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Zusammenfassung

Die meisten Staaten der Welt wollen und werden sich von einer Kohlenstoffdioxid verursachen-
den Energieerzeugung wegbewegen. Diese Transformation wird eine generationsübergreifende
Unternehmung. Zur Deckung unseres gegenwärtigen Energiebedarf, wird gefördertes Erdgas als
eine Brückentechnologie angesehen, bis wir eines Tages in einer Ära post-fossiler Brennstoffe an-
kommen, in der wir immer noch Methan, Ammoniak oder Wasserstoff auf einem dann jedoch
Kohlenstoffdioxid-neutralem Weg, mit überschüssiger Energie, z.b aus Sonne oder Wind, wer-
den produzieren können. Der Energieträger Gas wird mittels Pipelines quer durch Länder über
lange Distanzen transportiert und dann sowohl national, sowie regional, über einen komplexes,
spinnennetzartig aufgebautes Gasnetzwerk aus Rohren, verteilt. Kompressoren erhalten dabei
das Transportmomentum, aber benötigen selbst Energie dazu. Um einen effizienten Betrieb zu
ermöglichen wird es nötig sein hoch performante Optimierung und schnelle Simulation zum Ein-
satz zu bringen, aber es motiviert auch die Entwicklung neuer Ansätze zur algorithmischen und
numerischen Behandlung nicht glatter, d.h. nicht differenzierbarer Modelle und Funktionen.

In dieser Arbeit werden wir das Konzept von Funktionen in Abs-Normalen Form, welche ei-
ne Unterklasse von stückweise differenzierbaren Funktionen ist, einführen. Für und von solchen
Funktionen können wir Approximationsmodelle erster Ordnung, durch den Einsatz von Techni-
ken zur algorithmischen Differentiation, generieren und zwar unter Erhaltung von Spärlichkeit,
bzw. Sparsity, falls solche inhärent ist. Wir bezeichnen diesen Prozess als Abs-Linearisierung. Die-
se Approximationen erster Ordnung erhalten einen Fehler zweiter Ordnung bezüglich der Distanz
zum Referenzpunkt ihrer Entwicklung und sind stückweise linear in ihrer Natur. Darüber hin-
aus lassen sie sich über Matrizen und Vektoren als sogenannte Abs-Lineare Formen ausdrücken.
Dies erlaubt den Einsatz beliebiger, unmodifizierter, moderner Programmpakete bzw. Bibliothe-
ken für die numerische lineare Algebra. Als natürliche Fortsetzung der Abs-Linearisierung kann,
so stellte es sich heraus, die Taylorarithmetik abgewandelt werden, über die Generalisierung der
Formel von Faà di Bruno, um eine automatisierbare Generierung von Splinefunktionen zu ermög-
lichen, welche noch bessere Annäherungsgüte bzw. Annäherungsgüte höherer Ordnung besitzen.
Von diesem Ausgangspunkt aus werden wir sogenannte gemischte Taylor-Kollokationsmethoden
zur Integration nicht glatter Algebro-Differentialgleichungssysteme, welche wir zur Darstellung
von Gasnetzen verwenden, einführen und etablieren. Für die generalisierte Trapezmethode, als
konkretes Beispiel für eine gemischte Taylor-Kollokationsmethode, werden wir speziell ihre Kon-
vergenz mit Ordnung zwei nachweisen. Da implizite Integratoren in Nutzung eine Serie von nicht
linearen und in unserem Falle auch stückweise differenzierbaren Gleichungssystemen als zu lösen-
des Unterproblem, erzeugen, werden wir dementsprechend auch die stückweise differenzierbare
Newtonmethode sowie Ansätze und Möglichkeiten zur Lösung stückweise linearer Gleichungs-
systeme untersuchen. Wir werden die bestehende Konvergenztheorie der stückweise differenzier-
baren Newtonmethode, in ihrem Tangentenmodus, auf beliebige Funktionen in Abs-Normalen
Form erweitern.

Um Gasnetze als Algebro-Differentialgleichungssystem formulieren zu können, werden wir beste-
hende etablierte Ansätze zur sogenannten lumped-parameter Modellierung rekapitulieren, aber
wir werden ebenso auch neue Modelle für die Realisierung von Regulatoren und Kompressoren
diskutieren, mit denen wir diese Elemente und durch sie auch das zugehörige gesamte Netz kon-
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trollieren können. Wir werden zeigen, dass eine geeignete Wahl von Modellen und Formulierungen
insgesamt zu Algebro-Differentialgleichungssystemen von Index eins führen. Diese Arbeit wird
schlussendlich mit numerischen Experimenten ausleiten, für welche wir ebenfalls eine stark mo-
difizierte Version einer bereits öffentlich frei verfügbaren Netzwerkinstanz zur Verfügung stellen,
welche damit dann ab jetzt eine Station, mit drei Kompressoren und einem Regulator, innehat,
die komplexe Steuerungsmanöver erlaubt.
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Abstract

Most countries want and will shift away from carbon dioxide polluting energy production. This
transformation is an intergenerational challenge to undertake. While satisfying our present energy
needs, extracted natural gas is considered as bridging technology into a post fossil fueled era,
where we still can produce methane, ammonia or hydrogen in a then carbon free way from excess
energy e.g. by solar and wind power. The energy carrying gasses are transported by pipelines
across countries over long distances and are distributed nationally as well as regionally by a
complex web of pipes referred to as gas network. Compressors keep up the momentum and
drive of transportation operation but require power themselves. To make an efficient operation
feasible it will be necessary to utilize high performant optimization, fast simulation, but it also
motivates the development of new approaches towards the algorithmic and numerical treatment
of non-smooth, i.e. non-differentiable models and functions.

In this thesis we will introduce functions in abs-normal form which is a sub-class of piecewise
differentiable functions. For and from them we can generate first order approximations employing
techniques of algorithmic differentiation in a way that also preserves inherent sparsity if present.
We refer to this generation process as abs-linearization. These first order approximations maintain
a second order error in the distance to their reference point of expansion and are piecewise
linear in nature. Furthermore they can be expressed in terms of matrices and vectors as so
called abs-linear form. This allows the utilization of any state of the art numerical linear algebra
packages and libraries as they are. As natural continuation of abs-linearization it turns out
that also Taylor arithmetic can be tweaked via the generalization of Faà di Bruno’s formula, to
allow the automatable generation of expansion splines that maintain even better or higher order
approximation qualities. From there we will establish and introduce mixed Taylor-collocation
methods to integrate non-smooth systems of differential algebraic equation systems such as we
can make use of to represent gas networks. For the generalized trapezoidal method as an instance
of a mixed Taylor-collocation method in particular we will prove second order convergence. Since
implicit integrators spawn a series of non-linear and in our case also piecewise smooth system
of equations as sub-problems to solve, we will henceforth investigate the piecewise differentiable
Newton method as well as means to solve systems of piecewise linear equations, too. We will
widen the existing convergence theory for the piecewise differentiable Newton method in its so
called tangent mode to all functions in abs-normal form.

To formulate gas networks as system of differential algebraic equations we will recapitulate the
established approaches towards lumped parameter modelling but we also will add new models for
the realization of regulators and compressors to control their operation and through them their
entire network of pipelines. We will prove that the right choice of modellings and formulations
eventually lead to systems of differential algebraic equations of index one. The thesis will be
conclude with numerical experiments for which we will provide a heavily modified version of an
already existing open accessible network instance which now also introduces a new station of
three compressors and a single regulator allowing complex routing manoeuvrers.
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1 Introduction

Most countries in world seek to shift away from carbon dioxide emitting energy production.
Methane, Ammonia and hydrogen are potential candidates to serve as fluid energy carrier in a
post fossil fueled era, since they can be produced from renewable energy sources such as solar
or wind power. Research on the modelling, simulation and also optimization of gas transporta-
tion operations has attracted attention and raised interest in recent years. From a mathematical
point of view we find gas networks to be a member of a larger family referred to as systems of
differential algebraic equations with underlying flow network structure. Other entries from the
same family are water grids, the human cardio vascular circulatory system, city traffic, electrical
circuits and power grids.
There is one aspect in particular that is shared by all of these examples. Blood vessels enclose
the blood and make up the domain for the human cardio vascular system. Streets represent the
domain for driving cars of a traffic simulation. Pipe line segments enclose the volume for gas
or water within corresponding supply networks. All of these examples offer an underlying graph
structure or flow network structure that defines their composited domain topology.
In this thesis we want to develop models and means towards the gas network simulation as an
instance for flow network simulation. However real world applications are rarely differentiable
throughout. On the contrary we could even widen options and possibilities of modelling if we
find ways to reliably handle certain types of non-differentiabilities.
According to the theorem of Rademacher [Fed96], which also occurs in this thesis as Theorem
2.2.5, finite dimensional Lipschitz continuous functions are differentiable almost everywhere.
Hence wherever such functions are not differentiable we will find approximating linear operators,
i.e. derivatives, in any neighbourhood. Many if not most approaches to what we nowadays call
generalized differentiation try to exploit on that. However the local approximations computed
under this premise may perhaps be valid on nothing more but a miniscule surrounding. This is
an inherent defect of linear approximation operators in the context of piecewise differentiable
let alone Lipschitz continuous functions. This penalises convergence theory, decrease predictable
convergence speeds and hence diminishes the overall reliability of modern optimizing algorithms
or integrators for differential equations.
Another way of thinking the generalization of differentiation was mentioned and explored in
[Sch12] where piecewise linear functions are suggested to approximate piecewise smooth func-
tions. With [Gri13] this idea got a definitive shape. Modifications to algorithmic differentiation
are suggested to efficiently compute piecewise linear models that are proven to be close approx-
imations of underlying vector valued piecewise smooth algorithms, also referred to as evaluations
procedures. On top three glimpses of potential applications were explored in some detail. Those
are non-smooth optimization, integration of non-smooth systems of ordinary differential equa-
tions and root finding. This was the starting point for research in all of these directions. In regards
of optimization we may mention a few publications by [GW16; Gri+16; Fie+18; Kub18; FWG18].
Also regarding the root solving or finding there are [Gri+15; Gri+18b; Rad+18; Leh+21; Bos19]
among other publications. Likewise the integration of non-smooth systems of ordinary differential
equations made progress [Boe+13; Gri+18a; Has+18] and yet there are still way more exciting
questions left open or unaddressed as we would have answers. One direction left abandoned so
far is the consideration of system of differential algebraic equations and this is one of the three
major goals for this thesis. All three of them are
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1 Introduction

• the generalization of Taylor polynomial expansion of smooth functions into a spline based
expansion process for certain piecewise differentiable functions

• adapting the generalized trapezoidal rule for non-smooth systems of ordinary differential
equations from [Gri13] for the application onto index one as well as non-smooth semi-
explicit systems of differential algebraic equations

• to take the first steps to make our new non-smooth framework applicable for the simulation
of high dimensional lumped parameter gas network systems as a motivating and driving
real world application

Towards the second itemize goal we also will utilize the generalized Taylor expansion from the
first item bullet to derive a new family of native integrators for non-smooth systems of differential
algebraic equations to which the generalized trapezoidal method is related.
Furthermore and still in regards of the second bullet point we will have to address root finding
for piecewise differentiable system functions, too. Typically most classical numerical integrators,
e.g. Sundials [Hin+05], for smooth initial value problems often subdue them to the following
three principle procedural steps

1. set up or initialize the problem as well as initial value conditions

2. apply the scheme of time discretization as defined by the integrator to generate a finite,
serial tuple of non-linear root problems as sub-problems

3. apply a root finding scheme (e.g. a descent of Newton’s method) onto each sub-problem in
their serial order

Figure 1.1 instantiates these three principal procedural steps at hand of a generic explicit
autonomous system of ordinary differential equations, the well known implicit Euler method
and using a plain version of Newton’s method for root finding.

ẋ(t) = f(x(t))

x(t0) = x0 ∈ Rn

∀i ≤ N : solve
xi+1∈Rn

0 = h · f(xi+1)− (xi+1 − xi) ≡ F (xi+1)

xi+1
j→∞←−−− x(j+1)

i+1 = x
(j)
i+1 − J

−1
F

[︂
x
(j)
i+1

]︂
· F
(︂
x
(j)
i+1

)︂

apply implicit Euler method

apply Newton’s method

1

2

3

Figure 1.1: simplified application structure of implicit Euler onto a system of explicit ordinary differ-
ential equations, utilizing Newton’s method as root solver
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Assuming f from Figure 1.1 to be piecewise differentiable, then its non-smoothness would almost
surely trickle down into the non-linear root problems rendering those non-smooth as well.

Thus the structure of this thesis will be the following.
In Chapter two we will address and define certain preliminaries necessary towards our way to
differentiation in general. We will then proceed to establish classical, i.e. smooth algorithmic
differentiation, including sparse Jacobian and secant matrix propagation. On top of that we can
then build up the piecewise linearization in the spirit of [Gri13]. We then continue to introduce
Taylor polynomial expansion process of functions by techniques of algorithmic differentiation.
Finally we conclude Chapter two by the generalization of that expansion process with the gen-
eralization of the formula of Faà di Bruno.
Chapter three will be initially about solving systems of piecewise linear equations using the piece-
wise linear Newton method from [Gri13] but also supported by insights from [Sch12; Gri+15].
Afterwards we will build upon mostly carried by [Gri+18b] and make ourselves familiar with a
generalized version of Newton’s method that generates quadratically or super linearly convergent
sequences of roots of successively generated piecewise linearizations of non-smooth functions. We
will finish this chapter with some new observations which may lead towards damped generalized
Newton methods in the future.
Chapter four will provide a brief introduction to systems of differential algebraic equations, the
algorithm design of collocation methods and introduce Taylor-collocation methods as well as the
generalized trapezoidal method. The generalized trapezoidal method should be understood as
a close relative to the Taylor-collocation methods. The latter are a family of already general-
ized integrators which will rely on the generalized Taylor expansion process from Chapter two.
Chapter four will close itself with a convergence analysis of the generalized trapezoidal method.
Chapter five will also be split into two parts. The first one will introduce the lumped parameter
modelling of gas networks. Here we will mostly follow the ideas and general approach as reported
by [Dom+17]. I.e. we can express and simulate gas networks on national or even continental
scale via differential and algebraic equations organized within a graph structure. However we
will contribute to the overall modelling. Active regulating elements can either increase gas flow
by compressing or decrease gas flow by shrinking the passage for gas through themselves. Often
these elements shall use this active control to get as near as possible to a desired region of state.
We can model this into their element equation in such a way that the overall resulting system
of network equations are semi-explicit and stays index one. The second part will be comprised
of three numerical experiments. Here we will demonstrate the convergence properties of Taylor-
collocation methods and the generalized trapezoidal method numerically. Also we will validate
our new active element modellings and we will simulate a moderately sized network of 70 nodes,
where we can also observe the performance of the generalized Newton method versus its classical
counterpart.
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2 Algorithmic Differentiation

Determining derivatives can be a challenging task. Especially in the context of high perform-
ance scientific computing. They are henceforth the key resource to feed modern day algorithms.
Classical approaches in lack of better alternatives were to derive and implement them by hand
(symbolic differentiation) or to approximate them by finite differences (also referred to as numer-
ical differentiation). Especially the former approach is potentially error prone and improvable on
run time as well as memory simultaneously [GW08]. The latter sacrifices computational speed, as
e.g. Newton’s method looses its rate of convergence. Saving run time or memory means more ca-
pacity to solve either larger or just more other problems. Algorithmic differentiation or short AD
natively computes derivatives of functions within computer precision exactly [GW08; Nau11],
while diminishing sources of handmade errors and being edge performant.
Of course AD does have its costs. Specialized software and an open access to the very problem
resources are necessary. In other words black boxed functions are simply not treatable. Neverthe-
less computing power is ever growing according to Moore’s law and likewise is the potential AD
has to offer compared to other means of computer aided differentiation. Over the years the num-
ber of publicly available dedicated AD Software packages across all programming languages was
growing already [BC05]. On top of that we now can observe releases of large software libraries us-
ing and incorporating AD functionalities or sub libraries as core integral part of themselves, such
as TensorFlow [Mar+15] or SCIP [Gam+20]. The trend towards smart derivative computation
via AD remains vivid and unbroken.

The aim of this chapter is best expressed in two bipolar goals. The first bipolar goal is to introduce
AD but also pushing its boundaries. Our second bipolar goal is to make ourselves familiar with
both smooth as well as non-smooth AD . We will establish the well known techniques for the
computation of so called classical first order derivatives and higher order Taylor polynomial
expansions, dense [GW08] and sparse [PK15]. But we will also elaborate into younger fields
of algorithmic piecewise linearization or abs-linearization [Gri13; Gri+15] as well as generalized
Taylor or abs-polynomial expansion [STG21; GST21]. And we will do all of this driven by the
goal to establish a foundation on which we can build the generalization of Newton’s method
and the numerical approximation of non-smooth systems of differential equations in subsequent
chapters.

However we will have to discuss a few fundamentals and basic definitions, before we can jump
straight into derivative computations. That way we can introduce some of the notions we will
use throughout this thesis and make ourselves familiar with.

2.1 Preliminaries

Algorithmic descriptions embodying functions as computer programs will take a key role in
our considerations to come, we may firstly give a proper definition of functions in general. The
following Definition 2.1.1 is based on a formalized description from the running text in [Rau08].
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2 Algorithmic Differentiation

Definition 2.1.1 (Function)
Given sets X and Y . A relation f ⊆ X × Y satisfying

• left total: ∀x ∈ X, ∃y ∈ Y : (x, y) ∈ f

• right unique: ∀x ∈ X, ∀y0 ∈ Y, ∀y1 ∈ Y : ((x, y0) ∈ f) ∧ ((x, y1) ∈ f) =⇒ (y0 = y1)

is called a function. We then write f : X → Y as well as f(x) = y ⇐⇒ (x, y) ∈ f . Also we
call X the domain of f and write dom(f) = X.

Hence all left total and right unique binary relations qualify to be seen as functions, but this
definition neither provide us with a test whether a tuple (x, y) indeed is in relation nor with a
procedure on to find or compute y from x in general. In the next section we will establish evalu-
ation procedures which are a formalization of computer algorithms that also abide by Definition
2.1.1.

We also will discuss differentiation or generalized differentiation in finite dimensions and hence
we have to establish fundamental concepts such as vector spaces, vectors, matrices and adjacent
concepts.
Definition 2.1.2 (Real Vector Space)
Let (R,+, ·) be the field of real numbers, then (V,⊕,⊙) is referred to as real vector space if V
is a set, ⊕ : V × V → V , ⊙ : R× V → V and the following properties apply

• associativity: ∀u, v, w ∈ V : v ⊕ (u⊕ w) = (v ⊕ u)⊕ w

• commutativity: ∀u, v ∈ V : u⊕ v = v ⊕ u

• existence of an identity element: ∃u = 0 ∈ V, ∀v ∈ V : 0⊕ v = v

• existence of inverse elements: ∀v ∈ V, ∃u = (−v) ∈ V : v ⊕ (−v) = 0

• compatibility: ∀a, b ∈ R, ∀v ∈ V : a⊙ (b⊙ v) = (a · b)⊙ v

• multiplicative identity: 1 ∈ R, ∀v ∈ V : 1⊙ v = v

• distributivity w.r.t. to ⊕: ∀a ∈ R, ∀u, v ∈ V : a · (u⊕ v) = (a · u)⊕ (a · v)

• distributivity w.r.t. to +: ∀a, b ∈ R, ∀v ∈ V : (a+ b)⊙ v = (a · v)⊕ (b · v)

Definition 2.1.3 (Chain Rule of Functions)
Let f : X → Y and g : Y → Z be functions, then h : X → Z is their chained composition,
if h(x) = f(y), where y = g(x). We then write h = f ◦ g and as well as h(x) = [f ◦ g](x) or
h(x) = f(g(x)).

A certain kind of finite dimensional real vector spaces can be constructed using the Cartesian
product.
Definition 2.1.4 (Finite Cartesian Product)
Given n sets A0, A1, A2, . . . , An−1 we then call

A0 ×A1 × · · · × An−1 =

n−1∏︂
i=0

Ai ≡ {(a0, a1, . . . , an−1) | ai ∈ Ai, 0 ≤ i < n}

6



2.1 Preliminaries

their Cartesian product. In case A = A0 = A1 = · · · = An−1 we may write An instead.

Now we can construct Rn as Cartesian product of R by itself. So let a ∈ R a real number as
well as u = (ui)

n−1
i=0 , v = (vi)

n−1
i=0 ∈ Rn be any two elements of the Cartesian product, then we

may define u+ v = (ui + vi)
n−1
i=0 as well as a · v = (a · vi)n−1

i=0 and thus find (Rn,+, ·) to be a real
vector space in the sense of Definition 2.1.2.

Definition 2.1.5
A function f : X → Y will be referred to as

• univariate if X ⊆ R1

• bivariate if X ⊆ R2

• multivariate if X ⊆ Rn, with n ≥ 1,

• scalar valued if Y ⊆ R1

• vector valued if Y ⊆ Rn, with n ≥ 1.

We may also call a function to be one dimensional if it is univariate and scalar valued.

Definition 2.1.6 (Norm)
Let R be a real vector space, e.g. V = Rn. We call a mapping ∥·∥ : V → R≥0 a norm on V if
the following criteria are satisfied

• positive definiteness: ∀v ∈ V : ∥v∥ = 0 ⇐⇒ v = 0

• absolute homogeneity: ∀a ∈ R, ∀v ∈ V : ∥av∥ = |a|∥v∥

• triangle inequality: ∀u, v ∈ V : ∥u+ v∥ ≤ ∥u∥+ ∥v∥

Examples are the absolute value function ∥x∥ ≡ |x| on R = R1 the real numbers, the Euclidean
norm ∥x∥ ≡ (x20 + x21 + . . . x2n−1)

1/2 on any Rn, the p-norm ∥x∥ = (|x0|p+ |x1|p+ . . . |xn−1|p)1/p,
for 1 ≤ p < 1, also on any Rn or the infinity norm ∥x∥ = maxi<n(|xi|) on any Rn as well.

Lemma 2.1.7 (Norm Equivalence on Rn - Theorem 3.7 from [Kre98])
For any two norms ∥·∥a, ∥·∥b on Rn there are positive constants ca,b, Ca,b > 0 such that

∀x ∈ Rn : ca,b∥x∥a ≤ ∥x∥b ≤ Ca,b∥x∥a.

At this point we are able to construct matrices. So consider Rm·n or more precisely its elements
A = (ak)

m·n−1
k=0 ∈ Rn·m and re-label and re-enumerate their entries in the following way: ai,j ≡

ai·n+j , for 0 ≤ i < m and 0 ≤ j < n. This yields

A =

⎡⎢⎣ a0,0 a0,1 . . . a0,n−1
...

. . .
...

am−1,0 am−1,1 . . . am−1,n−1

⎤⎥⎦ = (ai,j)
m−1,n−1
i=0,j=0 .

To indicate matrices and distinguish them from vectors in our notions we will henceforth write
A ∈ Rn×m. Together with A+B = (ai,j + bi,j)

m−1,n−1
i=0,j=0 and λ ·A = (λ · ai,j)m−1,n−1

i=0,j=0 for matrices
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2 Algorithmic Differentiation

A,B ∈ Rm×n and real numbers λ ∈ R we find that Rm×n is vector space. On top we can
also define the matrix multiplication by A · B = (

∑︁n−1
j=0 ai,j · bj,ℓ)

m−1,k−1
i=0,ℓ=0 ∈ Rm×k for matrices

A ∈ Rm×n and Bn×k. However the term vector will mostly refer to elements from Rn whereas
the term matrix will instead specifically refer to elements from Rm×n.

Definition 2.1.8 (Vector, Matrix and Function Concatenation)
Given two vectors x ∈ Rm, y ∈ Rk we call a vector z ∈ Rm+k such that

∀i < m : zi = xi, ∀j < k : zm+j = yj ,

their vector concatenation and write z = [x, y] ∈ Rm+k or z = (x, y) ∈ Rm+k.

Given two vector valued function f : D → Rm and g : D → Rk, with open domain D ⊆ Rn,
we call a function e : D → Rm+k such that for all x ∈ D : e(x) = [f(x), g(x)] their function
concatenation.

Given matrices A ∈ Rm×n, B ∈ Rm×k, C ∈ Rℓ×n, we call H ∈ Rm×(n+k), V ∈ R(m+ℓ)×n with

∀i < m, ∀j < n : hi,j = ai,j , ∀i < m, ∀j < n : vi,j = ai,j ,

∀i < m, ∀j ≥ n : hi,j = bi,j , ∀i ≥ m, ∀j < n : vi,j = ci,j ,

their matrix concatenations or block matrices and write

H =
[︁
A B

]︁
, V =

[︃
A
C

]︃
.

Also A, B and C are then called blocks of H or V , respectively.

Of course vectors x = (xj)
n−1
j=0 ∈ Rn still do correspond with rather slim matrices, i.e. they can be

considered to be elements from Rn×1 or R1×n, respectively. Per default we will always associate
any x ∈ Rn as element from Rn×1 and may refer to them as column vector, too. That way we
can define matrix-vector products by A · x = (

∑︁n−1
j=0 ai,j · xj)

m−1
i=0 , for A ∈ Rm×n, via the matrix

multiplication above. This also means that expressions y · A do not make sense unless we flip
the vector y ∈ Rm×1 into a row vector by writing y⊤ ∈ R1×m. In that case we find y⊤ · A to
be a valid expression via the matrix multiplication again. Likewise we can multiply two vectors
x, z ∈ Rn by x⊤z =

∑︁n
i=0 xi · zi ∈ R and we refer to this as their scalar product .

A special kind of vectors are the so called canonical unit vectors which we will always denote by
ei ∈ Rn and they are defined as follows

ei = (δi,j)
n−1
j=0 , where δi,j =

{︄
0 if i ̸= j

1 if i = j
,

with δi,j being the Kronecker index .
Concatenating canonical unit vectors into a matrix I = (ei)

n−1
i=0 = (δi,j)

n−1,n−1
i=0,j=0 will yield the so

called identity matrix. If multiplied by other square matrices A ∈ Rn×n the identity matrix will
preserve the other, i.e A · I = I ·A = A.
With canonical unit vectors we are able to precisely re-extract components from vectors or
matrices, e.g. xi = e⊤i x or ai,j = e⊤i Aej .

If we can find a matrix B ∈ Rn×n for a given matrix A ∈ Rn×n such that A · B = B · A = I
we find B to be uniquely determined and call it the inverse of A, which we will denote by
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A−1 = B. Furthermore if an inverse does indeed exist we call A invertible or regular . Otherwise
A is singular .
A matrix A ∈ Rn×n is regular if and only if its determinant det(A) ̸= 0. A matrix A ∈ Rn×n

is singular if and only if it has an eigenvalue λ = 0, i.e. there is at least one vector 0 ̸= x ∈ Rn

such that Ax = λx = 0. We will refrain here from defining matrix determinants or eigenvectors,
but [LM15] provides a comprehensive introduction on that matter.

Implicitly any matrix A ∈ Rm×n does define a linear mapping f : Rn → Rm by f(x) = A · x
satisfying

∀α, β ∈ R, ∀x, y ∈ Rn : f(αx+ βy) = αf(x) + βf(y),

and is therefore sometimes also referred to as linear operator .

Definition 2.1.9 (Set Operations)
Let X be a set and U ⊆ X as well as V ⊆ X subsets then

• U ∪ V ≡ {u ∈ X | u ∈ U ∨ u ∈ V } is their union

• U ∩ V ≡ {u ∈ X | u ∈ U ∧ u ∈ V } is their intersection

• U \ V ≡ {u ∈ X | u ∈ U ∧ u /∈ V } is the set difference of V from U

• U ∁ ≡ {v ∈ X | v /∈ U} is the complement of U in X

We can use vector norms, i.e. norms on Rn and Rm to induce matrix norms on Rm×n. Let ∥·∥a
be a norm on Rn and likewise ∥·∥b be a norm on Rm then

∥A∥b,a ≡ max
x̸=0

∥Ax∥b
∥x∥a

,

is a norm on Rm×n. Additionally we find ∥Ax∥b ≤ ∥A∥b,a · ∥x∥a.

With norms at hand we are able to define a nearby region to a vector and refer to it as a
surrounding ball.

Definition 2.1.10 (Ball)
Let Rn be a real vector space, x̊ ∈ Rn and δ > 0 we then call

Bδ (̊x) = {x ∈ Rn | ∥x− x̊∥ < δ}

a ball around or centred at x̊ with radius δ.

With the help of Definition 2.1.10 we can classify sets to be open or closed. Furthermore one can
define so called closures of sets.
Definition 2.1.11 (Open Sets, Closed Sets, Closures and Open Functions)
Let X ⊆ Rn be a set. We call X to be open if

∀x ∈ X, ∃δ > 0 : Bδ(x) ⊆ X.

On the other hand we call a set Y ⊆ Rn to be closed if its complement Y ∁ is open. For any set
Z ∈ Rn we can define and write its closure by

Z̄ ≡
⋂︂

Z⊆Y⊆Rn

Y is closed

Y,

9



2 Algorithmic Differentiation

i.e. we add an overline above a set as indicator for its closure.
Furthermore a function f : D → Rm, with open domain D ⊆ Rn, is said to be an open function
if for any open subset U ⊂ D the corresponding set f(U) ≡ {f(u) ∈ Rm | u ∈ U} ⊆ Rm is open
as well.

Sometimes we wish to judge how functions develop or behave compared to another one. We are
especially interested whether or not certain functions can be bounded or approximated by others.
The so called Landau notation is of help in that regard.
Definition 2.1.12 (Landau Notation)
Given two functions f : D → Rm and g : D → R, where D ⊆ Rn is open, then the following
notions

f(x) = O(g(x)) if ∃C > 0, ∃δ > 0, ∀x ∈ D : ∥x∥ < δ =⇒ ∥f(x)∥ ≤ C|g(x)|,
f(x) = o(g(x)) if ∀C > 0, ∃δ > 0, ∀x ∈ D : ∥x∥ < δ =⇒ ∥f(x)∥ < C|g(x)|,

are referred to as Landau notation.
Definition 2.1.13 (Continuity)
A function f : X → Rm, with open domain dom(f) = X ⊆ Rn open, is said to be continuous
at a point x̊ ∈ dom(f) if

∀ε > 0, ∃δ > 0, ∀x ∈ dom(f) : ∥x− x̊∥ < δ =⇒ ∥f(x)− f (̊x)∥ < ε,

or equivalently in Landau notation f(x) = f (̊x) + o(1), where o(1) = o(∥x− x̊∥0). Additionally
we say f is continuous on some set D ⊆ X if it is continuous at every x̊ ∈ D and we then write
f ∈ C(D,Rm) or f ∈ C0(D,Rm).

Definition 2.1.14 (Lipschitz Continuity)
A function f : X → Rm, with open domain dom(f) = X ⊆ Rn open, is said to be locally
Lipschitz continuous at a point x̊ ∈ dom(f) if

∀δ > 0, ∃Lf > 0, ∀x ∈ dom(f) : ∥x− x̊∥ < δ =⇒ ∥f(x)− f (̊x)∥ ≤ Lf∥x− x̊∥,

or equivalently in Landau notation f(x) = f (̊x) +O(∥x− x̊∥). Additionally we say f is locally
Lipschitz continuous on some set D ⊆ dom(f) if it is locally Lipschitz continuous at every x̊ ∈ D
and we then write f ∈ C0,1(D,Rm).

We can immediately conclude for any locally Lipschitz continuous function to be continuous as
well. In other words C0,1 ⊆ C0. Another relevant result for our considerations later on will be the
fixed-point theorem of Brouwer.
Theorem 2.1.15 (Fixed Point Theorem of Brouwer - Theorem 2.1.18 from [FP03])
Let Rn be a real vector space, x̊ ∈ Rn be some vector and δ > 0 a radius. Furthermore let
f ∈ C0(B̄δ (̊x), B̄δ (̊x)) be an endomorphism, i.e. f(B̄δ (̊x)) ⊆ B̄δ (̊x), then f has at least one fixed
point, i.e. there is at least one point x∗ ∈ B̄δ (̊x) such that f(x∗) = x∗.

2.2 On Tangent Differentiability of Functions and its Notation

Differentiation, differentiability and more importantly the semi automated differentiation in ab-
sence of differentiability play a centre role to this thesis. Of course we refer to a generalized
meaning of differentiablility. In other words what we will do and learn is to exploit the differen-
tiability that is still present in certain scenarios of non-smoothness smartly. However we should
make ourselves familiar with the very concept of differentiability first.

10



2.2 On Tangent Differentiability of Functions and its Notation

Definition 2.2.1 (Tangent Differentiability)
A function f : X → Rm with an open domain dom(f) = X ⊆ Rn is said to be differentiable at
some reference point x̊ ∈ dom(f) if there is a δ > 0 and a linear operator J ∈ Rm×n satisfying

∀x ∈ Bδ (̊x) ⊆ dom(f) : f(x) = f (̊x) + J · (x− x̊) + o(∥x− x̊∥).

If such J exists we write Jf (̊x) = J and call it the Jacobian matrix or short Jacobian of f .

If f is differentiable at every point x̊ ∈ D of a subset D ⊆ dom(f) we call f to be differentiable
on D and write f ∈ C1(D,Rm). In case D = dom(f) we call f differentiable.

We find another link in a chain of classes namely the function classes C1 ⊆ C0,1 ⊆ C0. In
other words differentiable functions have to be Lipschitz continuous as well. Definition 2.2.1 is
equivalent to totale Differenzierbarkeit (german for: total differentiability) as defined in [For].
As an immediate consequence of Definition 2.2.1 a function f ∈ C1(D,Rm) cannot have more
than one Jacobian at the same reference point. That elevates Jf to a function in the sense
Jf : D → Rm×n which assigns an argument x ∈ D to the corresponding Jacobian Jf (x) there.

Definition 2.2.2 (Partial Derivative of Tangent Differentiation)
Let f : D → Rm be differentiable at x̊ ∈ R then

∂

∂xi
f (̊x) = ∂xif (̊x) = ∂if (̊x) ≡ lim

h→0

f (̊x+ h · ei)− f (̊x)
h

, (2.1)

is the partial derivatives of f at x̊ with respect to the ith component of the argument vector.
We also find that ∂if (̊x) = Jf (̊x) · ei is the ith column of the Jacobian matrix.

Last Definition 2.2.2 also is equivalent to partiell differenzierbar (german for: partial differ-
entiable) in [For]. For convenience we also like to introduce partial derivative matrices . Let
D ⊆ Rk ×Rn−k be open and f : D → Rm be some function differentiable at (̊x, ẙ) ∈ D, then

∂xf (̊x, ẙ) =
[︁
∂x0f (̊x, ẙ) ∂x1f (̊x, ẙ) . . . ∂xk−1

f (̊x, ẙ)
]︁
,

∂yf (̊x, ẙ) =
[︁
∂y0f (̊x, ẙ) ∂y1f (̊x, ẙ) . . . ∂yn−k−1

f (̊x, ẙ)
]︁
,

are the partial derivative matrices of f with respect to x or y, respectively. Both concatenated
together make up the Jacobian matrix Jf (x, y) = [∂xf (̊x, ẙ), ∂yf (̊x, ẙ)].

We sometimes might encounter situations where it could be unclear what part of an expression is
actually affected by partial differentiation. Consider e.g. ∂xf(g(̊x)). Either f gets differentiated
before g(̊x) is substituted or f ◦ g may be differentiated altogether. Hence we will make use of
brackets and parentheses to pronounce the actual differentiation that was meant to take place

• [∂xf ](g(̊x)) means f get differentiated and g(̊x) will be substituted afterwards, i.e.

[∂xf ](g(̊x)) ≡
∂

∂x
f(x)

⃓⃓⃓⃓
x=g(̊x)

.

• [∂x(f ◦ g)](̊x) means that the chain of functions h = f ◦ g get differentiated, i.e.

[∂x(f ◦ g)](̊x) ≡
∂

∂x
f(g(x))

⃓⃓⃓⃓
x=x̊

.

11
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We find ∂xf (̊x) = Jf (̊x) and so we will use both notions interchangeably. Similar to the partial
derivative is the so called directional derivative

ḟ (̊x, ẋ) ≡ lim
λ↘0

1

λ
(f (̊x+ λẋ)− f (̊x)).

Corollary 2.2.3 (On Lipschitz Continuous Differentiability)
Let f ∈ C1(D,Rm), with D ⊆ Rn open and let Jf ∈ C0,1(D,Rm×n) be locally Lipschitz-
continuous everywhere. We then write f ∈ C1,1(D,Rm) and find for any x̊ ∈ dom(f) an open as
well as bounded U ⊆ dom(f) such that

∀x ∈ U : ∥f(x)− f (̊x)− Jf (̊x) · (x− x̊)∥ ≤
1

2
LJf ∥x− x̊∥

2,

with LJf > 0 being the local Lipschitz constant for Jf on U .

Proof We will use the notion ∂xf instead of Jf within the proof and define a support function

h(λ) ≡ ∂λf (̊x+ λ(x− x̊)) = [∂xf ](̊x+ λ(x− x̊)) · (x− x̊),

that has the following property∫︂ 1

0
h(λ)dλ = f (̊x+ λ(x− x̊))

⃓⃓⃓1
λ=0

= f(x)− f (̊x).

Hence we find an alternative and equivalent representation of f that is

f(x) = f (̊x) + ∂xf (̊x) · (x− x̊) +
∫︂ 1

0

[︁
[∂xf ](̊x+ λ(x− x̊))− ∂xf (̊x)

]︁
(x− x̊)dλ

= f (̊x) + ∂xf (̊x) · (x− x̊) +
∫︂ 1

0
h(λ)− h(0) dλ.

If we consider the integral more closely and use the Lipschitz-continuity of f :⃦⃦⃦⃦∫︂ 1

0

[︁
[∂xf ](̊x+ λ(x− x̊))− ∂xf (̊x)

]︁
(x− x̊)dλ

⃦⃦⃦⃦
≤
∫︂ 1

0
∥[∂xf ](̊x+ λ(x− x̊))− ∂xf (̊x)∥ · ∥x− x̊∥dλ

≤
∫︂ 1

0
L∂xfλ∥x− x̊∥ · ∥x− x̊∥dλ

= L∂xf∥x− x̊∥2
∫︂ 1

0
λ dλ =

L∂xf
2
∥x− x̊∥2

= O(∥x− x̊∥2). □

With the concept of differentiability established we can formulate another important theorem for
our considerations to come. The implicit function theorem or Theorem 2.2.4 ensures the existence
of a so called implicit function in the context of a system of non-linear equations to keep track
of a root to that system in terms of a few of its components.
Theorem 2.2.4 (Implicit Function Theorem (IFT) - Satz 1, page 68 from [For])
Let F ∈ C1(Dx ×Dy,Rk) be a function, with open component domains Dx ⊆ Rn and Dy ⊆ Rk.
Furthermore let (x∗, y∗) ∈ Dx × Dy be a root of F , i.e. F (x∗, y∗) = 0, and also let the partial
derivative matrix ∂yF (x

∗, y∗) be regular, then there are open sets X ⊆ Dx, Y ⊆ Dy and a
function y ∈ C1(X,Y ) called the implicit function such that for any x ∈ X

0 = F (x, y(x)),

and y∗ = y(x∗) holds true. Also the partial derivatives of the implicit function for x ∈ X read

∂xy(x) = −∂yF (x, y(x))−1∂xF (x, y(x)).

12



2.2 On Tangent Differentiability of Functions and its Notation

The next theorem or Theorem 2.2.5 guarantees differentiability of Lipschitz functions almost
everywhere on their domain. Being almost sufficient to total differentiability hence Lipschitz
continuity has to be understood as a rather strong property a function can posses. In other words
there is still a lot of exploitable structure of Lipschitz functions under differentiation, although
conditions apply. Various approaches to the numerical treatment of non-smooth Lipschitzean
functions do rely on this insight. We will define, elaborate and analyse one of theses approaches,
namely the algorithmic piecewise linearization and the generalized Taylor expansion as its higher
order consequential continuation.

Theorem 2.2.5 (Rademacher - Theorem 3.1.6 from [Fed96])
Let f ∈ C0,1(D,Rm), with open domain D ⊆ Rn, then D \ Df has a Lebesgue measure zero,
where

Df ≡ {x ∈ D | f is differentiable at x}.

However we will elaborate on non-smoothness later on. We still have to establish a few more
aspects of differentiability and so we may feel tempted to apply tangent differentiation onto
already differentiated functions, which by equation (2.1) leads to

∂xj [∂xif (̊x)] = lim
h→0

∂xif (̊x+ h · ej)− ∂xif (̊x)
h

, (2.2)

if ∂xif ∈ C1(dom(f),Rm) and dom(f) ⊆ Rn being open, as well. We call (2.2) a second order
partial derivative of f . Also we know from the Theorem of Schwartz [For, Satz 1 on page 40]
that if ∂xj [∂xif(x)] and ∂xi [∂xjf(x)] are continuous functions on Bδ (̊x) ⊆ D with radius δ > 0
that

∂2

∂xi∂xj
f (̊x) = ∂xj [∂xif (̊x)] = ∂xi [∂xjf (̊x)],

or in other words the order of differentiation is symmetric.

Due to extensive use of higher order partial derivatives in sections later on we also want to
introduce another notion for them. Let f : D ⊆ Rn → Rm be a function with open domain and
α = (α0, α1, . . . , αn−1) ∈ Nn

0 be a tuple of non-negative integers. Furthermore let |α| =
∑︁n−1

i=0 αi
then

∂αf(x) ≡ ∂α0+α1+···+αn−1

∂xα0
0 ∂xα1

1 . . . ∂x
αn−1

n−1

f(x) =
∂|α|∏︁n−1

i=0 ∂x
αi
i

f(x)

is a partial derivative of f of order |α|, if existent. In case α = 0⃗ = (0, 0, . . . , 0) is the null-vector
we declare ∂0⃗f(x) = f(x). Finally we say that f ∈ Cd(dom(f), x) or that f ∈ Cd,1(dom(f), x), for
some d ∈ N0, if the partial derivatives ∂αf(x) exists and are continuous or Lipschitz continuous
for any α ∈ Nd

0 where |α| ≤ d, respectively.

Non-negative integer tuples α are referred to as multi index . We just used one within the notion
of ∂αf . Given two multi indices α, β ∈ Nn

0 we may define the following relations among them

α ≤ β ⇐⇒ ∀i = 0, 1, . . . , n− 1 : αi ≤ βi,
k ∈ N0 : α ≤ k ⇐⇒ ∀i = 0, 1, . . . , n− 1 : αi ≤ k,

13



2 Algorithmic Differentiation

but also the following operations

α+ β = (αi + βi)
n−1
i=0 , α ≥ β : α− β = (αi − βi)n−1

i=0 ,

|α| =
n−1∑︂
i=0

αi, α! =
n−1∏︂
i=0

αi! =
n−1∏︂
i=0

αi∏︂
j=0

max(1, j),

(︃
|α|
α

)︃
=
|α|!
α!

, α ≥ β :

(︃
α
β

)︃
=

n−1∏︂
i=0

(︃
αi
βi

)︃
=

n−1∏︂
i=0

αi!

βi!(αi − βi)!
,

x ∈ Rn : xα =

n−1∏︂
i=0

xαi
i , x, y ∈ Rn : (x+ y)α =

∑︂
β≤α

(︃
α
β

)︃
xβ · yα−β .

This enables us to denote, e.g. ∂α[∂βf(x)] = ∂α+βf(x) short handedly. The multi index notation
will be quite of help when we draw our attention towards multivariate Taylor expansions.

Although ∂tx(t) as notation for the first order derivative of a univariate function x : R → R is
just fine according to our predefinitions so far, but historically or traditionally other notations
are valid as well. These are dtx(t) (which is short for d

dtx(t)) or x′(t) or ẋ(t) and may be used
interchangeably with ∂tx(t). As a note on the side x′(t) and dtx(t) are called Leibniz notation in
calculus whereas ẋ(t) is referred to as Newton notation and we will use the latter predominantly
in the context of differential equations later on. Likewise for higher order derivatives of univariate
function we may write ∂jx(t) or ∂(j)x(t) or djtx(t) or x(j)(t) to denote derivatives of order j.

Theorem 2.2.6 (Univariate Mean Value Theorem)
Let f ∈ C0([a, b],R) ∩ C1(]a, b[,R) be a function, then there is a scalar λ ∈ ]a, b[ such that

f(b)− f(a) = f ′(λ) · (b− a).

Theorem 2.2.7 (Cauchy Mean Value Theorem)
Let f, g ∈ C0([a, b],R) ∩ C1(]a, b[,R) be functions, then there is a scalar λ ∈ ]a, b[ such that

f ′(λ) · [g(b)− g(a)] = [f(b)− f(a)] · g′(λ)

Theorem 2.2.8 (Multivariate Mean Value Theorem)
Let f ∈ C1(D,R) be a function, with open domain D ⊆ Rn. Furthermore let U ⊆ D be an open
and convex subset and let there be a pair of arbitrarily but fixed points x, y ∈ U , then there is a
scalar λ ∈ ]0, 1[ such that

f(y)− f(x) = Jf (λy + (1− λ)x) · (y − x).

The formula of Faà di Bruno which had been discovered by Louis François Antoine Arbogast
actually before Francesco Faà di Bruno is a direct formula for the computation of higher order
derivatives and partial derivatives of chained functions. It is therefore a generalization of the
chain rule of differentiation. We want to introduce two instances of that formula. The first one
for univariate functions specifically and the latter addresses higher order partial differentiation
of multivariate functions.
Theorem 2.2.9 (Univariate Formula of Faà di Bruno)
Let f ∈ Cđ,1(Dy,R), g ∈ Cđ,1(Dx,Dy) and h = f ◦ g : Dx → R, where Dx,Dy ⊆ R are open and
non empty, then h ∈ Cđ,1(Dx,R). Furthermore for any 1 ≤ d ≤ đ and x̊ ∈ Dx we find

1

d!
h(d)(̊x) =

∑︂
k⃗∈Td

f (k1+···+kd)(g(̊x)) ·
d∏︂
i=1

1

ki!

(︃
1

i!
g(i)(̊x)

)︃ki
,

where k⃗ ∈ Td if and only if k⃗ = (k1, . . . , kd) ∈ Nd
0 such that

∑︁d
i=1 i · ki = d.
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2.3 First Order Algorithmic Differentiation of Differentiable Functions

Proof This is a special case of the next Theorem 2.2.10 and hence is a special case of the
non-smooth version Theorem 2.5.8 later on.

However this version of Faà di Bruno’s formula was taken from [LP07] which offers a proof
precisley for this version. □

Theorem 2.2.10 (Formula of Faà di Bruno)
Let f ∈ Cđ,1(Dy,R), g = (gj)

n−1
j=0 ∈ Cđ,1(Dx,Dy) and h = f ◦ g : Dx → R, where Dx ⊆ R,

Dy ⊆ Rn are open and non empty, then h ∈ Cđ,1(Dx,R). Furthermore for any 1 ≤ d ≤ đ and
x̊ ∈ Dx we find

1

d!
h(d)(̊x) =

∑︂
k⃗∈Td

∑︂
Q∈Sn

k⃗

[︂
∂(|q⃗j |)

n
j=1f(g(̊x))

]︂
·
d∏︂
i=1

n∏︂
j=1

1

qi,j !

(︃
1

i!
g
(i)
j−1(̊x)

)︃qi,j
,

where k⃗ ∈ Td if and only if k⃗ = (k1, . . . , kd) ∈ Nd
0 such that

∑︁d
i=1 i · ki = d like in Theorem 2.2.9

as well as Q = (qi,j)
d,n
i=1,j=1 = (q⃗j)

n
j=1 ∈ Srk⃗ ⊆ Nd×n

0 if and only if i ≤ d :
∑︁n

j=1 qi,j = ki.

For clarification (|q⃗j |)nj=1 = (|q⃗1|, |q⃗2|, . . . , |q⃗n|) = (
∑︁d

i=1 qi,1,
∑︁d

i=1 qi,2, . . . ,
∑︁d

i=1 qi,n).

Proof This is a special case of Theorem 2.5.8.

However this version of Faà di Bruno’s formula can be found in [Mis00] which offers a proof
precisley for this version, too. □

The proof of Theorem 2.2.10 forward references onto Theorem 2.5.8 which generalizes the mul-
tivariate formula of Faà di Bruno for certain non-smooth functions. We cannot execute that here
before certain preliminaries have been established. On the other hand there also is no point to do
the proof for the smooth case only, since we will do a structurally very similar proof for Theorem
2.5.8.

2.3 First Order Algorithmic Differentiation of Differentiable
Functions

Algorithmic Differentiation (AD) or sometimes referred to as Automatic Differentiation is a field
of computational sciences within the intersection of mathematics and informatics. Modern com-
puter systems provide a decent range of built-in or predefined mathematical functions such as
but not limited to summation, subtraction, trigonometric functions, vector-concatenation, the
exponential function, the power and more. Many of them and all the aforementioned are continu-
ously differentiable up to any order. These system wide provided functions which will be referred
to as elemental functions throughout this thesis and make up the atomic constituents of more
involved algorithmic descriptions of functions that inherit their differentiability by the chain rule
of differentiation. By exploiting modern features of object oriented programming languages like
c++, python or others we can use the code of implemented mathematical functions as blueprints
and apply differentiation in a semi-automatized fashion alongside their very evaluation. Hence
we are able to not only provide function values but we can propagate Jacobians, Hessians and
even higher order derivatives, i.e. their Taylor polynomial expansions, too. This kind of exploit-
ation technique is called operator overloading. This section will mostly present concepts, ideas
and algorithms developed in the community behind algorithmic differentiation in general. Both
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books [GW08] as well as [Nau11] present most of them and are broad introductions as well as
elaborate overviews into algorithmic differentiation and adjacent disciplines.

2.3.1 Evaluation procedures

In this subsection we want to define and introduce evaluation procedures. They take a dual role by
being functions but also algorithms. Their building blocks are called elemental functions and we
want to consider those first. A smooth elemental function is a sufficiently differentiable function
φ : X → R, whose domain X ⊆ Rn is an open subset of a real valued vector space. Despite
sufficient differentiability there are two other requirements for a function to qualify as potential
smooth elemental operation. The first one is that we can affordably compute their directional
derivatives in one way or another. That means we either already have an analytical expression
of the directional derivative function or there is an implicit characterization, e.g. in terms of the
implicit function theorem. The second and last requirement is that it must be chosen by a user
of AD to be an elemental function. Applications in various contexts may require different sets
of elemental functions. There are typical or usual candidates, namely those provided by most
modern computer systems, such as handheld calculators or members of the standard math or
cmath library from c or c++.

A set or collection Φ of finitely many elemental functions are referred to as library and we require
it to satisfy the following assumption.

Assumption 2.3.1 (ED - based on Assumption (ED) from [GW08])
Let d ∈ N1 and Φ be some library of smooth elemental functions, then any such elemental
function φ ∈ Φ has to be at least d times Lipschitz continuously differentiable on its domain
∅ ̸= dom(φ) ⊆ Rnφ , which is supposed to be open. In other words φ ∈ Cd,1(dom(φ),R).

Assumption 2.3.1 ensures differentiability but still is customizable by the choice of d, i.e. the
minimal required differentiability. If for instance Taylor expansions up to some order đ are ne-
cessary, then we will need to choose d ≥ đ. We then say a library Φ does satisfy Assumption
2.3.1 up to order d. A typical selection of smooth elemental functions is given by Table 2.1.

Table 2.1: typical smooth elemental functions, satisfying Assumption 2.3.1 up to any d ∈ N1

name univariate operation valid open domain (for differentiation)
multiplicative inversion x−1 R ̸=0 → R ̸=0

monomials for n ∈ N0 xn R→ R

power for c ∈ R xc R>0 → R

square root
√
x R>0 → R

sine sin(x) R→ [−1, 1]
cosine cos(x) R→ [−1, 1]

tangent tan(x) {x ∈ R | x ̸= π
2 + kπ, k ∈ Z} → R

exponential function exp(x) R→ R>0

logarithm log(x) R>0 → R

name bivariate operation valid open domain (for differentiation)
summation x+ y R2 → R

subtraction x− y R2 → R

multiplication x · y R2 → R

division x/y R×R ̸=0 → R
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2.3 First Order Algorithmic Differentiation of Differentiable Functions

Note that in Table 2.1 we have excluded e.g. the origin 0 ∈ R from the domain of the square root
function, since it cannot satisfy Assumption 2.3.1 up to any d. Hence theses kind of exclusions
are sometimes necessary, but this effectively excludes the Euclidean norm ∥(x, y)∥2 ≡

√︁
x2 + y2

as well, since it is not differentiable and not even piecewise differentiable at its single root.

We can use the entries of a library Φ to build up or construct larger and more sophisticated func-
tions by repeated applications of the chain rule of functions (see Definition 2.1.3) and concaten-
ation (see Definition 2.1.8). We call those finitely composited functions evaluation procedures.

Within corresponding literature we find similar definitions which are for the sake of presentation,
notational convenience and readability more structured. We will take over the 3-part evaluation
procedure, which is a concept established in [GW08]. The eponymous three parts that are expli-
citly distinguished from each other are: initialization, (bare or primal) computation and output
declaration. This way evaluation procedures can be written in a tabular fashion.

Definition 2.3.2 (3-Part Evaluation Procedure - based on Table 2.2 from [GW08])
Given a library Φ satisfying Assumption 2.3.1. A 3-part evaluation procedure is a function
f : D → Rm, with open domain D ⊆ Rn that maps vectors x = (x0, x1, . . . , xn−1) ∈ D via ℓ
elemental computation steps onto an output vector f(x) = y = (y0, y1, . . . , ym−1) ∈ Rn via the
following table

Table 2.2: 3-part evaluation procedure mapping X ⊆ Rn (open) to Rm in ℓ elemental steps.
1 vi−n = xi for i = 0, 1, . . . , n− 1 initialization
2 vi = φi(vj)j≺i for i = 0, 1, . . . , ℓ− 1, where φi ∈ Φ computation
3 ym−1−i = vℓ−1−i for i = m− 1,m− 2, . . . , 0 output declaration

We write f ∈ span(Φ) to highlight that f not only is a function, but has an evaluation procedure
for its explicit computation and representation.

The bounded variables vi are called intermediate variables and represent different states along
the evaluation. The symbol ≺ from Table 2.2 denotes the so called data dependence relation
among the operations and their intermediate values. This relation is a partial ordering defined
by the applications of the chain rule of functions and concatenations. The relation ensures that
intermediate variables are computed prior to their first use. This means that the total ordering
of elemental computation steps in Table 2.2 have to be consistent with the data dependence
relation. In other words the implication j ≺ i =⇒ j < i has always to be true.

In essence an evaluation procedure f : Rn → Rm on the one hand is a function but on the
other hand also a finite sequence or tuple of elemental computation steps (vi)i = (φi(v)j≺i)i for
i = 0, 1, . . . , ℓ−1, structured by the partial ordering of ≺. The sequence of elemental computation
steps provides an implementable blueprint. A graphical depiction of all links defined by the data
dependence relation is called the evaluation graph. Figure 2.1 displays an example function as
evaluation procedure in closed form expression, 3-part tabular fashion and its evaluation graph.
Algorithm 1 yields an implementation for the evaluation of f ∈ span(Φ).

17



2 Algorithmic Differentiation

f(x0, x1) =

[︄
sin(x0 + 3) · x1
log
(︂

1
x21+1

)︂
− x0

]︄

x0

x1

v0 v1 v6 y0

v2 v3 v4 v5 v7 y1

v−2 = x0
v−1 = x1
v0 = v−2 + 3
v1 = sin(v0)
v2 = v2−1

v3 = v3 + 1

v4 = v−1
4

v5 = log(v5)
v6 = v1 · v−1

v7 = v6 − v−2

y0 = v6
y1 = v7

Figure 2.1: left-top: evaluation procedure in closed form expression left-bottom: evaluation graph
of the example right: evaluation procedure in 3-part tabular fashion

Algorithm 1: eval(f, x̊) – evaluation of a 3-part evaluation procedure

Data: f ∈ span(Φ) and primal values: x̊ = (̊xi)
n−1
i=0 ∈ dom(f)

Result: primal evaluation: eval(f, x̊) = f (̊x) = ẙ = (ẙi)
m−1
i=0 ∈ Rm at x̊ ∈ Rn

1 for i = 0, 1, . . . , n− 1 do
2 initialize v̊i−n = x̊i;

3 for i = 0, 1, . . . , ℓ− 1 do
4 compute v̊i = φi(̊vj)j≺i ; // primal evaluation

5 for i = m− 1,m− 2, . . . , 0 do
6 set ẙm−1−i = v̊ℓ−1−i;

Even though Algorithm 1 may seem simple at first glance, but it does serve as demonstration
for the notation and structure of more involved pseudo algorithms later on. From Table 2.2 as
well as from Algorithm 1 we can take notice that partial evaluations, i.e. sub tuples (vi)

k−1
i=1−n,

for k < ℓ of evaluation procedures f = (vi)
ℓ
i=1−n ∈ span(Φ) are valid evaluation procedures on

their own, i.e. vi ∈ span(Φ). Therefore it is legal to write vi(x) and to anticipate vi as a function
in the same independent variables as f itself. Hence we can evaluate vi(̊x) = eval((vi)

k−1
i=1−n, x̊)

by the very same Algorithm 1.

2.3.2 First Order Forward Mode

Definition 2.2.1, i.e. the definition on tangent differentiability, guarantees the existence of matrix-
vector products Jf (̊x) · ẋ for differentiable functions f : D → Rm, with open domain D ⊆ Rn

and where x̊ ∈ D. These matrix-vector products correspond to directional derivatives in that

Jf (̊x) · ẋ = ḟ (̊x, ẋ) = lim
λ↘0

f (̊x+ λ · ẋ)− f (̊x)
λ

,

holds true. But also the other way around, the Jacobian of a function can be reconstructed from
directional differentiation, e.g. by using canonical unit vectors as directional seed, i.e. ẋ = ei
for all 0 ≤ i < n. We want to exploit on that and refer to it as first order forward mode
of algorithmic differentiation. In other words we seek for the ability to compute directional
derivatives. Evaluation procedures are essentially cascades of chains of elemental functions and we
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can propagate derivatives along. The chain rule of differentiability or first order tangent chain rule
of functions states: Given functions g ∈ C1(Dx,Rk), with Dx ⊆ Rn open and f ∈ C1(Dy,Rm),
with g(Dx) ⊆ Dy ⊆ Rk open then

Jf◦g (̊x) = Jf (g(̊x)) · Jg (̊x).

This carries over to directional derivatives

[Jf◦g (̊x) · ẋ] = Jf (g(̊x)) · [Jg (̊x) · ẋ] . (2.3)

If we substitute f and g by φ ∈ Φ and (vj)j≺i ∈ span(Φ) of a single elemental computational
step vi(x) = φi(vj(x))j≺i = φi ◦ (vj)j≺i, we find

Jvi (̊x) · ẋ =
[︂
Jφi◦(vj)j≺i

(̊x) · ẋ
]︂
= Jφi(vj (̊x))j≺i ·

[︂
J(vj)j≺i

(̊x) · ẋ
]︂
. (2.4)

At this point let us adapt the notions for directional derivatives v̇j ≡ v̇j (̊x, ẋ) = Jvj (̊x) · ẋ but
also introduce cφi,j ≡ [∂jφ](vk (̊x))k≺i, such that we can simplify (2.4) into

v̇i = Jvi (̊x) · ẋ = Jφi(vj (̊x))j≺i · (v̇j)j≺i =
∑︂
j≺i

[∂jφ](vk (̊x))k≺i · v̇j =
∑︂
j≺i

cφi,j v̇j , (2.5)

i.e. into a sum of partial derivative products. Also (2.5) provide us with a generic expression. We
can use it to expand Algorithm 1 into a new Algorithm 2 for the computation of function values
and directional derivatives of evaluation procedures in 3-part tabular form.

Algorithm 2: fwd(f, x̊, ẋ) – tangent forward directional derivative computation

Data: 3-part evaluation procedure: f ∈ span(Φ), primal values: x̊ = (̊xi)
n−1
i=0 ∈ dom(f) and

dual values or direction ẋ = (ẋi)
n−1
i=0 ∈ Rn

Result: fwd(f, x̊, ẋ) = (ẙ, ẏ) pairing primal values: ẙ = f (̊x) = (ẙi)
m−1
i=0 ∈ Rm and

directional derivatives: ẏ = Jf (̊x) · ẋ = (ẏi)
m−1
i=0 ∈ Rm

1 for i = 0, 1, . . . , n− 1 do
2 initialize quantities v̊i−n = x̊i and v̇i−n = ẋi;

3 for i = 0, 1, . . . , ℓ− 1 do
4 compute v̊i = φi(̊vj)j≺i ; // primal evaluation
5 for j ≺ i do
6 compute jth tangent slope cφi,j = [∂jφi](̊vk)k≺i;

7 compute v̇i =
∑︁

j≺i cφi,j · v̇j ; // dual evaluation

8 for i = m− 1,m− 2, . . . , 0 do
9 set ẙm−1−i = v̊ℓ−1−i and ẏm−1−i = v̇ℓ−1−i;

Another relevant insight we can gain from equation (2.5) and Assumption 2.3.1 is that the
differentiability of elemental operations propagates through any evaluation procedure. In other
words f ∈ span(Φ) =⇒ f ∈ C1,1(D,Rm), with D ⊆ Rn being open. Even more with Theorem
2.2.10, i.e. the formula of Faà di Bruno we can conduct the even stronger result

f ∈ span(Φ) =⇒ f ∈ Cd,1(D,Rm) ⊆ C1,1(D,Rm), (2.6)

for any library of elemental operations Φ satisfying Assumption 2.3.1 up to order d.

Aside the tangent differentiation, we also will introduce another differentiation scheme. Applying
the same techniques provided by AD the computation of secant linearizations can be automatized
as well.
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Definition 2.3.3 (Secant Differentiability)
Let f ∈ C1,1(D,Rm), with an open domain D ⊆ Rn, we call a linear operator S ∈ Rm×n to be
a secant matrix of f , at reference points x̂, x̌ ∈ D if

∀x ∈ dom(f) : f(x) =
f(x̂) + f(x̌)

2
+ S ·

(︃
x− x̂+ x̌

2

)︃
+O(∥x− x̂∥∥x− x̌∥). (2.7)

Such an operator is not uniquely determined in general. Alike the Landau notation we will write
S = Sf (x̂, x̌), i.e. Sf (x̂, x̌) may represent any linear operator satisfying (2.7).

Even though secant matrices are not unique to a set of reference points x̂ and x̌, there still is a
chain rule of secant differentiability.

Corollary 2.3.4 (Chain Rule of Secant Differentiability)
Consider functions g ∈ C1,1(Dx,Rk), with dom(g) = Dx ⊆ Rn open and f ∈ C1,1(Dy,Rm), with
g(Dx) ⊆ dom(f) = Dy ⊆ Rk open, then S̄(f, g, x̂, x̌) = Sf◦g(x̂, x̌), where

S̄(f, g, x̂, x̌) ≡ Sf (g(x̂), g(x̌)) · Sg(x̂, x̌)

is a secant matrix of the chain of functions f ◦ g.

Proof Let ǧ = g(x̌) and ĝ = g(x̂) then

f(g(x)) =
f(ĝ) + f(ǧ)

2
+ Sf (ĝ, ǧ) ·

(︃
g(x)− ĝ + ǧ

2

)︃
+O(∥g(x)− ĝ∥∥g(x)− ǧ∥), (2.8)

g(x) =
ĝ + ǧ

2
+ Sg(x̂, x̌) ·

(︃
x− x̂+ x̌

2

)︃
+O(∥x− x̂∥∥x− x̌∥). (2.9)

Since g is locally Lipschitz continuous we will find a common δ̄ > 0 such that for any δ < δ̄ both
balls Bδ(x̂) ⊆ dom(g) as well as Bδ(x̌) ⊆ dom(g) and hence

∃Lx̂,δ̄ > 0, ∀δ < δ̄, ∀x ∈ Rn : ∥x− x̂∥ < δ =⇒ ∥g(x)− g(x̂)∥ ≤ Lx̂,δ̄∥x− x̂∥,
∃Lx̌,δ̄ > 0, ∀δ < δ̄, ∀x ∈ Rn : ∥x− x̌∥ < δ =⇒ ∥g(x)− g(x̌)∥ ≤ Lx̌,δ̄∥x− x̌∥.

Setting Lx̂,x̌,δ̄ = max(Lx̂,δ̄,Lx̌,δ̄) we can conclude

∥g(x)− g(x̂)∥ · ∥g(x)− g(x̌)∥ ≤ L2x̂,x̌,δ̄∥x− x̂∥ · ∥x− x̌∥

and thus O(∥g(x) − g(x̂)∥∥g(x) − g(x̌)∥) = O(∥x − x̂∥∥x − x̌∥). Finally we can substitute (2.9)
into (2.8) and find

f(g(x)) =
f(ĝ) + f(ǧ)

2
+ Sf (ĝ, ǧ) ·

(︃
Sg(x̂, x̌) ·

(︃
x− x̂+ x̌

2

)︃)︃
+O(∥x− x̂∥∥x− x̌∥). □

Using the prerequisites of Corollary 2.3.4 we can compute directional derivatives in the sense of
secant differentiation similar as we did in the case of tangent differentiation. Consider

[Sf◦g(x̂, x̌) · ẋ] = Sf (g(x̂), g(x̌)) · [Sg(x̂, x̌) · ẋ] ,

and again we may substitute f and g by the intermediate quantities vi(x) = φi(vj(x))j≺i of an
elemental computational step and find[︂

Sφi◦(vj)j≺i
(x̂, x̌) · ẋ

]︂
= Sφi(vj(x̂), vj(x̌))j≺i ·

[︂
S(vj)j≺i

(x̂, x̌) · ẋ
]︂
.
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2.3 First Order Algorithmic Differentiation of Differentiable Functions

Let us reintroduce the notion v̇j = v̇j(x̂, x̌, ẋ) = Svj (x̂, x̌) · ẋ for secant directional derivatives
and so we will end up with

v̇i = Sφi(vj(x̂), vj(x̌))j≺i · (v̇j)j≺i. (2.10)

Well we still face the issue that secant matrices Sφ(x̂, x̌) are not uniquely determined by a pair
of reference points x̂, x̌ ∈ dom(φ), but there is a special case. Univariate elemental functions
φ : R→ R do have a unique secant

Sφ(û, ǔ) =

{︄
φ(û)−φ(ǔ)

û−ǔ if û ̸= ǔ,
d
duφ(̊u) if ů ≡ û = ǔ.

(2.11)

To emphasize the uniqueness we nudged our notion from Sφ(û, ǔ) into its calligraphed version
Sφ(û, ǔ). Let j ≺ i be the only dependency of i then equation (2.10) simplifies into

v̇i =

{︄
φ(vj(x̂))−φ(vj(x̌))

x̂−x̌ · v̇j if x̂ ̸= x̌,
d
duφ(vj (̊x)) · v̇j if x̊ ≡ x̂ = ǔ.

Secant differentiation may appear familiar with central finite differencing (see [JJC65] or [BM80]),
however this is the case for univariate functions, only. In the multivariate case finite differencing
can be used to generate matrices of secants, but those do not satisfy Definition 2.3.3 in general.
Instead we may continue in another direction and define an algorithmic way to uniquely select
a particular element Sf (x̂, x̌) out of all potential secant matrices Sf (x̂, x̌), for certain evaluation
procedures f ∈ span(Φ). E.g. for sums vsum(x) = u(x) + w(x) we set

Svsum(x̂, x̌) ≡ Su(x̂, x̌) + Sw(x̂, x̌),

provided u,w ∈ span(Φ) do have such uniquely selected secant operators Su(x̂, x̌) and Sw(x̂, x̌).
This turns (2.10) into v̇sum = u̇ + ẇ for sums. From this we can utilize even more bivariate
operations via the following identities

vsub(x) = u(x)− w(x) = u(x) + (−w(x)), (2.12a)

vmul(x) = u(x) · w(x) = (u(x) + w(x))2 − (u(x)− w(x))2

4
, (2.12b)

vdiv(x) =
u(x)

w(x)
= u(x) · w−1(x). (2.12c)

For those cases we find (2.10) to crumble into handy as well as recognizable formulas

v̇sub = u̇− ẇ,

v̇mul = u̇
w(x̂) + w(x̌)

2
+
u(x̂) + u(x̌)

2
ẇ,

v̇div =
u̇ · (w(x̂) + w(x̌))− (u(x̂) + u(x̌)) · ẇ

2 · w(x̂) · w(x̌)
.

These formulas simplify into their corresponding tangent differentiation rule, once û→ ǔ. How-
ever we do not intend to approximate tangent differentiation by secant differentiation. Sometimes
we may ask instead: how far can û be chosen away from ǔ while still maintaining a meaningful
approximation model. E.g. the trapezoidal rule for the numerical integration of differential equa-
tions can be derived from secant differentiation, as we will discuss later. Then the resolution of
the numerical solution usually need to be a compromise of accuracy and runtime. Hence arbit-
rarily small resolutions may not necessarily be desirable. However the secant differentiation rules
for the summation, subtraction, multiplication and division do fit a template v̇ = cφ,u · u̇+cφ,w ·ẇ
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for correspondingly defined coefficients cφ,u, cφ,w ∈ R. This motivates the definition of restricted
libraries ΦS = Φ1 ∪{+} as well as ΦS∗ = Φ1 ∪{+,−, ·, /}, where Φ1 ⊆ Φ shall consist exactly of
all univariate operations from Φ. Due to (2.12) we find span(ΦS) = span(ΦS∗), i.e. both represent
evaluation procedures consisting of univariate operations, sums, subtractions, multiplications and
divisions. The library ΦS however will come in handy during theoretical considerations and while
proving properties, because we only need to address univariate operations and sums directly. On
the other hand ΦS∗ is driven by application. The indirect characterization of everyday arithmetic
operations as indicated (2.12) are detour formulas, which artificially increase runtime, potentially
enhance memory occupation and needlessly contribute in more round-off error accumulation.

Once again we can expand Algorithm 1 and formulate Algorithm 3 for the secant forward direc-
tional derivative computation.

Algorithm 3: fwd(f, x̂, x̌, ẋ) – secant forward directional derivative computation

Data: f ∈ span(ΦS∗), primal values: x̂ = (x̂i)
n−1
i=0 ∈ dom(f) as well as

x̌ = (x̌i)
n−1
i=0 ∈ dom(f) and dual values or direction ẋ = (ẋi)

n−1
i=0 ∈ Rn

Result: fwd(f, x̂, x̌, ẋ) = (ŷ, y̌, ẏ) comprising of primal values: ŷ = f(x̂) = (ŷi)
m−1
i=0 ∈ Rm as

well as y̌ = f(x̌) = (y̌i)
m−1
i=0 ∈ Rm and ẏ = Sf (x̂, x̌) · ẋ = (ẏi)

m−1
i=0 ∈ Rm as secant

directional derivative
1 for i = 0, 1, . . . , n− 1 do
2 initialize quantities v̂i−n = x̂i, v̌i−n = x̌i and v̇i−n = ẋi;
3 compute average v̊i−n = 1

2(x̂i + x̌i);

4 for i = 0, 1, . . . , ℓ− 1 do
5 compute v̂i = φi(v̂j)j≺i and v̌i = φi(v̌j)j≺i ; // primal evaluations
6 compute average v̊i = 1

2(v̂i + v̌i);
7 if φi ∈ Φ1 ⊆ ΦS∗ is a univariate operation then
8 if v̂j ̸= v̌j then
9 compute single secant slope cφi =

v̂i−v̌i
v̂j−v̌j , where j ≺ i;

10 else
11 compute single tangent slope cφi =

d
dvj
φi(̊vj), where j ≺ i;

12 compute v̇i = cφi · v̇j , where j ≺ i ; // dual evaluation for univariate case

13 if φi ∈ ΦS∗ \ Φ1 is the bivariate sum, subtraction, product or division then
14 determine indices j ≺ i of the 1st & k ≺ i of the 2nd argument of vi;
15 if φi is the sum then
16 set both secant slopes cφi,j = 1 and cφi,k = 1;

17 if φi is the subtraction then
18 set both secant slopes cφi,j = 1 and cφi,k = −1;
19 if φi is the product then
20 set both secant slopes cφi,j = v̊k and cφi,k = v̊j ;

21 if φi is the division then
22 compute both secant slopes cφi,j =

v̊k
v̂k·v̌k and cφi,k =

−v̊j
v̂k·v̌k ;

23 compute v̇i = cφi,j · v̇j + cφi,k · v̇k ; // dual evaluation for bivariate case

24 for i = m− 1,m− 2, . . . , 0 do
25 set quantities ŷm−1−i = v̂ℓ−1−i, y̌m−1−i = v̌ℓ−1−i and ẙm−1−i = v̊ℓ−1−i;
26 set ẏm−1−i = v̇ℓ−1−i;

The secant differentiation as we have reproduced here is extracted from [Gri13]. Within there the
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2.3 First Order Algorithmic Differentiation of Differentiable Functions

algorithmic piecewise linearization in the tangent as well as secant mode has been established.
The secant differentiation is a special case to the secant piecewise linearization, but we will
consider the concept of algorithmic piecewise linearization later on. For this section we will stick
with fully differentiable evaluation procedures and there still is improvement to achieve. The
secant slope formula (2.11) is numerically unstable for univariate φ ∈ Φ1 ⊆ ΦS∗ whenever û
and ǔ are close to each other. This is due to a singularity in the denominator of the fraction
in (2.11). To overcome that flaw [Gri+18b] has derived so called singularity free formulas , for
plenty of univariate elemental operations, which are equivalent to (2.11). We will reproduce the
approach therein. Hence consider a univariate elemental computation step vi = φi(vj), where
φ ∈ Φ1 ⊆ ΦS∗ , j ≺ i and φ : R→ R. For the sake of convenience we will switch the representation
of reference points from the boundary notation v̂i, v̌i ∈ Rn we have used so far into a midpoint
v̊i = (v̂i + v̌i)/2, offset δvi = (v̂i − v̌i)/2 notation. Thus we can conclude for secant slopes

cφi =
v̂i − v̌i
v̂j − v̌j

=
δvi
δvj

,

provided that δvj ̸= 0. Now for instance for the sine function, i.e. vi = sin(vj) we can use the
trigonometric identity sin(x± y) = sin(x) cos(y)± cos(x) sin(y) to find

v̊i =
sin(̊vj + δvj) + sin(̊vj − δvj)

2
= sin(̊vj) cos(δvj),

δvi =
sin(̊vj + δvj)− sin(̊vj − δvj)

2
= cos(̊vj) sin(δvj),

csin =
cos(̊vj) sin(δvj)

δvj
= cos(̊vj) sinc(δvj),

where sinc(x) is a continuous function characterized by x · sinc(x) = sin(x) that have regular
Taylor expansions

sin(x) = x · sinc(x) = x ·
∞∑︂
n=0

(−x2)n

(2n+ 1)!
, sinc(x) ≡ x · sinhc(x) ≡ x ·

∞∑︂
n=0

x2n

(2n+ 1)!
.

To add a little bit on top of [Gri+18b] let us consider the tangent function vi = tan(vj). The
Taylor expansion of the tangent function reads

tan(vj) =
∞∑︂
n=1

anv
2n−1
j , with an = (−1)n−1 2

2n(22n − 1)B2n

(2n)!

and where Bn are Bernoulli numbers. These numbers are defined implicitly via another Taylor
expansion x/(exp(x) − 1) =

∑︁∞
n=0Bn · xn/(n!). Hence we could find Taylor series expansions

for the representation of the midpoint and the offset, assuming v̊j ∈ [−π/2, π/2], which we can
ensure by shifting the argument with kπ, where k ∈ Z. However it also holds true that

v̊i = v̊tan =
tan(̊vj + δvj) + tan(̊vj − δvj)

2
(2.13)

and δvi = δvtan =
tan(̊vj + δvj)− tan(̊vj − δvj)

2
. (2.14)

The actual challenging part is the computation of the secant slope. Here we better apply the
Taylor expansion of the tangent and find

ctan =
tan(̊vj + δvj)− tan(̊vj − δvj)

2δvj
=

1

2δvj

∞∑︂
n=1

an
(︁
(̊vj + δvj)

2n−1 − (̊vj − δvj)2n−1
)︁
,
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and applying the binomial theorem yields

=
∞∑︂
n=1

an
2

(︄
2n−1∑︂
k=0

v̊2n−1−k
j ·

[︄
δvkj
δvj
− (−δvj)k

δvj

]︄)︄
.

Now for k = 0 the first summand of the inner sum vanishes and hence

ctan =

∞∑︂
n=1

an
2

(︄
2n−1∑︂
k=1

v̊2n−1−k
j ·

[︂
δvk−1
j − (−1)kδvk−1

j

]︂)︄
, (2.15)

is the desired singularity free formula ready for implementation.

Similar techniques applied to other operations as well will reveal more formulas as gathered in
Table 2.3 just as enlisted in [Gri+18b], as well.

Table 2.3: univariate secant propagation rules in midpoint-offset notation, where j ≺ i

univariate operation v̊i δvi cφi

vi = sin(vj) sin(̊vj) cos(δvj) cos(̊vj) sin(δvj) cos(̊vj) sinc(δvj)

vi = cos(vj) cos(̊vj) cos(δvj) − sin(̊vj) sin(δvj) − sin(̊vj) sinc(δvj)

vi = tan(vj) v̊tan, see (2.13) δvtan, see (2.14) ctan, see (2.15)

vi = exp(vj) exp(̊vj) cosh(δvj) exp(̊vj) sinh(δvj) exp(̊vj) sinhc(δvj)

vi = log(vj)
1

2
log(̊v2j − δv2j ) arctanh

(︃
δvj
v̊j

)︃
1

v̊j
arctanhc

(︃
δvj
v̊j

)︃

monomials v̊i δvi cφi

vi = vnj

(n natural number)

∑︂
k≤n
even

(︃
n

k

)︃
v̊n−kj δvkj

∑︂
k≤n
odd

(︃
n

k

)︃
v̊n−kj δvkj

∑︂
k≤n
odd

(︃
n

k

)︃
v̊n−kj δvk−1

j

vi = v2j

(special case: square)
v̊2j + δv2j 2̊vjδvj 2̊vj

There are two remarks here to add regarding the logarithm. Firstly the singularity free formula in
[Gri+18b] for the computation of v̊i contains a typo. It is now corrected in Table 2.3. Secondly we
need to address arctanhc(x) since it is somewhat exotic and not usually part of math libraries on
computer systems. It can be defined via its Taylor expansion just as we have done for sinhc(x)

tanh−1(x) = arctanh(x) = x · arctanhc(x) = x ·
∞∑︂
n=0

x2n

2n+ 1
.

It can therefore be implemented in a similar fashion as sinhc(x) has been implemented by the
boost c++ libraries (see [Boo16]). This suggestion was already made in [Gri+18b].

Mostly for the sake of completion Table 2.4 contains the midpoint-offset versions of the propaga-
tion rules for the sum, subtraction, multiplication and division.
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2.3 First Order Algorithmic Differentiation of Differentiable Functions

Table 2.4: bivariate secant propagation rules in midpoint-offset notation, where j ≺ i is the index of
the first and k ≺ i is the index of the second argument

bivariate operation v̊i δvi cij cik

vi = vj + vk v̊j + v̊k δvj + δvk 1 1

vi = vj − vk v̊j − v̊k δvj − δvk 1 −1

vi = vj · vk v̊j v̊k + δvjδvk δvj v̊k + v̊jδvk v̊k v̊j

vi =
vj
vk

v̊j v̊k − δvjδvk
v̊2k − δv2k

δvj v̊k − v̊jδvk
v̊2k − δv2k

v̊k
v̊2k − δv2k

− v̊j
v̊2k − δv2k

Once more the singularity free formulas for the division in [Gri+18b] are wrong. You will find
the corrected version here in Table 2.4.

Let us conclude this section with an important remark and an instance for the pseudo uniqueness
of the secant linearization or secant differentiation process. Secant matrices Sf (x̂, x̌) which we
can compute for evaluation procedures f ∈ span(ΦS∗) are unique for the respective evaluation
graph only, but not for the underlying function. Figure 2.2 visualizes the graph of the following
mapping F (x, y) = x ·y− exp(log(x)+ log(y)) and its secant linear expansion based on SF (x̂, x̌).
Now the function F is a fancy way of expressing the constant zero-function or in other words
∀x, y > 0 : F (x, y) = 0. Therefore the zero-function itself would be one of its secant models and
the most reasonable one, too. However the algorithmically computed SF (x̂, x̌) is zero along an
axis crossing both reference points, only. On the other hand if we compute SF̃ for F̃ (x, y) = 0
we would find SF (x̂, x̌) ̸= SF̃ (x̂, x̌) = 0 ∈ R1×2, although the value based identity ∀x, y > 0 :

F (x, y) = F̃ (x, y) does hold true. However Definition 2.3.3 is harmed neither by SF (x̂, x̌) nor
SF̃ (x̂, x̌) and therefore we must consider this a feature of secant differentiability.
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Figure 2.2: valid secant matrix SF (3, 3) ̸= 0 of F (x, y) = x · y − exp(log(x) + log(y)) = 0
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2 Algorithmic Differentiation

2.3.3 Sparse Matrix Propagation in Forward Mode

Algorithm 2 and Algorithm 3 allow us to reconstruct a whole Jacobian or secant matrix respect-
ively. We need to call either algorithm once for each canonical unit vector ẋ = ei. Seeded by the
ith canonical unit vector we compute the ith column of either the Jacobian or secant matrix

Jf (̊x) = [Jf (̊x) · ei]n−1
i=0 , or Sf (x̂, x̌) = [Sf (x̂, x̌) · ei]n−1

i=0 .

However this requires in total n calls to Algorithm 2 or Algorithm 3 for the whole reconstruction
of either matrix. If n is large this is not an appealing option. So we have to find other and more
efficient ways of applying AD . We are especially interested in the differentiation of large sparse
systems, such as differential equations generated from flow network structures. In particular we
will discuss gas networks later on in Section 5.2.

There is no exact definition of sparsity , since it depends on the corresponding application at
hand and its context. Here in this thesis we will consider a derivative matrix, i.e. the Jacobian
or secant matrix, as sparse whenever the number of potentially non-zeros entries is a constant
multiple of n.
For gas networks this constant is relatively independent of the total system dimension and tends
to be around four. We say an entry of the Jacobian or secant matrix potentially is non-zero if there
is at least one reference point or a pair of reference points so that this entry actually non-zero.
E.g. consider a simple example f (̊x) = sin(̊x). Its Jacobian matrix is given by Jf (̊x) = cos(̊x)
and zero at isolated roots but non-zero else. The term sparsity pattern in this thesis makes up the
union of all potentially non-zero spots in a Jacobian or secant matrix. Ideally it coincides exactly
with the indices of all potentially non-zero entries. With the concept of evaluation procedures
at hand we are able to compute sparsity patterns of evaluation procedures quite precisely. Table
2.5 augments the 3-part evaluation procedure (i.e. Table 2.2) by additional computation rules
for the propagation of the sparsity pattern in the form of index sets {χ[yi] | i = 0, 1, . . . , n − 1}
for each row.

Table 2.5: 3-part evaluation procedure & forward index tracing.

1
vi−n = xi for i = 0, 1, . . . , n− 1

χ[vi−n] = {i}

2
vi = φi(vj)j≺i for i = 1, 2, . . . , ℓ, where φi ∈ Φ

χ[vi] = sort
(︁⋃︁

j≺i χ[vj ]
)︁

3
ym−1−i = vℓ−i for i = m− 1,m− 2, . . . , 0

χ[ym−1−i] = χ[vℓ−i]

Detecting sparsity patterns that way via AD is by no means new. E.g. both [PK15] and [GW08]
are two recommendable sources that deal with that topic to a large extend, too. On the contrary
Table 2.5 is based on that literature.

For presentational convenience we demand all index sets χ to be ordered. Now χ[yi] as computed
by Table 2.5 will contain the index of all components from the variable vector argument x =
(x0, x1, . . . , xn−1) ∈ Rn that get involved algorithmically in the computation of yi within the
evaluation graph.

These kind of thoughts lead us to the concept compressed sparse row or CSR matrices, since the
index sets we are now able to compute are an essential ingredient to them.
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2.3 First Order Algorithmic Differentiation of Differentiable Functions

Definition 2.3.5 (CSR or Compressed Sparse Row Matrix)
A matrix M ∈ Rm×n in CSR matrix form is a tuple of four vectors representing all necessary
data for its unique representation. Let 0 ≤ k < n ·m then a CSR matrix consists of

• the shape (m,n) ∈ N2
0,

• the data vector: data ∈ Rk containing at least all non-zero values of M ,

• the index vector: χ ∈ Nk
0 containing all row indices of members of the data vector in the

same ordering,

• the index pointer vector: indptr ∈ Nm+1
0 containing certain meta information of all rows

of M , in the following sense:
For any 0 ≤ i < m the contiguous sub-vector [dataindptri , dataindptri +1, . . . , dataindptri+1 −1]
make up all entries solely belonging to the ith row of M .
Likewise [χindptri , χindptri +1, . . . , χindptri+1 −1] make up all their row indices in the same
ordering.

The shape is a necessary information for the unambiguous description of a matrix. However it
is often omitted in the description or definition of the CSR data format. While the number of
rows could still be derived from the remaining information, however the number of columns is
not necessarily determined uniquely. The next Example 2.3.6 shall highlight this issue.

Example 2.3.6 Consider the following to matrices M ∈ R4,4 and N ∈ R4,5

M =

⎡⎢⎢⎣
1 π 0 0
0 0 0 0
0 −3 0 9

10
exp(1) 0 0 5

⎤⎥⎥⎦ and N =

⎡⎢⎢⎣
1 π 0 0 0
0 0 0 0 0
0 −3 0 9

10 0
exp(1) 0 0 5 0

⎤⎥⎥⎦ ,
which may share the exact same CSR matrix representation if the shape is neglected

• data =
[︁
π 1 −3 9

10 exp(1) 5
]︁
∈ R6,

• χ =
[︁
1 0 1 3 0 3

]︁
∈ R6,

• indptr =
[︁
0 2 2 4 6

]︁
∈ R5.

Only the explicit number of columns or for convenience the whole shape fully determines a CSR
matrix and also would uniquely distinguish M from N .

Of course there are other ways of exploiting sparsity of large systems. E.g. a bi-conjugate gradient
method (BI-CG), requires matrix-vector products and hence there is no need to store whole
derivative matrices. The ability to call Algorithm 2 or Algorithm 3 directly would be just enough.
But this would restrict us to only use BI-CG or other Krylov subspace solvers. The ability to
compute derivative matrices directly as CSR data format opens up the possibility to use other
sparse linear solvers, such as e.g. direct solvers.

A CSR matrix of shape R1×n does effectively represent a single vector and consequently does not
need the indptr vector. Hence let us introduce the following special case of sparse row vectors.
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Definition 2.3.7 (Sparse Row Vector)
Let 0 < n ∈ N then: sparse row = ⟨data, χ, n⟩ is a three-tuple, where 0 < k ≤ n, data ∈ Rk and
χ = (χi)

k−1
i=0 ∈ Nk

0. It represents a vector x ∈ Rn of the real vector space in the following sense

• xχi = datai, for 0 ≤ i < k,

• j /∈ χ =⇒ xj = 0, for 0 ≤ j < n.

Conversely we may say that a CSR matrix M ∈ Rm×n may be seen as a finite concatenation of
m sparse rows, which share their memory space. Of course we then have to carefully build up the
missing indptr ∈ Rm+1 to distinguish the sparse rows from each one another. This is no difficult
task, as we only need to satisfy

indptr0 = 0, ∀i = 0, 1, . . . ,m− 1 : indptri+1 = | sparse rowi |.

To be able to work with sparse rows more conveniently we like to introduce two more algorithms
for the realization of linear operations. We may call them part some sort of sparse linear algebra .

Algorithm 4: λ · sparse row – multiplication of a sparse row by some constant scalar
Data: one row in sparse representation: sparse row = ⟨data, χ, n⟩ and a scalar λ ∈ R

Result: sparse rowλ = λ · sparse row
1 initialize new array: dataλ = [0, 0, . . . , 0] of length |χ|;
2 for i = 0, 1, . . . , |χ| − 1 do
3 compute: dataλ,i = λ · datai;
4 initialize result: sparse rowλ = ⟨dataλ, χ, n⟩ ; // copy χ or pass it as reference

Algorithm 5:
∑︁n−1

i=0 sparse rowi – sum of sparse rows
Data: summands: sparse rowi = ⟨datai, χi, n⟩, for i = 0, 1, . . . , n− 1
Result: sparse rowΣ =

∑︁n−1
i=0 sparse rowi

1 compute merged index tuple χΣ = sort
(︁⋃︁n−1

i=0 χi
)︁

; // remove multiplicities and sort
2 initialize new empty array: dataΣ = [0, 0, . . . , 0] of length |χΣ|;
3 for i = 0, 1, . . . , n− 1 do
4 for j = 0, 1, . . . , |χi| − 1 do
5 find the index k where χΣ,k = χi,j ; // or use precomputed index map to get k
6 increment: dataΣ,k = dataΣ,k+datai,j ;

7 initialize result: sparse rowΣ = ⟨dataΣ, χΣ, n⟩;

Now with concept of CSR matrices at hand as well as equipped with algorithms for their manip-
ulation and sparse linear algebra, we are finally in able to formulate an adapted version of the
forward mode of AD . One that computes the whole Jacobian or secant matrix in one go.

Let us address the sparse Jacobian propagation first. Given an evaluation procedure f ∈ span(Φ)
then Algorithm 6 implements the sparse matrix propagation and turns out to be notably simple in
appearance. Furthermore it is structurally reminiscent to Algorithm 2, i.e. the forward directional
differentiation.
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Algorithm 6: CSR fwd(f, x̊) – tangent forward CSR matrix propagation

Data: f ∈ span(Φ) and primal values: x̊ = (̊xi)
n−1
i=0 ∈ dom(f)

Result: all sparse rows of the Jacobian matrix Jf (̊x): (sparse row[yi])m−1
i=0

1 for i = 0, 1, . . . , n− 1 do
2 initialize quantities v̊i−n = x̊i and: sparse row[vi−1] = ⟨(1), (i), n⟩;
3 for i = 0, 1, . . . , ℓ− 1 do
4 compute v̊i = φi(̊vj)j≺i ; // primal evaluation
5 for j ≺ i do
6 compute jth tangent slope cφi,j = [∂jφi](̊vk)k≺i;

7 compute: sparse row[vi] =
∑︁

j≺i cφi,j · sparse row[vj ] ; // dual evaluation

8 for i = m− 1,m− 2, . . . , 0 do
9 set ẙm−1−i = v̊ℓ−1−i and: sparse row[ym−1−i] = sparse row[vℓ−1−i];

We may conclude that CSR matrices can be generated quite naturally with the forward mode of
AD . However this is quite surprising at first glance, because CSR is a row major data format for
matrix representation, i.e. the matrices are stored contiguously row by row. The forward mode
of AD or Algorithm 2 computes

ḟ = Jf (̊x) · ẋ

which are weighted sums of columns of the Jacobian matrix. But the forward CSR matrix
propagation, i.e. Algorithm 6 yields the Jacobians in terms of its rows instead.

The reconstruction of a single row of a Jacobian matrix by the forward mode of AD requires n
calls to Algorithm 2, in general. In other words we could compute a single row only by computing
all of them and this is already part of the explanation. The sparse linear algebra eclosed within
Algorithm 6 blurs the fact that simply all necessary forward sweeps are packed together and
computed simultaneously. Hence the resulting rows represent aggregations or concatenations
of all non-zero ith components from any forward directional derivatives with respect to each
canonical unit vector ej .

Finally let us conclude this subsection on sparse matrix propagation in forward mode with the
propagation of secant matrices in CSR matrix format. Secant matrices in CSR form can be
computed by Algorithm 7 for evaluation procedures f ∈ span(ΦS∗).
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Algorithm 7: CSR fwd(f, x̂, x̌) – secant forward CSR matrix propagation

Data: f ∈ span(ΦS∗), primal values: x̂ = (x̂i)
n−1
i=0 ∈ dom(f) and x̌ = (x̌i)

n−1
i=0 ∈ dom(f)

Result: all sparse rows of the secant matrix Sf (x̂, x̌): (sparse row[yi])m−1
i=0

1 for i = 0, 1, . . . , n− 1 do
2 initialize quantities v̂i−n = x̂i, v̌i−n = x̌i and sparse row[vi−1] = ⟨(1), (i), n⟩;
3 compute average v̊i−n = 1

2(x̂i + x̌i);

4 for i = 0, 1, . . . , ℓ− 1 do
5 compute v̂i = φi(v̂j)j≺i and v̌i = φi(v̌j)j≺i;
6 compute average v̊i = 1

2(v̂i + v̌i);
7 if φi ∈ Φ1 ⊆ ΦS∗ is a univariate operation then
8 if v̂j ̸= v̌j then
9 compute single secant slope cφi =

v̂i−v̌i
v̂j−v̌j , where j ≺ i;

10 else
11 compute single tangent slope cφi =

d
vj
φi(̊vj), where j ≺ i;

12 compute sparse row[vi] = cφi · sparse row[vj ], where j ≺ i;
13 if φi ∈ ΦS∗ \ Φ1 is the bivariate sum, subtraction, product or division then
14 determine indices j ≺ i of the 1st & k ≺ i of the 2nd argument of vi;
15 if φi is the sum then
16 set both secant slopes cφi,j = 1 and cφi,k = 1;

17 if φi is the subtraction then
18 set both secant slopes cφi,j = 1 and cφi,k = −1;
19 if φi is the product then
20 set both secant slopes cφi,j = v̊k and cφi,k = v̊j ;

21 if φi is the division then
22 compute both secant slopes cφi,j =

v̊k
v̂k·v̌k and cφi,k =

−v̊j
v̂k·v̌k ;

23 compute: sparse row[vi] = cφi,j · sparse row[vj ] + cφi,k · sparse row[vk];

24 for i = m− 1,m− 2, . . . , 0 do
25 set ẙm−1−i = v̊ℓ−1−i and: sparse row[ym−1−i] = sparse row[vℓ−1−i];

2.3.4 Weighted Gradients and Sparse Matrix Computation in First Order
Reverse Mode

In forward mode differentiation we have computed directional derivatives

ẏ = Jf (̊x) · ẋ or ẏ = Sf (x̂, x̌) · ẋ. (2.16)

The reverse mode of AD also computes first order derivatives. The result of this are weighted
sums of rows instead of columns of either the Jacobian or the secant matrix, i.e.

x̄⊤ = ȳ⊤Jf (̊x) or x̄⊤ = ȳ⊤Sf (x̂, x̌). (2.17)

Together the forward mode (2.16) and the reverse mode (2.17) define the well known identity

x̄⊤ẋ = ȳ⊤Jf (̊x) · ẋ = ȳ⊤ẏ or x̄⊤ẋ = ȳ⊤Sf (x̂, x̌) · ẋ = ȳ⊤ẏ.
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Algorithm 8: rev(f, x̊, ȳ) – reverse mode computation (pull version)

Data: 3-part evaluation procedure: f ∈ span(Φ), primal values: x̊ = (̊xi)
n−1
i=0 ∈ dom(f) and

derivative seed ȳ = (ȳi)
n−1
i=0 ∈ Rm

Result: rev(f, x̊, ȳ) = (ẙ, x̄) pairing the primal values: ẙ = f (̊x) = (ẙi)
n−1
i=0 ∈ Rm and

weighted gradients: x̄ = ȳ⊤Jf (̊x) = (x̄i)
n−1
i=0 ∈ Rn

1 execute eval(f, x̊) and extract ẙ, (̊vi)ℓ−1
i=−n ; // primal forward evaluation

2 for i = m− 1,m− 2, . . . , 0 do
3 set v̄ℓ−1−i = ȳm−1−i;

4 for i = ℓ−m, ℓ−m− 1, . . . , 2− n, 1− n,−n do
5 for j ≺ i do
6 compute jth tangent slope cφi,j = [∂jφi](̊vk)k≺i ; // pre-compute for later use

7 compute v̄i =
∑︁

i≺k v̄k · cφk,i ; // dual evaluation + pull

8 for i = 0, 1, . . . , n− 1 do
9 initialize x̄i = v̄i−n;

Algorithm 9: rev(f, x̊, ȳ) – reverse mode computation (push version)

Data: 3-part evaluation procedure: f ∈ span(Φ), primal values: x̊ = (̊xi)
n−1
i=0 ∈ dom(f) and

derivative seed ȳ = (ȳi)
n−1
i=0 ∈ Rm

Result: rev(f, x̊, ȳ) = (ẙ, x̄) pairing the primal values: ẙ = f (̊x) = (ẙi)
n−1
i=0 ∈ Rm and

weighted gradients: x̄ = ȳ⊤Jf (̊x) = (x̄i)
n−1
i=0 ∈ Rn

1 execute eval(f, x̊) and extract ẙ, (̊vi)ℓ−1
i=−n ; // primal forward evaluation

2 for i = m− 1,m− 2, . . . , 0 do
3 set v̄ℓ−1−i = ȳm−1−i;

4 for i = −n, 1− n, 2− n, . . . , ℓ−m− 1, ℓ−m do
5 initialize v̄i = 0;

6 for i = ℓ−m, ℓ−m− 1, . . . , 2− n, 1− n,−n do
7 for j ≺ i do
8 compute jth tangent slope cφi,j = [∂jφi](̊vk)k≺i ; // compute for immediate use
9 increment v̄j ≡ v̄j + v̄i · cφi,j ; // dual evaluation + push

10 for i = 0, 1, . . . , n− 1 do
11 initialize x̄i = v̄i−n;

However and without much further ado we can formulate algorithms for the reverse differentiation
of functions as evaluation procedures by Algorithm 8 or Algorithm 9 with the help of [GW08].
Derived from them we also find Algorithm 10 for the reverse mode secant differentiation, too.

Figure 2.3 highlights or compares data structural operations executed during a forward and a re-
verse propagational sweep. All the directional derivatives computed by Algorithm 2 or Algorithm
3 as well as reverse derivatives computed by Algorithm 8, Algorithm 9 or Algorithm 10 can be
organized and stored in arrays equalling the total number of elemental computation steps of a
respective evaluation procedure in length. Then either variant of the forward algorithm would
go through that array from left to right. Each forward algorithm can either be implemented in
a pull version, where arrived at some element position (let us say i in Figure 2.3) all directional
derivative values of its dependencies (let us say at j and k from Figure 2.3) are pulled or be coded
as push version, where arrived at some element position (e.g. j as in Figure 2.3) its derivative
values are pushed forward into future dependencies (such as at i in Figure 2.3). Typically the
forward mode as push version is not as efficient as its pull version. The reverse mode iterates
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Algorithm 10: rev(f, x̊, ȳ) – secant reverse mode computation (push version)

Data: 3-part evaluation procedure: f ∈ span(ΦS∗), primal values: x̂ = (x̂i)
n−1
i=0 ∈ dom(f) as

well as x̌ = (x̌i)
n−1
i=0 ∈ dom(f) and derivative seed ȳ = (ȳi)

n−1
i=0 ∈ Rm

Result: rev(f, x̂, x̌, ȳ) = (ŷ, y̌, x̄) pairing the primal values: ŷ = f(x̂) = (ŷi)
n−1
i=0 ∈ Rm as well

as y̌ = f(x̌) = (y̌i)
n−1
i=0 ∈ Rm and weighted gradients:

x̄ = ȳ⊤Sf (x̂, x̌) = (x̄i)
n−1
i=0 ∈ Rn

1 execute eval(f, x̂) and extract ŷ, (v̂i)ℓ−1
i=−n ; // primal forward evaluation

2 execute eval(f, x̌) and extract y̌, (v̌i)ℓ−1
i=−n ; // primal forward evaluation

3 for i = ℓ− 1, ℓ− 2, . . . , 2− n, 1− n,−n do
4 compute average v̊i = 1

2(v̂i + v̌i);

5 for i = m− 1,m− 2, . . . , 0 do
6 set v̄ℓ−1−i = ȳm−1−i;

7 for i = −n, 1− n, 2− n, . . . , ℓ−m− 1, ℓ−m do
8 initialize v̄i = 0;

9 for i = ℓ−m, ℓ−m− 1, . . . , 2− n, 1− n,−n do
10 if φi ∈ Φ1 ⊆ ΦS∗ is a univariate operation then
11 if v̂j ̸= v̌j then
12 compute single secant slope cφi =

v̂i−v̌i
v̂j−v̌j , where j ≺ i;

13 else
14 compute single tangent slope cφi =

d
vj
φi(̊vj), where j ≺ i;

15 increment v̄j ≡ v̄j + v̄i · cφi , where j ≺ i ; // dual evaluation for univariate
case

16 if φi ∈ ΦS∗ \ Φ1 is the bivariate sum, subtraction, product or division then
17 determine indices j ≺ i of the 1st & k ≺ i of the 2nd argument of vi;
18 if φi is the sum then
19 set both secant slopes cφi,j = 1 and cφi,k = 1;

20 if φi is the subtraction then
21 set both secant slopes cφi,j = 1 and cφi,k = −1;
22 if φi is the product then
23 set both secant slopes cφi,j = v̊k and cφi,k = v̊j ;

24 if φi is the division then
25 compute both secant slopes cφi,j =

v̊k
v̂k·v̌k and cφi,k =

−v̊j
v̂k·v̌k ;

26 increment v̄j ≡ v̄j + v̄i · cφi,j ; // dual evaluation for bivariate case
27 increment v̄k ≡ v̄k + v̄i · cφi,k ; // dual evaluation for bivaraite case

28 for i = 0, 1, . . . , n− 1 do
29 initialize x̄i = v̄i−n;

through the array from right to left and can also be realized in a pull (compare with Algorithm
8) or push (compare with Algorithm 9) version. This time the push version is usually preferred
and allows a more efficient realization.

Once again we can compute Jacobians or secant matrices as sparse matrices also in the reverse
mode just as we were able to do with the forward mode. As CSR matrices are the structurally
natural outcome format for the forward mode we find conversely compressed sparse column
matrices or CSC matrices to be yielded by the reverse mode.
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. . . . . . . . . . . .
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ẋ0 ẋ1 v̇j−1 v̇j v̇j+1 v̇k−1 v̇k v̇k+1 v̇i−1 v̇i

v̄j v̄j+1 v̄k−1 v̄k v̄k+1 v̄i−1 v̄i v̄i+1 ȳm−2 ȳm−1

Figure 2.3: hypothetical tape structured (e.g. an array) for storing and computing forward directional
or reverse derivatives

Definition 2.3.8 (CSC or Compressed Sparse Column Matrix)
A matrix M ∈ Rm×n in CSC matrix form is a tuple of four vectors representing all necessary
data for its unique representation. Let 0 ≤ k < n ·m then a CSC matrix consists of

• the shape (m,n) ∈ N2
0,

• the data vector: data ∈ Rk containing at least all non-zero values of M ,

• the index vector: χ ∈ Nk
0 containing all column indices of members of the data vector in

the same ordering,

• the index pointer vector: indptr ∈ Nm+1
0 containing certain meta information of all

columns of M , in the following sense:
For any 0 ≤ i < m the contiguous sub-vector [dataindptri , dataindptri +1, . . . , dataindptri+1 −1]
make up all entries solely belonging to the ith column of M .
Likewise [χindptri , χindptri +1, . . . , χindptri+1 −1] make up all their column indices in the
same ordering.

Once again the full shape does not necessarily need to be stowed together with an instance of
a CSC matrix, but at least the number of rows is required for the unique and unambiguously
determination of the encoded matrix. As done before with CSR matrices we will define and
establish sparse column vectors and certain linear operations involving them, before we will
finally establish algorithmic schemes for the CSC matrix propagation.

Definition 2.3.9 (Sparse Column Vector)
Let 0 < n ∈ N then: sparse col = ⟨data, χ, n⟩ is a three-tuple, where 0 < k ≤ n, data ∈ Rk and
χ = (χi)

k−1
i=0 ∈ Nk

0. It represents a vector x ∈ Rn of the real vector space in the following sense

• xχi = datai, for 0 ≤ i < k,

• j /∈ χ =⇒ xj = 0, for 0 ≤ j < n.
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Algorithm 11: sparse col ·λ – multiplication of a sparse column by some constant scalar
Data: one column in sparse representation: sparse col = ⟨data, χ, n⟩ and a scalar λ ∈ R

Result: sparse colλ = sparse col ·λ
1 initialize new array: dataλ = [0, 0, . . . , 0] of length |χ|;
2 for i = 0, 1, . . . , |χ| − 1 do
3 compute: dataλ,i = datai ·λ;

4 initialize result: sparse colλ = ⟨dataλ, χ, n⟩ ; // you may or may not copy χ

Algorithm 12:
∑︁n−1

i=0 sparse coli – sum of sparse columns
Data: summands: sparse coli = ⟨datai, χi, n⟩, for i = 0, 1, . . . , n− 1
Result: sparse colΣ =

∑︁n−1
i=0 sparse coli

1 compute merged index tuple χΣ = sort
(︁⋃︁n−1

i=0 χi
)︁
. Also remove multiplicities and sort from

smallest on the left to biggest on the right;
2 initialize new array: dataΣ = [0, 0, . . . , 0] of length |χΣ|;
3 for i = 0, 1, . . . , n− 1 do
4 for j = 0, 1, . . . , |χi| − 1 do
5 find the index k where χΣ,k = χi,j ;
6 increment: dataΣ,k = dataΣ,k+datai,j ;

7 initialize result: sparse colΣ = ⟨dataΣ, χΣ, n⟩;

We can now provide Jacobian matrix propagation into CSC data format via the reverse mode.

Algorithm 13: CSC rev(f, x̊) – reverse CSC matrix propagation (push version)

Data: f ∈ span(Φ), primal values: x̂ = (x̂i)
n−1
i=0 ∈ dom(f) and x̌ = (x̌i)

n−1
i=0 ∈ dom(f)

Result: all sparse columns of the Jacobian matrix Jf (̊x): (sparse col[xi])n−1
i=0

1 execute eval(f, x̊) and extract ẙ, (̊vi)ℓ−1
i=−n;

2 for i = m− 1,m− 2, . . . , 0 do
3 set: sparse col[vℓ−1−i] = ⟨(1), (m− 1− i),m⟩;
4 for i = −n, 1− n, 2− n, . . . , ℓ−m− 1, ℓ−m do
5 clear out: sparse col[vi] = 0 · sparse col[vi];
6 for i = ℓ−m, ℓ−m− 1, . . . , 2− n, 1− n,−n do
7 for j ≺ i do
8 compute jth tangent slope cφi,j = [∂jφi](̊vk)k≺i;
9 increment: sparse col[vj ] ≡ sparse col[vj ] + sparse col[vi] · cφi,j ;

10 for i = 0, 1, . . . , n− 1 do
11 initialize: sparse col[xi] = sparse col[vi−n];

Finally we can provide another algorithm for the sparse matrix propagation of secant matrices
in CSC data format via the reverse mode, too.
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Algorithm 14: CSC rev(f, x̂, x̌) – secant reverse CSC matrix propagation (push version)

Data: 3-part evaluation procedure: f ∈ span(ΦS∗), primal values: x̂ = (x̂i)
n−1
i=0 ∈ dom(f)

and x̌ = (x̌i)
n−1
i=0 ∈ dom(f)

Result: all sparse columns of the secant matrix Sf (x̂, x̌): (sparse col[xi])n−1
i=0

1 execute eval(f, x̂) and extract ŷ, (v̂i)ℓ−1
i=−n ; // primal forward evaluation

2 execute eval(f, x̌) and extract y̌, (v̌i)ℓ−1
i=−n ; // primal forward evaluation

3 for i = ℓ− 1, ℓ− 2, . . . , 2− n, 1− n,−n do
4 compute average v̊i = 1

2(v̂i + v̌i);

5 for i = m− 1,m− 2, . . . , 0 do
6 set: sparse col[vℓ−1−i] = ⟨(1), (m− 1− i),m⟩;
7 for i = −n, 1− n, 2− n, . . . , ℓ−m− 1, ℓ−m do
8 clear out: sparse col[vi] = 0 · sparse col[vi];
9 for i = ℓ−m, ℓ−m− 1, . . . , 2− n, 1− n,−n do

10 if φi ∈ Φ1 ⊆ ΦS∗ is an univariate operation then
11 if v̂j ̸= v̌j then
12 compute single secant slope cφi =

v̂i−v̌i
v̂j−v̌j , where j ≺ i;

13 else
14 compute single tangent slope cφi =

d
vj
φi(̊vj), where j ≺ i;

15 increment: sparse col[vj ] ≡ sparse col[vj ] + sparse col[vi] · cφi , where j ≺ i;
16 if φi ∈ ΦS∗ \ Φ1 is the bivariate sum, subtraction, product or division then
17 determine indices j ≺ i of the 1st & k ≺ i of the 2nd argument of vi;
18 if φi is the sum then
19 set both secant slopes cφi,j = 1 and cφi,k = 1;

20 if φi is the subtraction then
21 set both secant slopes cφi,j = 1 and cφi,k = −1;
22 if φi is the product then
23 set both secant slopes cφi,j = v̊k and cφi,k = v̊j ;

24 if φi is the division then
25 compute both secant slopes cφi,j =

v̊k
v̂k·v̌k and cφi,k =

−v̊j
v̂k·v̌k ;

26 increment: sparse col[vj ] ≡ sparse col[vj ] + sparse col[vi] · cφi,j ;
27 increment: sparse col[vk] ≡ sparse col[vk] + sparse col[vi] · cφi,k;

28 for i = 0, 1, . . . , n− 1 do
29 initialize: sparse col[xi] = sparse col[vi−n];

2.4 First Order Algorithmic Differentiation of Abs-Differentiable
Functions

Differentiability is a strong property a function can provide to us. Based upon we have developed
plenty of solvers and numerical methodology throughout the history of applied mathematics to
find roots, optimize or integrate functions. Theorem 2.2.5, i.e. the theorem of Rademacher proves
finite dimensional Lipschitzean functions to be differentiable almost everywhere. Hence there are
almost no exceptions for potential starting points for our codes to do their task.
However this kind of non-smoothness requires modifications to such numerical methods to main-
tain ongoing feasibility and also techniques of non-smooth analysis have to be applied to recover
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or adapt convergence theory. For instance a step of a generalized version of Newton’s method for
finding roots of a Lipschitz continuous function f : D ⊆ Rn → Rn reads

solve
xj+1∈Rn

f(xj) + Jj+1(xj+1 − xj) = 0 (2.18)

and hence looks pretty much identical to the classical or smooth Newton’s method. The generaliz-
ation is actually affecting the derivative operator Jj+1 ∈ Rn×n. We need to relax our expectation
on what a derivative is supposed to be and we have to generalize the process of differentiation.
In [Cla90] the generalized Jacobian or Clarke differential is defined as

∂Cf (̊x) ≡ conv(∂Bf (̊x)),

with ∂Bf being the limiting Jacobians or Bouligand differential given by

∂Bf (̊x) ≡
{︃

lim
k→∞

Jf (xk) ∈ Rn×n
⃓⃓⃓
∃(xk)k∈N ⊆ Df : xk

k→∞−−−→ x̊

}︃
,

where Df ⊆ D is the set of all points of differentiability as defined by Theorem 2.2.5. A feature
of both concepts is ∀x̊ ∈ Df : ∂Cf (̊x) = ∂Bf (̊x) = {Jf (̊x)}, i.e. being a singleton including the
Jacobian matrix as sole entry wherever the underlying function actually is differentiable. One
might argue that both generalized differential concepts appear to consider elements of D \Df as
some form of gaps that require to be repaired or sealed of.

With both generalized differentials at hand letting either Jj+1 ∈ ∂Cf(xj) or Jj+1 ∈ ∂Bf(xj)
does yield two potential versions of a generalized Newton’s method. If we additionally assume f
to be semi-smooth on D, i.e. Jẋ− ḟ (̊x; ẋ) = o(∥ẋ∥), for J ∈ ∂Cf (̊x+ ẋ), at all x̊ ∈ D, then there
already exists a convergence analysis for either case.
For the first version, where Jj+1 ∈ ∂Cf(xj), [QS93] as well as [Kum92] (the latter progressing
from [Kum88]) provide a local convergence theorem for the generalized Newton (2.18), if all
elements of ∂Cf(x∗) at the nearby root x∗ ∈ D are non-singular. They also predict at least super
linear convergence or even quadratic convergence if f already is strongly semi smooth on D, i.e.
Jẋ− ḟ (̊x; ẋ) = O(∥ẋ∥2) for J ∈ ∂Cf (̊x+ ẋ) at all x̊ ∈ D.
However their convergence theory does not apply for abs(x) = 0, since ∂C abs(0) = [−1, 1] ∋ 0,
although Newton’s method would actually jump straight into the root, from everywhere.
For the second version an analogous but improved result is provided by [Qi93] as well as by
[QS98], requiring ∂Bf(x∗) instead of ∂Cf(x∗) to be free of singular elements.

A benefit of both generalized differentials is that their calculus is quite advanced. E.g. we will
soon need the following generalization of the implicit function theorem.
Theorem 2.4.1 (Clarke IFT - Corollary, page 256 from [Cla90])
Let F ∈ C0,1(Dx×Dy,Rk) be a function with open component domains Dx ⊆ Rn and Dy ⊆ Rk.
Furthermore let (x∗, y∗) ∈ Dx×Dy be a root of F , i.e. F (x∗, y∗) = 0 and also let all members of

∂C,yF (x
∗, y∗) ≡ {Jy ∈ Rk×k | ∃Jx ∈ Rk×n : [Jx, Jy] ∈ ∂CF (x∗, y∗)}

be regular, then there are open sets X ⊆ Dx, Y ⊆ Dy and a function y ∈ C0,1(X,Y ) called the
implicit function such that y∗ = y(x∗) as well as for any x ∈ X

0 = F (x, y(x)).

A downside of the generalized differentials ∂Cf and ∂Bf is that their computational practicability
is at question. E.g. the chain rule of either the Clarke or Bouligand differential reads

∂C [f ◦ g](̊x) ⊆ conv ([∂Cf ](g(̊x)) · [∂Cg](̊x)) , (2.19)
∂B[f ◦ g](̊x) ⊆ [∂Bf ](g(̊x)) · [∂Bg](̊x), (2.20)

36



2.4 First Order Algorithmic Differentiation of Abs-Differentiable Functions

i.e. computing elements of the right hand side (RHS) for either differential is difficult. Even if we
knew members of each set-valued factor [∂Bf ](g(̊x)) as well as [∂Bg](̊x), then we could multiply
them to gain an element of the right hand side (RHS) of (2.20), but we are actually interested in
elements of the left hand side (LHS). Computing limiting Jacobians for Lipschitzean functions
remains to be an open problem in general. If we restrict the class of functions in consideration,
then it can be achieved, although it remains challenging. In [KB13] an algorithm is suggested,
which can compute limiting Jacobians of piecewise differentiable evaluation procedures. In that
case the elemental functions would not need to satisfy Assumption 2.3.1 anymore, but new
requirements apply. For any elemental function φ ∈ Φ specific geometrical knowledge in its
domain space is required and still analytical expressions of its directional derivatives φ̇(̊u, u̇)
need to be known. The biggest downside to their algorithm is that no major software suite
for algorithmic differentiation does actually implement it. Of course one could attempt and
add it into one of the available open source libraries, but this could not be considered a minor
adjustment. It would require a deep integration and would stay relatively separate from the other
differentiation modes.

Furthermore the computed element of the Bouligand differential would be a random one. There
is not enough control to e.g. specifically find or compute a directionally active limiting Jacobian
J ∈ ∂Bf (̊x) such that ḟ (̊x, sẋ) = s · Jẋ, along a predetermined line segment x̊ + sẋ ∈ Df , for
small s > 0.

We will follow a different approach and consider another variant of generalized differentiation.
In [Gri13] the algorithmic piecewise linearization or abs-linearization has been established. This
technique opens up a multitude of possibilities to generalize numerical methodology for non-
smooth problems. We will reconsider and widen its basics and foundations, such that we can
utilize it for the numerical approximation of systems of differential algebraic equations. Similar
to our discussion so far it will be necessary to restrict our considerations onto a suitable class of
functions, which happens to be a subclass of piecewise differentiable functions.
Definition 2.4.2 (Piecewise Differentiable Function - based on page 91 of [Sch12])
A function f ∈ C0(D,Rk), with open domain D ⊆ Rn, is called a continuous selection of Cd,b-
functions on U ⊆ D, if there is a finite set Mf [U ] ⊆ Cd,b(Ux̊,Rk), with d ∈ N0 and b ∈ {0, 1}
such that

∀x ∈ U , ∃fx ∈Mf [U ] : f(x) = fx(x).

Then the set Mf [U ] is referred to as set of selection functions and its elements as selection
functions .

Furthermore f is simply called continuous selection of Cd,b-functions if it is a continuous selec-
tion on all of its domain, i.e. there is only one single finite set Mf [D] ⊆ C0(D,Rk) necessary,
such that Mf [U ] =Mf [D] satisfies the definition above, for any U ⊆ D.

A function f : D → Rk, with open domain D ⊆ Rn is called a piecewise differentiable function
if there is a d ∈ N1, b ∈ {0, 1} and open neighbourhoods x̊ ∈ Ux̊ ⊆ D for any x̊ ∈ D such that
f is a continuous selection of Cd,b-functions on Ux̊. We then write f ∈ PCd,b(D,Rk).

Finally a function f : D → Rk, with open domain D ⊆ Rn is called a piecewise differentiable
selection if it is a continuous selection of Cd,b-functions, for d ∈ N1 and b ∈ {0, 1}. We then
write f ∈ PCSd,b(D,Rk).

Indeed most practically relevant candidates for piecewise differentiable functions are either the
absolute value or can be crafted as evaluation procedure by chaining differentiable functions with
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the absolute value, e.g.

max(u,w) = 1
2(u+ w + |w − u|), min(u,w) = 1

2(u+ w − |w − u|),
max(u0, . . . , um) = max(u0,max(u1, . . . , um)), min(u0, . . . , um) = min(u0,min(u1, . . . , um)),

relu(u) = max(0, u) = 1
2(u+ |u|), 2max(u0, u1, u2) = min(max(ui, uj))i̸=j∈{0,1,2},

where 2max returns the second largest element of a triplet argument. This motivates us to refine
the class of non-smooth functions in consideration one last time.

Definition 2.4.3 (The Abs-Normal Form)
A function f : Dx → Rm, with open domain dom(f) = Dx ⊆ Rn, is said to have an abs-normal
form or short ANF if there are integers s ≥ 0 and d ≥ 1, an open set Dz ⊆ Rs and two functions

1. Gf ∈ Cd,1(Dx × Dz,Dz), whose partial derivative matrices ∂wG(̊x, ẘ) is strictly lower
triangular for any pair of reference points (̊x, ẘ) ∈ Dx ×Dz,

2. Ff ∈ Cd,1(Dx ×Dz,Rm),

such that ∀x̊ ∈ Dx, ∃z̊ ∈ Dz the following identity holds true

z̊ = Gf (̊x, |̊z|), (2.21a)
f (̊x) = Ff (̊x, |̊z|). (2.21b)

The vector z is called the switching vector , with its entries being the switching variables . Also
f(x) = Ff (x, |z|), where z = G(x, |z|) is referred to as abs-normal form or ANF of f and we
note f ∈ Cd,1abs(dom(f),Rm).

With algorithmic differentiation which we have established in sections before, we will recognise
two special cases for abs-normal forms. Let Φ be a library of elemental functions complying to
Assumption 2.3.1 and let ΦS∗ ⊆ Φ be the restricted library for the secant mode, i.e. containing
only univariate operations, the sum, the subtraction, the multiplication and the division. Then

1. we write f ∈ span(Φ ∪ {abs}), if Ff , Gf ∈ span(Φ),

2. we note f ∈ span(ΦS ∪ {abs}), if Ff , Gf ∈ span(ΦS) (and likewise for ΦS∗).

As a reminder we found span(ΦS) = span(ΦS∗), during the introduction of both restricted
libraries ΦS and ΦS∗ . Consequently we also find span(ΦS ∪ {abs}) = span(ΦS∗ ∪ {abs}) by the
same argumentation.

We will not explicitly need span(Φ ∪ {abs}) very often, because we can usually address Cd,1abs

instead. On the other hand we will work with span(ΦS∪{abs}) directly and quite a lot, whenever
we are talking about properties or computations involving secants. It is however still useful to
be aware of span(Φ ∪ {abs}) as well as span(ΦS∗ ∪ {abs}) especially in the context of actual
implementations. Definition 2.4.3 is based on or inspired by equations (6) and (7) from [GW16],
where the abs-normal form is defined for the purpose non-smooth optimization, i.e. for scalar
functions specifically.

We can take note of the following hierarchy of function classes as we have introduced them so far
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span(ΦS) span(Φ) C1,1 C1,1abs PCS1,1 PC1,1 C0,1 C0

span(Φ) span(Φ ∪ {abs})

span(ΦS) span(ΦS ∪ {abs})

⊆ ⊆ ⊆ ⊆ ⊆ ⊆ ⊆

⊆

⊆

⊆

⊆

Any function f with ANF has to be piecewise differentiable, too. Hence they also correspond
to a respective set of selection functions Mf [Dx], that we can construct directly from their ANF
representation. To do so requires some preparation and towards that goal let us rewrite the
absolute value of the switching vector |z|. Consider a mapping from Rs to P(diag({−1, 1}s))
defined by

z ↦→ Σz, such that Σz · z = |z|, i.e. Σ · z = |z|, for any Σ ∈ Σz,

where diag({−1, 1}s) ≡ {diag(σ) ∈ Rs×s | σ ∈ {−1, 1}s} and P(M) being the power set of
a set M , i.e. P(M) ≡ {S | S ⊆ M}. We call Σz the signature operator of z. Similarily let
σz = Σz · 1 ≡ {Σ · 1 | Σ ∈ Σz} ⊆ {−1, 1}s be the vector valued signature operator, where 1 ∈ Rs

is the vector of ones. Also we will refer to a matrix Σ ∈ diag({−1, 1}s) (i.e. when the entries
are fixed) as signature matrix and to a vector σ ∈ {−1, 1}s as signature vector . Furthermore
we say σ or Σ = diag(σ) is the signature of some vector z̊ ∈ Rs if Σ = Σz̊ (i.e. Σ ∈ Σz̊)
holds true. This allows us to rewrite an ANF of some f ∈ Cd,1abs(dom(f),Rm), with open domain
dom(f) = Dx ⊆ Rn, equivalently into

z = Gf (x,Σz · z),
f(x) = Ff (x,Σz · z).

Even more we can find differentiable functions fσ ∈ Cd,1(dom(f),Rm) characterized by

zσ = Gf (x,Σ · zσ),
fσ(x) = Ff (x,Σ · zσ),

for any fixed signature Σ = diag(σ) ∈ diag({−1, 1}s). So we find Mf [Dx] = {fσ | σ ∈ {−1, 1}s},
but not all elements on the right are actually needed to characterize Mf [Dx]. This is due to the
fact that some signature preimage sets

Pσ = {x ∈ dom(f) | Σ · z = Σ ·Gf (x,Σ · z) ≥ 0, with Σ = diag(σ)} (2.22)

may be empty or have an empty interior for a given signature σ. However these preimage sets
are always closed and for any x ∈ dom(f) there is at least a signature σ ∈ {−1, 1}s such that
f(x) = fσ(x). We refer to fσ as differentiable selection function of f . The union of the signature
preimage sets cover the domain, i.e. dom(f) =

⋃︁
σ∈{−1,1}s Pσ. Since there are finitely many of

them it follows that some must have a non empty interior. So let us introduce the following
classifications

• We refer to a non empty Pσ, corresponding signature σ and selection function fσ as active.

• We call σ, Pσ and fσ to be essentially active whenever the interior of Pσ is not empty.

Although z̊ appears to be characterized implicitly by (2.21), due to its appearance on both the
left and right hand side of (2.21). But by the very definition of an ANF we do know z̊ always
exists, is uniquely determined by the choice of x̊ ∈ dom(f) and can be computed component-
wise from top to down. This is a consequence of the special requirement on ∂wGf (x,w) being
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nilpotent which ensures

k ≥ i =⇒ ∂zi
∂zk
≡ ∂wk

e⊤i Gf (x, (w0, w1, . . . , wk, . . . , ws−1))
⃓⃓⃓
x=x̊,w=z̊

= 0.

To be more precise we can apply the classic or smooth implicit function theorem or Theorem
2.2.4 onto G̃f,σ(x, z) ≡ Gf (x,Σ · z) − z = 0, for any fixed signature Σ = diag(σ). That way
we find ∂zG̃f,σ(x, z) = ∂wGf (x,Σ · z)Σ − I being regular, since ∂wGf (x,Σz)Σ − I has to be a
lower triangular matrix with main diagonal entries being −1 exclusively. Hence −1 also is the
only Eigenvalue. Thus there is an implicit function zσ(x) in terms of x within the interior of Pσ,
for any essentially active signature σ ∈ {−1, 1}s. On the kinks, i.e. non empty intersections of
neighbouring Pσ, we can apply the implicit function theorem by Clarke or Theorem 2.4.1 instead
to ensure continuity of corresponding zσ(x) during the transition or while sliding. Hence we find
z(x) ≡ zσz(x) to be a continuous function. At this point it may come in handy if we define
auxiliary functions

Gf,i(x,w0, w1, . . . , wi−1) ≡ e⊤i Gf (x,w0, . . . , wi−1, 0, . . . , 0) (2.23)

for the component-wise computation zi(̊x) = z̊i = Gf,i(̊x, |zj |i−1
j=0). As a consequence of the

continuity of zσ(x) in x and the Pσ being closed it holds true that for any active signature σ
there is an essentially active signature σ∗ such that Pσ ⊆ Pσ∗ . Thus we can cover the domain by
a union of all essentially active Pσ and we can finally set Mf [Dx] = {fσ | σ is ess. active}.

Definition 2.4.3 introduces by s ≥ 0 the dimension of the switching space, i.e. the space of the
switching vectors z ∈ Rs. The case s = 0 is explicitly allowed and it is an important case covering
all smooth functions without the need for artificial algorithmic modifications, such as the identity
|f(x)− |f(x)|| − |f(x)| = f(x), which would raise s by three, is indicating. Hence we may leave
few words regarding this special situation. Whenever s = 0 we then interpret Rs = R0 = ∅ to
be empty and hence there is no switching vector. We set Gf to become the empty function and
choose Ff ≡ f . Alternatively we could say Gf does simply not exist in that particular case.

2.4.1 Tangent Abs-Linearization

As next step we want to reconsider tangent abs-linearization or also referred to as tangent piece-
wise linearization. The very process has been established by [Gri13] and in addition [Gri+18b]
provides approximation statements for both the tangent as well as the secant mode combined.
This combined discussion is possible if the tangent mode is treated as special case of the secant
mode, but this comes at a price. The secant mode requires to shrink and restrict all consid-
erations exclusively onto span(ΦS ∪ {abs}). To circumvent this we will deal with the tangent
mode separately on its own. Thus we have to redo the corresponding proofs, but it will allow
us to specialize and also extend those approximation results onto functions from the broader
class of C1,1abs. Afterwards we will then consider the secant mode of abs-linearization in the next
subsection.

Definition 2.4.4 (Tangent Abs-Linearization)
Let f ∈ C1,1abs(D,R

m), with open domain D ⊆ Rn. Let x̊ ∈ D be a reference point as well as the
following quantities

Z = ∂xGf (̊x, |̊z|) ∈ Rs×n, L = ∂|̊z|Gf (̊x, |̊z|) ≡ ∂wGf (x,w)|x=x̊,w=|̊z| ∈ Rs×s, (2.24a)

J = ∂xFf (̊x, |̊z|) ∈ Rm×n, Y = ∂|̊z|Ff (̊x, |̊z|) ≡ ∂wFf (x,w)
⃓⃓
x=x̊,w=|̊z| ∈ Rm×s, (2.24b)

z̊ = Gf (̊x, |̊z|) ∈ Rs, ẙ = f (̊x) = Ff (̊x, |̊z|) ∈ Rm, (2.24c)
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be handy abbreviations. For the sake of readability we omit to write out the respective reference
points from the left hand-side notions. Note also that the matrix L still is strictly lower triangular
as partial derivatives of Gf . Then ♢x̊f(x) characterized by[︃

♢x̊z
♢x̊f(x)

]︃
=

[︃
z̊
ẙ

]︃
+

[︃
Z L
J Y

]︃
·
[︃

x− x̊
|♢x̊z| − |̊z|

]︃
, (2.25)

is called an tangent abs-linearization of f at x̊ and we call (2.25) the tangent abs-linear form
or tangent ALF .

Definition 2.4.4 demonstrates how the available differentiability of Gf and Ff can be exploited
and harnessed from an ANF representation. Actually equation (2.25) is very reminiscent of a first
order Taylor expansion. As we will discuss non-smooth abs-polynomial expansions in sections
later on this observation is correct. If f ∈ span(Φ ∪ {abs}) then Algorithm 15 computes the
tangent abs-linear form of f in sparse fashion.

Algorithm 15: ♢x̊f – compute tangent abs-linearization in ALF
Data: x̊ ∈ dom(f) ⊆ Rn, Ff , Gf = (Gf,i)

s−1
i=0 ∈ span(Φ), csr_mode ∈ {true, false}

Result: z̊ = Gf (̊x, |̊z|) ∈ Rs, ẙ = f (̊x) ∈ Rm, Z ∈ Rs×n, L ∈ Rs×s, J ∈ Rm×n, Y ∈ Rm×s

1 initialize new array: z̊ = [0, 0, . . . , 0] of length s;
2 for i = 0, 1, . . . , s− 1 do
3 compute: z̊i = Gf,i(̊x, |̊z|) ; // Gf,i is the ith component of Gf

4 initialize and compute: ẙ = Ff (̊x, |̊z|);
5 define: G|̊z|(x) = Gf (x, |̊z|) and: Gx̊(w) = Gf (̊x,w) from Gf ;
6 define: F|̊z|(x) = Ff (x, |̊z|) and: Fx̊(w) = Ff (̊x,w) from Ff ;
7 if csr_mode then
8 set reference: Mat prop = CSR fwd ; // CSR fwd as defined by Algorithm 6
9 else

10 set reference: Mat prop = CSC rev ; // CSC rev as defined by Algorithm 13

11 initialize and compute: Z = Mat prop(G|̊z|, x̊) and: L = Mat prop(Gx̊, |̊z|);
12 initialize and compute: J = Mat prop(F|̊z|, x̊) and: Y = Mat prop(Fx̊, |̊z|);

In the next three subsequent statements we will establish fundamental properties of the tangent
abs-linearization and the process leading to them. We will firstly show that any tangent abs-
linearization is Lipschitz continuous and that the Lipschitz constant is same as the local Lipschitz
constant of the underlying function. Afterwards we will show that manipulations or perturbations
to the reference point are Lipschitz continuous, as well. Finally we will compare them with the
underlying function itself. In the end we will conclude that an ALF serves as a local model to
functions in ANF just as the first order polynomial Taylor expansion in terms of the Jacobian
does for a fully differentiable function. However lets begin with the first statement.

Corollary 2.4.5 (Lipschitz Continuity In The Argument)
Let f ∈ C1,1abs(D,R

m) be in ANF , with open domain dom(f) = D ⊆ Rn and may U ⊆ dom(f)
be an open and bounded subset. Let ♢x̊f be the tangent abs-linearization of f at x̊ ∈ U , in the
sense of Definition 2.4.4. Then for all x, y ∈ Rn follows

∥♢x̊f(x)− ♢x̊f(y)∥ ≤ Lf∥x− y∥,

where Lf > 0 is a local Lipschitz constant of f on U , i.e. for all x̃, ỹ ∈ U it holds that

∥f(x̃)− f(ỹ)∥ ≤ Lf∥x̃− ỹ∥.
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Proof We want to prove the assertion by induction. We will provide the induction start at the
end. As preparation let φ : Dφ → R be a function with open domain dom(φ) = Dφ ⊆ Rnφ , with
nφ ≥ 1. This function shall either be φ ∈ C1,1(Dφ,R) or φ = abs.

The induction assumption reads as follows: There are nφ ≥ 1 functions ui ∈ C1,1abs(Dui ,R), with
open domains dom(ui) = Dui ⊆ Rnui , which do already satisfy

∥♢x̊ui(x)− ♢x̊ui(y)∥ ≤ Lu∥x− y∥,

where Lu ≡ maxi≤nφ Lui is the maximum of local Lipschitz constants Lui of all the ui(x).

The induction hypothesis then states

∥♢x̊v(x)− ♢x̊v(y)∥ ≤ Lv∥x− y∥,

with Lv being a local Lipschitz constant of v(x) = φ(ui(x))
nφ−1
i=0 .

In the first case, i.e. when φ is smooth, then

♢x̊v(x) = φ(u(̊x)) + Jφ(u(̊x)) · [♢x̊u(x)− u(̊x)],

and hence

∥♢x̊v(x)− ♢x̊v(y)∥ = ∥Jφ(u(̊x))[♢x̊u(x)− u(̊x)]− Jφ(u(̊x))[♢x̊u(y)− u(̊x)]∥,
≤ ∥Jφ(u(̊x))∥ · ∥♢x̊u(x)− ♢x̊u(y)∥ ≤ ∥Jφ(u(̊x))∥ · Lu∥x− y∥ (2.26)
≤ LφLu∥x− y∥.

In (2.26) we made use of the induction assumption already. Now we can just read the Lipschitz
constant in question Lv = LφLu and find it to be a local Lipschitz constant of v(x) itself, too.

In the second case, i.e. φ = abs or v(x) = |u(x)|, then

♢x̊v(x) = |♢x̊u(x)|,

and hence

|♢x̊v(x)− ♢x̊v(y)| = | abs(♢x̊u(x))− abs(♢x̊u(y))| ≤ |♢x̊u(x)− ♢x̊u(y)|.

Again we find Lv = LabsLu = 1 · Lu to be a Lipschitz constant of v(x), too.

This mostly completes the proof, but we have to bridge the gap back to the ANF representation
and we have still have to provide an induction start. The idea behind the proof so far: φ can
take the role of any component of Ff , any component of Gf , i.e. of any Gf,j from (2.23) for all
j = 0, 1, . . . , s − 1 as well as of the absolute value. Simultaneously the ui shall take the roles
of the various components of the independent variables x and of the components of |z|. More
precisely there are the following cases to distinguish:

1. If v(x) = z0(x) ≡ Gf,0(x), then φ = Gf,0, nφ = n and Dφ = Dz0 = dom(f) being open.
Also u(x) = (ui(x))

n−1
i=0 = x.

2. If v(x) = |z0(x)|, then φ = abs, nφ = 1 and Dφ = dom(f). Also u(x) = z0(x).

3. If v(x) = zj(x) ≡ Gf,j(x, |z0(x)|, . . . , |zj−1(x)|), for j > 0, then φ = Gf,j , nφ = n + j and
Dφ = dom(f) × Dz,j , with Dz,j = Dz,j−1 ×Dzj−1 as well as Dzj−1 ⊆ R being open. Also
u(x) = (ui(x))

n+j
i=0 = (x0, . . . , xn−1, |z0(x)|, . . . , |zj−1(x)|).
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4. If v(x) = |zj(x)|, for j > 0, then φ = abs, nφ = 1 and Dφ = Dzj . Also u(x) = zj(x).

5. If v(x) = e⊤k ·Ff (x, |z(x)|), for k ≥ 0, then φ = e⊤k ·Ff , nφ = n+ s and Dφ = dom(f)×Dz,
with open Dz = Dz,s−1 ×Dzs−1 ⊆ Rs. Also u(x) = (x0, . . . xn−1, |z0(x)|, . . . , |zs−1(x)|).

To conclude this proof we start the induction by setting u(x) = id(x) = x yielding the piecewise
linearization ♢x̊u(x) = u(x) = x as well as Lu = 1. □

Theorem 2.4.6 (Lipschitz Continuity In The Reference Point)
Let f ∈ C2,1abs(D,R

m) be in ANF , with open domain dom(f) = D ⊆ Rn and may U ⊆ dom(f) be
an open, bounded and convex subset. Let ♢x̊f as well as ♢ẙf be tangent abs-linearizations of f
at x̊, ẙ ∈ U in the sense of Definition 2.4.4. Then there is a Lipschitz constant L♢f > 0 such that
for any x ∈ Rn the following statement holds true

∥♢x̊f(x)− ♢ẙf(x)∥ ≤ L♢f∥x̊− ẙ∥max(∥x− x̊∥, ∥x− ẙ∥).

Proof The overall structure of this proof will be similar to that of Corollary 2.4.5. We want to
prove the assertion by induction and in preparation let φ : Dφ → R be a function with open
domain dom(φ) = Dφ ⊆ Rnφ , with nφ ≥ 1. This function shall either be φ ∈ C1,1(Dφ,R) or
φ = abs.

The induction assumption reads as follows: There are nφ ≥ 1 functions ui ∈ C1,1abs(Dui ,R), with
open domains Dui ⊆ Rnui , which do already satisfy

∥∆ũi∥ ≡ ∥♢x̊ui(x)− ♢ẙui(x)∥ ≤ L♢u∥x̊− ẙ∥max(∥x− x̊∥, ∥x− ẙ∥),

where L♢u = maxi≤nφ L♢ui is the maximum of Lipschitz constants L♢ui among all the ui(x).

The induction hypothesis then states that there is L♢v > 0 such that

∥♢x̊v(x)− ♢ẙv(x)∥ ≤ L♢v∥x̊− ẙ∥max(∥x− x̊∥, ∥x− ẙ∥).

Let us begin with case one in which we assume φ to be smooth and as a reminder from last proof
we still have

♢x̊v(x) = φ(u(̊x)) + Jφ(u(̊x)) · [♢x̊u(x)− u(̊x)].

Let us define some helper quantities for our considerations to come

∀i < nφ : ůi(t) ≡ t · ui(̊x) + (1− t) · ui(ẙ), ∆ůi ≡ ∂tůi(t) = ui(̊x)− ui(ẙ),
ũi(t) ≡ t · ♢x̊ui(x) + (1− t) · ♢ẙui(x), ∆ũi ≡ ∂tũi(t) = ♢x̊ui(x)− ♢ẙui(x),

ṽ(t) ≡ φ(̊u(t)) + Jφ(̊u(t))(ũ(t)− ů(t)),

as well as ů(t) = (̊ui(t))
nφ−1
i=0 , ∆ů = (∆ůi(t))

nφ−1
i=0 , ũ = (ũi(t))

nφ−1
i=0 and ∆ũ = (∆ũi(t))

nφ−1
i=0 .

Now we can apply the mean value theorem, i.e. there is a t̄ ∈ ]0, 1[ such that

♢x̊v(x)− ♢ẙv(x) = ṽ(1)− ṽ(0) = ∂tṽ(t̄)

= Jφ(̊u(t̄))∆ů+ Jφ(̊u(t̄))(∆ũ−∆ů) + ∆ů⊤[∂uJφ](̊u(t̄))(ũ(t̄)− ů(t̄))
= Jφ(̊u(t̄))∆ũ+∆ů⊤Hφ(̊u(t̄))(ũ(t̄)− ů(t̄)),

|♢x̊v(x)− ♢ẙv(x)| ≤ Lφ∥∆ũ∥+ Lφ′∥∆ů∥ · ∥ũ(t̄)− ů(t̄)∥,
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where ∂uJφ(u) = Hφ(u) = [∂ui∂ujφ(u)]
nφ−1,nφ−1
i,j=0 = [∂uj∂uiφ(u)]

nφ−1,nφ−1
i,j=0 is the Hessian matrix

of the function φ. Since ∆ũ already satisfies the induction hypothesis we move on and consider
both factors of the second summand. The second factor is linear in t and therefore

∥ũ(t̄)− ů(t̄)∥ ≤ max(∥ũ(1)− ů(1)∥, ∥ũ(0)− ů(0)∥)
= max(∥♢x̊u(x)− u(̊x)∥, ∥♢ẙu(x)− u(ẙ)∥)
= max(∥♢x̊u(x)− ♢x̊u(̊x)∥, ∥♢ẙu(x)− ♢ẙu(ẙ)∥)
≤ Lumax(∥x− x̊∥, ∥x− ẙ∥),

and for the first factor we find

∥∆ů∥ = ∥u(̊x)− u(ẙ)∥ ≤ Lu∥x̊− ẙ∥.

Thus we have proven the induction hypothesis

∥♢x̊v(x)− ♢ẙv(x)∥ ≤ L♢v∥x̊− ẙ∥max(∥x− x̊∥, ∥x− ẙ∥),

where we choose L♢v ≡ Lφ′L2u + LφL♢u and Lv = LφLu.

In the second case, where φ = abs or v(x) = |u(x)|, we have

♢x̊v(x) = abs(♢x̊u(x)),

and find

|♢x̊v(x)− ♢ẙv(x)| = | abs(♢x̊u(x))− abs(♢ẙu(x))| ≤ |♢x̊u(x)− ♢ẙu(x)|
≤ L♢u∥x̊− ẙ∥max(∥x− x̊∥, ∥x− ẙ∥).

So we only need to forward L♢v = L♢u as well as Lv = Lu.

Once again we need to bridge the gap back to the ANF representation and we have still have to
provide an induction start. Just as in the last proof we have to distinguish the following cases:

1. If v(x) = z0(x) ≡ Gf,0(x), then φ = Gf,0, nφ = n and Dφ = Dz0 = dom(f) being open.
Also u(x) = (ui(x))

n−1
i=0 = x.

2. If v(x) = |z0(x)|, then φ = abs, nφ = 1 and Dφ = dom(f). Also u(x) = z0(x).

3. If v(x) = zj(x) ≡ Gf,j(x, |z0(x)|, . . . , |zj−1(x)|), for j > 0, then φ = Gf,j , nφ = n + j and
Dφ = dom(f) × Dz,j , with Dz,j = Dz,j−1 ×Dzj−1 as well as Dzj−1 ⊆ R being open. Also
u(x) = (ui(x))

n+j
i=0 = (x0, . . . , xn−1, |z0(x)|, . . . , |zj−1(x)|).

4. If v(x) = |zj(x)|, for j > 0, then φ = abs, nφ = 1 and Dφ = Dzj . Also u(x) = zj(x).

5. If v(x) = e⊤k ·Ff (x, |z(x)|), for k ≥ 0, then φ = e⊤k ·Ff , nφ = n+ s and Dφ = dom(f)×Dz,
with open Dz = Dz,s−1 ×Dzs−1 ⊆ Rs. Also u(x) = (x0, . . . xn−1, |z0(x)|, . . . , |zs−1(x)|).

To conclude this proof we start the induction by setting u(x) = id(x) = x yielding the piecewise
linearization ♢x̊u(x) = u(x) = x as well as Lu = L♢u = 1. □

If we would use the mean value theorem for Lipschitz continuous functions (see [Cla90, The-
orem 2.3.7 (Lebourg)]) we could relax Theorem 2.4.6 to become applicable onto functions
f ∈ C1,1abs(D,R

m), too.
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Corollary 2.4.7 (Primal Approximation Quality)
Let f ∈ C1,1abs(D,R

m) be in ANF , with open domain dom(f) = D ⊆ Rn and may U ⊆ dom(f)
be an open and bounded subset. Let ♢x̊f be the tangent abs-linearization of f at x̊ ∈ U in the
sense of Definition 2.4.4. Then there is a Lipschitz constant L♢f > 0 namely the same as defined
by Theorem 2.4.6 such that for any x ∈ Rn the following statement holds true

∥f(x)− ♢x̊f(x)∥ ≤ 1
2L♢f∥x− x̊∥

2.

Proof We want to prove the assertion by induction once more and for the preparation let
φ : Dφ → R be a function with open domain dom(φ) = Dφ ⊆ Rnφ , with nφ ≥ 1. This function
shall either be φ ∈ C1,1(Dφ,R) or φ = abs.

The induction assumption reads as follows: There are nφ ≥ 1 functions ui ∈ C1,1abs(Dui ,R), with
open domains dom(ui) = Dui ⊆ Rnui , which do already satisfy

∥ui(x)− ♢x̊ui(x)∥ ≤ 1
2L♢u∥x− x̊∥

2,

where L♢u ≡ maxi≤nφ L♢ui is the maximum of Lipschitz constants L♢ui among all the ui(x).

The induction hypothesis then states

∥v(x)− ♢x̊v(x)∥ ≤ 1
2L♢v∥x− x̊∥

2,

with L♢v = Lφ′L2u + LφL♢u for φ being smooth or L♢v = L♢u, if φ = abs.

In the first case, i.e. when φ is smooth, then

♢x̊v(x) = φ(u(̊x)) + Jφ(u(̊x)) · [♢x̊u(x)− u(̊x)],

hence

∥v(x)− ♢x̊v(x)∥ ≤ ∥v(x)− φ(♢x̊u(x))∥+ ∥φ(♢x̊u(x))− ♢x̊v(x)∥
= ∥φ(u(x))− φ(♢x̊u(x))∥+ ∥φ(♢x̊u(x))− φ(u(̊x)) + Jφ(u(̊x)) · [♢x̊u(x)− u(̊x)]∥

and by applying Corollary 2.2.3 we find

≤ ∥φ(u(x))− φ(♢x̊u(x))∥+ 1
2Lφ′∥♢x̊u(x)− u(̊x)∥2

≤ Lφ∥u(x)− ♢x̊u(x)∥+ 1
2Lφ′∥♢x̊u(x)− u(̊x)∥2

≤ 1
2LφL♢u∥x− x̊∥

2 + 1
2Lφ′∥♢x̊u(x)− ♢x̊u(̊x)∥2

≤ 1
2

[︁
LφL♢u + Lφ′L2u

]︁
∥x− x̊∥2.

In the second case, i.e. φ = abs or v(x) = |u(x)|, then

♢x̊v(x) = |♢x̊u(x)|,

and hence

|v(x)− ♢x̊v(x)| = | abs(u(x))− abs(♢x̊u(x))| ≤ |u(x)− ♢x̊u(x)|.

Again we can just forward L♢v = L♢u ans Lv = Lu.

Once more we have to bridge the gap back to the ANF representation and we have still have to
provide an induction start. The following cases are to distinguish:
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1. If v(x) = z0(x) ≡ Gf,0(x), then φ = Gf,0, nφ = n and Dφ = Dz0 = dom(f) being open.
Also u(x) = (ui(x))

n−1
i=0 = x.

2. If v(x) = |z0(x)|, then φ = abs, nφ = 1 and Dφ = dom(f). Also u(x) = z0(x).

3. If v(x) = zj(x) ≡ Gf,j(x, |z0(x)|, . . . , |zj−1(x)|), for j > 0, then φ = Gf,j , nφ = n + j and
Dφ = dom(f) × Dz,j , with Dz,j = Dz,j−1 ×Dzj−1 as well as Dzj−1 ⊆ R being open. Also
u(x) = (ui(x))

n+j
i=0 = (x0, . . . , xn−1, |z0(x)|, . . . , |zj−1(x)|).

4. If v(x) = |zj(x)|, for j > 0, then φ = abs, nφ = 1 and Dφ = Dzj . Also u(x) = zj(x).

5. If v(x) = e⊤k ·Ff (x, |z(x)|), for k ≥ 0, then φ = e⊤k ·Ff , nφ = n+ s and Dφ = dom(f)×Dz,
with open Dz = Dz,s−1 ×Dzs−1 ⊆ Rs. Also u(x) = (x0, . . . xn−1, |z0(x)|, . . . , |zs−1(x)|).

To conclude this proof we start the induction by setting u(x) = id(x) = x yielding the piecewise
linearization ♢x̊u(x) = u(x) = x as well as Lu = L♢u = 1. □

Example 2.4.8 Consider the following function F (x0, x1) = sin(|x0 − exp(|x1 − x0|)|) which in
ANF reads as follows [︃

z0
z1

]︃
= GF (x0, x1, |z0|, |z1|) =

[︃
x1 − x0

x0 − exp(|z0|)

]︃
F (x0, x1) = FF (x0, x1, |z0|, |z1|) = sin(|z1|)

and therefore its ALF after abs-linearization at x̊ ∈ R2 is given by⎡⎣ ♢x̊z0
♢x̊z1

♢x̊F (x0, x1)

⎤⎦ =

⎡⎣ z̊0
z̊1

F (̊x0, x̊1)

⎤⎦+

⎡⎣−1 1 0 0
1 0 − exp(|̊z0|) 0
0 0 0 cos(|̊z1|)

⎤⎦ ·
⎡⎢⎢⎣

x0 − x̊0
x1 − x̊1

|♢x̊z0| − |̊z0|
|♢x̊z1| − |̊z1|

⎤⎥⎥⎦ ,
where z̊0 = x̊1 − x̊0, z̊1 = x̊0 − exp(|̊z0|) and F (̊x0, x̊1) = x̊0 − sin(|̊z1|). A visualization of the
function and its ALF from tangent abs-linearization at x̊ = (1210 ,

12
10) is displayed in Figure 2.4.
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Figure 2.4: graph of function F and tangent ALF from Example 2.4.8

2.4.2 Secant Abs-Linearization

We have established the process of tangent abs-linearization, how it can be implemented and
important properties. This subsection is structured similar as we want to establish analogue
results regarding the secant abs-linearization.
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Definition 2.4.9 (Secant Abs-Linearization)
Let f ∈ span(ΦS ∪{abs}), with f : D → Rm and open domain D ⊆ Rn. Let x̂, x̌ ∈ D be a pair
of reference points as well as the following quantities

ẑ = Gf (x̂, |ẑ|), ŷ = Ff (x̂, |ẑ|), x̂ = [x̂⊤, |ẑ⊤|]⊤,
ž = Gf (x̌, |ž|), y̌ = Ff (x̌, |ž|) x̌ = [x̌⊤, |ž⊤|]⊤,

z̊ =
ẑ + ž

2
∈ Rs, ẙ =

ŷ + y̌

2
∈ Rm, x̊ =

x̂+ x̌

2
,

be handy abbreviations similar to those of (2.24). Furthermore let[︁
Z L

]︁
= SGf

(x̂, x̌) ∈ Rs×(n+s),
[︁
J Y

]︁
= SFf

(x̂, x̌) ∈ Rm×(n+s), (2.27)

with Z ∈ Rs×n, L ∈ Rs×s, J ∈ Rm×n and Y ∈ Rm×s. Again L inherits to be of strictly lower
triangular form from Gf from an ANF representation of f in the sense of Definition 2.4.3. Then
♢x̂x̌f(x) characterized by[︃

♢x̂x̌z
♢x̂x̌f(x)

]︃
=

[︃
z̊
ẙ

]︃
+

[︃
Z L
J Y

]︃
·
[︃

x− x̊
|♢x̂x̌z| −

|ẑ|+|ž|
2

]︃
, (2.28)

is called secant abs-linearization of f at x̌, x̂ and we call (2.28) the secant abs-linear form or
secant ALF .

We have already observed f ∈ span(ΦS∗ ∪ {abs}) =⇒ f ∈ span(ΦS ∪ {abs}). Thus for all
further theoretical considerations throughout this section we will assume the latter, i.e. assume
that f has an ANF representation with Gf , Ff ∈ span(ΦS). This effectively means that f itself
does obey Table 2.6.

Table 2.6: 3-part non-smooth evaluation procedure over ΦS ∪ {abs} in ℓ elemental steps.
for i = 0, 1, . . . , n− 1 vi−n = xi

vi = φi(vj≺i) if φi ∈ Φ1 ⊆ ΦS∗ is unary
for i = 0, 1, . . . , ℓ− 1 vi = vj≺i + vk≺i if φi is the sum

vi = |vj≺i| if φi is the absolute value
for i = m− 1,m− 2, . . . , 0 ym−1−i = vℓ−1−i

Thus by Table 2.6 we have to consider three different cases in terms of propagation. In the third
case and let u ≡ vj≺i be the single one dependency of v ≡ vi then v(x) = |u(x)| and we find

♢x̂x̌v(x) = |♢x̂x̌u(x)|.

For the second case let again u ≡ vj≺i but also w ≡ vk≺i be the two dependencies of v(x) =
u(x) + w(x) and so we find

♢x̂x̌v(x) = ♢x̂x̌u(x) + ♢x̂x̌w(x).

Finally in the first, for which v(x) = φ(u(x)), if φ ∈ Φ1 ⊆ ΦS , we have

♢x̂x̌v(x) = ♢x̂x̌[φ ◦ u](x) =
v(x̂) + v(x̌)

2
+ Sφ(u(x̂), u(x̌)) ·

[︃
♢x̂x̌u(x)−

u(x̂) + u(x̌)

2

]︃
=
v(x̂) + v(x̌)

2
+
φ(u(x̂))− φ(u(x̌))

u(x̂)− u(x̌)

[︃
♢x̂x̌u(x)−

u(x̂) + u(x̌)

2

]︃
,
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where the last equality is true provided u(x̂) ̸= u(x̌). Abbreviating v̊ = 1
2(v(x̂) + v(x̌)) and

ů = 1
2(u(x̂) + u(x̌)) in the spirit of Definition 2.4.9 yields

♢x̂x̌v(x) = ♢x̂x̌[φ ◦ u](x) = v̊ + Sφ(u(x̂), u(x̌)) ·
[︂
♢x̂x̌u(x)− ů

]︂
. (2.29)

Furthermore we will introduce the piecewise linear secant increment function by

∆f(x̂, x̌;x− x̊) ≡ ♢x̂x̌f(x)− 1
2(f(x̂) + f(x̌)), (2.30)

alongside any ♢-decorated quantity. It will come in handy during the proofs of this section. If
we apply the notion defined by (2.30) back onto (2.29) we arrive at

♢x̂x̌v(x) = ♢x̂x̌[φ ◦ u](x) = v̊ + Sφ(u(x̂), u(x̌)) ·∆u(x̂, x̌;x− x̊).

We can compute secant abs-linearization via Algorithm 16.

Algorithm 16: ♢x̂x̌f – compute secant abs-linearization in ALF

Data: x̌, x̂ ∈ dom(f) ⊆ Rn, Ff , Gf = (Gf,i)
s−1
i=0 ∈ span(ΦS∗), csr_mode ∈ {true, false}

Result: ẑ = Gf (x̂, |ẑ|), ž = Gf (x̌, |ž|) ∈ Rs, ŷ = f(x̂) ∈ Rm, y̌ = f(x̌) ∈ Rm and matrices
Z ∈ Rs×n, L ∈ Rs×s, J ∈ Rm×n, Y ∈ Rm×s

1 initialize 2 new arrays: ẑ = [0, 0, . . . , 0] and: ž = [0, 0, . . . , 0] each of length s;
2 for i = 0, 1, . . . , s− 1 do
3 compute: ẑi = Gf,i(x̂, |ẑ|) and: ži = Gf,i(x̌, |ž|);
4 initialize and compute: ŷ = Ff (x̂, |ẑ|) and: y̌ = Ff (x̌, |ž|);
5 if csr_mode then
6 set reference: Mat prop = CSR fwd ; // CSR fwd as defined by Algorithm 7
7 else
8 set reference: Mat prop = CSC rev ; // CSC rev as defined by Algorithm 14

9 concatenate: v̂ = [x̂⊤, |ẑ⊤|]⊤ and: v̌ = [x̌⊤, |ž⊤|]⊤;
10 initialize and compute:

[︁
Z L

]︁
= Mat prop(Gf , v̂, v̌);

11 initialize and compute:
[︁
J Y

]︁
= Mat prop(Ff , v̂, v̌);

Now we are in a similar state as in the subsection before. Hence we want to state and prove
three statements establishing fundamental properties of the secant abs-linearization. All three
statements and their proofs originate from [Gri+18b], originally. Once again we begin with the
Lipschitz continuity in the argument as Corollary 2.4.10.

Corollary 2.4.10 (Proposition 3.2 (i) from [Gri+18b])
Let f ∈ span(ΦS ∪ {abs}), with f : dom(f) = D ⊆ Rn → Rm and open domain. Let U ⊆ D be
an open, bounded and convex subset. May furthermore ♢x̂x̌f be the secant abs-linearization at a
pair of reference points x̂, x̌ ∈ U , in the sense of Definition 2.4.9. Then for all x, y ∈ Rn it follows

∥♢x̂x̌f(x)− ♢x̂x̌f(y)∥ ≤ Lf∥x− y∥,

where Lf > 0 is a local Lipschitz constant of f on U , i.e. for all x̃, ỹ ∈ U it holds that

∥f(x̃)− f(ỹ)∥ ≤ Lf∥x̃− ỹ∥.

Proof We present the proof of [Gri+18b]. We want to prove via induction. With our consider-
ations, mostly Table 2.6, made just before, there are exactly three cases to distinguish. Those
are the absolute value v(x) = |u(x)|, the sum v(x) = u(x)+w(x) as well as univariate operation
v(x) = φ(u(x)), where φ ∈ Φ1 ⊆ ΦS , i.e. φ ∈ C1,1(Dφ,R), with open Dφ ⊆ R. The arguments
are u,w ∈ span(ΦS ∪ {abs}), where u : D → R as well as w : D → R.
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The induction assumption reads as follows: Both u and w already satisfy

∥♢x̂x̌u(x)− ♢x̂x̌u(y)∥ ≤ Lu∥x− y∥,
∥♢x̂x̌w(x)− ♢x̂x̌w(y)∥ ≤ Lw∥x− y∥.

The induction hypothesis then states

∥♢x̂x̌v(x)− ♢x̂x̌v(y)∥ ≤ Lv∥x− y∥,

where Lv is a local Lipschitz constant of the primal function v(x) = |u(x)| or v(x) = u(x)+w(x)
or v(x) = φ(u(x)).

In the first case, i.e. v(x) = |u(x)|, then

∥♢x̂x̌v(x)− ♢x̂x̌v(y)∥ = ∥|♢x̂x̌u(x)| − |♢x̂x̌u(y)|∥ ≤ ∥♢x̂x̌u(x)− ♢x̂x̌u(y)∥ ≤ Lu∥x− y∥

to find Lv = Lu as local Lipschitz constant for v(x).

In the second case, i.e. v(x) = u(x) + w(x), then

∥♢x̂x̌v(x)− ♢x̂x̌v(y)∥ ≤ ∥♢x̂x̌u(x)− ♢x̂x̌u(y)∥+ ∥♢x̂x̌w(x)− ♢x̂x̌w(y)∥
≤ (Lu + Lw)∥x− y∥,

and set Lv = Lu + Lw accordingly, which also is a Lipschitz constant for v(x).

For the final or third case, where v(x) = φ(u(x)), we find

∥♢x̂x̌v(x)− ♢x̂x̌v(y)∥ =
⃦⃦⃦⃦
φ(û)− φ(ǔ)

û− ǔ
∆u(x̂, x̌;x− x̊)− φ(û)− φ(ǔ)

û− ǔ
∆u(x̂, x̌; y − x̊)

⃦⃦⃦⃦
,

≤ ∥φ(û)− φ(ǔ)∥
∥û− ǔ∥

∥♢x̂x̌u(x)− ♢x̂x̌u(y)∥ ≤ LφLu∥x̂− x̌∥.

Again we find Lv = LφLu to be a local Lipschitz constant for v(x).

To conclude this proof we start the induction by setting u(x) = id(x) = x yielding the piecewise
linearization ♢x̂x̌u(x) = u(x) = x as well as Lu = 1. □

The next Theorem 2.4.11 will be on the Lipschitz continuity in the pair of reference points. The
version of Theorem 2.4.11 presented here including its proof firms as Proposition 3.2 (iii) in
[Gri+18b]. It is in turn a refined and strengthened version of Theorem 3.17 on page 40 in [Str15]
that was also extended onto the secant mode. Theorem 3.17 on page 40 in [Str15] specifically
covers the tangent mode for f ∈ span(Φ), only.

Theorem 2.4.11 (Proposition 3.2 (iii) from [Gri+18b])
Consider f ∈ span(ΦS ∪ {abs}) twice differentiable, with f : dom(f) = D ⊆ Rn → Rm, open
domain. Let U ⊆ D be open, bounded and convex. May furthermore ♢x̂x̌f and ♢ŷy̌f be secant abs-
linearizations at pairs of refence points x̂, x̌ ∈ U as well as ŷ, y̌ ∈ U in the sense of Definition 2.4.9.
Then there is a Lipschitz constant L♢f > 0 such that for any x ∈ Rn the following statement
holds true

∥♢x̂x̌f(x)− ♢ŷy̌f(x)∥ ≤ L♢f max

[︃
∥x̂− ŷ∥max(∥x− x̌∥, ∥x− y̌∥)
∥x̌− y̌∥max(∥x− x̂∥, ∥x− ŷ∥)

]︃
.
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Proof We present the proof of [Gri+18b], extended by one subcase after the application of the
mean value theorem. We want to prove via induction. As before there are exactly three cases
to distinguish. Those cases are the absolute value v(x) = |u(x)|, the sum v(x) = u(x) + w(x)
as well as univariate operations v(x) = φ(u(x)), where φ ∈ Φ1 ⊆ ΦS , with open Dφ ⊆ R. The
arguments are u,w ∈ span(ΦS ∪ {abs}), where u : D → R as well as w : D → R.

The induction assumption reads as follows: Both u as well as w already satisfy

∥♢x̂x̌u(x)− ♢ŷy̌u(x)∥ ≤ L♢umax

[︃
∥x̂− ŷ∥max(∥x− x̌∥, ∥x− y̌∥)
∥x̌− y̌∥max(∥x− x̂∥, ∥x− ŷ∥)

]︃
,

∥♢x̂x̌w(x)− ♢ŷy̌w(x)∥ ≤ L♢wmax

[︃
∥x̂− ŷ∥max(∥x− x̌∥, ∥x− y̌∥)
∥x̌− y̌∥max(∥x− x̂∥, ∥x− ŷ∥)

]︃
.

The induction hypothesis states the existence of L♢v > 0, such that

∥♢x̂x̌v(x)− ♢ŷy̌v(x)∥ ≤ L♢vmax

[︃
∥x̂− ŷ∥max(∥x− x̌∥, ∥x− y̌∥)
∥x̌− y̌∥max(∥x− x̂∥, ∥x− ŷ∥)

]︃
.

In the first case, where v = |u|, then

∥♢x̂x̌v(x)− ♢ŷy̌v(x)∥ = ∥ |♢
x̂
x̌u(x)| − |♢

ŷ
y̌u(x)| ∥ ≤ |♢

x̂
x̌u(x)− ♢ŷy̌u(x)|

and we find L♢v = L♢u to be sufficient.

In the second, i.e. v(x) = u(x) + w(x), then

∥♢x̂x̌v(x)− ♢ŷy̌v(x)∥ ≤ ∥♢
x̂
x̌u(x)− ♢ŷy̌u(x)∥+ ∥♢

x̂
x̌w(x)− ♢ŷy̌w(x)∥

and we can chose L♢v = L♢u + L♢w.

For the final or third case, where v(x) = φ(u(x)), we will utilize the mean value theorem. Let us
define the following handy abbreviations

ǔ(t) = t · u(x̌) + (1− t)u(y̌), ∆ǔ = ∂tǔ(t) = u(x̌)− u(y̌),
û(t) = t · u(x̂) + (1− t)u(ŷ), ∆û = ∂tû(t) = u(x̂)− u(ŷ),

ů(t) =
û(t) + ǔ(t)

2
, ∆ů = ∂tů(t) =

∆û+∆ǔ

2
,

ũ(t) = t · ♢x̂x̌u(x) + (1− t) · ♢ŷy̌u(x), ∆ũ = ∂tũ(t) = ♢x̂x̌u(x)− ♢ŷy̌u(x),

ṽ(t) =
φ(û(t)) + φ(ǔ(t))

2
+ Sφ(û(t), ǔ(t)) · (ũ(t)− ů(t)).

As a reminder Sφ for φ ∈ Φ1 is defined as follows

Sφ(û(t), ǔ(t)) =

{︄
φ(û(t))−φ(ǔ(t))

û(t)−ǔ(t) û(t) ̸= ǔ(t),

φ′(̊u(t)) else, i.e. û(t) = ǔ(t) = ů(t).

We can apply the mean value theorem onto ṽ, i.e. there is a t̄ ∈ ]0, 1[ such that

♢x̂x̌v(x)− ♢ŷy̌v(x) = ṽ(1)− ṽ(0) = ∂tṽ(t̄).

At this point we have to distinguish two subcases. The first one is given by û(t̄) ̸= ǔ(t̄), whereas
the second one is characterised by û(t̄) = ǔ(t̄).
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For the first subcase we find after applying the mean value theorem

♢x̂x̌v(x)− ♢ŷy̌v(x) = ṽ(1)− ṽ(0) = ∂tṽ(t̄)

=
φ′(û(t̄))∆û+ φ′(ǔ(t̄))∆ǔ

2
+
φ(û(t̄))− φ(ǔ(t̄))

û(t̄)− ǔ(t̄)
(∆ũ−∆ů)

+

[︃
φ′(û(t̄))∆û− φ′(ǔ(t̄))∆ǔ

û(t̄)− ǔ(t̄)
− [φ(û(t̄))− φ(ǔ(t̄))](∆û−∆ǔ)

(û(t̄)− ǔ(t̄))2

]︃
(ũ(t̄)− ů(t̄)).

A second application of the mean value theorem grants the existence of ū(t̄) ∈ ]û(t̄), ǔ(t̄)[ such
that we find φ(û(t̄))− φ(ǔ(t̄)) = φ′(ū(t̄)) · [û(t̄)− ǔ(t̄)] and thus

♢x̂x̌v(x)− ♢ŷy̌v(x) =
[φ′(û(t̄))− φ′(ū(t̄))]∆û+ [φ′(ǔ(t̄))− φ′(ū(t̄))]∆ǔ

2(û(t̄)− ǔ(t̄))
(û(t̄)− ǔ(t̄)) + φ′(ū(t̄))∆ũ

+
φ′(û(t̄))∆û− φ′(ǔ(t̄))∆ǔ− φ′(ū(t̄))(∆û−∆ǔ)

2(û(t̄)− ǔ(t̄))
(2[ũ(t̄)− ů(t̄)]).

At this point we may recognize that both fractions are very similar in structure and apply the
identity 2[ũ(t̄)− ů(t̄)] = [ũ(t̄)− û(t̄)] + [ũ(t̄)− ǔ(t̄)] to find

♢x̂x̌v(x)− ♢ŷy̌v(x) =

φ′(û(t̄))− φ′(ū(t̄))

û(t̄)− ǔ(t̄)
∆û(ũ(t̄)− ǔ(t̄))− φ′(ū(t̄))− φ′(ǔ(t̄))

û(t̄)− ǔ(t̄)
∆ǔ(ũ(t̄)− û(t̄)) + φ′(ū(t̄))∆ũ

Now ∆ũ or better its norm already does satisfy the induction hypothesis (see the induction
assumption). So let us consider the factors of the other summands⃓⃓⃓⃓

φ′(û(t̄))− φ′(ū(t̄))

û(t̄)− ǔ(t̄)

⃓⃓⃓⃓
=

⃓⃓⃓⃓
φ′(û(t̄))− φ′(ū(t̄))

û(t̄)− ū(t̄)

⃓⃓⃓⃓
·
⃓⃓⃓⃓
û(t̄)− ū(t̄)
û(t̄)− ǔ(t̄)

⃓⃓⃓⃓
, (2.31a)⃓⃓⃓⃓

φ′(ū(t̄))− φ′(ǔ(t̄))

û(t̄)− ǔ(t̄)

⃓⃓⃓⃓
=

⃓⃓⃓⃓
φ′(ū(t̄))− φ′(ǔ(t̄))

ū(t̄)− ǔ(t̄)

⃓⃓⃓⃓
·
⃓⃓⃓⃓
ū(t̄)− ǔ(t̄)
û(t̄)− ǔ(t̄)

⃓⃓⃓⃓
. (2.31b)

Summing equations (2.31) yields⃓⃓⃓⃓
φ′(û(t̄))− φ′(ū(t̄))

û(t̄)− ǔ(t̄)

⃓⃓⃓⃓
+

⃓⃓⃓⃓
φ′(ū(t̄))− φ′(ǔ(t̄))

û(t̄)− ǔ(t̄)

⃓⃓⃓⃓
≤ Lφ′

(︃⃓⃓⃓⃓
û(t̄)− ū(t̄)
û(t̄)− ǔ(t̄)

⃓⃓⃓⃓
+

⃓⃓⃓⃓
ū(t̄)− ǔ(t̄)
û(t̄)− ǔ(t̄)

⃓⃓⃓⃓)︃
,

and therefore

|♢x̂x̌v(x)− ♢ŷy̌v(x)| ≤ Lφ′ max(|∆û| · |ũ(t̄)− ǔ(t̄)|, |∆ǔ| · |ũ(t̄)− û(t̄)|) + Lφ|∆ũ|.

Of course we find |∆û| ≤ Lu∥x̂+ ŷ∥ and |∆ǔ| ≤ Lu∥x̌+ y̌∥ and hence as a last step of this case
let us consider the remaining two factors that are linear in t

|ũ(t̄)− û(t̄)| ≤ max(|ũ(1)− û(1)|, |ũ(0)− û(0)|) = max(|♢x̂x̌u(x)− u(x̂)|, |♢
ŷ
y̌u(x)− u(ŷ)|)

= max(|♢x̂x̌u(x)− ♢x̂x̌u(x̂)|, |♢
ŷ
y̌u(x)− ♢ŷy̌u(ŷ)|) ≤ Lumax(∥x− x̂∥, ∥x− ŷ∥),

and due to symmetry of argumentation

|ũ(t̄)− ǔ(t̄)| ≤ Lumax(∥x− x̌∥, ∥x− y̌∥).

Thus we found the desired result for L♢v ≡ Lφ′L2u + LφL♢u.
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Let us continue with the second subcase

♢x̂x̌v(x)− ♢ŷy̌v(x) = ṽ(1)− ṽ(0) = ∂tṽ(t̄)

=
φ′(̊u(t̄))∆û+ φ′(̊u(t̄))∆ǔ

2
+ φ′(̊u(t̄))(∆ũ−∆ů) + φ(2)(̊u(t̄))∆ů(ũ(t̄)− ů(t̄))

= φ′(̊u(t̄))∆ů+ φ′(̊u(t̄)) · (∆ũ−∆ů) + φ(2)(̊u(t̄))∆ů(ũ(t̄)− ů(t̄))
= φ′(̊u(t̄))∆ũ+ φ(2)(̊u(t̄))∆ů(ũ(t̄)− ů(t̄))

Hence taking the norm on both sides lead to

∥♢x̂x̌v(x)− ♢ŷy̌v(x)∥ ≤ ∥φ
′(̊u(t̄))∥ · ∥∆ũ∥+ ∥φ(2)(̊u(t̄))∥ · ∥∆ů∥ · ∥ũ(t̄)− ů(t̄)∥,

where ∥φ′(̊u(t̄))∥ ≤ Lφ as well as ∥∆ũ∥ does already satisfy the induction assumption and
∥φ(2)(̊u(t̄))∥ ≤ Lφ′ . The remaining two quantities ∥∆ů∥ and ∥ũ(t̄) − ů(t̄)∥ are covered by the
first subcase, already. So L♢v ≡ Lφ′L2u + LφL♢u is once more the desired Lipschitz constant.

Now we are only left to find an induction start and we choose u(x) = id(x) = x which certainly
satisfies the induction hypothesis with Lu = L♢u = 1. □

Analogously to Theorem 2.4.6 we would use the mean value theorem for Lipschitz continuous
functions (see [Cla90, Theorem 2.3.7 (Lebourg)]) to relax Theorem 2.4.11 to be applicable onto
Lipschitz continuously differentiable f ∈ span(ΦS ∪ {abs}), too.

Finally the primal approximation quality will be presented as Corollary 2.4.12.

Corollary 2.4.12 (Proposition 3.2 (ii) from [Gri+18b])
Let f ∈ span(ΦS ∪ {abs}), with f : dom(f) = D ⊆ Rn → Rm and open domain. Let U ⊆ D
be an open, bounded and convex subset. May furthermore ♢x̂x̌f be the secant abs-linearization
at a pair of reference points x̂, x̌ ∈ U , in the sense of Definition 2.4.9. Then there is a Lipschitz
constant L♢f > 0 namely the same as defined by Theorem 2.4.11 such that for any x ∈ Rn the
following statement holds true

∥f(x)− ♢x̂x̌f(x)∥ ≤ 1
2L♢f∥x− x̂∥ · ∥x− x̌∥.

Proof We present the proof of [Gri+18b]. We want to prove via induction. With our consider-
ations, mostly Table 2.6, made just before, there are exactly three cases to distinguish. Those
are the absolute value v(x) = |u(x)|, the sum v(x) = u(x)+w(x) as well as univariate operation
v(x) = φ(u(x)), where φ ∈ Φ1 ⊆ ΦS , i.e. φ ∈ C1,1(Dφ,R), with open Dφ ⊆ R. The arguments
are u,w ∈ span(ΦS ∪ {abs}), where u : D → R as well as w : D → R.

The induction assumption reads as follows: Both u and w already satisfy

∥u(x)− ♢x̂x̌u(x)∥ ≤ 1
2L♢u∥x− x̂∥ · ∥x− x̌∥,

∥w(x)− ♢x̂x̌w(x)∥ ≤ 1
2L♢w∥x− x̂∥ · ∥x− x̌∥.

The induction hypothesis then states

∥v(x)− ♢x̂x̌v(x)∥ ≤ 1
2L♢v∥x− x̂∥ · ∥x− x̌∥,

where L♢v = L♢u, if v(x) = |u(x)| is the absolute value or L♢v = L♢u+L♢w, if v(x) = u(x)+w(x)
is the sum or L♢v = Lφ′L2u + LφL♢u, if v(x) = φ(u(x)) is a smooth univariate operation.
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In the first case, i.e. v(x) = |u(x)|, then

∥v(x)− ♢x̂x̌v(x)∥ = ∥|u(x)| − |♢x̂x̌u(x)|∥ ≤ ∥u(x)− ♢x̂x̌u(x)∥ ≤ 1
2L♢u∥x− x̂∥ · ∥x− x̌∥

to find L♢v = L♢u to be the desired and proposed Lipschitz constant.

In the second case, i.e. v(x) = u(x) + w(x), then

∥v(x)− ♢x̂x̌v(x)∥ ≤ ∥u(x)− ♢x̂x̌u(x)∥+ ∥w(x)− ♢x̂x̌w(x)∥ ≤ 1
2(L♢u + L♢w)∥x− x̂∥ · ∥x− x̌∥,

and set L♢v = L♢u + L♢w accordingly.

For the final or third case, where v(x) = φ(u(x)), we find

∥v(x)− ♢x̂x̌v(x)∥ ≤ ∥v(x)− φ(♢x̂x̌u(x))∥+ ∥φ(♢x̂x̌u(x))− ♢x̂x̌v(x)∥

= ∥φ(u(x))− φ(♢x̂x̌u(x))∥+ ∥φ(♢x̂x̌u(x))− ♢u(x̂)u(x̌)φ(♢
x̂
x̌u(x))∥

≤ Lφ∥u(x)− ♢x̂x̌u(x)∥+ ∥φ(♢x̂x̌u(x))− ♢u(x̂)u(x̌)φ(♢
x̂
x̌u(x))∥

≤ 1
2LφL♢u∥x− x̂∥∥x− x̌∥+ ∥φ(♢

x̂
x̌u(x))− ♢u(x̂)u(x̌)φ(♢

x̂
x̌u(x))∥.

Hence we have to further bound the second summand, i.e. ∥φ(♢x̂x̌u(x))−♢u(x̂)u(x̌)φ(♢
x̂
x̌u(x))∥, which

compares φ against its linear secant linearization ♢x̂x̌φ on the same argument ♢x̂x̌u(x). The error
of linear secant linearization, as special case of Hermite interpolation, is given by

∥φ(♢x̂x̌u(x))− ♢u(x̂)u(x̌)φ(♢
x̂
x̌u(x))∥ ≤ 1

2Lφ′∥♢x̂x̌u(x)− u(x̂)∥ · ∥♢x̂x̌u(x)− u(x̌)∥

= 1
2Lφ′∥♢x̂x̌u(x)− ♢x̂x̌u(x̂)∥ · ∥♢x̂x̌u(x)− ♢x̂x̌u(x̌)∥

≤ 1
2Lφ′L2u∥x− x̂∥ · ∥x− x̌∥.

In total we find L♢v ≡ Lφ′L2u + LφL♢u to be the desired and proclaimed Lipschitz constant.

To conclude this proof we start the induction by setting u(x) = id(x) = x yielding the piecewise
linearization ♢x̂x̌u(x) = u(x) = x as well as Lu = L♢u = 1. □

Example 2.4.13 Consider the function from Example 2.4.8 in ANF again[︃
z0
z1

]︃
= GF (x0, x1, |z0|, |z1|) =

[︃
x1 − x0

x0 − exp(|z0|)

]︃
F (x0, x1) = FF (x0, x1, |z0|, |z1|) = sin(|z1|).

Its secant ALF after secant abs-linearization at x̂, x̌ ∈ R2 takes the general form⎡⎣ ♢x̂x̌z0
♢x̂x̌z1

♢x̂x̌F (x0, x1)

⎤⎦ =
1

2

⎡⎣ẑ0 + ž0
ẑ1 + ž1
F̂ + F̌

⎤⎦+

⎡⎣−1 1 0 0
1 0 u 0
0 0 0 w

⎤⎦ · 1
2

⎡⎢⎢⎣
2x0 − x̂0 − x̌0
2x1 − x̂1 − x̌1

2|♢x̂x̌z0| − |ẑ0| − |ž0|
2|♢x̂x̌z1| − |ẑ1| − |ž1|

⎤⎥⎥⎦ ,
where u = − exp

(︃
|ẑ0|+ |ž0|

2

)︃
sinhc

(︃
|ẑ0| − |ž0|

2

)︃
,

w = cos

(︃
|ẑ1|+ |ž1|

2

)︃
sinc

(︃
|ẑ1| − |ž1|

2

)︃
,

and ẑ0 = x̂1− x̂0, ž0 = x̌1− x̌0, ẑ1 = x̂0−exp(|ẑ0|), ž1 = x̌0−exp(|ž0|) as well as F̂ = F (x̂0, x̂1) =
x̂0 − sin(|ẑ1|) and F̌ = F (x̌0, x̌1) = x̌0 − sin(|ž1|). Again visualizations of the function and its
secant ALF at x̂ = (1, 1510) and x̌ = (1510 , 1) can be found in Figure 2.5.
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Figure 2.5: graph of function F and secant ALF from Example 2.4.13

2.5 Higher Order Expansions of Abs-Differentiable Functions

So far we have discussed first order differentiation for fully smooth and abs-differentiable func-
tions. Surprisingly ALF representations from the tangent abs-linearization process appear to be
very reminiscent of first order Taylor expansions. In this section we will elaborate on this obser-
vation and indeed define a spline based expansion process of functions in ANF representation
which we will refer to as abs-polynomial or generalized Taylor expansion.

But before we can draw our attention to the generalization we will establish the classic or smooth
concept of Taylor expansion as well as the algorithmic Taylor expansion process first.

2.5.1 On Polynomial Expansions of Fully Smooth Functions

Let us lay out the foundation with the univariate Taylor expansion and develop the multivariate
version as extension from it.
Definition 2.5.1 (Univariate Taylor Polynomial Expansion)
Let đ ∈ N1 as well as f ∈ Cđ,1(D,R) be a function on an open dom(f) = D ⊆ R domain. Let
x̊ ∈ dom(f) be a reference point, then

∀d ≤ đ : T df [̊x](x) ≡
d∑︂
i=0

c
(i)
f (̊x) · (x− x̊)i, where c

(i)
f (̊x) =

{︄
f (̊x) if i = 0
1
i!f

(i)(̊x) else
,

are called Taylor expansions of f of orders d ≤ đ. The c(i)f (̊x) on the other hand are referred to

as Taylor coefficients . We will call ∆(i)f (̊x;x − x̊) = c
(i)
f (̊x) · (x − x̊)i the ith order increment ,

although of limited use in the smooth scenario only, but we do so in preparation for the abs-
polynomial expansion process later on. However we can hence write

T df [̊x](x) =

d∑︂
i=0

∆(i)f (̊x;x− x̊).

With Taylor polynomial expansion process for univariate functions at hand we can now formulate
our first version of the theorem of Taylor or unary theorem of Taylor polynomial expansion as
Theorem 2.5.2.
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Theorem 2.5.2 (Theorem of Taylor - Satz 2, page 272 from [For11])
Let đ ∈ N1 as well as f ∈ Cđ(D,R) be a function on an open, convex domain dom(f) = D ⊆ R.
Let x̊ ∈ dom(f) be a reference point, then for any x ∈ dom(f) there is x̃ ∈ ]x, x̊[ such that

f(x)− T đ−1
f [̊x](x) =

(x− x̊)đ

đ!
f (đ)(x̃).

Furthermore if f ∈ Cđ,1(dom(f),R) then

|f(x)− T đ
f [̊x](x)| ≤

1

đ!
Lđ,f |x− x̊|đ+1,

where 0 < Lđ,f is any Lipschitz constant of f (đ) on some local neighborhood around x̊.

Proof The latter follows from the first since

f(x)− T đ
f [̊x](x) = f(x)− T đ−1

f [̊x](x)− 1

đ!
f (đ)(̊x)(x− x̊)đ

=
1

đ!
f (đ)(x̃)(x− x̊)đ − 1

đ!
f (đ)(̊x)(x− x̊)đ

=
(x− x̊)đ

đ!
[f (đ)(x̃)− f (đ)(̊x)]

=⇒ |f(x)− T đ
f [̊x](x)| ≤

1

đ!
|x− x̊|đ · Lđ,f |x̃− x̊|.

Then from x̃ ∈ [x, x̊] we can conclude |x̃− x̊| ≤ |x− x̊| and this completes the proof of the second
statement.

Regarding the first claim: let us define h(y) ≡ f(x)− T đ−1
f [y](x) such that

h(x) = f(x)− T đ−1
f [x](x) = 0

and hence we find that

h′(y) = 0−
đ−1∑︂
i=0

1

i!
f (i+1)(y)(x− y)i −

đ−1∑︂
i=1

1

i!
(−i) · f (i)(y)(x− y)i−1

= − 1

(đ− 1)!
f (đ)(y)(x− y)(đ−1) −

đ−1∑︂
i=1

(x− y)i−1

(i− 1)!
f (i)(y) +

đ−1∑︂
i=1

(x− y)i−1

(i− 1)!
f (i)(y)

= − 1

(đ− 1)!
f (đ)(y)(x− y)(đ−1).

Finally after one application of Cauchy’s mean value theorem we end up with the desired result

h(̊x)

(x− x̊)đ
=

h(̊x)− h(x)
(x− x̊)đ − (x− x)đ

=
h′(x̃)

đ(x− x̃)đ−1
=

1

đ!
f (đ)(x̃). □

Building up on Theorem 2.5.2 we can derive the multivariate Taylor expansion. To that end let
f ∈ Cđ,1(D,Rm), with dom(f) = D ⊆ Rn being open. Furthermore suppose m = 1 without loss
of generality and let us define a univariate companion function fx̊[ẋ] ∈ Cđ,1(I,Rm) on an open
interval I ⊆ R as follows

fx̊[ẋ](λ) = f (̊x+ λẋ), (2.32a)
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then its derivatives read as follows

f
(1)
x̊ [ẋ](λ) =

n−1∑︂
j=0

∂ejf (̊x+ λẋ) · ẋj =
n−1∑︂
j=0

∂ejf (̊x+ λẋ) · ẋej , (2.32b)

f
(2)
x̊ [ẋ](λ) =

n−1∑︂
j0=0

n−1∑︂
j1=0

∂ej0+ej1f (̊x+ λẋ) · ẋej0+ej1 , (2.32c)

...

f
(i)
x̊ [ẋ](λ) =

n−1∑︂
j0=0

n−1∑︂
j1=0

· · ·
n−1∑︂
ji−1=0

∂
∑︁i−1

k=0 ejk f (̊x+ λẋ) · ẋ
∑︁i−1

k=0 ejk , (2.32d)

where we slightly abuse the notion of canonical unit vectors as multi indices. We may swap to a
proper multi index notation, in which case the following question arise: On how many distinct
ways can we express the same multi index α ∈ Nn, with |α| = i as sum of unit vectors

α =
i−1∑︂
k=0

ejk .

The exact answer is the multinomial coefficient, which is defined by this very question. Thus the
ith derivative of our companion function is given by

f
(i)
x̊ [ẋ](λ) =

∑︂
|α|=i

i!

α!
∂αf (̊x+ λẋ) · ẋα. (2.33)

Altogether we will find that

T đ
f [̊x](x) ≡ T đ

fx̊[ẋ]
[0](λ) =

đ∑︂
i=0

f
(i)
x̊ [ẋ](0)

i!
λi =

đ∑︂
i=0

∑︂
|α|=i

∂αf (̊x)

α!
(x− x̊)α, (2.34)

where ẋ = x−x̊
∥x−x̊∥ and λ = ∥x− x̊∥ is called the multivariate Taylor polynomial expansion motiv-

ating our next definition.

Definition 2.5.3 (Multivariate Taylor Polynomial Expansion)
Let đ ∈ N1 as well as f ∈ Cđ,1(D,Rm) be a function on an open, convex domain dom(f) = D ⊆
Rn. Let x̊ ∈ dom(f) be a reference point, then

∀d ≤ đ : T df [̊x](x) ≡
d∑︂
i=0

∑︂
|α|=i

∂αf (̊x)

α!
(x− x̊)α,

are called Taylor expansions of f of orders d ≤ đ. We may also write

T df [̊x](x) =
d∑︂
i=0

∆(i)f (̊x;x− x̊),

where ∆(i)f (̊x;x− x̊) =
∑︁

|α|=i
∂αf (̊x)
α! (x− x̊)α are increments of order i.

This brings us to multivariate theorem of Taylor polynomial expansion as Corollary 2.5.4.
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Corollary 2.5.4 (Theorem of Taylor - Satz 2, page 78 from [For])
Let đ ∈ N1 as well as f ∈ Cđ,1(D,Rm) be a function on an open domain dom(f) = D ⊆ Rn. Let
x̊ ∈ dom(f) be a reference point, then for any x ∈ dom(f) there is λ ∈ ]0, 1[ such that

f(x)− T đ−1
f [̊x](x) =

∑︂
|α|=đ

f (đ)(x̃)

α!
(x− x̊)α,

where x̃ = λx̊+ (1− λ)x. Furthermore if f ∈ Cđ,1(dom(f),R) then there is L̄ > 0

∥f(x)− T đ
f [̊x](x)∥ ≤

1

đ!
L̄∥x− x̊∥đ+1,

where 0 < Lđ,f is any Lipschitz constant of f (đ) on some local neighbourhood around x̊.

Proof Apply Theorem 2.5.2 onto the companion function fx̊[ẋ](λ) = f (̊x+ λẋ). □

Hence multivariate Taylor expansions can be reconstructed from a number of univariate Taylor
expansions. Actually we have witnessed an instance of this particular insight. In the first order
case we have realized that Jacobian matrices can be recreated or reconstructed from directional
differentiation.

With techniques of algorithmic differentiation we are able to compute Taylor coefficients in terms
of the univariate Taylor arithmetic. We may distinguish the two cases f ∈ span(Φ) as well as
f ∈ span(ΦS), since the former is principally possible but the latter is generally more efficient
to handle and realize. In the general case we have to establish propagation rules for elemental
computation steps vi = φ(vj)j≺i, where φ ∈ Φ satisfying Assumption 2.3.1. Furthermore we
would have to prove a higher version of the chain rule of functions. Luckily both is already
covered by the formula of Faà di Bruno or more precisely Theorem 2.2.10 for the general case.
However the formula of Faà di Bruno is computationally expensive, i.e. in O(đ3) computational
operations. Instead [GW08] offers a practically more relevant approach, which we will follow. In
other words we will assume f ∈ span(ΦS) and for convenience we will refer to the dependencies
of unary φ : R → R and binary φ : R2 → R elemental operations as u or w as well as v to
their image. For instance we write v = φ(u) representing operations such as v = sin(u) or we
will write v = φ(u,w) for example in case of a product v = u · w. Still all three quantities shall
be considered as multivariate functions on their own, i.e. u,w, v ∈ span(ΦS). Also all of them
have a Taylor polynomial expansions, for d ≤ đ, along a univariate path which we will note as
follows

u(t) ≡ u(̊x+ t∆x) : Tu(t) ≡ T du [̊x](̊x+ t ·∆x) =
d∑︂
i=0

∆(i)u(̊x; t∆x) =
d∑︂
i=0

ui · ti (2.35a)

w(t) ≡ w(̊x+ t∆x) : Tw(t) ≡ T dw [̊x](̊x+ t ·∆x) =
d∑︂
i=0

∆(i)w(̊x; t∆x) =

d∑︂
i=0

wi · ti (2.35b)

v(t) ≡ v(̊x+ t∆x) : Tv(t) ≡ T dv [̊x](̊x+ t ·∆x) =
d∑︂
i=0

∆(i)v(̊x; t∆x) =
d∑︂
i=0

vi · ti. (2.35c)

To express the Taylor expansions of u,w or v e.g. on computer systems we only need to store
tuples u⃗ = (ui)

d
i=0, w⃗ = (wi)

d
i=0 or v⃗ = (vi)

d
i=0, respectively. Hence our original question on how

to compute Taylor expansions simplifies down to: how to compute the entries of v⃗ from u⃗ or w⃗.
We could derive from the linearity of differentiation and using the generalized Leibniz formula
our first propagation rules, but we can also find those in [GW08] or even earlier in [Moo79] ready

57



2 Algorithmic Differentiation

to implement. Table 2.7 list propagation rules for standard arithmetic operations causes O(đ2)
computational steps and are hence cheaper to execute then Faà di Bruno’s formula.

Table 2.7: first set of univariate Taylor arithmetic propagation rules

primal operation (i = 0) recurrence for (i > 0) cost
v = α · u+ β · w vi = α · ui + β · wi 3d

v = u · w vi =
∑︁i

j=0 ujwi−j d2

v = u/w vi =
[︂
ui −

∑︁i−1
j=0 vjwi−j

]︂
/w0 d2

v =
√
u vi = 1

2

[︂
ui −

∑︁i−1
j=1 vjvi−j

]︂
/v0

1
2d

2

On top of Table 2.7 from [GW08] we learn that many univariate operations φ ∈ ΦS satisfy an
identity of the form

b(u) · φ′(u) = c(u) + a(u)φ(u) (2.36)

that applied to a smooth univariate elemental computation step v(t) = φ(u(t)) yields

b(u(t)) · (∂t[φ ◦ u](t)) = [c(u(t)) + a(u(t)) · v(t)]∂tu(t). (2.37)

Hence more cheaper propagation formulas can be crafted that way. First order differentiation
applied to our quantities (2.35) leads to

u′(t) =
d∑︂
i=1

ũi · ti−1, w′(t) =
d∑︂
i=1

w̃i · ti−1, v′(t) =
d∑︂
i=1

ṽi · ti−1,

where ũi = i · ui, w̃i = i · wi, ṽi = i · vi and according to [GW08] or [Moo79] we achieve the
recurrence relation as defined by Lemma 2.5.5.

Lemma 2.5.5 (Taylor Expansion of ODE Solution - Proposition 13.1 from [GW08])
Let u ∈ Cđ,1(Du,R) as well as φ ∈ Cđ,1(Dv,R), with open domains Du,Dv ⊆ R, such that φ
satisfies (2.36) for functions a ≡ (ã ◦ u), b ≡ (b̃ ◦ u), c ≡ (c̃ ◦ u), where ã, b̃, c̃ ∈ Cđ,1(Dv,R), and
provided ∆(0)b = b0 = b(u(̊t)) ̸= 0. Then for all i = 1, . . . , đ we can compute the ith increment
of v(t) = φ(u(t)) by

ṽi =
1

b0

⎡⎣ i∑︂
j=1

(ci−j + ei−j)ũj −
i−1∑︂
j=1

bi−j ṽj

⎤⎦ , for i = 0, 1, . . . , d

where ei ≡
i∑︂

j=0

ajvi−j , for i = 0, 1, . . . , d− 1.

Hence we have to find suitable support functions a, b and c to configure Lemma 2.5.5 for several
non-linear, univariate operations. A decent selection can be found in either [GW08] or [Moo79]
and are listed here as Table 2.8, too. Note that sin and cos need to be co-iterated together in
that both require values of each other.
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Table 2.8: second set of univariate Taylor arithmetic propagation rules

ops. (i = 0) a b c recurrence (i > 0) cost

v = log(u) 0 u 1 ṽi =
[︂
ũi −

∑︁i−1
j=1 ui−jṽj

]︂
/u0 d2

v = exp(u) 1 1 0 ṽi =
∑︁i

j=1 vi−j ũj d2

v = ur r u 0 ṽi =
[︂
r
∑︁i

j=1 vi−j ũj −
∑︁i−1

j=1 ui−j ṽj

]︂
/u0 2d2

v(s) = sin(u) 0 1 cos(u) ṽ
(s)
i =

∑︁i
j=1 ũjv

(c)
i−j

}︄
2d2

v(c) = cos(u) 0 −1 sin(u) ṽ
(c)
i =

∑︁i
j=1−ũjv

(s)
i−j

Even more formulas, following the same approach, have been derived by Richard Neidinger in
[Nei05]. We will list his final result here as Table 2.9 for completeness. Similar as for sin and cos
each of those formulas need to be co-iterated with another quantity together.

Table 2.9: third set of univariate Taylor arithmetic propagation rules

ops. (i = 0) recurrence (i > 0) cost

v = tan(u) ṽi =
∑︁i

j=1wi−j ũj
}︄
2d2

w = sec2(u) w̃i = 2
∑︁i

j=1 vi−j ṽj

v = arcsin(u) ṽi =
[︂
ũi −

∑︁i−1
j=1wi−j ṽj

]︂
/w0

}︄
2d2

w = cos(v) w̃i = −
∑︁i

j=1 ui−j ṽj

v = arctan(u) ṽi =
[︂
ũi −

∑︁i−1
j=1wi−j ṽj

]︂
/w0

}︄
2d2

w = sec2(v) w̃i = 2
∑︁i

j=1 ui−j ũj

2.5.2 Abs-Polynomial or Generalized Taylor Expansion

In this subsection we will establish the abs-polynomial or generalized Taylor expansion and we
will begin with Definition 2.5.6 for functions f ∈ Cđ,1abs(D ⊆ Rn,R) to formulate a minimum
expectation or better a general outlining framework on what we mean by an expansion if it is
not entirely polynomial.

Definition 2.5.6 (Generalized Tangent Expansion)
Let f ∈ Cđ,1abs(D,R) with open domain dom(f) = D ⊆ Rn and let x̊ ∈ dom(f) be a reference
point. If there are Lipschitz continuous functions ∆(i)f : Rn → R for i = 1, . . . , đ, for a radius
δ > 0, such that for all x = x̊ +∆x ∈ Bδ (̊x) ⊆ dom(f), i.e. in a local neighbourhood of x̊, the
following recursive statement holds true

f (̊x+∆x)− f (̊x) = ∆(1)f (̊x; ∆x) +O(∥∆x∥2),
= ∆(1)f (̊x; ∆x) + ∆(2)f (̊x; ∆x) +O(∥∆x∥3),
...

= ∆(1)f (̊x; ∆x) + ∆(2)f (̊x; ∆x) + · · ·+∆(đ)f (̊x; ∆x) +O(∥∆x∥đ+1),
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then we call the linear composition

T đ
f [̊x](x) = f (̊x) + ∆(1)f (̊x;x− x̊) + ∆(2)f (̊x;x− x̊) + · · ·+∆(đ)f (̊x;x− x̊)

a generalized tangent expansion of f of order đ at x̊. Furthermore we then refer to ∆(i)f as
increment of order i. For convenience we also define ∆(0)f (̊x;x−x̊) = f (̊x) as the inhomogeneous
offset or constant increment.

As an straight forward observation we find the identities

∆(d)f (̊x;x− x̊) = T df [̊x](x)− T d−1
f [̊x](x).

Also from the Lipschitz continuity of f in the sense of Definition 2.5.6 and the recursive nature
of the increment functions ∆(i)f we can immediately deduce ∆(i)f (̊x; ∆x) = O(∥∆x∥i). Further-
more if f already satisfies f ∈ Cđ,1(dom(f),R)∩ Cđ,1abs(dom(f),R), i.e. being sufficiently differen-
tiable, then the Taylor polynomial expansion T đ

f [̊x] with its correspondingly defined increments
already does satisfy the requirement of Definition 2.5.6.

Now we want to derive and prove the existence of a generalized expansion process in the sense
of Definition 2.5.6 for all functions in Cđ,1abs. To satisfy this goal we will firstly prove a version of
the chain of functions in two distinct cases:

1. firstly provided u ∈ Cđ,1abs does have a generalized expansion so has abs ◦u ∈ Cđ,1abs

2. secondly provided u ∈ Cđ,1abs does have a generalized expansion and φ ∈ Cđ,1 so does their
composition φ ◦ u have a generalized expansion

The second case is known as formula of Faà di Bruno.
Lemma 2.5.7 (Absolute Value Propagation of Abs-Polynomial Expansions)
Let u ∈ Cđ,1abs(Du,R) has abs-polynomial expansions, for any d ≤ đ, at x̊ ∈ dom(u) as reference
point, in the sense of Definition 2.5.6, where the domain Du ⊆ Rn is open. This means there is
a radius δ > 0, a Lipschitz constant Lu > 0, such that for all x ∈ Bδ (̊x) ⊆ dom(u) it holds

∀d ≤ đ :
⃓⃓⃓
T du [̊x](x)− u(x)

⃓⃓⃓
=

⃓⃓⃓⃓
⃓u(̊x) +

d∑︂
i=1

∆(i)u(̊x;x− x̊)− u(x)

⃓⃓⃓⃓
⃓ ≤ Lu ∥x− x̊∥d+1 .

Then v ∈ Cđ,1abs(dom(u) ⊆ Rn,R) with v(x) = |u(x)| has a generalized tangent expansion for the
same radius δ, Lipschitz constant Lv = Lu and increments determined for d = 0, 1, . . . , đ by

∆(d)v(̊x;x− x̊) =

⃓⃓⃓⃓
⃓
d∑︂
i=0

∆(i)u(̊x;x− x̊)

⃓⃓⃓⃓
⃓−
⃓⃓⃓⃓
⃓
d−1∑︂
i=0

∆(i)u(̊x;x− x̊)

⃓⃓⃓⃓
⃓ .

Proof The increments of v make up a telescope sum. In other words

T dv [̊x](x) =
d∑︂
i=0

∆(i)v(̊x;x− x̊) =

⃓⃓⃓⃓
⃓
d∑︂
i=0

∆(i)u(̊x;x− x̊)

⃓⃓⃓⃓
⃓ = ⃓⃓⃓T du [̊x](x)⃓⃓⃓ .

Now considering the actual operation we find

v(x) = |u(x)| =
⃓⃓⃓
rdu [̊x](x) + T du [̊x](x)

⃓⃓⃓
=

⃓⃓⃓⃓
⃓rdu [̊x](x) +

d∑︂
i=0

∆(i)u(̊x;x− x̊)

⃓⃓⃓⃓
⃓ ,

where rdu [̊x](x) = u(x)− T du [̊x](x). Hence⃓⃓⃓
v(x)− T dv [̊x](x)

⃓⃓⃓
=
⃓⃓⃓⃓⃓⃓
rdu [̊x](x) + T du [̊x](x)

⃓⃓⃓
−
⃓⃓⃓
T du [̊x](x)

⃓⃓⃓⃓⃓⃓
≤
⃓⃓⃓
rdu [̊x](x)

⃓⃓⃓
≤ Lu∥x− x̊∥d+1. □
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In abbreviated notion Lemma 2.5.7 suggests to compute ∆(d)v = |
∑︁d

i=0∆
(i)u| − |

∑︁d−1
i=0 ∆(i)u|

in case v = |u|, for u ∈ Cđ,1. This propagation rule actually originates from the following idea

T dv =
⃓⃓⃓
T du
⃓⃓⃓
,

=⇒
d∑︂
i=0

∆(i)v =

⃓⃓⃓⃓
⃓
d∑︂
i=0

∆(i)u

⃓⃓⃓⃓
⃓ ,

=⇒ ∆(d)v =

⃓⃓⃓⃓
⃓
d∑︂
i=0

∆(i)u

⃓⃓⃓⃓
⃓−

d−1∑︂
i=0

∆(i)v =

⃓⃓⃓⃓
⃓
d∑︂
i=0

∆(i)u

⃓⃓⃓⃓
⃓−
⃓⃓⃓⃓
⃓
d−1∑︂
i=0

∆(i)u

⃓⃓⃓⃓
⃓ ,

i.e. keeping the absolute value operation invariant, because it already is piecewise linear.

Let us move on to the second overall case, i.e. to the generalization of the formula of Faà di
Bruno. Also let us recall two notations which we have established and use in the introduction.
So let 0 < n, r ∈ N and k⃗ = (ki)

n
i=1 ∈ Nn

0 we then characterize Tn and Sr
k⃗

as follows

k⃗ ∈ Tn ⊆ Nn
0 ⇐⇒

n∑︂
i=1

iki = n,

Q = (qi,j)
n,r
i=1,j=1 = (q⃗j)

r
j=1 ∈ Srk⃗ ⊆ Nn×r

0 ⇐⇒ ∀i ∈ {1, 2, . . . , n} :
r∑︂
j=1

qi,j = ki,

where both rows and columns q⃗j = (qi,j)
n
i=1 of Q ∈ Sr

k⃗
are multi-indices. Please note the shift

in the index of Q, q⃗j and k⃗. Their indexing begins with one rather then zero. The reason for
that is ki are associated with an ith order derivative. Without loss of generality we could add an
entry k0 with arbitrary value to k⃗, since

∑︁n
i=0 iki =

∑︁n
i=1 iki. This would also add another row

to Q, but it would complicate all references and make all expressions and formulas tedious to
write and read. Thus we instead drop k0 and start indexing at one. Theorem 2.5.8 will prove a
generalized or non-smooth version of Faà di Bruno’s formula, but also the following insight will
be necessary. We can use the multinomial expansion twice to find the following identity: Given
values a1, a2, . . . , ad, b ∈ R and let A ≡

∑︁d
q=1 aq, then⎛⎝ d∑︂

q=1

aq + b

⎞⎠i

= (A+ b)i =
i∑︂
l=0

(︃
i

l

)︃
Albi−l =

i∑︂
l=0

(︃
i

l

)︃⎡⎣ d∑︂
q=1

aq

⎤⎦l bi−l
=

i∑︂
l=0

i!

l!

⎡⎣∑︂
|q⃗|=l

(︃
l

q⃗

)︃ d∏︂
j=1

a
qj
j

⎤⎦ bi−l

(i− l)!

=

i∑︂
l=0

i!

⎛⎝∑︂
|q⃗|=l

d∏︂
j=1

a
qj
j

qj !

⎞⎠ bi−l

(i− l)!
, (2.38)

where q⃗ = (q1, . . . , qd) ∈ Nd
0.

Theorem 2.5.8 (Formula of Faà di Bruno For Abs-Polynomial Expansions)
Let u ∈ Cđ,1abs(I,R

n) with open domain dom(u) = I ⊆ R have an abs-polynomial expansion at
t̊ ∈ dom(u) in the sense of Definition 2.5.6, i.e. in other words

∀1 ≤ d ≤ d, ∀t ∈ Bδ (̊t) : u(t) +O(∥t− t̊∥d+1) = T du [̊t](t) =
d∑︂
i=0

∆(i)u(̊t; t− t̊), (2.39)
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where the leading coefficients which are hidden by the Landau notation are bounded for some
δ > 0. Furthermore let v(t) ≡ φ(u(t)) with φ ∈ Cđ,1(Dφ,R) and open Dφ ⊆ Rn then v has a
generalized Taylor expansion

∀1 ≤ d ≤ đ, ∀t ∈ Bδ (̊t) : v(t) +O(∥t− t̊∥d+1) = T dv [̊t](t) =
d∑︂
i=0

∆(i)v(̊t; t− t̊),

where its increments for 1 ≤ d ≤ đ are defined by

∆(d)v
(︁
t; t− t̊

)︁
= ∆(d)[φ ◦ u]

(︁
t; t− t̊

)︁
(2.40)

=
∑︂
k⃗∈Td

∑︂
Q∈Sn

k⃗

[︂
∂(|q⃗j |)

n
j=1φ

]︂
(u(̊t))

d∏︂
i=1

n∏︂
j=1

1

qi,j !
∆(i)uj−1

(︁
t; t− t̊

)︁qi,j , (2.41)

and again the coefficients hidden by the Landau notation are bounded for the same δ > 0. Also
we will write T dv [̊t] = T dφ[u(̊t)] ◦Faà T du [̊t] similar to v = φ ◦ u to indicate the use of this theorem.

Proof Choose some 1 ≤ d ≤ đ and fix it. Consider the Taylor expansion of φ:

φ(µ) = φ(µ̊) +
d∑︂
i=1

∑︂
|α|=i

[∂αφ] (µ̊)

α!
(µ− µ̊)α +O(∥µ− µ̊∥d+1),

= φ(µ̊) +
d∑︂
i=1

∑︂
|α|=i

[∂αφ] (µ̊)
n−1∏︂
j=0

(µj − µ̊j)αj

αj !
+O(∥µ− µ̊∥d+1),

and substitute u(t) for µ into φ and the Taylor expansion of u (equation (2.39)) for µ into the
Tailoer expansion of φ as well as u

(︁
t
)︁

for µ̊. For notational convinience let Od+1
t ≡ O

(︂⃓⃓
t− t̊

⃓⃓d+1
)︂

and Od+1
u ≡ O

(︂⃦⃦
u(t)− u

(︁
t
)︁⃦⃦d+1

)︂
and thus

φ(u(t))− φ
(︁
u
(︁
t
)︁)︁

=

d∑︂
i=1

∑︂
|α|=i

[∂αφ]
(︁
u
(︁
t
)︁)︁ n−1∏︂

j=0

(︂
T du,j

[︁
t
]︁
(t) +Od+1

t − u
(︁
t
)︁)︂αj

αj !
+Od+1

u .

First of all O(∥u(t) − u
(︁
t
)︁
∥d+1) = O(

⃓⃓
t− t̊

⃓⃓d+1
) due to Lipshitz continuity of u. Second of all

the counter of the fraction within the product can be simplified by cancelling u
(︁
t
)︁

yielding

=
d∑︂
i=1

∑︂
|α|=i

[∂αφ]
(︁
u
(︁
t
)︁)︁ n−1∏︂

j=0

(︂∑︁d
k=1∆

(k)uj +Od+1
t

)︂αj

αj !
+Od+1

t ,

where ∆(k)u ≡
(︁
∆(k)uj (̊t; t− t̊)

)︁n−1

j=0
. In the next step we take look again into the counter and

expand it by equation (2.38). Thus for any j = 0, 1, . . . , n− 1(︄
d∑︂

k=1

∆(k)uj +Od+1
t

)︄αj

=

αj∑︂
l=0

αj !

⎛⎝∑︂
|q⃗|=l

d∏︂
m=1

∆(m)uqmj
qm!

⎞⎠
(︂
Od+1
t

)︂αj−l

(αj − l)!
,

where q⃗ = (q1, q2, . . . , qd) ∈ Nd
0. The first factor within the sum is at least O(1) and thus the

second factor (Od+1
t )

αj−l

(αj−l)! = Od+1
t for any l < αj and so

∀l < αk :

αj∑︂
l=0

αj !

⎛⎝∑︂
|q⃗|=l

d∏︂
m=1

∆(m)uqmj
qm!

⎞⎠
(︂
Od+1
t

)︂αj−l

(αj − l)!
= Od+1

t .
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Hence only one of the summands, namely when l = αj that is

αj !

⎛⎝ ∑︂
|q⃗|=αj

d∏︂
m=1

∆(m)uqmj
qm!

⎞⎠ ·
(︂
Od+1
t

)︂0
0!

= αj ! ·
∑︂

|q⃗|=αj

d∏︂
m=1

∆(m)uqmj
qm!

is left to consider. So we arrive at the intermediate result

φ(u(t))− φ
(︁
u
(︁
t
)︁)︁

=

d∑︂
i=1

∑︂
|α|=i

[∂αφ]
(︁
u
(︁
t
)︁)︁ n−1∏︂

j=0

αj !

αj !
·
∑︂

|q⃗|=αj

d∏︂
m=1

∆(m)uqmj
qm!

+Od+1
t (2.42)

Now nudge our notion from q⃗ = (qm)
d
m=1 to q⃗j+1 = (qm,j+1)

d
m=1. So we can now track d different

multi-indices for each component of α and arrange them into a matrix Q = (q⃗j)
n
j=1 = (q⃗i,j)

d,n
i=1,j=1.

Hence we get

=
d∑︂
i=1

∑︂
|α|=i

[∂αφ]
(︁
u
(︁
t
)︁)︁ n∏︂

j=1

⎡⎣ ∑︂
|q⃗j |=αj−1

d∏︂
m=1

∆(m)u
qm,j

j−1

qm,j !

⎤⎦+Od+1
t . (2.43)

Now expand the outer product

n∏︂
j=1

⎡⎣ ∑︂
|q⃗j |=αj−1

d∏︂
m=1

∆(m)u
qm,j

j−1

qm,j !

⎤⎦ =

⎡⎣ ∑︂
|q⃗1|=α0

d∏︂
m=1

∆(m)u
qm,1

0

qm,1!

⎤⎦ · . . . ·
⎡⎣ ∑︂
|q⃗n|=αn−1

d∏︂
m=1

∆(m)u
qm,n

n−1

qm,n!

⎤⎦
Every summand of each sum gets multiplied by every summand of each other sum yields

=
∑︂
Q∈Sα

d∏︂
m=1

n∏︂
j=1

∆(m)u
qm,j

j−1

qm,j !
,

where Sα ≡
{︁
(q⃗ȷ)

n
ȷ=1 : 1 ≤ m ≤ d, |q⃗ȷ| = αȷ−1

}︁
. Substituting this back into equation (2.43) leads

to the expression

φ(u(t))− φ
(︁
u
(︁
t
)︁)︁

=
d∑︂
i=1

∑︂
|α|=i

∑︂
Q∈Sα

[∂αφ]
(︁
u
(︁
t
)︁)︁ d∏︂

m=1

n∏︂
j=1

∆(m)u
qm,j

j−1

qm,j !
+Od+1

t .

The next conclusion we can derive is

d∑︂
m=1

n∑︂
j=1

m · qm,j > d =⇒
d∏︂

m=1

n∏︂
j=1

∆(m)u
qm,j

j−1

qm,j !
= Od+1

t ,

since again ∆(m)u = Omt . This enables us to add another restriction
∑︁d

m=1

∑︁n
j=1m · qm,j ≤ d.

At this point lets introduce k⃗ = (km)
d
m=1, where km =

∑︁n
j=1 qm,j . So we get

d ≥
d∑︂

m=1

n∑︂
j=1

m · qm,j =
d∑︂

m=1

m · km.

Additionally we can conclude

|α| =
d∑︂

m=1

km =

d∑︂
m=1

n∑︂
j=1

qm,j ≤
d∑︂

m=1

n∑︂
j=1

m · qm,j ≤ d
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and thus we get

φ(u(t))− φ
(︁
u
(︁
t
)︁)︁

=
d∑︂
i=1

d∑︂
ϑ=1

∑︂
o(k⃗)=ϑ

|⃗k|=i

∑︂
Q∈Sn

k⃗

[︂
∂(|q⃗j |)

n
j=1φ

]︂ (︁
u
(︁
t
)︁)︁ d∏︂

m=1

n∏︂
j=1

∆(m)u
qm,j

j−1

qm,j !
+Od+1

t ,

=
d∑︂
i=1

∑︂
k⃗∈Td

∑︂
Q∈Sn

k⃗

[︂
∂(|q⃗j |)

n
j=1φ

]︂ (︁
u
(︁
t
)︁)︁ d∏︂

m=1

n∏︂
j=1

∆(m)u
qm,j

j−1

qm,j !
+Od+1

t ,

=
d∑︂
i=1

∆(i)v +Od+1
t .

For the rearrangement of the last three lines the following relation was in use

k⃗ = (km)
d
m=1 : o(k⃗) = ϑ < d =⇒ ∀j > ϑ : kj = 0 =⇒ (km)

ϑ
m=1 ∈ Tϑ,

or in other words, summands where o(k⃗) = ϑ < d can be shifted into summands of lower order.□

Corollary 2.5.9 (General Leibniz Rule for Products)
Let u,w ∈ Cđ,1abs (I,R), with open domain I ⊆ R, have abs-polynomial expansions at t̊ ∈ dom(u)

in the sense of Definition 2.5.6, i.e. in other words ∀1 ≤ d ≤ d, ∀t ∈ Bδ (̊t)

u(t) +O(∥t− t̊∥d+1) = T du [̊t](t) =
d∑︂
i=0

∆(i)u(̊t; t− t̊), (2.44)

w(t) +O(∥t− t̊∥d+1) = T dw [̊t](t) =
d∑︂
i=0

∆(i)w(̊t; t− t̊), (2.45)

then their product v = u · w ∈ C d,1abs (I,R
n) and has an abs-polynomial expansion, whose incre-

ments are determined for any d ≤ đ by

∆(d)v(̊t; t− t̊) =
d∑︂
i=0

∆(d−i)u(̊t; t− t̊) ·∆(i)w(̊t; t− t̊).

Proof Immediate consequence of Theorem 2.5.8. □

Lemma 2.5.7 is covered by [STG21] but Theorem 2.5.8 is a generalization to the smooth version
or Theorem 2.1 from [Mis00] and also a generalization of Theorem 2 from [STG21]. For the
expansion of arbitrary functions f ∈ Cđ,1abs(Df ,R), with open domain dom(f) = D ⊆ Rn, we
have to utilize the same approach taken for the derivation of the multivariate Taylor polynomial
expansion. That is the introduction of fx̊[∆x](λ) ≡ f (̊x + λ∆x), i.e. an univariate companion
function to f . Then from the ANF representation of f we find

zx̊[∆x](λ) ≡ Gf (̊x+ λ∆x, |zx̊[∆x](λ)|),
fx̊[∆x](λ) ≡ Ff (̊x+ λ∆x, |zx̊[∆x](λ)|),

to be a composition in the sense of of both Lemma 2.5.7 and Theorem 2.5.8. Since the formula
of Faà di Bruno does formally define higher order increments for chains of functions in both the
smooth and the abs-smooth case, we can make use of the fact that both Gf as well as Ff are
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smooth and utilize their Taylor polynomial expansions for the overall abs-polynomial expansion
of f . In other words we find

T dzx̊[∆x]
[︂
λ
]︂
(λ) = T dGf

◦Faà

(︂
x̊+ λ∆x,

⃓⃓⃓
T dzx̊[∆x]

[︂
λ
]︂
(λ)
⃓⃓⃓)︂
,

T dfx̊[∆x]
[︂
λ
]︂
(λ) = T dFf

◦Faà

(︂
x̊+ λ∆x,

⃓⃓⃓
T dzx̊[∆x]

[︂
λ
]︂
(λ)
⃓⃓⃓)︂
,

for all d ≤ đ to be the abs-polynomial normal form or short APF of the companion function
fx̊[∆x](λ) ≡ f (̊x + λ∆x) to f ∈ Cđ,1abs(dom(f),R). Finally we are henceforth allowed to define
and write

∀d ≤ đ : T df [̊x](x) ≡ T dfx̊[x−x̊][0](1)

as abs-polynomial expansion of f ∈ Cđ,1abs.

2.5.3 Real Analytic Abs-Normal Forms and their Series Expansions

Besides efficient point evaluations [GST21] does prove f(x) = T ∞
f [̊x](x) =

∑︁∞
i=0∆

(i)f (̊x;x− x̊)
for f ∈ span(ΦR), where ΦR ⊆ ΦS∗ ∪ {abs} is the further restricted library of univariate and
bivariate operations from the aforementioned Tables 2.7, 2.8 and 2.9 as well as the absolute value.
In other words such evaluation procedures behave similar to real analytic functions in a manner
of speaking. Note that all smooth operations from ΦR are real analytic.

We can expand and generalize this idea onto wider class of multivariate functions in ANF rep-
resentation. Let us briefly establish some fundamentals of real analytic functions first. To that
end we will follow [KP02], which is a comprehensive introduction into the field of real analytic
functions.

Definition 2.5.10 (Real Analytic Functions In Multiple Variables)
A function f : D → R, with D ⊆ Rn open, is called real analytic or multivariate real analytic,
if the following criteria are met:

1. For any x̊ ∈ D there is an open neighbourhood U (̊x) ⊆ D.

2. For this neighbourhood U (̊x) there exists a bijective mapping α : N0 → Nn
0 such that

∞∑︂
j=0

cα(i)(x− x̊)α(i),

converges for any x ∈ U (̊x).

3. With the neighbourhood U (̊x) and bijective mapping α the following identity holds true

∀x ∈ U (̊x) : f(x) =
∞∑︂
j=0

cα(i)(x− x̊)α(i).

We then denote f ∈ Cω(D,R) in such a case.

The last definition is primarily based on Definition 2.2.1 from [KP02] but also on considerations
from within the same source established beforehand.
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Lemma 2.5.11 (Abel’s Lemma - Proposition 2.1.7 from [KP02])
If there is a bijective mapping α : N0 → Nn

0 such that the power series
∑︁∞

i=0 cα(i)x
α(i) converges

at some x̊ ∈ Rn, then the same series converges uniformly and absolutely on any compact subset
of the silhouette of x̊ which is defined as {(λ0 · x̊0, . . . , λn−1 · x̊n−1) | λi ∈ ]− 1, 1[, i < n}.

By Lemma 2.5.11 we find compositions of multivariate real analytic functions to stay real analytic.
From the viewpoint of algorithmic differentiation this is an interesting and desirable property,
since it enables us to create real analytic evaluations procedures, if all elemental functions are
real analytic themselves.
Corollary 2.5.12 (Proposition 2.2.2 and Proposition 2.2.8 from [KP02])
Let U ⊆ Rn and V ⊆ Rm be open. If f, f0, f1, . . . , fm−1, g ∈ Cω(U ,R) and h ∈ Cω(V ,R), then

• linear combinations αf ± βg ∈ Cω(U ,R), where α, β ∈ R, are real analytic,

• products f · g ∈ Cω(U ,R) are real analytic,

• divisions f/g ∈ Cω({x ∈ U | g(x) ̸= 0},R) are real analytic,

• chained compositions h◦F ∈ Cω(U ,R), where F = (f0, . . . , fm−1) and provided F (U) ⊆ V .

For secant abs-linearization we have introduced a restricted class f ∈ span(ΦS ∪ {abs}) of
functions, already. Involving real analytic functions we may find another specialization of the
abs-normal framework.
Definition 2.5.13 (Real Analytic Abs-Normal Form)
A function f : Ux ⊆ Rn → Rm, with Ux being open, is said to have a real analytic abs-normal
form or short real analytic ANF if there is a non-negative integer s ≥ 0, an open set Uz ⊆ Rs

as well as functions Gf ∈ Cω(Ux × Uz,Uz) and Ff ∈ Cω(Ux × Uz,Rm) such that ∂wGf (x,w) is
strictly lower triangular at every (x,w) ∈ Ux × Uz and

∀x ∈ Ux : z = Gf (x, |z|) ∈ Uz,
f(x) = Ff (x, |z|).

We will then denote f ∈ Cωabs (Ux,Rm) in such a case.

Definition 2.5.13 is a specialization of Definition 2.4.3 where now Gf and Ff are restricted to be
real analytic.

For f ∈ Cωabs (D,R), with open D ⊆ Rn and let ai ∈ R such that ∥∆(i)f (̊x;x− x̊)∥ ≤ ai∥x− x̊∥i,
we will call

|f (̊x)|+
∞∑︂
i=1

ai∥x− x̊∥i,

an Abel series of f at x̊ ∈ D short-handedly. Due to Definition 2.5.6 such coefficients ai do exist.
But the Abel series does not necessarily converge. Hence we call f to be Abel compliant at x ∈ D
if the Abel series does converge such that the Lemma of Abel, i.e. Lemma 2.5.11, is applicable.
Obviously the power series expansions of functions f ∈ Cω(D,R) are Abel compliant on all of
D, since due to the multinomial theorem , i.e.

(x0 + · · ·+ xj−1)
n =

∑︂
k0+···+kj−1=n

(︃
n

k0, . . . , kj−1

)︃ j−1∏︂
i=0

x
kj
j ,
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with multinomial coefficient (︃
n

k0, . . . , kj−1

)︃
=

n!

k0! · · · · · kj−1!
,

we find ⃓⃓⃓
T df [̊x](x)

⃓⃓⃓
=

⃓⃓⃓⃓
⃓⃓ d∑︂
i=0

∑︂
|α|=i

∂αf (̊x)

α!
(x− x̊)α

⃓⃓⃓⃓
⃓⃓ ≤ d∑︂

i=0

⃓⃓⃓⃓
⃓⃓∑︂
|α|=i

∂αf (̊x)

n−1∏︂
j=0

(xj − x̊j)αj

αj !

⃓⃓⃓⃓
⃓⃓

≤
d∑︂
i=0

∑︂
|α|=i

|∂αf (̊x)|
n−1∏︂
j=0

|xj − x̊j |αj

αj !
≤

d∑︂
i=0

āf,i
i!

∑︂
|α|=i

(︃
i

α

)︃ n−1∏︂
j=0

|xj − x̊j |αj

≤
d∑︂
i=0

āf,i
i!
∥x− x̊∥ =

d∑︂
i=0

af,i∥x− x̊∥.

Now the crucial point is that absolute values do not destroy this property. I.e. if f ∈ Cωabs (D,R)
is Abel compliant on all of D, then so is |f | with T d|f | [̊x](x) = |T

d
f [̊x](x)|, since both expansions

share the same Abel series. More generally we can state next corollary.
Corollary 2.5.14 (Non-Smooth Generalization of Corollary 2.5.12)
Let U ⊆ Rn and V ⊆ Rm be open. If f, f0, f1, . . . , fm−1, g ∈ Cωabs (U ,R) and h ∈ Cωabs (V ,R) are
all Abel compliant on their domain, then

• linear combinations αf ± βg ∈ Cωabs (U ,R) are Abel compliant on their domain, where
α, β ∈ R,

• products f · g ∈ Cωabs (U ,R) are Abel compliant on their domain,

• divisions f/g ∈ Cωabs ({x ∈ U | g(x) ̸= 0},R) are Abel compliant on their domain,

• chains h ◦ F ∈ Cωabs (U ,R), are Abel compliant on their domain, where F = (f0, . . . , fm−1)
and provided F (U) ⊆ V .

Proof The first three items are special cases of the fourth. The proof of the fourth bullet point
is mostly identical to that of Proposition 2.2.8 from [KP02]:

Without loss of generality we may assume x̊ = 0 ∈ Rn as well as F (̊x) = 0 ∈ Rm. Hence

h(y) =
∞∑︂
i=0

∆(i)h(0; y) ≤ |h(y)| ≤
∞∑︂
i=0

|∆(i)h(0; y)| ≤
∞∑︂
i=0

ah,i∥y∥i <∞.

Also for any j < m we find

fj(x) =

∞∑︂
i=1

∆(i)fj(0;x) ≤ |fj(x)| ≤
∞∑︂
i=1

|∆(i)fj(0;x)| ≤
∞∑︂
i=1

afj ,i∥x∥
i <∞.

Furthermore we find the Abel series of the chain composition

h(F (x)) =
∞∑︂
i=0

∆(i)h(0; T ∞
F [0](x)) =

∞∑︂
i=0

∆(i)h

(︄
0;

∞∑︂
k=1

∆(k)F (0;x)

)︄

≤
∞∑︂
i=0

ah,i

⃦⃦⃦⃦
⃦

∞∑︂
k=1

∆(k)F (0;x)

⃦⃦⃦⃦
⃦
i

∞

≤
∞∑︂
i=0

ah,i

[︄
max
j<m

⃓⃓⃓⃓
⃓
∞∑︂
k=1

∆(k)fj(0;x)

⃓⃓⃓⃓
⃓
]︄i

≤
∞∑︂
i=0

ah,i

[︄
max
j<m

∞∑︂
k=1

afj ,k∥x∥
k

]︄i
.
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Thanks to Abel’s Lemma we find finite numbers N,M <∞ and component-wise positive tuples
0 < X ∈ Rn as well as 0 < Y ∈ Rm such that

∞∑︂
i=1

afj ,i∥X∥
i ≤M,

∞∑︂
i=0

ah,i∥Y ∥i∞ =
∞∑︂
i=0

ah,i

(︃
max
j<m

Yj

)︃i
≤ N.

So if x ∈ Bρ∥X∥(0), with ρ ≡ min(1, ∥Y ∥∞/M), then

∞∑︂
i=1

afj ,i∥x∥
i ≤ ρM ≤ ∥Y ∥∞.

Hence for any pair of integers 0 < A,B we find

B∑︂
i=0

ah,i

[︄
max
j<m

A∑︂
k=1

afj ,k∥x∥
k

]︄i
≤ N.

Thus the Abel series of the chain of functions does converge absolutely in the neighbourhood of
the reference point x̊ = 0. □

Recursive applications of Corollary 2.5.14 yield the abs-power series of f ∈ Cωabs defined on top
of the power series expansions of Gf and Ff

zx̊[∆x](λ) = T ∞
zx̊[∆x]

[︂
λ
]︂
(λ) = T∞

Gf

(︂
x̊+ λ∆x,

⃓⃓⃓
T ∞
zx̊[∆x]

[︂
λ
]︂
(λ)
⃓⃓⃓)︂
,

fx̊[∆x](λ) = T dfx̊[∆x]
[︂
λ
]︂
(λ) = T dFf

(︂
x̊+ λ∆x,

⃓⃓⃓
T dzx̊[∆x]

[︂
λ
]︂
(λ)
⃓⃓⃓)︂
.

2.5.4 Splines and the Abs-Power Function

Consider the following family of functions with their derivatives

n ≤ 1 : abs pown(x) ≡ |x| · xn−1, i < n :
di

dxi
abs pown(x) =

⎡⎣i−1∏︂
j=0

(n− j)

⎤⎦xn−1−i · |x|,

which we will refer to as abs-power functions or abs-power monomials . They act as sparring
partners to usual monomials. However their differentiability is limited. Hence abs pown satisfies
Assumption 2.3.1 for n > d and so does fit into our framework as part a library Φ. This also
implies the existence of Taylor expansions T đ

abs pown
[̊x] as long as đ < n.

On the other hand the equivalent expression abs pown(x) = |x| · xn−1 ∈ span(Φ ∪ {abs}) does
have an abs-polynomial expansion T đ

abs pown
[̊x] for any đ ∈ N1. The question arise whether both

expansions do coalesce for đ < n? The general answer is no. Given abs pow2 as instance we may
compute the increments from its abs-polynomial expansion as well as the summands from its
Taylor polynomial

∆(0) abs pow2(̊x; ∆x) = x̊|̊x| = abs pow2(̊x),

∆(1) abs pow2(̊x; ∆x) = |̊x|∆x+ x̊|̊x+∆x| − x̊|̊x| ̸= 2|̊x|∆x = abs pow′
2(̊x)∆x,

∆(2) abs pow2(̊x; ∆x) = ∆x|̊x+∆x| − |̊x|∆x,
∆(j) abs pow2(̊x; ∆x) = 0, for j > 2.
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2.5 Higher Order Expansions of Abs-Differentiable Functions

Hence both order one as well as the order two abs-polynomial expansions read

T 1
abs pow2

[̊x](̊x+∆x) = x̊|̊x|+ 2|̊x|∆x,
T 1
abs pow2

[̊x](̊x+∆x) = |̊x|∆x+ x̊|̊x+∆x|,
T 2
abs pow2

[̊x](̊x+∆x) = (̊x+∆x)|̊x+∆x| = abs pow2(̊x+∆x). (2.46)

However either expansion process is formally defined upon the formula of Faà di Bruno hence
we know for f ∈ span(Φ ∪ {abs}) that

T đ
f [̊x](x)− T đ

f [̊x](x) = O(∥x− x̊∥đ+1),

but also that expansions from both processes are identical near the reference point x̊ ∈ dom(f),
as long as the Taylor polynomial does indeed exist. In the first order case we already draw
the conclusion that the Jacobian of an ANF is uniquely determined if existent, where the ALF
is uniquely determined for a evaluation procedure at hand. One more time though the Taylor
polynomial of a function at a reference point is unique to the function, whereas the abs-polynomial
expansion is unique to an evaluation procedure of it. That way a function may have different
expansions from different evaluation procedure representations. So does the abs-power function
by having both a Taylor polynomial but also a distinct abs-polynomial expansion.

Another important observation we can draw from (2.46) is that the second order abs-polynomial
expansion does coincide with the abs-power function everywhere and regardless of the reference
point. This begs the next question, namely are there other instances of the abs-power function,
i.e. other orders n such that abs pown do coalesce with its generalized expansion? The answer
is yes for any n ∈ N0. More precisely abs pown(x) = xn−1|x| is invariant to the nth or higher
order abs-polynomial expansion. This is due to the fact that abs pown(x) = abs pow2(x) · xn−2

for n > 2, whereas abs pow1 = |x| for n = 1 is a trivial case anyway. We may therefor keep in
mind that the power function xn−2 is invariant to the abs-polynomial expansion of order n − 2
or higher. Hence the product forges the order two invariant expansion of abs pow2 and the order
n − 2 invariant expansion of the remaining power xn−2 into the order n invariant expansion of
their composition abs pow2(x) · xn−2 = abs pown(x).

As a consequence all univariate splines are kept invariant to the abs-polynomial expansion process
if the order of expansion is sufficiently large, as observed in [STG21]. Let x0 < x1 < · · · < xη ⊆ R

be an ordered tuple of real valued numbers and Sđ
p(x0 < x1 < · · · < xη) ⊆ Cp([x0, xη],R) be the

set of univariate splines in that any s(x) ∈ Sđ
p(x0 < x1 < · · · < xη) satisfies

∀i < η, ∀x ∈ [xi, xi+1], ∃(aj)đj=0 ∈ Rđ+1 : s(x) =
đ∑︂
j=0

aj(x− xi+1)
j ,

then we find Sđ
p(x0 < x1 < · · · < xη) ⊆ Sđ

0(x0 < x1 < · · · < xη), where the latter is spanned
linearly by functions bi,j(x) = max(0, x − xi)j = 1

2(abs powj(x − xi) + (x − xi)j), for i < η and
j ≤ đ. Hence the phrase to expand a function into a spline would also be an accurate description
to a function undergoing abs-polynomial expansion.

2.5.5 Point Evaluations of Abs-Polynomial Expansions

With the APF we have efficient means available for the evaluation of abs-polynomial expansions.
However if we wish to compute just a single evaluation, we can instead directly propagate the
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increments ∆(d)f (̊x;x− x̊) and sum them up. To that end it is observed in [GST21] that Lemma
2.5.5 still does hold true also for increments in the following meaning:

Let v(t) = φ(u(t)), with u ∈ Cđ,1abs(Du,R) and φ ∈ Cđ,1(Dv ⊆ R,R), where Du,Dv ⊆ R are open
domains. If φ satisfies (2.36), then by Theorem 2.5.8 we find

∆(1)v(̊t; ∆t) = φ′(u(̊t))∆(1)u(̊t; ∆t),

and by recursive applications of either Theorem 2.5.8 or Corollary 2.5.9 we find

d ·∆(d)v(̊t; ∆t) =
d−1∑︂
i=0

∆(d−1−i)[φ′ ◦ u](̊t; ∆t) · (i+ 1)∆(i+1)u(̊t; ∆t). (2.47)

Let v′(t) ≡
∑︁d−1

i=0 (i+1)∆(i+1)v(̊t; t− t̊) as well as u′(t) ≡
∑︁d−1

i=0 (i+1)∆(i+1)u(̊t; t− t̊) by abusing
notions here a bit, but then we can write

v′(t) = [φ′ ◦ u](t) · u′(t),

whose abs-polynomial expansions is determined by (2.47). In other words we have found a valid
relation which in combination with (2.36) enables us to find an analogue of (2.37) that reads

b(u(t)) · v′(t) = [c(u(t)) + a(u(t)) · φ(u(t))] · u′(t),

Hence we can generalize Lemma 2.5.5 into Lemma 2.5.15.

Lemma 2.5.15 (Univariate Increment Propagation - Proposition 2.2 from [GST21])
Let u ∈ Cđ,1abs (Du,R) as well as φ ∈ Cđ,1(Dv,R), with open domains Du,Dv ⊆ R, such that φ
satisfies (2.36) for functions a ≡ (ã ◦ u), b ≡ (b̃ ◦ u), c ≡ (c̃ ◦ u), where ã, b̃, c̃ ∈ Cđ,1(Dv,R), and
provided ∆(0)b = b0 = b(u(̊t)) ̸= 0. Then for all i = 1, . . . , đ we can compute the ith increment
of v(t) = φ(u(t)) by

i∆(i)v =
1

b0

⎡⎣ i∑︂
j=1

(∆(i−j)c+ ei−j)(j∆
(j)u)−

i−1∑︂
j=1

∆(i−j)b · (j∆(j)v)

⎤⎦
where eℓ ≡

ℓ∑︂
j=0

∆(j)a∆(ℓ−j)v, for ℓ = 0, 1, . . . , đ− 1 is the Leibniz product.

The ultimate consequence of Lemma 2.5.15 is that all the formulas listed in the Tables 2.7, 2.8 and
2.9 remain valid for increments just in the same way as they are valid for Taylor coefficients, too.
As a reminder: Let ΦR ⊆ ΦS∗ ∪{abs} be the further restricted library of univariate and bivariate
operations from the aforementioned Tables 2.7, 2.8 and 2.9 as well as the absolute value, then
Algorithm 17 realizes an efficient point evaluation algorithm for abs-polynomial expansions.

Finally we want to conclude abs-polynomial expansions by some visual examples.

Example 2.5.16 Consider f(x, y) = | exp(−x)−|y|| for which Figure 2.6 and Figure 2.7 visualize
the graph of the function and its first five abs-polynomial expansions at (̊x, ẙ) = (0, exp(0)) ∈ R2

as reference point. This function has three kinks, i.e. distinct sets of non-differentiabilities. Each
set can be parametrized by either max(exp(−x), 0), −max(exp(−x), 0) or the constant zero-
function. Hence alongside the multi dimensional plots of the graphs of f and Tf both Figure 2.6
and Figure 2.7 also display plots of the parametrizations and their abs-polynomial expansions.
The following two conclusions can be drawn from the visualizations
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2.5 Higher Order Expansions of Abs-Differentiable Functions

1. The abs-polynomial expansions of the three parametrizations do coincide with their Taylor
polynomial expansions in the vicinity of the reference point.

2. The abs-polynomial expansions of the three parametrizations do fit the corresponding val-
leys in the 3D plot of same order of expansion.

Algorithm 17: eval(T đ
f [̊x],∆x) – point evaluation of Taylor piecew. polyn. expansion

Data: f ∈ span(ΦR), order đ, reference point: x̊ ∈ dom(f) ⊆ Rn and offset ∆x ∈ Rn

Result: point evaluation: eval(T đ
f [̊x],∆x) = T đ

f [̊x](∆x) = (yi)
m−1
i=0 ∈ Rm at x̊+∆x ∈ Rn

1 for i = 0, 1, . . . , n− 1 do
2 initialize (∆(j)vi−n)

đ
j=0 = [̊xi,∆xi, 0, . . . ] ∈ Rđ+1;

3 for i = 0, 1, . . . , ℓ− 1 do
4 compute ∆(0)vi = φi(∆

(0)vj)j≺i ; // primal evaluation
5 for d = 1, 2, . . . , đ do
6 if φi is abs then
7 ∆(d)vi = |

∑︁d
i=0∆

(i)vj≺i| − |
∑︁d

i=0∆
(i)vj≺i| ; // treatment of absolute value

8 else
9 apply recurrence formula to compute ∆(d)vi ; // see Tables 2.7, 2.8 & 2.9

10 for i = m− 1,m− 2, . . . , 0 do
11 set ym−1−i =

∑︁đ
j=0∆

(j)vℓ−1−i;

Example 2.5.17 This example is structured very similar to Example 2.5.16. However consider
f(x, y) = | sin(|x − 2|) − max(y, 0) − min(0, y/2)| for which Figure 2.8 and Figure 2.9 visu-
alize the graph of the function and abs-polynomial expansions for all odd orders up to 13 at
(̊x, ẙ) = (0, sin(2)) ∈ R2 as reference point. This function has four kinks, i.e. distinct sets of
non-differentiabilities. The four sets are given by

M0 ≡ {(x, y) ∈ R2 | y = max(sin(|x− 2|))},
M1 ≡ {(x, y) ∈ R2 | y = 2min(sin(|x− 2|))},
M2 ≡ {(x, 0) ∈ R2},
M3 ≡ {(2, y) ∈ R2}.

In total three out of the four sets can still be parametrized as in the Example 2.5.16. Likewise
Figure 2.8 and Figure 2.9 displays their graphs and expansions, correspondingly. Only M3 is not
parametrizable by a function. The same two conclusions hold true for the parametrizations of
M0, M1 and M2

1. Their abs-polynomial expansions do coincide with their Taylor polynomial expansions in
the vicinity of the reference point.

2. The abs-polynomial expansions do fit the corresponding valleys in the 3D plot of same
order of expansion.
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Figure 2.6: left column from top to bottom : primal function as well as its first and second order abs-
polynomial expansions; right column from top to bottom : plot of parametrizing functions
of the kinks of the primal function as well as their first and second order abs-polynomial
expansions; red dots mark the reference point or points; the expanded function is f(x, y) =
| exp(−x)− |y||
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Figure 2.7: left column from top to bottom : third to fifth order abs-polynomial expansions of primal
function from Figure 2.6; right column from top to bottom : plot of abs-polynomial ex-
pansions of parametrizing functions of the kinks of the primal function ranging from or-
der three to five; red dots mark the reference point or points; the expanded function is
f(x, y) = | exp(−x)− |y||
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Figure 2.8: left column from top to bottom : primal function as well as its first and second order abs-
polynomial expansions; right column from top to bottom : plot of parametrizing functions
of the kinks of the primal function as well as their first and second order abs-polynomial
expansions; red dots mark the reference point or points; the expanded function is f(x, y) =
| sin(|x− 2|)−max(y, 0)−min(0, y/2)|; function values were clipped at three on the z-axis
where necessary
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Figure 2.9: left column from top to bottom : third to fifth order abs-polynomial expansions of primal
function from Figure 2.6; right column from top to bottom : plot of abs-polynomial ex-
pansions of parametrizing functions of the kinks of the primal function ranging from or-
der three to five; red dots mark the reference point or points; the expanded function is
f(x, y) = | sin(|x− 2|)−max(y, 0)−min(0, y/2)|; function values were clipped at three on
the z-axis where necessary
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Still our final major goal is the simulation of gas networks which requires the ability to solve non-
smooth systems of differential algebraic equations or short DAE . Such systems can not be solved
by so called explicit solvers but e.g. by implicit ones or mixed approaches as in [LM14]. However
to do that systems of non-linear equations or sometimes referred to as root finding problems need
to be solved, which are likewise non-smooth. Sadly we cannot apply Newton’s method or at least
not the classical convergence theory behind it onto piecewise differentiable root finding problems.
Envisioned by Isaac Newton and refined by Joseph Raphson the so called Newton’s method
or sometimes also referred to as Newton-Raphson method is one of the workhorse algorithms
to solve root problems, but requires differentiability in the classical sense. By the end of last
century many mathematicians including Bernd Kummer [Kum88; Kum92], Qi Liqun [QS93; Qi93;
QS98], Sun Jie [QS93], Sun Defeng [QS98] and many more were investigating and researching
to rehabilitate Newton’s method and especially its convergence theory by using elements from
generalized differentials such as defined by Francis C. Clarke [Cla90]. The techniques of AD which
we have discussed here so far are not capable to compute generalized derivatives w.r.t. the Clarke
or Bouligand differential out of the box. Non-trivial modifications need to be applied. E.g. Paul
Barton and Kamil Kahn proposed such modifications [KB12], but still though the computation
of elements from generalized differentials remains computationally expensive.

We will follow an alternative approach as discussed in [Str15; Gri+18b; Rad+18] and solve root
problems defined upon functions in abs-normal form ANF by successive piecewise linearization.
We will call such algorithms as piecewise differentiable Newton method. That way we can utilize
our ability to piecewise linearize functions in ANF into their abs-linear form ALF and also
generate quadratically or super linearly convergent sequences in either the tangent or secant
mode.

3.1 The Abs-Linear Form in the Context of Numerical Piecewise
Linear Algebra

For the execution of the piecewise differentiable Newton method we need to be able to solve
systems of piecewise linear equations. There is plenty of methodology [Gri13; Gri+15; Roh09] to
solve systems of piecewise linear equations or related equivalent problem formulations such as the
absolute value equation [MM06]. Everyone of these potential solvers has its respective require-
ments which are necessary sometimes sufficient for convergence. We will discuss the piecewise
linear Newton method [Gri13] in particular as one instance with comparatively modest require-
ments. However we have to understand fundamental properties of piecewise linear functions as
well as systems of piecewise linear equations firstly and so we will follow [Sch12; Gri13] in that
regard.

77



3 Solving Abs-Differentiable Root Problems

3.1.1 On the Relation of the Abs-Linear Form and Piecewise Linearity

We want to investigate abs-linear forms ALF and the corresponding piecewise linear algebra in
some detail. Let us begin with a new as well as more general definition of abs-linear forms or
ALF . We need to re-establish the concept independently from being the result of either tangent
or secant abs-linearization.
Definition 3.1.1
Given matrices Z ∈ Rs×n, L ∈ Rs×s, J ∈ Rm×n, Y ∈ Rm×s of which L is strictly lower
triangular and vectors c ∈ Rs, b ∈ Rm we then refer to the following block-matrix based
representation which maps x ∈ Rn to y ∈ Rm via z ∈ Rs as an abs-linear form or ALF[︃

z
y

]︃
=

[︃
c
b

]︃
+

[︃
Z L
J Y

]︃
·
[︃
x
|z|

]︃
. (3.1)

The vector z is called switching vector and Rs in its domain is referred to as switching space.

Abs-linear forms or ALF s have been elaborated in literature over several stages. The concept
got finalized with [Gri13] but has been analysed in more depth within [Gri+15]. Related and
preceding concepts to the ANF and ALF have been considered in various fields of applied
mathematics. In [KB12] as well as [KB15] the authors introduced abs-factorable functions which
are an equivalent concept to the ANF as established by Definition 3.1.1. In [Bok81] and [VL99]
a similar representation referred to as Bokh1 is introduced and actually equivalent to ALF s.
However the evaluation of Bokh1 is defined implicitly, whereas ALF s allow their direct and
forward evaluation.

By setting c ≡ z̊ − Z · x̊ − L · |̊z| and b ≡ ẙ − J · x̊ − Y · |̊z| we can transform (2.25) from the
tangent abs-linearization process and (2.28) from secant abs-linearization process into (3.1). We
find that any ALF is piecewise linear, since it is a finite and continuous composition of linear
operations and calls to the absolute value function. The absolute value can hence be considered
as a prototype of piecewise linear functions. With Definition 3.1.2 originating from [Sch12] we
find a formal definition of finite dimensional, continuous, piecewise linear functions in general.

Definition 3.1.2 (Piecewise Linear Function)
A continuous function f : Rn → Rm is said to be piecewise linear if there is a finite set of linear
functions Mf = {gi(x) = Ai · x+ bi | i = 0, 1, . . . , k − 1, Ai ∈ Rm×n, bi ∈ Rm} such that

∀x ∈ Rn, ∃g ∈Mf : f(x) = g(x) = Ag · x+ bg,

holds true and then we write f ∈ PL(Rn,Rm). We also refer to g ∈ Mf as linear selection
functions of f and Mf as the set of linear selection functions of f .

In [Gri+15] it was observed that any piecewise linear function in the sense of Definition 3.1.2
can be converted into an ALF in the meaning of Definition 3.1.1. We then also say a piecewise
linear function has an ALF representation. The main part of the proof is already covered by the
max-min representation of piecewise linear functions by [Sch12] stated here as Theorem 3.1.3.

Theorem 3.1.3 (Proposition 2.2.2 from [Sch12])
Let f ∈ PL(Rn,R) with k > 0 linear selection functions a⊤i x + bi, for i = 0, 1, . . . , k − 1, then
there is a finite number of index sets I0, I1, . . . , Im−1 ⊆ {0, 1, . . . , k − 1} such that

f(x) = max
0≤j<m

min
i∈Ij

a⊤i x+ bi.

78



3.1 The Abs-Linear Form in the Context of Numerical Piecewise Linear Algebra

Theorem 3.1.3 assumes a scalar-valued piecewise linear function but it also is applicable
component-wise to vector-valued piecewise linear functions. To finish the proof that any piecewise
linear function has an ALF representation we are left to apply the following identities

max(xi)
n−1
i=0 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x0 if n = 1,
1
2(x0 + x1 + |x1 − x0|) if n = 2,

max(max(xi)
n−2
i=0 , xn−1) if n > 1 is odd,

max(max(x2j , x2j+1))
(n/2)−1
j=0 else,

min(xi)
n−1
i=0 = −max(−xi)n−1

i=0 .

to transform max-min representations into expressions consisting solely of linear operations and
calls to the absolute value function. Hence the class of functions in ALF and the class of piecewise
linear functions are identical.

3.1.2 Piecewise Linear Root Problems

ALF s or abs-linear forms in the meaning of Definition 3.1.1 are a special case of abs-normal forms
or ANF in the sense of Definition 2.4.3. Simply set Gf (x,Σz · z) ≡ c+ Z · x+ LΣz · z as well as
Ff (x,Σz·z) ≡ b+J ·x+Y Σz·z to see that. So borrowed from our considerations of ANF functions,
we will reintroduce the concepts of active linear selection functions and essentially active linear
selection functions for ALF s in the following way. A linear selection function g ∈ Mf is said
to be active if there is at least one point x ∈ dom(f) such that g(x) = f(x). It is said to be
essentially active if g(x) = f(x) for any point x ∈ U with U ⊆ Rn being some non-empty open
neighbourhood. Thus Definition 3.1.2 can already be satisfied for some piecewise linear function
f : Rn → Rm using essentially active linear selection functions, only.

All the essentially active but also a some (not necessarily essentially) active selection functions
of a piecewise linear function f in ALF can be derived from the ALF representation itself.
The actual difficulty lies in distinguishing essentially actives from not essentially active ones.
However we start with equation (3.1) and turn it into a linear operator by substituting |z| by a
matrix-vector operation [︃

zσ
yσ

]︃
=

[︃
c
b

]︃
+

[︃
Z L
J Y

]︃
·
[︃

x
Σ · zσ

]︃
,

with Σ = diag(σ) and fixed σ ∈ {−1, 1}s. From there we can solve for zσ

zσ = c+ Zx+ LΣzσ(x),

⇐⇒ (I − LΣ)zσ = c+ Zx,

⇐⇒ zσ(x) ≡ zσ = (I − LΣ)−1[c+ Zx],

where (I − LΣ)−1 does exist due to the strictly lower triangular shape of L. We then find

fσ(x) ≡ yσ = b+ Jx+ Y Σzσ(x),

= bσ + Jσ · x

with bσ ≡ b+Y (Σ−L)−1c and Jσ ≡ J+Y (Σ−L)−1Z, to be a linear selection function fσ ∈Mf .
Furthermore we can define corresponding preimage sets Pσ (compare with (2.22)) on which the
piecewise linear function and its selection function coalesce

Pσ = {x ∈ Rn | 0 ≤ Σ · zσ(x) = Σ(I − LΣ)−1[c+ Zx], Σ = diag(σ)}.
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3 Solving Abs-Differentiable Root Problems

Figure 3.1: Visualization of a section of a polyhedral subdivision Pf of R2 and its skeletons for the
domain of some unspecified piecewise linear function f : R2 → Rm:
black vertices make up the zero skeleton or Pf,0, black vertices and dark grey edges make
up the one skeleton or Pf,1, black vertices and dark grey edges and light grey background
make up the two skeleton or Pf,2.

These sets are in fact linear, convex, closed polyhedra, because they are solution sets to systems of
linear inequalities. Furthermore their number is finite or more precisely bounded by all possible
combinations σ ∈ {−1, 1}s which is 2s. Also some polyhedra Pσ may contain isolated points, are
singletons or even be empty. As a fair warning and since we follow [Gri13] closely for the time
being: The convex polyhedra Sσ defined within there are described as being relatively open. This
is the case because their definition

Sς ≡ {x ∈ Rn | ς = sign(z), with z = c+ Zx+ L|z|},

with ς ∈ {−1, 0, 1}s, deviates subtly from ours but we still find Sς ⊆ Pσ, whenever the element-
wise product ς · σ ≥ 0 ∈ Rs.

We will refer to our signatures σ ∈ {−1, 1}s as well as to the polyhedra Pσ as being active or
essentially active if their selection functions fσ are correspondingly. Hence a polyhedron Pσ has a
non-empty interior exactly when it is essentially active, too. On the other hand for any two active
polyhedra Pσ and Pσ̃ we find at least one of the following sets Pσ ∩Pσ̃, Pσ \Pσ̃ or Pσ̃ \Pσ to have
an empty interior. In other words these polyhedra are pairwise relatively disjoint. Consequently
we refer to their collection, i.e. Pf ≡ {Pσ | σ is essentially active}, as polyhedral subdivision of
Rn defined by f , since Rn =

⋃︁
P∈Pf,n

P has to hold true.

However there is more about intersections of polyhedra from the polyhedral subdivision of f . In
that they are always linear, convex and closed polyhedrons of reduced dimension. More generally
we can define the skeletons of a polyhedral subdivision. We set Pf,n =

⋃︁
P∈Pf

P = Rn for some
integer j = 0 and define Pf,n−j as the union of all n− j dimensional intersections of any number
of polyhedra from Pf for any other 0 < j ≤ n. We refer to each of them as the n − j skeleton
of the subdivision. A visualization of an example polyhedral subdivision of R2 is displayed by
Figure 3.1 and the skeletons are highlighted as shades of grey.

Now we have established certain preliminaries. The reference problem formulation in which we
are actually interested in, is the following one

Find
x∗∈Rn

[︃
z∗

0

]︃
=

[︃
c
b

]︃
+

[︃
Z L
J Y

]︃
·
[︃
x∗

|z∗|

]︃
, (3.2)
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3.1 The Abs-Linear Form in the Context of Numerical Piecewise Linear Algebra

provided that there are roots in the first place. In other words we are interested to solve systems
of piecewise linear equations. We may alternatively desire to rather solve

Minimize
x∗∈Rn

∥δ∥1, (3.3a)

such that
[︃
z∗

δ

]︃
=

[︃
c
b

]︃
+

[︃
Z L
J Y

]︃
·
[︃
x∗

|z∗|

]︃
, (3.3b)

as a robust interpretation to the pure root problem (3.2), since our ALF s do mostly arise from
generic procedures to realize successive piecewise linearizations of Lipschitz continuous functions.
It is not hard to image that small perturbations e.g. from round-off error accumulations could
deny the existence of roots to (3.2) in the realm of computer representable vectors of floating point
numbers, whereas real valued solutions may still exist. Another motivation to solve (3.3) rather
than (3.2) lies in the fact that we would enable ourselves to solve overdetermined problems in a
least squares sense. To that end we would be free to swap the objective for ∥δ∥∞, ∥δ∥2 or straight
by ∥δ∥22. The advantage of choosing the one or infinity norm lies in the fact that (3.3) would stay
a piecewise linear rather than becoming a piecewise quadratic optimization problem.

Although of practical interest (3.3) bears little to no exploitable theory towards the ultimate
goal of developing convergence theory for generalized Newton methods based upon, yet. Instead
we will focus on the original or pure root formulation (3.2).

In [Gri+15] it was observed that (3.2) can be transformed into an equivalent problem description
by an unfolding technique. The idea, assuming J being regular, is to solve for the unknown x

0 = b+ Jx∗ + Y |z∗|,
⇐⇒ x(z∗) = −J−1(b+ Y |z∗|),

in terms of y = 0 and z∗. Now backwards substitute

z∗ = c+ Zx(z∗) + L|z∗|
= (c− ZJ−1b) + (L− ZJ−1Y )|z∗|
= ĉ+ S|z∗|, (3.4)

where ĉ = c − ZJ−1b but noteworthy S = L − ZJ−1Y is the well known Schur-complement of
J within the block matrix of the original ALF . From that we may define by

H(z) = ĉ− (I − SΣz)z (3.5)

the so called complementary piecewise linear system or CPL and also by (3.4) or short 0 = H(z∗)
the corresponding complementary piecewise root problem . As a reminder Σz = diag(σz) is a
function in terms of the subscript z, where1 σz = sign(z) ∈ {−1, 1}s such that Σz · z = |z|.

From the very derivation itself, we find a one-to-one solution correspondence in that any solution
(x(z∗), z∗) ∈ Rn+s of (3.4) has to be a solution of (3.2) and vice versa.

We consider the CPL (which of course is a piecewise linear function in itself) as an unfolding
of its corresponding ALF in that every polyhedron PH

σ defined by H, i.e. for every possible
signature σ ∈ {−1, 1}s, is essentially active. This implies that the polyhedral subdivision PH
of H has exactly 2s member polyhedra which potentially and probably more than that of the
original ALF . Furthermore the polyhedra are given by PH

σ ≡ {z | 0 ≤ Σ · z,Σ = diag(σ)}, i.e.

1recall: sign(z) ≡ −1 if z < 0 or sign(z) ≡ 1 otherwise; especially sign(0) = 1 in this work
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3 Solving Abs-Differentiable Root Problems

they make up all possible orthants of the origin in Rs. In other words the original piecewise
differentiable manifold

Mz = {z ∈ Rs | z = (I − L)−1(c+ Zx), x ∈ Rn}

of feasible switching vectors as defined by the ALF has been fully unfolded into Rs of such
feasible vectors for the CPL. This is a very drastic alteration of the underlying structure, but we
will address that point later on, when we have established the necessary arguments to discuss
this observation in more depth.

Assuming the Schur complement S to be regular, with inverse A = S−1 we then find the corres-
ponding CPL

Az− |z| = b̂

where b̂ = Aĉ, to be equivalent with the so called and established concept of the absolute value
equation, as e.g. analysed within [MM06]. The class of absolute value equations is known to be
equivalent with linear complementarity problems or short LCP . The same conclusion has been
made for the CPL in [Gri+15] and goes as follows. We introduce non-negative but complementary
vectors 0 ≤ u ⊥ w ≥ 0 of length s, i.e. ui ·wi = 0 for i = 0, 1, . . . , s− 1 such that z = u−w from
which |z| = u+ w immediately follows. Hence (3.4) can be rewritten and transformed

u− w = ĉ+ S(u+ w)

⇐⇒ u(I − S) = ĉ+ (I + S)w.

Finally we find the equivalent LCP given by

u = q +Mw, where 0 ≤ u, 0 ≤ w, u ⊥ w, (3.6)

where q = (I − S)−1ĉ and M = (I − S)−1(I + S), given S has no eigenvalue one. Alternatively
we may swap the roles of u and w and find q̃ = −(I + S)−1ĉ as well as M̃ = (I + S)−1(I − S),
provided S has no eigenvalue minus one, instead. If S has eigenvalues one and minus one the
CPL break into several lower dimensional, independently solvable LCPs.

Another familiar unfolding technique that did not made it into [Gri+15] starts from (3.2) and
introduces slack vectors δz ∈ Rs and δy ∈ Rn such that[︃

δz
δy

]︃
=

[︃
c
b

]︃
+

[︃
Z LΣz − I
J Y

]︃
·
[︃
x∗

z

]︃
≡ U(x, z) (3.7)

becomes a mapping for x and z onto the slacks. In other words z is not dependent on x anymore.
We refer to (3.7) or U(x, z) as unfolded piecewise linear system or UPL and to

0 = U(x∗, z∗), (3.8)

as unfolded piecewise linear root problem . Now just like for CPLs we can observe again that
any root (x∗, z∗)⊤ ∈ Rn+s of U , i.e. where δz = 0, has to be a feasible combination of domain
value and switching vector for the underlying ALF and hence also is a root for (3.2). Once more
we have found a one-to-one solution correspondence. Again the feasibility set Mz of switching
vectors defined by the ALF got unfolded onto Rs and hence all 2s possible polyhedra PU

σ are
orthants of Rs and essentially active, again.

Also motivated by the CPL we can again reintroduce complementary vectors and transform the
unfolded piecewise linear root problem into a mixed linear complementarity problem or MLCP
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0 = c+ Zx+ (L− I)u+ (L+ I)w, (3.9a)
0 = b+ Jx+ Y u+ Y w, (3.9b)
0 ≤ u,w, u ⊥ w. (3.9c)

In [Enz+18] the authors processed the results of the main author’s master thesis [Enz18] about
algorithms and their comparison for the numerical solution of MLCPs in the context of multi-
body dynamics with contact.

Unlike the CPL we can formulate a relaxation of the unfolded piecewise linear root problem (3.8)
in the style of (3.3) which then reads either

Minimize
(x∗,z∗)⊤∈Rn+s

∥(δz, δy)⊤∥1, such that (δz, δy)
⊤ = U(x∗, z∗), (3.10a)

or alternatively

Minimize
(x∗,z∗)⊤∈Rn+s

∥δy∥1, such that (0, δy)
⊤ = U(x∗, z∗). (3.10b)

3.1.3 Aspects of Solvability

At this point we have collected a multitude of root formulations to choose from. Those were (3.2)
based on the ALF , (3.4) based on the CPL, (3.6) based on a LCP reformulation, (3.8) based on
the UPL and (3.9) based on a MLCP reformulation and all of them are equivalent to the actual
problem (3.2) of interest, in that we always have found a one-to-one solution correspondence.
Next we want take a more detailed look into fundamental properties and relations regarding
the solvability of piecewise linear functions. The two major motivations are to pick the most
promising candidate from the bunch of equivalent root problem formulations and to choose or
design a reliable algorithm towards its numerical solution.

Definition 3.1.4 (Coherent Orientation)
We call a piecewise linear function f : Rn → Rn with ALF representation in the sense of
Definition 3.1.1 coherently oriented if

det(Jσ) · det(Jσ̃) > 0,

for any pair σ, σ̃ ∈ Rs of essentially active signatures.

With Definition 3.1.4 at hand and with [Sch12] we can formulate Theorem 3.1.5.

Theorem 3.1.5 (Theorem 2.3.1 from [Sch12])
Let f : Rn → Rn be a piecewise linear function in the sense of Definition 3.1.2 then

1. If f is injective, then f is open.

2. If f is open, then f is surjective.

3. The function f is open if and only if it is coherently oriented.
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Theorem 3.1.5 establishes an hierarchical ordered chain of properties for piecewise linear maps

bijectivity←
→

injective
(1)
=⇒ coherent orientation

(2)
=⇒ surjective

−→

⇐
⇒

−→

existence open existence of roots
of a unique

root

(3.11)

whose major links (1) and (2) would be equivalent if we would have considered linear functions
(e.g. arising from first order Taylor linearization of smooth functions) in the first place. Further-
more both links are sharp and cannot be reversed in general. Since injectivity implies bijectivity
already we can also immediately conclude metric regularity in the sense of Definition 3.1.6 there-
from. This is the case since bijectivity already guarantees the existence of an inverse function
f−1, that is piecewise linear, too. It is the Lipschitz continuity of the inverse which then results
in metric regularity of the function f itself for any Lipschitz constant cdom(f) ≡ Lf−1 > 0.

Definition 3.1.6 (Single Valued Metric Regularity inspired by [Don+19])
We call a single valued function f : dom(f) → Rm, with open domain D ⊆ dom(f) ⊆ Rn,
metrically regular on a set D for a constant cD ∈ R>0 if the following statement is true

∀y ∈ f(D), ∀x, xy ∈ D :
[︂
f(xy) = y

]︂
=⇒

[︂
∥x− xy∥ ≤ cD∥f(x)− y∥

]︂
,

or in a shortened notation

∀y ∈ f(D), ∀x ∈ D : ∥x− (f |D)−1 (y)∥ ≤ cD∥f(x)− y∥.

In [Gri+15] the chain (3.11) has been expanded and elaborated. We will cite one key insight
therefrom, after we have established two more concepts necessary for the formulation.

The first of these two more concepts is the so called switching depth, a certain measure of
complexity for a piecewise linear function f : Rn → Rm in ALF representation. Formally we
define the switching depth of an ALF as the nilpotency index ν > 0 of the matrix L from (3.1),
i.e. as smallest integer satisfying Lν = 0, provided s > 0, otherwise we set ν = 0 if s = 0. Given
that L is necessarily a strictly lower triangular matrix we know that such a finite nilpotency index
has to exist. The original motivation and equivalent definition of the switching depth arise from
the switching vector z (again from (3.1)). We may say for any component zi that the switching
depth or swd(zi) = 0 if the corresponding row Li,: ≡ (Li,j)

s−1
j=0 = 0 ∈ Rs vanishes. For any other

component we define

swd(zi) = 1 +max
(︂
swd(zj)

⃓⃓⃓
j = 0, 1, . . . , s− 1 where Li,j ̸= 0

)︂
recursively and find that ν = 1+max

(︁
swd(zi)

⃓⃓
i = 0, 1, . . . , s− 1

)︁
. In other words the switching

depth represents the deepest nesting of absolute value operations. The following listing may help
to provide some insight and understanding for the switching depth at hand of some exemplary
expressions:

expression switching depth ν∑︁
i=0 xi ν = 0∑︁
i=0 |xi| ν = 1

|x0 + |x1||+ |x2|+ |x3| ν = 2
|x0 + |x1 + |x2 + | · · ·+ |xn−1| . . . |||| ν = s (= n)
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A flat nesting of ν = 1, i.e. L = 0, is a special case and called simply switched . For example any
one dimensional piecewise linear function f : R→ R has a simply switched expression, because
they can always be represented by piecewise linear interpolation for which we can utilize the
following simply switched data table look up formula originating from [Str+14]

f(x) =
y0 + yn

2
+

1

2

[︄
s0(x− x0) + sn+1(x− xn) +

n∑︂
i=0

(si+1 − si) · |x− xi|

]︄
,

where x0 < · · · < xn are interpolation points in the domain, yi their respective values, s0 and sn
user provided outer slopes as well as si+1 = (yi+1 − yi)/(xi+1 − xi) computed inner slopes.

The second concept before we will reconsider the chain of properties is given by Definition 3.1.7.
Definition 3.1.7 ((Representation Dependent) Stable Coherent Orientation)
Let f : Rn → Rn be a coherently oriented piecewise linear mapping. Let[︃

z
f(x)

]︃
=

[︃
c
b

]︃
+

[︃
Z L
J Y

]︃
·
[︃
x
|z|

]︃
(3.12)

be an ALF representation of f in the sense of Definition 3.1.1. We refer to (3.12) as stably
coherently oriented if any small perturbations to none, some or all entries of the vector c, the
matrix Z and already non-zero entries in the lower triangular part of L remains to be coherently
oriented.

Perturbations to the vector b and to matrices J and Y have no impact whether or not an ALF
is coherently oriented, since b+Jx+Y w already is a linear operator in x and w. An ALF draws
its piecewise linear structure from the additional constraint of w being a piecewise linear image
computed from x by setting w ≡ |z| = abs(c+ Zx+ L|z|). Thus only perturbations of c, Z and
L do play a role in Definition 3.1.7.

Excitingly we find coherent orientation to be a property shared across all potential ALF repres-
entations of the same piecewise linear function, whereas stable coherent orientation is specific to a
certain ALF expression. To see that consider the following example f (I)(x) = |x+ |x||−|x| which
is an obfuscated but equivalent representation to the plain identity function f (II)(x) = id(x) = x
in value. Either expression correspond to some canonical ALF representation. The first one is
given by f (I)(x) = yδ where⎡⎣ z0

z1
yδ

⎤⎦ =

⎡⎣ 0
δ

0

⎤⎦+

⎡⎣ 1 0 0
1 1 0

0 −1 1

⎤⎦ ·
⎡⎣ x

|z0|
|z1|

⎤⎦ ,
if δ = 0. Note that yδ is just one out of many potential ways to perturb y0, but yδ already is
not coherently oriented for any δ < 0. The reason is that for δ = 0 we find both cross-signed
polyhedra P(1,−1) = P(−1,1) = {0} to be singletons, which obtain non-empty interior for any
δ < 0 hence become essentially active. On the other hand we find f (II)(x) = ỹδ,µ, where[︁

ỹδ,µ
]︁
=
[︁
δ
]︁
+
[︁
µ
]︁
·
[︁
x
]︁

provided δ = 0 and µ = 1. The matrices Zỹδ,µ , Lỹδ,µ and Yỹδ,µ do exist in some sense but due
to s = 0 they either have no rows, no columns or neither and so they cannot be perturbed.
Thus any choice of δ, µ ∈ R in a vicinity of zero or one, respectively, will preserve the one and
only Jacobian in existence (i.e. J =

[︁
µ
]︁
) to be regular and therefore also coherently oriented.

Actually any other choice but µ > 0 does so. Thus ỹ0,1 not only is coherently but already stably
coherently oriented, whereas y0 barely satisfies to be coherently oriented, only.

Finally we can append to the chain of properties (3.11) a new Corollary 3.1.8.
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Corollary 3.1.8 (Corollary 4.5 from [Gri+15])
If a piecewise linear function f : Rn → Rn with at least one stably coherently oriented ALF
representation is simply switched, then f also is bijective.

In the simply switched case, where L = 0, Definition 3.1.7 checks perturbations to the vector-
matrix pair c and Z, only. Furthermore [Gri+15] introduces the linear independence kink qualific-
ation or short LIKQ as being satisfied for an simply switched ALF if all normals of intersecting
hyperplanes zi(x) = ci+e⊤i Zx are linearly independent. LIKQ necessarily enforces z(x) = c+Zx
to have not more than n vanishing components at a time, where n still is the dimension of the
domain Rn. Thus in [Gri+15] it is henceforth concluded that all maximal square sub matrices
of the concatenated matrix [c, Z] ∈ Rs×(1+n) from a simply switched ALF being regular in turn
already yields LIKQ .

Corollary 3.1.9 shows that LIKQ in combination with coherent orientation already implies stable
coherent orientation for simply switched ALF s. Furthermore Corollary 3.1.10 establishes condi-
tions allowing the conclusion of injectivity back from coherent orientation.

Corollary 3.1.9 (Lemma 4.2 from [Gri+15])
If a piecewise linear function f with simply switched ALF satisfies LIKQ then this ALF also is
stably coherently oriented.

Corollary 3.1.10 (Proposition 4.1 from [Gri+15])
If a piecewise linear function f with simply switched ALF satisfies LIKQ then f is bijective if
and only if it is coherently oriented.

Thus the following diagram

injecive =⇒ coherent orientation⇐
⇒

⇐
=

bijective ⇐= stable coherent orientation ⇐= LIKQ & coherent orientation

(3.13)

as well as another diagram

LIKQ =⇒ (injective ⇐⇒ coherent orientation), (3.14)

hold true for any simply switched ALF .

However these are somewhat bad news for most of our equivalent root problem formulations. A
CPL (i.e. (3.5)) and a UPL (i.e. (3.7)) derived from a given ALF are always simply switched and
always do satisfy LIKQ , i.e. being coherently oriented aka being open is identical to being injective
to them. Hence their coherent orientation strictly necessitates injectivity that is bijectivity of the
underlying ALF already. Any numerical algorithm addressing any other root problem formulation
but the very original (3.2) can not draw any advantage from potential openness of the underlying
problem if it is not injective already. Furthermore being open but not injective is by no means
an exotic situation to piecewise linear mappings. On the contrary [Gri+15] presents an example
called the rosette function of which we have incorporated an instance in Example 3.1.11, too.

Example 3.1.11 Rotations y = Rφ · x of vectors x ∈ R2 by the matrix

Rφ =

[︃
cos(φ) − sin(φ)
sin(φ) cos(φ)

]︃
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are linear operations if the rotation angle is fixed φ ∈ R>0. Also let v̄φ = Rφ ·(1, 0)⊤ be the unique
normalized vector whose angle from its polar coordinate representation equals φ ∈ ([0, 2π[). Now
the rosette function is a piecewise linear function mapping in the following way: Take two finite
tuples of equal lengths

φ : 0 = φ0 < φ1 < · · · < φk = 2π,

ψ : 0 = ψ0 < ψ1 < · · · < ψk,

where we assume φi+1 − φi < π, ψi+1 − ψi < π, ψi+1 ≥ φi+1, for all i < k. Then all vectors
from the domain x ∈ R2 whose angle φ from their polar coordinate representation is enclosed
φi ≤ φ < φi+1 will get mapped onto y = Ai · x, where Ai ∈ R2×2 is the uniquely determined
linear operator satisfying Ai · v̄φi = v̄ψi

and Ai · v̄φi+1 = v̄ψi+1
.

Hence we can conclude the following properties of the rosette function

• surjectivity, if ψk ≥ 2π

• continuity, if ψk = 2π · ℓ, with ℓ ∈ N1

• openness, if continuous and because φi+1 > φi and ψi+1 > ψi

• injectivity if ψk = 2π and also because φi+1 > φi and ψi+1 > ψi

and by that we are able to generate arbitrarily many instances which are open but not injective.
Figure 3.2 displays such an open, but not injective instance of the rosette example, with ψk = 4π,
i.e. linearizing two full rotations.
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Figure 3.2: visualization of domain (left) and range (right) of the rosette function. triangles are
spanned by the origin v0 = (0, 0) and rotations of v1 = (1, 0) with different angles
φ ∈ [0, 4π]. domain space on the left is subdivided by triangles, whose mappings are
displayed as stretched triangles in the range space on the right. blue solid lines represent
rotations within [0, 2π] and green dashed lines represent rotations into [2π, 4π]. Some tri-
angles from the domain as well as their mappings in the range are shaded in blue (the first
two) and green (the last one).

One can still try to use CPL or UPL reformulations or attempt utilizing LCP or MLCP solvers
for root finding, if the underlying original problem does indeed satisfy the necessary injectivity or
even stronger properties. Otherwise those approaches may suffer due to the very transformation
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of an ALF ’s unfolding into CPL or UPL form. In the next subsection we will instead consider a
method designed to address (3.2) directly.

3.1.4 The Piecewise Linear Newton Method

Corollary 3.1.12 originating as [Sch12, Proposition 2.3.8] embodies an important conclusion about
the image to preimage relation of piecewise linear mappings.

Corollary 3.1.12 (Proposition 2.3.8 from [Sch12])
If f : Rn → Rn is a coherently oriented piecewise linear function in sense of Definition 3.1.2,
let Pf be the polyhedral subdivision of the domain and Pf,n−2 be the n − 2 skeleton of the
subdivision, then any two points y0, y1 ̸∈ f(Pf,n−2) have the same number p ∈ N1 of preimages,
i.e. |f−1(y0)| = |f−1(y1)|. For any point y ∈ f(Pf,n−2) the number of its preimages does not
exceed p, i.e. |f−1(y)| ≤ p.

Following Andreas Griewank’s thought which he has developed in [Gri13] we consider a piecewise
linear coherently oriented function f : Rn → Rn and define for any x ∈ Rn the following sets

[x] ≡ {x̃ ∈ Rn | 0 = Hf,x,λ(x̃), 0 < λ ∈ R} = f−1 ({λ · f(x) | λ > 0}) , (3.15)

where Hf,x,λ(x̃) = f(x̃) − λf(x) is a homotopy function as used, analysed and described in
more detail in [AG90]. These sets are inverse images of residual rays generated by f(x). As a
consequence of Corollary 3.1.12 they are equivalence classes of which we can distinguish three
types. The first one [x∗], where x∗ ∈ Rn is a root (i.e. f(x∗) = 0), is a closed set of at most p
isolated points, i.e. all the roots of f , provided there are any. Classes [x] ̸= [x∗] of the second type
are referred to as regular, if f is a homeomorphism on all elements of [x]. Otherwise [x] ̸= [x∗]
is referred to as critical and hence round up our list being the third and final type of the
equivalence classes. A regular class is a continuous manifold of dimension one and consists of
exactly p connected subsets which are disjoint from one another. We will henceforth refer to
those connected subsets from regular classes as fibres . The closure of regular classes contain all
roots from [x∗]. Furthermore Lemma 3.1.13 guarantees transversality for regular fibres, i.e. fibres
do not just stop, turn around or get stuck in the interface of polyhedra.

Lemma 3.1.13 (Lemma 1 from [Gri13])
Let f : Rn → Rn be a coherently oriented piecewise linear function and let x0 ∈ Rn be from the
interior of some (full dimensional) polyhedron Pσ, i.e. f(x0) ̸∈ f(Pf,n−1). Let x1 = x0+τdσ, with
Newton direction dσ = −J−1

σ f(x0) as well as 0 < τ < 1, be in the n− 1 dimensional intersection
of Pσ with another full dimensional polyhedra Pσ̃, i.e. f(x1) ∈ f(Pf,n−1) and f(x1) ̸∈ f(Pf,n−2).
Furthermore a ∈ Rn be the normal of the shared interface Pσ∩Pσ̃ then the new Newton direction
dσ̃ = −J−1

σ̃ f(x1) satisfies the following transversality condition[︂
(a⊤dσ) det(Jσ)

]︂
·
[︂
(a⊤dσ̃) det(Jσ̃)

]︂
≥ 0.

Even any critical class does consist of no more then p connected sets which are disjoint from
one another, but bifurcations can occur. However the union of all critical classes is contained in
a finite union of n − 1 or lower dimensional polyhedra as proven by [Gri13, Proposition 6] or
restated here as Theorem 3.1.14.
Theorem 3.1.14 (Polynomial Escape or Proposition 6 from [Gri13])
Let f : Rn → Rn be a coherently oriented piecewise linear function. Then the union C of all
critical equivalence classes [x] or (3.15) is contained in a union of finitely many polyhedra of
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dimension no more then n − 1. Hence for any basis bi ∈ Rn of Rn there exists τ̄ > 0 such that
for any x̊ ∈ Rn we find

∀0 < τ < τ̄ : xτ = x̊+
n−1∑︂
i=0

biτ
i+1 ̸∈ C.

In other words even critical classes can be followed to a root just as any other fibre. When
they eventually lead into f(Pf,n−2), i.e. the intersection of more than two polyhedra, coherent
orientation via Theorem 3.1.14 guarantees the existence of at least one or more nearby polyhedra
where the critical class continues onwards to a root, but we face a combinatorial problem to find
those. The worst case would be when all potential 2s polyhedra are full dimensional and join
at one common intersection. By choosing a polyhedron for the continuation we construct a one
dimensional fibre from all possibilities.

Hence a numerical method trying to follow fibres all the way down to a root shall be called
piecewise linear Newton method .

Example 3.1.15 (Continuing Example 3.1.11) Consider the function description and in-
stance displayed in Figure 3.2 from Example 3.1.11 again. More precisely

φ = 2π
100 · (0, 11, 25, 47, 66, 68, 70, 84, 93, 100),

ψ = 2π
100 · (0, 34, 44, 47, 80, 113, 123, 155, 188, 200),

are the angles to its generation, but we additionally shift the function by adding a constant
offset vector b = (−173.0, 725.0)⊤/1000.0 ∈ R2 to move the root away from the origin. Figure
3.3 displays part of a fibre as generated by the piecewise linear Newton method starting at
x0 =

1
10(4, 7)

⊤ ∈ R2 and finishing in a root. The residuals are reduced strictly monotonously.
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Figure 3.3: left: fibre or solution path of the piecewise linear Newton method; right: strictly mono-
tonously decreasing residuals of each component along the solution path

3.2 The Piecewise Differentiable Newton Method

Given a smooth function f ∈ C1,1(D ⊆ Rn,Rn), with D being an open non-empty domain, we
can use the classical or smooth Newton method to solve a corresponding root problem

Find
x∗∈Rn

0 = f(x) (3.16)
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by successive linearization to produce a sequence of roots and reference points (xi)i∈N ⊆ Rn by
the Newton step in tangent mode

Find
di+1∈Rn

0 = f(xi) + Jf (xi) · di+1, (3.17a)

set xi+1 = xi + αi+1 · di+1, (3.17b)

based on first order Taylor expansions and with αi+1 = 1 or chosen by some stepping strategy.
Given the existence of an actual root x∗ ∈ Rn and regularity of the Jacobian Jf (x

∗) it can be
shown that the Newton-stepping strategy (3.17) is feasible and the generated sequence converges
to x∗ quadratically, if the starting point was chosen in a certain neighbourhood of x∗. The proof
relies on the Banach perturbation Lemma that guarantees the invertibility of nearby linearizations
due to regularity of Jf (x∗). Another consequence of the perturbation Lemma is local uniqueness
of the root x∗.

Similar for f ∈ span(ΦS) we can utilize linear secant expansions to define a Newton step in secant
mode

Find
di+1∈Rn

0 = 1
2 [f(xi) + f(xi−1)] + Sf (xi, xi−1) · di+1, (3.18a)

set xi+1 =
1
2 [xi + xi−1] + αi+1 · di+1, (3.18b)

which will produce a super linearly convergent sequence at a rate of the golden ratio, by the
same arguments and similar requirements as in tangent mode. Although this time we require two
starting values x0, x1 ∈ Rn from the neighbourhood of the root x∗.

However we are interested in root problems of the type (3.16) where f : D → Rn, with open
domain D ⊆ Rn, is provided as abs-normal form and hence non-smooth. We will distinguish
two cases. The first one is referred to as tangent case, where we will assume throughout the
remainder of this section that f ∈ C1,1abs (D,R

n). The second case on the other hand is referred to
as secant case, where we assume f ∈ span(ΦS ∪ {abs}). Because f ∈ span(ΦS ∪ {abs}) =⇒ f ∈
C1,1abs (dom(f),Rn) does hold anyway all tangent case considerations are in principally applicable
to f ∈ span(ΦS ∪ {abs}) from the secant case as well. Borrowing inspiration from the classical
or smooth Newton Theorem two new generalized Newton step strategies

xi+1 = argminx∈Rn

{︂⃦⃦
x− xi

⃦⃦ ⃓⃓⃓
0 = ♢xif(x)

}︂
, (3.19)

xi+1 = argminx∈Rn

{︂⃦⃦
x− 1

2 [xi + xi−1]
⃦⃦ ⃓⃓⃓

0 = ♢xixi−1
f(x)

}︂
, (3.20)

are presented in [Str15]. Being more precisely the possibility to formulate (3.20) is mentioned
but not written out explicitly within there. We call (3.19) the tangent mode Newton step or for
functions f ∈ C1,1(D,Rn), i.e. for functions in the tangent case. On the other hand we call (3.20)
the secant mode Newton step, which is solely reserved for functions f ∈ span(ΦS ∪ {abs }), i.e.
for functions in terms of the secant case. We will call methods based on repeated applications
of either of these stepping strategies piecewise differentiable Newton method in the tangent or
secant mode, respectively. Furthermore in [Str15] a convergence theory is established by providing
narrow sufficient conditions on when (3.19) does produce a quadratically convergent sequence
whose limit is an actual root. Soon after, these results were relaxed and improved in [Gri+18b]
but also expanded onto (3.20), as well.

Our next steps will be to recapitulate the convergence theory as presented by the latter public-
ation [Gri+18b] followed by a discussion of new ideas for further development. The convergence
theory consists of three major steps, namely feasibility, convergence and finally proving the re-
spective higher rates of convergence. Lemma 3.2.1 specializes Theorem 2.4.11 for simplifying
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proofs related to the secant mode. As a note on the side: Manuel Radons discovered that the
pre-assumptions for feasibility from [Gri+18b] can be relaxed a bit further by substituting the
fixed point theorem of Brouwer by techniques of degree theory from functional analysis. This
observation is presented in [Rad+18].
Lemma 3.2.1 (Lemma 4.1 from [Gri+18b])
Consider f ∈ span(ΦS ∪{abs }) : dom(f)→ Rn, where D ⊆ dom(f) ⊆ Rn and all subsets being
open as well as D bounded and convex. Let x̂, x̌, x̊ ∈ D be reference points for secant and tangent
abs-linearization as in (2.28) and (2.25). Then with the same second order Lipschitz constant
L♢f > 0 from Theorem 2.4.11 we find

∥♢x̂x̌f(x)− ♢x̊f(x)∥ ≤ L♢f
[︁
max(∥x̂− x̊∥, ∥x̌− x̊∥) · ∥x− x̊∥+ 1

2∥x̂− x̊∥∥x̌− x̊∥
]︁

Proof We present the proof of [Gri+18b]. Choose some N ∈ N and subdivide the segments
[̊x, x̌] as well as [̊x, x̂] by ǔk ≡ x̊ + k

N (x̌ − x̊) and ûk ≡ x̊ + k
N (x̂ − x̊). From Theorem 2.4.11 we

find

∥♢ûkǔkf(x)− ♢ûk+1

ǔk+1
f(x)∥ ≤ L♢f max

[︃
∥ûk − ûk+1∥max(∥x− ǔk∥, ∥x− ǔk+1∥),
∥ǔk − ǔk+1∥max(∥x− ûk∥, ∥x− ûk+1∥)

]︃
≤ L♢f max

[︃
1
N ∥x̂− x̊∥(∥x− x̊∥+

k+1
N ∥x̌− x̊∥),

1
N ∥x̌− x̊∥(∥x− x̊∥+

k+1
N ∥x̂− x̊∥)

]︃
= L♢f

[︁
1
N max(∥x̂− x̊∥, ∥x̌− x̊∥)∥x− x̊∥+ k+1

N2 ∥x̂− x̊∥ · ∥x̌− x̊∥
]︁
.

Summation and limit N →∞ yields the claim. □

Theorem 3.2.2 (Secant Mode Step Feasibility Part I – Lemma 4.2 from [Gri+18b])
Let f ∈ span(ΦS∪{abs }) : dom(f)→ Rn, with dom(f) ⊆ Rn being open. Furthermore let there
be a root x∗ ∈ dom(f) (i.e. f(x∗) = 0), let ♢x∗f be bijective on a ball D = BR̄(x∗) ⊂ dom(f) and
let cD > 0 be a positive constant in the sense of Definition 3.1.6, i.e. for which ♢x∗f is metrically
regular on D. If R ≤ min(R̄, (cDL♢f )−1) and ρ = R/3 then for any x̌, x̂ ∈ Bρ(x∗) the piecewise
linearization ♢x̂x̌f(x) has a root within BR(x∗).

Proof We present the proof of [Gri+18b]. The continuous operator

Ef (x) ≡ x+ x∗ −
[︁
♢x∗f |D

]︁−1
(♢x̂x̌f(x))

maps BR(x∗) onto itself since by Lemma 3.2.1 it follows that

∥Ef (x)− x∗∥ =
⃦⃦⃦
x−

[︁
♢x∗f |D

]︁−1
(♢x̂x̌f(x))

⃦⃦⃦
≤ cD

⃦⃦⃦
♢x∗f(x)− ♢x̂x̌f(x)

⃦⃦⃦
≤ cDL♢f

[︁
max(∥x̂− x∗∥, ∥x̌− x∗∥) · ∥x− x∗∥+ 1

2∥x̂− x
∗∥∥x̌− x∗∥

]︁
< ρ

R(R+ 1
2ρ) ≤

7
18R.

Hence the fixed point theorem by Brouwer is applicable and finishes the claim. □

Theorem 3.2.3 (Secant Mode Step Feasibility Part II – Lemma 4.3 from [Gri+18b])
Under the same assumptions of Theorem 3.2.2 any root of ♢x̂x̌f from BR(x∗) already is contained
within Bρ(x∗).

Proof We present the proof of [Gri+18b]. Let x ∈ BR(x∗) be a root of ♢x̂x̌f , then metric regularity
of ♢x∗f yields

∥x− x∗∥ ≤ cD∥♢x∗f(x)∥ = cD∥♢x∗f(x)− ♢x̂x̌f(x)∥
≤ cDL♢f

[︁
max(∥x̂− x∗∥, ∥x̌− x∗∥) · ∥x− x∗∥+ 1

2∥x̂− x
∗∥∥x̌− x∗∥

]︁
≤ 1

3∥x− x
∗∥+ 1

6ρ∥x̂− x
∗∥∥x̌− x∗∥

≤ 1
4ρ∥x̂− x

∗∥∥x̌− x∗∥ ≤ 1
4 min(∥x̂− x∗∥, ∥x̌− x∗∥) < ρ

4 ,

where also Lemma 3.2.1 has been utilized. □
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Both Theorem 3.2.2 and Theorem 3.2.3 together finishes the overall proof of feasibility for (3.20)
as well as (3.19), provided f ∈ span(ΦS ∪ {abs }) which is wonderful news for the secant case,
but an unnecessary restriction to f within the tangent case. Hence we should prove feasibility of
(3.19) again for f ∈ C1,1abs(dom(f),Rn), with open domain dom(f) ⊆ Rn.

Theorem 3.2.4 (Tangent Mode Step Feasibility Part I & II)
Let f ∈ C1,1abs(dom(f),Rn) : dom(f)→ Rn, with dom(f) ⊆ Rn being open. Furthermore let there
be a root x∗ ∈ dom(f) (i.e. f(x∗) = 0), let ♢x∗f be bijective on a ball D = BR̄(x∗) ⊂ dom(f) and
let cD > 0 be a positive constant in the sense of Definition 3.1.6, i.e. for which ♢x∗f is metrically
regular on D. If R ≤ min(R̄, (cDL♢f )−1) and ρ = R/3 then for any x̊ ∈ Bρ(x∗) the piecewise
linearization ♢x̊f(x) has a root within Bρ/2(x∗).

Proof As in the proof of Theorem 3.2.2 we aim to use the fixed point theorem by Brouwer.
Hence we need to show that the continuous operator

Ef (x) ≡ x+ x∗ −
[︁
♢x∗f |D

]︁−1
(♢x̊f(x))

maps BR(x∗) onto itself. This time we cannot apply Lemma 3.2.1 but Theorem 2.4.6 can be used
instead. So let x ∈ BR(x∗) then from metric regularity of ♢x∗f and Theorem 2.4.6 we find

∥Ef (x)− x∗∥ =
⃦⃦⃦
x−

[︁
♢x∗f |D

]︁−1
(♢x̊f(x))

⃦⃦⃦
≤ cD ∥♢x∗f(x)− ♢x̊f(x)∥
≤ cDL♢f∥x∗ − x̊∥max(∥x− x∗∥, ∥x− x̊∥)
< ρ

R ·max(R,R) = ρ = R
3 < R.

Thus roots of ♢x̊f so far have to be contained within BR(x∗) at least. Now let x̃ ∈ BR(x∗) be
any root of ♢x̊f , then

∥x̃− x∗∥ ≤ cD∥♢x∗f(x̃)∥ = cD∥♢x∗f(x̃)− ♢x̊f(x̃)∥
≤ cDL♢f∥x∗ − x̊∥max(∥x̃− x∗∥, ∥x̃− x̊∥)
≤ 1

3 max(∥x̃− x∗∥, ∥x̃− x̊∥) ≤ 1
3(∥x̃− x

∗∥+ ∥x∗ − x̊∥)
≤ 1

2∥x
∗ − x̊∥ < 1

2ρ. □

Theorem 3.2.5 (Secant Mode Convergence – Corollary 4.4 from [Gri+18b])
Under the same assumptions of Theorem 3.2.3 the secant mode Newton step or equation (3.20)
generates an infinite sequence (xi)

∞
i=0 ⊆ Bρ(x∗) that converges linearly to x∗, if the starting tuple

was chosen such that x0, x1 ∈ Bρ(x∗).

Proof We present the proof of [Gri+18b]. If xi−1, xi are an arbitrary pair of members of the pre-
sumed sequence (e.g. x0, x1 as the starting tuple) and are chosen from Bρ(x∗) then Theorem 3.2.3
guarantees the existence of at least one root x∗(i−1,i) ∈ Bρ/4(x

∗) of the corresponding piecewise
linear model ♢xixi−1

f within the single next secant mode Newton step.

We are left to prove that any other root x̃ ̸∈ Bρ/4(x∗) of ♢xixi−1
f is further away from 1

2 [xi+xi−1].

Due to Theorem 3.2.3 x̃ ̸∈ Bρ/4(x∗) =⇒ x̃ ̸∈ BR(x∗) and so

max(∥xi − x∗(i−1,i)∥, ∥xi − x
∗
(i−1,i)∥) <

5
4ρ = 5

12R,

min(∥xi − x̃∥, ∥xi − x̃∥) > R− ρ = 2
3R = 8

12R,

=⇒ max(∥xi − x∗(i−1,i)∥, ∥xi − x
∗
(i−1,i)∥) < min(∥xi − x̃∥, ∥xi − x̃∥).
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Hence xi+1 ∈ Bρ/4(x∗) is assigned by the secant mode Newton step, i.e. by equation (3.20) as
next iterate. In other words we do not leave Bρ(x∗).

On top we find

max(∥x∗ − xi∥, ∥x∗ − xi−1∥) ≤ 1
4∥x

∗ − xi−2∥ ≤ 1
4i/2

max(∥x∗ − x1∥, ∥x∗ − x0∥) ≤ 1
4i/2

ρ

from repeated, recursive application of Theorem 3.2.3 and thus linear convergence is granted.□

Theorem 3.2.6 (Tangent Mode Convergence)
Under the same assumptions of Theorem 3.2.4 the tangent mode Newton step or equation (3.19)
generates an infinite sequence (xi)

∞
i=0 ⊆ Bρ(x∗) that converges linearly to x∗, if the starting point

was chosen such that x0 ∈ Bρ(x∗).

Proof This proof follows that of Theorem 3.2.5 in structure. If xi is an arbitrary member of the
presumed sequence (e.g. x0 as the starting point) and is chosen from Bρ(x∗) then Theorem 3.2.4
guarantees the existence of at least one root x∗(i) ∈ Bρ/2(x

∗) of the corresponding piecewise linear
model ♢xif within the single next tangent mode Newton step.

We are left to prove that any other root x̃ ̸∈ Bρ/2(x∗) of ♢xif is further away from xi.

Due to Theorem 3.2.4 x̃ ̸∈ Bρ/2(x∗) =⇒ x̃ ̸∈ BR(x∗) and so

∥xi − x∗(i)∥ <
3
2ρ = 1

2R = 3
6R,

∥xi − x̃∥ > R− ρ = 2
3R = 4

6R > ∥xi − x∗(i)∥.

Hence xi+1 ∈ Bρ/2(x∗) is assigned by the tangent mode Newton step, i.e. by equation (3.19) as
next iterate. In other words we do not leave Bρ(x∗).

On top we find

∥x∗ − xi∥ ≤ 1
2∥x

∗ − xi−1∥ ≤ 1
2i
∥x∗ − x0∥ ≤ 1

2i
ρ

from repeated, recursive application of Theorem 3.2.4 and thus linear convergence is granted.□

Theorem 3.2.7 (Secant Mode Convergence Rate – Corollary 4.5 from [Gri+18b])
Under the same assumptions of Theorem 3.2.5 the same sequence (xi)i≥0 converges super linearly
at an order of the golden ratio g ≡ 1

2(1 +
√
5).

Proof We present the proof of [Gri+18b]. From within the proof of Theorem 3.2.3 we find

∥xi+1 − x∗∥ ≤ 1
4ρ∥xi − x

∗∥∥xi−1 − x∗∥ = 4ρ · ∥xi − x
∗∥

4ρ
· ∥xi−1 − x∗∥

4ρ

which can be substituted recursively into itself. This will recreate the classical Fibonacci sequence
(Fi)i=0, with F0 = 0, F1 = 1 and Fi+1 = Fi+Fi−1 ≤ gi+1, in the exponents on the right-hand-side
(RHS)

∥xi+1 − x∗∥ ≤ 4ρ

(︃
∥x1 − x∗∥

4ρ

)︃Fi+1
(︃
∥x0 − x∗∥

4ρ

)︃Fi

≤ 4ρ

[︃
max(∥x1 − x∗∥, ∥x0 − x∗∥)

4ρ

]︃gi+1

□

Theorem 3.2.8 (Tangent Mode Convergence Rate)
Under the same assumptions of Theorem 3.2.6 the same sequence (xi)i≥0 converges with quad-
ratic order.
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3 Solving Abs-Differentiable Root Problems

Proof This proof follows the arguments of that from Theorem 3.2.7 structurally. From within
the proof of Theorem 3.2.4 we find

∥xi+1 − x∗∥ ≤ 1
3ρ∥xi − x

∗∥ ·
[︂
∥xi+1 − x∗∥+ ∥xi − x∗∥

]︂
≤ 1

2ρ∥xi − x
∗∥2 ≤ 2ρ

(︃
∥x0 − x∗∥

2ρ

)︃2i+1

. □

Finally we have proven convergence for either Newton iterations (3.20) and (3.19). The most
advanced arguments are aggregated in the corresponding versions of feasibility, where we had
to make use of the Fixed Point Theorem of Brouwer and Lipschitz continuity in the reference
points of the piecewise linear expansion process.

Now both feasibility proofs leave some room for improvement. Instead of using the system
function f of a root problem itself we may instead consider the family of homotopy functions
Hf,̊x,λ(x) ≡ f(x)− λf (̊x) from (3.15).
Theorem 3.2.9 (Secant Mode Homotopy Step boundedness)
Let f ∈ span(ΦS∪{abs }) : dom(f)→ Rn, with dom(f) ⊆ Rn being open. Furthermore let there
be a root x∗ ∈ dom(f) (i.e. f(x∗) = 0), let ♢x∗f be bijective on a ball D = BR̄(x∗) ⊂ dom(f)
and let cD > 0 be a positive constant in the sense of Definition 3.1.6, i.e. for which ♢x∗f
is metrically regular on D. Also let there be R̃ ≤ min(R̄, (cDL♢f )−1), ρ̃ = R̃/3 as well as
R ≤ R̃ ·min(1, (9 · cDLf )−1), ρ = R/3 and x̊ ∈ Bρ(x∗) then for any x̌, x̂ ∈ Bρ(x∗), λ ∈ [0, 1] the
function ♢x̂x̌Hf,̊x,λ(x) has a root within Bρ̃/2(x∗).

Proof Firstly we observe ♢x̂x̌Hf,̊x,λ(x) =
[︁
♢x̂x̌f(x)

]︁
− λf (̊x) since λf (̊x) is linear in λ already.

Hence we can redefine our continuous operator

EHf,̊x,λ
(x) ≡ x+ x∗ −

[︁
♢x∗Hf,x∗,λ |D

]︁−1
(︂
♢x̂x̌Hf,̊x,λ(x)

)︂
= x+ x∗ −

[︁
♢x∗f |D

]︁−1
(♢x̂x̌f(x)− λf (̊x))

= Ef (x)− λ
[︁
♢x∗f |D

]︁−1
f (̊x),

and check whether it maps BR̃(x
∗) onto itself for the application of the Brouwer fixed point

theorem

∥EHf,̊x,λ
(x)− x∗∥ ≤

⃦⃦⃦
x− λx̊−

[︁
♢x∗f |D

]︁−1
♢x̂x̌f(x)

⃦⃦⃦
≤ cD∥♢x∗f(x)− ♢x̂x̌f(x)∥
≤ cD∥♢x∗f(x)− ♢x̂x̌f(x)∥+ λcD∥f (̊x)∥ < 7

18R+ λcD∥f (̊x)∥ < R̃.

The latter inequality holds true, because x̊ ∈ Bρ(x∗) which in turn implies

λcD∥f (̊x)∥ = λcD∥f(x∗)− f (̊x)∥ ≤ λcDLf∥x∗ − x̊∥ ≤ λcDLf 1
3R ≤

λ
27R̃ = λ

32
ρ̃.

Hence Brouwer’s fixed point theorem becomes applicable once more. We still need to further
prove that roots from BR̃(x

∗) are already contained in Bρ̃/2(x∗). So let xλ ∈ BR̃(x
∗) be a root of

♢x̂x̌Hf,̊x,λ then

∥xλ − x∗∥ ≤ cD∥♢x∗f(xλ)∥ = cD∥♢x∗f(xλ)− ♢x̂x̌Hf,̊x,λ(xλ)∥

≤ cD
[︂
∥♢x∗f(xλ)− ♢x̂x̌f(xλ)∥+ λ∥f (̊x)∥

]︂
≤ cDL♢f

[︁
max(∥x̂− x∗∥, ∥x̌− x∗∥) · ∥xλ − x∗∥+ 1

2∥x̂− x
∗∥∥x̌− x∗∥

]︁
+ λcD∥f (̊x)∥

≤ 1
3∥xλ − x

∗∥+ 1
6ρ∥x̂− x

∗∥∥x̌− x∗∥+ λcD∥f (̊x)∥

≤ 1
4ρ∥x̂− x

∗∥∥x̌− x∗∥+ 3
2cD∥f (̊x)∥ <

ρ
4 + 3

2λcD∥f (̊x)∥

≤ ρ
4 + λ

6 ρ̃ <
ρ̃
2
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3.2 The Piecewise Differentiable Newton Method

Also we find limλ→0∥xλ − x∗∥ < ρ/4 which is totally in line with Theorem 3.2.3. □

Theorem 3.2.9 proves that fibres [x̌, x̂]λ≤1, which we may define in the spirit of (3.15) as

[x̌, x̂]λ≤c ≡ {x ∈ BR̃(x
∗) | 0 = ♢x̂x̌Hf,x̂,λ(x), 0 < λ ≤ c}

are fully contained within a ball Bρ̃/2(x∗) where ♢x∗f remains to be bijective, if x̂ = x̊, x̌ ∈ Bρ(x∗).
We also know that their endpoints, i.e. xλ for λ → 0, then have to be contained in a much
smaller ball Bρ/4(x∗). The assumptions of Theorem 3.2.9 still allow the subsequent application of
Theorem 3.2.5 and Theorem 3.2.7. Thus a sequence of endpoints of chained fibres will converge
to the root x∗ with the golden ratio as convergence order. In other words we have found an
alternative Newton step description

xi+1 ∈
⋂︂

1≥c>0

[xi−1, xi]λ≤c (new secant mode Newton)

replacing (3.20). The overline shall represent the closure of the corresponding fibre as a set within
dom(f) ⊆ Rn. Likewise

xi+1 ∈
⋂︂

1≥c>0

[xi]λ≤c, (new tangent mode Newton)

where [̊x]λ≤c ≡ {x ∈ BR̃(x
∗) | 0 = ♢x̊Hf,̊x,λ(x), 0 < λ ≤ c},

replaces (3.19) and be the tangent version of a piecewise differentiable continuous Newton method
based on the next Theorem 3.2.10.
Theorem 3.2.10 (Tangent Mode Homotopy Step Boundedness)
Let f ∈ C1,1abs (dom(f) → Rn), with dom(f) ⊆ Rn being open. Furthermore let there be a root
x∗ ∈ dom(f) (i.e. f(x∗) = 0), let ♢x∗f be bijective on a ball D = BR̄(x∗) ⊂ dom(f) and let
cD > 0 be a positive constant in the sense of Definition 3.1.6, i.e. for which ♢x∗f is metrically
regular on D. If R̃ ≤ min(R̄, (cDL♢f )−1), ρ̃ = R̃/3 as well as R ≤ R̃ · min(1, (6 · cDLf )−1),
ρ = R/3 then for any x̊ ∈ Bρ(x∗), λ ∈ [0, 1] the function ♢x̊Hf,̊x,λ(x) has a root within B3ρ̃/4(x∗).

Proof We find ♢x̊Hf,̊x,λ = [♢x̊f(x)]−λf (̊x). One last time we need to show that the continuous
operator

EHf,̊x,λ
(x) ≡ x+ x∗ −

[︁
♢x∗Hf,x∗,λ |D

]︁−1
(♢x̊Hf,̊x,λ(x))

= x+ x∗ −
[︁
♢x∗f |D

]︁−1
(♢x̊f(x)− λf (̊x))

maps BR̃(x
∗) onto itself. So let x ∈ BR̃(x

∗) then from metric regularity of ♢x∗f and Theorem
2.4.6 we find

∥Ef (x)− x∗∥ =
⃦⃦⃦
x−

[︁
♢x∗f |D

]︁−1
(♢x̊f(x)− λf (̊x))

⃦⃦⃦
≤ cD ∥♢x∗f(x)− ♢x̊f(x)∥+ λcD∥f (̊x)∥ < R̃,

because from Lipschitz continuity of f and x̊ ∈ Bρ(x∗) we can conclude

λcD∥f (̊x)∥ = λcD∥f (̊x)− f(x∗)∥ ≤ λcDLf∥x̊− x∗∥ ≤ λcDLf 1
3R ≤

λ
18R̃ = λ

6 ρ̃.

Thus roots of ♢x̊f have to be contained within BR̃(x
∗) at least. Now let xλ ∈ BR̃(x

∗) be any root
of ♢x̊Hf,̊x,λ, then

∥xλ − x∗∥ ≤ cD∥♢x∗f(xλ)∥ = cD∥♢x∗f(xλ)− ♢x̊Hf,̊x,λ(xλ)∥
≤ cD

[︁
∥♢x∗f(xλ)− ♢x̊f(xλ)∥+ λ∥f (̊x)∥

]︁
≤ cDL♢f∥x∗ − x̊∥max(∥xλ − x∗∥, ∥xλ − x̊∥) + λcD∥f (̊x)∥
≤ 1

3(∥xλ − x
∗∥+ ∥x∗ − x̊∥) + λcD∥f (̊x)∥

≤ 1
2∥x

∗ − x̊∥+ λ3
2cD∥f (̊x)∥ <

1
2ρ+

λ
4 ρ̃ <

3
4 ρ̃.

Also we find limλ→0∥xλ − x∗∥ = 1
2ρ which is totally in line with Theorem 3.2.4. □
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3 Solving Abs-Differentiable Root Problems

Both former Newton step definitions (3.20) as well as (3.19) were jumping from iterate to it-
erate, whereas the new strategies (new secant mode Newton) and (new tangent mode Newton)
provide piecewise linear and continuous paths connecting all successive pairs of iterates. Each of
theses paths reduces the residuum of the root problem’s piecewise linearization strictly mono-
tonously, as we move the homotopy parameter λ from one all the way down to zero. Hence
and as concluding outlook on Newton inspired methods: Both (new secant mode Newton) and
(new tangent mode Newton) enable us to apply established damping or backtracking strategies,
along the linear sub-segments of the piecewise linear fibres, provided those are regular. Such an
strategy could be based on Armijo-Goldstein for instance.
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4 Numerical Methods for Initial Value
Problems of Systems of Differential
Algebraic Equations in Abs-Normal Form

In the next chapter we want to consider gas networks and their macroscopic simulation. Systems
of differential equations can be used for the modelling of certain real world systems in terms of
their behaviour and [LMT13; BCP95; HW96b] provide a profound introductory literature into
this topic. We refer to

0 = f(ẋ(t), x(t), t), (4.1)

as system of differential algebraic equations in so called standard form or short DAE in standard
form, where f : Dẋ × Dx × I → Rnx , with Dẋ ⊆ Rnx and Dx ⊆ Rnx both open and non-empty
as well as I = [t0, T ] ⊆ R.
We may assume ∂yf(y, x, s) to be singular for any state triplet y, x, t ∈ Dẋ ×Dx × I. Otherwise
when ∂yf(y, x, s) is regular everywhere, then we would refer to (4.1) as system of implicit ordinary
differential equations or short implicit ODE . In that case we would be one application of the
classic implicit function theorem short of dealing with an explicit ODE , i.e.

ẋ(t) = f(x(t), t),

where 0 = f(f(x(t), t), x(t), t). The book [HNW93] comprehensively introduces the theory of
ODE s. If we add x(t0) = x0 ∈ Dx as additional constraint to (4.1), we then speak of an initial
value problem and refer to x0 as the initial value.

A very relevant property for DAE s is the so called index [BCP95; LMT13], which we cannot
deeply investigate here as it deserves a whole section if not a chapter on its own. However we shall
not leave that crucial topic unmentioned. The index is a local property of a certain description of
a DAE at a given state y, x, s ∈ Dẋ×Dx×I. It is usually specified as non-negative integer and is
an attempt to express the distance of a DAE to being an ODE [CLP08]. Approximating DAE s
with a high index is challenging and therefore an index two or even better an index one situation
is favoured. Actually there are many different index concepts which are basically equivalent on
simple examples but can also differ from one another and do not always need to be well defined
everywhere all together. Furthermore there are various index reducing techniques also referred to
as decoupling. In other words it is sometimes possible to find locally equivalent representations
of the same DAE each with a different index value. The idea behind index and index reduction
is not exclusively restricted to DAE s and can also be applied to related sub fields [LH21].

A simple example for an index concept together with a corresponding decoupling process is the
so called differentiation index [BCP95; CLP08]. Provided f is sufficiently often differentiable,
then we say its differentiation index is the smallest integer d ≥ 0 such that

0 = fd(x
(d+1)(t), . . . , ẋ(t), x(t), t) ≡

⎛⎜⎜⎜⎝
f(ẋ(t), x(t), t)

∂t[f(ẋ(t), x(t), t)]
...

∂dt [f(ẋ(t), x(t), t)]

⎞⎟⎟⎟⎠ ,

97



4 Numerical Methods for Initial Value Problems of Systems of Differential Algebraic Equations in
Abs-Normal Form

uniquely determines ẋ as a continuous function in x and t. Another instance which we will
refer to in the next chapter is the so called tractability index which has relaxed differentiability
requirements compared to the differentiation index. A thorough modern introduction into the
tractability index and the corresponding decoupling technique can be found in [LMT13]. Also
[SB17] and further studies find sufficient conditions for Lipschitz continuous semi-explicit DAE s
to be of index one in a generalized meaning to the differentiation index.

Solving DAE s exactly is usually not an option, because exact solutions often do not have a closed
form expression or they are to costly to determine or numerically unstable in their evaluation.
Instead we like to approximate them numerically and we want to establish some of the numerical
methodology necessary towards it.
The goal behind the numerical approximation of a DAE is the generation of a data table of
pairwise distinct, ordered and discrete time points ti ∈ I versus corresponding approximations
xi ≈ x(ti), without explicit knowledge about the exact solution aside the initial value and the
implicit characterization by (4.1). The differences of neighbouring time points hi = ti+1 − ti are
called time step width or time step length. For the remainder of this chapter we will assume a
uniform time step width and denote it by h.

We refer to corresponding algorithms or dedicated software for the approximation of DAE solu-
tions as DAE solver or integrator. There is no actual general purpose solver, but instead problems
involving DAE s often require carefully selected solvers to their numerical treatment, as e.g. in
[LT19]. For instance explicit solvers as known for ODE s generally fail on DAE s. On the other
hand if performance e.g. in context of high dimensional problems is of crucial importance, then
it is actually possible in low index scenarios to combine aspects of explicit and implicit solvers
into so called IMEX [SSV06] or half-explicit solvers [LM14; HW96a; Ost93].

An important class of DAE integrators are collocation methods [Han+17; HMT19; HM21; AS94;
AW83; Wei15; Dic+11] and we will focus on them. They usually make use of polynomial
Ansatz-functions to approximate the exact solution per time step from tn to tn+1 = tn + h.
As Example 4.0.1 highlights also the implicit Euler method does technically belong to that fam-
ily of solvers.

Example 4.0.1 (Implicit Euler) Assuming we partially generated a data table already and
seek to compute xn+1 as successor for the already known xn. So consider an Ansatz-function

sx(t) = a0 + (t− tn) · a1,

from which we require s(tn) = xn as well as sx(tn+1) = xn+1. The first requirement immediately
yields a0 = xn. The second requirement would translate into a1 = (xn+1− xn)/h, but we do not
know xn+1 yet. However we can differentiate the Ansatz-function ṡx(t) = a1 and substitute the
derivative together with itself into the DAE as follows

0 = f(ṡx(tn+1), sx(tn+1), tn+1) = f(a1, xn + h · a1, tn + 1),

and solve for a1. We can then compute xn+1 = sx(tn+1) and are done with the step execution.
Here sx as Ansatz-function is a linear transition from xn to xn+1 while moving t from tn to
tn+1. Composing all Ansatz-function sx from every step yields a piecewise linear interpolant of
the data table equalling x(t) + O(h) if e.g. the system function f does encode an ODE and is
Lipschitz continuous at a global Lipschitz constant.

Alternatively we could solve 0 = f((xn+1−xn)/h, xn+1, tn+1) directly for xn+1 after substituting
a1 = (xn+1 − xn)/h back into the Ansatz-function. This leads to a more recognisable version of
the implicit Euler method .
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We want to bring the ideas from collocation methods together with our framework of functions in
ANF representation. I.e. we can use splines as Ansatz-functions instead of just polynomials and
use the piecewise differentiable Newton method to solve the resulting non-linear and non-smooth
root problems per time step. But we will firstly recapitulate the general structure of collocation
methods based on polynomial Ansatz-functions and afterwards apply our generalizations and
construct generalized collocation or Taylor-collocation methods that way.

Finally we will conclude this chapter with a convergence analysis for the generalized trapezoidal
method, as a specific member of the generalized collocation methods, for semi-explicit DAE s of
index one. Originally the generalized trapezoidal method was introduced by [Gri13] and further
studied e.g. by [Has13; Gri+18a] for ODE s in ANF .

4.1 Non-Smooth Collocation Methods

Collocation methods make up a broad class of potential numerical integrators for DAE s. There
are several specialised variations, sub-classes and generalizations such that it would be difficult
to provide a general definition above all of them. Instead we will define what we need towards
the adaptation for non-smooth DAE s. With Example 4.0.1 we have encountered one instance of
a polynomial collocation method already. Although it is not a very insightful example, because
the implicit Euler method also is a Taylor method, a k-stage, i.e. Runge-Kutta method, a k-step
method1 and perhaps part of other method families, too. With the smooth trapezoidal method
as well as its non-smooth generalization we will later encounter other specific instances, too.

For the derivation of collocation methods in the sense of this work we will firstly define a finite
ordered subdivision of the unit interval ]0, 1]

τ : 0 < τ1 < τ2 < · · · < τd = 1,

referred to as collocation points. Similar to Example 4.0.1 we will on top define an Ansatz poly-
nomial via

px(t) = xn +
d∑︂
j=1

aj(t− tn)j ,

ṗx(t) =
d∑︂
j=1

j · aj(t− tn)j−1,

and characterize its coefficients as solution of

0 =
[︂
f(ṗx(tn + τih), p(tn + τih), tn + τih)

]︂d
i=1
. (4.2)

Of course we could use other polynomial bases instead of the monomial base. Alternatively we
may represent ṗx by the Lagrangian base

ṗx(t) =
d∑︂
j=1

bjℓτ (t)
d∏︂
i=1
i̸=j

t− tn − τih
(τj − τi)h

,

px(t) = xn +

∫︂ t

tn

ṗx(s) ds = xn +
d∑︂
j=1

bj

∫︂ t

tn

d∏︂
i=1
i̸=j

s− tn − τih
(τj − τi)h

ds.

1by being a member to the family of backward differentiation formulas and Adams-Moulton methods
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Either way we can compute the succeeding iterate xn+1 = px(tn+1) from the Ansatz-function,
when the coefficients have been solved.

The reason why we discuss specific polynomial bases is rooted in the wish to be able to express
the Ansatz-functions as evaluation procedure for automated differentiation via AD . In any case
the hearth piece of the collocation method is (4.2).

As an adaption to collocation methods we could drop one of the collocation points and instead
require ṗx,n+1(tn) ≡ ṗx,n(tn), where px,n refers to the Ansatz polynomial of the former step. This
will lead to the smooth trapezoidal method as we will witness later on.

For the derivation of a non-smooth version of collocation methods we will follow the blueprint
of the polynomial collocation methods and begin with the definition of an ordered subdivision
of the unit interval

τ : (τ 0, τ 1, . . . , τµ−1),

where τ k = (τk,j)
d
j=1 ∈ Rd, such that

∀k < µ : τk,1 < τk,2 < · · · < τk,d,

∀k + 1 < µ : τk,d = τk+1,1,

as well as 0 < τ0,1 and τµ−1,d = 1. In other words we have a mostly strict ordered tuple with
only a few overlaps. We still refer to τ as collocation points. On top we define an Ansatz spline
inspired by the monomial base for polynomials

sx(t) = xn +

⎡⎣ d∑︂
j=1

a0,j(t− tn)j
⎤⎦+

µ−1∑︂
k=1

⎡⎣ d∑︂
j=2

ak,j max(0, t− tn − τk,1h)j
⎤⎦ ,

ṡx(r) =

⎡⎣ d∑︂
j=1

j · a0,j(t− tn)j−1

⎤⎦+

µ−1∑︂
k=1

⎡⎣ d∑︂
j=2

j · ak,j max(0, t− tn − τk,1h)j−1

⎤⎦ .
The overlaps τk,d = τk+1,1 of the subdivision represent where the spline has non-differentiabilities
in its first order derivative ṡx. Due to that we will refer to these overlaps as critical multiplier of
the Ansatz spline.

As we did before we may substitute the Ansatz spline into the system function of the DAE in
question

0 =

[︄
f(ṡ(tn + τ0,1h), s(tn + τ0,1h), tn + τ0,1h)

f(ṡ(tn + τk,jh), s(tn + τk,jh), tn + τk,jh)
µ−1,d
k=0,j=2

]︄
, (4.3)

and use it for the determination of the coefficients ak,j . Finally we compute xn+1 = sx(tn+1).

As an alternative to (4.3) and if the DAE system function f has an ANF representation we may
solve instead

0 =

[︄
Tf◦(ṡx,sx,id)[tn+1](tn + τ0,1h)

Tf◦(ṡx,sx,id)[tn+1](tn + τk,jh)
µ−1,d
k=0,j=2

]︄
, (4.4)

for the determination of the coefficients. I.e. we made use of the generalized Taylor expansion in
(4.4) of the chained function f ◦ (ṡx, sx, id).
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To complete our description of Taylor-collocation methods we still need to discuss how the critical
multiplier are computed or characterized. In other words how we can determine the τk,1 for k > 0.
Provided the underlying DAE or more precisely its system function f would be sufficiently smooth
and assuming we always choose the critical multiplier equidistant we would have done nothing
more but combined and disguised µ subsequent classic, i.e. polynomial collocation steps into one
single step, but we do not want to do that. Given f is smooth, then we set µ = 1 and just do one
normal collocation step.

However if the underlying DAE system function f is non-smooth and in ANF , i.e. in the sense
of Definition 2.4.3 there are sufficiently smooth functions Gf : Dẋ × Dx × I × Rs → Rs and
Ff : Dẋ ×Dx × I ×Rs → Rnx such that

0 = Ff(ẋ, x, t, |z|), s.t. z = Gf(ẋ, x, t, |z|),

then f ◦ (ṡx, sx, id) does have an ANF representation, too. Its abs-polynomial expansion reads

z̃(t) = T dGf
[ṡx(tn+1), sx(tn+1), tn+1] ◦Faà (ṡx, sx, id, abs ◦z̃)(t),

T df◦(ṡx,sx,id)[tn + h](t) = T dFf
[ṡx(tn+1), sx(tn+1), tn+1] ◦Faà (ṡx, sx, id, abs ◦z̃)(t).

Here we made use of the following identities sx(t) = T dsx [̊t](t) and ṡx(t) = T dṡx [̊t](t). Now the
number and locations of critical multiplier are determined as roots with a sign switch of T dGf

.

The overall Taylor-collocation method is a procedure in two stages. Set µ = 1, τ = [1], then

1. Compute a set of coefficients of the Ansatz spline by either (4.3) or (4.4)

2. Update the collocation points τ by determining a new set of critical multipliers from T dGf
;

also update µ = |τ |

We repeat these two stages until the number and values of the critical multipliers settle in which
case the overall procedure is supposed to have converged. By which conditions convergence
for the critical multiplier is to expect remains mostly unclear. Hence convergence theory for
Taylor-collocation methods remains to stay an open problem. In the next subsection we will
prove convergence for the generalized trapezoidal method, which is a member of non-smooth
collocation methods, as well.

4.1.1 On The Generalized Trapezoidal Method

The trapezoidal method is an instance of collocation methods and hence a generalized or non-
smooth version of it can be derived based on ideas we have just developed.

Firstly let us derive the smooth trapezoidal method for DAE s as collocation method. To that
end we use a quadratic polynomial as Ansatz-function to a solution x(t) for some differentiable
DAE in standard form 0 = f(ẋ(t), x(t), t), with f ∈ C1,1. Such an Ansatz-function is given by

px(t) = xn + a · (t− tn) + b · (t− tn)2,
ṗx = a+ 2b(t− tn),

onto which we impose the following two conditions

ṗx(tn) = ẋn =⇒ a = ẋn,

px(tn+1) = xn+1 =⇒ b =
1

h

[︃
xn+1 − xn

h
− ẋn

]︃
.
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Hence we solve for xn+1 from

0 = f(ẋn+1, xn+1, tn+1), where ẋn+1 = ṗx(tn+1) =
2

h
(xn+1 − xn)− ẋn. (4.5)

We will refer to (4.5) as smooth trapezoidal method . For semi-explicit DAE s or more precisely
for the differential equations ẋn = f(xn, yn, tn) therefrom we find

ẋn+1 = f(xn+1, yn+1, tn+1),

2

h
(xn+1 − xn)− ẋn = f(xn+1, yn+1, tn+1),

2

h
(xn+1 − xn)− f(xn, yn, tn) = f(xn+1, yn+1, tn+1),

xn+1 − xn
h

=
f(xn+1, yn+1, tn+1) + f(xn, yn, tn)

2
,

the trapezoidal method in its most recognizable form. Correspondingly for the algebraic part we
have to simultaneously solve

0 = g(xn+1, yn+1, tn+1).

We want to define and derive a generalized version of the trapezoidal method based upon the
secant abs-linearization process. This idea formulated for systems of ordinary differential equa-
tions or short ODE s originates in [Gri13]. Within that paper Andreas Griewank established the
generalized midpoint method and proved its consistency error to be of order three. Alongside
he proposed the generalized trapezoidal method and sketched a relatively analogue proof for its
consistency error to also be of order three. Richard Hasenfelder worked out the proof in re-
gards of his bachelor-thesis [Has13] and an elaborated version of that proof subsequently got
published as [Gri+18a]. Paul Boeck was first to actually implement a version of the generalized
trapezoidal method for ODE s in c++ for the numerical experiments in his diploma-thesis [Boe14].
In [Has+18] suggestions for error estimation and efficient schemes for the implementation of the
generalized trapezoidal method for ODE s are discussed. Regarding DAE s in [Str15] the smooth
trapezoidal method had been applied onto a piecewise differentiable lumped parameter mod-
elling of the human cardio-vascular system using the piecewise differentiable Newton method.
More recently for the bachelor-thesis of Karl Lehrer [Leh21] the generalized trapezoidal method
was defined algorithmically for the application onto semi-explicit DAE s of index one with dif-
ferentiable algebraic constraints. Also it was proven to be convergent with order two, provided
certain preliminary criteria and assuming an a priori estimation is satisfied. However the a priori
estimation was left open. Our next steps will be the derivation of the generalized trapezoidal
method for non-smooth standard as well as semi-explicit DAE s in ANF . Afterwards we build
upon and improve on the convergence theory for the semi-explicit case.

Hence consider a non-smooth DAE in standard form 0 = f(ẋ(t), x(t), t), whose system function
is f ∈ span(ΦS ∪ {abs}). Furthermore assume a finite µ ∈ N1 subdivision of the unit interval
τ : 0 = τ0 < τ1 < · · · < τµ = 1 which we will later refer to as critical multipliers . We will discuss
details regarding this subdivision, which we will refer to critical multipliers, soon.

Finally for the derivation of the trapezoidal method we will begin once more with the introduction
of an Ansatz-function. The candidate of choice is a once differentiable quadratic spline sx. It shall
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be polynomial on each segment [tn,i, tn,i+1], where tn,i = tn + τi · h, and also satisfy

sx(t)
⃓⃓⃓
t∈[tn,i,tn,i+1]

= px,i(t) = xn,i + ai(t− tn,i) + bi(t− tn,i)2, (4.6a)

ṗx,i(tn,i) = ẋn,i =⇒ ai = ẋn,i, (4.6b)

px,i(tn+1,i) = xn+1,i =⇒ bi =
1

h

[︃
xn+1,i − xn,i

h
− ẋn,i

]︃
, (4.6c)

where we made use the following notational abbreviations{︄
ẋn,i ≡ ṗx,i(tn,i) = ṗx,i−1(tn,i) i > 0,

ẋn,0 ≡ ṗx,0(tn,0) = ẋn i = 0,

{︄
xn,i ≡ px,i(tn,i) = px,i−1(tn,i) i > 0,

xn,0 ≡ px,0(tn,0) = xn i = 0.

In other words the tn,i are break points or kinks where the Ansatz-function switch from one
quadratic polynomial to the next. But we want both neighbouring polynomials to coalesce in
value and in their first order derivative. We refer to the values as xn,i and to the derivatives as
ẋn,i. From this we get numerical derivative formulas, i.e. characterizations of ẋn,i

ẋn,i+1 =
2

tn,i+1 − tn,i
(xn,i+1 − xn,i)− ẋn,i (4.7)

which can be used to solve

∀i = 1, . . . , µ : 0 = ♢(ẋ,x,t)n+1

(ẋ,x,t)n
f(ẋn,i, xn,i, tn,i). (4.8)

We hereby used (ẋ, x, t)j as shorthand for ẋj , xj , tj . Finally we are left to discuss where the tuple
of critical multipliers τ stems from or how it is computed. Its entries are characterized as points
of sign switches of any of the s abs-linearized components of switching functions ♢1

0z(τ), where

zj(τ) = Gf,j(ṡx(tn + τ · h), sx(tn + τ · h), tn + τ · h, |z(τ)|), (4.9)

with Gf = (Gf,j)
s−1
j=0 from the ANF representation of f. Also, as reminder and as usual, s is

the dimension of the switching space (i.e. the range space of Gf) or equivalently the number of
absolute values in the evaluation graph of f.

Similar as for collocation methods before: An implementation of the generalized trapezoidal
method for DAE s in standard form (i.e. (4.6), (4.7), (4.8) and (4.9)) would have to be organized
as a dual iteration where in an interplay firstly a set coefficients of the natural interpolant sx
have to be computed followed by determining a new set of critical multipliers τ . This iteration
would need to keep going until both the coefficients and the critical multipliers τ settle. It
remains unclear whether and if under which conditions such a solver would actually converge.
On the other hand if we consider semi-explicit index one DAE s with differentiable algebraic
constraints such an implementation would become easier to realize as we can exploit on the
underlying structure better. Definition 4.1.1 will precise our description of semi-explicit DAE s
in our non-smooth setting.
Definition 4.1.1 (Piecewise Differentiable Semi-Explict Index one DAE)
Consider the following system

ẋ(t) = f(x(t), y(t), t), (4.10a)
0 = g(x(t), y(t), t), (4.10b)

where f : Dx×Dy×[t0, T ]→ Rnx , f ∈ span(ΦS∪{abs}), g ∈ C1,1(Dx×Dy×[t0, T ],Rny) as well
as Dx ⊆ Rnx open, Dy ⊆ Rny open and [t0, T ] ⊆ R with non-empty interior. Furthermore the
partial derivative matrix ∂yg(x, y, s) of the algebraic constraints have to be regular everywhere.
We call such systems piecewise differentiable and semi-explicit DAEs of index one with differ-
entiable algebraic constraints . In a manner of speaking we refer to x as differential and to y as
algebraic variables or solutions. Furthermore we will sometimes concatenate v(t) ≡ (x(t), y(t)).
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Now any solution x : [t0, T ]→ Dx of (4.10) has to be once continuously differentiable. Together
with the fact of ∂yg(x, y, s) being regular everywhere we also can conclude first order differenti-
ability of any solution y(x(t), t) of the algebraic constraints with the help of the classical implicit
function theorem. The following Lemma 4.1.2 provide us an important insight.

Lemma 4.1.2 (Error of Univariate Secant Linearization)
Given a differentiable function v ∈ C1,1([ť, t̂],Rnv), where ť < t̂ are two real numbers and let
Lv̇ > 0 be the Lipschitz constant of the first order derivative, then ∀t ∈ [ť, t̂]⃦⃦⃦⃦

v(t)− v(ť)− t− ť
t̂− ť

[v(t̂)− v(ť)]
⃦⃦⃦⃦
≤ Lv̇∥t̂− ť∥2

Proof Let t ∈ [ť, t̂] then we can define the residuum between v and its linear secant expansion

e(t) = v(t)− v(ť)− t− ť
t̂− ť

[v(t̂)− v(ť)].

Using the mean value theorem of differentiation, there is t̃ ∈ ]ť, t̂[ such that

e(t) = v(t)− v(ť)− (t− ť)v̇(t̃).

Applying the mean value theorem a second time, ensures the existence of t̄ ∈ ]ť, t[ such that

e(t) = v̇(t̄)(t− ť)− v̇(t̃)(t− ť) = [v̇(t̄)− v̇(t̃)](t− ť).

Finally from Lipschitz continuity of v̇ we find

∥e(t)∥ ≤ Lv̇∥t̄− t̃∥∥t− ť∥ ≤ Lv̇∥t̂− ť∥2. □

In other words the linear secant ♢v already is a sufficient approximation to an exact solution
v = (x, y). Hence we can substitute some occurrences of the piecewise linearizations ♢sx of the
Ansatz-function sx. Most notably we can do so with (4.9) which simplifies it

♢1
0zj(τ) = ♢1

0Gf,j(vn + τ(vn+1 − vn), tn + τh, |♢1
0z(τ)|). (4.11)

This is a great deal for the implementation. Still the purpose of (4.11) remains to be the compu-
tation of critical multiplier τ . Those can only spawn from the absolute value in the second vector
argument, but not from the Ansatz-function itself anymore. Thus we do not need to iterate the
critical multiplier τ , but can compute them explicitly given a pair of (vn, vn+1).

However in the context of semi-explicit DAE s we find that (4.8) also simplifies into

ẋn,i+1 = ♢(v,t)n+1

(v,t)n
f(vn,i+1tn,i+1),

2

tn,i+1 − tn,i
(xn,i+1 − xn,i)− ẋn,i = ♢(v,t)n+1

(v,t)n
f(vn,i+1, tn,i+1),

where we use (v, t)j = (vj , tj) as notion. Using and applying the first order characterization
ẋn,i = ♢(v,t)n+1

(v,t)n
f(vn,i, tn,i) we find

xn,i+1 − xn,i = h(τi+1 − τi)
♢(v,t)n+1

(v,t)n
f(vn,i+1, tn,i+1) + ♢(v,t)n+1

(v,t)n
f(vn,i+1tn,i)

2
,

where i = 0, . . . , µ− 1. Summing the segments yields

xn+1 − xn = h

µ−1∑︂
i=0

(τi+1 − τi)
♢(v,t)n+1

(v,t)n
f(vn,i+1, tn,i+1) + ♢(v,t)n+1

(v,t)n
f(vn,i, tn,i)

2
, (4.12)
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where the identity xn+1 − xn =
∑︁µ−1

i=0 xn,i+1 − xn,i holds true. The right-hand-side (RHS) of
(4.12) is a sum of trapezoids

h

∫︂ 1

0
♢(v,t)n+1

(v,t)n
f(vn + τ(vn+1 − vn), tn + τh)dτ

= h

µ−1∑︂
i=0

(τi+1 − τi)
♢(v,t)n+1

(v,t)n
f(vn,i+1, tn,i+1) + ♢(v,t)n+1

(v,t)n
f(vn,i, tn,i)

2
,

and an exact integral of a piecewise linearization. Hence we end up with the final iteration of
this version of the generalized trapezoidal method

xn+1 − xn = h

∫︂ 1

0
♢(v,t)n+1

(v,t)n
f(vn + τ(vn+1 − vn), tn + τh) dτ, (4.13a)

0 = g(vn+1, tn+1). (4.13b)

4.1.2 On The Convergence Of The Generalized Trapezoidal Method

Our next goal is the convergence analysis of (4.13). Hence we may take a first look at the local
discretization error in the differential variables

ℓn(h) ≡ x(tn+1)− x(tn)− h
∫︂ 1

0
♢[v,id](tn+1)
[v,id](tn)

f(v(tn) + τ [v(tn+1)− v(tn)], tn + τh) dτ, (4.14)

where we use [v, id](t) ≡ (v(t), id(t)) = (v(t), t) as abbreviation in the sake of more readability.
With Corollary 2.4.12, Lemma 4.1.2 and starting from the integration of the differential equations
(4.10a) we find∫︂ tn+1

tn

ẋ(t) dt = h

∫︂ 1

0
f(v(tn + τh), tn + τh) dτ,

= h

∫︂ 1

0
f(v(tn) + τ [v(tn+1)− v(tn)], tn + τh) +O(h2) dτ,

= h

∫︂ 1

0
f(v(tn) + τ [v(tn+1)− v(tn)], tn + τh) dτ +O(h3)

= h

∫︂ 1

0
♢[v,id](tn+1)
[v,id](tn)

f(v(tn) + τ [v(tn+1)− v(tn)], tn + τh)dτ + (L♢f+1)O(h3)

=⇒ ℓn(h) = O(h3),

since
∫︁ tn+1

tn
ẋ(t) dt = x(tn+1)− x(tn).

For the discussion of convergence let us introduce new notions and abbreviations. We still consider
a semi-explicit DAE in the sense of Definition 4.1.1. First and foremost we want to define a
perturbed version of the actual generalized trapezoidal method, which is (4.13), by

1
h(xn+1 − xn) =

∫︂ 1

0
♢(v,t)n+1

(v,t)n
f(vn + τ(vn+1 − vn), tn + τh) dτ + ϵfn+1, (4.15a)

0 = g(vn+1, tn+1) + ϵgn+1. (4.15b)

Here ϵfn+1 ∈ Rnx and ϵgn+1 ∈ Rny are perturbations (e.g. rounding errors and numerical noise) of
the (n+ 1)th step number. No we want to add initial value conditions

x(t0) ≡ x̄0 ∈ Dx, y(t0) ≡ ȳ0 ∈ Dy.
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an we refer to ev0 = (ex0 , e
y
n) = (∥x(t0)− x0∥, ∥y(t0)− y0∥) = (∥x̄0 − x0∥, ∥ȳ0 − y0∥) as the initial

error . Furthermore let (vn, tn)
N
n=0 = (xn, yn, tn)

N
n=0 be a tuple generated by the generalized

trapezoidal rule (4.15), where tn+1 = tn + h and h = (T − t0)/N then

exn ≡ ∥xn − x(tn)∥, eyn ≡ ∥yn − y(tn)∥, evn ≡ exn + eyn

are the errors after the nth step. Regarding the error eyn in the algebraic variables y we can
observe that the implicit function theorem applied to (4.15b) guarantees the existence of a
locally Lipschitz continuous function ψ(x, ϵg) solving

0 = g(xn+1, ψ(xn+1, ϵ
g
n+1)) + ϵgn+1.

Hence we can bound them mostly by the errors exn in the differential variables x, that is

eyn+1 = ∥yn+1 − y(tn+1)∥ ≤ ∥ψ(xn+1, ϵ
g
n+1)− ψ(x(tn+1), 0)∥

≤ Lψx∥xn+1 − x(tn+1)∥+ Lψϵ∥ϵ
g
n+1∥ = Lψxe

x
n+1 + Lψϵ∥ϵ

g
n+1∥, (4.16)

and so we find for the total error in both variables v = (x, y) that

evn+1 ≤ exn+1 + eyn+1 ≤ (1 + Lψx)e
x
n+1 + Lψϵ∥ϵ

g
n+1∥. (4.17)

At this point we have gathered all quantities necessary to perform the actual convergence analysis.
This will take place in two stages distributed on two separate theorems. The first theorem
Theorem 4.1.3 will prove linear convergence as a necessary a priori estimate before we afterwards
can conclude quadratic convergence upon. The reason is that we use the following bound on
piecewise linear secant linearization

f(v)− ♢v̂v̌f(v) = 2O(∥v − v̂∥),

instead of Corollary 2.4.12, which itself in a rough reads

f(v)− ♢v̂v̌f(v) = O(∥v − v̌∥ · ∥v − v̂∥).

The latter statement appear sharper and this actually the case, but only if ∥v − v̌∥ ≤ 1, where
∥v− v̌∥ will take the role of evn, i.e. former errors. This need to be proven first. We need an a priori
estimation that will bound evn < 1. Afterwards we can switch and improve our argumentation.
However as a consequence both proofs will be rather similar in appearance and structure.

Theorem 4.1.3 (Linear Convergence Towards An A Priori Estimation)
Suppose a semi-explicit DAE in the sense of Definition 4.1.1. Also let Lf > 0 and Lg > 0 be
uniform Lipschitz constants for f and g. Let there be an exact solution satisfying the initial value
condition

v(t0) = (x(t0), y(t0)) = (x̄0, ȳ0) = v̄0 ∈ Dx ×Dy,

for a consistent initial value v̄0. Then (4.15) will produce a linearly convergent sequence (vn)Nn=0 =
(xn, yn)

N
n=0, i.e. evn+1 ≤ γ · h for some uniform γ > 0, provided

• the perturbations have uniform bounds, such that ∀n ≤ N : ∥ϵfn∥ ≤ cϵ,fh2 ∧ ∥ϵgn∥ ≤ cϵ,gh2

• the initial error ev0 = ∥v0 − v̄0∥ ≤ γ · h2. In other words the sequence starts at a rather
small perturbed or even non perturbed consistent initial value.
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Proof We will use the following notational abbreviations

∆v(tn+1) ≡ v(tn+1)− v(tn),
∆vn+1 ≡ vn+1 − vn,
fn(v, τ) ≡ f(v, tn + τh).

Now we can start to bound the error in the nth step yielding vn+1 = (xn+1, yn+1)

exn+1 = ∥xn+1 − x(tn+1)∥

=

⃦⃦⃦⃦
xn + hϵfn+1 + h

∫︂ 1

0
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ) dτ − x(tn + 1)

⃦⃦⃦⃦
=

⃦⃦⃦⃦
xn − x(tn) + hϵfn+1 + h

∫︂ 1

0
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ) dτ

⃦⃦⃦⃦
≤ ∥xn − x(tn)∥+ h∥ϵfn+1∥+

⃦⃦⃦⃦
h

∫︂ 1

0
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ) dτ

⃦⃦⃦⃦
≤ exn + h∥ϵfn+1∥+ h

∫︂ 1

0

⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ)

⃦⃦⃦
dτ. (4.18)

Let us consider the integrand next. The triangle inequality yields⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ)

⃦⃦⃦
≤
⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− ♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)

⃦⃦⃦
+
⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− fn(v(tn + τh), τ)

⃦⃦⃦
.

For the first summand we find by the triangle inequality and Corollary 2.4.10 that⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− ♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)

⃦⃦⃦
≤ Lf∥v(tn + τh)− vn − τ∆vn+1∥
≤ Lf∥v(tn)− vn + τ(∆v(tn+1)−∆vn+1)∥+ Lf∥v(tn + τh)− v(tn)− τ∆v(tn+1)∥

now due to Lemma 4.1.2 we know that ∥v(tn+ τh)− v(tn)− τ∆v(tn+1)∥ ≤ Lvh2 holds and thus

≤ (1− τ)Lf∥v(tn)− vn∥+ τLf∥v(tn+1)− vn+1∥+ LfLvh2

≤ Lf [evn + τ(evn+1 − evn)] + LfLvh2 ≤ Lf max(evn, e
v
n+1) + LfLvh2.

Applying a triangle inequality and Corollary 2.4.10 once more we find for the second summand⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− fn(v(tn + τh), τ)

⃦⃦⃦
≤
⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− fn(vn, 0)

⃦⃦⃦
+ ∥fn(vn, 0)− fn(v(tn + τh), τ)∥

=
⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− ♢(v,t)n+1

(v,t)n
fn(vn, 0)

⃦⃦⃦
+ ∥fn(vn, 0)− fn(v(tn + τh), τ)∥ ,

exploiting that secants are exact in their reference points, i.e fn(vn, 0) = ♢(v,t)n+1

(v,t)n
fn(vn, 0). Once

more we may look at both resulting summands separately, beginning with the first⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− ♢(v,t)n+1

(v,t)n
fn(vn, 0)

⃦⃦⃦
≤ Lf∥v(tn + τh)− vn∥+ Lfh ≤ Lf∥v(tn + τh)− v(tn)∥+ Lfevn + Lfh
≤ LfLvh+ Lfevn + Lfh = Lf ([Lv + 1]h+ evn),
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followed by the second, which yields the same bound as the first

∥fn(vn, 0)− fn(v(tn + τh), τ)∥
≤ Lf∥vn − v(tn + τh)∥+ Lfh ≤ Lf ([Lv + 1]h+ evn).

So we find as intermediate bound that⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− ♢(v,t)n+1

(v,t)n
fn(vn, 0)

⃦⃦⃦
+ ∥fn(vn, 0)− fn(v(tn + τh), τ)∥

≤ 2Lf ([Lv + 1]h+ evn),

and hence for the overall integrand⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ)

⃦⃦⃦
≤ Lf max(evn, e

v
n+1) + LfLvh2 + 2Lf ([Lv + 1]h+ evn),

and thus for the overall integral

Īn ≡ h
∫︂ 1

0

⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ)

⃦⃦⃦
dτ

≤ Lf max(evn, e
v
n+1)h+ LfLvh3 + 2Lf ([Lv + 1]h2 + evnh),

≤ 3Lf max(evn, e
v
n+1)h+ LfLvh3 + 2Lf [Lv + 1]h2,

and including the bound of equation (4.17)

Īn ≤ 3Lf (1 + Lψx)max(exn, e
x
n+1)h+ 3LfLψϵ max(∥ϵgn, ϵ

g
n+1∥)h+ LfLvh3 + 2Lf [Lv + 1]h2

≤ 3Lf (1 + Lψx)(e
x
n + exn+1)h+ 3LfLψϵ max(∥ϵgn, ϵ

g
n+1∥)h+ LfLvh3 + 2Lf [Lv + 1]h2.

Applying our latest bound to (4.18), which is

exn+1 ≤ exn + h∥ϵfn+1∥+ Īn

and rearrange terms, then we will find

(1− ha)exn+1 ≤ (1 + ha)exn + rn+1,

where a ≡ 3Lf (1 + Lψx),

rn+1 ≡ h∥ϵfn+1∥+ 3LfLψϵ max(∥ϵgn, ϵ
g
n+1∥)h+ LfLvh3 + 2Lf [Lv + 1]h2.

Thus the following bound holds true

exn+1 ≤
1 + ha

1− ha
exn +

1

1− ha
rn+1,

which we can substitute recursively

exn+1 ≤
(︃
1 + ha

1− ha

)︃n+1

ex0 +
n∑︂
i=0

(︃
1 + ha

1− ha

)︃i 1

1− ha
max
j≤i+1

rj .

If we choose h such that 3ha ≤ 1 we find

1 ≤ 1 + ha

1− ha
≤ 1 + 3ha, as well as

1

1− ha
≤ 1 + 3ha
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and hence

exn+1 ≤ (1 + 3ha)n+1 · ex0 +
n∑︂
i=0

(1 + 3ha)i+1 max
j≤i+1

rj

≤ (1 + 3ha)n+1 · ex0 + (n+ 1)(1 + 3ha)n+1 max
j≤n+1

rj

≤ (1 + 1
N 3(T − t0)a)n+1 · ex0 + (n+ 1)(1 + 1

N 3(T − t0)a)n+1 max
j≤n+1

rj

≤ exp(3(T − t0)a)ex0 + 1
h(T − t0) exp(3(T − t0)a) max

j≤n+1
rj

= exp(3(T − t0)a)
[︃
ex0 +

1
h(T − t0) max

j≤n+1
rj

]︃
.

At this point we may bring back and re-substitute rn+1

exn+1 ≤ exp(3(T − t0)a)
[︂
ex0 + [T − t0]

(︂
∥ϵfmax ∥+ 3LfLψ∥ϵgmax ∥+ LfLvh2 + 2Lf [Lv + 1]h

)︂]︂
,

where ∥ϵfmax ∥ = maxn<N∥ϵfn+1∥ as well as ∥ϵgmax ∥ = maxn<N∥ϵgn+1∥ and hence there are positive
uniform constants c0, c1, c2, c3, γx > 0 such that

exn+1 ≤ c0ex0 + c1(∥ϵfmax ∥+ ∥ϵgmax ∥) + c2h+ c3h
2 ≤ γxh,

and thus by (4.17) there has to be a uniform γ > 0 such that

evn+1 ≤ (1 + Lψx)e
x
n+1 + Lψϵ∥ϵgmax ∥ ≤ γh. □

For the next theorem we will use Corollary 2.4.12 and require L♢f , which is defined therein, to
be uniformly bounded as well. It is sufficient, but not necessary, if all elemental operations from
ΦS , from which f ∈ span(ΦS ∪ {abs}) is constructed as evaluation procedure, have a uniform
Lipschitz constant to their first order derivative.

Theorem 4.1.4 (Quadratic Convergence)
Suppose assumptions and notions of Theorem 4.1.3. Furthermore may L♢f > 0 (from Corollary
2.4.12) be a uniform Lipschitz constant. Then (4.15) will produce a quadratically convergent
sequence, i.e. evn+1 ≤ c · h2 for some uniform constant c > 0.

Proof As a reminder we still will use the following notational abbreviations

∆v(tn+1) ≡ v(tn+1)− v(tn),
∆vn+1 ≡ vn+1 − vn,
fn(v, τ) ≡ f(v, tn + τh).

Now we can start to bound the error in the nth step yielding vn+1 = (xn+1, yn+1)

exn+1 = ∥xn+1 − x(tn+1)∥

=

⃦⃦⃦⃦
xn + hϵfn+1 + h

∫︂ 1

0
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ) dτ − x(tn + 1)

⃦⃦⃦⃦
=

⃦⃦⃦⃦
xn − x(tn) + hϵfn+1 + h

∫︂ 1

0
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ) dτ

⃦⃦⃦⃦
≤ ∥xn − x(tn)∥+ h∥ϵfn+1∥+

⃦⃦⃦⃦
h

∫︂ 1

0
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ) dτ

⃦⃦⃦⃦
≤ exn + h∥ϵfn+1∥+ h

∫︂ 1

0

⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ)

⃦⃦⃦
dτ. (4.19)
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Let us consider the integrand next. The triangle inequality yields⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ)

⃦⃦⃦
≤
⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− ♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)

⃦⃦⃦
+
⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− fn(v(tn + τh), τ)

⃦⃦⃦
.

For the first summand we find by the triangle inequality and Corollary 2.4.10 that⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− ♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)

⃦⃦⃦
≤ Lf∥v(tn + τh)− vn − τ∆vn+1∥
≤ Lf∥v(tn)− vn + τ(∆v(tn+1)−∆vn+1)∥+ Lf∥v(tn + τh)− v(tn)− τ∆v(tn+1)∥

now due to Lemma 4.1.2 we know that ∥v(tn+ τh)− v(tn)− τ∆v(tn+1)∥ ≤ Lvh2 holds and thus

≤ (1− τ)Lf∥v(tn)− vn∥+ τLf∥v(tn+1)− vn+1∥+ LfLvh2

≤ Lf [evn + τ(evn+1 − evn)] + LfLvh2 ≤ Lf max(evn, e
v
n+1) + LfLvh2.

This is the point where we deviate from Theorem 4.1.3 and apply Corollary 2.4.12 to find for
the second summand⃦⃦⃦

♢(v,t)n+1

(v,t)n
fn(v(tn + τh), τ)− fn(v(tn + τh), τ)

⃦⃦⃦
≤ L♢f∥v(tn + τh)− vn, tn + τh− tn∥∥v(tn + τh)− vn+1, tn + τh− tn+1∥
≤ L♢f (∥v(tn + τh)− vn∥+ τh)(∥v(tn + τh)− vn+1∥+ (1− τ)h)
≤ L♢f (∥v(tn + τh)− v(tn)∥+ evn + τh)(∥v(tn + τh)− v(tn+1)∥+ evn+1 + (1− τ)h)
≤ L♢f (Lvτh+ evn + τh)(Lv(1− τ)h+ evn+1 + (1− τ)h)
≤ L♢f ([1 + Lv]h+ evn)([1 + Lv]h+ evn+1)

= L♢f ([1 + Lv]2h2 + [1 + Lv]h(evn + evn+1) + evne
v
n+1)

≤ L♢f ([1 + Lv]2h2 + [1 + Lv]h(evn + evn+1) + γmin(evn+1, e
v
n)h),

where the last inequality holds by the a priori estimate j ≤ N : evj < γh from Theorem 4.1.3.
Hence we find for the overall integrand⃦⃦⃦

♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ)

⃦⃦⃦
≤ Lf max(evn, e

v
n+1) + LfLvh2

+ L♢f ([1 + Lv]2h2 + [1 + Lv]h(evn + evn+1) + γmin(evn+1, e
v
n)h)

and introducing γ̄ ≥ max(Lf ,L♢fγh) + L♢f [1 + Lv]h we can abbreviate

≤ γ̄(evn + evn+1) + LfLvh2 + L♢f [1 + Lv]2h2

and thus for the overall integral

Īn ≡ h
∫︂ 1

0

⃦⃦⃦
♢(v,t)n+1

(v,t)n
fn(vn + τ∆vn+1, τ)− fn(v(tn + τh), τ)

⃦⃦⃦
dτ

≤ γ̄h(evn + evn+1) + h3(LfLv + L♢f [1 + Lv]2),

and including the bound of equation (4.17)

Īn ≤ γ̄h(1 + Lψx)(e
x
n + exn+1) + γ̄hLψϵ(∥ϵgn∥+ ∥ϵ

g
n+1∥) + h3(LfLv + L♢f [1 + Lv]2).
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Applying our latest bound to (4.18), which is

exn+1 ≤ exn + h∥ϵfn+1∥+ Īn

and rearrange terms, then we will find

(1− ha)exn+1 ≤ (1 + ha)exn + rn+1,

where a ≡ γ̄h(1 + Lψx),

rn+1 ≡ h∥ϵfn+1∥+ γ̄hLψϵ(∥ϵgn∥+ ∥ϵ
g
n+1∥) + h3(LfLv + L♢f [1 + Lv]2).

From here on the argumentation will be almost identical to that of the proof of Theorem 4.1.3,
but this time rn+1 does have no term of order less than h3 which in the end will finally ensure
quadratic convergence. However the following bound holds true

exn+1 ≤
1 + ha

1− ha
exn +

1

1− ha
rn+1,

which we can substitute recursively

exn+1 ≤
(︃
1 + ha

1− ha

)︃n+1

ex0 +

n∑︂
i=0

(︃
1 + ha

1− ha

)︃i 1

1− ha
max
j≤i+1

rj .

If we choose h such that 3ha ≤ 1 we find

1 ≤ 1 + ha

1− ha
≤ 1 + 3ha, as well as

1

1− ha
≤ 1 + 3ha

and hence

exn+1 ≤ (1 + 3ha)n+1 · ex0 +
n∑︂
i=0

(1 + 3ha)i+1 max
j≤i+1

rj

≤ (1 + 3ha)n+1 · ex0 + (n+ 1)(1 + 3ha)n+1 max
j≤n+1

rj

≤ (1 + 1
N 3(T − t0)a)n+1 · ex0 + (n+ 1)(1 + 1

N 3(T − t0)a)n+1 max
j≤n+1

rj

≤ exp(3(T − t0)a)ex0 + 1
h(T − t0) exp(3(T − t0)a) max

j≤n+1
rj

= exp(3(T − t0)a)
[︃
ex0 +

1
h(T − t0) max

j≤n+1
rj

]︃
.

At this point we may bring back and re-substitute rn+1

exn+1 ≤ exp(3(T − t0)a)
[︂
ex0 + [T − t0]

(︂
∥ϵfmax ∥+ γ̄Lψϵ∥ϵgmax ∥+ h2(LfLv + L♢f [1 + Lv]2)

)︂]︂
,

where ∥ϵfmax ∥ = maxn<N∥ϵfn+1∥ as well as ∥ϵgmax ∥ = maxn<N∥ϵgn+1∥ and hence there are positive
uniform constants c̃0, c̃1, c̃2, cx > 0 such that

exn+1 ≤ c̃0ex0 + c̃1(∥ϵfmax ∥+ ∥ϵgmax ∥) + c̃2h
2 ≤ cxh2,

and thus by (4.17) there has to be a uniform constant c > 0 such that

evn+1 ≤ (1 + Lψx)e
x
n+1 + Lψϵ∥ϵgmax ∥ ≤ ch2. □
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Many or better most countries in the world want to move away from carbon dioxide emitting
energy generation which is considered an intergenerational major challenge. Natural gas in its
current form, i.e. extracted from the ground, can not and does not overcome this form of climate
pollution, but may serve as a bridging technology while the transformation of national power
generation away from other fossil resources into renewable sources may be attempted. But even
beyond the current era of fossil energy supply hydrogen or other gas compositions produced from
an excess of wind or solar energy could still remain to be a supplementary energy carrier aside
pure electric power to satisfy our energy needs in the future. In other words gas pipelines for the
long distance transmission as well pipeline networks for the national and regional distribution
do not only play an important role in the present but do have a perspective.

Gas network online monitoring, i.e. the observation and controlling of the gas transporting infra-
structure in real time, is a crucial task in the day-to-day operation of a gas network transmission
system operator or short TSO , i.e. the owner and maintainer of gas networks. It is called dis-
patching and it essentially bows to the following two central questions:

1. What is the current state of the network?

2. Which controlling decisions are necessary to keep the network within an desirable state of
operation?

The term desirable condenses all sorts of potential objectives, e.g. economic goals, maintainability
and so forth. Regarding the enumeration point: If we strip a network’s state from all kinds of
subjective assessments, then we are left with a bunch of factual parameters to its description.
Parameters such as but not limited to:

• the exact composition of the gas everywhere in the network

• the local pressure of the gas everywhere in the network

• the local density of the gas everywhere in the network

• the local velocity of the gas everywhere in the network

• physical as well as topological properties of the network itself, e.g. position, length, diameter
or availability1 of each pipe

• the current control, i.e. operation modes of active elements such as all on-off states of all
valves or the current power supplied to all gas compressors

Of course all those parameters can be measured, logged or registered, but only a mathematical

1pipes may become closed up while some sort of on-site maintenance
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simulation is capable of completing whatever state-related data is available to seal inevitable
gaps, correct miss reported data and ot provide the continuous big picture of the whole network
at operation. Also in regards of the second enumeration point the ability to simulate network
operations allows the ahead evaluation of potential control decisions or may serve as foundation
for mixed-integer, non-linear optimization techniques to locate and identify desirable control
decisions in the combinational diverse space of all possibilities.

Here we can contribute. We aim to culminate our ANF -framework including the piecewise lin-
earization, abs-polynomial expansion, non-smooth root finding and DAE integration into the
gas network simulation. But before that, we have to discuss and introduce the modelling of such
network structures first.

The sheer size of national gas grids, i.e. gas networks, render a detailed three dimensional sim-
ulation far beyond feasible. It is in principle the same technological barrier known in the field
of cardio-vascular simulation [PV09], too. That is the insufficient capabilities of modern com-
puter systems in regard of processing speed as well as amount of fast memory. Instead we will
use lumped parameter, i.e. zero dimensional, descriptions of gas networks and mostly follow
[Dom+17] as baseline framework. This means that we will subject ourselves to a divide and con-
quer approach and use graph structures to describe gas network topologies, in terms of smaller
atomic constituents or reusable building blocks represented by nodes or edges of said graph. These
building blocks represent distinct purposes or functionalities. There are the pipes for the bare
transportation modelled by spatially isothermal discretized Euler equations [Dom+17; BGH11;
Ben+19; Koc+15; JT14; BKL09], valves for the manipulation of the graph topology by open-
ing and closing routing options and compressors to increase as well as regulators to decrease
gas pressures in flowing direction. Towards that goal we discuss different spatial discretization
schemes for the derivation of lumped parameter pipe equations to some extend. We will discuss
industrially relevant control modes for compressors and control valves, but still end up with a
semi-explicit DAE of index one with differentiable algebraic constraint.

5.1 The Pipe Equations

Before tackling gas networks as a whole we will consider just a single pipe or pipeline segment
and discuss established modeling approaches. The isothermal Euler equations [Dom+17; BGH11;
Ben+19; Koc+15; JT14; BKL09] which model the flow of gas in a pipe, can be described by the
following set of equations

∂tρ+ ∂x(ρv) = 0, (5.1a)

∂t(ρv) + ∂x(cpp+ ρv2) +
λ

2D
ρv|v|+ sin(α)g · ρ = 0, (5.1b)

RsT · z(p/pc)ρ = p. (5.1c)

Here t ∈ [t0, T ] ⊆ R is the time in [s], x ∈ Ω = [0, L] ⊆ R the one dimensional space variable
parameterizing along the longitudinal axis, ρ ≡ ρ(x, t) the gas density in

[︁ kg
m3

]︁
, v ≡ v(x, t) the gas

velocity in [m/s], λ a unit-less and pipe dependent coefficient for friction, D the pipe diameter
in [m], L the pipe length in [m], α the tilt angle of the pipe, g ≈ 9.81 [m/s2] the well known
gravity constant, T ≡ T (x) the time-constant gas temperature in [K], z(p/pc) the unit-less real
gas or compressibility factor, Rs the specific gas constant in

[︁
m2

s2K

]︁
, p ≡ p(x, t) the gas pressure,

pc the pseudo-critical pressure of the provided composition of gases and cp a pressure scaling
factor which either is cp = 1 if pressures are provided in [Pa] =

[︁ kg
s2m

]︁
or cp = 105 if pressures

are in [bar].
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The first equation (5.1a) is referred to as continuity equation . The second one is called momentum
equation and the third one is the state equation for real gases . According to [Ben+19] the outer
summands of the momentum equation (5.1b) obey physical interpretation and may therefore be
labelled

0 = ∂t(ρv) + cp∂xp+ Inert(ρ, v) + Fric(ρ, v) + Grav(ρ), (5.1b-ii)

Inert(ρ, v) = ∂xρv
2, (5.2a)

Fric(ρ, v) =
λ

2D
ρv|v|, (5.2b)

Grav(ρ) = sin(α)g · ρ. (5.2c)

We call (5.2a) the inertia summand, (5.2b) as the friction summand and (5.2c) as the gravity
summand. Also the friction, i.e. Fric(ρ, v) from (5.2b), is known as Darcy-Weißbach formula ,
which is an empirical model of pressure-loss due to friction of the transported fluid with the wall
of the surrounding pipe [Bro].

The Friction Factor

The friction factor λ scales the friction term Fric(ρ, v) from (5.2b) and has various formulas to
its approximation. These formulas require some or all of the following parameters: the roughness
of a pipe r in [m], the diameter D, the density ρ, velocity v or dynamic viscosity ν in [Pa · s].
The latter three are used to compute the so-called Reynolds number

Re(ρ, v) =
ρvD

ν
, (Reynolds number)

which provides an indication for the distinction of laminar from turbulent fluid flows [Tru88].
Various models for the friction factor are collected in [Ben+19; Dom+17; Tru88]. Among these
the formula of Nikuradse well suited for turbulent flows in pipes with coarse wall-surfaces [Nik50;
Tru88] reads

λ =
[︂
−2 log10

(︂
102

r

371D

)︂]︂−2
. (Nikuradse)

Equation (Nikuradse) is the limit (for Re(ρ, v)→∞) of the otherwise implicit Colebrook-White
[CW37] formula

1√
λ
= −2 log10

(︃
10−2 251

Re(ρ, v)
√
λ
+ 102

r

371D

)︃
,

which instead is recommended [Tru88] in the transition from smooth to coarse surfaces. An
advantage of equation (Nikuradse) is that λ can be pre-computed from pipe parameters only
and does not need to be solved from or with state information ρ and v at simulation run time.

Describing Gas Compositions and Real Gas Factor Models

With the temperature T and the pseudo-critical pressure pc of a transported gas we already have
encountered relevant parameters for the description of gas composition. In total we will require
the following parameters for the full description in terms of our considerations:

• the pseudo-critical pressure pc in [Pa] or [bar]

115



5 Modeling and Simulation of Gas Networks

• the pseudo-critical temperature Tc in [K]

• the time-constant temperature T in [K]

• the molar mass mmol in
[︁ kg
mol

]︁
to compute the specific gas constant Rs = R

mmol
in
[︁
m2

s2K

]︁
from the universal gas constant R ≈ 8.314462 in

[︁ kgm2

s2molK

]︁
We also have encountered the state equation for real gases (5.1c) already. It is a derivation from
the state equation for ideal gases pideal = RsTρideal. A new coefficient referred to as real gas or
compressibillity factor which is defined by

z =
p

RsTρ

and hence the true temperature and pressure dependent value can only be measured but not
actually computed. However a so called Virial expansion [Onn02; Ben+19] often is utilized for
its modelling

z

(︃
p

pc

)︃
= 1 +

∞∑︂
i=1

Bi

[︃
T

Tc

]︃
·
(︃
p

pc

)︃i
. (5.3)

The coefficients Bi are estimated heuristically. Partial sums of the expansion (5.3) are used in
numerical programs as approximations. Analogously to other scientific work in the field of gas
network simulation (e.g. [Ben+19; Dom+17; Huc18]) we will predominantly use either one of
the following options. As first option we may consider a linear model from the American Gas
Association [LS04a; Dom+17] which is considered accurate for pressures p ≤ 70[bar]

z

(︃
p

pc

)︃
≡ 1 +

[︃
257

1000
− 533

1000

Tc
T

]︃(︃
p

pc

)︃
. (AGA)

Our second option the formula of Papay [Pap68; Sal02; LS04a; Dom+17] is quadratic

z

(︃
p

pc

)︃
≡ 1− 352

100
exp

[︃
−226
100

· T
Tc

]︃(︃
p

pc

)︃
+

274

1000
exp

[︃
−1878
1000

· T
Tc

]︃(︃
p

pc

)︃2

, (Papay)

and suitable for pressures up to p ≤ 150[bar]. Finally we may use constant models by evaluating
either of the former expressions near an expected mean pressure or following a suggestion from
[Dom+17] we can choose z = c̄2/(Rs ·T ), where c̄ is the speed of sound in the given gas medium.
The latter suggestion relies on the assumption that gas velocities within transport networks are
considerably slower then the speed of sound.

The Friction Dominated and the ISO2 Version of the Pipe Equations

In [Dom+17] the set of equations (5.1) are classified as ISO1 abbreviating isothermal Euler
equations - 1 within a tree or hierarchy of several simplifications of the original Euler equations.
Another entry called ISO3 from that hierarchy and derived from ISO1 reads

∂tρ+ ∂x(ρv) = 0, (5.4a)

cp∂xp+
λ

2D
ρv|v|+ sin(α)g · ρ = 0, (5.4b)

RsT · z
(︁ p
pc

)︁
ρ = p. (5.4c)
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It follows an approach introduced in [BGH11] where it is described or referred to as friction
dominated version. Although ISO2 only distinguishes itself from ISO3 in (5.4b) by

cp∂xp+
λ

2D
ρv|v|+ sin(α)g · ρ = −∂t(Aρv) (5.5)

i.e. by an additional time derivative. Hence we also will refer to the system of equations (5.4a),
(5.5) and (5.4c) as ISO2 version. Here A is the cross sectional area of a pipe in [m2] and can be
computed by A = π(D/2)2.

We may further transform (5.4) by backward substituting the state equation for real gases (5.4c)
and using the mass flow q = Aρv to find

∂tp+Bz
(︁ p
pc

)︁
κ∂xq = 0, (5.6a)

cpA

2
∂xp

2 +
λ

2D
κz
(︁ p
pc

)︁
q|q|+ sin(α)g

p2

κz
(︁ p
pc

)︁ = 0, (5.6b)

where κ = RsT/(cpA) and Bz(p/pc) = z2(p/pc)/[z(p/pc) − (p/pc)∂pz(p/pc)] are abbreviations.
We will refer to equation (5.6) as friction dominated one dimensional isothermal Euler equations
for a pipe or short pipe equations . Once more if we apply the same transformations onto the
ISO2 version of the isothermal Euler equations, then we end up with

∂tp+Bz
(︁ p
pc

)︁
κ∂xq = 0, (5.7a)

∂tq + cpA∂xp+
λ

2D
κz
(︁ p
pc

)︁q|q|
p

+ sin(α)g
p

κz
(︁ p
pc

)︁ = 0, (5.7b)

which we will refer to as ISO2 one dimensional Euler equations for a pipe or short ISO2 pipe
equations. Most considerations to come will be carried out with the friction dominated system
at hand, but we will refer to the ISO2 version again later. Both versions of the pipe equations
do have their purpose and reason for being. The absence of the time derivative for flows ∂tq
turn (5.6b) into an purely algebraic constraint, but also allowed the removal of the artificial
singularity that is p = 0 in the denominator of the friction term of (5.7b). Hypothetically the
same singularity fix could be applied to (5.7b) as well, but would also introduce the mix term
p · ∂tq. This mix term would cause equation (5.7b) to alternate between being an algebraic or a
differential condition based on the state, which is undesirable. Hence in its current form (5.7b) is
definitively a differential constraint that also is Lipschitz continuous in the flow q. On the other
hand (5.6b) takes the principal form of

0 = h0(p, t) + h1(p, t) · q|q|, (5.8)

for suitable choices of h0 and h1. An interesting question at this point is whether (5.8) can be
solved in terms of the flow q and provided h1(p, t) ̸= 0 the answer is yes. The result

q(p, t) = sign

(︃
h0(p, t)

h1(p, t)

)︃
·

√︄⃓⃓⃓⃓
h0(p, t)

h1(p, t)

⃓⃓⃓⃓
. (5.9)

is continuous, but not Lipschitz continuous due to the square-root function which is an issue for
solvability considerations. Hence each, i.e. the friction dominated but also the ISO2 version, of
the pipe equations have their advantages over the other and so we need to keep them both. But it
should be mentioned that ISO2 could be exchanged by ISO1 for which most of our considerations
does apply, too.

Concluding this section on the pipe equations Table 5.1 lists again all quantities, parameters and
their units that appeared in the text so far.

117



5 Modeling and Simulation of Gas Networks

name unit name unit
t time [s] x spatial position [m]

p, pc pressure [bar] or [Pa] q mass flow
[︁kg

s

]︁
m mass [kg] Q volumetric flow [m

3

s ]

v velocity
[︁
m
s

]︁
ρ density

[︁ kg
m3

]︁
D pipe diameter [m] r pipe wall roughness [m]
L pipe length [m] h height [m]

R universal gas constant
[︁ kgm2

s2molK

]︁
T, Tc temperature [K]

Rs specific gas constant
[︁
m2

s2K

]︁
c speed of sound

[︁
m
s

]︁
z compressibility factor [1] λ friction factor [1]

g gravity constant
[︁
m
s2

]︁
mmol molar mass

[︁ kg
mol

]︁
ν dynamic viscosity [Pa · s] A cross sectional pipe area [m2]

Table 5.1: quantities, parameters and their units from the pipe equations; Furthermore cp is a pressure
scaling factor with cp = 1 if p in [Pa] or cp = 105 if p in [bar]

5.2 Gas Networks as Differential Algebraic Equations with Flow
Network Structure

Gas networks as considered within this thesis are first and foremost defined upon a directed
graph structure G = (V , E), where V is a finite as well as non-empty set of indexed nodes or
vertices and E ⊆ V × V is a set of indexed edges. Indexed means that there are two injective,
range contiguous function ixV : V → N0 and ixE : E → N0. In other words every node v ∈ V
as well as every edge e ∈ E is assigned by some unique integer ixV(v), ixE(e) ∈ N0. Contiguous
means

∀v ∈ V , ∀k ∈ N0 : k < ixV(v) =⇒ ∃w ∈ V : ixV(w) = k,

∀e ∈ E , ∀j ∈ N0 : j < ixE(e) =⇒ ∃ẽ ∈ E : ixE(ẽ) = j,

i.e. that there are no gaps. As a shorthand we may subsequently write vi ∈ V or ej ∈ E which
means i = ixV(vi) or j = ixE(ej) respectively. On top we demand from all nodes and edges

loop-free v ∈ V =⇒ (v, v) /∈ E ,

one-way (v, w) ∈ E =⇒ (w, v) /∈ E , for v, w ∈ V .

no isolated nodes ∀v ∈ V : ∃e = (w0, w1) ∈ E such that v = w0 or v = w1

Although already implicitly satisfied by E being a set, but just for clarification: We forbid parallel
edges, i.e. several edges connecting the same pair of nodes. Different types of edges will be
labelled

E = Epipe ∪̇ Enon-pipe, with

Enon-pipe = Evlv ∪̇ Ecv ∪̇ Ecs, where

• Epipe ⊆ E are the subset of all pipes,

• Enon-pipe ⊆ E represent all non-pipe elements.

Please note that A∪̇B is the disjoint union, i.e. A∪̇B = A∪B is just the common union of A and
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B but requiring A ∩B = ∅. In other words any edge has exactly one unique type. The non-pipe
elements considered within this thesis are

1. Evlv all the valves,

2. Ecv all the regulators (sometimes also referred to as control valves),

3. Ecs all the compressors.

More non-pipe elements could be added. A few examples are resistors, short-pipes and gas tanks.
Resistors and short pipes can be derived as simplifications of the pipe equations. We will briefly
discuss them when we derive the element models one by one later on. Modelling gas tanks and
underground storages is a wide field in its own. They can be modelled in many different ways and
on various different levels of detail, depending on intended application and needs. One simple
model of a gas tank could be e.g. a dead ending pipe.

Since edges e = (v, w) ∈ E are directed in our setting we will refer to the first node v as being
the left node and may also write vℓ = v. Analogously we will call w the right node and so we
may also note vr = w. Of course a node v ∈ V can simultaneously be both, i.e. left and right
node for different adjacent edges. Hence the notions vℓ or vr are local and bounded to a given
edge e ∈ E in the context. Sometimes and for clarification we may alter this notion into vℓ,e as
being the left node to e ∈ E .
On the other hand given some node v ∈ V then let Eℓ(v) ≡ {e ∈ E | v = vℓ,e} be the set of all
edges whose left node is v or short the set of left edges and likewise let Er(v) ≡ {e ∈ E | v = vr,e}
be the set of all edges whose right node is v or short the set of right edges . Also let E(v) ≡ Eℓ ∪̇ Er
be the set of all adjacent edges to v. Of course and when necessary we may specialize these
notions for specific edge types. For instance we may write the sets of all left, right and adjacent
pipes as Epipe

ℓ (v), Epipe
r (v) as well as Epipe(v) ≡ Epipe

ℓ (v) ∪̇ Epipe
r (v).

Definition 5.2.1 (Gas Network Graph Structure)
A gas network graph structure is a directed graph in the sense of the description above.
I.e. it is a directed graph G = (V , E), where V is a non-empty as well as finite set of nodes (or
vertices) and E ⊆ V × V is a finite set of labeled, loop-free and one-way edges. Also for each
node v ∈ V there is at least one edge adjacent or in other words there are no isolated nodes.
Being labelled means that each edge is exactly one of the following types: pipe, valve, control
valve or compressor.
Sometimes we will speak just of elements u ∈ G of the graph, where an element u ∈ G either is
a node u ∈ V or an edge u ∈ E .

As a next step we want to assemble a system of differential algebraic equations generically with
gas network graph structure at hand. Each node u ∈ V or edge u ∈ E from such a directed graph
in the sense of Definition 5.2.1 will contribute a finite number mu of components to the overall
system function but also a finite number nu of components to its solution.

Definition 5.2.2 (DAE With Gas Network Graph Structure)
Given a gas network graph structure G = (V, E) in the sense of Definition 5.2.1 we define

0 = fG(ẋ, x, t), with fG : Dẋ ×Dx × [t0, T ]→ RmG , (5.10)

as well as Dẋ ⊆ RnG and Dx ⊆ RnG to be a system of differential algebraic equations, where
the following bullet points have to be satisfied:
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5 Modeling and Simulation of Gas Networks

• the system function is a concatenation fG =
[︁
(fv)v∈V , (fe)e∈E

]︁⊤ from the contributions of
each node and edge

• for each node u ∈ V or edge u ∈ E the contributed element equation is given by

0 = fu(ẋ, x, t), with fu : Dẋ ×Dx × [t0, T ]→ Rmu ,

where nu ∈ N0 is the elements argument dimension and mu ∈ N0 is the elements output
dimension

• the overall dimension is nG =
∑︁

v∈V nv +
∑︁

e∈E ne =
∑︁

v∈V mv +
∑︁

e∈E me = mG

On top we may define an initial value problem by requiring of a solution x : [t0, T ] → Dx of
(5.10) to satisfy x(t0) = x0 for a given initial value x0 ∈ Dx.

In [Str+18] the authors speak of DAEs with flow network structure already and also the under-
lying idea has been hinted even earlier in [JT14]. It is important to distinguish the conceptual
idea behind DAEs with gas network graph structure or more generally DAEs with flow network
structure from flow networks in that both actually do rely on an underlying directed graph but
the latter is strongly associated with optimization.
Within the terminology of Definition 5.2.2 again, we will most often find that nu = mu for most
nodes u ∈ V or edges u ∈ E , but still we want preserve the freedom of shifting equations between
elements and therefore explicitly allow cases where nu ̸= mu. In this wake we find another inter-
esting spin-off thought in considering over-determined problems, i.e. where mG > nG but that is
out of scope of this thesis.
Definition 5.2.2 defines initial value problems on top of DAEs with gas network graph structure,
but it should be noticed that such problems not necessarily need to have solutions satisfying the
initial value condition in the first place. An initial value x0 ∈ Dx for which an exact solution
does exist is referred to as consistent initial value.

Solutions to Definition 5.2.2 were noted plain as x, but given the physical and real world back-
ground we can say more about its inner structure and interpretation. In Section 5.1 we have
considered potential formulations for the modeling of pipes. We came across four candidates for
intrinsic quantities namely ρ(x, t) as density, v(x, t) as velocity, p(x, t) as pressure and q(x, t) as
mass flow or short flow. Also we put some effort in transforming the original formulation (5.1)
by the state equation for real gases (5.1c) and the characterization of mass flows q = Aρv to find
equivalent formulations relying on pressures p (in [bar] with pressure scaling factor cp = 105 or in
[Pa] with cp = 1) and flows q (in

[︁kg
s

]︁
), only. Of course to fit into our concept of DAEs with gas

network graph structure we will have to consider spatial discretizations. During the process of
discretization the yet continuous variables representing pressures and flows will be approximated
by spatially discrete and time continuous quantities. That answers what x is standing for, namely
it is a finite aggregation x = (p, q) : [t0, T ] → Dx ⊆ RnG of pressures and flows from various
spatially discrete spots in our network.

In the remainder of this section we will go through all aforementioned types of gas network
elements to introduce and discuss their corresponding models.
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5.2 Gas Networks as Differential Algebraic Equations with Flow Network Structure

5.2.1 Node and Pipe

We may start from (5.6) and develop differential or differential algebraic equations as discretized
models of pipes therefrom. Let e = (vℓ,e, vr,e) ∈ Epipe be some pipe then time dependent profile
functions for pressure and flow satisfying equations (5.6) are spatially and time continuous func-
tions pe : [0, Le] × [t0, T ] → R and qe : [0, Le] × [t0, T ] → R. Following our notions of left (i.e.
vℓ,e) and right adjacent nodes (i.e. vr,e) we will write

pℓ,e(t) ≡ p(0, t), pr,e(t) ≡ pe(Le, t),
qℓ,e(t) ≡ q(0, t), qr,e(t) ≡ qe(Le, t),

to note evaluations on their boundaries. On the other hand nodes are interfaces between these
boundaries of adjacent edges. Inspired by electrical circuits we want Kirchhoff styled laws to be
preserved there. Hence let v ∈ V be a node then all boundary pressures of adjacent edges shall
coalesce. So there has to be a function pv : [t0, T ]→ R such that

∀e ∈ Eℓ(v) : pℓ,e(t) = pv(t) and ∀e ∈ Er(v) : pr,e(t) = pv(t). (5.11)

Hence we will refer to pv as node pressurenode pressure and we can determine the element
dimension of nodes to be nv = 1. Likewise for flows there is a second Kirchhoff styled law often
referred to as flow balance equation in context of fluid transmission and distribution networks, like
for instance gas or fresh water. Since we neither want to evaporate nor create new gas without a
proper source or sink the amount of gas leaving or entering a pipe must coincide with the amount
of gas going into or coming from all the other neighbouring edges. In formal notion we need to
preserve ∑︂

e∈Eℓ(v)

qℓ,e(t) = qv(t) +
∑︂

e∈Er(v)

qr,e(t), (5.12)

where qv : [t0, T ] → R is a pre-determined time dependent profile. It determines the amount
of gas per time-unit that is taken from or supplied into the network from the outside. In other
words for all t ∈ [t0, T ] where qv(t) > 0 we may consider v to be a source, whereas and while
qv(t) < 0 we may consider v to be a sink. It also has to be at least piecewise differentiable but
preferably piecewise linear.

Sometimes (e.g. [Huc18; Ben+19] and others) and for the sake of completeness there is another
supplemental kind of node condition namely the pressure constraints. Let v ∈ N be a node and
pΓv : [t0, T ]→ R be time dependent pressure profile then for t ∈ [t0, T ]

pv(t) = pΓv (t) (5.13)

replaces condition (5.12) for this instance v. Any pressure profile pΓv just like flow profiles before
has to be at least piecewise differentiable but preferably also piecewise linear.

Furthermore let us introduce the following abbreviations ṗ(x, t) ≡ ∂tp(x, t) as well as likewise
for discrete quantities ṗv(t) ≡ ∂tpv(t), ṗℓ,e(t) ≡ ∂tpℓ,e(t) and ṗr,e(t) ≡ ∂tpr,e(t) which we will use
soon and henceforth.

For the spatial discretization of pipes e ∈ Epipe there are plenty of options to choose from, but
each option has its own properties. In [KLB10] a discretization scheme referred to as implicit box
applied to gas networks is considered. It combines both time and space discretization already.
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The time discretization scheme is the well known implicit Euler method. Dissecting the spatial
discretization which is based on the trapezoidal rule and applying it to (5.6) yields

(ṗr + ṗℓ) = −[Bz,r +Bz,ℓ]κ
qr − qℓ
L

, (5.14a)

0 =
cpA

2
·
p2r − p2ℓ
L

+
λ

2D
κ

[︃
zrqr|qr|+ zℓqℓ|qℓ|

2

]︃
+ sin(α)

g

2κ

[︃
p2r
zr

+
p2ℓ
zℓ

]︃
, (5.14b)

with zr = z
(︁pr
pc

)︁
, zℓ = z

(︁ pℓ
pc

)︁
, Bz,r = Bz

(︁pr
pc

)︁
and Bz,ℓ = Bz

(︁ pℓ
pc

)︁
. We will refer to (5.14) as

trapezoidal discretization . In [Gru+14] another closely related discretization scheme but based
on the midpoint rule has been considered and analysed in depth. Citing the idea instead of
copying over their exact formulation we may apply midpoint discretization onto (5.6) to achieve

(ṗr + ṗℓ) = −Bz,mκ
qr − qℓ
L

, (5.15a)

0 =
cpA

2
·
p2r − p2ℓ
L

+
λ

2D
κ

[︃
zm

qr + qℓ
2

⃓⃓⃓⃓
qr + qℓ

2

⃓⃓⃓⃓]︃
+ sin(α)

g

κ

[︃
(pr + pℓ)

2

4zm

]︃
, (5.15b)

with zm = z(pr+pℓ2pc
) and Bz,m = Bz(

pr+pℓ
2pc

). Correspondingly we will refer to (5.15) as midpoint
discretization. The authors conclude and proof within their paper [Gru+14] that DAE -systems
representing pipe only gas networks are of tractability index smaller or equal to two, if their
version of the midpoint discretization is in use. Furthermore such systems are of index one if and
only if there is exactly one node with pressure condition (5.13) whereas all other nodes need to
be modelled with flow balance equation (5.12). Technically their proof need to be repeated for
very every nudge of the spatial discretization or version of the Euler equations in use, but their
result probably would carry over exactly onto (5.15), as well. This would remain to be proven,
but their index one condition is impractical anyway. For real world applications we have to be
able to deal with an arbitrary number of pressure nodes. Also it actually is more likely for that
number to be zero than one.
Hence in [Huc18] another such scheme is introduced and referred to as topology-adaptive discret-
ization. But it comes with additional topological criterion namely [Huc18, Assumption 4.11 on p.
58] which have to be met by the underlying graph network structure in addition to a specialized
spatial discretization scheme of the pipe equations. The underlying idea of that spatial scheme
applied to (5.6) reads

ṗr = −Bz,rκ
qr − qℓ
L

, (5.16a)

0 =
cpA

2

p2r − p2ℓ
L

+
λ

2D
κzℓqℓ|qℓ|+ sin(α)

g

κ
·
p2ℓ
zℓ
, (5.16b)

with zℓ = z
(︁ pℓ
pc

)︁
and Bz,r = Bz

(︁pr
pc

)︁
. We will refer to (5.16) as L-R discretization. As consequence

of using this L-R or topology-adaptive discretization systems of differential algebraic equations
arising from pipe only networks may have more than one pressure node while maintaining a differ-
entiation index one but still they need at least one pressure node. This clearly is an improvement
but still networks involving no pressure node at all can not be of index one so far.

Since all three discretizations that are the trapezoidal discretization (5.14), the midpoint discret-
ization (5.15) as well as the L-R discretization (5.16) introduce two equations and require two
new discrete quantities qℓ and qr and so their element dimension is ne = 2 or two respectively.

This brings us to the last spatial discretization scheme that will be introduced here. In [Bur+19]
the authors take a different approach to construct mixed integer non-linear programs from gas
networks which requires the spatial discretization of pipe equations as well. Based on their
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v

e0

qℓ,e0

qr,e0 e1

qℓ,e1
qr,e1

e2

qℓ,e2

qr,e2

Figure 5.1: star shaped domain ⋆(v) surrounding node v having two incoming pipes e0, e2 ∈ Epipe
r (v)

and one outgoing pipe e1 ∈ Epipe
ℓ (v) as well as adjacent star shaped domains nearby

idea we define a star shape domain ⋆(v) surrounding each node v ∈ N defined by all halves
of adjacent pipes. Figure 5.1 illustrates star shaped domains. Now we want to integrate the
continuity equation (5.6a) upon it∫︂

⋆(v)

1

κ
∂tp dx = −

∫︂
⋆(v)

Bz
(︁ p
pc

)︁
· ∂xq dx,

where
∫︂
⋆(v)

∂tp

κ
dx ≡

⎡⎢⎣ ∑︂
e∈Epipe

ℓ (v)

∫︂ Le
2

0

∂tpe
κe

dx

⎤⎥⎦+

⎡⎣ ∑︂
e∈Epipe

r (v)

∫︂ Le

Le
2

∂tpe
κe

dx

⎤⎦ ,
and likewise for the ride-hand-side (RHS)

∫︂
⋆(v)

Bz
(︁ p
pc

)︁
· ∂xq dx =

⎡⎢⎣ ∑︂
e∈Epipe

ℓ (v)

∫︂ Le
2

0
Bz
(︁pe
pc

)︁
· ∂xqe dx

⎤⎥⎦+
⎡⎣ ∑︂
e∈Epipe

r (v)

∫︂ Le

Le
2

Bz
(︁pe
pc

)︁
· ∂xqe dx

⎤⎦.
At this point we want to apply finite volume integration and take the node pressure pv as
average for the pressures on the star shape domain and hence we arrive at an approximation of
the continuity equation

ṗv

∫︂
⋆(v)

1

κ
dx = −Bz

(︁pv
pc

)︁ ∫︂
⋆(v)

∂xq dx. (5.17)
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From there the left-hand-side (LHS) of (5.17) can be integrated straight forward

ṗv

∫︂
⋆(v)

1

κ
dx = ṗv

⎡⎢⎣ ∑︂
e∈Epipe

ℓ (v)

∫︂ Le
2

0

1

κe
dx

⎤⎥⎦+ ṗv

⎡⎣ ∑︂
e∈Epipe

r (v)

∫︂ Le

Le
2

1

κe
dx

⎤⎦ ,
= cp

ṗv
2RsT

⎛⎜⎝
⎡⎢⎣ ∑︂
e∈Epipe

ℓ (v)

AeLe

⎤⎥⎦+

⎡⎣ ∑︂
e∈Epipe

r (v)

AeLe

⎤⎦
⎞⎟⎠ = ṗv · ηv,

since κe = RsT/(cpAe) and introducing ηv ≡ 1
2

∑︁
e∈Epipe(v)

Le
κe

. To ensure ηv ̸= 0 we have to
require v having at least one pipe adjacent to it regardless of other neighbouring edges of different
type. This is a reasonable assumption since pipes are the only element modelling actual gas
dynamics as spatial discretizations of (5.6) derived from Euler’s equations.

Now also the right-hand-side (RHS) can be integrated straight forward, but we have to introduce
another discrete quantity and corresponding notion similar to that of qℓ,e and qr,e namely

qm,e(t) ≡ qe(Le/2, t)

representing evaluations on the middle and so we find

Bz
(︁pv
pc

)︁ ∫︂
⋆(v)

∂xq dx = Bz
(︁pv
pc

)︁⎛⎜⎝
⎡⎢⎣ ∑︂
e∈Epipe

ℓ (v)

qm,e − qℓ,e

⎤⎥⎦+

⎡⎣ ∑︂
e∈Epipe

r (v)

qr,e − qm,e

⎤⎦
⎞⎟⎠ .

At this point we can substitute the flow balance equation (5.12) backward into

= Bz
(︁pv
pc

)︁⎛⎜⎝
⎡⎢⎣ ∑︂
e∈Epipe

ℓ (v)

qm,e

⎤⎥⎦−
⎡⎣ ∑︂
e∈Epipe

r (v)

qm,e

⎤⎦− qv
⎞⎟⎠ ,

where all explicit occurrences of left qℓ,e and right flows qr,e are eliminated. Altogether we find a
differential equation

ṗv =
Bz,v
ηv

⎛⎜⎝qv +
⎡⎣ ∑︂
e∈Epipe

r (v)

qm,e

⎤⎦−
⎡⎢⎣ ∑︂
e∈Epipe

ℓ (v)

qm,e

⎤⎥⎦
⎞⎟⎠ , (5.18)

where Bz,v = Bz
(︁pv
pc

)︁
, as new node condition that replaces the flow balance equation (5.12) for

this approach of pipe discretization. But we can still use (5.13) to model pressure conditions
at arbitrary nodes if wanted to. The element dimension nv = 1 for nodes with condition (5.18)
remains unchanged. In contrast to this the element dimension ne of pipes, i.e. e ∈ Epipe will change
and reduce. This is due to the fact that the continuity equation has become part of the new node
condition (5.18) whereas only the momentum equation (5.6b) or its ISO2 counterpart (5.7b) is
left to be spatially discretized and turned into a discrete pipe model. Avoiding the introduction of
another discrete quantities we will use the average p̊ = (pr+pℓ)/2 as approximation of evaluations
pm(t) = p(L/2, t) at the centre of a pipe and hence

0 =
cpA

2
·
p2r − p2ℓ
L

+
λ

2D
κz̊ · qm|qm|+ sin(α)g

p̊2

κz̊
, (5.19)

for the friction dominated version (5.6) as well as

q̇m = −cpA ·
pr − pℓ
L

− λ

2D
κz̊ · qm|qm|

p̊
− sin(α)g

p̊

κz̊
, (5.20)
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for the ISO2 version (5.7). In both cases there is z̊ = z
(︁ p̊
pc

)︁
and we have dropped e from the

subscript of qm because as explained before the pipe e ∈ Epipe is unambiguous in the current
context. This time we only require one new discrete quantity explicitly and we have only a single
new constraint (5.19) for a pipe e ∈ Epipe which leads to an element dimension ne = 1 for
this approach. We will refer to (5.18) and (5.19) as single flow discretization or alternatively to
(5.18) and (5.20) as ISO2 single flow discretization to avoid a naming clash with the midpoint
discretization (5.15).

A linearization of the spatially discretized pipe equations have been introduced and researched
in [Hen18]. Although pre-made static linearizations of the pipe equations lie outside our scope,
but it is definitively relevant to take notice especially because the linearized pipe equation as
considered within [Hen18] does fit the overall framework which we are about to build up right
now quite well.

Incidence Matrices

To be able to finish the element equation for both nodes and pipes, we need to be able filter the
local or adjacent quantities (e.g. pv or qm) from a vector aggregation of all discrete quantities of
the whole network. To that end we can follow e.g. [Dom+17; Gru+14; JT14] and utilize incidence
matrices towards that goal.
Let Aℓ = (Aℓ,i,j)i,j , Ar = (Ar,i,j)i,j ∈ R|V|×|E| be defined as follows

Aℓ,i,j =

{︄
1 if vi ∈ V is left adjacent node to edge ej ∈ E ,
0 else,

Ar,i,j =

{︄
1 if vi ∈ V is right adjacent node to edge ej ∈ E ,
0 else,

then we call Aℓ and Ar incidence matrices to the Graph G. Similarly we may define for any edge
type – here as an example for pipes – incidence matrices Apipe

ℓ , Apipe
r ∈ R|V|×|E| as follows

Apipe
ℓ,i,j =

{︄
1 if ej ∈ Epipe and vi ∈ V is left adjacent node to ej ,
0 else,

Apipe
r,i,j =

{︄
1 if ej ∈ Epipe and vi ∈ V is right adjacent node to ej ,
0 else.

Now all indices of adjacent pipe flows to some node vi ∈ V are non-zero entries in both ith rows
Apipe
ℓ,i,: ≡ (Apipe

ℓ,i,j )
|E|−1
j=0 and Apipe

r,i,: ≡ (Apipe
r,i,j )

|E|−1
j=0 of the type specific incidence matrices Apipe

ℓ and
Apipe
r . Hence

qvi + [Apipe
r,i,: −A

pipe
ℓ,i,: ] · q⃗m = qvi +

⎡⎣ ∑︂
e∈Epipe

r (v)

qm,e

⎤⎦−
⎡⎢⎣ ∑︂
e∈Epipe

ℓ (v)

qm,e

⎤⎥⎦ ,
if we suppose q⃗m = (qm,e)e∈E to be the aggregated vector of middle flows. Also we now pvi = pi,
where pi is the ith entry in p⃗ the vector of all discrete pressure quantities. Furthermore let
L⃗ = (Le)e∈Epipe and κ⃗ = (κe)e∈E be the vectors of all pipe lengths and the vector of all parameter
κe = RsT/(cp ·Ae) then we can formulate our first summary of final element specifications:
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Summary for Nodes
A node vi ∈ V has element dimension nvi = 1. Assigned by a pressure constraint its
element equation is given by

fvi((ṗ, q̇), (p, q), t) = pi − pΓvi , (5.21)

where pΓvi is time dependent piecewise linear pressure profile as introduced before.
Otherwise the element equation is given by

fvi((ṗ, q̇), (p, q), t) = ṗi −
Bz,vi
ηvi

(︂
qvi + [Apipe

r,i,: −A
pipe
ℓ,i,: ] · q⃗m

)︂
, (5.22)

where qvi is time dependent piecewise linear flow profile, ηvi = 1
2(A

pipe
ℓ,i,: + Apipe

r,i,: ) ·
L⃗
κ⃗ ,

Bz,vi = B
(︁pvi
pc

)︁
as defined before and pi = ⟨ei, p⃗⟩. Nodes with (5.22) as constraint

require at least one adjacent pipe to ensure ηvi ̸= 0.

Vice versa we can use incidence matrices also to find both adjacent pressure quantities of a pipe
or even more general any type of edge ej ∈ E as follows

pr = A⊤
r,:,j · p⃗ as well as pℓ = A⊤

ℓ,:,j · p⃗,

where Aℓ,:,j = (Aℓ,i,j)
|V|
i=0 and Ar,:,j = (Ar,i,j)

|V|
i=0. Also qm,ej = qm,j = e⊤j q⃗m = ⟨ej , q⃗m⟩ and hence

we can summarize for pipes as well:

Summary for Pipes
A pipe ej = (vℓ, vr) ∈ Epipe has element dimension nej = 1 and is represented by the
following circuit symbol:

vℓ vk

pℓ prqm

The element equation based on single flow discretization is given by

fej ((
̇⃗p, ̇⃗qm), (p⃗, q⃗m), t) =

cpA

2
·
p2r − p2ℓ
L

+
λ

2D
κz̊ · qm|qm|+ sin(α)g

p̊2

κz̊
, (5.23)

as friction dominated version or by

fej ((
̇⃗p, ̇⃗qm), (p⃗, q⃗m), t) = q̇m + cpA ·

pr − pℓ
L

+
λ

2D
κz̊ · qm|qm|

p̊
+ sin(α)g

p̊

κz̊
, (5.24)

as ISO2 version, where pr = A⊤
r,:,j · p⃗, pℓ = A⊤

ℓ,:,j · p⃗, p̊ = (pr + pℓ)/2, qm = ⟨ej , q⃗m⟩,
z̊ = z

(︁ p̊
pc

)︁
and cp, L,D, λ, κ, α, g, pc, z are mostly pipe specific parameter or functions

and have been introduced and discussed in detail before.

Resistor

As a concluding excerpt attached to the subsection on nodes and pipes we shall briefly address
the modelling of resistors. Like pipes they are supposed to embody edge elements e ∈ E in a
graph base gas network structure. Hence they introduce either ne = 1 intrinsic discrete quantity
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qm or ne = 2 intrinsic quantities qℓ and qr for representing mass flows. In the real world there is
no such thing that by intention does create resistance to the flow of gas, but resistors are needed
for the translation from our macroscopic modelling view onto actual gas networks. Resistors are
introduced and used to aggregate relatively local sub network structures that would otherwise
enlarge the problem dimension and uplift the overall complexity. In [Koc+15] the following
non-linear model for resistors among other ready to use linearized models for the mixed-integer
optimization is provided (although the version presented here is adjusted by the introduction of
cp in terms of our notation)

cp · (pℓ − pr) =
1

2
ξρℓv

2
ℓ , (5.25)

applying the state equation of real gases (5.4c) and the formula for mass flows we find

0 = cpA · (pr − pℓ) +
1

2
ξκz(pℓ)

qℓ|qℓ|
pℓ

, (5.26)

which we may immediately recognize as a stripped down, spatially discretized momentum equa-
tion (5.6b), under the following conditions and values: λ being constant, ξ = L · λ/D as well
as α = 0. The parameter ξ is referred to as drag factor . Actually the version of the momentum
equation that has been discretized for (5.26) is one transformation-step short of (5.6) in that it
still has a pressure variable in the denominator of its right-hand-side (RHS). Hence the present
version has an artificial and removable singularity at pℓ = 0. We can fix this and even more
always choose a consistent model for resistors according to the actual pipe discretization in use,
e.g. a fitting resistor model in the sense of [Koc+15] for (5.15) would read

0 =
cpA

2
(p2r − p2ℓ ) +

1

2
ξκ

[︃
z(pr)qr|qr|+ z(pℓ)qℓ|qℓ|

2

]︃
, (5.27)

by using the following assumptions: λ being constant, ξ = L · λ/D as well as α = 0, again.
However it is not recommendable to cancel the continuity equation which contributes importantly
in modelling gas dynamics. Hence (5.27) can only be a precursor in our sense to the following
resistor model

(ṗr + ṗℓ) = −[Bz,r +Bz, ℓ]κ
qr − qℓ
L

, (5.28a)

0 =
cpA

2
(p2r − p2ℓ ) +

1

2
ξκ

[︃
zrqr|qr|+ zℓqℓ|qℓ|

2

]︃
, (5.28b)

where zr = z
(︁pr
pc

)︁
, zℓ = z

(︁ pℓ
pc

)︁
, Bz,r = Bz

(︁pr
pc

)︁
and Bz,ℓ = Bz

(︁ pℓ
pc

)︁
, for the trapezoidal based

discretization or

0 =
cpA

2
(p2r − p2ℓ ) +

1

2
ξκz̊ · qm|qm|, (5.29)

with z̊ = z
(︁pr+pℓ

2pc

)︁
, for the single flow discretization2 as examples. However both (5.28) and

(5.29) barely distinguish themselves from their respective pipe discretizations. Hence we shall
consider them covered by their corresponding pipe model already and omit their inclusion into
our framework.

5.2.2 Valve

We will make use of the so called indicator constraint notation for the description and derivation
of models for valves, control valves (or regulators) and compressors. This notion follows the

2since the continuity is preserved by the node condition (5.18) already
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pattern

cond(x, y) → f(y, z) ≤ 0 ∈ Rn,

where f is function with fitting finite dimensions and cond(x, y) ∈ {True,False} is a parameter
dependent condition which decides whether the inequality f(y, z) ≤ 0 need to be met or does
not necessarily need to be met. As an instance consider

x ≤ 0 → a = 2.

So a = 2 if x is non-positive or a ∈ R otherwise. Also note that we can formulate a = 2
equivalently as system of inequalities (2− a, a− 2) ≤ 0 ∈ R2. With that new notion at hand let
us move on to the valve modelling.

A Valve e = (vℓ, vr) ∈ Evlv has element dimension ne = 1 and does introduce a single discrete
quantity qm for the mass flow through itself. It can be in either one of three states: open, closed or
in transition. During ideal closed-state no flow is passing through which in formal terms means

ideal closed → qm = 0.

The ideal open-state means that the two adjacent nodes vℓ and vr merge or equivalently they
can transfer gas in-between them without delay or loss of pressure. In other words a valve should
not impose any drag or resistance. This idealized imagination of the open-state can be expressed
by

ideal open → pℓ − pr = 0.

During the transition-state the valve switches from one to the other former states continuously.
Let Θ : [t0, T ]→ [0, 1] be a Lipschitz-continuous e.g. piecewise linear function, where we associate
open ≡ {t ∈ [t0, T ] | Θ(t) = 1} and closed ≡ {t ∈ [t0, T ] | Θ(t) = 0}. We refer to Θ as on-off-
function3 with which then find

0 = Θ(t) · (pℓ − pr)− (1−Θ(t)) · qm, (5.30)

as a valve model to realize all three possible states. This version also is suggested e.g. by [Huc18].
However while being open the flow qm is undetermined by equation (5.30). Whereas the adjacent
pressures are always determined by their respective instance of the node condition (5.18).

We may take brief excursion into the workings of actual valves to take inspiration for potential
modifications to (5.30). Such devices can block their passage with a plug connected through
a stem to a hand wheel or pneumatic. Figure 5.2 illustrates the principle structure and inner
workings of valves and can be found in [Kup19a] which is an e-book published as free cultural
work in the public domain under one of the creative commons licenses namely Attribution 4.0
International (CC BY 4.0) (see [Cre13] for further details). Although the version of Figure 5.2 has
not been extracted from that book directly but originates from the source files [Kup19b] which
are provided alongside the book itself also under (CC BY 4.0) license [Cre13]. In other words
valves can manipulate the flow through themselves directly. From the continuity equation (5.6b)
we can derive our expectation on how the pressures will react on changes in the flow, namely
the following holds true: ∂xq < 0 =⇒ ṗ > 0, under the assumption Bz > 0. Expressed in words
a net-positive inflow ∂xq < 0 raises the pressure over time ṗ > 0, whereas net-negative inflow
aka outflow decreases the pressure. This conclusion can be drawn for all discretizations of the

3we do not use switching function to avoid confusion with switching variables from sections on non-smooth
algorithmic differentiation
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Figure 5.2: principle schematic of a valve; unmodified image from [Kup19b] licensed under (CC BY
4.0) [Cre13]

continuity equation we have considered so far. By the way this strengthens our justification for
the requirement to always have at least one adjacent pipe to any node with (5.18) constraint.

So the influence of valves onto nearby pressures although sometimes impactful is indirectly. Hence
we may modify (5.30) into

µ · q̇m = Θ(t) · (pℓ − pr)− (1−Θ(t)) · qm, (5.31)

a differential equation in the flow quantity, combining non-ideal versions of formerly introduced
definite states

non-ideal closed → µ · q̇m + qm = 0,

non-ideal open → µ · q̇m − (pℓ − pr) = 0,

where µ > 0 is a scaling factor for adjusting the model. Another or third option is to combine
the ideal closed-state with the non-ideal open-state into

0 = Θ(t)[µ · q̇m − (pℓ − pr)] + (1−Θ(t)) · qm,

which is a differential equation in qm for Θ(t) > 0 and still an algebraic constraint of differenti-
ation index one otherwise. However the mathematical properties of the transition phase especially
when Θ(t) just turns or leaves zero in its range requires further investigation which is excluded
from our considerations. Instead we will take (5.31) as common valve modelling.
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Summary for (common) Valves
A valve ej = (vℓ, vr) ∈ Evlv has element dimension ne = 1 and is represented by the
following circuit symbol:

vℓ vr

pℓ prqm

The element equation is given by

fej ((
̇⃗p, ̇⃗qm), (p⃗, q⃗), t) = µ · q̇m +Θ(t) · (pr − pℓ) + (1−Θ(t)) · qm, (5.32)

where pr = A⊤
r,:,j · p⃗, pℓ = A⊤

ℓ,:,j · p⃗, qm = ⟨ej , q⃗m⟩, scaling 0 < µ and Θ as above.

Check Valve

A special type of valves is the check valve. Other alias names for this valve type are flap trap,
non-return valve, one-way valve and more. There is no on-off-function for this type of valve.
Instead backwardly flowing gas from the right adjacent node vr to the left vℓ is blocked. Forward
directed flow from the left node vℓ to the right vr shall pass unhindered.

µ · q̇m = max(pℓ − pr,−qm), (5.33)

is a potential modelling based on thoughts presented for common valves of this section. For (5.33)
we find

pℓ − pr < −qm → µ · q̇m = −qm,

whose solution for qm on the right-hand-side of the indicator arrow tends to q∗m(t) = 0 asymptot-
ically. Otherwise, i.e. pℓ−pr ≥ −qm, the check valve realizes the non-ideal open-state. We will not
use check valves directly within our net description, but their introduction here was necessary
towards regulators and compressors of which both posses non-return functionality implicitly.

In case there is interest to integrate check valves into the gas network framework presented in
this thesis the element dimension of them would be ne = 1.

5.2.3 Regulator or Control Valve

Regulators are sometimes referred to as control valves and their task is the pressure regulation.
Many important thoughts and ideas have been established by our considerations on valves and
check valves already. Regulators can change the flow through themselves as it is depicted in Figure
5.3 which is from the same public domain source [Kup19b] behind [Kup19a] and therefore licensed
by (CC BY 4.0) [Cre13] as Figure 5.2. Common valves move their plug (see Figure 5.2) in either
of two possible resting positions to tightly block the seat or fully retract. Regulators on the other
hand may also choose any position in between and hence allow a fine granular down-regulation of
flow rather than unleashing the full flowing potential of the gas. However choosing and adjusting
stem positions by hand is far to involved and would require continuous observation. Instead
regulators have semi-automated systems which are fed by desired ranges for the pressures pℓ and
pr as well as a desired flow profile for the gas flow qm. The five bound values pℓ : [t0, T ]→ R≥0,
pℓ : [t0, T ] → R≥0, pr : [t0, T ] → R≥0, pr : [t0, T ] → R≥0, qset : [t0, T ] → R are piecewise
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Figure 5.3: principle schematic of a regulator; arrows recoloured blue and added three more labels for
plug, seat, stem compared to the original source from [Kup19b] licensed under (CC BY
4.0) [Cre13]

differentiable or piecewise linear functions and are referred to as target values (sometimes also as
set point values). An overview over the five types of target values is listed in Table 5.2. Target

affected target value priority violation scenario response to violation
lower left pressure pℓ 2 pℓ > pℓ closing
upper right pressure pr 2 pr < pr closing
upper left pressure pℓ 1 pℓ < pℓ opening
lower right pressure pr 1 pr > pr opening
flow set qset 0 qset < qm closing
flow set qset 0 qset > qm opening

Table 5.2: target values of regulators and their priorities

values are no bounds in a mathematical sense. They describe a region of desired states and guide
the automation-system from a regulator in its decision on where to choose the resting position of
the stem. Anyway we will still call a target value that is not satisfied to be violated. Preserving
target values may lead to various violations simultaneously demanding conflicting reactions. As
a tie-breaker a hierarchy among the target values is established by priority (see Table 5.2). The
highest priority is shared by the upper right pr and the lower left pℓ target value for pressures,
because the reaction due to an violation is identical anyway and outweighs other types of target
value violations. A visualization of selected violation situations is presented in Figure 5.4. Sub-
figure (a) displays an ideal situation with no violations at all. In sub-figure (b) both priority one
target values which are the upper left pℓ and lower right pr target values are violated. According
to Table 5.2 the amount flow qm gets raised above qset to potentially fix the violation if possible
or keeping the regulator fully open otherwise. In sub-figure (c) the left upper pressure pℓ is
violated again but ignored since the higher raking upper right pressure pr is violated, too. Hence
the qm will be decreased below qset and the regulator may even shut tightly if necessary. Similar
to (c) in sub-figure (d) are target values of different priorities violated. This time the lower left
pressure pℓ prevails and forces qm to drop below qset and potentially shut. Sub-figure (e) displays
a special situation. All known pressure related target values appear to be kept, but control valves
can not compress gas and we disallow backward flow. Hence the regulator has to shut and stay
that way until the pressure imbalance dissolve itself. This is by no means an illegal situation and
a very much imaginable scenario in real world networks, too. In some sense we could interpret
pℓ ≥ pr and q ≥ 0 as additional target values in the sense of Table 5.2 with priority three. Finally
sub-figure (f) displays the circuit symbol of regulators.

While common valves can be and are used to define routing options for the gas in a network regu-
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Figure 5.4: (f): circuit symbol of regulator; (a-e): various target value situations and corresponding
flow regulation; red/purple dashed horizontal lines display left adjacent pressure pℓ on the
right, black dashed horizontal lines display adjacent pressures, black solid horizontal lines
display target values, gradient boxes indicate desired pressure ranges

lators and compressors on the other hand provide direct control on pressure levels, flow amounts
and gas velocities. All three edge types: valves, regulators and compressors form therefore the
family of so called active gas network elements .

A common model for regulators from literature [Koc+15; Huc18] reads as follows

pr = min(pset, pℓ), or equivalently pr − pℓ = min(pset − pℓ, 0) (5.34)

in other words the right or outgoing4 pressure is determined and kept at some pressure profile
pset : [t0, T ] → R≥0. Another variation of formula (5.34) can be found in [Ben+19] where the
regulator is modelled upon a simplified momentum equation and plug positions are realized as
opening degree, but still that version allow only one single pressure set point value, too. In
contrast to (5.34) a regulator model uncompromisingly based on the target value description
above allow more complex and involved manoeuvres.

For the derivation of a new regulator model consider the ordinary differential equation

ẋ(t) = µ[c(t)− x(t)], where x(t0) = x0 (5.35)

with piecewise differentiable c : [t0, T ]→ R, which we can utilize as a prototype for our modelling.
We can use (5.35) to model the different reactions or responses of regulators to various kinds of
violations. The solution to equation (5.35) reads

x(t) = exp(t0 − t)µ · x0 + µ

∫︂ t

t0

exp(s− t)µ · c(s) ds

and always tends towards c(t). In some sense we may describe the behaviour of x as chasing c(t)
or we may see x(t) as a leaky or lazy smoothing of c(t). In case c(t) = c0 is constant then x(t)

4the integrated check valve functionality enforces a natural direction for this type of element
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would also converge. With the parameter µ > 0 we can adjust how loose or tight x(t) will follow
c(t). In the limit case ẋ/µ µ→∞−−−→ 0 we find x(t) = c(t).

We substitute x for the flow qm and c(t) by the target value qset for flows and find

q̇m = µ[qset − qm], (5.36)

given qset = q = q , because and as a side remark we could also model

q̇m = µ[min(0, q − qm) + max(0, q − qm)],

as long as q ≤ q in case we want to provide a desired range for flows rather than a specific
set point profile. On top of (5.36) we may now add the check valve q̇ = µmax(0,−qm) and non
compressing q̇m = µmin(pℓ − pr, 0) functionality and hence find

q̇m = µmax(−qm,min(pℓ − pr, qset − qm)), (5.37)

which is a nesting of max−min-comparisons at this point already. This nesting is necessary and
represents the prioritization of already integrated features. Also we find sub-modellings for all
remaining target values

q̇m = µmin(0, pr − pr), q̇m = µmin(0, pr − pr),

q̇m = µmin(0, pℓ − pℓ), q̇m = µmin(0, pℓ − pℓ),

Finally we combine all single-aspect models within the nesting of (5.37) and end up with a
feature-complete regulator model

q̇m = µmax(−qm,min(pℓ −max( pℓ, pr),

min( pr, pℓ)− pr,
max(qset − qm, pℓ − pℓ, pr − pr))).

⎫⎪⎬⎪⎭ (5.38)

Two possible modifications of (5.38) are

ṗr + q̇m − ṗℓ = µmax(−qm,min(pℓ −max( pℓ, pr),

min( pr, pℓ)− pr,
max(qset − qm, pℓ − pℓ, pr − pr))),

⎫⎪⎬⎪⎭ (5.38.i)

or the limit system q̇/µ
µ→∞−−−→ 0

0 = max(−qm,min(pℓ −max( pℓ, pr),

min( pr, pℓ)− pr,
max(qset − qm, pℓ − pℓ, pr − pr))).

⎫⎪⎬⎪⎭ (5.38.ii)

Most of the aforementioned target values except pℓ but others not mentioned here can be used
within SIMONE a commercially distributed closed source, numerical suite for gas networks [LS04b].
In [PBD16] the authors adopted the idea of target values, too. However they interpret them
as constraints. Hence violations would have to be interpreted as infeasibility and render the
corresponding simulation to be a failure. Furthermore it appears a mixed integer based description
may necessary to realize the dynamical switching between the various constraints representing
different kinds of target values. In contrast (5.38) distinguish itself in being a continuous root-
problem-formulation and hence does not enforce the usage of optimization tooling towards its
solution. Let us conclude the subsection on regulators with the obligatory summary.
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Summary for Regulators (or Control Valves)
A regulator ej = (vℓ, vr) ∈ Ecv has element dimension ne = 1 and is represented by the
following circuit symbol:

vℓ vr

pℓ prqm

The element equation is given by

fej ((
̇⃗p, ̇⃗qm), (p⃗, q⃗m), t) =

µmax(−qm,min(pℓ −max( pℓ, pr),

min( pr, pℓ)− pr,
max(qset − qm, pℓ − pℓ, pr − pr)))− q̇m,

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (5.39)

where pr = A⊤
r,:,j · p⃗, pℓ = A⊤

ℓ,:,j · p⃗, qm = ⟨ej , q⃗m⟩, scaling 0 < µ and pℓ, pℓ, pr, pr, qset
are target value profile functions as defined above.

5.2.4 Compressor

The task of compressors also is the regulation of gas pressure like regulators. However regulators
can only regulate gas pressures down, whereas compressors only can push them up. There are
many different designs how this can be achieved and so I will refrain to offer descriptions or
blueprint sketches. But modelling wise we will realize formal compressor descriptions via flow
manipulation as we did for regulators, too. In other words a compressor in the sense of our model
can choose a non-negative flow under certain restrictions. On the one hand we will re-use target
values as listed Table 5.3. On the other hand we require pℓ ≤ pr which equivalently translates
into a minimal pressure ratio of ζ ≥ 1 as long as the corresponding compressor is actively
operating. The pressure ratio is the quotient of both adjacent pressures ζ = pr/pℓ. Similarly as

affected target value priority violation scenario response to violation
lower left pressure pℓ 2 pℓ > pℓ reducing gas flow
upper right pressure pr 2 pr < pr reducing gas flow
upper left pressure pℓ 1 pℓ < pℓ increasing gas flow
lower right pressure pr 1 pr > pr increasing gas flow
flow set qset 0 qset < qm reducing gas flow
flow set qset 0 qset > qm increasing gas flow

Table 5.3: target values of compressors and their priorities

for regulators Figure 5.5 displays various target value situations. Sub-figure (a) displays an ideal
situation with no target value violations. In sub-figure (b) both priority two target values pℓ and
pr are violated. The violation of either one requires the reduction of compression, i.e. to reduce
the flow qm through itself. In sub-figure (c) target values of different priorities are violated but
the higher ranking one enforce reduction of compression. Sub-figure (d) is qualitatively identical
to sub-figure (c) but having the other two pressure target values violated. However reduction
of compression remains the only response here. In Sub-figure (e) the minimal pressure ratio
condition is violated and requires an increase of compression by increasing qm. Finally sub-figure
(f) displays the circuit symbol of compressors.
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Figure 5.5: (f): circuit symbol of compressor; (a-e): various target value situations and corresponding
flow regulation; red/purple dashed horizontal lines display left adjacent pressure pℓ on the
right, black dashed horizontal lines display adjacent pressures, black solid horizontal lines
display target values, gradient boxes indicate desired pressure ranges

Beyond target values there is a bit more about compressors because their technical capabilities
and limits need to be taken into account. However in a first step we will neglect this and assume
ideal compressors without technical restrictions. I.e. ideal compressors can achieve any compres-
sion or pressure ratio ζ = pr/pℓ necessary to full-fill the target values as good as possible.

As for control valves we aim to find a root-problem-formulation following the same derivation
techniques and may arrive at

q̇m = µmax(−qm, pℓ − pr,min(pℓ − pℓ,

pr − pr,
max(qset − qm, pℓ − pℓ, pr − pr))).

⎫⎪⎬⎪⎭ (5.40)

For the numerical experiments that shall be the final stage of our compressor models. Hence we
will provide the summery here.
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Summary for (Ideal) Compressors
An idealized compressor ej = (vℓ, vr) ∈ Ecs has element dimension ne = 1 and is
represented by the following circuit symbol:

vℓ vr

pℓ prqm

The element equation is given by

fej ((
̇⃗p, ̇⃗qm), (p⃗, q⃗m), t) =

µmax(−qm, pℓ − pr,min(pℓ − pℓ,

pr − pr,
max(qset − qm, pℓ − pℓ,

pr − pr)))− q̇m,

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(5.41)

where pr = A⊤
r,:,j · p⃗, pℓ = A⊤

ℓ,:,j · p⃗, qm = ⟨ej , q⃗m⟩, scaling 0 < µ and pℓ, pℓ, pr, pr, qset
are target value profile functions as defined above.

However we will now discuss possible expansions of (5.41). In [Koc+15] the following equation
is derived

Had(pr, pℓ) = RsTz
(︁ pℓ
pc

)︁ ϖ

ϖ − 1

(︂
ζ

ϖ−1
ϖ − 1

)︂
, (5.42)

expressing the specific change in adiabatic enthalpy Had(pr, pℓ) measured in
[︁

J
kg

]︁
=
[︁
m2

s2

]︁
due

to gas compression. We will carry over the idea from [Koc+15] and set ϖ = 1296
1000 as a constant

value for ϖ the so called isentropic exponent , although it actually dependents on gas pressure
and temperature. Let furthermore Qℓ = A · vℓ = qm/ρℓ be the volumetric flow of gas in

[︁
m3

s

]︁
and we will abbreviate Had(pr, pℓ) as specific enthalpy henceforth. Data pairs (Qℓ, Had(pr, pℓ)) of
volumetric flow and specific enthalpy can be aggregated into a chart referred to as characteristic
diagram to map out feasible operation ranges of turbo compressors which make up the majority
of compression devices in use for gas networks. The exact region of feasible operation range
also known as characteristic field of a single turbo compressor machine is unknown but can be
approximated from actual measurement points. The approximations are often carried out by
quadratic Ansatz-functions as e.g. in [Koc+15; Dom+17] or done with polyhedrons as e.g. in
[Hen+20]. The outer bounds of the characteristic fields are referred to as

• surge line indicating relatively high compression ratios at a slow velocities of the gas

• line of maximum compressor speed

• choke line indicating high gas velocity at relatively small compression ratios

• line of minimal compressor speed

Figure 5.6 visualizes the four aforementioned bounds of the characteristic field of a single turbo
compressor in a characteristic diagram. The plotted data plotted in Figure 5.6 was extracted from
the freely available gas network instance GasLib-582-v2 (see [Sch+17a; Pfe+15; Sch+17b]) pub-
lished under CC BY 3.0 [Cre07] and hosted at gaslib.zib.de. Compressor machines are often
combined to overcome technical limitations due to their characteristic field. When two or more
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Figure 5.6: visualization of a surge line, choke line, maximum as well as minimum speed line bounding
a characteristic field of a single turbo compressor machine in a characteristic diagram
plotting volumetric flows Qℓ against Had(pr, pℓ) the specific change in adiabatic enthalpy
due to gas compression

machines operate in parallel they can compress more gas at a time as long as each machine indi-
vidually stays within its own characteristic field. Hence two machines in parallel with the same
characteristic field could process double the amount of a single machine. Similarly two machines
in a serial configuration, where the second machine takes the compressed gas from the first as
its input to further compress it. That way the overall compression ratio can be pushed higher.
If there are three or more machines available then groups of parallel operating machines are
further combined into serial configurations to achieve both higher compression ratios at higher
flow rates.
However these configurations can dynamically change during simulation time. Any such group
of compressor machines is referred to as compressor station. To get an impression of the hid-
den combinatorics [Koc+15, Figure 2.8] visualizes most of the five possible configurations of a
compressor station with two machines M1 and M2 in an expanded graph. However with only
two machines there is no combination of serial and parallel configurations possible. So Figure 5.7
visualizes all principle configurations of a compressor station with three machines cs0, cs1 and cs2
in an expanded graph. In total there are 31 possible configurations if the ones displayed in Figure
5.7 get copied and substituted by all available pairwise distinct combinations of i, j, k ∈ {0, 1, 2}.
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As of yet there is no simulation software to my knowledge that could handle the last principle
configuration of Figure 5.7, where a single compressor machine is parallel to a serial configur-
ation, natively. Although expanded graph representations for compressor stations provide vivid
illustrations but given that we jump from five possible configurations for only two machines up
to 31 possible configurations for three machines render them impractical for applications and
software. Actually we would like to be able to take even more machines into a compressor station
but the combinatorics here are merciless.
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Figure 5.7: shortened version of expanded configuration graph for a compressor station with three
machines: cs0, cs1, cs2 over all serial, parallel & mixed configurations

However there is another approach we can take. Compressor machines or more precisely their
characteristic fields can be merged according to a given configuration into a single characteristic
field, in such a way that any working point i.e. a valid pair of volumetric flow and specific
enthalpy (Qℓ, Had) for the merged field corresponds to a tuple of valid working points to their
corresponding single machines. To that end we need to sharpen or formalize our understanding
of a characteristic field.

Assumption 5.2.3 (Characteristic Field)
A characteristic field χ ⊆ R2 has to satisfy

1. χ is a closed connected set with a non empty interior and is enclosed by four piecewise
differentiable functions as well as two values Qmin, Qmax ≥ 0

2. each function maps volumetric flows Qℓ onto specific enthalpy values Had, where

• the surge line or surge : R≥0 → R≥0 is strict monotonically increasing
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• the max compressor speed or top : R≥0 → R≥0 is monotonically decreasing

• the choke line or choke : R≥0 → R≥0 is strict monotonically increasing

• the min compressor speed or idle : R≥0 → R≥0 is monotonically decreasing

3. a pair (Qℓ, Had) belongs to the characteristic field, i.e. (Qℓ, Had) ∈ χ if and only if

Qℓ ≥ Qmin, Qℓ ≤ Qmax,

Had ≤ surge(Qℓ), Had ≤ top(Qℓ),

Had ≥ choke(Qℓ), Had ≥ idle(Qℓ).

If a pair (Qℓ, Had) ∈ χ then we call it a valid working point for the corresponding compressor
machine. As a direct consequence of Assumption 5.2.3 we find characteristic fields χ to be convex
along the Q-axis (x-axis) and along the Had-axis (y-axis), i.e. for any valid working points
(Q0, Had,0), (Q1, Had,0), (Q0, Had,1) ∈ χ it holds:

∀s ∈ [0, 1] : (sQ0 + (1− s)Q1, Had,0) ∈ χ,
∀t ∈ [0, 1] : (Q0, tHad,0 + (1− t)Had,1) ∈ χ.

We can exploit on this specialized convexity. Parallel configured compressor machines can be
merged into a new hypothetical machine whose characteristic field is a Minkowski-styled sum
along the Q-axis. But first we shall define Minkowski sums . It takes n subsets Ai ⊆ V of a vector
space V as summands and its sum then is defined by

n−1∑︂
i=0

Ai =

{︄
n−1∑︂
i=0

ai

⃓⃓⃓⃓
⃓ i = 0, . . . , n− 1 : ai ∈ Ai

}︄
.

Based upon that we define a Minkowski-styled-Q-sum χ = χ0 +Q χ1 of two characteristic fields
χ0, χ1 ∈ R2 in the sense of Assumption 5.2.3 by

∀(Q0, Had) ∈ χ0 :
(︁
∃(Q1, Had) ∈ χ1 =⇒ (Q0 +Q1, Had) ∈ χ

)︁
, (5.43)

∀(Q,Had) ∈ χ, ∃Q0 ∈ R≥0 : (Q0, Had) ∈ χ0 ∧ (Q−Q0, Had) ∈ χ1. (5.44)

The summed field χ then is a characteristic field in the sense of Assumption 5.2.3 again and
we know from (5.44) that every valid working point corresponds to valid working points in
both summand fields. Also (5.43) is commutative and associative such that we can add more
then two characteristic fields via repeated summation in any order. Similarly we can define a
Minkowski-styled-Had-sum χ = χ0 +H χ1 for serially configured machines with characteristic
fields χ0, χ1 ∈ R2in the sense of Assumption 5.2.3 by

∀(Q,Had,0) ∈ χ0 :
(︁
∃(Q,Had,1) ∈ χ1 =⇒ (Q,Had,0 +Had,1) ∈ χ

)︁
, (5.45)

∀(Q,Had) ∈ χ, ∃Had,0 ∈ R≥0 : (Q,Had,0) ∈ χ0 ∧ (Q1, Had −Had,0) ∈ χ1. (5.46)

Again we can conclude the summed field to be a characteristic field in the sense of Assumption
5.2.3 and we know from (5.46) that every valid working point corresponds to valid working
points in both summand fields. Once more we find (5.45) to be commutative and associative.
However summations with respect to Q and H are not arbitrarily interchangeably. In other words
(χ0 +Q χ1) +H (χ2 +Q χ3) and [χ0 +H χ2] +Q [χ1 +H χ3] do not necessarily need to coalesce.
However we are now in able to sum up arbitrary configurations such as any from Figure 5.7.
Figure 5.8 displays Minkowski-styled sums for four compressor machines cs0, cs1, cs

∗
0 and cs∗1,
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serial: [[cs_0], [cs_1]] serial on parallel: [[cs_0, cs_1], [cs_0*, cs_1*]]

single: [[cs_0]], [[cs_1]] parallel: [[cs_0, cs_1]]

Figure 5.8: visualization of Minkowski-style-summed characteristic fields of serial as well as parallel
compressor machine configurations: bottom left are two characteristic fields χ0 and χ1

of two hypothetical machines cs0 and cs1 plotted individually; bottom right is the Q-
summed field χ0 +Q χ1 for their parallel configuration; top left is the Had-summed field
for their serial configuration χ0+H χ1; top right is the H-summed field of two Q-summed
fields of parallel operating machines cs0 and cs1 as well as cs∗0 and cs∗1, where cs∗0 and cs∗1
are assumed to have the same characteristic fields as cs0 and cs1

where the machines cs∗0 or cs∗1 have identical characteristics field like cs0 or cs1, respectively.
In the bottom left sub-figure of Figure 5.8 both characteristic fields χ0 and χ1 are plotted
individually. In the bottom right sub-figure the characteristic field χ[[cs0,cs1]] = χ0 +Q χ1 of their
parallel configuration is displayed. In the top left sub-figure the characteristic field of their serial
configuration χ[[cs0],[cs1]] = χ0 +H χ1 is at display. In the top right sub-figure we find the serial
configuration [[cs0, cs1], [cs

∗
0, cs

∗
1]] of the parallel configurations [[cs0, cs1]] and [[cs∗0, cs

∗
1]], i.e.

χ[[cs0,cs1],[cs∗0,cs
∗
1]]

= χ[[cs0,cs1]] +H χ[[cs∗0,cs
∗
1]]

= (χcs0 +Q χcs1) +H (χcs∗0
+Q χcs∗1

).

If either of the six defining bounds from Assumption 5.2.3 gets violated then we want a com-
pressor, compressor machine or compressor station to react as listed in Table 5.4.
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affected quantity priority violation scenario response to violation
choke 2 Had < choke(Qℓ) reducing gas flow
max comp. speed 2 Had > top(Qℓ) reducing gas flow
max volumetric flow 2 Qℓ > Qmax reducing gas flow
surge 1 Had > surge(Qℓ) increasing gas flow
min comp. speed 1 Had < idle(Qℓ) increasing gas flow
min volumetric flow 1 Qℓ < Qmin increasing gas flow

Table 5.4: reactions to violations within the characteristic field of a compressor, compressor machine
or compressor station

These reactions make sense since we have qm = Qℓ · ρℓ, i.e. changes of qm will result in coherent
changes in Qℓ. Also the monotonicity properties which are part of Assumption 5.2.3 guarantee
that reactions from Table 5.4 will always guide the current working point (Qℓ, Had) back and
deeper into the interior of a given characteristic field. Table 5.4 supplements Table 5.3 and
therefore we can adapt (5.40)

q̇m = µmax(−qm, pℓ − pr,min(pℓ − pℓ,

pr − pr,
Had − choke(Qℓ),

top(Qℓ)−Had,

Qmax −Qℓ,
max(qset − qm, pℓ − pℓ, pr − pr,

Had − surge(Qℓ),

idle(Qℓ)−Had,

Qmin −Qℓ))),

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5.47)

where Had = Had(pr, pℓ) is computed by (5.42) and Qℓ =
qm
ρℓ

= RsTz
(︁ pℓ
pc

)︁ qm
pℓ

. Now (5.47) has
turned into a feature-rich model of compressor stations. If we would use (5.47) as compressor
modelling instead of (5.41) then the element dimension would not change and stay ne = 1.

5.2.5 Gas Networks as a Whole

At this point we have gathered models for many relevant gas network elements. Thus we can bring
all element models together and formulate networks as a whole. Let us consider a gas network
graph structure G = (V, E) in sense of Definition 5.2.1 let us further assume V = Vp ∪̇ Vq, i.e. Vq =
V \Vp. The overall friction dominated DAE with gas network structure 0 = fG(( ̇⃗p, ̇⃗qm), (p⃗, q⃗m), t)
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in the sense of Definition 5.2.2 is given by

0 = pv − pΓv , ∀v ∈ Vp, (5.48a)

ṗv =
Bz,v
ηv

(︂
qv + [Apipe

r,i,: −A
pipe
ℓ,i,: ] · q⃗m,e

)︂
, ∀v ∈ Vq, (5.48b)

0 =
cpAe
2
·
p2r,e − p2ℓ,e

Le
+

λe
2De

κez̊e · qm,e|qm,e|+ sin(αe)g
p̊2e
κez̊e

, ∀e ∈ Epipe, (5.48c)

q̇m,e = α−1
e Θe(t) · (pℓ,e − pr,e)− α−1

e (1−Θe(t)) · qm,e, ∀e ∈ Evlv, (5.48d)
q̇m,e = αemax(−qm,e,min(pℓ,e −max( pℓ,e, pr,e),

min( pr,e, pℓ,e)− pr,e,
max(qset,e − qm,e, pℓ,e − pℓ,e, pr,e − pr,e))), ∀e ∈ Ecv, (5.48e)

q̇m,e = αemax(−qm,e, pℓ,e − pr,e,min(pℓ,e − pℓ,e, pr,e − pr,e,

max(qset,e − qm,e, pℓ,e − pℓ,e, pr,e − pr,e))), ∀e ∈ Ecs. (5.48f)

Alternatively or analogously we also find the overall ISO2 based DAE with gas network structure
0 = f ISO2

G (( ̇⃗p, ̇⃗qm), (p⃗, q⃗m), t) in the sense of Definition 5.2.2 to be given by

0 = pv − pΓv , ∀v ∈ Vp, (5.49a)

ṗv =
Bz,v
ηv

(︂
qv + [Apipe

r,i,: −A
pipe
ℓ,i,: ] · q⃗m,e

)︂
, ∀v ∈ Vq, (5.49b)

q̇m,e = cpAe ·
pr,e − pℓ,e

Le
+

λe
2De

κez̊e ·
qm,e|qm,e|

p̊e
+ sin(αe)g

p̊e
κez̊e

, ∀e ∈ Epipe, (5.49c)

q̇m,e = α−1
e Θe(t) · (pℓ,e − pr,e)− α−1

e (1−Θe(t)) · qm,e, ∀e ∈ Evlv, (5.49d)
q̇m,e = αemax(−qm,e,min(pℓ,e −max( pℓ,e, pr,e),

min( pr,e, pℓ,e)− pr,e,
max(qset,e − qm,e, pℓ,e − pℓ,e, pr,e − pr,e))), ∀e ∈ Ecv, (5.49e)

q̇m,e = αemax(−qm,e, pℓ,e − pr,e,min(pℓ,e − pℓ,e, pr,e − pr,e,

max(qset,e − qm,e, pℓ,e − pℓ,e, pr,e − pr,e))), ∀e ∈ Ecs. (5.49f)

In either case with parameters as defined by (5.21), (5.22), (5.23), (5.32), (5.39) and (5.41). As
a reminder please note that we can use adjacency matrices Aℓ and Ar to filter locally relevant
quantities pℓ,ej , pr,ej and qm,ej for any edge ej ∈ E from the global concatenated vectors p⃗ and
q⃗m as follows

pr,ej = A⊤
r,:,j · p⃗, pℓ,ej = A⊤

ℓ,:,j · p⃗, qm,ej = ⟨ej , q⃗m⟩.

Corollary 5.2.4
The Network model (5.49) is actually a semi-explicit system of differential equations and even
more it is of index one.

Proof It suffices to show that any node pressure pv at v ∈ Vp from (5.49a) is uniquely solvable in
terms of the other intrinsic variables or time-dependent piecewise differentiable profile functions.
This is obviously the case for pv(t) = pΓv (t) in (5.49a). Hence pv(t) for v ∈ Vp can be substituted
backwards into the remaining equations which then all together make up a system of ordinary
differential equations, i.e. an ODE . □
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5.3 Experiments, Network Instances and Simulations

5.3.1 Rolling Stone

The first numerical experiment shall demonstrate the higher convergence order achievable by
generalized Taylor-collocation methods, although there is no general convergence theory, yet.
The differential equation we want to use as instance was introduced in the Bachelor thesis of
Richard Hasenfelder [Has13] and is called rolling stone example. The same system also is cited
once in [Gri+18a]. However the original formulation is a system of ordinary differential equations
or ODE . We will use an index one DAE version of the same example. For its formulation we will
begin with the definition of the exact solution.

The exact solution x̄ = [x̄0, x̄1] has a period of
4+2π, which can be split in four segments and
is given by

if (tmod2π4) ≤ π:

[x̄1, x̄0](t) = [1 + sin(t), cos(t)],

if π ≤ (tmod2π4) ≤ 2 + π:

[x̄1, x̄0](t) = [π + 1− t, 1],

if 2 + π ≤ (tmod2π4) ≤ 2 + 2π:

[x̄1, x̄0](t) = [−1− sin(2− t), cos(t− 2)],

if 2 + 2π ≤ (tmod2π4) ≤ 2 + 4π:

[x̄1, x̄0](t) = [t− 3− 2π, 1].
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Figure 5.9: visualization of two periods of the ex-
act solution to rolling stone

The initial value has to be chosen to fit the provided solution and is therefore given e.g. by
[x0, x1](t0) = [1, 1] if t0 = 0. The original ODE system is then given by[︃

ẋ0(t)
ẋ1(t)

]︃
=

[︃
−V (x1(t))
x0(t)

]︃
,

where −V (x) = −x− 1
2 |x− 1|+ 1

2 |x+ 1|. The index one DAE system reads

0 =

[︃
ẋ0(t) + V (x1(t))
x1(t)− x̄1(t)

]︃
(5.50)

instead. System (5.50) is referred to be of index one since one differentiation is necessary to
transform it back into an ODE system according to the well known differentiation index.

Figure 5.10 visualizes two convergence diagrams of one single integration step from t0 = π+2− 1
3h

to t0+h = π+2+ 2
3h of length h ranging from 2−2 = 1

2 down to 2−16 ≈ 152
10000000 for the both order

two expanded Taylor-collocation methods, i.e. for the generalized and for the smooth version. The
diagrams display the error ∥x̄(t0 + h)− [x

(h)
0 , x

(h)
1 ]⊤∥2 of the exact solution x̄ and the numerical
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approximation x(h) at th = t0+h on the y-axis versus the step-length h on the x-axis. Because t0
is chosen to be t0 = π+2− 1

3h the exact solution necessarily need to cross a non-differentiability
of V ◦ x1 and hence we observe the local convergence order of the smooth variant (on the right
in Figure 5.10) to be two. Otherwise, i.e. if no kink crossing would have occurred, it would have
been of order three. Only the generalized version (on the left in Figure 5.10) is able to sustain
its local order three of convergence. Surprisingly it can realize an order four convergence in the
pre-asymptotic area, i.e. h ≥ 10−2, where the error already is as low as 10−9. The reason for
that is unclear and may be related to properties of the example itself. However we can clearly
identify a qualitative difference in favour of the generalized method.
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Figure 5.10: convergence plot for single step of both the generalized (left) as well as smooth (right)
Taylor-collocation method applied to the rolling stones examples (5.50) in DAE -form,
near a kink.

Also we derived the trapezoidal rule as collocation method and we may consider its perform-
ance on the rolling stone example, too. Figure 5.11 displays a single step of both the general-
ized trapezoidal as well as smooth or classical trapezoidal rule applied to the index one DAE -
formulation (5.50). Once more the local error of the smooth version of the trapezoidal rule drops
down to two instead of being order three as it would achieve be on a smooth ODE . Only the
generalized version is able to maintain its local order of three as predicted by our theoretical
considerations.
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Figure 5.11: convergence plot for single step of both the generalized (left) as well as smooth (right)
trapezoidal method applied to the rolling stones examples(5.50) in DAE -form, near a
kink.
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5.3 Experiments, Network Instances and Simulations

5.3.2 The Control Valve

The second numerical experiment is a network simulation of a single regulator. All necessary
parameters for the topological and scenario description are contained within Figure 5.12 and
Figure 5.13.

IN0 N0 N1 OUT0

IN0-pi-N0 N1-pi-OUT0N0-cv-N1

id from to length roughness diameter
IN0-pi-N0 IN0 N0 10000.0 1.2e-05 0.9
N1-pi-OUT0 N1 OUT0 10000.0 1.2e-05 0.9

Figure 5.12: a gas network topology, with entry node IN0, inner nodes N0, N1 and exit node OUT0,
all at equal height; including a single regulator: N0-cv-N1 as well as two pipes and their
specifications

IN0
time [s] 0.0
qv
[︁kg

s

]︁
10.00

OUT0
time [s] 0.0
qv
[︁kg

s

]︁
-10.00

N0-cv-N1
time [s] 0.0
pℓ [bar] 60.00

time [s] 0.0 18000.0 19800.0
pℓ [bar] 48.00 55.00 53.00

time [s] 0.0 12600.0 16200.0
pr [bar] 55.00 47.00 55.00

time [s] 0.0 23400.0 25200.0 27000.0
pr [bar] 40.00 46.00 46.50 47.50

time [s] 0.0 3600.0 7200.0 9000.0
qset

[︁kg
s

]︁
9.00 15.00 6.00 10.00

Figure 5.13: plateau changes for piecewise constant or piecewise linear profile functions regarding gas
supply and demand at boundary nodes as well as regarding all target values controlling
the regulator over a twolve-hour scenario

This experiment addresses to two different aspects. Firstly the industrial pipe line simulator
SIMONE from Liwacom shall serve us as a quasi standard reference for regulator simulation ap-
plied onto this very network instance. Hence we can compare our proposed target value control
modelling against its results.

Secondly we can also compare our own integrators among each other. Those are the classical
implicit Euler, the order two member of the generalized Taylor-Collocation method and the
classical as well generalized trapezoidal method.

Table 5.5: simulations made in terms of this experiment and their labels; Euler refers to implict Euler
label comment step size h label comment step size h
IND industrial simulator 3[min] EUL low res. Euler 3[min]
APE order 2 gen. Taylor-colloc. 3[min] EUH high res. Euler 30[s]
STR smooth trapezoidal 3[min] GTR gen. trapezoidal 3[min]

Figure 5.14 displays the solutions (IND) generated with SIMONE shadowed, i.e. dashed in the
background, by (EUL). Figure 5.15 displays the distance of both solutions in the following sense.
Incoming or left as well as outgoing or right pressures are simply subtracted from each other
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making up the absolute distance

δpℓ(t) = p
(IND)
ℓ (t)− p(EUL)ℓ (t), δpr(t) = p(IND)

r (t)− p(EUL)r (t),

with p
(IND)
ℓ (t) or p(EUL)r (t) being piecewise linear interpolations of the generated data tables

corresponding to IND or EUL. The distance in flows is calculated differently. The integral of
mass flows determines the amount of mass that has been transported. Given the economical
relevance of that quantity it does make sense to measure changes in the flow relative to it

δq(t) =
q(IND)(t)− q(EUL)(t)∫︁ t

t−3[min]
1
2 [q

(IND)(s) + q(EUL)(s)]ds
. (5.51)

Again q(IND)(t) and q(EUL)(t) represent piecewise linear interpolants w.r.t. IND and EUL, re-
spectively. Also the integrals are computed or approximated by the simple trapezoidal quadrature
rule. Measuring changes in flows relatively instead of absolutely also has the benefit to flatten
spikes of erratic and fast changes in the mass flow as consequence changes in the pressures. How-
ever these spikes do not represent large amounts transported gas. Furthermore in Figure 5.14
we can observe a certain shift in the numerical solution between IND and EUL. The reason is
that we interpret the profile functions for supply, demand and target values as piecewise linear
interpolants rather than piecewise constant step functions. The shift is about 3[min] which by
accident coincides the time stepping width h. These time offset of 3[min] also coalesce with the
transition phase, i.e. the linear interpolation between the constant plateaus in the scenario de-
scribing profile functions. However the bottom line message is that SIMONE evaluates the scenario
parameters slightly differently as we do in our approach. Nonetheless Figure 5.14 and Figure 5.15
clearly visualize that we have the ability to mimic the behaviour of regulators compared to our
self declared quasi standard.
Hence we can now use self simulated results to compare the remaining solvers.

The next comparison is visualized in Figure 5.16 and Figure 5.17. Again we measure distances of
pressures in absolutely terms, whereas we use relative comparison for the flows analogue to (5.51).
Once more both simulations fit each other quite acceptable, but this time it is APE versus EUH.
We also should mention that both simulations have been accomplished at different time step
resolutions, namely 3[min] for EUH and 30[s] for APE. The error done by interpolating the order
two Taylor-collocation result piecewise linearly is dominating the plot. Hence the supposedly
higher order Taylor-collocation integration (APE) does indeed get closer to the higher resolution
implicit Euler (EUL) result than it does to the lower resolution solution one (EUL). This gets
even more clear when we compare the three flow spikes between the sixth and eigth hour of the
simulation time frame of Figure 5.16 versus Figure 5.14. The predicted magnitudes and peaks
by EUL (and correspondingly by IND) versus EUH (and likewise APE) differ quite much.

The final components of this experiment are displayed by Figure 5.18 and Figure 5.19. Both dis-
play solutions of the control valve or regulator by the trapezoidal method. Figure 5.18 visualizes
the smooth or classic trapezoidal method, whereas Figure 5.19 presents the solution produced by
the generalized trapezoidal method. Both produce results that mimic the exact solution recog-
nizably. However neither method appear actually fit for approximating the control valve model,
at least not natively. Whether modifications or certain post processing after each integration
step could improve and rehabilitate remains to be an open question. In their current form the
trapezoidal method classic or generalized is not recommendable for gas network simulations, due
to the oscillations in both results.
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Figure 5.14: control valve with target values; top: pressures and bottom: flows; solid lines represent
solution extracted from industry simulator (IND) at resolution of h = 3[min]; dashed lines
shadowing same coloured solid lines represent self simulated solution by implicit Euler
(EUL) at resolution of h = 3[min]
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Figure 5.15: difference of pressure solutions as well as relative distance in flows; top: pressures and
bottom: flows; comparing (IND) and (EUL)
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Figure 5.16: control valve with target values; top: pressures and bottom: flows; solid lines represent
self simulated solution by Taylor-collocation of order two (APE) at resolution of h =
3[min]; dashed lines shadowing same coloured solid lines represent self simulated solution
by implicit Euler (EUH) at higher resolution of h = 30[s]
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Figure 5.17: difference of pressure solutions as well as relative distance in flows; top: pressures and
bottom: flows; comparing (APE) and (EUH)
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Figure 5.18: control valve with target values; top: pressures and bottom: flows; simulated by smooth
or classic trapezoidal method (STR) at resolution of h = 3[min]
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Figure 5.19: control valve with target values; top: pressures and bottom: flows; simulated by gener-
alized trapezoidal method (GTR) at resolution of h = 3[min]
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5.3.3 Modified GasLib-40

c)

a)
b)

topology principal configuration A

principal configuration B principal configuration C

cs0 cs1 cs2 cs0 cs1 cs2

cs0 cs1 cs2 cs0 cs1 cs2

cv

cv

cv

cv

sourceNW

sinkNW

sourceN sinkN

sourceNE

sinkNE

sinkSEsinkSW

W E

S

Figure 5.20: network display of mod-g40 a derived network from GasLib-40 (see [Sch+17a; Pfe+15;
Sch+17b] as well as gaslib.zib.de): a) general network topology as gas network circuit;
b) enlargement of network station and three principal configurations A, B and C, where
white elements allow unmanaged bi-directional flow, dark grey elements blocking flow
in any direction, light green elements allow and actively control one-directional flow; c)
topology editor view of the network station just after its creation
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5.3 Experiments, Network Instances and Simulations

The third and last numerical experiment is a singular scenario on a moderately sized gas network
of 70 nodes. We call it mod-g40 and it is derived from the online, publicly available GasLib-40
instance [Sch+17a; Pfe+15; Sch+17b]. The speciality about the derived network is, that not
only does all element types of (5.48) or (5.49) occur, but the single control valve, the three
compressor stations and all the common valves make up a gas network station. In other words
the non pipe elements are located relatively close together within a compact area. Hence these
elements can be fine controlled together to define complex driving strategies for a network wide
control over the gas transport. We will refer to these complex driving strategies as principal
configurations. Even though there are eight boundary nodes, or more precisely four entry and
four exit nodes, but those boundary nodes fall into either of three groups which are topologically
separated by the gas network station. These groups may be labelled as north-west, north east
and south. Provided there is enough supply of gas we are able to move gas from one group to
another at will by selecting a fitting principal configuration. Figure 5.20 displays the topology
of mod-g40 and three such principal configurations for the station at its hearth. Now we want to
demonstrate two aspects with this numerical experiment. Firstly we want to show that we can
simulate an involved scenario that iterates through these three principal configurations by (5.48)
as driving DAE formulation. Secondly or afterwards we want to compare the classical Newton
method versus the generalized or piecewise differentiable Newton method. All topological and
scenario related parameter as well as all details regarding the origin of mod-g40 are enclosed
in the Appendix A, due to the amount and magnitude of required documentation that uplifts
our moderate network to be simultaneously a huge test instance for a scientific text. Again this
experiment shall demonstrate two aspects. The three principal configurations described in the
scenario and which are also displayed in Figure 5.20 shall serve the following macroscopic goals:

1. The principal configuration A takes gas from north-east and north-west, compress it and
push into the south.

2. The principal configuration B takes gas from the north-east. It supplies compressed gas
to the south through compressor cs2. It also supplies compressed and regulated gas to
north-west through compressors cs0 and cs1.

3. The principal configuration C takes gas from the south via a bypass to cs2. It supplies gas
to the north-west with the remaining two compressors, whereas the north-east is shut away
tightly.

Figure 5.21 displays some snapshots of the solution simulated with the implicit Euler method. At
10 : 00 o’clock the principal configuration A is active. At 16 : 00 and also at 19 : 00 o’clock we have
the configuration B at work and at 07 : 00 o’clock of the next day we have configuration C. Figure
5.22 displays the number of Jacoby matrix propagations or njev required by the classic or smooth
method of Newton as blue graph and the number of abs-linear form or ALF propagations taken
by the piecewise differentiable Newton method as orange graph. We will refer to both numbers
as njev. The two images in the top of Figure 5.22 display each njev-number as graph plotted
versus the time points as generated by Euler. Vertical red lines indicate convergence failure of
either Newton method. In case of such a failure the time step length was temporarily shortened
by repeated divisions by three, until convergence succeeded again. There is one such failure in
case of the piecewise differentiable Newton method and 34 failures of the classical Newton. The
bottom picture on the left plots both curves onto each other for comparison. Most of the time
do both methods perform identically as one would expect, but occasionally the classical method
tend to struggle, where the piecewise differentiable generalization do succeeds with only a single
exception. Requiring less Jacobian matrices/ALF propagations result in reduced computation
time for optimized code and hence the piecewise differentiable method has a clear advantage.
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0/10:00

0/19:00

1/07:00

0/16:00

flow direction
compression/
regulation
blocked

Figure 5.21: snapshots of a solution at different times: day zero at 16 : 00 o’clock visualizing the
pressures (ranging from 73 to 96 [bar]) for the whole network; day zero at 10 : 00 o’clock
visualizing the pressures (same range) and flows (ranging from 0 to 270

[︁
kg
s

]︁
) for the gas

network station; day zero at 19 : 00 o’clock visualizing the pressures (same range) and
flows (same range) for the gas network station; day one at 07 : 00 o’clock visualizing the
pressures (same range) and flows (same range) for the gas network station
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Figure 5.22: number of Newton (blue) or PD-Newon (orange) steps for the modified GasLib-40 scenario
instance per successfully accomplished time step in the top left, top right, bottom left
as well as aggregated (summed up over time) in the bottom right; vertical red lines in
both top plots indicate failed steps (for which temporary time step shrinkages have been
applied to make successful advancement possible again)
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6 Conclusion and Outlook

In the very beginning of this work within the introduction chapter we have sketched out three
principal procedural steps towards the numerical approximation of solutions to initial value prob-
lems upon DAE systems and also ODE systems. We wanted to address these procedural steps
one by one towards the ultimate goal to derive generalized integration schemes utilizing the
algorithmic piecewise linearization originally developed in [Gri13] as well as its higher order gen-
eralization in form of the abs-polynomial expansion process as proposed initially within [STG21].
At this point we can now conclude our endeavour to be successful. Following the ideas and con-
cepts of [Gri13] as well as plenty of other subsequent publications we have introduced abs-normal
forms or ANF s as a sub class of piecewise differentiable functions. We showed that they can be
approximated by piecewise linear operators referred to as abs-linearizations or ALF s as close
as first order Taylor polynomial expansion can get to a differentiable function. We showed that
those ALF s are Lipschitz continuous w.r.t. their reference point just as Jacobian matrices are as
well. On top of that we showed how to propagate ALF s using pretty much the same state-of-the-
art methodology for the efficient Jacobian and secant matrix generation namely via algorithmic
differentiation. Thus we can call abs-linearization a practical generalization to classical differen-
tiation which is now applicable in such a way that we can adapt existing software infrastructure,
such as established AD-packages as well as widely used dense and sparse matrix libraries. We may
especially emphasize the open source software solutions ADOL-C (for c++) [Gri+], TAPENADE (for c
& Fortran) [HP13] and cycADa (for python) [cyc21] as honourable mentions since they already
include the minimal changes necessary for ALF propagation ready to use straight away.

Following the works of [Str15] and [Gri+18b] we reproduced a generalized version of Newton’s
method called the piecewise differentiable Newton method which is able to solve root problems
defined upon functions in ANF . Here we can exploit our practical knowledge to piecewise linearize
functions in ANF representation into ALF s. We can also benefit from already existing theory and
algorithms to solve systems of piecewise linear equations, of which we choose the piecewise linear
Newton method from [Gri13] to present. It is a compromise of a capable solver for a large variety
of piecewise linear functions, namely those that are coherently oriented, while not being a brute
force approach, since the underlying problem is combinatorial challenging. We were able to uplift
the convergence theory from functions in span(ΦS) onto C1,1abs in the tangent mode. Furthermore
we discovered that continuous paths exist, that connect the quadratically convergent iterates
produced by the piecewise differentiable Newton method. We figured that these paths reduce
the residuals of the piecewise linearizations strict monotonously and are almost bifurcation free.
Here an open opportunity arise left open for future reconsiderations to exploit on these paths
for dampening strategies. E.g. the Armijo-Goldstein rule can be utilized to stabilize convergence
among floating point numbers in future implementations of the piecewise differentiable Newton
method. In other words to make the piecewise differentiable Newton method ready and fit for
applications in the area of high performant scientific computing. Another open opportunity to
continue in the spirit of this thesis is the development of more and potentially other approaches
to solve systems of piecewise linear equations to find reliable, robust, numerically stable and fast
new methods that relax the requirements of the piecewise linear Newton method even further.

In the wake of [STG21] we were able to in some sense continue the aforementioned abs-
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linearization beyond the first order case into a higher order expansion process for functions
in ANF into splines called the abs-polynomial expansion or generalized Taylor expansion. We
found a multivariate version of the formula of Faà di Bruno to be generalizable to become the
formal backbone of generalized expansion process. Also we observed that actual splines are kept
invariant to that process alike polynomials are invariant to Taylor polynomial expansion. We
found the abs-polynomial form as normalized representation for abs-polynomial expansions and
are able to efficiently compute point evaluations, once more based on techniques of algorithmic
differentiation. We also found certain properties of real analytic functions to be preserved in
combination with the ANF framework such that abs-polynomial expansions can be carried on
to become abs-series expansions in the limit. This is an opportunity to explore this connec-
tion to real analytic functions further into detail with respect to consequences and properties
of functions in real analytic abs-normal form. To give an instance: One aspect that we did
not explore is that univariate functions in real analytic abs-normal form can only have a finite
amount of kinks, i.e. definitive crossings of the origin in the absolute value nodes of their evalu-
ation graph, on convex closed subsets in their open domain. This is an immediate consequence
of real analytic functions to have only a finite number of roots or being already the constant
zero-function on convex closed subsets in their open domain. This in turn begs the question
whether this may be of any help designing new algorithms to approximate solutions to differ-
ential equations. Another open question remains whether the Hermite expansion process can be
generalized into a spline based expansion process for functions in ANF . The answer could be:
no. The key stone behind the generalized Taylor or abs-polynomial expansion is to define new
increments ∆(i)[abs ◦u](̊x; ∆x) ≡ |

∑︁
j≤i∆

(i)u(̊x; ∆x)| − |
∑︁

j<i∆
(i)u(̊x; ∆x)| as telescope sum.

This simple idea does not carry over to Hermite expansions in a straight forward fashion, but
maybe it is still possible and would open up the possibility to generalize Adams-Moulton as well
as backward-differentiation formulas similar as we have generalized the trapezoidal method.

With [Gri13; Gri+18a] the generalization of the trapezoidal method actually dates back long
before this thesis but only for systems of ODE s. We were able to adapt the underlying ideas
onto semi-explicit DAE s of index one with differentiable algebraic constraints but with differential
constraints in ANF . On top we have completed the convergence analysis and proved second
order global convergence under typical requirements. The same approach maybe or probably is
applicable onto the generalized midpoint rule from [Gri13] as well. Other types of DAE s should
be considered for convergence analysis of the generalized trapezoidal method, too. For instance
a secant based quadrature of the integral 0 = h

∫︁ 1
0 f((xn+1−xn)/h, xn+ τ(xn+1−xn), tn+ τh)dτ

in the sense of secant piecewise linearization yields an alternative version of the generalized
trapezoidal method applicable onto DAE s in standard form. This alternative version may perhaps
be easier to handle for applications and could yield more efficient implementations. This version
of the trapezoidal method follows ideas sketched in the introduction of [Pot+06]. Beyond the
generalized trapezoidal rule we were able to define a class of mixed Taylor-collocation methods
but without convergence theory which is a matter left open.

An important aspect of this thesis was to demonstrate the ideas presented herein not only on
academical examples but in context of actual applications. Given the current developments, the
spirit of the time and the likely necessary transformation of national energy production in the
near future we find gas networks to make a relevant class of problems to consider and therefore
also to simulate. We followed ideas and approaches e.g. from [Dom+17] to model such networks
as graphs and used various models from literature to represent pipes, valves and resistors, but
we had to find our own new models to integrate active elements, i.e. regulators and compressors
that are controlled and driven by a complex system of so called target values. These new models
are non-smooth in a way that they fit our description of functions in ANF and are thus treatable
by our framework. We also could demonstrate in a numerical experiment that our model meet
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a self declared industrial quasi standard, since an actual standard to define the behaviour of
regulators in simulations does not exist.
Our new models for regulators and compressors may serve as a starting point to integrate other
features in the future, too. For example we did not cover fuel consumption of compressors at op-
eration time, compander units that uses a regulator driving an adjacent compressor by harnessing
released pressure or dynamic power bounds to compressor machines. However the ultimate net-
work description turned out to be a semi-explicit DAE of index one, with differential constraints
in ANF representation or in other words to meet our considered class of DAE s exactly. Hence
we applied the Taylor-collocation method of order two and this was the exact point where all
the work done in this thesis culminated together onto a network including a regulator. Here we
made use of a generalized DAE integrator, the piecewise differentiable Newton method, driven
by the piecewise linear Newton method as well as of cycADa to compute sparse abs-linearizations
and all of this relied on abs-linearization as a cohesive, computationally exploitable concept for
a form of generalized differentiation.

Of course the implementation of Taylor-collocation methods will require optimization to become
applicable to large instances as well as productive software. However with the modified GasLib
40 instance we also set up an even larger network with an involved transient scenario and solved
it with the implicit Euler method relying on the piecewise differentiable Newton method. That
way we were able to observe a clear advantage over the classical Newton method.

I believe in the potential of the abs-linear framework to treat and analyse non-smooth functions. I
hope this work may serve as inspiration and starting point for the development of strong efficient
codes in the future to address fitting problems such as the simulation of gas networks.
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A.1 Modified GasLib40 or mod-g40 Instance

The modified GasLib-40 or short mod-g40 is a transient gas network instance consisting of

• network topology or topology data based on the original GasLib-40

• handmade transient scenario

The original GasLib-40 is published under CC BY 3.0 [Cre07] and hosted at gaslib.zib.de. For
further information see [Sch+17a; Pfe+15; Sch+17b]. In the subsections below you will find the
corresponding data addressing the itemize bullets above. As initial value at t0 = 0 all pressures
are set 80.0 [bar] and all flows are 0.0

[︁kg
s

]︁
.

Table A.1: all nodes of mod-g40, including coordinates for plotting. Each node’s height is 0[m]

id x y id x y id x y
node0 1800.0 4000.0 node1 2000.0 4000.0 node10 4633.1 6713.4
node11 5394.5 7785.8 node12 5322.0 7831.7 node13 133.38 5303.8
node14 1815.5 5378.1 node15 2125.0 4000.0 node16 2255.0 4000.0
node17 2000.0 3460.0 node18 2000.0 3635.0 node19 2000.0 3770.0
node2 2400.0 4000.0 node20 2000.0 3930.0 node21 2200.0 3635.0
node22 2200.0 3460.0 node23 2200.0 3400.0 node24 2250.0 3400.0
node25 2150.0 3400.0 node26 2460.0 3460.0 node27 2400.0 3930.0
node28 2460.0 3635.0 node29 2360.0 3700.0 node3 2000.0 3700.0
node30 2360.0 3400.0 node31 2035.0 3400.0 node32 2400.0 3770.0
node33 2400.0 3635.0 node34 2400.0 3460.0 node35 2035.0 3700.0
node36 2150.0 3700.0 node37 2200.0 3700.0 node38 2250.0 3700.0
node39 4080.1 5171.7 node4 2400.0 3700.0 node40 4435.6 4889.6
node41 2630.7 4426.5 node42 2789.0 4499.2 node43 1603.0 4409.0
node44 2173.6 1938.9 node45 1067.9 1592.7 node46 4716.9 6739.3
node47 1308.8 4287.4 node48 2315.2 2584.4 node49 1139.4 360.63
node5 1800.0 3400.0 node50 2415.7 376.26 node51 1154.5 2230.5
node52 4638.6 7395.2 node53 867.37 4930.6 node54 1780.3 5458.0
node55 2032.8 2162.2 node56 2031.5 1442.8 node57 1744.1 1126.9
node58 1836.0 1150.2 node59 1019.0 1838.1 node6 2000.0 3400.0
node60 2374.1 2105.3 node61 2444.6 305.56 node7 2400.0 3400.0
node8 4510.3 4844.5 node9 4743.3 6656.6 sinkN 1815.8 5766.7
sinkNE 6304.1 4154.1 sinkNW 744.33 5472.0 sinkSE 2539.2 20.875
sinkSW 848.52 16.263 sourceN 1542.8 5682.2 sourceNE 5451.7 7845.4
sourceNW 63.64 5331.8
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Table A.2: adjacency information on every non-pipe edge of mod-g40
id type from to id type from to
cs0 compressor node18 node17 cs1 compressor node21 node22
cs2 compressor node33 node34 cv controlValve node5 node0
vlv0 valve node15 node16 vlv1 valve node36 node35
vlv2 valve node29 node38 vlv3 valve node20 node19
vlv4 valve node30 node24 vlv5 valve node25 node31
vlv6 valve node26 node28 vlv7 valve node27 node32

Table A.3: properties and adjacency information on every pipe of mod-g40 – part I of II
id from to length roughness diameter
pi0 node0 node1 250.0 5e-05 0.8
pi1 node6 node5 250.0 5e-05 0.8
pi10 node1 node20 250.0 5e-05 0.8
pi11 node22 node23 250.0 5e-05 0.8
pi12 node4 node29 250.0 5e-05 0.8
pi13 node7 node30 250.0 5e-05 0.8
pi14 node24 node23 250.0 5e-05 0.8
pi15 node23 node25 250.0 5e-05 0.8
pi16 node7 node26 250.0 5e-05 0.8
pi17 node2 node27 250.0 5e-05 0.8
pi18 node28 node4 250.0 5e-05 0.8
pi19 node31 node6 250.0 5e-05 0.8
pi2 node1 node15 250.0 5e-05 0.8
pi20 node32 node4 250.0 5e-05 0.8
pi21 node4 node33 250.0 5e-05 0.8
pi22 node34 node7 250.0 5e-05 0.8
pi23 node35 node3 250.0 5e-05 0.8
pi24 node40 node8 500.0 5e-05 1.0
pi25 node46 node9 500.0 5e-05 1.0
pi26 sourceNE node11 500.0 5e-05 1.0
pi27 sourceNW node13 500.0 5e-05 1.0
pi28 node54 node14 500.0 5e-05 1.0
pi29 sourceN node54 1307.0852297 5e-05 1.0
pi3 node37 node36 250.0 5e-05 0.8
pi30 node55 node48 2032.2054259 5e-05 0.6
pi31 node45 node57 3286.2025259 5e-05 0.8
pi32 node2 node14 4748.2838523 5e-05 0.8
pi33 node57 node58 380.5866770499997 5e-05 0.6
pi34 node57 node49 3903.0418114 5e-05 0.8
pi35 node58 node50 3869.824363 5e-05 0.4
pi36 node49 sinkSW 1801.8496012 5e-05 0.6
pi37 node50 node61 306.54743994 5e-05 0.6
pi38 node61 sinkSE 1205.8748344 5e-05 0.4
pi39 node58 node56 1404.1135378 5e-05 0.4
pi4 node38 node37 250.0 5e-05 0.8
pi40 node8 sinkNE 7689.5507568 5e-05 0.8
pi41 node56 node44 2063.698268800003 5e-05 0.6
pi42 node44 node55 1058.1294733 5e-05 0.6
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Table A.4: properties and adjacency information on every pipe of mod-g40 – part II of II
id from to length roughness diameter
pi43 node44 node60 1042.031178000001 5e-05 0.6
pi44 node54 sinkN 1237.3521636 5e-05 0.8
pi45 node60 node48 1930.1920196 5e-05 0.6
pi46 node7 node48 6603.5946309 5e-05 0.6
pi47 node0 node43 1896.412711099998 5e-05 1.0
pi48 node43 node53 3606.0098747 5e-05 0.8
pi49 node53 sinkNW 2224.1532472 5e-05 0.8
pi5 node37 node21 250.0 5e-05 0.8
pi50 node53 node47 3117.6191038 5e-05 0.8
pi51 node2 node41 2155.5661917 5e-05 1.0
pi52 node47 node43 1276.7034136 5e-05 1.0
pi53 node53 node13 3291.259815 5e-05 0.8
pi54 node11 node46 4986.1483875 5e-05 0.8
pi55 node46 node10 349.45466552 1.2e-05 0.8
pi56 node11 node12 341.00825125 1.2e-05 1.0
pi57 node52 node12 3244.372045300002 5e-05 1.0
pi58 node52 node46 2642.4816453 5e-05 0.8
pi59 node39 node40 1813.5972918 5e-05 1.0
pi6 node17 node6 250.0 5e-05 0.8
pi60 node39 node9 6505.1742679 5e-05 0.8
pi61 node39 node10 6553.2127112 5e-05 0.8
pi62 node41 node42 699.05377872 5e-05 1.0
pi63 node42 node39 5821.9695531 5e-05 0.8
pi64 node7 node51 4221.09 5e-05 0.8
pi65 node51 node59 1657.3259985 5e-05 0.6
pi66 node59 node45 1002.7829812 5e-05 0.6
pi67 node51 node55 3521.8390867 5e-05 0.6
pi7 node3 node18 250.0 5e-05 0.8
pi8 node19 node3 250.0 5e-05 0.8
pi9 node16 node2 250.0 5e-05 0.8

Transient Scenario

Table A.5: in- and outflows at sources and sinks; negative values represent extractions from the network
whereas positive values represent supply into the network; times in [s]; flows in

[︁
kg
s

]︁
sinkN

time 0.0 3600.0
qv 0.00 -100.00

sinkNE
time 0.0 3600.0
qv 0.00 -100.00

sinkNW
time 0.0 3600.0
qv 0.00 -100.00

sinkSE
time 0.0 3600.0 75600.0
qv 0.00 -100.00 50.00

sinkSW
time 0.0 3600.0 75600.0
qv 0.00 -100.00 50.00

sourceNE
time 0.0 3600.0 75600.0
qv 0.00 166.67 100.00

sourceNW
time 0.0 3600.0 39600.0
qv 0.00 166.67 0.00

sourceN
time 0.0 3600.0 39600.0 75600.0
qv 0.00 166.67 333.33 100.00
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Table A.6: target values and on/off times of active elements; times in [s]; flows in
[︁
kg
s

]︁
; pressures in

[bar]; on/off states, i.e. Θ or Θbypass in [1]; please note that bypass is a state for active
elements where they behave exactly like an open valve

cs0
time 0.0
Θ 1.00

time 0.0 3600.0
Θbypass 1.00 0.00

time 0.0
pℓ 200.00

time 0.0
pℓ 70.00

time 0.0
pr 90.00

time 0.0
pr 2.00

time 0.0
qset 500.00

cs1
time 0.0
Θ 1.00

time 0.0 3600.0
Θbypass 1.00 0.00

time 0.0
pℓ 200.00

time 0.0
pℓ 70.00

time 0.0
pr 90.00

time 0.0
pr 2.00

time 0.0
qset 500.00

cs2
time 0.0
Θ 1.00

time 0.0 3600.0 75600.0
Θbypass 1.00 0.00 1.00

time 0.0
pℓ 200.00

time 0.0
pℓ 70.00

time 0.0
pr 90.00

time 0.0
pr 2.00

time 0.0
qset 500.00

cv
time 0.0 39600.0
Θ 0.00 1.00

time 0.0 93600.0
Θbypass 0.00 1.00

time 0.0
qset 500.00

time 0.0
pℓ 200.00

time 0.0
pℓ 2.00

time 0.0
pr 60.00

time 0.0
pr 45.00

vlv0
time 0.0 39600.0
Θ 1.00 0.00

vlv1
time 0.0
Θ 1.00

vlv2
time 0.0
Θ 1.00

vlv3
time 0.0 39600.0
Θ 1.00 0.00

vlv4
time 0.0 75600.0
Θ 1.00 0.00

vlv5
time 0.0
Θ 1.00

vlv6
time 0.0
Θ 0.00

vlv7
time 0.0 75600.0
Θ 1.00 0.00

Remarks on Changes

The mod-g40 instance or more precisely its topology is based on that of GasLib-40. However
plenty of changes have been applied including but not limited to:

• some pipe lengths have been altered

• positions of nodes have been nudged
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• most nodes have been converted from being boundary nodes (i.e. sink or source) into inner
nodes

• original compressors have been removed and replaced by pipes

• one node has been removed and replaced by a gas network station, also introducing three
new compressors, a control valve, eight regular valves and few more connecting pipes

• all names i.e. identifiers of nodes, pipes and active elements have been generated from the
ground up

• mod-g40 has 70 nodes and hence almost twice as much compared to the GasLib-40 which
has 40 nodes.
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Notation

Abbreviations

AD algorithmic or automatic differentiation
CSR compressed sparse row (major) format (for sparse matrices)
CSC compressed sparse column (major) format (for sparse matrices)
ANF abs-normal form
ALF abs-linear form
APF abs-polynomial form
ODE system of ordinary differential equations
DAE system of differential algebraic equations
CPL complementary piecewise linear operator
LCP linear complementarity problem
MLCP mixed linear complementarity problem
UPL unfolded piecewise linear operator
LIKQ linear independence kink qualification
NLP non-linear program
TSO (gas network) transmission system operator
i.e. id est (that is)
e.g. exempli gratia (for instance, for example)
w.r.t. with respect to

General

∃ there is, exists
∀ for all
x ∈M x is an element of set M
x /∈M x is not an element of set M

M ×N bivariate Cartesian product
M ∪N union of sets M and N
M \N set difference of sets M and N
M ∩N intersection of sets M and N
M ⊆ N a set M is a subset of N (including the case M = N)
M∁ complement of set M
M̄ set closure, provided M is a set (in the given context)
conv(M) smallest convex set containing the set M

N0,N1 non-negative, positive natural numbers or integers
N context dependent either N0 or N1

n! faculty of n ∈ N

Nn,Nn
0 ,N

n
1 sets of integer valued tuples, i.e. multi indices
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Notation

R,R1 (one dimensional space of) real numbers
Rn finite dimensional real vector space
Rn×n space of matrices
x ⊥ y vectors x and y are orthogonal according to standard scalar product
M = [U, V ] ∈ Rn×m horizontal matrix concatenation of U ∈ Rn×mU , V ∈ Rn×(m−mU )

N = [U, V ]⊤ ∈ Rn×m vertical concatenation of U⊤ ∈ RnU×m, V ⊤ ∈ R(n−nU )×m

I ∈ Rn×m identity matrix
A−1 ∈ Rn×n inverse of A ∈ Rn×n

A⊤ ∈ Rm×n complement of A ∈ Rn×m (also applicable onto vectors v ∈ Rn×1)
diag(v) ∈ Rn×n diagonal matrix with main diagonal entries v = (vi)

n−1
i=0 ∈ Rn

ei ∈ Rn canonical unit vector
A · x, y⊤ ·A matrix-vector, vector-matrix product (x ∈ Rm, y ∈ Rn, A ∈ Rn×m)
det(A) determinant of matrix A ∈ Rn×n

∥. . .∥ norm for vectors or matrices
Br (̊x) open ball in Rn with radius r > 0 of vectors, centring in x̊ ∈ Rn

B̄r (̊x) closure of open ball Br (̊x)

f : X → Y f is function mapping from a set X to a set Y
f ◦ g function and chain of functions, where f is applied onto values of g
f(x) either f is a function of x or the function value at x
o(g(x)),O(g(x)) small and big O’h of Landau notation
Lf Lipschitz constant of function f
dom(f) domain of f

x ∈ Rn x is a vector from Rn or substitutable variable
x̊ ∈ Rn typically a point of expansion or differentiation
x̂, x̌ ∈ Rn typically a pair of points for secant linearization
[x̌, x̂] ⊆ Rn linear segment defined by the secant mode reference pair x̂, x̌ ∈ Rn

x̊, δx ∈ Rn midpoint-offset representation of [x̌, x̂], i.e. x̂ = x̊+ δx & x̌ = x̊− δx
ẋ ∈ Rn typically a direction or directional seed for directional differentiation
x∗ ∈ Rn typically a root of a given function, i.e. f(x∗) = 0

xi ith vector component of (xi)n−1
i=0 ∈ Rn or ith iterate of (xi)n−1

i=0 ⊆ Rn

Advanced

Jf (̊x) Jacobian matrix of function f at reference point x̊
Sf (x̂, x̌) computed secant matrix of evaluation procedure from f at x̌, x̂
∂if, ∂xif,

∂
∂xi
f partial derivative of function f w.r.t. ith argument component

ḟ (̊x, ẋ) tangent directional derivative of f at x̊ in direction ẋ
ḟ(x̂, x̌, ẋ) secant directional derivative of f at x̂, x̌ in direction ẋ
Df set of all points where function f is differentiable
∂i∂jf, ∂xi∂xjf,

∂2

∂xi∂xj
f second order partial derivative of f w.r.t. to components i & j

∂αf higher order partial derivative of function f w.r.t. multi index α
∂x, ∂tx, x

′, ẋ, dtx,
d
dtx first order derivative of univariate function x : D ⊆ R→ Y

∂jx, ∂(j)x, x(j), djtx jth order derivative od univariate function x : D ⊆ R→ Y
∂Bf Bouligand differential
∂Cf Clarke differential
Td ⊆ Nd

0, S
n
k⃗
⊆ Nd×n

0 special sets exclusively used in context of Faà di Bruno
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Φ library (i.e. finite set) of elemental (scalar valued) functions
Φ1 consists exactly of all univariate φ : D ⊆ R→ R from Φ
ΦS coincides with Φ1 ∪ {+}
ΦS∗ coincides with Φ1 ∪ {+,−, ·, /}
φ,ψ ∈ Φ elemental function
vi ≺ vj , i ≺ j data dependence relation; vi depends directly on vj
v, u, vi, vj intermediate variables or quantities (in the corresponding context)
vi = φ(vj)j≺i elemental operational step, for φ ∈ Φ

ẋ, v̇, ḟ value of tangent or secant directional derivative, due to AD
span(Φ) functions created by finite applications of chain rule onto elements of Φ
f ∈ span(Φ) function with explicit expression; referred to as evaluation procedure

+,−, ·, / standard arithmetic operations
sin, cos, exp, log, . . . standard (and real analytic) univariate operations
abs absolute value
max(x0, . . . , xn−1) maximum function
min(x0, . . . , xn−1) minimum function
relu(x), (x)+,max(x, 0) rectified linear unit or also referred to as positive part function
2max(x0, . . . , xn−1)) returns second maximal value
abs pown(x) abs-power function with value equivalent expression: xn−1 · |x|

C, C(X,Y ), C0(X,Y ) class of all continuous functions mapping from X to Y
C0,1, C0,1(X,Y ) class of all locally Lipschitz continuous functions on X
C1,0, C1, C1,0(X,Y ) class of all differentiable functions on X
C1,1, C1,1(X,Y ) class of all Lipschitz continuously differentiable functions on X
Cd,0, Cd, Cd,0(X,Y ) class of all d-times differentiable functions on X
Cd,1, Cd,1(X,Y ) class of all d-times Lipschitz c. differentiable functions on X
span(Φ) class of explicitly representable and differentiable functions
span(ΦS) class of explicitly repr. and secant differentiable functions
span(ΦS∗) identical to span(ΦS) but better suited for proofs
span(Φ ∪ {abs}) class of explicitly representable abs-normal forms
span(ΦS ∪ {abs}) class of secant piecewise linearizable abs-normal functions
span(ΦS∗ ∪ {abs}) identical to span(ΦS ∪ {abs}) but better suited for proofs
f ∈ Cd,0abs, f ∈ C

d,1
abs abs-normal form, where Ff , Gf ∈ Cd,0 or Cd,1 respectively, for d ∈ N1

Mf [D],Mf [dom(f)] set of selection functions of a selection f
PCS,PCSd,0,PCSd,1 piecewise differentiable selection, for d ∈ N1

PC,PCd,0,PCd,1 piecewise differentiable functions, for d ∈ N1

Cω, Cω(X,Y ) class of real analytic functions
Cωabs, Cωabs(X,Y ) class of real analytic abs-normal forms

Gf , Ff functions for expressing the ANF representation of a function f ∈ Cd,1abs

Gf,i, Ff,i ith component of Gf or Ff , respectively
z = Gf (x, |z|) switching vector or switching function of f in ANF representation
f(x) = Ff (x, |z|) second part of f in ANF representation
z̊ ∈ Rs evaluation of switching function z(x) at some argument or reference x̊
σ ∈ {−1, 1}s signature of switching argument z of abs(z)
diag({−1, 1}s) set of signature matrices
Σ ∈ diag({−1, 1}s) signature matrix, such that Σ = diag(σ)
Σz piecewise continuous operator mapping onto signature matrices
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Pσ signature preimage set (ANF ) or polyhedron (ALF ) for a signature σ
fσ differentiable (ANF ) or linear (ALF ) selection function active on Pσ
Pf set of preimage sets (ANF ) or polyhedra (ALF ) Pσ for all σ
Pf,j j dimensional skeleton if f is piecewise linear (i.e. ALF )
Z,L, J, Y typically the blocks of the block matrix of an ALF representation
♢x̊f(x) tangent piecewise linearization of f ∈ C1,1abs at x̊
♢x̂x̌f(x) secant piecewise linearization of f ∈ C1,1abs at x̌, x̂

T df [̊x](x) Taylor polynomial expansion of f ∈ Cd,1

c
(i)
f (̊x) Taylor polynomial coefficient of order i
fx̊[ẋ](λ) ≡ f (̊x+ λẋ) univariate companion function to f at x̊ in direction ẋ
T df [̊x](x) generalized Taylor expansion or abs-polynomial expansion
∆x = x− x̊ (= ẋ) increment (or direction) in the domain space
∆f (̊x; ∆x),∆f,∆(1)f first order, linear or piecewise linear increment of function f
∆(i)f (̊x; ∆x),∆(i)f (higher order) increment of (abs) polynomial expansion of order i
T df [̊g(̊t)] ◦Faà T dg [̊t] chaining of (abs) polynomial expansions in the sense of Theorem 2.5.8
S(x0 < · · · < xν) class of univariate splines

z (= z) typically the switching vector of an ALF
H(z) CPL or system of complementary piecewise linear equations
U(x, z) UPL or unfolded system of piecewise linear equations
swd(z) switching depth of z, i.e for determination of nesting of absolute values
Hf,x,λ a homotopy function in context of Newton’s method
[x], [̊x] ⊆ Rn fibre or preimage set of homotopy path
[x]λ≤1 ⊆ [x] restricted fibre
[x̌, x̂]λ≤1 also a restricted fibre but in the context of secant piecewise linearization

Differential Equations

f(ẋ(t), x(t), t) implicit ODE or DAE depending on properties of f
x(t) univariate function and potential solution to ODE or DAE
px(t) polynomial Ansatz-function to numerically approximate x(t)
sx(t) spline or piecewise polynomial Ansatz-function to approximate x(t)
τ : τ0 < · · · < τd ordered vector of relative collocation points (smooth case)
τ j : τj,0 < · · · < τj,d ordered vector of relative collocation points (non-smooth case)
τ : (τ 0, . . . , τµ−1) matrix of kinks and collocation points (non-smooth case)
ẋ(t) = f(x(t), y(t), t) differential equations of DAE in semi-explicit form
0 = g(x(t), y(t), t) algebraic equations of DAE in semi-explicit form
v(t) = (x(t), y(t)) univariate function and potential solution to semi-explicit DAE
v0 = (x0, y0) (actual) initial value of solution
v̄0 = (x̄0, ȳ0) (desired) initial value
ev0 = (ex0 , e

y
0) initial error or error in the initial value

exn, e
y
n, evn = exn + eyn (total) error of the nth step

ϵfn, ϵ
g
n numerical noise or perturbations while solving generalized trapezoidal step

ψ(x, ϵg) implicit function for y in terms of x and ϵg
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Gas Networks

pc pseudo-critical pressure of a gas composition
Tc pseudo-critical temperature of a gas composition
T space dependent temperature of a gas composition
R universal gas constant
Rs specific gas constant of a gas composition
mmol molar mass of a gas composition

z, z(p/pc) gas compressibility factor
Bz, Bz(p/pc) shorthand notion for z2/(z − p∂pz)
ν dynamic viscosity of a gas composition
Re(ρ, v) Reynolds number of a gas composition
c speed of sound within a gas composition
κ shorthand quantity for RsT/(cp ·A)

ρ, ρ(x, t) density of gas at spatial position x and at time t
v, v(x, t) velocity of gas at spatial position x and at time t
p, p(x, t) pressure of gas at spatial position x and at time t
cp scaling factor for gas to switch between [Pa] and [bar]
q, q(x, t) mass flow of gas at spatial position x and at time t
Q,Q(x, t) volumetric flow of gas at spatial position x and at time t
λ friction factor from Darcy-Weißbach formula for friction at pipe walls
D pipe diameter
A cross sectional area of a pipe
L length of a pipe
r roughness of a pipe’s wall
α tilt angle for a pipe
h height
g gravity constant
ϖ isentropic exponent

ξ drag factor of resistors
Θ,Θ(t) on-off-function for opening states of valves and alike
µ adjusting scaling factor for various element models
ζ pressure ratio, i.e. pr/pℓ
Had adiabatic enthalpy
χ characteristic field of a compressor or a configuration
surge surge line of characteristic field of compressor
top max compressor speed line within characteristic field
choke choke line of characteristic field of compressor
idle min compressor speed line within characteristic field
+H ,+Q Minkowski styled summation operations for characteristic fields

pℓ lower target value for left/ingoing pressure of regulators/compressors
pℓ upper target value for left/ingoing pressure of regulators/compressors
pr lower target value for right/outgoing pressure of regulators/compressors
pr upper target value for right/outgoing pressure of regulators/compressors
qset target value for flow through regulators/compressors
q , q lower or upper target value for flow through regulators/compressors
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Notation

G notion for a graph
E all edges of G
V all vertices or nodes of G
Vp all vertices with a pressure condition
Vq all vertices without a pressure condition or V \ Vp
v ∈ V vertex within G
e = (vℓ, vr) ∈ E single edge between first or left node vℓ and second or right node vr
⋆(v) star shaped domain enclosed by all adjacent half pipes to v
ηv shorthand notion for (

∑︁
e∈Epipe(v) Le/κe)/2

pv, pv(t) pressure at vertex v after spatial discretization
pΓv , p

Γ
v (t) pre-defined profile function for pressure as boundary condition at v

pℓ, pm, pr left, middle and right pressure value after spatial discretization
qv, qv(t) pre-defined profile function for mass flow as boundary condition at v
qℓ, qm, qr left, middle and right mass flow value after spatial discretization
ρℓ, ρm, ρr left, middle and right density value after spatial discretization
vℓ, vm, vr left, middle and right velocity value after spatial discretization
Qℓ, Qm, Qr left, middle and right volumetric flow value after spatial discretization
zℓ, zm, zr left, middle and right compressibility factor after spatial discretization
Bz,ℓ, Bz,m, Bz,r left, middle and right version of Bz after spatial discretization
z̊, p̊ mean averages: z̊ = 1

2(zℓ + zr) and p̊ = 1
2(pℓ + pr)

Epipe all edges representing pipes or pipelines
Epipe
ℓ (v) all pipes, whose left end is adjacent to a vertex v ∈ V
Epipe
r (v) all pipes, whose right end is adjacent to a vertex v ∈ V
Enon-pipe all edges who are no pipes, i.e. E \ Epipe

Evlv all edges representing valves
Ecv all edges representing regulators or control valves
Ecs all edges representing compressors or compressor machines

p⃗ℓ, p⃗m, p⃗r vectors of all left, middle or right pressures, i.e. for every vertex in V
q⃗ℓ, q⃗m, q⃗r vectors of all left, middle or right flows, i.e. for every edge in E
L⃗, κ⃗ vectors of all pipe lengths or values κ for every edge in E
Aℓ ∈ R|V|×|E| left adjacency matrix of network graph G
Ar ∈ R|V|×|E| right adjacency matrix of network graph G
Aℓ,i,j , Ar,i,j components of either Aℓ or Ar
Apipe
ℓ ∈ R|V|×|E| left adjacency matrix of network graph G for only pipes

Apipe
r ∈ R|V|×|E| right adjacency matrix of network graph G for only pipes

x spatial coordinate or generic solution to a differential equation
fG , fG(ẋ, x, t) DAE with flow network structure representing a gas network G
(fv)v∈V component equations for all vertices
(fe)e∈E component equations for all edges
nG , nv, ne is input dimension of fG or fv or fe
mG , mv, me is output dimension of fG or fv or fe
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Index

a priori, 102
Abel compliant, 66
Abel series, 66
Abel’s Lemma, 66
abs-factorable functions, 78
abs-linear form ALF

secant abs-linear form, 47
tangent abs-linear form, 41

abs-linearization, 37
secant abs-linearization, 47
tangent abs-linearization, 40

abs-normal form ANF , 38
abs-polynomial expansion, 59
abs-polynomial normal form APF , 65
abs-power monomial, 68
abs-power series, 68
absolute value, 7
absolute value equation, 82
active gas network elements, 132
adiabatic enthalpy, 136
adjacent edges, 119
algebraic constraint, 103
algebraic variable, 103
algorithmic differentiation, 5
algorithmic piecewise linearization, 37
automatic differentiation, see algorithmic

differentiation

ball, 9
Bernoulli numbers, 23
block matrices, 8
Bouligand differential, 36
Brouwer fixed point theorem, 10

canonical unit vector, 8
Cartesian product, 6
chain rule of functions, 6

chain rule for Bouligand differentials, 36
chain rule for Clarke differentials, 36
first order secant, 20
first order tangent, 19

characteristic diagram, 136
characteristic field, 136

(valid) working point, 139

choke line, 136
max compressor speed, 136
min compressor speed, 136
surge line, 136

check valve, 130
Clarke differential, 36
coherent orientation, 83

stable coherent orientation, 85
complementary piecewise linear system CPL,

81
compressed sparse column CSC , 32
compressed sparse row CSR, 27
compressor, 134
compressor station, 134

parallel configuration, 140
serial configuration, 140

concatenation, 8
continuity, 10
continuous selection, 37
control valve, 130
convergence diagram, 143
critical multipliers, 102

data dependence relation, 17
differentiability

Lipschitz continuous differentiability, 12
secant differentiability, 20
tangent differentiability, 11

differential algebraic equation
semi-explicit, 103
with flow network structure, 120
with gas network graph structure, 119

differential constraint, 103
differential variable, 103
differentiation index, 97
directed graph, 119
directional derivative, 12
drag factor, 127

edge, 118
loop-free, 118
no isolated nodes, 118

elemental computation step, 17
elemental differentiability, 16
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Index

elemental function, 16
(3-part) evaluation procedure, 17
evaluation graph, 17

Faà di Bruno
generalized, 61
(smooth) multivariate, 15
(smooth) univariate, 14

fibres, 88
finite volume integration, 123
first order forward mode, 18
first order reverse mode, 30
flow balance equation, 121
flow networks, 120
friction

Colebrook-White formula, 115
Darcy-Weißbach formula, 115
Nikuradse formula, 115

friction factor, 115
function, 6

one dimensional, 7
bivariate, 7
multivariate, 7
open, 10
scalar valued, 7
univariate, 7
vector valued, 7

function concatenation, 8

gas
density, 114
dynamic viscosity, 115
ideal gas, 116
mass flow, 117
molar mass, 116
pressure, 114
pseudo-critical pressure, 114
pseudo-critical temperature, 116
real gas, 116
real gas compressibility factor, 114

AGA, 116
Papay, 116

Reynolds number, 115
specific gas constant, 114
temperature, 114
universal gas constant, 116
velocity, 114
volumetric flow, 136

gas composition, 115
gas compression, 136
gas network graph structure, 119
generalized differential, 36

generalized Jacobian, 36
gradient, 30
graph, 118
gravity constant, 114

hierarchy of function classes, 38
homotopy function, 88

implicit Euler method, 98
implicit function theorem (IFT)

Clarke implicit function theorem, 36
smooth implicit function theorem, 12

incidence matrix, 125
increment

higher order increment, 60
multivariate smooth increment, 56
piecewise linear increment, 48
univariate smooth increment, 54

index of a DAE , 97
indicator constraint, 127
initial error, 106
intermediate variable or quantity, 17
isentropic exponent, 136
isothermal Euler equations, 114

continuity equation, 115
friction dominated, 117
ISO1, 116
ISO2, 117
ISO3, 116
momentum equation, 115

friction, 115
gravity, 115
inertia, 115

state equation for real gases, 115

Jacobian (matrix), 11

Kirchhoff laws, 121
Kronecker index, 8

Landau notation, 10
left node, 119
Leibniz product rule (generalized), 64
library

library of elemental functions, 16
restricted library, 22

limiting Jacobians, 36
linear complementarity problems LCP , 82
linear independence kink qualification

LIKQ , 86
(local) Lipschitz continuity, 10
local discretization error, 105
(data table) look up formula, 85
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Index

manifold of feasible switching vectors, 82
matrix, 8

linear operator, 9
regular, 9
singular, 9

matrix concatenation, 8
matrix multiplication, 8
matrix norm, 9
max-min representation, 79
mean value theorem

Cauchy mean value theorem, 14
multivariate mean value theorem, 14
univariate mean value theorem, 14

(single valued) metric regularity, 84
Minkowski sum, 139

Minkowski-styled-Had-sum, 139
Minkowski-styled-Q-sum, 139

mixed linear complementarity problem
MLCP , 82

multi index, 13
multinomial expansion, 61
multinomial theorem, 66

Newton’s method
generalized Newton method, 36
piecewise differentiable Newton method

secant mode, 90
tangent mode, 90

piecewise linear Newton method, 89
smooth Newton method, 36

Newton-Raphson method, 77
node, 121
norm

p-norm, 7
Euclidean norm, 7
infinity norm, 7
vector norm, 7

norm equivalence, 7

on-off-function, 128

partial derivative, 11
partial derivative matrix, 11
perturbations, 105
piecewise differentiable function, 37
piecewise differentiable selection, 37
piecewise linear function, 78
pipe, 121

diameter, 114
length, 114
roughness, 115
tilt angle, 114

pipe equations, see isothermal Euler equa-
tions

polyhedral subdivision, 80
polyhedron, 80

active, 80
essentially active, 80

pressure constraint, 121
pressure profile, 121
pressure ratio, 134
propagation rules, 58

Rademacher’s theorem, 13
real analytic abs-normal form ANF , 66
real analytic functions, 65
real vector space, 6
regulator, 130
resistor, 126
right node, 119
rolling stone function, 143
root problem

non-linear, 89
piecewise linear

complementary piecewise linear, 81
original piecewise linear, 80
unfolded piecewise linear, 82

rosette function, 86

scalar product, 8
Schur-complement, 81
Schwartz’s theorem, 13
secant matrix, 20
selection function, 37

linear selection function
active, 79
essentially active, 79

set, 9
disjoint union, 118
closed, 9
closure, 9
complement, 9
difference, 9
intersection, 9
open, 9
union, 9

set of left edges, 119
set of right edges, 119
set of selection functions, 37
set point values, 131
signature, 39

active, 39
essentially active, 39

signature matrix, 39
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signature operator, 39
signature preimage sets, 39
signature vector, 39
simply switched, 85
singularity free formulas, 23
skeletons, 80
sparse column vector, 33
sparse linear algebra, 28
sparse row vector, 28
sparsity, 26
spatial discretization, 121

implicit box, 121
midpoint discretization, 122
single flow discretization, 125
topology-adaptive or L-R discretization,

122
trapezoidal discretization, 122

specific enthalpy, 136
splines, 69
star shape domain, 123
switching depth, 84
switching space, 78
switching variables, 38
switching vector, 38

target value violation, 131

target values, 131
Taylor coefficients, 54
Taylor expansion

generalized Taylor expansion, 59
Taylor polynomial expansion

multivariate, 56
univariate, 54

Taylor’s theorem
multivariate theorem of Taylor, 57
univariate theorem of Taylor, 55

time dependent profile, 121
transversality condition, 88
trapezoidal method

generalized for semi-explicit DAE , 105
generalized for standard DAE s, 103
smooth, 102

turbo compressors, 136

unfolded piecewise linear system UPL, 82
unfolding, 81
univariate companion function, 55

valve, 127
vector, 8
vector concatenation, 8
vertex, 118
Virial expansion, 116
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