonian grav-
itational acceleration due to the cosmological expansion would be, for example, its accumu-
lated effect on a spacecraft which could be measured, in principle, by Doppler tracking the
time evolution of the spacecraft’s velocity. However, the basic mechanism would be a fre-
quency comparison which should result in similar fundamental limits as we have found for
gravitational redshift measurements above. The situation becomes even worse if one tries to
measure the Hubble or cosmological constant through the frequency shift of a resonator, as
described in section 3. For a geodesic observer in SdS (see section 3.3), assuming the value
of H0 ∼ 2.2 × 10−18 s−1, and a speed of sound cs = 5000 m s−1 (comparable to that of alu-
minium) the relative frequency shift of a resonator of length 10 m is only ∼10−42, which is
many orders of magnitude away from measurability.

6. Discussion

In this work we have investigated the impact of the global cosmological evolution on a very
local experiment, i.e., on the frequency shift in a resonator. In order to model something akin to
a local inhomogeneous environment immersed in an expanding Universe, we have considered
the McVittie metric. This metric describes a spherical object embedded in a FLRW cosmolog-
ical spacetime and, together with its limiting case of Schwarzschild–de Sitter spacetime, has

10 Here, we assume that the derivatives of the components of the metric with respect to t are much smaller than their
derivatives with respect to R to recover the stationary weak field situation (see e.g. [60]).
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been largely used in the literature exploring local effects of the cosmological expansion (cf
[25] and references therein). A word of caution is in order here to correctly interpret the results
obtained in this work, as well as in the existing literature. As already discussed in the intro-
duction—and highlighted in, e.g., [17, 25]—to fully address the problem of the local effects
of global expansion in GR it would be necessary to model the hierarchy of embedded systems,
from the Solar system to the cosmological solution passing through galaxies and cluster scales,
at the level of at least controlled approximations to exact GR’s solutions. While this is currently
a tall order, resorting to (crude) approximations like McVittie spacetime and the SdS space-
time can guide us in obtaining estimates of the effects of global expansion in local systems.
The caveat is that such estimates, like the ones obtained in this work, have to be interpreted as
upper bounds to the effects of interest since, in realistic systems, the effects of the cosmological
expansion would be further obscured by the growing complexity of local structures.

With these considerations at hand, in this work we have considered the shift in the frequency
of an optical resonator, moving on various trajectories in McVittie and SdS spacetimes, due
to the cosmic expansion. We have shown that this frequency shift is proportional to H2

0 in the
case of freely-falling observers as well as the Kodama observer field. The former are physically
interesting since they do not require the knowledge of the underlying spacetime to be realized.
The latter, i.e. the Kodama observer field, an observer at a constant value of the areal radius,
is instead geometrically singled-out in spherically symmetric spacetimes. Linear terms appear
when considering observers following the Hubble flow—which however makes them unpracti-
cal for local experiments. This is in accordance with the results in the existing literature, where
several other effects—from light bending to perihelion precession—have been investigated
leading to corrections with the same proportionality to the square of the Hubble parameter.
Despite the smallness of the current value of H0 that casts these effects outside current tech-
nological possibilities, similarly to all other effects studied previously, they nonetheless show
the imprint that the cosmic expansion can have on localized systems and their dynamics.

In the last part of our work, we have reviewed the effect of the cosmic expansion on the
redshift ratio and DDT in order to clarify some claims present in the literature. In particular,
we have shown that linear corrections H to the redshift and DDT emerge when considering
the cosmological observer but are not otherwise present in general. We have argued that the
general result consists of corrections that are at least quadratic in H, placing these effects on
the same footing as the others effects discussed in the literature.

In conclusion, despite the high degree of idealization of the local gravitational environment
entailed by the McVittie or SdS metric, the expansion of the Universe is able to affect local
experiments albeit in a way that place its detection beyond current technological capabilities.
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Appendix A. ΛCDM

In the ΛCDM model, the scale factor of the FLRW spacetime is given by

a(t) =

(
1 − ΩΛ

ΩΛ

)1/3

sinh2/3

(
t

tΛ

)
, (A1)

where tΛ = 2/
(
3H0

√
ΩΛ

)
is the cosmological timescale, the contribution Ωrad to the total

matter content of the Universe was considered to be negligible, and we used the approximation
Ωm +ΩΛ = 1. For the Hubble parameter we obtain

H(t) =
ȧ(t)
a(t)

= H0

√
ΩΛ coth

(
t

tΛ

)
, (A2)

where H0 = H(t0) is the current value of the Hubble parameter at the present age of the Uni-
verse t0, such that a(t0) = 1. The leading order of the non-Newtonian contribution to the
curvature of McVittie spacetime from equation (17) is then given by

−(H2(t0) + H′(t0)) =
1
2

(H2
0 − Λ). (A3)

Appendix B. Proper detector frames: Fermi–Walker transported tetrads for
various observers

As discussed in the main text, the proper detector frame can be defined along any timelike
worldline as an orthonormal tetrad whose timelike element coincides with the normalized
tangent to the worldline and the remaining orthogonal spacelike elements are Fermi–Walker
transported along the worldline. In other terms, given a worldline γ whose normalized tangent
we call γ̇, the proper detector frame is defined via

⎧⎪⎨
⎪⎩

e0 = γ̇

0 =
DFea

ds
≡ Dea

ds
−
(

ea,
De0

ds

)
e0 + (ea, e0)

De0

ds
, ∀ a ∈ {1, 2, 3}.

(B1)

solving the system of coupled differential equations defined above for a general timelike curve
in McVittie spacetime is a tall order. Other methods for determining the proper detector frame
have also been developed [61, 62] which however do not alleviate the problem of finding ana-
lytical expressions for McVittie spacetime. Nonetheless, the cases considered in the main text
are such that the Fermi–Walker (FW) transported tetrad can actually be constructed by solv-
ing the above system of differential equations. This holds for the cosmological and Kodama
observer in a general McVittie spacetime, and for radial and circular geodesic observers in SdS
spacetime.

In this appendix we report the explicit form of the tetrads for completeness.
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B.1. Cosmological observer in McVittie spacetime

The FW transported tetrad for the cosmological observer in McVittie spacetime in isotopic
coordinates and in matrix form where each line is one of the tetrad vectors eJ reads

eμJ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
1 + m(t)

2r

)(
1 − m(t)

2r

) 0 0 0

0
1

a(t)
(
1 + m(t)

2r

)2 0 0

0 0
1

ra(t)
(
1 + m(t)

2r

)2 0

0 0 0
1

ra(t)
(
1 + m(t)

2r

)2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(B2)

This tetrad is trivially obtained. Indeed, the spatial unit vectors er, eθ, eφ are just the normalized
versions of the vectors ∂r, ∂θ and ∂φ respectively.

B.2. Kodama observer in McVittie spacetime

The FW transported tetrad for the Kodama observer in McVittie spacetime in areal radius
coordinates and in matrix form where each line is one of the tetrad vectors reads

eμJ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
1

1 − 2μ(R) − h2(R, t)
0 0 0

− h(R, t)√
(1 − 2μ(R))

(
1 − 2μ(R) − h2(R, t)

) √
1 − 2μ(R) − h2(R, t) 0 0

0 0
1
R

0

0 0 0
1

R sin θ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(B3)

This tetrad is easily obtained: the spatial unit vectors eθ, eφ are just the normalization of the
vectors (0, 0, 1, 0) and (0, 0, 0, 1), respectively. For what concerns eR, it is easily found by just
imposing g(e0, eR) = 0 and g(eR, eR) = 1 with an ansatz eR = (v0, vR, 0, 0).

B.3. Radial geodesic observer in SdS spacetime

The FW transported tetrad for the radial geodesic observer in SdS spacetime in manifestly
static coordinates and in matrix form where each line is one of the tetrad vectors is given by

eμJ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

E
α(R)

√
E2 − α(R) 0 0√

E2 − α(R)
α(R)

E 0 0

0 0
1
R

0

0 0 0
1

R sin θ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (B4)
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This tetrad is easily obtained: the spatial unit vectors eθ, eφ are just the normalization of the
vectors (0, 0, 1, 0) and (0, 0, 0, 1) respectively. For what concerns eR, it is easily found by just
imposing g(e0, eR) = 0 and g(eR, eR) = 1 with an ansatz eR = (v0, vR, 0, 0).

B.4. Circular orbit geodesic observer in SdS spacetime

In the case of a circular geodesic orbits, deriving the FW transported tetrad turns out to be
more demanding than in the previous cases. Following [63], imposing the condition Ṙ = 0 in
equation (11) allows to fix the value of the conserved energy E and subsequently imposing the
four-acceleration to be vanishing fixes the conserved angular momentum as

E2 = R
α(R)2

R − 3rS/2
(B5)

L2 = R2 rS − 2H2
0R3

2R − 3rS
. (B6)

It should be noted that in SdS spacetime circular geodesics exist in the region 3rS/2 < R <
(rS/2H0)1/3.

At this point, we should notice that the vector ẽθ = ‖gθθ‖−1∂θ is FW transported (i.e.,
parallel transported) along the circular geodesic. With this observation, we can complete the
orthonormal tetrad adding the spatial vector ẽr = ‖grr‖−1∂r and the spatial vector ẽφ that can be
obtained by requiring it to be orthonormal with the previous three. The tetrad thus formed is not
FW transported. However, we can now linearly superpose ẽr and ẽφ like a(φ)ẽr + b(φ)ẽφ and
impose this vector to be FW transported. This results in two linearly independent differential
equations for the coefficients a(φ), b(φ)

√
2
√

Ra(φ)
√

2R − 3rS + 2Rb′(φ) = 0

2a′(φ)√
R

−
√

2b(φ)
√

2R − 3rS

R
= 0,

whose solution is readily obtained as

a(φ) = c1 cos

(
φ
√

2R − 3rS√
2
√

R

)
+
√

1 − c2
1 sin

(
φ
√

2R − 3rS√
2
√

R

)
,

b(φ) =
√

1 − c2
1 cos

(
φ
√

2R − 3rS√
2
√

R

)
− c1 sin

(
φ
√

2R − 3rS√
2
√

R

)
,

where also the normalization of the linear combination has been used and c1 is an integration
constant that we fix to one in one case and to zero in the other in order to obtain two new
vectors er and eφ which complete the FW transported tetrad. Finally, the FW transported tetrad
for the circular orbit geodesic observer in SdS spacetime in static coordinates and in matrix
form where each line is one of the tetrad vectors, is given by
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eμJ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
2R

2R − 3rS
0 0

√
rS/R − 2H2

0 R2

R(2R − 3rS)

−

√
rS − 2H2

0 R3

(2R − 3rS)α(R)
sin

(
φ

√
1 − 3rS

2R

) √
α(R) cos

(
φ

√
1 − 3rS

2R

)
0 −

√
2α(R)

R(2R − 3rS)
sin

(
φ

√
1 − 3rS

2R

)

0 0
1
R

0√
rS − 2H2

0 R3

(2R − 3rS)α(R)
cos

(
φ

√
1 − 3rS

2R

) √
α(R) sin

(
φ

√
1 − 3rS

2R

)
0

√
2α(R)

R(2R − 3rS)
cos

(
φ

√
1 − 3rS

2R

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(B7)

It is important to note that a circular trajectory in SdS spacetime is characterized by an angu-
lar velocity ω2 = rS/(2R3) − H2

0 [63]. This is exactly the quantity entering the trigonometric
functions in the tetrad elements. Indeed φ̇ = L/R2 from the angular momentum conservation,
which implies φ = τL/R2, where τ is the proper time of the observer. Then, from the expres-
sion for the angular momentum of the circular geodesics, we can easily check that the argument
of the trigonometric functions appearing in the tetrad is ωτ =

√
rS/(2R3) − H2

0τ .

B.5. Bonus: circular orbit geodesic observer in Kerr–deSitter spacetime

A straightforward generalization of the SdS spacetime, which account for axially symmetric
rotating central objects, instead of a spherical symmetric one, is the so called Kerr–de Sitter
(KdS) spacetime [55–57]. The properties of the geodesic of KdS spacetime have been exten-
sively considered in the existing literature and also the effect of the cosmological constant on
the local dynamics have been considered [18, 48–50].

Following [50], we can write the KdS metric in Boyer–Lindquist stationary coordinates as

ds2 = − Δr

χ2ρ2
(dt − a sin2 θdφ)2 +

ρ2

Δr
dr2 +

ρ2

Δθ
dθ2

+
Δθ sin2 θ

χ2ρ2

(
adt − (r2 + a2)dφ

)2
, (B8)

where

Δr = (1 − H2r2)(r2 + a2) − rSr (B9)

Δθ = 1 + a2H2 cos2 θ (B10)

χ = 1 + a2H2 (B11)

ρ2 = r2 + a2 cos2 θ (B12)

and a = J/M is the angular momentum per mass of the central spinning object. Also recall that
H2 = Λ/3, where Λ is the cosmological constant. Note that the KdS spacetime is stationary
but not static, and it reduces to SdS spacetime in static coordinates for a → 0.

As discussed in e.g. [49], the geodesics of the KdS metric are characterized by four constants
of integration given by energy per unit mass (E), angular momentum per unit mass (L), normal-
ization of the tangent (μ) and the modified Carter’s constant (Q). Timelike equatorial geodesics
are found by imposing θ = π/2, μ = −1, and Q = 0. Further imposing the equatorial orbit to
be circular fixes also the last two constants of integration.

The FW tetrad for an equatorial circular orbit in KdS spacetime can be obtained by following
the same steps as in the case of SdS spacetime. Due to the lengthy expressions for both the tetrad
and the components of the Riemann tensor in the proper detector frame of a geodesic observer
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following a circular trajectory, we do not report them here. We limit ourselves to note that it is
easy to verify that the Riemann tensor in the proper detector frame does not contain any linear
term in H and thus also the frequency shift for a resonator in KdS spacetime has no linear term
in H.

Appendix C. Doppler tracking and redshift: further details

In the main text, we have considered the redshift and DDT in FLRW spacetime for the cosmo-
logical and the Kodama observer field. In this appendix, we offer some further detail on those
expressions and their derivation.

In the following, given an observer field u, the frequency of a light signal characterized by
the vector k as measured by the observer is the scalar product between the observer field and
k, i.e. ω = g(u, k), where g is the metric symmetric tensor.

C.1. Redshift ratio in FLRW

Let us consider the FLRW metric in isotropic, spherical coordinates

ds2 = −dt2 + a2(t)dr2 + a2(t)r2(sin θ2dφ2 + dθ2). (C1)

In these coordinates, the cosmological observer is given by u = ∂t and it is a geodesic observer
whose proper time coincides with the coordinate time. The expression for the redshift ratio for a
light signal exchanged between two observers following the integral lines of u can be obtained
in several ways, from using the fact that the cosmological observer is a conformal Killing vector
field to brute force computations. For example, consider the two observers to be at r0 and r1

respectively. A radial null signal exchanged between these two is characterized by a null vector
k = (1/a(t), 1/a(t)2, 0, 0) coming from the geodesic equation and the normalization of the null
vector g(k, k) = 0. Thus, one immediately finds

ω1

ω0
≡ g(u, k)p1

g(u, k)p0

=
a(t0)
a(t1)

, (C2)

where pi = (ri, ti), i = 0, 1 are the spacetime points (suppressing the angular coordinates) at
which the observers are located when receiving the light signal.

In the case of the Kodama observer, in isotropic coordinates this observer is expressed as

uK =
(1,−Hr, 0, 0)√

1 − H2R2
, (C3)

where R = a(t)r and α(R) = 1 − H2R2 is the norm of the Kodama vector field11. The redshift
formula thus reads

ω1

ω0
≡ g(uK, k)|p1

g(uK, k)|p0

=

√
1 − H(t0)2R2

0√
1 − H(t1)2R2

1

(
1 + H(t1)R1

1 + H(t0)R0

)
a0

a1

≈ (1 +O(H2, H′))
(
1 + H(t0)R1 − H(t0)R0 +O((HR)2, H′R2)

)
× (1 − H(t0)Δt10 +O((HR)2, H′R2))

≈ 1 +O((HR)2, H′R2), (C4)

11 This is equal to α(R) = 1 − rS/R − H2
0R2 in the SdS case.
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where in the second line we have expanded both the scale factor and the Hubble parameter
and finally used the fact that12 Δt10 = R1 − R0 +O(HR). This expression shows that, for the
radially propagating light rays, the linear contributions in HR from the second and third term
cancel. This result is in accordance with the simpler analytical derivation shown in the text,
where we considered the special case of de Sitter. Indeed, for de Sitter, or SdS for that matter,
the Kodama vector field is a timelike Killing vector field so that we can use the fact that the
scalar product between a Killing field and k is constant along the null geodesic [58]. Thus, we
have

ω1

ω0
=

g(uK, k)|p1

g(uK, k)|p0

=

√
α(R0)√
α(R1)

, (C5)

where in the final result we are left with only the ratio of the norms of the Kodama vector
field thanks to the conservation law discussed, and α(R) = 1 − rS/R − H2

0R2 with rS = 0 in
the case of de Sitter spacetime.

C.2. Double Doppler tracking

Building on the results of the previous section, it is clear that when considering the Kodama
observer in de Sitter (or SdS) spacetime, equation (27) of the main text can be obtained by
combining the results coming from the relativistic Doppler effect (see reference [25]) with the
fact that

ω2

ω′
1

ω1

ω0
=

√
α(R0)√
α(R2)

= 1, (C6)

where we have used the fact that the Kodama observer is at a fixed value of the areal radius so
that R0 = R2. If considering the general case of FLRW spacetime, equation (C4) shows us that
there would be a correction which, however, is at least quadratic in H, so that we can safely
neglect it.

This shows that no correction linear in H should be expected in the DDT redshift ratio for
light signals exchanged between Kodama observers. In order to prove that this is also the case
for the rate of change of the DDT ratio, we need to show that differentiating the redshift ratio
with respect to the proper time of the observer at the reception point does not introduce any
linear correction. Note that this is not a priori obvious since in the case of the cosmological
observer, part of the linear corrections in H are introduced exactly by this derivative.

Let us consider the Kodama observer in de Sitter spacetime (the derivation can be extended
straightforwardly to the case of SdS). The Kodama observer field is given, in static coordinates,
by uK = α−1/2∂t. Thus, the coordinate time and the proper time of the Kodama observer are
the same at linear order in H0 and we can focus on the derivative with respect to the coordinate
time of the receiver in the DDT scheme.

Note that the expression we are interested in differentiating with respect to t2, i.e.
equation (27), contains only quantities that depend on t1. Thus, we need to obtain dt1/dt2. Fol-
lowing [25], we can use the null condition for an inward directed (assuming R1 > R2 = R0)
radial, lightlike geodesic to get∫ t2

t1(t2)
dt = −

∫ R2

R1(t1(t2))

dR
α(R)

, (C7)

12 For a radial null geodesic 0 = ds2 = −dt2 + a2(t)dr2 = −[dt + dR/(1 − RH)][dt − dR/(1 + RH)]. In lowest order
(for constant H(t)) this implies Δt10 = log[(1 + HR1)/(1 + HR0)]/H ≈ ΔR10 +O(HR).
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and then take the derivative with respect to t2, with the understanding that R2 is constant for
the Kodama observer. In this way we arrive at13

dt1
dt2

=

(
1 +

dR1/dt1
1 − H2R2

1

)−1

. (C8)

At this point, note that the spatial, unit vector k̂—i.e., the normalized spatial projection of the
lightlike vector k =

(
E/α, E, 0, 0

)
in the rest frame of the Kodama observer—is k̂ =

√
α∂R

and this implies that the projection of the relative spatial velocity of the spacecraft at the reflec-
tion point with respect to the observer field βuK

(v) = (v − |g(v, uK)|uK)/|g(v, uK)| along k̂ has
the form

βk̂
uK

(v) ≡ − g(k̂, v)
g(uK, v)

=
1

α(R1)
dR1

dt1
, (C9)

where v is the spacecraft four-velocity. With this last expression we have

dt1
dt2

=
(

1 + βk̂
uK

(v)
)−1

, (C10)

from which we see that this derivative does not introduce any correction linear in H.
Finally, it should be noted that, in reference [25] in order to arrive at the expression reported

in equation (25) the authors need to differentiate the relative velocity with respect to t1. In
the case of the Kodama observer, we can follow the same derivation as in [25, 53] with the
only caveat that additional corrections will appear when computing the derivatives of βk̂

uK
and

β2
uK

= ‖βuK
‖2 with respect to t1. In particular, we would have that d/dt1 =

(
dt1/dτ1

)−1
d/dτ1,

where τ 1 is the arc-length of the spacecraft trajectory. Contrary to the case of the cosmological
observer, this is not identical to the covariant ‘observer’ derivative, ∇u

v defined in equation
(130) of reference [25] (see also [9, 53]), anymore. Indeed, acting on a scalar function f

∇uK
v f = |g(uK, v)|−1 d f

dτ1
=

1
α1/2

d f
dt1

, (C11)

from which,

d
dt1

f = α1/2∇uK
v f . (C12)

Thus, in computing dβk̂
uK

(v)/dt1 and dβ2
uK

(v)/dt1, we get:

• dβk̂
uK

(v)/dt1 = α1/2∇uK
v βk̂

uK
(v) = α1/2

(
huK (αuK (γ), k̂) + huK (βuK

(v),∇uK
v k̂)

)
, where h

is the spatial metric in the rest frame of the observer field, and we have introduced the
relative spatial acceleration of the spacecraft trajectory with respect to the observer field
αuK (γ).

• dβ2
uK

(v)/dt1 = α1/2∇uK
v β2

uK
(v) = 2α1/2huK(βuK

(v),αuK(γ)),

where we have used the identities in equations (3.16) and (3.17) in [53] and, as in the main
text, we indicate with αuK (γ) = ∇uK

v βuK
(v) the relative spatial acceleration of the spacecraft

trajectory γ with respect to the observer field. However, it is clear that the corrections appear-
ing will be at least quadratic in H and cannot give rise to any linear correction in H in the

13 In the case of SdS we would have α(R1) in the denominator of the right-hand side of (C8).
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DDT expression. Indeed, putting together the results listed above and taking the derivative of
equation (27), i.e.,

ω2

ω0
=

{
2

1 − βk̂
uK

(v)

1 − βuK (v)2
− 1

}
, (C13)

we arrive at

1
ω0

dω2

dτ2
= α(R)−1/2(1 + βk̂

uK
(v))−1

[
− 2

(
huK (αuK(γ), k̂)

+ huK (βuK
(v),∇uK

v k̂)
)

(1 − β2
uK

(v))−1

+ 4huK(βuK
(v),αuK(γ))

(1 − βk̂
uK

(v))

(1 − β2
uK

(v))2

]
(C14)

to be compared with equations (8.12) and (144) of [25, 53] respectively. In particular, an even
clearer picture can be obtained following [25, 53] and considering a radially escaping space-
craft so that βuK

= βk̂
uK

k̂, αuK = αk̂
uK

k̂ with αk̂
uK

= huK(αuK , k̂)—where we now suppress the

arguments of the αk̂
uK

and the βk̂
uK

for ease of notation. In this case we obtain

1
ω0

dω2

dτ2
= −2α(R)−1/2αk̂

uK
(1 + βk̂

uK
)−3

= 2

(
1 +

H2
0R2

2

)
αk̂

uK
(1 + βk̂

uK
)−3 +O(H4

0R4), (C15)

which shows that only corrections quadratic, or higher, in H0R appear in the DDT rate.

Appendix D. Weak field regime of McVittie spacetime

In the following, we will diagonalize the McVittie metric in areal radius coordinates in
equation (3) to second order in HR. First, we find that the inverse of the McVittie metric is

gμν =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

1 − 2m0
R

− H(t)R√
1 − 2m0

R

0 0

− H(t)R√
1 − 2m0

R

1 − 2m0

R
− H(t)2R2 0 0

0 0
1

R2
0

0 0 0
1

R2 sin2 θ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (D1)

We define the time coordinate

τ = t −
∫

dR
g01

g11
≈ t − Σ(R)H(t)R2/2 (D2)
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which we approximated to second order in HR and defined

Σ(R) = 16
m2

0

R2

(
1 − 2m0

R

)−1/2

2F1

(
−1

2
, 3,

1
2

, 1 − 2m0

R

)
, (D3)

where 2F1 is the hypergeometric function, and find that the inverse McVittie metric becomes

gμν ≈

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 − Σ(R)H′(t)R2

1 − 2m0
R

− H(t)2R2(
1 − 2m0

R

)2 0 0 0

0 1 − 2m0

R
− H(t)2R2 0 0

0 0
1

R2
0

0 0 0
1

R2 sin2 θ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(D4)

also in second order in HR. The corresponding approximate expression for the McVittie metric
is

gμν ≈

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−
(

1 − 2m0

R

)
(1 +Σ(R)H′(t)R2) + H(t)2R2 0 0 0

0
1

1 − 2m0
R

+
H(t)2R2(
1 − 2m0

R

)2 0 0

0 0 R2 0
0 0 0 R2 sin2 θ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(D5)

In the weak-field regime, where m0/R � 1, we can consider this as a linear perturbed
Minkowski metric and identify a Newtonian potential via the relation g00 = −1–2Φ. We find

g ≈ diag

(
−1 +

2m0

R
+ (H(t)2 + H′(t))R2, 1

+
2m0

R
+ H(t)2R2,

1
R2

,
1

R2 sin2 θ

)
. (D6)

where we neglected terms proportional to m0H(t)2 and m0H′(r). The Newtonian potential
becomes

Φ = −m0

R
− 1

2
(H(t)2 + H′(t))R2. (D7)

Note the similarity of (D6) to the SdS metric in manifestly static coordinates in (4). In contrast
to the latter case, in the case of the perturbatively diagonalized McVittie metric, there is also a
time-dependent spatial component.
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