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“we demand rigidly defined areas of doubt and uncertainty!”

–Vroomfondel (in The Hitchhiker’s Guide to the Galaxy by Douglas Adams, 1979)
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Summary
Measurement uncertainties are a vital part of ameasurement result. They reflect the range of
values in which the quantity that is measured can be expected with some degree of certainty.
As such, the measurement uncertainty reflects the quality of the data. In todays data-driven
society, more and more decisions are made based on data therefore, the quality of the data
impacts these decisions. To be able tomake, understand, or evaluate these decisions, the abil-
ity to correctly work with data is a crucial skill. As such, this understanding contributes to
the development of students’ views about the nature of science and scientific literacy. Unfor-
tunately, measurement uncertainty is a topic that is often neglected in secondary education
and many students struggle with the related concepts. Although there is a body of research
on secondary education students’ understanding about measurement uncertainties, there is
not much scientifically evaluated teaching material for this group.

One task that requires knowledge about measurement uncertainties is the comparison of
data sets. Measurement uncertainties allow for the expression of agreement by evaluating
the extend of overlap between the two sets. The goal of the work presented in this thesis was
to find out what conceptual knowledge about measurement uncertainties students need, to
correctly compare data sets. A second goal was to find out at what grade level of secondary
education the topic can be successfully introduced.

In order to do so, a Digital Learning Environment (DLE) was developed. It presents the
concepts of measurement uncertainties through instructional videos and practice problems
in about 60minutes. The concept-based DLE uses an established subject matter model for
secondary education and consists of three parts: introduction to and underpinnings of mea-
surement uncertainties, calculation and meaning of the mean value and the uncertainty, and
the comparison of measurement results. The effect was tested in a pre–post design. The pre
and post-test consisted of two probes: a competency test and a data comparison problem
where a decision had to be made supported by a justification. Participants were randomly
assigned one of three groups A, B, or C and were shown one, two, or all three parts of the
DLE. A total of 154 students of grades 8 to 11 participated voluntarily and independently.

The competency test showed a strong pre–post effect for all groups. The differences be-
tween post-test results, however, were only found between groups A and B+C, but not be-
tween B and C individually. The decisions of the data comparison problem were better dur-
ing the post-test, but did not show any difference between the groups. The justificationswere
found to consist of a compared quantity and a deciding criterion. A coding manual of hier-
archical codes was developed to code these two aspects. This novel analysis of justifications
showed, in fine-grained detail, what participants did when comparing data sets. A gradual
shift towards higher quality justifications was seen from group A, to B, to C. The justification
quality was found to correlate with the competency test score, indicating that the two mea-
sure a similar construct. No correlations could be found between participants’ grade level
and any of the probes.

This work has shown that with increased conceptual knowledge, students’ ability to com-
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pare data sets increases significantly. The concept-based teaching can be done by having
students work independently with the DLE in 60minutes. Teachers could, of course, also
design their own activities based of the same contents of the subject matter model.

The coding manual allows for a quick analysis of students’ justifications in the context
of data comparison problems. This coding manual can be easily used in school settings,
taking mere minutes to administer. These codes show, in a fine-grained detail, the quality
and development of students’ ability to compare data sets.

No correlations have been found between grade level and competency test score or justifi-
cation quality. The success of the DLE and the simultaneous absence of any such correlation
means that the topic ofmeasurement uncertainties can be introduced as early as eighth grade.
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Zusammenfassung
Messunsicherheiten sind ein wesentlicher Bestandteil eines Messergebnisses. Sie spiegeln
den Wertebereich wider, in dem die gemessene Größe mit einem gewissen Grad an Sicher-
heit erwartet werden kann. Die Messunsicherheit beschreibt also die Qualität der Daten.
In der heutigen datengesteuerten Gesellschaft werden immer mehr Entscheidungen auf der
Grundlage von Daten getroffen, weshalb sich die Qualität der Daten auf diese Entscheidun-
gen auswirkt. Um diese Entscheidungen zu treffen, zu verstehen oder zu bewerten, ist die
Fähigkeit, korrekt mit Daten umzugehen, eine grundlegende Fähigkeit. Somit trägt dieses
Verständnis zur Entwicklung der Ansichten der Schülerinnen und Schüler über die Na-
tur der Naturwissenschaften und die Naturwissenschaftliche Grundbildung bei. Leider sind
Messunsicherheiten ein Thema, das in der Sekundarstufe oft vernachlässigt wird, und viele
Schüler*innen haben Schwierigkeiten mit den entsprechenden Konzepten. Obwohl es eine
Vielzahl an Forschungsarbeiten über das Verständnis von Schülern der Sekundarstufe von
Messunsicherheiten gibt, gibt es nicht viel wissenschaftlich evaluiertes Lehrmaterial für die-
se Gruppe.

Eine Aufgabe, die Kenntnisse über Messunsicherheiten erfordert, ist der Vergleich von
Datensätzen.Messunsicherheiten ermöglichen den Ausdruck vonÜbereinstimmung, indem
dasMaß der Überschneidung zwischen den beiden Datensätzen bewertet wird. Das Ziel der
in dieser Dissertation vorgestellten Studie war es, herauszufinden, welches konzeptionelle
Wissen über Messunsicherheiten Schüler*innen benötigen, um Datensätze korrekt zu ver-
gleichen. Ein zweites Ziel war es, herauszufinden, in welcher Klassenstufe der Sekundarstufe
das Thema erfolgreich eingeführt werden kann.

Zu diesemZweckwurde eine digitale Lernumgebung (Digital Learning Environment, DLE)
entwickelt. Sie präsentiert die Konzepte der Messunsicherheiten durch Lehrvideos gefolgt
von Übungsaufgaben in ungefähr 60Minuten. Die konzeptbasierte DLE nutzt ein etablier-
tes Sachstrukturmodell für die Sekundarstufe und besteht aus drei Teilen: Einführung in und
Grundlagen von Messunsicherheiten, Berechnung und Bedeutung des Mittelwerts und der
Unsicherheit sowie dem Vergleich vonMessergebnissen. Die Wirkung wurde in einem Prä–
Post-Design getestet. Der Prä- und Posttest umfasste zwei Prüfungsaufgaben: einen Kom-
petenztest und ein Datenvergleichsproblem, bei dem eine mit Begründung versehene Ent-
scheidung getroffen werden musste. Die Teilnehmenden wurden nach dem Zufallsprinzip
einer der drei Gruppen A, B oder C zugeteilt und bekamen einen, zwei oder alle drei Teile
der DLE gezeigt. Insgesamt nahmen 154 Schüler*innen der Klassenstufen 8 bis 11 freiwillig
und selbstständig teil.

Der Kompetenztest zeigte bei allen Gruppen einen starken Prä–Post-Effekt. Die Unter-
schiede zwischen den Posttest-Ergebnissen wurden jedoch nur zwischen den Gruppen A
und B+C festgestellt, nicht aber zwischen B und C einzeln. Die Entscheidungen des Daten-
vergleichsproblems waren im Posttest besser, wiesen aber keinen Unterschied zwischen den
Gruppen auf. Es wurde festgestellt, dass die Begründungen aus einer verglichenen Größe
und einem Entscheidungskriterium bestehen. Es wurde ein Kodierungsmanual mit hierar-
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chischen Codes entwickelt, um diese beiden Aspekte zu kodieren. Diese neuartige Analyse
der Begründungen zeigte in feinem Detail, wie die Teilnehmenden beim Vergleich von Da-
tensätzen vorgingen. Es zeigte sich eine stufenweise Verschiebung hin zu qualitativ hoch-
wertigeren Begründungen von Gruppe A zu B zu C. Es wurde festgestellt, dass die Qualität
der Begründungen mit dem Ergebnis des Kompetenztests korreliert, was darauf hindeutet,
dass die beiden ein ähnliches Konstrukt messen. Es konnten keine Korrelationen zwischen
der Klassenstufe der Teilnehmenden und einer der Prüfungsaufgaben festgestellt werden.

Diese Studie hat gezeigt, dass mit zunehmendem konzeptionellen Wissen die Fähigkeit
der Schüler*innen, Datensätze zu vergleichen, deutlich zunimmt. Der konzeptbasierte Un-
terricht kann durchgeführt werden, indem die Schüler*innen 60Minuten selbstständig mit
der DLE arbeiten. Die Lehrkräfte können natürlich auch eigene Aktivitäten entwerfen, die
auf denselben Inhalten des Fachmodells basieren.

DasKodiermanual ermöglicht eine schnelle Analyse der Begründungen der Schüler*innen
im Rahmen von Datenvergleichsproblemen. Dieses Manual kann leicht in der Schule einge-
setzt werden, da es nur wenige Minuten in Anspruch nimmt. Diese Codes zeigen in einem
feinkörnigen Detail die Qualität und Entwicklung der Fähigkeit der Schüler*innen, Daten-
sätze zu vergleichen.

Es wurden keine Korrelationen zwischen der Klassenstufe und dem Ergebnis des Kompe-
tenztests oder der Begründungsqualität gefunden. Der Erfolg der DLE und das gleichzeitige
Fehlen eines solchen Zusammenhangs bedeutet, dass das ThemaMessunsicherheiten bereits
in der achten Klasse eingeführt werden kann.
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Samenvatting
Meetonzekerheden zijn een belangrijk aspect van een meetresultaat. Ze geven, met een be-
paalde mate van zekerheid, een bereik van waarden weer waarin de gemeten grootte te ver-
wachten is. Zodoende is de meetonzekerheid een maat voor de kwaliteit van de data. In
de huidige samenleving, die veelal door data gestuurd wordt, worden meer en meer beslis-
singen gemaakt op basis van deze data. De kwaliteit van de data heeft derhalve invloed op
deze beslissingen. Om deze beslissingen te nemen, begrijpen en te evalueren is de vaardig-
heid om correct met data om te gaan cruciaal. Verder draagt deze vaardigheid ook bij aan
de ontwikkeling van de scientific literacy van leerlingen en hoe zij tegen de nature of science
aankijken. Helaas is meetonzekerheden een thema dat nauwelijks aan bod komt in het voort-
gezet onderwijs en veel leerlingen hebben moeite met de bijbehorende concepten. Hoewel
er legio onderzoeken zijn naar het begrip over meetonzekerheden van deze leerlingen, is er
nauwelijks onderzoek beschikbaar naar de evaluatie van lesmateriaal voor deze doelgroep.

Een opgave waarbij kennis over meetonzekerheden noodzakelijk is, is bij het vergelijken
van twee sets meetgegevens. Meetonzekerheden geven een mate van overeenstemming tus-
sen de twee sets door de evaluatie van de mate van overlap van deze sets. Het doel van dit
onderzoek was om na te gaan welke conceptuele kennis over meetonzekerheden leerlingen
moeten hebben om deze sets correct met elkaar te vergelijken. Het tweede doel was om na
te gaan in welke klas dit onderwerp geïntroduceerd kan worden.

Hiervoor is een digitale leeromgeving (Digital Learning Environment, DLE) ontwikkeld.
Deze presenteert in ongeveer 60minuten de verschillende concepten door middel van in-
structievideo’s en oefenopgaven. De inhoud van deze concept-gebaseerde DLE is gebaseerd
op een gevestigd vakinhoudelijk structuurmodel voor het voortgezet onderwijs en bestaat
uit drie delen: introductie en onderliggende principes van meetonzekerheden, berekening
en betekenis van het gemiddelde en de onzekerheid en vergelijken van meetresultaten. Het
effect was gemeten met een pre–post design. De pre- en post-test bestaan uit twee items: een
vaardigheidstest en een opgave waarin twee sets data vergeleken moeten worden. Bij deze
vergelijkingsopgave moet een keuze gemaakt worden met onderbouwing. De deelnemers
zijn willekeurig in een van drie groepen A, B en C ingedeeld die ieder een, twee of alle drie
de delen van de DLE hebben doorlopen. Er waren in totaal 154 leerlingen van de tweede tot
en met de vijfde klas die vrijwillig en zelfstandig deelgenomen hebben.

De vaardigheidstest liet een sterk pre–post effect zien voor alle groepen. De verschillen
tussen de post-tests van de drie groepen daarentegen, waren er alleen tussen groepen A en
B+C, maar niet tussen B en C zelf. De keuzes bij de vergelijkingsopgave waren beter in de
post-test maar lieten geen verschillen tussen de groepen zien. De onderbouwingen bleken
alle te bestaan uit een grootte die vergeleken is en een doorslaggevend criterium. Om deze
onderbouwingen te coderen is een codeerhandleiding ontwikkeld, bestaande uit hiërarchi-
sche codes die deze twee aspecten coderen. Deze nieuwe analysemethode geeft in verfijnd
detail weer wat de deelnemers deden bij het vergelijken van de twee data sets. Een stapsge-
wijze verschuiving richting kwalitatief betere onderbouwingen was zichtbaar van groep A
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naar B naar C. Ook is er een correlatie gevonden tussen de kwaliteit van de onderbouwin-
gen en de score bij de vaardigheidstest, wat een aanwijzing is dat deze twee een vergelijkbaar
construct meten. Er zijn geen correlaties gevonden tussen de jaarlaag van de klassen en beide
items.

Dit onderzoek laat zien dat, met toenemende conceptuele kennis, de vaardigheid om data
sets te vergelijken significant verbetert. De concept-gebaseerde lesinstructie kan succesvol
uitgevoerd worden in 60minuten door leerlingen zelfstandig met de DLE te laten werken.
Docenten kunnen natuurlijk ook hun eigen lesmateriaal ontwikkelen, gebaseerd op dezelfde
inhoud van het vakinhoudelijk structuurmodel.

Met de coderingshandleiding kunnenonderbouwingen in vergelijkingsopgaven snel geana-
lyseerd worden. Dit is makkelijk inzetbaar in de praktijk en kost slechts enkele minuten. De
codes geven snel een gedetailleerd overzicht in de kwaliteit en ontwikkeling van hoe leerlin-
gen data sets vergelijken.

Er zijn geen correlaties tussen jaarlaag en vaardigheidsscore of onderbouwingskwaliteit.
Het succes van de DLE en de afwezigheid van deze correlaties betekent dat het onderwerp
meetonzekerheden reeds in de tweede klas van het voortgezet onderwijs geïntroduceerd kan
worden.
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1 Introduction
“any measurement that you make without knowledge of the uncertainty is

completely meaningless”

Lewin (2011) (p.ix)

Tomost people, not familiarwith the field of science, this statement byWalter Lewinmight
come across as quite surprising. Why would the absence of knowledge of the uncertainty
render ameasurementmeaningless? Is uncertainty not the same as not knowing? But,Walter
Lewin is correct. Measurement uncertainties indicate the quality of a result, by stating a
range in which the value of the measured quantity can be expected with some degree of
certainty. With the uncertainty, you express the limits of the result, making it comparable
with other results, and thus placing it into perspective.

Nobody would be surprised when the last decimals on a digital stopwatch in a series of
time measurements of a marble falling 1meter are not exactly identical with each trial. In-
tuitively, one knows that these values will fluctuate due to reaction time.

These fluctuations—the measurement uncertainties—are unavoidable, even for the best
scientists and experiments. With careful experimentation and precise instruments, how-
ever, these uncertainties can be reduced. Repeated measurements can be done to explore
the amount of fluctuation which allows one to quantify the uncertainty. Fewer fluctuation
means a smaller uncertainty and indicates that the result is very precise. The measurement
uncertainty is, thus, an indication of the quality of a result.

However, that does not mean that every measurement should be done with the highest
possible precision. For instance, when you need a stick to support your tomato plants, you
will look for something about a meter and a half tall. You will probably take a stick, hold it
next to your body, and see if it is somewhere between your hip and neck. When mounting
shelves in a bookcase, you will want your tallest book, say 32.0 cm, to fit. You will need to
measure 33.0 cm (leaving 1.0 cm for your finger to pull the book out), which is a lot more
precise than the measurement for the support stick. For this purpose, you will probably use
a measuring tape.

Different purposes require different ways of measuring. Holding a stick next to you al-
lows you to distinguish between one and two meters. Using the measuring tape results in
millimeter precision.

The result of a measurement should also reflect the level of confidence you have in your
measurement. Saying that the support stick for the tomatoes is 1.53m is a grave overestima-
tion of the certainty you have about its length. Stating something like: the stick is roughly
a meter and a half long, is a far more appropriate representation. Figure 1.1 illustrates an
entertaining real-life example of an absurdly precise measurement result.

But also the entity that is measured itself can fluctuate. When measuring your height, the
result in the morning, just after you get out of bed, will be different from when you go to
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1. Introduction

Figure 1.1: Road sign found in the woods of Brandenburg [MB III prevention of forest damage
(renewal of roads of a length of 5561.1m)]. For this measurement result, the length of the forest
roadwould have to bemeasuredwith a precision of 5 cm. Such precision is rather absurd, given
the fact that the starting point of this road is hard to pinpoint, also the road varies in width,
has many curves, and is uneven.

sleep (during the day, the cartilage in your joints compresses, causing you to “shrink” about
1 cm). So, what is your “true” height? The answer: there is no “true value”. Your height in
the morning is different from your height in the evening. And, given a sensitive enough
instrument, repeated height measurements will fluctuate at any time of day. As such, your
result should also include how and when you have made your measurements.

In everyday life contexts, consumers in the European Union find the ℮-symbol on prepa-
ckaged products. This symbol has been introduced to indicate the tolerance1 of the contents
in prepackaged products. This tolerance sets a range (in grams or milliliters) around the
specified value that the package is allowed to have. For instance,℮ 500 g indicates a tolerance
of 3 % which means that the contents of the package can be between 485 g to 515 g.

The range of contents in prepacked products will probably not change people’s decision
to buy a specific product. There are, however, examples where an understanding of uncer-
tainty is vital for a correct interpretation of data to make well-founded decisions. During
the COVID-19 pandemic, theR-value (indicating the average number of people that one in-
fected person infects) was often reported as a range of possible values (e.g., NU.nl, 2021). This
range is the result of the uncertainty of the models and reflects how well the virus is under-
stood. Another example is the use of dental exams to determine whether a person is a minor
or not (see the L.A. Times article by Mejia & Morrissey, 2019). These dental exams have an
uncertainty of approximately 3 years. A test result stating that the estimated age is 18 years
with an estimated precision of 88% seems really good and precise. However, the complete
measurement result would be that there is a 88 % certainty that the person’s age is between
15 years to 21 years, which is an unreliable outcome to determine whether somebody is a
minor or not.

1The tolerance depends on the nominal quantity in the package, the exact rules can be found on e.g.,
Wikipedia: https://en.wikipedia.org/wiki/Estimated_sign
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1. Introduction

The above examples illustrate howmeasurement uncertainties and data quality are related
and how this can influence decision-making. With the ever-growing presence of data in our
everyday lives, being able to judge the quality of data and being able to compare, interpret,
and analyze data are skills that are becoming more and more important. Like many things,
the development of these skills starts at school and science offers many starting points to
address the topic. Unfortunately, the topic of measurement uncertainties is hardly addressed
in secondary education and, when asked about it, students struggle a lot with the concepts
surrounding it.

This work aims to find out what conceptual knowledge about measurement uncertainties
students need to correctly compare data sets. Students of grades eighth through eleven were
taught the contents with the help of a Digital Learning Environment, its effect was measured
in a pre–post design. This work lays the foundation for research and teaching material to
further develop students’ understanding of working with measurement uncertainties. Ulti-
mately, students should feel certain about the uncertainty in their results. Or, as American
physicist and Nobel Prize winner Richard Feynman put it:

“I can live with doubt, and uncertainty, and not knowing. I think it’s much
more interesting to live not knowing than to have answerswhichmight bewrong.
I have approximate answers, and possible beliefs, and different degrees of cer-
tainty about different things, but I am not absolutely sure of anything and many
things I don’t know anything about.”

Feynman (1981)
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2 State of the field
Data is becoming more and more prominent in our everyday lives (see e.g. Boyd & Craw-
ford, 2012; Duggan & Gott, 2002; Kjelvik & Schultheis, 2019). Not only is data more (freely)
available but also the storage capacity has increased dramatically since the early 2000s. The
parallel increase in computing power led to increased ability to analyze data and to use its
outcomes as predictors for decision-making processes (Boyd & Crawford, 2012).

Duggan and Gott (2002) write that:

“Using the Internet, there is now the opportunity to pursue any topical is-
sue in which science is involved and almost instantly access not only the views
and opinions expressed in the media, but also any available information, data
or evidence at source. It follows that the ability to sift through all this informa-
tion evaluating not only the information itself but also its source is becoming
increasingly important.” (p.662)

At the end of their article, the authors conclude with recommendations for education.
They suggest reducing the amount of conceptual content and placing a bigger emphasis on
procedural understanding such as validity and reliability of evidence, uncertainty, and risk
(p.676). This necessity of improving data analysis skills is also supported by Day and Bonn
(2011); Millar et al. (1994). The usefulness of these skills are not restricted to the science
classroom but also apply in our everyday lives (Chinn &Malhotra, 2002; Holmes et al., 2015;
Millar & Osborne, 1998; Sharma, 2006). They should, of course, be incorporated into (sci-
ence) education but, unfortunately, this is not necessarily being done in a successful manner.
Holmes et al. (2015) observe that:

“The ability to make decisions based on data, with its inherent uncertainties
and variability, is a complex and vital skill in the modern world. The need for
such quantitative critical thinking occurs in many different contexts, and al-
though it is an important goal of education, that goal is seldom being achieved.”
(p.11199)

Data in science education usually comes in the form of measurement data gathered in
an experiment. To make decisions based on this measurement data, one has to know the
limitations of the data. These limitations are often expressed as the uncertainty (or measure-
ment uncertainty) of the data. Therefore, this uncertainty is an indicator of the quality of
the data. Being able to determine and interpret the uncertainty of a set of measurement data
could thus lead to better decision-making based on data as evidence (Kanari & Millar, 2004;
Wynne, 1991).

Measurement uncertainties are omnipresent in all scientific experiments. Being able to
quantify and interpret these uncertainties is part of the scientific process that all scientists
have to deal with. In order for students to get an adequate view about the Nature of Science
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(NOS), as well as scientific literacy, they will have to have an understanding of measurement
uncertainties (Buffler et al., 2009; Gott et al., 2014; Heinicke et al., 2010; Kirch, 2010; Priemer
& Lederman, 2021). Unfortunately, measurement uncertainty is a topic that many students
have problems with or, worse, have never heard of.

This theoretical chapter will start in Sec. 2.1 with the position of measurement uncertain-
ties in the science classroom. This is done by looking at the curricula of several countries.
Section 2.1.1 starts with a list of definitions surrounding measurement uncertainties. The
role that measurement uncertainties play in science labs is discussed in Sec. 2.1.2. The for-
mal rules and aspects about measurement uncertainties according to GUM (Joint Commit-
tee for Guides in Metrology, 2008) as well as the reduction of these contents for science in
secondary education in the form of a subject matter model (Hellwig, 2012) are discussed in
Sec. 2.1.3.

The difficulties that students experience with measurement uncertainties are listed in
Sec. 2.2. These difficulties are discussed per concept, that each can be related to the concepts
of the subject matter model, in Sec. 2.2.1–2.2.8. The ideas that students have about mea-
surement uncertainties can be summarized in terms of the point and set paradigm, which is
described in Sec. 2.2.9.

Section 2.3 shows how data comparison problems can be used to probe students’ under-
standing of measurement uncertainties. The different approaches for analysis are discussed
in Sec. 2.3.2. Possible ways to analyze justifications are discussed in Sec. 2.3.3

Lastly, several studies in which students were taught aboutmeasurement uncertainties are
highlighted in Sec. 2.4. Conclusions and recommendations about these studies are discussed.

2.1 Measurement uncertainties in the science classroom
Every scientific result is expressed with a certain degree of confidence. Often, this confi-
dence is expressed in terms of the measurement uncertainty. A measurement result with-
out it cannot be judged for quality, nor can it be compared to other results, rendering the
result scientifically meaningless. It is, therefore, no surprise that many science curricula
have included the topic of measurement uncertainties in some way, e.g., GER: Kultusmin-
isterkonferenz (2020)1, USA: NGSS Lead States (2017), NLD: Nationaal Expertisecentrum
Leerplanontwikkeling (2014), GBR: Department for Education (2014).

However, the topic of measurement uncertainties is, so far, hardly addressed in secondary
education (Priemer & Hellwig, 2018). Möhrke (2020) asked 114 physics teachers (which cor-
responds to 10% of all physics teachers in the state of Baden-Württemberg, Germany) about
how they use measurement uncertainties in their teaching. In this group, about 75% of the
teachers address the topic “on the side, when necessary”. Although this seems promising, this
says nothing about how the topic is addressed. The result that only 10% of the teachers has
“a dedicated teaching unit” on the topic of measurement uncertainties, leads to believe that
the former 75% address the topic in a superficial manner. This is also supported by the result
that 60 %makes “a general estimation” about the uncertainty, with no specific rule or process
and a mere 12% agrees (“strongly agree” and “agree”) with the statement “I always indicate
an uncertainty with my experimental results” on a 4-point Likert scale.

1The presence of measurement uncertainties in the different curricula has also been documented per Bun-
desland on: https://physikkommunizieren.de/messunsicherheit/kernlehrplaene/ by Heusler (2019).

6

https://physikkommunizieren.de/messunsicherheit/kernlehrplaene/


2. State of the field

Low precision
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Figure 2.1: Four dart boards with green hit markers graphically represent precision and accu-
racy.

This hypothesized superficial treatment of measurement uncertainties could be explained
by the results of Holz and Heinicke (2020). They have found that the topic is often seen as a
disturbing factor in experiments by prospective science teachers. Because the measurement
results do not agree perfectly with the desired theoretical outcome. This leads some of the
prospective teachers to brush away results or uncertainties to avoid addressing them.

Many times, school books show an idealized version of reality. Experiments that are de-
scribed in the books are often illustrated with graphs showing data points that can be fitted
perfectly exact with a straight line. Other times, the measurement uncertainty is, falsely,
referred to as an error or, even worse, as mistakes.

Consequently, but not surprisingly, measurement uncertainty is a topic that students on
all levels of education have difficulties with (Buffler et al., 2001; Hull et al., 2020; Kok et al.,
2019; Lubben & Millar, 1996; Pollard et al., 2021; Priemer & Hellwig, 2018).

2.1.1 Definitions

The Guide to the expression of uncertainty in measurement (GUM) (Joint Committee for
Guides in Metrology, 2008) is an attempt to document international consensus of how to
calculate, interpret, and report measurement uncertainties. The first version dates back to
1977 and several iterations have beenmade over the years. The document is generally agreed
upon by several organizations including: International Organization for Standardization,
Bureau International des Poids et Mesures, International Organization of Legal Metrology,
and Deutsches Institut für Normung.

Below is a description of several important terms used in this thesis, based on the GUM,
the subject matter model by Hellwig (2012) (a complete description see Sec. 2.1.3), and exist-
ing literature on uncertainty analysis.

Accuracy Accuracy is the closeness of a measurement result to the measurand. In Fig. 2.1
this is shown in the context of shooting darts at a target, specifically the center of the target
(measurand). The more the darts (measurements) are clustered around the center, the higher
the accuracy.

Precision Precision is the level of variance that measurements have among each other. In
Fig. 2.1, the more the darts (measurements) cluster together, the higher the precision.
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Measurement A measurement is the recorded value of a measurement instrument (e.g.,
a ruler, a stopwatch, an ammeter, etc.). Measurements can be repeated leading to a set of
measurements (a data set). It is the raw experimental data. In Fig. 2.1 they are represented as
the green darts.

Measurand The measurand is the complete description of a quantity that an experiment
aims to measure. The measurand can be seen as the center of the target in Fig. 2.1. The
German term that will be used in the material meant for students is the word “Zielwert”.

Sometimes the measurand is regarded as the “true value” of an experiment. The GUM,
however, refrains from using this term. The term “true value” is idealized and would imply
that there is one exact solution, that could be known.

In reality, the entities that make up the experiment—the entity which is being measured
as well as the measurement instruments themselves—are all subject to irregularities and
thus uncertainties. As an example, the GUM mentions the measurement of the thickness
of a sheet (see Joint Committee for Guides in Metrology, 2008, p.49). The thickness has to
be measured at a specific location: the thickness could change per position, is the resulting
thickness the same all over the sheet? The thickness has to be measured at a specific temper-
ature of the sheet: does the result told at different temperatures? The thickness is measured
with a micrometer: can we know the thickness at the nanometer scale, does the pressure of
the micrometer affect the thickness?

The result cannot be the “true” value of the thickness of the sheet, because “the sheet”
itself cannot be defined and themeasurement instruments have their limitations. Instead, the
outcome of the experiment is the measurand which is described in terms of the experiment;
how something is measured, where it is measured, when it is measured, etc. According to
the GUM:

“At some level, everymeasurand has such an “intrinsic” uncertainty that can in
principle be estimated in someway. This is theminimumuncertaintywithwhich
a measurand can be determined, and every measurement that achieves such an
uncertainty may be viewed as the best possible measurement of the measurand.
To obtain a value of the quantity in question having a smaller uncertainty re-
quires that the measurand be more completely defined.” (p.50)

Mean The mean value is the best estimation of the expectation value of the experiment
based on the available data. It is usually assumed to be the best estimation of the measurand.
In Fig. 2.1, the mean can be seen as the central position of the darts.

Uncertainty The uncertainty is a measure of the dispersion of values around the best es-
timation (the mean value) of all measurements. In Fig. 2.1, the uncertainty can be considered
the radius of the area in which the darts are located.

Together with the mean value, it constitutes an interval of infinite values that are all con-
sistent with themeasurements inwhich themeasurand can be expectedwith a certain degree
of confidence. The uncertainty can be determined using a Type A or Type B evaluation.

• A Type A evaluation is the statistical procedure in which the uncertainty (usually the
standard deviation) is calculated from a series of repeated measurements.
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• A Type B evaluation is conducted when only one measurement is possible or when
repeated measurements lead to exactly the same values and no statistical procedure is
possible. In this case, the best estimation is not the mean value but the recorded mea-
surement. The uncertainty is determined by estimating the uncertainty parameters
from the experimental setup and design and combining these into an uncertainty.

The most common quantification of the measurement uncertainty is the Standard Devia-
tion (SD). It is calculated as (see e.g., Taylor, 1997, p.100):

SD =

√︄
1

N − 1

∑︂
i

(xi − x̄)2

where xi are the individual measurements, x̄ is the mean value, andN is the number of mea-
surements. The standard deviation assumes that the measurements are normally distributed
and gives the range in which 68% of measurements can be expected. That is, if another
measurement would be made there is a 68 % chance that it would lie in the range x̄± SD.

In contrast, the Standard Error of the Mean (SE), sometimes called the standard deviation
of the mean, gives the uncertainty of the best estimation of the measurand, the mean value.
The SE is calculated as (see e.g., Taylor, 1997, p.102):

SE =
SD√
N
.

This means that, if a new experiment would be conducted, there is a 68 % chance that the
newly measured mean value will lie in the range x̄± SE.

Measurement result The measurement result is the combination of the best estimation
and the uncertainty. For a type A evaluation this is written as (mean± uncertainty) unit. For
a type B evaluation, there is nomean value but, instead, the result of the single measurement.

Probability density function The probability density function (PDF) of a variable is a
mathematical function that, for each value of the variable, gives the chance that this value
will be measured. In Fig. 2.1, it would be an overlying two-dimensional “heat map” that
indicates the chance of hitting a certain spot.

With repeated measurements, in a type A evaluation, the pdf is directly probed. With a
normal distribution of data, the pdf is a Gaussian function. For single measurements, the
pdf cannot be directly probed, and must otherwise be determined.

The pdf will not be considered further in this work, because it is considered irrelevant for
secondary education (the perceived relevance is discussed in Sec. 2.1.3).

Error An error—not to be confused with a mistake—is the difference between the best
estimation and the measurand. The error is closely related to the accuracy; the smaller the
error, the higher the accuracy. In Fig. 2.1 it can be seen as the difference between the central
location of the darts and the center of the target.

Errors cannot always be known. Some effects lead to systematic errors2, an error in one
direction when properly identified, one can correct for these systematic errors. Random

2a term the GUM refrains from using because it sounds misleading (p.ix)
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errors, on the other hand, could lead to variability in the measurement data. In this case, the
origin of the uncertainty is not known, but repeated measurements can reduce their effect.
Both types of errors cannot completely be known.

Compatibility To compare two measurement results, the overlap in uncertainty intervals
is evaluated. The amount of overlap puts constraints on the extent of certainty that can be at-
tributed to the agreement between the measurement results. In this work, twomeasurement
results are considered “compatible” (German: “verträglich”) when their uncertainty intervals
overlap. This is a recommendation for secondary education taken from the subject matter
model, see Sec. 2.1.3, by Hellwig (2012).

2.1.2 Experimental work in secondary education

The role and goal of experimental work in science education is much debated (see e.g., Hof-
stein & Lunetta, 2004; Smith & Holmes, 2021; Wellington, 1998). Gott and Duggan (1996)
mention three aims of experimental work that are often mentioned in school science cur-
ricula: motivational, the application of knowledge, and the development of experimental
skills. They suggest that the aim of experimental work should be the teaching of the concepts
of evidence. This understanding of evidence necessarily includes the understanding of the
variability of data and its importance (see also Millar et al., 1994). As such, these concepts of
evidence contribute to scientific literacy and the NOS (Gott et al., 2014).

In most secondary education science experiments data is gathered. This data often fulfills
the purpose of evidence to support a specific claim. Depending on the goal of the experi-
ment, a certain quality of data and data analysis (or treatment) is required to be able to make
this claim. Kok et al. (2020) make a distinction in experiments in which the data is treated
quantitatively or qualitatively.

The goals for an experiment in which the data is treated qualitatively could be to: show
an effect, determine an order of magnitude, explore a relation, or aim for a proof of concept.
For these experiments, a formal determination of the measurement uncertainty is not nec-
essary: an effect needs to take place (or not), the gravitational acceleration is bigger than one
but smaller than one hundred, when resistance goes up the current goes down. These are
experimental goals in which measurement uncertainties do not play a vital role and can be
disregarded.

In contrast, experiments with a quantitative treatment of data are experiments that aim to:
measure an unknownquantity, test a hypothesis, or prove the relation between two variables.
Reporting the unknown variable or relation between variables will need to be accompanied
by a degree of confidence, in terms of an interval. Verification of a hypothesis or agreement
with a reference value can only be done with overlapping intervals. Thus, the measurement
uncertainty needs to be calculated or otherwise determined. Due to a more extensive data
analysis, these types of experiments take more time but they do portray an accurate view
about the NOS (Buffler et al., 2009; Leach et al., 1997; Passmore et al., 2009; Priemer & Led-
erman, 2021).

The determination of themeasurement uncertainty can be done quantitatively in a formal
statistical manner (e.g., Allie et al., 2003; Buffler et al., 2008; Hellwig et al., 2017; Holmes &
Bonn, 2015). As an example, Kok andBoczianowski (2021) describe a high school experiment
in which agreement between measurements and two different models is tested. The overlap
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between the measurement results (points with uncertainty bars) and the theoretical model
(a single line) is what determines agreement. Without taking measurement uncertainties
into account, it is not possible to prove or disproof agreement between measurements and
models because the chance that the theoretical line exactly goes through all the data points
is extremely small.

There are cases to be made for an estimated or descriptive determination of (un)certainty,
while still engaging in a quantitative treatment of data. For instance, Pols et al. (2019) describe
a series of experimental activities in which students are asked about the trustworthiness
and limitations of their results. Here, students are challenged to look at the quality of their
evidence. This evidence is in various forms: a calculation, measurements, a single picture.
No formal uncertainty is calculated, but the students are challenged with a description of the
certainty about their claims.

The two experiments above are just two examples of experiments in which measurement
uncertainties play a pivotal role. More examples can be found (e.g., Hellwig et al., 2017; Orzel
et al., 2012; Wagner et al., 2021), but in general, the amount of these types of experiments
that find their way into the science classroom is very scarce. This does not mean to say that
measurement uncertainties always need to be analyzed. The distinction between qualitative
and quantitative treatment of data just shows that this depends on the goal of the experiment.
If one aims to show an effect, no uncertainty analysis is needed. However, if one aims to test
a hypothesis, an expression of confidence or limitation resulting from the variability in the
data needs to be reported.

2.1.3 Subject matter model for measurement uncertainties

The GUM describes all the rules, contents, interpretation, and conventions regarding mea-
surement uncertainties in a formal scientific manner. For measurement uncertainties to find
their place in science education, their contents need to be didactically reconstructed. Hell-
wig (2012) (for English see: Priemer &Hellwig, 2018) has constructed a subject matter model
based on the GUM, textbooks on measurement uncertainties as well as lab and course man-
uals. This model aims to clarify and analyze the science subject matter as well as to have
it validated by teachers and experts so that, in the end, suitable teaching materials can be
developed. The model describes the contents for university education as well as a reduced
model for secondary education.

The model is structured into four dimensions. These dimensions then each have con-
cepts, that can have sub-concepts. Initially, the contents are aimed at higher education. After
initial completion, the model was validated by six metrology experts (the science of measur-
ing). After adaptation, the (sub-)concepts were further reduced for suitability in secondary
education. The basis for this reduction was: students’ anticipated knowledge in mathemat-
ics, national standards, compatibility with existing teaching material, and the results found
in science education research. The resulting reduced model was then validated in parts by
108 science teachers (six parts with each eighteen teachers) who were presented with the
non-reduced model as well as its suggested reduced model. For this validation, the teachers
were asked about the relevance of the (sub-)concepts as well as the appropriateness of the
suggested reduction.

The result of this validated reduction is shown in Tab. 2.1, in which the reduced (sub-
)concepts are indicated with an asterisk and the (sub-)concepts that were removed with a
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dagger.
The reducedmodel for secondary education includes the same four dimensions: Existence

of Uncertainties, Conclusiveness of Uncertainties, Handling ofUncertainties, and Assesment
of Uncertainties. The contents of the concepts are described in a practical manner, suitable
for secondary education (see Priemer & Hellwig, 2018, Tab. 4, p.62–65).

Table 2.1: The full subject matter model in Dimensions (head), Concepts (left column), and sub-
concepts (right column), adapted from Hellwig (2012) and Priemer and Hellwig (2018).
∗: this (sub-)concept is simplified for application in secondary education.
†: this (sub-)concept is removed for application in secondary education.

Existence of Uncertainties
Sources of Uncertainty • Finite number of figures on measurement instruments

• Influence quantities
◦ Repercussions of measuring system†

◦ Environmental influences
◦ Imperfection of measuring instruments

•Mathematical calculations∗
• Human influence

Distinguishing Uncertainty
from Error

• Definition and properties of measurement error
◦ Systematic error∗
◦ Random error†

• Definition and properties of measurement uncertainties

Conclusiveness of Uncertainties
Reliability of a Measure-
ment and the Result

• Precision of the approximation of the measurand
• Coverage probability
• Conclusions regarding the measurement

Comparison of a Result
with other Values

• Comparison of a measurement result with a reference quantity value
◦ Compatability of measurement results∗
◦Measurement trueness†

• Comparison within a series of measurements†
◦Measurement precision†

· Repeatability†
· Intermediate precision†

◦ Anomalous data in a series of measurements

Fitting Data to an Expected
Curve

• Checking for proportionality using a graph
◦ Partial proportionality†
◦ Anomalous data points

• Least squares fitting†

Handling of Uncertainties
Measuring Objective • Lack of knowledge about the “true” value of a quantity

• Striving for an adequate measurement uncertainty
◦ Setting a maximum value for the measurement uncertainty
◦ Adjusting the measurement

Result of a Measurement •Measurement model
•Measurement result as summary of the known information
• Documenting measurement results∗

Continued on the next page.

12



2. State of the field

Assessment of Uncertainties
Direct Measurement: as-
sessing a single uncertainty
component

•Modeling a probability density function pdf†
◦ Type-A evaluation∗
◦ Type-B evaluation∗

• Analyzing a pdf†
◦ Form of the pdf†
◦ Evaluation of the best approximation of the measurand†
◦ Evaluation of the standard uncertainty†

• Degree of freedom†

Indirect Measurement:
propagation of uncertainty

• Uncertainty budget
• Propagation of measurement uncertainty∗

◦ Stepwise evaluation fo the combined uncertainty∗
· Various uncertainty components within a direct measurement∗
· Sums/differences of measured quantity values∗
· Products/quotients of measured quantity values∗
· Sums/differences of a measured value and an exact number∗
· Product/quotient of a measured value and an exact number∗
· Arbitrary function of a measured quantity value∗

◦ The law of propagation of uncertainties†
• Evaluation of the resulting pdf†
• Propagation in case of correlated inputs†
• Degrees of freedom associated with the overall result†

Expanded Uncertainty† • Choosing the coverage factor when assuming a normal distribution†
• Choosing the coverage factor in case of other pdf’s†

Existence of Uncertainties consists of two concepts. Sources of Uncertainty lists all the
sources of uncertainties: instrumental (e.g., the number of decimal places on a stopwatch or
the discrete markings on a ruler), uncontrollable conditions (e.g., changes in the environ-
ment), mathematical (e.g., rounding of results), and human influence. Distinguishing Uncer-
tainty from Error describes the difference between the measurement uncertainty and errors
like was done in Sec. 2.1.1.

Conclusiveness of Uncertainties contains three concepts. Reliability of a Measurement de-
scribes the degree of confidence that a measurement result has and how a measurement
result should be rounded: one significant figure3 for the uncertainty and the mean should
be rounded to the uncertainty’s corresponding decimal place. Comparison of a Result with
Other Values states how agreement between measurement results can be determined: over-
lapping uncertainty intervals indicate agreement. Fitting Data to an Expected Curve, this can
be done by drawing uncertainty “boxes” around the mean values and fitting a line through
these boxes. The uncertainty parameters of the fit can be determined by calculating the slope
of the steepest and smallest slope possible.

Handling of Uncertainties consists of two concepts. Measuring Objective describes the
experimental process in which decisions are made regarding the desired precision of the
measurement result. Not every experiment needs to have the same precision e.g., the height

3It is worth noting that the GUMdoes not prescribe this number. The ISO and DIN norms as well as NIST
require two significant figures for the uncertainty. Some teaching materials recomend using two significant
figures if the first figure is a 1 or a 2 and to use one significant figure in all other cases.
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of a tree does not need to be known at centimeter precision. Result of aMeasurementdescribes
how the measurement result should be reported: mean± uncertainty.

Assessment of Uncertainties is left with two concepts in the reduced model because the
concept of the PDF is regarded as irrelevant for secondary education. Direct Measurement
describes the Type A and B evaluation of the uncertainty. For the Type A evaluation the
suggestion is made to use the maximum difference of measurements with the mean value as
the maximum uncertainty. In a Type B evaluation in which repeated measurements lead to
the same result, the uncertainty depends on the scale of the instrument. Each instrument
has a discrete scale: analog instruments have discrete markings, digital instruments have a
limited number of decimal places. In the case of an analog instrument, the uncertainty is
half a scale increment. For a digital instrument, this is one full-scale increment. Indirect
Measurement describes the rules for uncertainty propagation. For sums and differences, the
errors are added and rounded up, for products and quotients, the uncertainty is the sum of
the relative uncertainties (uncertainty divided by the mean) rounded up.

2.2 Students’ difficulties with measurement uncertainties
As summarized by Hull et al. (2020), students experience many difficulties with the topic of
measurement uncertainties. The topic is very broad and these difficulties can be ascribed
to various aspects of measurement uncertainties. Each aspect can be found in one or more
concepts of the subject matter model. This section will give an overview of students’ difficul-
ties with measurement uncertainties. This overview is relevant for this work because these
difficulties will be addressed when teaching students about the concepts of measurement
uncertainties.

Section 2.2.1–2.2.8 will give an overview of the literature on students’ difficulties with
these specific aspects. These difficulties affect students’ reasoning about measurement data.
The section is concluded in Sec. 2.2.9 with the description of the point and set paradigm that
describe two types of reasoning by students.

2.2.1 Error vs. uncertainty

The uncertainty of a measurement result is sometimes, wrongly, referred to as measurement
error. The difference between uncertainty and error is part of the subjectmattermodel under
the concept Distinguishing Uncertainty from Error.

With terminologies like: measurement uncertainty, error, error bars, and error propa-
gation, it is not surprising that students sometimes regard measurement uncertainties as
personal errors or mistakes, i.e., something they have done wrong (see e.g., Goedhart & Ver-
donk, 1991; Heinicke, 2012; Kampourakis &McCain, 2019; Kirkup, 2002; Pillay et al., 2008;
Rollnick et al., 2001).

Fairbrother and Hackling (1997) have looked into how students and teachers deal with
conflicting data. Teachers tend to simplify the experiment or make students use other stu-
dents’ results when the desired outcome is not obtained. Students often feel the pressure of
getting a good grade for their experimental work. They strive to get the “right answer”. Hav-
ing measurement results with variance conflicts with this desire to obtain this right answer
and uncertainty is seen as a weakness of not being able to obtain this answer. This pressure
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of examination and striving for the “right answer” can tempt students towards undesired
behavior like fudging results and other fraudulent practices, something that has also been
recorded by Rigano and Ritchie (1995); Smith and Holmes (2021); Smith et al. (2020).

In their conclusion, Fairbrother and Hackling (1997) state that:

“If the idea of unreliability is foreign to them [the students], then errors inmea-
surement are seen as their fault, and not as inherent in the measurement itself.
It is probably better to refer to uncertainty, which is about making judgments,
rather than to error, which implies a mistake has been made.” (p.892)

This emphasizes the necessity of making the distinction between measurement uncer-
tainties and mistakes. Mistakes can and should be avoided. In contrast, the measurement
uncertainties are invoked by e.g., the available equipment and setup. It puts a limit on the
measurement result and is an example of good scientific practice and should therefore be
praised.

2.2.2 Origin of measurement uncertainties

The origin of measurement uncertainties is part of the concept Sources of Uncertainty in
the subject matter model. It illustrates the omnipresence of measurement uncertainties in
all measurements. Tying in with the confusion between mistakes and uncertainties (see
Sec. 2.2.1), students experience difficulties accepting this and in identifying true sources of
uncertainty in their experiment.

The idea exists with students that it is possible to conduct an experiment in which the
measurement uncertainty is reduced to zero (Coelho&Séré, 1998;Deardorff, 2001;Heinicke,
2012; Pillay et al., 2008). However, measurement uncertainties are an unavoidable presence
inherent to all measurements. Experimental equipment is never perfect and will always lead
to measurement uncertainties.

Munier et al. (2013) have asked fourth and fifth-grade students to list possible sources of
uncertainty in their experiment. Students report sources related to the experimenter, the
quantity being measured, as well as their (in this case) self-made measurement instruments.
However, it was not evident for the students that commercially manufactured measurement
instruments also have an uncertainty. A similar result was found by Pillay et al. (2008) who
report on the evaluation of their laboratory course for first-year physics students. In their
responses, they quote a student stating that: “electronic things do notmakemistakes” (p.652).
Also, students state that practice leads to the perfect result: “Practice makes perfect, so if the
same experiment is done very carefully a perfect reading will be obtained.” (p.655).

In their interviews with students (age 14–17 year) Coelho and Séré (1998) found similar
beliefs in “perfect” measurement instruments. Additionally, they have frequently found that
students believed in the scenario of a physicist performing the experiment resulting in the
ideal measurement with zero uncertainty.

The difficulties are not limited to secondary education. Goedhart and Verdonk (1991)
looked at what university students mention when they are explicitly asked to list possible
sources of uncertainty. They found that, apart from valid sources of uncertainty, students
also report (avoidable) mistakes that can be made during the execution of the experiment.
This does not necessarily mean that the students themselves made these mistakes but their
possible occurrences are nevertheless listed as sources of uncertainty.
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The ability to list possible sources of uncertainty appears to be present as early as sec-
ond grade (Metz, 2004; Munier et al., 2013). Masnick and Klahr (2003) asked second and
fourth-grade students to list possible sources of uncertainty. Almost all students were able
to mention at least one source. Although these students are aware of the presence of un-
certainties, the confidence in their conclusion, based on the data, is not affected by these
uncertainties.

A possible explanation for this could be the qualitative nature of this list of uncertainties.
This descriptive, non-numerical, listing of uncertainties has been identified by Deardorff
(2001). It seems plausible that the qualitative description of sources of uncertainty does not
find its way in the numerical results and interpretation.

The view that perfect measurements are possible, perfect measurement instruments ex-
ist, and scientists can perform those perfect experiments, is troublesome because it harms
the portrayal of how science is done (Buffler et al., 2009). For students to get an adequate
view about the NOS, they will have to recognize that measurement uncertainties are an in-
herent part of each scientific experiment (Heinicke et al., 2010; Lederman, 2007; Priemer &
Lederman, 2021; Tsai & Liu, 2005).

2.2.3 Looking for the true value

During their interviews Coelho and Séré (1998) identified a recurring idea by students that
physicists would be able to perform an experiment with the perfect instrument, obtaining
one ideal measurement (see also Sec. 2.2.2). This idea is the result of the belief in a “true”
value that can be measured in an experiment. It has been found to exist with many students
in various studies (Allie et al., 1998; Fairbrother & Hackling, 1997; Lubben et al., 2001; Smith
et al., 2020). In reality, however, this is impossible due to the omnipresence of measurement
uncertainties and the description of the measurand (see the definition of the measurand in
Sec. 2.1.1). The inexistence of this “true value” is part of the dimension Handling of Uncer-
tainties and the concept Measuring Objective.

Lubben and Millar (1996) found other indications that students (age groups 11, 13, and
15 year) believe in the existence of a true value. They presented students with a set of re-
peated measurements containing some repeated values. One-third of the students chose the
repeated value (the modus) as the true value of the quantity being measured (a result also
found by Leach et al. (1998)). The percentage of students choosing the modus as the true
value did, however, go down with age and experience.

Coelho and Séré (1998) found similar beliefs. In their interviews, they repeatedly heard
students refer to a true value. However, students did not always state whether or not it was
possible to truly obtain this value.

The idea that the true value exists and could be obtained does not correspond with an
adequate view about the NOS (Buffler et al., 2009). Séré et al. (2001) have described students’
reasoning and ideas in terms of their ontological (the science of being) and epistemologi-
cal (the science of knowledge) dimensions. The idea that the true value exists reflects the
ontological position where scientific models are real and the epistemological position where
theory comes before data. This position differs from the accepted perspective about theNOS.
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2.2.4 Repeated measurements

Measurement uncertainties lead to variability in the data. The amount of variability de-
pends on the experiment itself, i.e., the environment, the equipment, and the experimenter.
Gathering repeated measurements gives insight into the magnitude and distribution of this
variability and thus completes the measurement result. The process of taking more data,
and when to stop, is thus a vital part of the process of experimentation. This process is
not an explicit part of the subject matter model, but rather a prerequisite for the dimension
Assessment of uncertainties and the concept Direct Measurement in the case of a Type A
uncertainty evaluation.

The PACKS (Procedural and Conceptual Knowledge in Science) project set out to develop
a model of students’ performance in investigative tasks (see Millar et al., 1994). One of the
main recommendations is that students will need a better understanding of the concepts of
evidence (see also Gott & Duggan, 1996; Gott et al., 2014).

Lubben andMillar (1996) report some of the findings of the PACKS project, with themain
focus on students’ understanding of repeated measurements. During this study, three age
groups (ages 11, 13, and 15 year) each consisting of roughly 200 students were asked about
the reasons for repeated measurements. In the youngest age group, the dominant reason
mentioned was the idea that repeated measurements are needed to confirm results. Students
want to see if they get recurring values which would confirm correct execution of the ex-
periment to them. This idea was later found in several other studies: Buffler et al. (2001);
Rollnick et al. (2001); Warwick et al. (1999). Lubben and Millar (1996) do, however, find
that this idea diminishes with age, in favor of an understanding that repeated measurements
accommodate scatter.

Kanari and Millar (2004) used students of similar age groups (ages 10, 12, and 14 year)
and looked at how students intuitively collect and interpret data when carrying out the ex-
perimental work themselves. For the data evaluation, students looked at the relation be-
tween covarying and non-covarying variables. In the case of non-covariation (independent
variables), students significantly made more repeated measurements than in the covariation
(dependent variables) case. The authors suggest that this is due to the more difficult inter-
pretation of non-covariation. Although students repeated their measurements more often,
most of the time they either did not record these measurements or did not apply them in
any operation. Students looked to see whether the measurements were “all about the same”
but were not aware of the implications of variance between the measurements (p.764). This
seems to correspond with the results of Lubben and Millar (1996), where students use re-
peated measurements to “make sure” they are correct.

Another result from Kanari andMillar (2004) is that students’ strategies in data collection
and investigative competencies do not differ between age groups.

The difficulties with repeated measurements and measurement series are not limited to
students in secondary education. Séré et al. (1993)workedwith first-year university students.
The students were first given a lecture on measurement uncertainties, including their origin
as well as the evaluation. This lecture was followed by experimental work on optics. During
the interviews, very few students indicated the need to take more than one measurement.
They sometimes took a secondmeasurement if they had doubts about the first measurement.
Also, the authors noted that the order of themeasurements is important to students and they
place a lot of trust in the first measurement.
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Another frequently mentioned reason is that students state that more measurements are
always better (Séré et al., 1993). A similar effect was found by Ryder and Leach (2000). They
asked upper secondary and university students to relate experimental sets of data to two
competing models that try to explain this data. During post-survey interviews, students fre-
quentlymention thatmore data will lead to bettermodels. Although this is the case, students’
emphasis seems to lie on the quantity of data, rather than the quality of the data.

There are also cases where students seem clueless about the reasons for repeating their
measurements. Warwick et al. (1999) interviewed students (age 11 year) and asked about
their understanding of repeatedmeasurements. Students express a superficial understanding
about the need to repeat measurements, they explain that this is done to “make sure” about
the results (p.830). Students also seem to refer to a learned, but not well-justified routine:
“It’s a good idea to repeat a test to make sure of the results.” (p.830), something also found by
Kung and Linder (2006) for university students. Other students admit that they just did not
know why they had repeated their measurements.

Lubben and Millar (1996) conclude their article with the description of eight levels of
students’ understanding about repeated measurements and the evaluation of empirical data.
This model is later refined by Allie et al. (1998) (p.448), a slightly rephrased version of this
model is shown in Tab. 2.2. The model can be used to classify students’ reasoning about the
need to take repeated measurements, as well as how to evaluate the resulting data set.

Students’ inability to express the need for repeatedmeasurements is not surprising. When
students are unaware of the omnipresence of measurement uncertainties and believe in an
obtainable “true value”, the process of repeating measurements can seem redundant. This, of
course, also works in the other direction. Students that do not take repeated measurements
will never see variance in their data and will, hence, never have to think about its origin,
meaning, and implications.

Table 2.2: Levels of understanding (A–I) about the collection and evaluation of empirical data
after Allie et al. (1998), p.448.

Level Students’ understanding

A Measure once.
B Unless you get an unexpected measurement, one measurement is correct.
C Practice some trial runs before you make your measurement.
D Measure until you get recurring values. Then use the recurring value.
E You need to take the mean value. Alter the conditions to avoid recurring

values.
F You need to take the mean value to take care of variance in the data. The

quality of the result can be judged only by authority source.
G You need to take the mean value. The spread of the measurements indi-

cates the quality of the measurement result.
H The consistency of the set of measurements can be judged and anomalous

measurements need to be rejected before you take the mean value.
I The consistency of the set can be judged by comparing the relative posi-

tions of their mean values in conjunction with their spreads.
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2.2.5 The mean value

The concept of the mean value is not explicitly part of a certain concept in the subject matter
model. Rather, it is a prerequisite of the dimension Handling of Uncertainties and the con-
ceptsMeasuringObjective andResult of aMeasurement aswell as the dimensionAssessment
of Uncertainties and the concept Direct Measurement where it is part of a measurement re-
sult as the best estimation of the measurand.

As discussed in Sec. 2.2.4, younger students appear to have difficulties in understanding
the necessity for repeated measurements. For older students, upper secondary education
and beyond, these difficulties are reduced. These students seem to realize that repeated mea-
surements are needed to calculate a mean value. The meaning of the mean value is, however,
hardly understood by students (Majiet & Allie, 2019).

Buffler et al. (2001) have looked at the development of first-year university students’ un-
derstanding about measurements during a 12 week laboratory course. During this course,
students were taught the general topics of data analysis. Initially, students regularly chose
the modus in a series of measurements as the result of their experiment. After teaching this
has shifted to calculating the mean value. There are, however, some students that chose the
measurement that is closest to the mean as their result. The latter would indicate that these
students believe that the “true value” must be a directly measured value.

Buffler et al. (2001) do question students’ actual understanding and interpretation of the
mean value. The process of calculating the mean value could have been a rote response
(p.1142). This can also be seen in level E of students’ levels of understanding about the col-
lection and evaluation of empirical data (see Tab. 2.2).

This routine of calculating themean value is illustrated by Allie et al. (2002). Theymention
university students taking repeated measurements as a means to calculate the mean value.
Students do notmention that repeatedmeasurements allow for identification of the variance
in the data and would even out the data giving the best estimate of the measurand.

This practice of calculating the mean value without inspection of the variance is further
illustrated by Leach et al. (1998) who also worked with university students. They have found
that 30 % of the students assign the same level of confidence to two measurements that have
the same mean value but different spread (p.65). For them, comparing quality aspects of data
sets appears to be limited to a comparison of the mean value. This type of understanding of
the mean value is seen in level F of students’ levels of understanding about the collection and
evaluation of empirical data (see Tab. 2.2).

When the process of calculating the mean value is an automated process, students might
ignore the quality of the data. An example of this is reported by van Kampen and Gkioka
(2021), who have investigated how university students judge the quality of empirical data.
During the follow-up interviews, students show a poor understanding of the meaning of the
mean value. Even in cases where students express their distrust in several data points, they
will nonetheless include these in their calculation of the mean. The authors suggest that this
is probably because of a routine that has been built over the years in doing experimental
work or because they were “told to do so” (p.22).

Another consequence of this learned routine of calculating the mean value is the asso-
ciation between the mean value and a “true value”, illustrated by Ford (2005). They report
sixth-grade students arguing to take more measurements and calculate the mean value be-
cause this would be closer to the “correct” result (p.462). This view also persists for university
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students. In the study by Allie et al. (1998), students state that the mean value will be close to
the “true value”, which, again, indicates a persisting belief in the existence of an obtainable
“true value”.

Coelho and Séré (1998) report further incomplete and vague statements by younger stu-
dents (age 14–17 year) about the interpretation of the mean value. Students gave various
statements: “being more precise”, “an intermediate value”, having a “central tendency”, and
to “give you a greater chance of obtaining a more precise measurement”. Although all state-
ments have some truth to them, none of them contain any reference to measurement uncer-
tainties or the mean value as a best estimate.

Mokros and Russell (1995) argue from a mathematical point of view that the topic of the
mean value and its calculation should be adopted late inmiddle school. At this point, students
have developed a sense of representativeness and can, only then, grasp the meaning of the
mean value (see also Konold & Pollatsek, 2002). If not, the mean value will be reduced to a
rote algorithmic process where students experience difficulties with the application of the
mean value.

As illustrated by the higher levels of understanding about the collection and evaluation of
empirical data in Tab. 2.2 (G–I), the concept of the mean value needs to be complemented by
the concept of measurement uncertainties. Without it, the mean value will be reduced to a
routine calculational process, further reinforcing the belief in an obtainable “true value”.

2.2.6 The measurement uncertainty

The previous sections have described students’ difficulties leading up to the calculation of
the measurement uncertainty (i.e., the quantification of the variance in the data set). The cal-
culation (or evaluation) of the measurement uncertainty is part of the dimension Assessment
of Uncertainties and the concept Direct Measurement of the subject matter model.

An understanding of spread inmeasurements andmeasurement uncertainty are vital parts
of the evaluation of empirical data (Allie et al., 1998). These concepts appear in the highest
three levels of students’ understanding of collection and evaluation of empirical data, see
Tab. 2.2. It is, therefore, no surprise that measurement uncertainties are one of the main
subjects for university laboratory courses (e.g., American Association of Physics Teachers,
1998).

To assess what actually happens during laboratory work, Pollard et al. (2021) conducted a
survey among 116 physics lab instructors in the United States and interviewed 22 of them.
During the interviews, researchers have asked the instructors about the implementation of
measurement uncertainties in their laboratory courses and what topics students have diffi-
culties with. The practice that was mentioned by most instructors is the calculation of the
mean and standard deviation. Also, the calculation, as well as the concept of the mean and
standard deviation, are topics that most instructors mention as something that students have
already learned when they enter the laboratory course. These topics are rarely mentioned
as topics with which the students have difficulties.

These difficulties as perceived by teachers and instructors of students’ difficulties stand in
strong contrast to the studies that directly assess students’ difficulties. These studies show
that students have many difficulties with the different concepts of measurement uncertain-
ties. A recent study by van Kampen and Gkioka (2021) reports on university students’ ability
to judge the quality of empirical data. They conclude that “Students generally showed a frag-
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mented and primarily qualitative understanding of the concepts of mean, uncertainty, and
line of best fit.” (p.1).

The difficulties with the concept of measurement uncertainties are further supported by
Séré et al. (1993) who have looked at university students understanding of measuring. They
have observed a lack of understanding of themeaning ofmeasurement uncertainties. In their
conclusion they write that “we must avoid what would be only calculation routines in favor
of what promotes understanding” (p.438).

The topic of measurement uncertainties is closely related to the statistical concept of vari-
ance. Similar to science education research, statistics education research has shown very
analogous difficulties in students’ understanding of the concept of variation and standard
deviation (see e.g., Garfield & Ben-Zvi, 2007; Gould, 2004; Konold & Pollatsek, 2002; Konold
et al., 1997; Torok &Watson, 2000). These studies emphasize the importance of a solid con-
ceptual understanding of variance and the standard deviation, just like science education
does with the concept of measurement uncertainties. The difference is that, in statistics edu-
cation research, this is done to enhance statistical literacy (Ben-Zvi &Garfield, 2004) whereas
in science education this is done to enhance scientific literacy and aNOS perspective (Buffler
et al., 2009; Gott et al., 2014; Jeong & Songer, 2008). The synergy between the two fields is
further illustrated by Casleton et al. (2014) who have shown a strong connection between
the topic of measurement uncertainties and the appreciation of statistics.

In early middle school, students in science and mathematics classes also work with data.
Although these students do not have a background in measurement uncertainties or statis-
tics, they do seem to have an intuitive understanding of the characteristics of data sets. The
following examples will illustrate this.

Gal et al. (1989) have asked third and sixth-grade students to compare the test scores of
two hypothetical classes. These test scores were presented graphically in the form of two
histograms. The students were able to identify differences in the distributions but had most
difficulties with the interpretation of different spreads. Similar results using the same his-
tograms were later also confirmed by Watson and Moritz (1998). Although third-grade stu-
dents seem to be recognizing fewer distribution characteristics between the histograms as
compared to sixth and ninth graders.

Petrosino et al. (2003) have developed a series of classes for fourth-grade students in a
more experimental setting. The focus was on the characteristics of distributions of data
(e.g., center, spread, and symmetry). In this eight-week series, students performed experi-
ments, gathered data, and looked at the distributions. During their analysis, students were
introduced to the idea that variance is the result of measurement uncertainties resulting in
a broader distribution. After the series of classes, students were able to identify and reason
with the characteristics of different distributions. Remarkably, after long consideration, stu-
dents refuted some of their original hypotheses based on anomalous results. Something that
has been shown very difficult for students (Chinn & Brewer, 1993; Kanari & Millar, 2004;
Millar & Lubben, 1996).

As illustrated, young students seem to have a basic understanding of sources of uncertain-
ties and the effect this has on the credibility of the results (see also e.g., Masnick & Klahr,
2003; Metz, 2004; Petrosino et al., 2003). However, the quantification of this uncertainty is
seldom realized (something also noted by Deardorff, 2001). The graphical representation of
the data that was used can show the distribution, reducing the need for a numerical quan-
tification of the uncertainty. This helps students visualize the data and lowers the cognitive

21



2. State of the field

max, xmaxmean, x̄min, xmin

between mean and min/max
uncertainty: largest distance
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Figure 2.2: Graphical depiction of how the min-max uncertainty is calculated. The red crosses
are the individual measurements, the blue bar indicates the mean value, and the uncertainty
is the largest distance between the mean and either the min or max value of the data set. The
green bar indicates the complete uncertainty interval around the mean value.

load during data analysis (see e.g., Kramer et al., 2017; Susac et al., 2017). This is helpful,
especially for younger students.

The quantification of the uncertainty also poses difficulties to students. In the remainder
of this subsection the importance of calculating the uncertainty will be discussed, followed
by an overview of recommendations of different quantifications of the uncertainty (other
than the standard deviation) that are suitable for secondary education.

Tomake the calculation of the uncertainty easier, Zangl and Hoermaier (2017) have devel-
oped a software tool that calculates mean, uncertainty, and the propagation of uncertainties.
The tool is programmed in MatLab and is used in university laboratory courses. Students
can enter their data and use the tool to calculate the resulting uncertainty. This way they can
focus on the meaning and implications of measurement uncertainties rather than on how it
is calculated. One disadvantage of the tool mentioned by the authors is the observed “lack of
feeling” students have for the feasibility of the result that the tool returns (p.8).

Themiddle ground between calculating the standard deviation by hand and calculation by
computer would be not to use the standard deviation as the quantity to describe the spread,
but rather a more easily calculated measure of spread. This way the calculation is still done
by hand, but quicker andwith less mathematical difficulty. For secondary education, Hellwig
(2012) (p.177) suggest using the maximum uncertainty—the largest distance of a measure-
ment to the mean, see Fig. 2.2. In mathematical form:

u = max(x̄− xmin, xmax − x̄), (2.1)

where x̄ is the mean and xmin and xmax are the minimum and maximum values in the data
set. This is mathematically very easy to calculate but does result in an overestimation of the
uncertainty as compared to the standard deviation.

Kader (1999) propose using the Mean Absolute Deviation (MAD) in secondary education,
umad =

1
N

∑︁
i |xi− x̄|, where xi are the individual measurements and x̄ is the mean value (see

e.g., Barlow, 1993). Authors claim that this measure makes more intuitive sense to students
since it is based on the deviations of individual measurements and takes the mean of this
(which is considered a known concept). Furthermore, the calculation of the MAD is easier
than the standard deviation.

Kok and Boczianowski (2021) give an overview of several uncertainty measures that were
compared in terms of complexity (the mathematical difficulty in the calculation) and quality
(how well the measure describes the variance as compared to the standard deviation). The
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authors have found a parallel increase between complexity and quality. They conclude by
suggesting an ordered introduction of uncertainty measures that teachers could use. Where
each step towards a more complex measure can be discussed with students in terms of what
the limitations of the measure are, why the measure needs to be adapted, and how the next
measure accounts for this. The authors label themaximumuncertainty (in the article referred
to as the min-max uncertainty) as having the lowest complexity.

Students of all ages seem to be struggling with the calculation and interpretation of the
measurement uncertainty. Introducing the topic with an uncertainty measure that is more
easily calculated could prove a helpful support. Students still do the calculation by hand but
are not overwhelmed by a lengthy and difficult calculation, allowing them to keep thinking
about the interpretation of the result. Such a support follows the recommendation of Séré et
al. (1993) (avoiding calculation routines above understanding) and at the same time negates
the problem identified by Zangl and Hoermaier (2017) (losing a feeling for feasibility when
outsourcing the calculation). Moreover, the use of such a measure offers the possibility of
quantifying the measurement uncertainty for younger students due to the reduced mathe-
matical difficulty in its calculation.

2.2.7 The measurement result

When the mean value and uncertainty are calculated, the measurement result can be com-
pleted. The rules of how the measurement result should be reported are part of the dimen-
sion Handling of Uncertainties and the concept Result of a Measurement from the subject
matter model.

When reporting the result of their experiment, students oftenmerely state themean value.
This habit is clearly identified in the work by Leach et al. (1998). They report the results of
a survey among students about the effectiveness of experimental work in upper secondary
as well as university education. In this study, the students were given two series of repeated
measurements on the mass of 100ml of nut oil. Both series had the same mean value (which
was indicated) but different spreads (for which no summarizing quantity was provided).
When asked to state the result of the measurement, 85 % of upper secondary students re-
spond by stating that the mean should be reported. Only 14%mention a need for confidence
limits in their justifications. For university students, similar numbers are found, 90 % state
that the mean should be reported and only 15% mention the need for reporting confidence
limits in their justifications.

When subsequently asked what could be said about the comparison of the two data sets of
nut oil, 50 % of the higher secondary education students and 67% of the university students
correctly refer to the differences in spread. These respective students refer to equal means
in only 36% and 13% of the responses.

Both upper secondary and university students seem to struggle with the form in which
a measurement result should be reported. The notion of differences in spread is noted, but
apparently not seen as a vital part to report in the measurement result.

For younger students, these problems seem even more prevalent. In the study by Lubben
andMillar (1996), 11, 13, and 15 year old studentswere given a task similar to the comparison
of the nut oil. These younger students were shown two series of repeated measurements
with the same mean value but different spread. They were then asked to compare the two
measurement series and state which of the two they trusted more. About 40% of students
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in all age groups refer to the mean value. Various statements that include references to the
spread are mentioned in 20%, 44 %, and 48% of the responses from the age groups of 11, 13,
and 15 year respectively.

A notion for the implications of measurement uncertainties seems to increase with age.
Nevertheless, the routine of mentioning the mean value as the measurement result seems to
persist in both secondary education and at the university level. Given the difficulties stu-
dents experience with the calculation and interpretation of the measurement result, they are
unaware of how measurement uncertainties should be reported appropriately in the mea-
surement result. Consequently, they seem to revert back to what they know how to calculate
and interpret: the mean value.

2.2.8 Comparing measurement results

For the comparison of measurement results, the overlap (or not) of uncertainty intervals
is the deciding factor. The comparison is therefore a vital part of the concept of measure-
ment uncertainties and is part of the dimension Assessment of Uncertainties and the concept
Comparison of a Result with other Values in the subject matter model.

Comparing measurement results can be seen as a direct application of knowledge about
measurement uncertainties. The activity is thus often used to probe students’ understanding
of measurement uncertainties (Pollard et al., 2021). However, students in secondary educa-
tion, as well as at the university level, have great difficulties with the comparison of measure-
ment results and data sets (Allie et al., 1998; Buffler et al., 2001; Cauzinille-Marmeche et al.,
1985; Deardorff, 2001; Kok et al., 2019; Séré et al., 1993; Volkwyn et al., 2008).

When comparing two data sets, the visual presence of measurement uncertainties can be
confusing for students. Kok et al. (2019) showed two data sets to students (8th–10th grade)
and asked them whether the results are in agreement or not. Students were randomly as-
signed to one of three groups. One group was shown data with two decimal places which
hardly shows any variance at all, one group was shown data with three decimal places result-
ing in many recurring measurements, and the last group was shown data with four decimal
places making the variance very explicit. In the group with two decimal places, 75 % of the
students come to the correct conclusion as compared to 56% and 51% in the groups with
three and four decimal places. The authors conclude that the explicit (visual) presence of
measurement uncertainties confuses students and, without help, leads them to false conclu-
sions.

When asked about the strategy they had used to compare the data sets, independent of the
group, 76 % of the students indicated that they would compare the mean value. There was
no indication that students used the spread in the measurements to look for compatibility.
This practice of comparing mean values and disregarding variance has been identified many
times (e.g., Buffler et al., 2001; Lubben et al., 2001).

Students’ difficulties with the comparison of data sets are not limited to the visual presence
measurement uncertainties by showingmore decimal places. The properties of themean and
uncertainty of the two data sets (e.g., being the same or being different) also affects students’
decisions when comparing the sets. This is illustrated by the following two studies.

Allie et al. (1998) gave university students two sets of data and asked themwhich of the sets
had a better result. This was done using multiple-choice questions in which the students had
to choose the statementwhich they agreedwithmost. When two data sets had the samemean
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but a different spread, 44 % of the students refer to different spreads of the measurements
and 48% refer to the difference in mean values, and the remaining 8% was not codable.
Subsequently, they gave the students two sets with different mean values and spreads and
asked whether the measurements were in agreement. Now, 52% of the students refer to
how close the mean values are, 3 % refer to the spread only, 8 % refer to the correspondence
between individualmeasurements, and only 28% refer to themean aswell as the uncertainty.

The influence of different and equal means on students’ evaluation of data sets was also
found by Séré et al. (2001). They gave university students two measurement series of oils,
with the mean value indicated, and asked themwhich measurement series had the best qual-
ity. Students indicated this by choosing one of four statements with which they agreed most.
When themeans were the same: 25 % chose the option referring to themean values being the
same; 53% of the students chose the option that referred to the range of themeasurements as
the deciding factor; 2 % the option that referred to the range but indicated a larger range to
be better; and 19% chose that this cannot be concluded from the data. When the means were
not the same: 29 % chose the option that one/some/all individual measurements needed to
be compared; 32 % chose the option that correctly refers to the range; 5 % chose the option
that refers to the range but with the notion that a larger range is better; and 30% chose that
this cannot be concluded from the data. The latter can be seen as an indication of confusion
by students about how to compare these data sets.

Changing the data sets so that the means are different resulted in a significant drop in
correct answers in both studies. Students seem to fall back to their habit of comparing mean
values when comparing data sets. Especially in cases where the mean values are different,
they do not seem to see the need to include differences in the spread in their decision.

When comparing measurement results for agreement, one can look at overlapping un-
certainty intervals. The extent of overlap indicates a certain likelihood of agreement in the
measurement results. Because many students struggle with the difficulties regarding the cal-
culation and interpretation of the uncertainty, it is no surprise that they do not construct
these intervals instinctively. Nevertheless, there is some research where students’ abilities in
working with intervals have been studied. In these cases, the students were: explicitly taught
to create an interval (Séré et al., 1993), given the data in graphical representation (Deardorff,
2001), or presented with sorted tabular data (Cauzinille-Marmeche et al., 1985). This re-
search is described next.

Séré et al. (1993) gave university students a lecture on the topic of measurement uncer-
tainties as well as the mathematical approach to calculate confidence intervals. After the
lecture, the students did experimental work on the topic of optics. Students had to measure
the focal length of a lens and construct a confidence interval for the measurement. Subse-
quently, students had to do a second measurement and, again, create a confidence interval.
Lastly, the students were asked to compare the twomeasurements. The purpose of the confi-
dence intervals was left to the students and did not appear in the instructions. From the nine
groups, only one group spontaneously noticed an overlap of the confidence intervals. The
other groups were skeptical about their results not being identical (p.432). Thus, the mere
presence of uncertainty intervals does not necessarily mean that students will successfully
compare data sets.

A similar result is found by Deardorff (2001). Here, university students were shown a
visual representation of two overlapping sets of measurements. When asked whether the
results of the two sets were the same, 32 % answered that this was the case; 59 % what this
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was not the case; and the others could not tell or said something else.
Overlapping measurement series also hinders younger students’ evaluation of data. In

their study, Cauzinille-Marmeche et al. (1985) gave sixth-grade students several sets of mea-
surement data. In the experiment, a container was placed over a candle and the combustion
time was measured. Comparisons were made what the influence of different volumes and
shapes was. When the results showed no overlap 94% of the students indicated a difference;
when the results had small overlap, this dropped to 73%; and when there was large overlap,
this was also 73%. The authors conclude that the students were puzzled by the overlap and
were hesitant to draw conclusions.

The puzzling effect on students of non-covariance was also identified by Kanari and Mil-
lar (2004). In their study, students showed difficulties in the interpretation of non-covarying
data. In order to identify this non-covariation, the measurements have to agree within mea-
surement uncertainties. Hence, students will have to understand how to deal with measure-
ment uncertainties. In contrast, the authors do not identify significant problems for students
in the comparison of covarying data. Students can easily identify trends in the data. These
covarying tasks, however, do not reveal much about the students’ understanding of mea-
surement uncertainties.

When comparing measurement results, students seem to fall back to their routine of cal-
culating and comparingmean values while disregarding spread as a parameter that should be
compared. This is not surprising given their difficulties with the calculation and interpreta-
tion of the uncertainty. These same difficulties also prevent students from looking at the data
as an interval. Even with the explicit presentation of two data sets as ranges, students still
experience difficulties with the interpretation of overlap. This difficulty is most prominent
with overlapping (non-covarying) data sets.

2.2.9 Point and set paradigms

Building on the work of Allie et al. (1998), Lubben et al. (2001) have classified students’ rea-
soning on the topic of data collection, processing, and comparison and have identified an
overarching construct of two types of reasoning “point” and set”. Later Buffler et al. (2001)
extended these constructs to the point and set paradigms that entail students’ reasoning and
actions. These paradigmswere later repeatedly identifiedwith students’ during experimental
work (Allie et al., 2002; Buffler et al., 2009; Day & Bonn, 2011; Kung & Linder, 2006; Munier
et al., 2013; Pillay et al., 2008; Pollard et al., 2020; van Kampen & Gkioka, 2021; Volkwyn et
al., 2008; Wan & Mickelsen, 2021). This section describes the point and set paradigms that
combine the difficulties as described in the previous subsections into two ways of thinking
about data.

Point paradigm In the point paradigm, students believe in the existence of a “true value”.
This value can be determined in an experiment. Measurements are regarded as isolated
events that do not contribute to an interval of repeated measurements. The goal to take
repeated measurements is to practice the experimental procedure or to look for recurring
values which could represent the “true value”.

Engaging in repeated measurements and calculating a mean value is not necessarily as-
sociated with the point paradigm. These students could be doing this in a rote procedure
without set-like reasoning and understanding.
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Variance is believed to be reducible to zero, given enough practice and the right experi-
mental equipment and environment.

Comparison of data is done on a point-by-point basis or by comparing (routinely calcu-
lated) mean values.

Set paradigm In the set paradigm, each individual measurement is an approximation of
the measurand. Measurement uncertainties make it necessary to repeat measurements to
quantify this measurement uncertainty. The mean value is used as the best estimation of the
measurand and the uncertainty around it gives rise to an interval in which the measurand
can be expected.

Variance in the data can be reduced by using more precise measurement instruments and
careful experimental procedures, but cannot be reduced to zero. The uncertainty is therefore
an indication of the quality of the data.

To compare data sets, the degree of overlap between two uncertainty intervals is evaluated.

One has to keep inmind that the paradigm entails actions as well as reasonings and both have
to be set-like for a response to be associated with the set paradigm. For instance, the action
of representing a set of measurements with the mean value (a set-like action) can be followed
by a reasoning that refers to the “closeness” of the mean value to a reference value (point-
like reasoning). Such a response would, thus, still be associated with the point paradigm.
For association with the set paradigm, the reasoning also has to be set-like. This reasoning
should indicate the notion to look at the overlap of the uncertainty interval with a reference
value.

Many students, before being taught about measurement uncertainties, seem to be fixed
in point paradigm thinking (Buffler et al., 2001). However, several studies have shown that
these paradigms can shift. Usually, this is done in the context of a laboratory course in which
students do experiments and have lectures on the topic of measurement uncertainties and
statistical evaluation of data (e.g., Allie et al., 2002; Buffler et al., 2001; Pillay et al., 2008;
Pollard et al., 2020). The aim is to move students from point-like actions and reasonings to
set-like actions and reasonings.

This envisioned shift towards the set paradigm described by Buffler et al. (2001) is criti-
cized by Lippmann (2003). The author claims that the point paradigm, by itself, is not bad but
can be applied in the context of experiments that have a “true” outcome. As an application for
the correct use of the point paradigm, the author mentions a coin toss. However, a coin toss
is not a scientific measurement, but rather the occurrence of an event that can be counted.
Furthermore, the idea of a “true” outcome goes directly against the GUM’s perspective of
the “true value”: “This [the true value] is a value that would be obtained by a perfect mea-
surement.” and “True values are by nature indeterminate.” (p.32). From this perspective, it is
pointless to talk about a “true” outcome since this can never be measured. Therefore, the cri-
tique of Lippmann (2003) against guiding students from the point towards the set paradigm
seems misplaced.

The point and set paradigm descriptions of students’ views on data are not unique. Ben-
Zvi and Arcavi (2001) describe students’ views on data from a mathematics/statistics educa-
tion research perspective. They describe students’ views in terms of local (similar to the point
paradigm) and global (similar to the set paradigm) views of data and data representation.
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Local views of data focus on individual measurements and one-by-one steps and compar-
isons. Whereas global views of data look at trends and patterns in the data. In statistics, a
global view of data also allows for explanations, comparisons, and predictions based on the
variance in the data (p.38). Global views are much harder for students to develop but allow
for a deeper insight into the meaning of the data.

Transitioning between these views on data is possible. In the study by Ben-Zvi and Arcavi
(2001), seventh-grade students used a digital environment to work with historical data from
Olympic winning times of the 100meter. Initially, students seem to have a persistent local
view of data. When challenged to think about global aspects of the data, in this case, a trend
towards faster times on the 100meter sprint, students had problemsmigrating towards these
global views. The students kept looking at local point-wise deviations from the trend. This
ingrained point-wise thinking hindered students in looking at the data “globally”. Only when
they understood the true purpose of the task at hand, they realized the need to look at trends
and began to migrate towards a more global view of the data.

This section has shown themany difficulties that students experience withmeasurement un-
certainties. These problems seem to originate with the belief in a “true value” and students
do not see how measurement uncertainties affect their measurements. Consequently, they
see no need for repeated measurements. When repeated measurements are made, the mean
value is considered as the singular outcome of the experiment. This point paradigm of think-
ing about data further results in difficulties when the topic of measurement uncertainties is
addressed.

To effectively teach about the concepts of measurement uncertainties, these difficulties
have to be addressed. In this work, students are taught with the help of a Digital Learning
Environment (DLE)which is described in full in Sec. 4.1. TheDLE addresses these difficulties
while teaching the concepts ofmeasurement uncertainties, shifting the students from a point
to a set paradigm.

2.3 Data comparison problems
Section 2.2.9 has shown that students’ understanding of measurement uncertainties can be
classified in terms of the point and set paradigm. One problem, as identified by Buffler et
al. (2001), is that it can be hard to differentiate between students that are truly responding
from a set paradigm and those that have engaged in routine practice and respond from a
point paradigm (p.1146). This was, however, possible with the analysis of data comparison
problems.

Data comparison problems are a tool often used in science education to probe students’
understanding of measurement uncertainties (e.g., Allie et al., 2002; Kok et al., 2019; Kung &
Linder, 2006; Pillay et al., 2008; Pollard et al., 2020; van Kampen &Gkioka, 2021; Volkwyn et
al., 2008;Wan&Mickelsen, 2021). A reason for this is that an understanding ofmeasurement
uncertainties is a prerequisite for a successful comparison of data sets.

Teaching students to successfully compare data sets is one of the goals of this work. On the
one hand, it gives context and meaning to the use of measurement uncertainties by showing
a direct application. On the other hand, a data comparison problem can serve as a tool to
directly probe students’ understanding of measurement uncertainties.
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This section will give an overview of the promising features of data comparison problems.
Section 2.3.1 starts with a short description of the properties of data sets and how they influ-
ence students’ abilities to workwith them. Next, in Sec. 2.3.2 several approaches to the use of
data comparison problems are discussed. The most fruitful approach seems to be by asking
for a decision supported by a justification. The section is concluded in Sec. 2.3.3 by giving
an overview of different approaches to analyzing justifications in a fine-grained manner.

The findings regarding the presentation of the data, phrasing of the data comparison prob-
lem, and analysis of the justifications have been used in the construction of the data compar-
ison problem used in this study.

2.3.1 Preparation of the data

The data comparison problem used in this study consists of two data sets. The properties
of these data sets and how they are visualized have been carefully chosen. The choices that
were made are explained in this subsection.

To help students reason scientifically, students should engage in authentic science tasks,
such as doing experiments (Chinn & Malhotra, 2002). Ideally, students gather their own
experimental data for analysis, such as is common practice in laboratory courses.

However, for instructional purposes, it is sometimes more time-efficient to have students
work with second-hand data. Priemer et al. (2020) have shown that the source of the data
does not influence students’ decisions, as long as they have enough information on how the
data was collected. Since this study will be conducted using an online DLE, students will be
providedwith data, rather than experimenting themselves. This has the additional advantage
that all students work with exactly the same data as evidence to come to their conclusions.

The measurement data given to students had to be precise enough to show the variance
in the data, such that two intervals can be established and compared. Kok et al. (2019) found
that showing students measurement data with more decimal places (more precise data) in-
creases students’ difficulties in comparing data sets. The authors suggest that the students
that were shown data with few decimal places, might have come to the correct decision in
the data comparison problem for the wrong reasons. The students that were shown more
decimal places more frequently chose wrong answers due to their limited understanding of
measurement uncertainties.

In the presentation of the data, several choices can be made. Kjelvik and Schultheis (2019)
(p.3) have identified five features of authentic data: scope (the diversity of data and or vari-
ables), selection (the exclusion or identification of important data and or variables), curation
(cleaning and preparation of the data), size (the number of data points), and messiness (the
amount of variability, outliers, missing values, and unexpected trends). The complexity of
each of these features determines the complexity of the task. The authors suggest that: “The
use of simple data sets may be a good starting point for instruction” (p.5).

Making data-based decisions, in general, is hard for students. Kanari and Millar (2004)
have shown that students have difficulties reasoning with data (for more detail see Sec. 2.2.4
and Sec. 2.2.8) and students seem to stick to prior beliefs, even in the light of anomalous
data (see also Chinn & Brewer, 1993, 1998). When looking at students’ reasoning about data
sets with non-covarying variables Kanari and Millar (2004) state: “Here, an understanding
of measurement uncertainty (or error) is critically important” (p.767).

This overview has shown that it is possible to provide students with empirical data, rather
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than having them gather empirical data themselves. This data is supplemented by a descrip-
tion of how it was gathered. The provided data is precise enough to identify variance, but its
presentation is kept simple. In this case, the curation is such that no summarizing quantities
(mean and uncertainty) are given, but other than that, the data sets are presented in a simple,
structured table. The two data sets are non-covarying, i.e., their uncertainty intervals show
overlap. This is done because of the deciding role that measurement uncertainties play in
the analysis.

2.3.2 Approaches to using data comparison problems

As listed in the introduction of this section, data comparison problems are used very often to
analyze students’ ability to work with measurement data and uncertainties. This subsection
illustrates some different approaches to the use of data comparison problems.

A first approach is to have students compare two sets of measurements and have them
write an explanation. An explanation aims to link observations or phenomenawith scientific
theory or models and bring them in harmony (Gilbert et al., 1998).

In the study by Cauzinille-Marmeche et al. (1985) where students compared overlapping
measurement data on the combustion time of candles (for a detailed description of the study
see Sec. 2.2.8), students were asked to write an explanation to support their conclusion. In
the case of overlapping data sets, the explanations showed that students had difficulty us-
ing scientific models to fit their observational data. This made some students hesitant to
draw conclusions. Other students seem to make up explanations (not based on any scientific
model) to confirm their a priori ideas.

The authors have analyzed the explanations qualitatively which gave insight into how stu-
dents combine their scientific theory (the relation between combustion time and the volume
of containers) with experimental data (the burning time of these candles inside the closed
containers). In some explanations, students wonder what the “right” experiment would be,
indicating some doubt about the validity of the data or the experimental procedure. This
idea of a “right” experiment (or perfect experiment) has some similarities with the belief in
the existence of a “true value”.

For the explanations in this example, the observed event must be explained using the the-
ory. However, this poses two problems, first, the students have to understand the underlying
theory. Second, the students will have to recognize the event in the data. The identifica-
tion of the event is often difficult for students because of their difficulties with measurement
uncertainties, illustrated by students’ puzzled responses in the case of overlapping data sets.

Therefore, to probe students’ understanding ofmeasurement uncertainties it ismore fruit-
ful to focus on the data analysis itself, rather than its connection to theory.

The next approach of data comparison problems is the instrument developed by Allie et
al. (1998). This instrument aims to measure students’ perceptions of the quality of data using
multiple-choice questions followed by a justification of their choice. These items also include
data comparison problems. The instrument was later used inmany other studies (e.g., Buffler
et al., 2001; Lubben et al., 2001; Munier et al., 2013; Pollard et al., 2020; Volkwyn et al., 2008),
where the instrument is used to associate students’ responses with the point or set paradigms
(see also Sec. 2.2.9).

Buffler et al. (2001) have been able to distinguish between rote point paradigm responses
and set paradigm responses using this instrument. After instruction, 43 % of the students
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consistently used the set paradigm for the items probing the understanding about data pro-
cessing and plotting. However, when combined with the item concerning data comparison,
only 21% of the students (nearly half of the original 43 %) consistently use the set paradigm
in their responses. This is an indication that the other 22% have probably responded in a
rote set paradigm manner on the data processing and plotting items, not understanding the
true implications of measurement uncertainties.

This is further constrained when the item is added where a data comparison is done us-
ing the mean± uncertainty. In this item alone, 57 % of the students consistently use the set
paradigm. In contrast, 9 % of those consistently used a point paradigm in all previous items,
and 24% used mixed paradigms. This indicates that a large fraction of the students have
responded in a rote set paradigm manner when presented with a data comparison problem
where means and uncertainties are given.

The inclusion of data comparison problems was the key to identifying rote set paradigm
responses. The analysis was mostly based on the association of multiple-choice responses
and justifications with the two paradigms. Although it does classify students’ reasonings and
actions, the level of detail is limited.

Séré et al. (2001) have classified students’ justifications in a data comparison problem on
a more detailed level. The aim of these categories is to reflect the epistemological and onto-
logical dimensions of students’ reasoning.

To do so, the authors have given upper secondary and university students sets of data and
asked which data set had the highest quality supported by a justification (for a detailed de-
scription see Sec. 2.2.8). The justifications were classified into one or more of the following
categories: range (the range of values of one set should be considered), uncertainty (the un-
certainty of the measurements should be considered), statistics (statistical analysis is needed
to process the data), values (each measurement should be considered by itself), and truth
(there exists a “true value” that can be obtained).

The provided data sets consisted of five repeated measurements (the mean value was also
indicated) regarding the mass density of two oils. Students were asked whether the density
of one oil is greater than the other and to give a justification for their answer. One group of
students got results that are in agreement, the other group got results that are not in agree-
ment. In the group where the results were in agreement: 49 % of upper secondary and 48%
of university students chose the correct answer, 17 % and 18% chose the false answer, and
34% (both groups) were not sure. In the groupwhere the results were not in agreement: 55 %
of upper secondary and 32% of university students chose the correct answer, 18 % and 19%
chose the false answer, and 27% and 49% were not sure.

Upon analysis of the justifications, the most common category is values (11 % to 34%),
followed by uncertainty (8 % to 22%). In general, the authors find that the more complex the
situation, the more frequently the values category is chosen.

Although the most frequent response in almost all cases is the correct answer, the authors
remark that this does not necessarily mean that students have chosen this based on scientific
analysis. How the students evaluated the data was not analyzed and they could have decided
based on intuition (p.513).

An approach that gives more insight into how students compare data sets is illustrated
by Masnick and Morris (2008). In their study with 133 students of three age groups (third
grade, sixth grade, and university level), the students compared two data sets fourteen times.
The data sets varied in sample size, within variability (range of measurements), and between
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variability (reversed pairs between the data sets). The students were asked whether or not
there was a difference between the data sets, the reasons for their decision (a justification).

The reasons students give for their decisions (i.e., the justifications) are coded for men-
tioning data set characteristics (e.g., sample size, within/between-group variability, reversed
pairs) and mechanism responses (e.g., properties of the ball or experimenter and environ-
ment). Nearly every participant mentioned at least one data set characteristic in their justifi-
cation. The university students show a broad range in justifications, whereas the third-grade
students seem to mention more superficial characteristics (e.g., counting how many times a
measurement in one set is larger than the correspondingmeasurement in the other set). Nev-
ertheless, these young students are aware of various characteristics of data sets and indicate
that these have to be taken into account in the comparison.

The coding of the justifications gave insight into the identification of data set characteris-
tics by students. How they had used these characteristics in their decision was not asked.

The last approach illustrated in this subsection is an approach that aims to directly probe
what students do when comparing data sets.

Estepa et al. (1999) have looked at upper secondary students’ ability to identify association
between two data sets from a mathematical standpoint. They note that judgment of associa-
tion or not (a decision on the agreement between data sets) alone is not enough to determine
students’ preconceptions about association because it can be reached with an incorrect com-
parison procedure (which was also discussed in Sec. 2.3.1). The authors identify students’
procedures through analysis and coding of the justification following their decision.

The authors have coded the procedures (e.g., comparing means, comparing totals, taking
special cases into account, finding differences, comparing ranges, etc.) and have grouped
these into three categories: correct, partially correct, and incorrect.

The majority of the students have employed partially correct procedures. Noteworthy
is that a comparison of the mean was not the most common strategy, but rather different
variations of pairwise comparisons and looking at exceptional cases. The authors conclude
that a correct comparison requires various statistical concepts. Also, students will need help
with the interpretation of the outcome of their statistical procedures.

This last example shows an approach that could, in principle, show what students have
done during their comparison of the data sets in fine detail. The result is later, however,
reduced to three categories of correctness.

This overview has shown a variety of possibilities in the analysis of data comparison prob-
lems. The most fruitful approach seems to be to have a data comparison problem where a
decision has to be made supported by a justification. The different possibilities to analyze
these justifications are discussed next in Sec. 2.3.3.

2.3.3 Analyzing justifications

The previous subsection has shown different approaches to using data comparison prob-
lems. All the mentioned examples have incorporated open-ended questions to shed light on
students’ reasoning about data. This subsection will focus on how justifications, in general,
can be analyzed and quantified. Ultimately, the goal of the analysis is to probe what students
do when comparing data sets on a fine-grained level.

Justifications are part of an argumentation process inwhich a claim is linkedwith evidence
(Jiménez-Aleixandre & Erduran, 2007; Ryu & Sandoval, 2012; Toulmin, 2003). In the context
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of a data comparison problem, an argumentation process is started when students are asked
to make a decision (claim) based on data (evidence). The justification illustrates the logic of
how the data, or the analysis thereof, led to the decision.

The analysis of justifications by Buffler et al. (2001); Lubben et al. (2001); Munier et al.
(2013); Pollard et al. (2020); Volkwyn et al. (2008) all aimed to associate students’ responses
to the point and set paradigms. Similarly, the analysis of Séré et al. (2001) have coded the
justifications to identify epistemological and ontological dimensions of students’ reasoning.
Although both these strategies do provide a goodmeasure of students’ general understanding
of measurement uncertainties as well as their view about the NOS, the analysis is limited to
the association with these viewpoints. The analyses do not show what students did when
comparing the data sets.

The coding of justifications by Masnick and Morris (2008) did shed light on what data
characteristics students have recognized in their data. What was not evaluated, is what role
the aforementioned characteristics have played in their decision-making process (e.g., did
variance help with the decision making, or did it confuse students). Nor was this combined
with the decision that students have actually made and whether this was appropriate or not.

The coding categories used by Estepa et al. (1999) also reflect what students did in their
comparison of the data. However, there was considerable overlap between certain codes.
For instance, comparing percentages (i.e, the percentage of times when a measurement in
one set is larger than the corresponding measurement in the other set) is very similar to
comparing values (i.e., indicating that sometimes a measurement in one set is larger than the
corresponding measurement in the other set and sometimes it is smaller).

Moreover, the grouping of these codes into correct, partially correct, and incorrect seems
inappropriate for data comparison in a science setting. The comparison of mean values is
considered correct, whereas comparing ranges is considered incorrect. This is in large con-
trast to how data is compared according to the GUM as well as the subject matter model by
Hellwig (2012).

Nevertheless, a similar analysis of justifications by coding these, seems a fruitful approach
to evaluate students’ ability to compare data sets and includes their understanding of mea-
surement uncertainties. To make a good assessment of this understanding, a fine-grained
analysis is required (Chinn et al., 2011).

Ludwig et al. (2019) have successfully shown that different types of students’ justifications
can be identified on a fine-grained level. In a first step, they have identified a broad spectrum
of types of justifications by means of interviews. In a second step, they have developed a
questionnaire, probing these types. The questionnaire assesses the extent to which different
categories have influenced their decision to support or reject a hypothesis.

A different approach was used by van Kampen and Gkioka (2021). They have asked stu-
dents about the quality of experimental data but did not have a framework to code students’
responses. As such, they pursued an inductive approach. In the first step, they have split stu-
dents’ responses into separate codable utterances. Next, these utterances were interpreted
and grouped into a broad range of similar categories. These categories were grouped and
labeled under common denominators. Lastly, the categories and subcategories were harmo-
nized so they are applicable for all the questions that the students have answered. Finally, the
authors have successfully identified three main categories with each several subcategories.

Both these strategies have been successful at assessing students’ justifications in a fine-
grained manner. These codes, in contrast to the raw justifications, also make it possible to
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quantify students’ responses.
The review of the different approaches to using data comparison problems and analysis of

justifications in Sec. 2.3.2 and 2.3.3 have led to the development of a coding manual that has
been used in this work. This manual has been developed inductively (in a manner similar to
van Kampen and Gkioka (2021)) to code the justifications of the data comparison problems.
The codes indicate what quantity the students have compared (similar to the procedural
codes by Estepa et al. (1999)) and what the deciding criterion for their decision was. These
codes result in a fine-grained image of what students have done during the data comparison
problem and gives insight into their understanding of measurement uncertainties.

2.4 Teaching about measurement uncertainties
This section reports on the outcomes and recommendations of several studies where stu-
dents have been taught explicitly the topic of measurement uncertainties. There is a lot of
research to be found on the evaluation of university courses, the extent for secondary edu-
cation, however, is very limited. The recommendations and good practices of this section
were important for this work, as they have helped in the design of the Digital Learning Envi-
ronment that was used to teach students about the concepts of measurement uncertainties.

The topic of measurement uncertainties is traditionally introduced at universities during
laboratory courses (Allie et al., 2003; D. Hu & Zwickl, 2018; Möhrke & Runge, 2020; Pollard
et al., 2021). Students do experiments to gather data that need to be analyzed to draw con-
clusions. Often, these laboratory courses are accompanied by theoretical (statistics) courses
that introduce the topic of measurement uncertainties (D. Hu & Zwickl, 2018; Pollard et al.,
2021; Séré et al., 1993; Volkwyn et al., 2008).

Séré et al. (1993) report on the results of a more traditional laboratory course, one that
focuses on the concepts of statistical quantities as well as the mathematical tools needed to
analyze the data. After the course, the majority of students did not master the course and did
not understand the use of statistical procedures nor could they link statistical concepts (e.g.,
precision and accuracy) to the characteristics of the data. The authors conclude that there is a
need to focus on concepts rather than mathematical procedures and purpose has to be given
to uncertainty analysis. Although an understanding of measurement uncertainties can lead
to an appreciation of statistics (Casleton et al., 2014), it cannot be said that mere teaching of
statistical topics leads to a better understanding of measurement uncertainties.

The authors, however, do not suggest moving away from instructions on calculation in
general. When they compare their results with a “cook-book” laboratory course in which
calculations of uncertainty and uncertainty propagation were not necessary. In this case,
there was no significant difference in using overlapping ranges in the data comparison items.
Authors conclude that limiting the amount of uncertainty calculations does not result in a
better understanding of uncertainty, but a purposeful concept-based course does (p.776) (see
also Sec. 2.2.6).

Volkwyn et al. (2008) report on the evaluation of a similar traditional university-level labo-
ratory course. In this 24-week course, studentswork on twelve different physics experiments
and have lectures on the topic of uncertainty analysis. The latter is done using the book by
Taylor (1997) and follows a more formal statistical approach. There was no emphasis on the
underlying principles surrounding measurement uncertainties, e.g., their origin, how this
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affects the data, their relevance, etc.
The evaluation was done in terms of the point and set paradigm using the tools developed

by Allie et al. (1998). After the course, virtually all students responded using a set paradigm
when asked about data collection and processing. The same could not be said for data com-
parison: “after this course, only 19% [95% confidence interval 9–32%] of the sample pro-
vided responses associated with the set paradigm to probes dealing with data comparison,
an increase which is statistically significant but not pedagogically acceptable.” (p.7). These
results are very similar to the results of Buffler et al. (2001), where only 21% of students con-
sistently used the set paradigm (for a description of the study and the results see Sec. 2.3.2).

To improve the unsatisfying outcome on students’ understanding, Volkwyn et al. (2008)
advocate to address the conceptual underpinnings of measurements and measurement un-
certainties throughout the laboratory course (similar to the recommendations of Séré et al.
(1993)). These concepts should include the origin of measurement uncertainties, the nature
of scientific measurement, the communication of results, as well as “The conceptual under-
pinnings that allow these numerical estimates of uncertainties to be generated” (p.9).

The authors suggest using a “probabilistic” (Bayesian) approach to the interpretation of
measurement results for this revised course (an approach also used by the GUM). In the
probabilistic approach, data is evaluated by comparing probability density functions (pdf)
in terms of probabilities (Rosenberg & Kubsch, 2021; Volkwyn et al., 2008). In contrast, in
the “frequentist approach”, data is evaluated using statistical analysis e.g., t-tests and 95%
confidence intervals.

The same group of authors that have reported on the traditional “frequentist” laboratory
course in Volkwyn et al. (2008), also report on a “probabilistic”, GUM-based course, in Buffler
et al. (2008) and Pillay et al. (2008). This concept-based course starts with the nature and
purpose ofmeasurements and uncertainty. The concept of themeasurand is introduced early
on in the course and its meaning is explicitly contrasted with that of single measurements.
Other concepts are: type A and B uncertainty evaluation, the pdf, comparing measurement
results, uncertainty propagation, and least square fitting of straight lines.

The results of both courses are compared in Pillay et al. (2008). In the GUM-based course,
64 % (95% confidence interval: 53–74%) of the students can be consistently associated with
the set paradigm after instruction, which the authors consider being pedagogically signifi-
cant, in contrast to the 19% in the traditional course.

Kung (2005) has also developed and evaluated a concept-based laboratory course for uni-
versity students. This more “frequentist” but also concept-based course begins with the un-
derlying principles and concepts ofmeasurement uncertainties before the calculational steps.
The course starts with the notion that all measurements are subject to measurement uncer-
tainties and that these uncertainties should be reported. The result of an experiment, there-
fore, has an associated uncertainty and the design of the experiment, as well as the skill of
the experimenter, affects this uncertainty. Lastly, the uncertainty is used to compare results
and draw conclusions.

The evaluation was done using similar tools as used by Volkwyn et al. (2008) and Pillay et
al. (2008). Themost informative results were those of the data comparison items. The author
found a significant difference in using overlapping ranges to compare data sets between the
pre and post-test results for all four items probing these kinds of comparisons. Between 47%
to 60% of students look for overlapping ranges.

The previous studies have shown that both “frequentist” as well as “probabilistic” courses
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can be successful in teaching measurement uncertainties. The most important aspects seem
to be, using a concept-based approach addressing the underpinnings of measurement un-
certainties and giving purpose to the analysis of the uncertainty rather than emphasizing
statistical and calculational procedures alone.

To see how students perceive the purpose ofmeasurement uncertainties, D. Hu andZwickl
(2018) have interviewed university students and asked about their ideas about measurement
uncertainties. In these interviews, the authors found that first-year students rarely recognize
uncertainty analysis as a tool to validate their results (p.12). This was especially prominent
in experiments where theories are empirically tested. Students regard the theory as perfect
and want to replicate its predicted outcome in the experiment. This could lead to the trou-
blesome effect of confirmation bias, not only with students but even in the work of scientists
(MacCoun & Perlmutter, 2015).

To counter this, the authors suggest that experiments should rather focus on the use of
uncertainty analysis in the absence of theory. In this data-driven decision-making process,
there is no other authority other than the uncertainty analysis to validate the result of the
experiment. This way, measurement uncertainties become a meaningful tool to draw con-
clusions from the data, rather than merely indicating the imperfection of the data and the
experiment.

The previous studies all targeted laboratory courses for university students. The amount
of research that evaluates teaching material on measurement uncertainties aimed at sec-
ondary education is, however, very limited.

Munier et al. (2013) have looked at the long-term learning effect on measurement un-
certainties. They have designed teaching units for fourth-grade students. In the first unit,
students build their own measurement device, with which they measure the diameter of a
tube. The goal is that their crude device results in a broad spread of measurements. Stu-
dents then compare their measurements with those of a commercial caliper. One year later,
the second unit took place. This time, students used a high precision (up to 1 g) digital scale
to measure the mass of liquids. Students were asked to differentiate between two liquids.
The liquids deliberately have similar mass densities such that repeated measurements were
required.

One of the questions posed to students was how they would report the outcome of their
measurement. Before the first unit, only 1 out of 24 students chose to report an interval, the
others chose to report a single value. After the first unit, this was 11 out of 21. However, one
year later this number had dropped to 3 out of 22 and the topic needed to be re-taught. After
re-teaching 19 out of 22 students were able to report an interval.

What this overview has shown is that there exist several successful laboratory courses
that introduce the concept of measurement uncertainties. Important is, that the courses are
concept-based and put emphasis on the underlying principles (the underpinnings) of mea-
surement uncertainties.

To put focus on these underpinnings and interpretation, the statistical procedures to cal-
culate uncertainties should be reduced. Also, the setting of the experiment can be detached
from existing theories which leads to an emphasis on the relevance of the data analysis.

The overview of students’ difficulties with the concepts of measurement uncertainties (see
Sec. 2.2) has shown that even though students of all ages struggle with the concepts of mea-
surement uncertainties, young students do have some intuitive understanding of the con-
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cepts of measurement uncertainties (see also Cauzinille-Marmeche et al., 1985; Coelho &
Séré, 1998; Gal et al., 1989; Lubben &Millar, 1996; Masnick & Klahr, 2003; Metz, 2004; Mu-
nier et al., 2013; Petrosino et al., 2003). This section has shown that these concepts can be
taught to students successfully, but the topic needs to be addressed continuously for long-
term learning to take place. Introducing the topic early and continuously is a view shared by
Kung and Linder (2006); Pillay et al. (2008) who have looked at university students’ under-
standing of measurement uncertainties.

Unfortunately, the amount of didactically evaluated teachingmaterial regardingmeasure-
ment uncertainties aimed at secondary education is very limited. As a first step in filling this
gap, this work aims to find out at what conceptual knowledge aboutmeasurement uncertain-
ties is needed for students in secondary education to correctly compare data sets. To achieve
this, a concept-basedDigital Learning Environment (DLE)was developed and evaluated. The
concepts of the DLE are taken from the reduced subject matter model (see Sec. 2.1.3) and the
structure follows the recommendations of this section.
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3 Aims of this work
With the role that data plays in our current society, being able to adequately work with data
becomes a crucial skill. One aspect that shows the quality and limitations of data is the un-
certainty. To develop this skill, science education should introduce the topic ofmeasurement
uncertainties to students. Not only will this develop their data analysis skills, but it will also
aid students in obtaining amore adequate view about the nature of science and develop their
scientific literacy (see the introduction of Ch. 2).

What the literature review has further shown, is that students of all ages experience dif-
ficulties with the topic of measurement uncertainties (these difficulties are extensively dis-
cussed in Sec. 2.2). The topic is usually introduced in university laboratory courses, where
students continue to struggle with the concept. Several studies have recommended that the
topic should be addressed early and repeatedly for students to come to a solid understanding.

Although the topic is found in many secondary education curricula, in reality, it is hardly
addressed in schools. Furthermore, there does not seem to existmuch scientifically evaluated
teachingmaterial that is based on an overarching frameworkmeant for this educational level.

To fill this gap, this work takes a first step in the development of teaching material aimed
at secondary education. The chosen context and application of measurement uncertainties
is the comparison of data sets, which heavily relies on the analysis of measurement uncer-
tainties. Also, data comparison problems have been proven as excellent probes to measure
students’ understanding of measurement uncertainties.

To teach the students how to compare two sets of data, an onlineDigital LearningEnviron-
ment (DLE) was developed to transfer conceptual knowledge of measurement uncertainties
to students. The necessary conceptual knowledge included in this DLE is based on the re-
duced subject matter model by Hellwig (2012) which is aimed at secondary education (for a
full description see Sec. 2.1.3).

In contrast to common practice, where the concept ofmeasurement uncertainties is intro-
duced during laboratory courses, this DLE is an online stand-alone unit on which students
canwork remotely. Nevertheless, the best practices from successful and evaluated laboratory
courses (these are discussed in Sec. 2.4) were used in the development of the DLE. The DLE
is concept-based and starts with the origin and conceptual underpinnings of measurement
uncertainties. This is followed by an explanation of procedures to calculate the mean value
and the uncertainty, supplemented by a conceptual elaboration regarding their interpreta-
tion. Lastly, the process of comparing measurement results is explained using the previously
introduced concepts of measurement uncertainties.

The effect of the DLE was measured using a pre–post design. The pre and post-test used,
consisted of two probes: a competency test and a data comparison problem.

The competency test measures students’ conceptual understanding of measurement un-
certainties and is, thus, a measure of how well the conceptual knowledge was transferred to
the students through the DLE. The items in this test are designed to probe the concepts of
the subject matter model specifically (see Schulz, 2022).
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In the data comparison problem, students are asked for a data-based decision supported
by a justification. Following the best practices from the literature (which are discussed in
Sec. 2.3), the students’ justifications were analyzed and coded. These codes are a measure of
the quality of the justifications.

The overview of the literature in Sec. 2.4 shows that there are good indications that young
students canworkwith and identify (aspects of) measurement uncertainties. Introducing the
topic early on in the curriculum would be beneficial since it would allow teachers to repeat-
edly address and refine the topic throughout all the experimental work in secondary educa-
tion. There is, however, no literature indicating which specific concepts can be introduced
at which grade level.

This work aims to answer the following research questions:

RQ1 What conceptual knowledge of measurement uncertainties do students need to cor-
rectly compare data sets?

RQ1a In what way does the digital learning environment change students’ conceptual
understanding of measurement uncertainties?

RQ1b Inwhatway does an increase in conceptual knowledge change students’ decision-
making in a data comparison problem?

RQ1c How does an increase in conceptual knowledge change the quality of students’
justifications in a data comparison problem?

RQ2 At what grade level can the topic of measurement uncertainties successfully be intro-
duced?

To discern what conceptual knowledge is needed, the DLE is split into five consecutive
steps of contents that are taught incrementally: origin, underpinnings, mean, uncertainty,
and comparing measurements (the complete contents and design is described in full detail
in Sec. 4.1). Participants were randomly assigned to one of three groups A, B, and C, and each
went through a different amount of steps: two, four, or all five steps. With that, each group is
exposed to a different amount of conceptual knowledge. A comparison of the groups gives
insight into the effect of adding conceptual knowledge.

To answer RQ1a, a comparison of the competency test scores of groups A, B, and C was
done. This indicates the change in conceptual understanding of measurement uncertainties
for increased transfer of conceptual knowledge through the DLE. It is expected that stu-
dents’ conceptual understanding of measurement uncertainties increases with the increased
transfer of conceptual knowledge.

To answer RQ1b, a comparison of the groups’ decisions in the data comparison problem
was done. This indicates the change in decisions for increased transfer of conceptual knowl-
edge. It is expected that students’ decisions in the data comparison problems becomes more
correct with the increased transfer of conceptual knowledge.

To answer RQ1c, a comparison of the groups’ justification qualitywas done. This indicates
the change in quality for increased transfer of conceptual knowledge. It is expected that
students’ justification quality increases with the increased transfer of conceptual knowledge.

Together, the three subquestions will answer RQ1. RQ1a shows the (expected) increase
in conceptual understanding for more transfer of conceptual knowledge. Next, RQ1b and
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RQ1c, indicate the (expected) increase in students’ ability to compare data sets with this in-
creased understanding.

To successfully introduce the topic of measurement uncertainties, the DLE has to address
the correct grade level. Therefore, students from different grade levels of middle and high
school were invited to participate.

To answer RQ2, the post-tests of the grade levels are compared. This indicates the effect
of the DLE, i.e., the successful transfer of conceptual knowledge, for each grade level. It is
expected that students’ performance on the post-test will increase with grade level.
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4 Study design – teaching and assessing
students’ ability to compare data sets

To answer the question which specific conceptual knowledge is needed to correctly compare
data sets (RQ1), different pieces of knowledge about measurement uncertainties were taught
using a Digital Learning Environment (DLE), specifically developed for this study. In the
DLE, participants were shown instructional videos (see App. A) and trained their knowledge
with practice problems (see App. B). The effect of this DLE was measured with a pre and
post-test in a pre–post design, see Fig. 4.1. The pre-and post-test consist of two probes: a
data comparison problem that directly tests the performance on the task of comparing data
sets and a competency test that measures the conceptual knowledge about measurement
uncertainties and is an indirect probe for the ability to compare data sets.

In order to make a distinction which knowledge is needed the DLE was divided into five
steps. Participants were randomly assigned to one of three groups A, B, and C. Each group
went through the pre-test and then continue with step I of the DLE. After completing step
II, group A continued to the post-test, whereas groups B and C continued with step III. After
completing step IV, group B continued to the post-test, and group C went through all five
steps before going to the post-test.

After finishing their post-tests, groups A and Bwere redirected towards the follow-up test.
Here, they started with the remaining steps of the DLE and were then asked to answer the
data comparison problem one last time.

This design allows for a comparison in pre–post tests between groups A, B, and C, which
differ only in the different number of steps of the DLE that they have gone through.

Pre-test
- Data comparison problem:

- Competency test

- Groups A, B, and C

decision + justification

DLE
- 1–4 minute videos

- 2–4 practice problems

with feedback

Post-test
- Data comparison problem:

- Competency test

- Groups A, B, and C

decision + justification

Follow-up
- Remaining steps

decision + justification

- Groups A and B

- Data comparison problem:

- Sources of

uncertainty

- Calculation and

meaning of the

- Calculation and

meaning of the

Step I Step II Step III Step IV Step V
- Relevancy/

meaning of

uncertainties

- Comparing

measurement

resultsmean value uncertainty

Digital Learning Environment (DLE)

Pt. 3 – Group CPt. 2 – Groups B and CPt. 1 – Groups A, B, and C

Figure 4.1: A schematic illustrating the study design used.
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This study has been conducted during theCOVID-19 pandemic betweenMarch 30th 2020
(two weeks after the first period of homeschooling in Germany) and August 1st 2020 (begin-
ning of the summer break). This meant that all contents, pre-test, DLE, and post-test, had to
be in a digital form so that participants could work on this independently from home. Par-
ticipants were guided and instructed by videos where the author addressed the participants
personally. These videos informed them about the purpose of the study, how their participa-
tion helped this study, how to use the DLE, and how their data would be stored. Participants
were also asked to work on the study alone, but they could use a calculator, pen, and paper.
The study was designed as such that participants would spend 90minutes (similar to the reg-
ular physics class duration) and thus imposed limitations on the amount of information that
could be collected from participants.

To recruit participants, an email invitationwas sent to physics teachers that had previously
been in contact with the Humboldt-Universität science education institute. Anonymity for
participants was communicated to teachers as well as participants. As such, participation
was completely voluntary. As a motivational incentive, participants could opt into a raffle
where they could win one of three Calliope mini-computers (Calliope GmbH, 2021), with
the prerequisite that they had completed the whole survey. For this, participants had to enter
their email address, which was deleted, as soon as all Calliope’s had been mailed and was not
used in the data analysis.

The rest of this chapter describes the different elements of the study design in detail. Sec-
tion 4.1 describes the development, contents, and structure of the DLE. Next, the probes of
the pre and post-test are presented. Section 4.2 describes development of the data compar-
ison problem and Sec. 4.3 does the same for the competency test. Finally, Sec. 4.4 gives a
description of the participants.

4.1 Digital Learning Environment

To teach participants the different concepts of measurement uncertainties a Digital Learning
Environment (DLE) was developed. To answer the question what conceptual knowledge
is needed to correctly compare data sets (RQ1), the DLE was split into three parts (with
five conceptual steps). Participants were randomly assigned to groups A, B, or C, that each
went through a different number of parts: group A part 1 (steps I–II), group B parts 1 and 2
(steps I–IV), and group C parts 1–3 (steps I–V). In these consecutive parts, participants were
incrementally taught different concepts of measurement uncertainties.

Part 1 The first part of the DLE introduces the concept of measurement uncertainties and
their underpinnings. It is split in two steps. Step I introduces the topic by explaining and
illustrating the (omni)presence of measurement uncertainties. Step II focuses on the un-
derpinnings of measurement uncertainties, their influence on measurements, and how to
interpret this. For group A, this marked the end of their DLE and they continued to the
post-test.

Part 2 Next is the calculational part of the DLE that connects with the underpinnings. This
part gives the rules for calculating the mean and the maximum uncertainty. Simultaneously
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the conceptual meaning of the mean and uncertainty is broadened by emphasizing the inter-
pretation of the results. This part is split into two steps: step III does this for the mean value
and step IV does this for the uncertainty. After this part, group B continued to the post-test.

Part 3 The last part consists of one step, step V, where the process for comparing measure-
ment results is explained. The rule used here is that overlapping uncertainty intervals yield
“compatible results” (in German: “die Ergebnisse sind verträglich”) and, as such, these results
agree within measurement uncertainties. Group C was shown all parts before continuing to
the post-test.

These three parts, consisting of five steps, follow a logical didactical sequencing—starting
with a conceptual introduction and underpinnings, followed by the mathematical formal-
ism, and concluding with the application. This sequence is based on the successful labora-
tory course which was reported by Pillay et al. (2008) (for further discussion see Sec. 2.4). A
comparison of the results of the three groups A, B, and C (that subsequently went through
more steps) gives insight into the increase in conceptual knowledge and is thus be a measure
of the effectiveness of this sequencing.

Each of the steps starts with a short introductory video, ranging from 1:18 to 3:45minutes.
Short videos were chosen because they keep participants’ attention better than long ones
(see e.g., Brame, 2016). Also, the practice problems with adaptive feedback that follow the
video shortly after, stimulate active learning as participants practice with their newly found
knowledge.

The style of the instructional videos is that the viewer sees a single black canvas. A female
voice-over explains the contents (for the spoken transcripts, see App. A). Simultaneously,
text, images, data, calculations, and graphs appear on the canvas illustrating and supporting
what is being explained. The canvas is slowly filled during each individual video without
information being erased. Each of the videos has a part where the core contents of the video
are summarized. This summary is written in full in a framed box at the top of the canvas.
This way, the final frame of the video acts as a summary of the video as a whole.

After watching an instructional video, participants advanced to practice problems (the
problems are shown in App. B). These practice problems contain conceptual as well as cal-
culational problems that address the difficulties that students experiencewith the concepts of
measurement uncertainties (these difficulties are discussed in great detail in Sec. 2.2. Partic-
ipants could check their answers as many times as they wanted. When checked, participants
got adaptive feedback on their answer in either red or green text. A red text posed a question,
asking participants to rethink a specific aspect of their answer. A green text explained why
their chosen answer was correct. The answers that participants gave were not stored, which
was also communicated in advance. This was done to let participants practice freely without
the idea that wrong answers might have consequences.

During the practice problems, participants could click on a hint button. This showed them
the last frame of the corresponding video (containing all the visual information of that video,
see Fig. A.2). Another option is for participants to go back to the video and watch it a second
time, without loss of progress.

Students in group C had spent an average of 50minutes on the DLE. When taking in-
troduction and preparation into account, the DLE will take approximately 60minutes in
classroom settings.
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Section 4.1.1 describes what concept knowledge from the subject matter model appears
in the DLE. The contents of the steps is described in Sec. 4.1.2. How the contents of the
individual steps are didactically structured is shown in Sec. 4.1.3 and the overall structure
of the steps in Sec. 4.1.4. Lastly, Sec. 4.1.5 describes the DLE that was used during the pilot
study and discusses what implications the pilot study results had for the development of the
DLE.

4.1.1 Subject matter in the Digital Learning Environment

The sequencing of the steps of the DLE is based on the best practices mentioned in the lit-
erature, see Sec. 2.4. The structure of the DLE was already summarized in Ch. 3. Before
describing the exact contents of the steps (see Sec. 4.1.2), this subsection describes to which
dimensions and concepts of the subject matter model (see Sec. 2.1.3) each of the steps can be
assigned. The topics of each of the steps are:

I sources of uncertainty;

II relevancy and meaning of measurement uncertainties;

III calculating the mean;

IV calculating the uncertainty;

V comparing measurement results.

Step I aims to raise awareness on the (omni)presence of measurement uncertainties. The
step can be associatedwith the dimensionExistence ofUncertainties and the concept Sources
of Uncertainties.

Step II emphasizes the relevance of measurement uncertainties by explaining how mea-
surement uncertainties affect measurements and that the mean alone is not enough to de-
scribe the outcome of an experiment. It can be associated with the dimension Existence of
Uncertainties and the concept Distinguishing Uncertainty from Error as well as the dimen-
sion Handling of Uncertainties and the concept Result of a Measurement.

The calculation of themean, as well as its interpretation in step III, is not directly related to
a certain concept from the subject matter model. Nevertheless, the contents of this step are
a prerequisite for the dimension Assessment of Uncertainties and the concept Direct Mea-
surement: Evaluating a Single Uncertainty Component, as this concept assumes the mean
value and its meaning is known.

Just like step III, step IV is not directly related to a certain dimension of the subject matter
model. This step introduces the mathematical procedure to calculate the uncertainty, again
a prerequisite for the dimension Assessment of Uncertainties and the concept Direct Mea-
surement: Evaluating a Single Uncertainty Component. Also, the step repeats elements from
step II and, as such, is associated with the dimension Existence of uncertainties and the con-
cept Distinguishing Uncertainty from Error and the dimension Handling of Uncertainties
and the concept Result of a Measurement.

The contents of step V are directly taken from the dimension Conclusiveness of Uncer-
tainties and the concept Comparison of a Result with Other Values.
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4.1.2 Learning goals and content of the individual steps

The contents of each of the individual steps are aimed at addressing the difficulties that stu-
dents experience with the concepts of measurement uncertainties that were discussed in
Sec. 2.2. These individual steps follow a concept-based approach, taking contents from the
subject matter model.

The learning goals of each of the steps are stated in terms of the updated version of Bloom’s
taxonomy by Anderson and Krathwohl (2001) (original taxation see Bloom, 1965). The tax-
onomy lists six hierarchical categories of cognitive processes (from lowest to highest): re-
membering, understanding, applying, analyzing, evaluating, and creating. Furthermore, for
each of the processes, verbs are included that describe the desired objective, resulting in a
competency-like description of the objective.

Blooms (updated) taxonomy, especially the hierarchy, is often criticized (see e.g., Marzano
& Kendall, 2007) and test-item difficulty is often classified in terms of competencies (see e.g.,
Kauertz, 2008), that are, in turn, often based on Blooms (updated) taxonomy. Nevertheless,
the taxonomy remains applicable for the description of learning goals in terms of compe-
tencies (Lee et al., 2017), especially in this case where the hierarchy of competencies plays no
role and the amount of prior knowledge is the same for all participants (as is confirmed by
the results of the competency test scores of the pre-test, see Sec. 5.3.3).

The goal of the video in step I is to make students aware of the omnipresence of measure-
ment uncertainties and their causes. This is done using several contexts supported by images
of measurement devices such as a digital and analog scale, a stopwatch, and a thermometer.

Also, an overarching story in the context of an egg-drop contest is introduced that will
reappear throughout the other steps. In the hypothetical egg-drop contest, the goal is to
safely land an egg, using a parachute while simultaneously having the shortest falling time.
This measurement will be repeated multiple times. The video lasts 3:25 minutes and is fol-
lowed by three practice problems.

At the end of step I, students should be able to (taxonomy level added in parentheses):

• recognize that everymeasurementwill always be subject tomeasurement uncertainties
(remembering);

• recall thatmeasurement uncertainty is ameasure of quality for the data (remembering);

• recall some examples of sources of uncertainty for analog and digital measurement
devices (remembering);

• identify sources of uncertainty in described experiments (remembering);

• predict which experiment will lead to the smallest measurement uncertainty (apply-
ing).

The goal for step II is to make students aware of the importance of measurement uncer-
tainties. The egg-drop competition is used to illustrate that repeatedly measuring the falling
time with a stopwatch will, most likely, not yield the same result each time. The concepts of
the mean, uncertainty, uncertainty interval, measurand (that what is being measured), and
themeasurement result (mean± uncertainty) are introduced and their meaning is explained.
The video lasts 2:08 minutes and is followed by four practice problems.

At the end of step II, students should be able to:
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• explain why repeated measurements will have fluctuating measurement results (un-
derstanding);

• explain what the meaning of the mean value is (understanding);
• explain what the meaning of the measurand is (understanding);
• explain what the meaning of the uncertainty is (understanding);
• recite that the measurement result is written as mean± uncertainty (remembering);
• explain where the measurand can be expected (understanding);
• determine in a comparison which of multiple measurement results is most precise
(evaluating);

• relate mean, uncertainty, and measurand (evaluating).

Together steps I and II introduce and illustrate the concept of measurement uncertainties.
Thus far, no calculations have been made, and two results are not compared (apart from
looking at which measurement is more precise).

In step III the calculational part of the DLE starts. The calculation of the mean, as well
as its meaning, is repeated in the context of the egg-drop competition. Also, the relation
between the mean and the measurand is emphasized. The video lasts 1:18 minutes and is
followed by two practice problems.

At the end of step III, participants should be able to:

• calculate the mean value; (applying);
• explain what the meaning of the mean value is (understanding);
• contrast mean and measurand (evaluating);
• explain why the mean alone is not a complete measurement result (understanding).

Step IV continues the calculational part by introducing the calculation of the uncertainty.
The uncertainty measure used here is the maximum uncertainty (see Eq. (2.1) in Sec. 2.2.6)
and the data from the egg-drop competition is used to calculate this. Furthermore, this step
illustrates themeaning of the uncertainty interval and describes its relation to themeasurand
and the precision. The video lasts 3:00 minutes and is followed by three practice problems.

At the end of step IV, participants should be able to:

• calculate the uncertainty; (applying);
• explain how the measurement result is noted (understanding);
• explain the meaning of the uncertainty interval (understanding);
• relate the measurand to the uncertainty interval (evaluating);
• explain which of two measurement results is more precise (understanding).

The maximum uncertainty was chosen as it is, from a mathematical point of view, the
easiest uncertainty measure to calculate (as is also done by Kok and Priemer (2022)). Fur-
thermore, the use of this measure reduces the influence of mathematical abilities on stu-
dents performance of comparing data sets. This is important because RQ2 looks at the com-
prehensibility of the topic of measurement uncertainties for different grade levels, not at
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the comprehensibility of the topic of measurement uncertainties for different mathematical
abilities.

Steps III and IV form the calculational part of the concept of measurement uncertainties.
This is not addressed explicitly in the subject matter model, but, instead, their value is as-
sumed to be known, and focus lies on its interpretation. In this DLE, the calculational process
is made explicit while giving context to the interpretation of the outcome.

Step V introduces the rules for comparing two measurement results. The results of the
egg-drop competition are used to illustrate how this is done and what conclusions can be
drawn from this comparison. The rule of thumb used here is that overlapping uncertainty
intervals are “compatible” (in German “verträglich”) meaning that both results could have
been measuring the same measurand. The video lasts 3:47 minutes and is followed by four
practice problems.

At the end of step V, participants should be able to:

• recall that overlapping uncertainties means compatible measurement results (remem-
bering);

• compare two measurement results (evaluating);
• judge statements about measurement comparison (evaluating).

Part V concludes the DLE by pointing out a concrete application of measurement uncer-
tainties apart from a description of the quality of data. The comparison of measurement
results is the goal of the DLE as a whole and students’ performance on such a task directly
measured in the data comparison problem (see Sec. 4.2).

4.1.3 Structure of the individual steps

In each of the individual steps, a certain concept is being introduced. The structure of the
teaching sequence in all five steps is after the Basis Model 4b, Concept Building by Oser and
Baeriswyl (2001) (p.1054). The elements needed for this basis-model are:

a. Direct or indirect stimulation of the awareness of what the learner already knows re-
garding the new concept.

b. Introduction of and the working through of a prototype as a valid example of the new
concept.

c. Analysis of essential categories and principles that define the new concept (positive and
negative distinctions).

d. Active dealing with the new concept (application, synthesis, and analysis).
e. Application of the new concept in different contexts (incorporation of different but

similar concepts into a more complex knowledge system).

Each instructional video starts with a question to the viewer linked to the context of the
egg-drop competition. These questions first activate their previous knowledge and sketch
what will be addressed in this step. This marks element a. of the basis-model.

Next, the video continues by addressing the new contents in the context of the egg-drop
competition (e.g., sources of uncertainty are mentioned, the uncertainty is calculated, etc.),
marking element b. of the basis-model.
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For element c., a short summary is written, simultaneously the voice-over also reads the
same text, in a clearly marked boxed field at the top of the screen.

After the summary is shown, all videos continue with one or more additional examples
where the new concept is applied or shown using new contexts or data. This except for step
III, Calculating the Mean, since it is assumed that all participants have had experience with
this concept and to keep the video short and non-repetitive. This broadening of the concept
fulfills element d. of the basis-model.

The last element e. of the basis-model is done by the students themselves when they con-
tinue from the video to the corresponding practice problems. Here they apply their new
knowledge in new and different contexts and answer questions in varying formats: single
and multiple-choice, open response field, and sliders.

4.1.4 Structure of the Digital Learning Environment

The DLE as a whole, stings together the basis-models in the simplest form; one after the
other. This is done to activate the students in between videos and giving them the chance to
directly test their knowledge (Brame, 2016).

The sequencing of the contents of steps I to V itself can also be seen as an overarching
basis-model, Model 4a Knowledge Building Oser and Baeriswyl (2001) (p.1054). The ele-
ments in this basis-model are:

a. Direct or indirect stimulation ofwhat the learners already know concerning themean-
ing of the new notion (pre-knowledge).

b. Introduction of the new meaning in connection with an example.

c. Development of the characteristics that (a) describe and (b) contrast the new notion or
word and its meaning.

d. Active application of the new notion or word and its meaning.

e. Application of the new notion or word and its meaning in other contexts (analysis and
synthesis of similar words and their meanings).

Steps I and II together cover elements a. and b. The topic of measurements is intro-
duced by referring to everyday examples of sources of uncertainty and continues to give
new meaning to the concepts (in the basis-model “word”) mean, uncertainty, measurement
result, measurand, and precision. This is done in the context of physics by giving examples
of physics experiments where measurements are subject to measurement uncertainties.

The development and application of these new concepts, elements c. and d., is done in
steps III and IVwhere the development takes the form of the calculational procedure, and the
application the form of the interpretation of its meaning and contrasting the new concepts
with each other—mean againstmeasurand and uncertainty interval againstmeasurand. This
development is not done in a pure mathematical fashion, but, instead, in the physics context
that started in the first two steps.

The application of the new concepts, element e., is done in step V where the meaning
of two, sometimes overlapping, uncertainty intervals is explored. Putting the uncertainty
interval in the broader context of experimental physics.
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4.1.5 The Digital Learning Environment in the pilot study

BetweenMay 27th andMay 31st 2019, a pilot version of the DLE has been conducted using a
slightly different DLE. For this pilot study npilot = 61 participants spread over two 10th grade
and two 11th grade pre-university (Gymnasium) classes in Berlin participated.

This pilot-DLE was tested using the same study design as the main study, with the dif-
ference that there are no groups. Since the goal was to test the DLE, all participants went
through all steps of the pilot-DLE.

The topics of the pilot-DLE were:

I sources of uncertainty;

II repeated measurements;

III calculating the mean;

IV calculating the uncertainty;

V meaning of the uncertainty;

VI comparing measurement results.

One of themain differences is, that the pilot-DLE did not have an overarching context (see
Sec. 4.1.2), but rather used stand-alone units.

The first step introduced the topic of measurement uncertainties by showing their origin.
The step could be associated with the dimension Existence of Uncertainties and the concept
Sources of Uncertainties.

The second step aimed to explain the necessity of repeated measurements and gave a rule
of thumb for when to stop taking repeated measurements. This step could not directly be
associated with a dimension of the subject matter model but could be seen as a prerequi-
site for the dimension Assessment of Uncertainties and the concept Direct Measurement:
Evaluating a Single Uncertainty Component.

The third step of the pilot version, calculating the mean, revisited the mathematical pro-
cess of calculating the mean, it did, however, not include an elaborate description of the
actual interpretation of the mean and what it represents. Similar to the second step, this step
was a prerequisite for the dimension Assessment of Uncertainties and the concept Direct
Measurement: Evaluating a Single Uncertainty Component, as this concept used repeated
measurements and the mean value for the determination of the uncertainty.

The fourth and fifth step showed the mathematical procedure to calculate the uncertainty,
built an uncertainty interval, and interpreted its meaning. These steps were associated with
the dimension Assessment of Uncertainties and the concept DirectMeasurement: Evaluating
a Single Uncertainty Component.

The sixth and final step gave the rules for comparing measurement results, where over-
lapping intervals indicate compatibility of results. It could be directly associated with the
dimension Conclusiveness of Uncertainties and the concept Comparison of a Result with
Other Values. It gave rules for the comparison of two uncertainty intervals.

After analyzing the data from the pilot study, the results were not completely statisfying.
Although the results of the competency test significantly went up (see Sec. 4.3.3), participants
still seemed to be struggling with the data comparison problem (see Sec. 4.2.1).

51



4. Study design – teaching and assessing students’ ability to compare data sets

Table 4.1: The data in shape and numerical values as it was shown to the participants in the data
comparison problem during the pre-test.

Contestant Skateboard (s) Jury Skateboard (s)

1.530 1.548
1.573 1.534
1.522 1.520
1.548 1.571
1.583 1.523
1.538 1.526

Feedback from participants showed that, although participants could rotely summarize
the contents of the pilot-DLE, they lacked a deeper understanding of the meaning and con-
sequences of measurement uncertainties. They could, for instance correctly state that “over-
lapping uncertainty intervals result in compatiblemeasurement results”, yet they failed to see
that this meant that both measurements could, in principle, have been measuring the same
measurand.

Participants further indicated that the pilot-DLE was appropriate for their level of under-
standing. They did not find the contents too difficult, nor was it too long.

The results of the pilot study have led to a revision of the DLE. In the revised version, there
needed to be more attention underpinnings of measurement uncertainties. Simultaneously,
the revision could not result in a longer duration of the DLE. Therefore step II was removed
since this was not explicitly necessary for the comparison of data sets. Steps IV and V were
merged because the calculation and interpretation of the uncertainty should go hand-in-
hand. This was also extended to step III which now includes a broader interpretation of
the mean. Also, a new step II was introduced which aims to put focus on the relevancy
and meaning of measurement uncertainties. Finally, the overarching context of an egg-drop
competition was added.

4.2 Data comparison problem
The first task in the pre and post-test is the data comparison problem (for a full transcript
of the problem, see App. C). The data comparison problem is a performance task that mea-
sures participants’ ability to compare data sets directly. Participantswere asked for a decision
based on the comparison supported by a justification, giving insight into the underlying mo-
tivation for this decision.

In the problem, the participants are introduced to a hypothetical skateboard competition
in which they play the role of a jury. For a fair contest, skateboards should all have the same
rolling capability. This is determined using six repeated time measurements of a contestant
skateboard which is rolled down an incline. The same thing is done for the jury skateboard.
The participants are then shown the two time measurement series (see Tab. 4.1). Next, they
are asked: based on the data, would you allow the contestant skateboard to enter the com-
petition yes or no, explain your answer in 3–4 sentences.

The mean and standard deviation for the contestant and jury skateboard are:
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Table 4.2: The data in shape and numerical values as it was shown to the participants in the data
comparison problem during the post-test.

Second Skateboard (s) Jury Skateboard (s)

1.508 1.548
1.560 1.534
1.500 1.520
1.527 1.571
1.553 1.523
1.514 1.526

tcont = (1.549 ± 0.024) s and tjury = (1.537 ± 0.019) s. Using the maximum uncertainty (see
Eq. (2.1)), the results are: tcont = (1.549 ± 0.034) s and tjury = (1.537 ± 0.034) s.

During the post-test the phrasing of the data comparison problem is the same, except that
there is a second skateboard that has to be compared, which has different data, see Tab. 4.2.

The mean and standard deviation for the second and jury skateboard (unaltered) are:
t2nd = (1.527 ± 0.025) s and tjury = (1.537 ± 0.019) s. Using the maximum uncertainty, the re-
sults are: t2nd = (1.527 ± 0.033) s and tjury = (1.537 ± 0.034) s.

The complexity of the two data sets was deliberately kept simple except for the curation—
the organized visualization of data (see Kjelvik & Schultheis, 2019)—to make it suitable for
instruction (which is discussed in Sec. 2.3.1). The curation was moderately complex in the
sense that it did not include summarizing quantities such as the mean value and uncertainty.

By design, the data sets in both Tab. 4.1 and Tab. 4.2 have non-covarying data, i.e., the two
data sets have measurement results that are in agreement. That is, the results between the
contestant skateboard and jury skateboard overlap (as well as the second skateboard and the
jury skateboard), which is also confirmed by the result of a t-test that gives no significant
difference between the means. This non-covarying case was chosen because measurement
uncertainties are the only decisive factor to come to this conclusion (see the the results of
Kanari and Millar (2004) as was discussed in Sec. 2.2.8 and Sec. 2.3.2)

As such, the desired answer from participants is that there is no reason to exclude the
contestant skateboards since the overlapping uncertainty intervals give no indication of a
difference in time measurements and, thus, no difference in rolling capability.

Section 4.2.1 presents the results of participants’ decisions of the data comparison prob-
lem during the pilot study and how this led to the phrasing of the current data comparison
problem. After that, the process of analyzing the justifications is described. The identifica-
tion of recurring components thatmake up the justifications in the data comparison problem
is explained in Sec. 4.2.2. Before coding them, the justifications are paraphrased, this proce-
dure is described in Sec. 4.2.3. These paraphrased justifications are coded and the results of
the double coding agreement are presented in Sec. 4.2.4.

4.2.1 Data comparison problem during the pilot study

During the pilot study, the phrasing of the data comparison problem was slightly different.
Participants were introduced to the same experiment with the same data tables. In this case,
however, the jury skateboard was called skateboard 1 and the contestant skateboard skate-

53



4. Study design – teaching and assessing students’ ability to compare data sets

Table 4.3: The results of the decisions for the data comparison problem in the pilot-study. Equal
indicates the desired answer, the skateboards have equal speed. 1/2/3 indicates that the par-
ticipant has chosen one of the skateboards to be the fastest.

Equal 1/2/3

Decision pre 5 56
Decision post 6 55

board 2. Participants were asked, based on the data, which of the two skateboards is faster:
1, 2, or they are equally fast. During the post-test, this procedure was repeated but now for
skateboards 1 and 3 (1 again corresponding to the jury skateboard and 3 the second partici-
pant’s skateboard).

Since the results are not significantly different from one another, the desired answer was
that the skateboards are equally fast.

The distribution of participants’ decisions is shown in Tab. 4.3. In this table Equal rep-
resents the desired answer, that the skateboards are equally fast, 1/2/3 indicates that the
participant had chosen either skateboard 1, 2, or 3 to be faster.

The difference in distributions of the pre and post-test are not significantly different
(p> 0.1).

The results indicate hardly any effect of the DLE on the data comparison problem. This is
not because the pilot study’s DLE was ineffective (indicated by the increase in competency
test scores, see Sec. 4.3.3). An explanation could be that the statement of being “equally fast” is
too harsh for students. Also, the statement is not very scientific, since it can only be said that
the measurements agree within measurement uncertainty. Whether or not they are actually
equally fast cannot be concluded, only hypothesized.

As such, the problem was rephrased to the form that was described before in Sec. 4.2 and
App. C. The renewed phrasing allows for a more scientific decision that participants justify
in writing.

The new phrasing does, however, allow participants to let the skateboard partake for the
wrong reasons (e.g., “I do not like to exclude people in general”). In order to identify this, par-
ticipants are asked to justify their answer (this is discussed in detail in Sec. 2.3.2). This gives
insight into their underlying motivation for this decision and whether or not knowledge
about measurement uncertainties has played a role in their decision. Simultaneously, this
allows for the identification of guessing and correct decisions based on the wrong reasons.

4.2.2 Components that make up the justification

Following their decision of whether or not the contestant skateboard could enter the com-
petition, participants wrote a justification. Upon reading them, recurring components that
make up the justification were identified. The first check is whether or not the partici-
pants have based their decision on the data. Next, participants compared a certain quan-
tity/quantities and examine whether a certain criterionwas met. Next, these individual com-
parisons and criteria have been identified and grouped into different categories, see Fig. 4.2.

A coding manual was developed inductively. After reading all the justifications, the ele-
ments: based on data, comparison, criterion (the top yellow boxes of Fig. 4.2) were identified
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Based on Data?

No
(da.no)

Yes
(da.yes)

By comparing:

Unclear
(co.unc)

Single
measurement

(co.sin)

Uncertainties
(co.cer)

Pairs
(co.pai)

Mean value
(co.mea)

Deviations
(co.dev)

Sets
(co.set)

Uncertainty
interval
(co.int)

With . . . as the
deciding criterion:

Unclear
(cr.unc)

Duplicates
(cr.dup)

Larger/smaller
(cr.lar)

Counts
(cr.cts)

“Closeness”
(cr.clo)

Overlap
(cr.ove)

−→ higher quality

Figure 4.2: Flow-chart of the coding process for the justifications. Justifications contain three
aspects (yellow boxes, top row) that are coded (blue boxes below). Categories placed lower in
the list correspond to a higher quality. Codes are added in parentheses.

in all responses. The further specification for each of the elements was done by grouping
responses by identifying and labeling categories based on expertise in the topic of measure-
ment uncertainties. This was repeated through an iterative process of identification, coding,
discussion, and revision by two science education and measurement uncertainty experts in
several rounds.

Justifications that are not based on the data are automatically excluded from the coding
process, i.e., they have no comparison and criterion code. These justifications have been
coded da.no for all three aspects.

The comparison and criterion codes are hierarchical. This hierarchy is based on the level
of sophistication and correctness (together: quality) that can be reached using this particu-
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lar comparison or criterion. In cases where justifications contain multiple comparisons or
criteria, the highest-ranked code will prevail.

The paragraphs below describe the codes and justify their place in the hierarchy based on
the identification of point- and set paradigms (see Sec. 2.2.9) and the anticipated correctness
of the decision that can be made. The complete coding manuals after Mayring (2000) are
shown in App. E.

Based on data The first step is to see whether or not the participant’s decision is based
on the data or not (see Tab. E.1). Some participants might have based their justification on
theoretical grounds instead of on the data. Justifications that are not based on the data are
coded as da.no for both the comparison and the criterion code with the lowest level in the
hierarchy.

Comparison The comparison codes are described and ranked as follows (for the complete
coding manual of the comparison codes, see Tab. E.2):

Unclear (co.unc), it is unclear what is compared in the justification. This can be because of
ambiguous or incomprehensible phrasing.

Single measurement (co.sin), justifications based on the comparison of a single measure-
ment. These can be very specific values, such as minimum or maximum value, but compar-
isons of themean are coded co.mea. This code is the simplest example of the point paradigm.

Uncertainties (co.cer), justifications based on the comparison of the measurement uncer-
tainty. Because of the “summarizing character” (e.g., the uncertainty is based on all measure-
ments reduced to a single value) that is compared. This code is ranked higher than co.sin,
but still associated with the point paradigm because only one value is compared. Despite the
summarizing character, the correctness of the decision that can be achieved by this compar-
ison is very low.

Pairs (co.pai), justifications based on the comparison of pairs of measurements (either
within or between rows). This usually appears as a comparison of “horizontal pairs” of mea-
surements between the two rows. This comparison is associated with the point paradigm
since individual measurements are seen as important and the order of presenting measure-
ments is of influence. Although this type of comparison is referred to as an “extreme form
of point reasoning” Lubben et al. (2001) (p.1148), it makes multiple comparisons, placing it
higher in the hierarchy than the previous codes.
Mean value (co.mea), justifications based on the comparison of the mean values. Because

of its summarizing character, this code is ranked higher than co.pai. Although the use of the
mean is associated with the set paradigm, it is often calculated routinely.
Deviations (co.dev), justifications that show an enriched version of the pairwise compari-

son. A new set of deviations (difference between contestant and jury skateboard) is built and
evaluated on its own. This code is ranked higher than co.mea because this comparison uses
the set-characteristic of the data explicitly. Although the order of the measurements is still
of influence, it can lead to better decisions.
Sets (co.set), justifications based on the comparison or comparisons of the set as a whole.

Either by comparing all values in one set with all other values in the other (repeated but
not exclusively horizontal pairwise comparisons) or by a comparison between sets (extreme
values, pairwise, or deviations) supplemented by a comparison within sets (summarizing
quantities such as the mean, uncertainty, or range of values). Like co.dev, this code can be

56



4. Study design – teaching and assessing students’ ability to compare data sets

associated with the set paradigm. However, there are more cross-comparisons of data in-
stead of horizontal comparisons only (which removes the influence of the order in which
measurements are presented), the code is ranked higher than co.dev.

Uncertainty intervals (co.int), justifications based on the comparison of the uncertainty in-
terval, measurement result (mean± uncertainty), or the range around the mean in which
measurements lie. This summarizes and quantifies the two most important characteristics
of the data set (mean and spread) and presents them in an easily comparable manner. This
comparison is strongly associated with the set paradigm, making it the highest code in the
category.

Criterion The criterion codes are described and ranked as follows (for the complete coding
manual of the criterion codes, see Tab. E.3):

Unclear (cr.unc), the deciding criterion is unclear, absent, irrelevant (e.g., not comparing
both skateboards) or only contain statements without interpretation.

Duplicates (cr.dup), the deciding criterion is the presence (or absence) of duplicates. For
this criterion, the presence of a duplicate is decisive for the comparison. This criterion is
strongly associated with the point paradigm because a duplicate will emerge by chance and
this value could be anywhere in the distribution of the two compared sets. This makes the
correctness of the decision that can be achieved based on this criterion very low.

Larger/smaller (cr.lar), the deciding criterion is that one of the compared quantities is larger
or smaller than the other one, without a statement on the relevance of this difference. Dupli-
cates occur only by chance and the same holds for one value being larger than another. The
difference is that this criterion is usually accompanied by a more sophisticated search for
special cases (extreme values or summarizing quantities), resulting in a better judgment than
amere search for duplicates. As such, the code for this criterion is ranked higher than cr.dup.
However, this criterion is associatedwith the point paradigm. One value being larger/smaller
than another says nothing about the distribution or spread of the data.

Counts (cr.cts), the deciding criterion is the number of occurrences of something in the
data set (e.g., number of duplicate values or the number of times one value is larger than
the other). Because both duplicates and larger/smaller quantities occur by chance and can
often change by a mere reordering of values in the series, looking for the number of these
occurrences, a summarizing character that leans slightlymore towards the set paradigm, will
result in better judgment than looking for a single difference. Accordingly, the code for this
criterion is ranked higher than cr.lar, but is still associated with the point paradigm.

Closeness (cr.clo), the deciding criterion is a statement indicating how “close” or similar the
two compared quantities are, supplemented by the (perceived) relevance of this difference.
These can be vague statements (e.g., too small, very close). Since there is more interpretation
for the relevance of differences or a simple count of them, the code for this criterion is ranked
higher than cr.cts. Although this code is the second-highest code, it is still associated with
the point paradigm (see also Buffler et al., 2001, p.1147).

Overlap (cr.ove), the deciding criterion is based on the overlap (or non-overlap)
of two ranges of values (set paradigm). These can be formal uncertainty intervals
(mean± uncertainty) or looking for a shared range that two series of measurements share.
This criterion is very much associated with the set paradigm and thus the highest-ranked
criterion code.
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4.2.3 Paraphrasing the justifications

The coding manual (see Tab. E.1–E.3) was developed by two coders (the author and a sci-
ence education and measurement uncertainty expert). During several exploratory rounds of
double coding, the manual was refined to its current form. However, the often ambiguous
phrasing and incorrect usage of terminology lead to many differences in interpretation and,
therefore, differences in coding.

To reduce these differences in interpretation, the justifications were first paraphrased.
That is, the written statements were analyzed in detail, adding clarification of what different
words (most likely) refer to. This means that the added paraphrased text does not result in
grammatically correct sentences, it only aims to serve as a reminder of what is meant by
certain words or statements.

There is some wording that occurs more often, for which standard rules of paraphrasing
have been formulated. These rules are shown below, the added paraphrasing in the examples
are marked with brackets.

1. Whenever the word “Skateboard” is used, without explicitly stating whether this is the
contestant or the jury skateboard, the context is used to determine which of the two is
meant. For instance, the phrase: “Ich würde das Skateboard zulassen”, the word Skate-
boardwill be assumed to refer to the contestant skateboard, since this is the skateboard
that might or might not partake. In this case, the word “Teilnehmer” will be added in
brackets to make this explicit. The paraphrasing will look like: “Ich würde das [Teil-
nehmer] Skateboard zulassen”.

2. Whenever a justification has a phrase like: “Skateboard des Teilnehmers ist langsamer.”, it
is assumed that the comparison is made with respect to the referenz (Jury) Skateboard,
as this is the task at hand. The paraphrasing will look like: “Skateboard des Teilnehmers
ist langsamer [als das referenz SB].”.

3. Whenever a justification has a phrase like: “Auserdem überschneiden sich die zahlen so
das das ok ist.”, that what overlaps is considered the spans of the two data sets. In this
case, zahlen (numbers) refers to the measurements but individual measurements can-
not overlap (since a measurement has no width), also the uncertainty interval cannot
have been meant (since zahlen is plural), what remains is the span of the set. The para-
phrasing will look like: “Auserdem überschneiden sich die [Spannen der] zahlen so das das
ok ist.”.

4. Whenever a justification has a phrase like: “da sich die Zeiten nicht wirklich voneinander
unterscheiden”, it is assumed that the participant has compared individual measure-
ments of both skateboards as horizontal pairs, one at a time. This is done because die
Zeiten (the times, plural) refers to the measurements in the data set and unterscheiden
implies that something has been compared (the same will be done with words such as
“Messwerte”, “Werte”, “Messungen” [measured values, values, measurements]). From
the rest of the justification, it becomes clear that the skateboards are compared. This
means that the measurements of the skateboard have been compared. Since there is
no further description of how this comparison is done, it is assumed to be a crude
one pair at a time comparison. The paraphrasing will look like: “da sich die [einzelnen]
Zeiten [von Teilnehmer und Referenz SB] nicht wirklich voneinander unterscheiden”.
The choice for this rule follows the logic of Buffler et al. (2001). The authors quote a
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similar justification that describes the relationship between measurements in a simi-
lar manner: “The results from both groups agree. Most of their values are closely related.
Three results are the same for A and B. The other two results are fairly close and so their
results almost agree.” (p.1148). The authors state that this examination of individual
measurements is a perfect example of extreme point reasoning.

5. Furthermore, inconsistent/ambiguous phrasings are paraphrased to make their most
likelymeaning explicit and unequivocal. For instance: “DieMessunsicherheiten sind sehr
gering. Je kleiner die Messunsicherheiten, desto höher ist die Qualität der Messergebnisse.
In diesem Fall würde ich das Skateboard zulassen, da die Abweichungen ziemlich gering”. In
this case, the participant has most likely misunderstood the word Messunsicherheiten
and is using the word to refer to variance in the dataset. The paraphrased item looks
like: “Die Messunsicherheiten [schwankung der Messwerte innerhalb der Messreihen] sind
sehr gering. Je kleiner die Messunsicherheiten, desto höher ist die Qualität der Messergeb-
nisse. In diesem Fall würde ich das [Teilnehmer] Skateboard zulassen, da die Abweichungen
ziemlich gering”.

Most of the justifications could easily be paraphrased using these rules. These justifica-
tions have been paraphrased by the author. Other, more ambiguous, justifications have been
paraphrased through discussion with the second coder.

Finally, the set of rules and the paraphrasings that followed from it were validated by a
science education expert with a background in linguistics. This expert was given twenty
randomly selected paraphrasings (including paraphrasings that were subject to discussion).
This expert was tasked with the following: given the rules of paraphrasing, have the justifi-
cations been paraphrased in a consistent manner?

Upon discussing the results of this expert validation, the expert stated that the above rules
were followed in all instances. There are options to further refine the rules of paraphrasing
to reduce the level of ambiguity in the justifications. The expert noted, however, that this
was not necessary for the goal of this paraphrasing step and, more importantly, it would
have little to no influence on the coding of the items that follow after the paraphrasing.

4.2.4 Coding the justifications

The paraphrased justifications were coded by the same two coders (the author and an expert
in the field of measurement uncertainties). Because of several exploratory rounds of coding
and paraphrasing, the coders became highly experienced in the use of the coding manual.

For reliability, a random set of n = 30 items (15 pre-test items and 15 post-test items) were
double coded by the two coders. AweightedCohen’s kappawas calculated for the differences
in coding. The inter-rater reliability for the interpretation of whether or not the participants
based their justification on the data was κdata = 1.0 (no differences), for the comparison code
κcomp = 0.93 (two differences), and for the criterion code κcrit = 0.99 (two differences). These
results indicate that the two coders are in excellent agreement.

4.3 Competency test
Tomeasure the participants’ growth in knowledge about measurement uncertainties, a com-
petency test after Schulz (2022)was used. The competency test used here consists of ten items
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selected from this instrument (see App. D), matching the different concepts addressed in the
DLE (as was described in Sec. 4.1.1). This resulted in two items per concept.

Each item consists of four statements. Each of the statements has to bemarked as “applies”
or “does not apply” or as “true” or “false”. In order for the item to be answered correctly, all
four statements must be marked correctly.

To measure participants’ growth in understanding of measurement uncertainties, the
competency test was administered during the pre-test as well as during the post-test. The
items were the same in the pre and post-test.

Section 4.3.1 describes the selection process of the ten items. The absence of a repetition
effect—the undesired effect where participants learn contents by taking a test—is shown
in Sec. 4.3.2. The successful use of these test items during the pilot study is discussed in
Sec. 4.3.3. Due to the differences in the DLE and the pilot-DLE, these were not exactly the
same items. Nevertheless, these results show that the items are suitable for probing partici-
pants’ understanding of measurement uncertainties

4.3.1 Selection of items

The original test instrument, developed by Schulz (2022) (for English see also: Schulz et al.,
2018), contains items specifically targeting each concept of the subject matter model by Hell-
wig (2012). Prior to answering the items for each concept, an introductory text specific to
that concept is given. This text defines terminology (e.g., probability density function, stan-
dard deviation, uncertainty interval, etc.), states conventions (e.g., rounding of uncertainty,
the ± notation, etc.), and explains some of the conceptual knowledge (e.g., determining an
uncertainty balance). As such, the items can make use of this newly introduced terminology
and probe participants’ understanding of their newly found knowledge.

This work aims to see what the effect of the DLE is on the growth of participants’ knowl-
edge. As such, the introductory texts were removed. Consequently, some of the items needed
rephrasing whereas others were rendered unpractical. Rephrasing was done for items that
contained technical terminology that might not be known to participants and that is not
addressed in the DLE. For instance, “standard deviation” was translated to a more general
“uncertainty”. Other items were completely discarded, either because they made use of a
term that is not used in the DLE (e.g., the resolution of a measurement device) or because
the item is conceptually beyond the scope of the reduced subject matter model and the DLE
(e.g., probability density functions).

Furthermore, answering all items of a single concept can take, depending on the concept,
45minutes. Since the contents of the DLE can be associated with five concepts from all four
dimensions (see Sec. 4.1.1), using all items would take too much time. Therefore, a total of
ten items were selected—two from each concept.

These ten items were selected from the pool of successfully translated items. These items
were analyzed for difficulty by looking at the Wright-Maps of the original items by Schulz
(2022) (chapter 17). These Wright-Maps show the item difficulty against personal ability.
Ideally, there are some items with low item difficulty, some with high item difficulty, and a
majority of items with intermediate item difficulty. This makes it possible, not only to dis-
tinguish participants with high personal ability from participants with a low personal ability
but also to discern between the (expected) bulk of participants with an average personal
ability. The final ten items were selected such that there was the best possible spread of item
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Table 4.4: The dimensions and concepts that each of the competency test items belongs to.

Items Concept Dimension

ct.run, ct.lab Sources of uncertainty
Existence of uncertainties

ct.resistor,
ct.uncertainty

Distinguishing uncertainty
from error

ct.result,
ct.pack

Result of a measurement Handling of uncertainties

ct.sound,
ct.bragg

Direct measurement:
evaluating a single uncertainty
component

Assessment of uncertainties

ct.length,
ct.fall

Comparison of a result with
other values

Conclusiveness of uncertainties

difficulties, albeit from different Wright-Maps.
The ten selected items can be found in App. D. The concept and dimension that each item

belongs to is shown in Tab. 4.4.
It should be noted that these item difficulties by Schulz (2022) are based on the items in-

cluding the introductory text and only in comparison to other items from the same category.
The test used in this study ismore comprehensible, consisting of ten items from five different
concepts without introductory texts. Therefore, the item difficulties might not be the same
due to the form and constellation in which the items are used here. Section 5.3 describes
the results of this new competency test and how the resulting score can be interpreted.

4.3.2 Repetition effect

To be able to see a growth in participants’ conceptual understanding of measurement un-
certainties, the competency test in the pre and post-test will consist of the same items. This
has one potential downside, Döring and Bortz (2016) (p.201) describe the undesired learn-
ing effect during the administration of the test. Participants could have gained knowledge
by taking the test. This would result in better test scores in the post-test as compared to the
pre-test.

Before conducting the pilot study, the competency test was given toN = 111 students as a
part of the course, natural science for elementary school teachers. At the start of an exercise
class, these students were asked to answer the ten-item competency test.

During the exercise class, the students worked on practice problems on the topic of me-
chanical energy. The problems did not address the topic of measurement uncertainties. At
the end of the class, students were again asked to answer the very same ten competency test
items.
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To measure the effect, a paired one-sided t-test was used to test the hypothesis that the
second administration has a higher score as compared to the first administration.

The mean score (on a one to ten scale) of the first administration was (2.60 ± 0.15) points
(where the indicated uncertainty is the Standard Error of the Mean (SE), the distribu-
tion showed a Standard Deviation (SD) of 1.6 points) and for the second administration
(2.45 ± 0.15) points (SD = 1.6 points). A paired one-sided t-test showed that, on average,
participants did not score better during the second administration than during the first,
t(110) = 1.10, p = 0.86, r = 0.10, which rejects the null-hypothesis. This indicates that there
is no learning effect from the administration of the test itself.

Although only six of the ten items were used in the test for the repetition effect, the highly
insignificant results and less than small effect size suggest that a repetition effect for the final
competency test will be negligible. This justifies the usage of the same items in the pre and
post-test.

4.3.3 Competency test in the pilot study

As described in Sec. 4.1.5, the pilot-DLE contained three dimensions and three concepts from
the subject matter model. There were two to four items per concept and, again, a total of ten
items. These items were the same ones that were used in the test for the repetition effect and
included six items that remained in the final competency test. Four items had to be replaced
with other items due to the inclusion of two additional concepts from the subject matter
model in the final DLE.

A total of npilot = 61 participants filled in a complete pre and post-test. On average, the
participants took 15minutes on both the pre and post-test (data comparison problem and
competency test).

The participants’ average raw score of the competency test during the pre-test was
(3.57 ± 0.27) points (SD = 2.1 points), the average raw score during the post-test was
(5.27 ± 0.29) points (SD = 2.3 points).

The difference in scores was normally distributed and showed an average increase in test
score of (1.70 ± 0.26) points (SD = 2.1 points). A one-sided t-test showed that this increase
was significant with an almost strong effect size, t(60) = 6.46, p < 0.001, d = 0.78. This result
showed that the ten-item competency test did not lead to a saturated test score and could, in
principle, be used for measuring participants’ scores and their score increases.

4.4 Description of participants
The pre-test was started by 675 participants over the run of this study. This also includes
participants that have clicked on the link and immediately closed the screen. Excluding these
entries, a total of n = 342 participants have filled in a complete pre-test. The following entries
were subsequently removed from the analysis (number of removed entries in parentheses):

• Participants taking less than 5 minutes for the pre-test, post-test, or DLE (17).
Motivation: these participants did not take the survey seriously.

• Participants whose age is over 20 (22).
Motivation: these are (prospective) teachers.
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• Entire grade levels that had twenty or fewer participants [grade 6(6), 7(3), 12(15), 13(3)].
Motivation: the number is too low for statistical significance.

This results in a total of npre = 276 entries.
From the original 342 participants, 218 have also filled in a complete post-test. The pro-

cedure for removal of entries was repeated in the same manner:

• Participants taking less than 5 minutes for the pre-test (4), DLE (6), or post-test (30).
• Participants whose age is over 20 (10).
• Entire grade levels that had twenty or fewer participants [grade 6(3), 7(0), 12(9), 13(2)].

This results in a total of n = 154 participants that have answered a complete pre and post-test.
There is a group 0dropout ofndropout = 122 participants that have dropped out between finish-

ing the pre-test and finishing the post-test. The reasons for this are manyfold: the difficulty
of the contents, problems with the internet connection, not having enough time to finish,
motivational problems.

Whether there were problems with the internet connection could not be verified. In those
cases, participants could always have returned to where they were, and continue fromwhere
they had left off (hence, no participants have been excluded for taking more than a certain
amount of time).

The hypothesis that the dropped out participants took longer on the pre-test than the
other participants that continued could not be confirmed, t(155.46) = 1.28, p> 0.1. This does,
however, not mean that the perceived duration of the test for these two groups is the same
as well.

Upon analysis of the competency test scores, the participants that dropped out scored
significantly lower on the pre-test than the other participants (see Sec. 5.3.3 and Fig. 5.11).

Thismeans that themissing post-tests from the participants that dropped out are probably
not missing at random (NMAR, see e.g./ Cheema (2014)). This is, however, not problematic
since the other participants were motivated to finish the study in its entirety without rush-
ing to the end. Something that can be challenging for students when they are working by
themselves, handing in anonymous responses. The assumption is that the remaining partic-
ipants have taken the study seriously, similar to a real classroom situation, and can thus be
considered representable.

Other demographics of the participants are shown in Tab. 4.5 (pre: 0dropout and the remain-
ing participants, 276 in total and pre and post: the remaining 154 participants).

Since the participants have filled in the questions digitally at home, there is no informa-
tion on whether or not these participants received help. Since the data is anonymized and
studentswere not graded in anyway, this is assumed to have occurred only on rare occasions.
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Table 4.5:Demographic distribution of the participants that have filled in a pre-test (276 in total)
and those that filled in a pre and post-test (154 in total).

Demographic pre pre and post

Gender:
Male 141 72
Female 128 77
Diverse 7 5

Grade level:
8th 58 34
9th 109 58
10th 51 27
11th 58 35

Age:
10 1 0
11 2 1
12 1 0
13 35 19
14 82 49
15 80 41
16 40 23
17 28 18
18 7 3
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The pre and post-test of this study consisted of two probes: the data comparison problem and
the competency test (see Ch. 4). The data comparison problem itself consists of two parts:
the decision and the justification. In this chapter, the results of the analysis of these probes
are given. Section 5.1 shows the results of participants’ decisions. The distributions of the
justification codes and their analysis are presented in Sec. 5.2. The results of the competency
test are presented in Sec. 5.3. Lastly, the connection, by means of a correlation, between the
competency test and the hierarchical justification codes is explored in Sec. 5.4.

5.1 Data comparison decisions

The first step of the pre and post-test is the data comparison problem. The problem (see
App. C) consists of a yes/no decision and a justification. Section 5.1.1 presents the results
of the decision. The comparison of these results to the results of the pilot study is done in
Sec. 5.1.2.

5.1.1 Participants’ decisions

During the data comparison problem, participants had to make a decision on whether or
not the contestant skateboard would be allowed to enter the competition (see App. C). The
distribution of decisions during the pre and post-test is given in Tab. 5.1.

The difference between the pre and post-test distributions are significant with a medium
strength effect, χ2(1) = 8.77, p< 0.01, OR = 3.5. The Odds Ratio (OR) indicates that, going to
the post-test, participants have a 3.5 higher chance of making the desired decision.

Differences in the distributions of the individual groups A, B, and C were not found to be
significant (all p>0.5).

Table 5.1: Distribution of the decisions of the participants. Yes indicates that the contesting
skateboard can participate (desired answer), No indicates that the participant does not allow
the skateboard to compete.

Yes No

Decision Pre 109 45
Decision Post 121 33
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Between the participants that have completed the study (n =154) and those that have drop-
ped out after completing the pre-test (ndropout = 122), no significant difference in the distri-
bution of pre-test decisions could be found, χ2(1) = 0.32, p = 0.57.

5.1.2 Comparison to pilot study results

The difference between these results and the pilot study data (see Tab. 4.3) is striking. A total
of 71 % of the participants gave the desired decision during the pre-test, as compared to 8%
in the pilot study. For the post-test, the percentage grows to 79% whereas this grows to only
10% during the pilot study.

A comparison of the results of the pilot study and the main study is not directly possible;
participants in these studies did not answer the same problem. Thus, the higher percentage
increase towards the desired decision in the main study cannot be directly ascribed to a
possible better performance of participants in the main study.

A more likely explanation is, that the re-phrasing of the data comparison problem (see
Sec. 4.2.1) caused this change. The question of whether youwould let a skateboard partake in
the competition is phrased less strictly than the question of whether or not two skateboards
are equally fast.

The high percentage of desired decisions, however, does not necessarily correspondwith a
high percentage of correct answers. Participants could have let the skateboard partake based
on incorrect reasons or just by guessing. The analysis of the justifications (see Sec. 5.2) will
give insight into these reasons.

5.2 Justifications for the decisions

The decision of the data comparison problem is supported by a justification. As described in
Sec. 4.2.2, this justification has a certain structure that can be coded. The first code indicates
if the justification is based on the data (or not). Next, there is a certain quantity that is being
compared and an examination of whether a certain criterion is met (or not). The compared
quantities and criteria that have been mentioned in the justifications have been coded using
the coding manual as shown in App. E (for a schematic overview, see Fig. 4.2).

The next subsections show the results of this coding. Section 5.2.1 presents the distri-
bution of the comparison and criterion codes during the pre-test. The results of groups A,
B, and C are checked for uniformity. Additionally, the results of the participants that have
dropped out after the pre-test have been checked for uniformity against the participants in
groups A, B, and C. This is followed by an overview of the combination of comparison and
criterion codes that occur. The same is done for the post-test in Sec. 5.2.2. The results of the
follow-up justifications of groups A and B are also checked for uniformity against the results
of group C in Sec. 5.2.3.

Section 5.2.4–5.2.6 present, per group: the comparison of pre–post distributions, the in-
dividual participants’ shift in codes, and the combination of comparison and criterion codes
of the post-test.

Lastly, the results of participants’ individual shift in codes are compared between groups,
this analysis is presented in Sec. 5.2.7.
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Figure 5.1:Distribution of the justification codes for the comparison code (left) and the criterion
code (right) for the pre-test for all groups (nA = 47, nB = 55, nC = 52). There is no apparent
difference between the distributions of the groups in comparison and criterion codes.

5.2.1 Justification codes in the pre-test

The distributions of the comparison codes is shown on the left of Fig. 5.1. The distribution
of group A (nA = 47) is in green, group B (nB = 55) in orange, and group C (nC = 52) in blue.
On the left, the distributions of the criterion codes are shown using the same colors.

A total of five justifications were not based on the data (code da.no): two in group A, one
in group B, and two in group C. These justifications have no other comparison or criterion
code.

The differences in the distribution of the codes between groups in Fig. 5.1 are not sig-
nificant for both the comparison code as well as the criterion code, χ2(14) = 14.73, p> 0.1,
w = 0.31 and χ2(12) = 12.49, p> 0.1, w = 0.28 respectively.

The justifications of the 122 participants that have dropped out were coded as well. This
distribution was compared with the distribution of the combined codes of the 154 partic-
ipants in groups A, B, and C. No significant difference in distributions of both comparison
and criterion codes between these groups could be found, χ2(49) = 56.25, p> 0.1, w = 0.21
and χ2(42) = 42, p> 0.1, w = 0.17 respectively.

Each justification was coded with both a comparison code as well as a criterion code. The
number of occurrences for each combination is shown in Fig. 5.2. In this figure, larger dots
correspond to a higher count. Due to the hierarchy in codes, combinations on the right and
on the top have a higher quality.

Certain combinations do not occur in this figure. Sometimes because they are illogical;
a comparison of the means (co.mea) with a criterion based on the number of occurrences
(cr.cts) does not make any sense. Other combinations are just very unlikely; examining how
close (cr.clo) two single isolated measurements (co.sin) are is very unlikely. Participants that
compare these single measurements usually look for duplicates (cr.dup) or see if one of the
two is larger (cr.lar).
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Figure 5.2: The bubble chart of combinations of comparison and criterion codes for all groups
in the pre-test (npre-test = 154). In this diagram, right is better and up is better, see Fig. 4.2. No
clusters seem to be standing out.

As could be seen in Fig. 5.1, Fig. 5.2 shows that most criteria are based on closeness (cr.clo).
This criterion is usually combined with a comparison of the set (co.set), deviations (co.dev),
means (co.mea), or a pairs (co.pai) comparison. Other than the row at the closeness criterion,
no real clusters seem to be standing out.

These results indicate that participants in all three groups A, B, and C (as well as the partic-
ipants that have dropped out) have performed at a similar level, indicating uniformity among
participants.

A comparison of the distributions of comparison and criterion codes between different
age groups as well as grade levels gave no significant difference, p> 0.1.

5.2.2 Justification codes in the post-test

The justifications of the post-test have been coded in the same manner as the pre-test. In the
post-test, three justificationswere not based on the data: one in each group. The distributions
of the 154 comparison and criterion codes for groups A, B, and C are shown in Fig. 5.3, using
the same colors as Fig. 5.1.

The differences in distributions between groups is significant with a large effect size for
both the comparison code as well as the criterion code, χ2(14) = 53.36, p< 0.001, w = 0.59
and χ2(12) = 47.47, p< 0.001, w = 0.56 respectively.

What stands out in the figures is the stepwise increase in interval comparison (co.int) as
well as in the overlap criterion (cr.ove) between groups A, B, and C.

Furthermore, the code distribution for group A seems to be spread more evenly (13 % to
22%) as compared to groups B and C. Group B mostly compares means (co.mea), intervals
(co.int, both 27%), and some set (co.set, 15 %) comparisons. In group C, however, the domi-
nant comparison is interval comparison (co.int, 65 %).

For the criterion, group A mostly relies on closeness (cr.clo, 43 %), remarkable is also that
the unclear criterion comes in second place (cr.unc, 19 %), whereas this category almost van-
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Figure 5.3: Same as Fig. 5.1 but now for the post-test. A sequential increase in interval compari-
son code and overlap criterion code between groups A, B, and C can be seen (nA = 47, nB = 55,
nC = 52).

ishes for groups B and C. In group B the most mentioned criteria are closeness (cr.clo) and
overlap (cr.ove, both 36%). In group C the overlap criterion (cr.ove) is by far the most fre-
quently used criterion (75 %) followed by closeness (cr.clo, 17 %), other criteria had one or
zero codings.

Comparing the different distributions of comparison and criterion codes between differ-
ent age groups gives no significant difference p> 0.5. Figure 5.4 shows the distribution of
justification codes between grade levels. The distribution of the criterion codes shows no
significant difference p> 0.5. However, the distribution of comparison codes is significantly
different between grade levels, albeit barely, with an almost strong effect, χ2(21) = 33.40,
p= 0.042, w = 0.47. The significance of this difference will be discussed in Sec. 6.2.

5.2.3 Justification codes in the follow-up test

The participants in groups A and B were asked to continue with the follow-up after
completing the post-test, the number of participants that continued was nfollow-up A = 41,
nfollow-up B = 49. During the follow-up, these participants could complete the remainder of
the DLE, after which they were, again, presented with the data comparison problem. These
justifications were also coded.

Figure 5.5 shows the distributions of the codes of these two follow-up groups as well as
the distribution of group Cwhere participants had completed the DLE prior to the post-test.

The differences between these distributions of these three groups are not significant
for both the comparison and the criterion code, χ2(25) = 28, p> 0.1, w = 0.23, χ2(15) = 21,
p> 0.1, w = 0.19 respectively.

Also for the follow-up justifications, no significant differences could be found in the dis-
tributions of comparison or criterion codes between age groups or grade levels, p> 0.05.
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Figure 5.4: The distributions of comparison and criterion codes in the post-test for the different
grade levels (n8 = 34, n9 = 58, n10 = 27, n11 = 35).
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Figure 5.5: Same as Fig. 5.1 but now for the follow-up test for groups A and B and the post-test
of group C (nfollow-up A = 41, nfollow-up B = 49, nC = 52). There is no apparent difference between
the distributions.
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5.2.4 Changes in justification codes in group A

Figure 5.6 shows the distributions of the pre and post-test codes per group individually
(follow-up codes are not shown), group A in green, B in orange, and C in blue using a dark
shade for the pre-test and a light shade for the post-test.

The difference in the distributions for group A in the top figure is significant for the com-
parison code and almost for criterion code with a large and (what would be) medium effect
size, χ2(7) = 24.41, w = 0.51, p< 0.001 and χ2(6) = 12.27, w = 0.36, p= 0.056 respectively.

The comparison codes show a strong overall decrease in the pairwise code. Increases can
be seen for the uncertainty and unclear codes. For the criterion codes, a decrease can be seen
in the counts and closeness codes. Increases occur with the unclear and overlap codes.

The overall increase of a certain code does not necessarily originate from the overall de-
crease of another code—the increase could originate from a code that is itself increased by
yet another decreased code yielding no net change. The actual shifts in codes for group A
are shown in Tab. 5.2 and 5.3. The left column shows the codes in the pre-test. Starting at
a certain code, the numbers in that row indicate how participants’ justification was coded
in the post-test by the corresponding code in the top row. For instance, in Tab. 5.2, there
were four co.dev codes in the pre-test, one remained there and three shifted to co.set in the
post-test.

The sums of the rows indicate the number of codes for a particular code in the pre-test.
The sums of the columns indicate the number of codes for a particular code during the post-
test. These numbers are in correspondence to the percentages of the histograms in Fig. 5.6

In these tables, numbers on the diagonal (in white) indicate the number of codes that did
not shift. Numbers above the diagonal (dark blue) correspond to shifts towards higher-level
codes (see Fig. 4.2), whereas numbers below the diagonal (light blue) correspond to shifts
towards lower-level codes.

As Tab. 5.2 shows, the most shifts for group A originate from the pairwise comparison,
these shift mostly to uncertainty, unclear, mean, and set. Table 5.3 shows the shifts for the
criterion codes. Most shifts originate from the closeness code, these shift to larger, unclear,
and overlap.

The distribution of the combination of comparison and criterion codes for group A is
shown in the top scatter plot of Fig. 5.7. The plot shows a more or less even distribution of
combinations without any clusters that stand out.
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Figure 5.6: Same as Fig. 5.1 but now for the pre and post-test of group A (top, nA = 47), B (middle,
nB = 55) and C (bottom, nC = 52). A sequential increase towards higher quality justification
codes can be seen from group A to C.
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Table 5.2:Cross-table showing the shifts of comparison codes in the pre and post tests of groupA.
The numbers indicate howmany of a certain pre-code (on the left) shifted to a certain post-code
(on the top). The sums of the rows indicate the total number of occurences of the corresponding
code in the pre-test, the sums of the columns to the total number of occurences during the post-
test. The number in the diagonal indicates the number of codes that did not shift from the pre-
to the post-test. Numbers above the diagonal (in dark blue) indicate shifts towards higher-level
codes, below the diagonal (in light blue) towards lower-level codes.

Pre \ Post da.no co.unc co.sin co.cer co.pai co.mea co.dev co.set co.int sum
da.no 0 1 0 1 0 0 0 0 0 2
co.unc 0 0 0 0 0 0 0 0 1 1
co.sin 0 0 0 0 0 0 0 0 0 0
co.cer 0 0 0 0 0 0 0 0 0 0
co.pai 1 3 0 7 10 3 0 2 0 26
co.mea 0 1 0 1 0 4 0 1 0 7
co.dev 0 0 0 0 0 0 1 3 0 4
co.set 0 1 0 0 0 3 0 2 1 7
co.int 0 0 0 0 0 0 0 0 0 0
sum 1 6 0 9 10 10 1 8 2 47

Table 5.3: The same as Tab. 5.2 but now for the criterion codes.

Pre \ Post da.no cr.unc cr.dup cr.lar cr.cts cr.clo cr.ove sum
da.no 0 1 0 0 0 1 0 2
cr.unc 0 2 0 0 0 0 1 3
cr.dup 0 0 0 0 0 2 0 2
cr.lar 0 0 0 2 0 1 1 4
cr.cts 1 2 0 1 2 2 1 9
cr.clo 0 3 1 4 0 14 3 25
cr.ove 0 1 0 0 0 0 1 2
sum 1 9 1 7 2 0 7 47
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Figure 5.7: Same as Fig. 5.2, but now for groups A (top), B (middle), and C (bottom) in the post-
test (nA = 47, nB = 55, nC = 52). A gradual shift from no clusters in group A (top) towards a
cluster of interval comparison and overlap criterion codes in group C can be seen.
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5.2.5 Changes in justification codes in group B

The middle histogram of Fig. 5.6 shows the distribution of pre and post-test codes for group
B. The differences in both distributions are significant with large effect sizes, χ2(8) = 31.62,
w = 0.54, p< 0.001 and χ2(6) = 27.57, w = 0.50, p< 0.001 for the comparison and criterion
code respectively.

Similar to group A, an overall decrease in pairwise comparison can also be seen in group
B, together with an increase in interval codes. For the criterion codes, decreases can be seen
in closeness, counts, and larger/smaller. A big increase in the overlap code can be seen. This
criterion, which was absent in the pre-test, is, together with the remaining closeness codes,
the dominant criterion in the post-test.

This is confirmed by the individual shifts, Tab. 5.4 shows the individual shifts of the com-
parison codes. The decrease in comparison codes mostly shifts to set and interval compar-
isons. But also a lot ofmean comparisons shift to interval comparison. Themean comparison
itself is, however, refilled with former pairwise, deviation, and set codes.

The shifts for the criterion codes are shown in Tab. 5.5. The most frequent shift is from
closeness to overlap, but also some larger/smaller and counts codes shift to the overlap code.

The distribution of combinations of comparison and criterion codes for group B is shown
in the middle scatter plot of Fig. 5.7. Compared to group A, some clusters are beginning

Table 5.4: The same as Tab. 5.2 but now for the group B.

Pre \ Post da.no co.unc co.sin co.cer co.pai co.mea co.dev co.set co.int sum
da.no 1 0 0 1 0 0 0 0 0 1
co.unc 0 1 0 1 2 0 0 0 0 4
co.sin 0 0 0 0 0 0 0 0 1 1
co.cer 0 0 0 0 0 0 0 0 0 0
co.pai 0 1 0 2 3 3 1 5 4 19
co.mea 0 0 0 0 0 9 0 2 6 17
co.dev 0 0 0 2 1 1 1 1 2 8
co.set 0 0 0 0 1 2 0 0 2 5
co.int 0 0 0 0 0 0 0 0 0 0
sum 1 2 0 5 7 15 2 8 15 55

Table 5.5: The same as Tab. 5.3 but now for the group B.

Pre \ Post da.no cr.unc cr.dup cr.lar cr.cts cr.clo cr.ove sum
da.no 1 0 0 0 0 0 0 1
cr.unc 0 0 0 0 0 1 0 1
cr.dup 0 0 2 0 0 1 0 3
cr.lar 0 1 0 3 0 2 5 11
cr.cts 0 0 0 2 0 1 3 6
cr.clo 0 1 1 3 1 15 12 33
cr.ove 0 0 0 0 0 0 0 0
sum 1 2 3 8 1 0 0 55

75



5. Results – how students’ ability to compare data sets has changed

to establish for the combinations: interval–overlap (24 %), mean–closeness (18 %), and set–
overlap (13 %).

5.2.6 Changes in justification codes in group C

The overall distributions in comparison and criterion codes in the pre and post-test for group
C are shown in the bottom histogram of Fig. 5.6. The difference in the distributions is sig-
nificant for both the comparison and the criterion code with large effect sizes, χ2(7) = 50.72,
w = 0.70, p< 0.001 and χ2(6) = 64.34, w = 0.79, p< 0.001 respectively.

In the comparison code, a dramatic decrease in all codes (except one uncertainty code) can
be seen, accompanied by a huge increase in the interval comparison. A similar pattern can
be seen in the criterion codes, where all codes decrease, followed by a huge increase in the
overlap code.

The individual shifts in comparison and criterion codes confirm this. Table 5.6 shows that
the vastmajority of comparison codes shift to the interval code. Some pairwise comparisons,
however, also shift to the set comparison. Table 5.7 shows that nearly all criterion codes shift
to the overlap code.

The distribution of combinations of comparison and criterion codes is shown in the bot-
tom scatter plot of Fig. 5.7. A cluster at the combination interval–overlap (65 %) clearly stands

Table 5.6: Same as Tab. 5.2 but now for the group C.

Pre \ Post da.no co.unc co.sin co.cer co.pai co.mea co.dev co.set co.int sum
da.no 0 0 0 1 0 0 0 0 2 2
co.unc 0 0 0 1 1 0 0 0 0 2
co.sin 0 0 0 0 0 0 0 0 0 0
co.cer 0 0 0 0 0 0 0 0 0 0
co.pai 1 0 0 0 5 1 1 4 8 20
co.mea 0 0 0 0 0 2 0 1 7 10
co.dev 0 0 0 0 0 0 0 0 7 7
co.set 0 0 0 0 0 1 0 0 9 10
co.int 0 0 0 0 0 0 0 0 1 1
sum 1 0 0 1 6 4 1 5 34 52

Table 5.7: Same as Tab. 5.3 but now for the group C.

Pre \ Post da.no cr.unc cr.dup cr.lar cr.cts cr.clo cr.ove sum
da.no 0 0 0 0 0 0 2 2
cr.unc 0 0 0 1 0 1 0 2
cr.dup 0 0 0 0 0 1 1 2
cr.lar 0 1 0 0 0 0 3 4
cr.cts 1 0 0 0 0 1 6 8
cr.clo 0 0 1 0 0 6 27 34
cr.ove 0 0 0 0 0 0 0 0
sum 1 1 1 1 0 9 39 52
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Table 5.8: The number of positive, neutral, and negative shifts in comparison codes for groups
A, B, and C.

positive neutral negative

Group A 13 17 17
Group B 30 15 10
Group C 42 8 2

Table 5.9: The number positive, neutral, and negative shifts in criterion codes for groups A, B,
and C.

positive neutral negative

Group A 13 21 13
Group B 25 21 9
Group C 43 6 3

out. Justifications that indicate overlap between the measurement series without explicitly
referring to the uncertainty interval are coded set–overlap (10 %) and can be regarded as sci-
entifically correct. A small remainder of pairwise–closeness combinations (12 %) can also be
seen.

5.2.7 Shift in justification codes

The individual shifts in comparison and criterion codes of tables 5.2–5.7 were combined and
analyzed. The numbers above the diagonal represent a shift towards higher-quality codes
(see Fig. 4.2 of Sec. 4.2.2). Numbers on the diagonal do no shift, and numbers below the
diagonal correspond to a shift towards lower-quality codes.

The sum of the numbers above the diagonal (positive shift), the diagonal itself (neutral),
and below the diagonal (negative shift) of these tables for groups A, B, and C are shown in
Tab. 5.8 and Tab. 5.9 for the comparison and criterion codes respectively.

These numbers represent the total number of occurrences of a positive, neutral, and nega-
tive shift—i.e., the shifts are unweighted. It does not show the number of positive or negative
steps, which would require a quantification of the distance between each code.

Both tables show a clear trend in shifts that can be seen from group A to B to C. Group
A has mostly neutral shifts and a similar amount of negative and positive shifts. Group B
mainly has positive shifts, a significant amount of neutral shifts, and a fair amount of negative
shifts. Lastly, in group C there are almost exclusively positive shifts, some neutral shifts, and
a negligible amount of negative shifts.

The differences between the distributions for both the comparison and criterion shifts
is significant with medium effect sizes, χ2(4) = 30.50, w = 0.45, p< 0.001 and χ2(4) = 32.38,
w = 0.46, p< 0.001 respectively.
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5.3 Competency test scores
The last part of the pre and post-test is the competency test (see App. D). The test consists
of ten items and each item consists of four statements. These statements have to be marked
true/false or applies/does not apply. Marking all four statements correct results in the item
being answered correctly (see also Sec. 4.3). The ten items are the same for the pre and for
the post-test, as there was no repetition effect found in the repeated administration of the
test (see Sec. 4.3.2)

In the next subsection, the ten items are checked for abnormal behavior. In this analysis,
one item needed to be changed. The items probe specific concepts of the subject matter
model by Hellwig (2012) (see Tab. 4.4). Section 5.3.2 describes the Confirmatory Factor
Analysis (CFA) where threemodels, based on the subject matter model, were tested: one with
factors based on the concepts, one with factors based on the dimensions, and lastly, a one-
dimensional model. Analysis shows that a one-dimensional model is the best description of
the data.

Using the one-dimensional model, Sec. 5.3.3, 5.3.4, and 5.3.5 show the results of the par-
ticipants’ scores during the pre and post-test, and the score increase between them.

Lastly, a comparison of the scores with the scores of the pilot study is done in Sec. 5.3.6.

5.3.1 Correction of items

Upon initial analysis, the responses of the fourth statement of item ct.length showed suspi-
cious behavior. This statement had to be answered as “applies”, since, when both uncertainty
intervals contain the 1.0m mark, this must mean that the uncertainty intervals overlap. Ini-
tially, 25 % of the participants answered this statement correctly whereas the first, second,
and third statement were answered correctly; 76 %, 65 %, and 54% respectively. Overall, the
item ct.length was answered correctly by 17% of the participants, which stands in large
contrast to the correct percentages of the first three statements.

The fourth statement sets itself apart because it is the only statement in the item that
refers to a single value. During the DLE participants have learned not to place emphasis on
single values but, instead, on an interval. Furthermore, the value of 1.0m is an arbitrarily
chosen value, that does not directly correspond with a measurement, since only the means
and intervals are indicated. This value might, therefore, not pose any significance and the
fact that this value happens to lie inside both intervals might, therefore, be overlooked.

One last explanation for this discrepancy is that participants might not have checked the
fourth statement as “applies” because they had already marked the third statement as “ap-
plies”, under the assumption that the compatibility of two measurements can only have one
reason and overlap is an overal more complete explanation.

To correct for the discrepancy, the fourth statement of the ct.length item has been taken
out. Consequently, the item is answered correctly by 49% of the participants.

5.3.2 Factor analysis of items

The ability to work with measurement uncertainties is a very broad construct that depends
on a lot of different skills. Not only the different dimensions and concepts of the subject
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mattermodel, but also other cognitive skills. This means that this ability cannot bemeasured
directly, but rather as a latent variable. One way to do this is by means of factor analysis.

In this case, because a solid theoretical background exists (Hellwig, 2012; Schulz, 2022),
a Confirmatory Factor Analysis (CFA) has been used. Input indicators (in this case the test
items) xi are directly observed variables. A model tests whether the variance in these in-
dicators can be explained by one or more underlying factors Fj (i.e., the unobserved latent
variables), resulting in a certain factor loading λi,j , leaving some residual variance δi. Higher
factor loadings indicate that the items describe the factor better.

The CFA will also return covariance φj,j′ between the factors (when there are more than
one factors). Ideally this covariance is small, indicating more independent factors.

Lastly, the CFA gives relative and absolute fit indices. Absolute fit indices (χ2, RSMEA,
SRMR) that test how well the model fits the data and relative fit indices (CFI and TLI) that
compare the data with a model where covariances are set to zero.

χ2 The chi-squared gives an overall comparison of the model (Σ) to the observed
data (S). There exists no clear cut-off value for this measure, but it should not
be significant (i.e., p > .5) so that the null hypothesis (S = Σ) holds.
The usability of the χ2 is much debated: the data is often non-normal; it’s
value is inflated by sample size; the hypothesis of S = Σ is very stringent (see
e.g., Brown, 2015, p.69). One rule of thumb is that χ2/df ≤ 2 (Moosbrugger &
Kelava, 2020).

SRMR The Standardized Root Mean Square Residual (SRMR) is the average discrep-
ancy between the model correlations and the observed correlations. Lower
scores indicate a better fit, 0 being a perfect fit, SRMR< 0.08 indicating a rea-
sonable fit (L.-t. Hu & Bentler, 1999; Pospeschill, 2010; Schreiber et al., 2006).

RMSEA The Root Mean Square Error of Approximation (RMSEA) is a measure that
compares the model to the observed data. It is similar to the χ2 fit, but takes
a penalty for poor model parsimony (a low model df ), favouring a model with
higher df in the case of similar χ2. Low values of RMSEA indicate better
fits, zero would indicate a perfect fit and the cut-off value for this parameter
is RMSEA≤ 0.05 (Brown, 2015; L.-t. Hu & Bentler, 1999; Pospeschill, 2010;
Schreiber et al., 2006)

CFI The Comparative Fit Index (CFI) compares the model with a more restricted
model where the covariances between the input indicators xi are set to zero.
The CFI can range from zero to one, where higher values indicate a better fit.
The cut-off value of CFI≥ 0.95 indicates a good fit, although sometimes a cut-
off value of CFI≥ 0.90 is used (Bentler, 1990; Brown, 2015; L.-t. Hu & Bentler,
1999; Pospeschill, 2010; Schreiber et al., 2006)

TLI The Tucker Lewis Index (TLI) is similat to the CFI, except that it, like the
RMSEA, includes a penalty for poor parsimony. Values range from zero to
one, where higher values indicate a better fit. The cut-off value is TLI≥ 0.95
(Brown, 2015; L.-t. Hu & Bentler, 1999; Pospeschill, 2010; Schreiber et al.,
2006).

Three models have been tested in this CFA: model.concept (see Fig. 5.8) a five dimen-
sional model where the latent factors are based on the concepts of the subject matter model,
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Figure 5.8: Diagram of the CFA model model.concept. The factors Fj are based on the con-
cepts of the subject matter model and each factor loads (λi,j ) on the corresponding item xi,
leaving residual variance δi (the labels for covariance φj,j′ between factors Fj are not shown
for readability).

model.dimension (see Fig. 5.9) a four dimensional model based on the dimensions, and
lastly, model.uncertainties (see Fig. 5.10) a one dimensional model indicating measure-
ment uncertainties as a single factor.

The factor of the last model shares all the contents of the other models in one latent vari-
able. This overarching construct can be seen as a general knowledge about working with
measurement uncertainties.

To see which model fits best, the data of all 276 pre-test participants is used, i.e., the 154
participants of groups A, B, and C as well as the 122 participants that have dropped out going
to the post-test. This is done so that the data set is as big as possible. The post-test data is
not used, because participants would appear twice in the data set.

The CFA is calculated using the lavaan package (Rosseel, 2012). Because the scores of the
individual input indicators is dichotomous (test item correct: 1, test item incorrect: 0) and
not normally distributed, the estimation is done using the weighted least squares mean and
variance (WLSMV).

The results of these three CFA models are shown in Tab. 5.10. All three models indicate
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Figure 5.9: Same as Fig. 5.8, but now for the model model.dimension where the factors Fj are
based on the dimensions of the subject matter model.
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Figure 5.10: Same as Fig. 5.8, but now for the model model.uncertainties where the factors
Fj are based on the dimensions of the subject matter model.

Table 5.10: The fit parameters for the different CFA models (see Fig. 5.8 to 5.10). All models
appear a good fit to the data.

Model χ2 df χ2/df p SRMR RSMEA CFI TLI
[95 % CI] p

model.concept 25.94 25 1.04 0.41 0.07 0.01 1.00 1.00
[0–0.05] 0.95

model.dimension 38.90 29 1.34 0.10 0.07 0.04 0.97 0.96
[0–0.06] 0.8

model.uncertainties 44.91 35 1.28 0.12 0.07 0.03 0.97 0.97
[0–0.06] 0.87

good fits based on the five fit parameters. Although lavaan gave an error during the calcula-
tion of the model model.concept, indicating that the model is not identified. Because df > 0
(df = 25), this will most likely mean that it is empirically underidentified, i.e., some covari-
ances appear to be zero and no residual variances could be calculated (this will also lead to
difficulties in calculating the factor covariances later in Tab. 5.14).
The factor loadings for the indicators for these models are shown in Tab. 5.11 through

Tab. 5.13. For a good model, these factor loadings should be larger than 0.4 (e.g., Brown,
2015; Hair et al., 1998). Lower loadings are an indication that the indicators do not explain
much of the variance of the factor.
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Table 5.11: Factor loadings for the items of the latent factors based on the concepts in the CFA
model model.concept.

Factor Item Factor loading

Sources of uncertainty ct.run 0.001
(Sources) ct.lab 0.002

Distinguishing uncertainty from error ct.resistor 0.550
(Distinguish) ct.uncertainty 0.489

Result of a measurement ct.result 0.722
(Result) ct.pack 0.418

Direct measurement ct.sound 0.711
(Direct) ct.bragg 0.650

Comparison of a result with other values ct.length 0.309
(Comparison) ct.fall 0.502

Table 5.12: Factor loadings for the items of the latent factors based on the dimensions in the CFA
model model.dimension.

Factor Item Factor loading

Existence of uncertainties ct.run 0.224
(Existence) ct.lab 0.349

ct.resistor 0.591
ct.uncertainty 0.524

Handling of uncertainties ct.result 0.723
(Handling) ct.pack 0.417

Assessment of uncertainties ct.sound 0.712
(Assessment) ct.bragg 0.649

Conclusiveness of uncertainties ct.length 0.307
(Conclusiveness) ct.fall 0.505
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Table 5.13: Factor loadings for the items of the latent factors based on the one dimensional CFA
model model.uncertainty.

Factor Item Factor loading

Working with measurement uncertainties ct.run 0.232
ct.lab 0.376
ct.resistor 0.635
ct.unc 0.544
ct.result 0.761
ct.pack 0.434
ct.sound 0.682
ct.bragg 0.622
ct.length 0.373
ct.fall 0.640

Table 5.14: Covariances of the latent factors based on the concepts in the CFA model
model.concept.
†: could not be calculated.

Sources Distinguish Result Direct Comparison
Sources 1.000
Distinguish NA† 1.000
Result NA† 1.173 1.000
Direct NA† 0.993 1.048 1.000
Comparison NA† 1.779 1.302 1.108 1.000

Table 5.15: Covariances of the latent factors based on the dimensions in the CFA model
model.dimension.

Existence Handling Assessment Conclusiveness
Existence 1.000
Handling 1.102 1.000
Assessment 0.976 1.047 1.000
Conclusiveness 1.555 1.297 1.104 1.000

The factor covariances for the first twomodels are shown in Tab. 5.14 and Tab. 5.15. These
factor covariances should be below 0.85 (Brown, 2015). Higher values indicate a large cor-
relation between latent factors. This shows that the individual latent variables cannot be
measured independently from one another. The low factor loadings of the items and high
covariance between factors, can be explained by the low number of items per factor in both
models.

Based on these high covariances for the multi dimensional models, the one dimensional
model.uncertaintiesmodel is favored. The competency test is therefore not able to mea-
sure a knowledge increase at the resolution of the different concepts or dimensions, but
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instead it measures a general knowledge about working with measurement uncertainties.
This has most likely to do with the low number of indicators per factor (see Brown, 2015,
p.61).

The internal consistency of this model, an indication of its reliability, can be expressed
by Cronbach’s alpha as well as by Raykov’s rho (which also takes the correlated error into
account). These values are α = 0.79 and ρ = .68. The threshold value for both these measures
lies at 0.7 (e.g., Cicchetti, 1994). One criterion for these measures is that the test (or factor)
is unidimensional, i.e., it measures a single construct. Although the competency test used
here is one dimensional—the other models are not able to discern between the concepts or
dimensions—the items are originally designed to measure these constructs (Schulz, 2022;
Schulz et al., 2018).

The usage and value placed upon these values, especially Cronbach’s alpha, is very much
debated (see e.g., Taber, 2018).

Clark and Watson (1995) suggest that the mean inter-item correlation is a better measure
for internal consistency, since it is independent on the number of items in the test. They
suggest that, for tests that probe a broad construct as is the case here, this mean inter-item
correlation should be in the range of 0.15 to 0.20. Lower values indicate too little correlation,
i.e., the items measure multiple constructs. Whereas a higher values indicate that items are
too similar.

Themean inter-item correlation for the competency test used here is 0.16 (CI [0.16–0.17]),
indicating good internal consistency for a broad construct like working with measurement
uncertainties.

With the known factor loadings λi,j , it is possible to convert the raw score (ranging from
0 to 10) to a factor score (see e.g., DiStefano et al., 2009). For the factor score, the raw score
of each indicator xi is weighted by the factor loading λi,j that loads on factor Fj . With the
model used here, there is only one factor. Thus the factor score for this single factor can be
calculated as:

F1 = λ1,1x1 + λ2,1x2 + . . . λn,1xn

Next, this factor score is re-scaled to a score ranging from 0 to 10 by dividing by the sum
of the factor loadings—indicating the maximum score as all the indicators have a value of
zero or one—and multiplying by ten.

5.3.3 Pre-test scores

In Sec. 4.4, it was hypothesized that the 122 participants that have dropped out after com-
pleting the pre-test, did so because they might have had difficulty with the content of the
DLE. An indicator for this would be a lower score on the competency test. This, in turn,
would be an indication of a bias towards stronger participants in this study.

For every significant (p< 0.05) test, there is a 0.05 % chance of making a Type I error (false
positive). For n tests, this increases to 1 − .95n. This means that, if the score difference and
the homogenity among the pre-test scores in groups A, B, and C was checked using multiple
t-tests, this would lead to an inflation of a Type I error rate.
To account for this inflation of the Type I error, an Analysis of Variance (ANOVA) is con-

ducted (see e.g., Field et al., 2012). The ANOVA’s F -ratio checks the null hypothesis that
there is no difference in the means of all groups. It does, however, not say where possible
differences are. To find these differences, planned contrasts are conducted that compare the
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All pre-tests

0dropout A, B, and C-Pre Contrast 1

A-Pre B and C-Pre Contrast 2

B-Pre C-Pre Contrast 3

d=0.53∗∗∗

ns

ns

Figure 5.11: The schematic of the planned contrasts for the ANOVA of the competency test
scores in the pre-test. The group of participants that have dropped out (Contrast 1) scored
significantly lower on the test with a medium effect size. Other differences (Contrasts 2 and 3)
are not significant (ns).

means of two (grouped) groups where inflation of a Type I error is of no concern (see e.g.,
Field et al., 2012, p.415).

The ANOVA indicated significant differences between groups, F (3, 272) = 7.51, p< 0.001,
ω2 = 0.07. Planned contrasts, see Fig. 5.11, compared the participants that have dropped out
with the scores of groups A, B, and C. Then group A against B and C, and finally B against C.

Results indicate that there is a highly significant difference with a medium effect size be-
tween 0dropout and ABC, t = 4.28, p< 0.001, d = 0.53 (two-tailed). Showing that the partic-
ipants in group 0dropout scored significantly lower on the pre-test than the participants in
groups A, B, and C.

The differences between groups A and B+C and between B and C are not significant,
p> 0.05 (two-tailed).

To see whether age or grade level have influence on the scaled factor scores, the corre-
lations between them have been calculated. Both the correlation coefficient between age
and scaled factor score and between grade level and scaled factor score were not significant,
|rτ |< 0.05, p> 0.1 (a correlation with Kendall correction is used here because of the small
value of n, see e.g., Bonett and Wright (2000)). Even if the relation became significant, the
effect would have had a less than small effect size.
Figure 5.12 shows the scaled competency test scores of the pre-test for each of the four

grade levels, where the error bars indicate the SE. A Welch’s one-way ANOVA for un-
equal variances between groups shows no significant difference between group means, F (3,
124) = 1.23, p> 0.1, ω2 = 0.005. This also supports the lack of correlation between grade level
and scaled competency test scores.
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Figure 5.12: The average scaled competency test score of the pre-test per grade level. Error bars
indicate the SE.

All post-tests
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Figure 5.13: A schematic of the planned contrasts for the ANOVA of the competency test scores
in the post-test. Groups B and C score significantly higher than group A with a medium effect
size (Contrast 1), but C does not score significantly higher dan B (Contrast 2).

5.3.4 Post-test scores

The post-test factor scores of groups A, B, and C are again compared using an ANOVA with
planned contrasts, see Fig. 5.13. The ANOVA shows a significant difference between the
groups, F (2, 151) = 3.43, p< 0.001, ω2 = 0.03. The planned contrasts aim to test the hypoth-
esis that groups B and C score higher than group A (one-tailed), and to test if group C scores
higher than group B (one-tailed).

Results indicate that groups B and C score significantly higher than group A with a small
to medium effect size, t = 2.52, p< 0.01, d = 0.44 (one-tailed). However, group C does not
score significantly higher than group B, p> 0.1 (one-tailed).

For the post-test the correlation between age and grade level on the scaled factor score is
calculated again for the groups A, B, and C separately. Results show no correlation between
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Figure 5.14:The average scaled competency test score of the post-test per grade level. Error bars
indicate the SE.

the age or grade level and scaled factor score in either of the groups, |rτ |< 0.1, p> 0.1. Also,
just like in the pre-test correlation, if the relation were to become significant, the effect size
is less than small.

The scaled competency test scores of the post-test for each of the four grade levels is shown
in Fig. 5.14. Again, error bars indicate the SE. Also this time a Welch’s one-way ANOVA
showed no significant difference between group means, F (3, 71) = 1.79, p> 0.1, ω2 = 0.03.

5.3.5 Pre-post score differences

The mean competency test scores for each group are calculated for the pre and the post-test
using the scaled score.

Group 0dropout has an average scaled score of (4.60 ± 0.22) points (where the indicated un-
certainty is the SE, the distribution shows a SD of 2.4 points).
Group A has an average score of (5.34 ± 0.34) points (SD = 1.5 points) in the pre-test and

(6.65 ± 0.31) points (SD = 2.1 points) in the post test.
For group B this is (6.11 ± 0.35) points (SD = 2.6 points) in the pre-test and

(7.39 ± 0.27) points (SD = 2.0 points) in the post-test.
For group C this is (6.14 ± 0.33) points (SD = 2.4 points) in the pre-test and

(7.69 ± 0.26) points (SD = 1.9 points) in the post-test.
The effect of the DLE is measured by comparing the mean scaled factor score of the pre-

test with the mean scaled factor score of the post-test for the different groups A, B, and C, see
Fig. 5.15. This is done using aWilcoxon rank-sum test, because the Shapiro-Wilk test showed
that the pre–post score differences in groups A, B, and C are not normally distributed.
The scores of group A in the post-test are significantly higher with a medium effect,

V = 714.5, p< 0.001, d = 0.58, the same holds for group B, V = 1062.5, p< 0.001, d = 0.58,
and for group C with a stronger but still medium sized effect, V = 958, p< 0.001, d = 0.72.
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Figure 5.15: Differences in the scaled factor scores during the pre and post-test for groups A, B,
and C. Also indicated is the pre-test score of the group of participants that have dropped out
after the pre-test. Error bars indicate the SE.
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5.3.6 Comparison to pilot study results

The competency test scores of the pilot study and the before-mentioned scores are not di-
rectly comparable. First of all, the competency test assesses five concepts of the subjectmatter
model, whereas the pilot study’s competency test only covers three. Consequently, only six
of the ten items also appear in the pilot study test. Second, the scores of the pilot study are
not factor scores but raw scores.

In order to make a comparison of the competency test scores between the two studies, the
raw scores of the six overlapping items will be compared. This allows gauging whether the
participants of this study (voluntary online participation) represent a similar population as
the participants of the pilot study (for which schools were visited).

The mean raw score of the six overlapping items in the pre-test of the pilot study was
(2.49 ± 0.20) points (SD = 1.5 points), for the participants of groups 0dropout, A, B, and C, this
was (3.32 ± 0.12) points (SD = 1.5 points).

Because the number of items is heavily reduced, the scores are not normally distributed. A
Wilcoxon rank-sum test indicates that the participants of this study significantly score higher
with a medium effect size on these six overlapping items V = 3270.5, p< 0.001, d = 0.55.

This indicates that the participants in this study started with a higher level of understand-
ing about measurement uncertainties than the participants of the pilot study. This might be
an indication towards a good sample, which is discussed in Sec. 6.4.2.

During the pilot study, all participants had seen the complete pilot-DLE, i.e., they under-
went a similar treatment as group C. Therefore, to compare post-test scores, the pilot study
post-test scores will be compared to the post-test scores of group C.

The mean raw post-test score of the six overlapping items is (3.97 ± 0.20) points
(SD = 1.6 points) for the pilot study participants and (4.50 ± 0.18) points (SD = 1.3 points)
for group C.

A Wilcoxon rank-sum test revealed no significant difference between the two scores, if
a difference were to become significant, it’s effect size would be small, V = 1289, p> 0.05,
d = 0.37.

This result shows that, althoughmore concepts from the subjectmattermodel are added to
theDLE (three concepts in the pilot-DLE andfive in the final version of theDLE), participants
still reach the same level of understanding in these three overlapping concepts. This indicates
that participants in both populations are comparable.

5.4 Relation between justification and competency test
The coding of the justification (Sec. 5.2) and the competency test score (Sec. 5.3) are both
an indication of participants’ understanding of measurement uncertainties. The hypothesis
that the two are positively correlated will be tested next.

The first step in the calculation of this correlation, will be to quantify the quality of the
justifications. Since there is only a hierarchy of codes, but no indication of equidistance (or
the lack thereof), this quantification will be very crude. The result will be an exploratory
correlation, limiting the conclusions that can be drawn from it.

The quantification used here is a crude score of 0 for the lowest score (da.no), 1 for the
next (co.unc for the comparison and cr.unc for the criterion), etc. This means that the scores
of the comparison codes ranges from 0 to 8 and for the criterion codes from 0 to 6.
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These crude scores are correlatedwith the competency test scores usingKendall’s tau. This
correlation coefficient is used because of the high number of tied ranks in the justification
scores and the low number of participants (Bonett & Wright, 2000; Field et al., 2012). The
correlations between the scaled competency test score and the comparison as well as the
justification code, for both the pre and the post-test are all highly significant, p< 0.001.

The correlation coefficients for the pre-test are: τ = 0.27 for the comparison code and
τ = 0.24 for the criterion code. For the post-test this is: τ = 0.30 for the comparison code
and τ = 0.27 for the criterion code.

There are nowidely established cut-off values for Kendall’s tau and the value is not compa-
rable to the correlation coefficient r, therefore the effect size is hard to express (see e.g., Field
et al., 2012, p.240). There are ways to convert the value of Kendall’s tau to Pearson’s r (Gilpin,
1993), placing the effect size of these correlations in the medium size range (0.37<r< 0.45).
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6 Discussion and open questions
In the introduction of the literature review of Ch. 2, it was shown that measurement uncer-
tainties play a crucial role in the analysis of data; it is an indication of the quality of the data
and places limits on the certainty of its results. It is a concept that is not only important in
school settings e.g., when conducting an experiment, but also in everyday life. An adequate
understanding of data as evidence contributes to the development of students’ views about
theNature of Science (NOS) and scientific literacy. Therefore, it should form an integral part
of science education (Buffler et al., 2009; Gott et al., 2014; Heinicke et al., 2010; Kirch, 2010;
Priemer & Lederman, 2021).

Although measurement uncertainties are part of the science curriculum in many coun-
tries, the topic remains largely neglected in secondary education (this was shown in Sec. 2.1).
However, measurement uncertainties often play a deciding role in the analysis of science
experiments (see the examples discussed in Sec. 2.1.2). It is no surprise that many students
experience difficulties with the topic of measurement uncertainties (these difficulties have
been extensively discussed in Sec. 2.2).

One of the conclusions from the literature review in Sec. 2.4 was, that there does not exist
a lot of didactically evaluated teaching material on the topic of measurement uncertainties
aimed at secondary education. To fill this gap and to enhance students’ understanding of
measurement uncertainties, this workmade a first step in the development of suchmaterials.
To give meaning to the concept of measurement uncertainties, the comparison data sets was
chosen as an application (this choice was discussed in Sec. 2.3).

To introduce these materials successfully in secondary education, the contents have to
fit the correct grade level. The quantity with which the uncertainty is determined was, de-
liberately kept simple to make it accessible to a wide range of students (see the discussion
in Sec. 2.2.6). There are several indications that young students have some intuitive ideas
about measurement uncertainties (e.g., Cauzinille-Marmeche et al. (1985); Coelho and Séré
(1998); Gal et al. (1989); Lubben and Millar (1996); Masnick and Klahr (2003); Metz (2004);
Munier et al. (2013); Petrosino et al. (2003) and the complete discussion of students’ difficul-
ties in Sec. 2.2). This would indicate that the topic could be introduced early in secondary
education.

The research questions (which were also stated in Ch. 3) that this work aims to answer
are:

RQ1 What conceptual knowledge of measurement uncertainties do students need to cor-
rectly compare data sets?

RQ1a In what way does the digital learning environment change students’ conceptual
understanding of measurement uncertainties?

RQ1b Inwhatway does an increase in conceptual knowledge change students’ decision-
making in a data comparison problem?
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RQ1c How does an increase in conceptual knowledge change the quality of students’
justifications in a data comparison problem?

RQ2 At what grade level can the topic of measurement uncertainties successfully be intro-
duced?

The study design (as illustrated by Fig. 4.1 in Ch. 4) made use of three groups, A, B, and
C, that each were exposed to a different amount steps containing different pieces of concep-
tual knowledge regarding measurement uncertainties. In these steps, students were taught
different concepts of measurement uncertainties from the subject matter model by Hellwig
(2012). A comparison of these three groups allows answering RQ1 and its subquestions.
These results are discussed in Sec. 6.1.

The students in these groups came from different grade levels (eight through eleven). The
comparison of results between grade levels allows answering RQ2. These results are dis-
cussed in Sec. 6.2.

This work has also given rise to other implications and conclusions which are discussed
in Sec. 6.3. The limitations of this work are discussed in Sec. 6.4. The chapter is concluded
with the outlook in Sec. 6.5.

6.1 What conceptual knowledge is needed to correctly com-
pare data sets?

The first step in developing adequate teachingmaterial is to find out what specific conceptual
knowledge is required. This is what RQ1 aims to find out.

To answer RQ1, subquestions RQ1a, RQ1b, and RQ1cwill be answered and discussed first
in Sec. 6.1.1–6.1.3. Lastly, Sec. 6.1.4 will combine and discuss these results to answer RQ1.

6.1.1 How the Digital Learning Environment changed students’ conceptual knowledge

To answer RQ1a, the results of the competency test were analyzed. A pre–post comparison
per group, as well as post-test comparisons between groups were done.

The participants in groups A, B, and C appear to form a representable group. Although
contrast 1 of the ANOVA reveals a significant difference in competency test scores with a
medium-sized effect between the group that dropped out and groups A, B, andC (see Fig. 5.11
in Sec. 5.3.3), a comparison of the scores with the pilot study scores (see Sec. 5.3.6) has given
good indications that the participants of groups A, B, and C are comparable to the partici-
pants of the pilot study and, thus, form a representable group. This means that the partic-
ipants that have dropped out probably do not find the contents too hard—there were no
indications of this in the pilot study—but were rather unmotivated to continue.

Contrasts 2 and 3 of the ANOVA, comparing the pre-test scores of groups A, B, and C (see
Fig. 5.11), show no differences between the groups indicating homogeneity between groups.
This means that the results of the post-test can be compared between groups because their
pre-test scores are similar.

The transfer of conceptual knowledge of measurement uncertainties through conceptual
teaching in the DLE has been successful. This is shown by the highly significant medium-
sized effect of differences in competency test scores between the pre and post-test for all three
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groups (see Fig. 5.15). This competency test measures students’ conceptual understanding of
measurement uncertainties and, thus, shows that the DLE has been quite effective at trans-
ferring the conceptual knowledge.

The significant difference of pre–post scores in group A already shows that just teaching
about the sources, relevancy, and meaning of measurement uncertainties (part 1, steps I and
II) increases students’ conceptual understanding of measurement uncertainties.

The effect of increased conceptual knowledge through the teaching of additional con-
cepts was analyzed using an ANOVA with planned contrasts between groups A, B, and C
(see Sec. 5.3.4).

Contrast 1 of the ANOVA (comparing group A with B+C) shows the effect of increased
teaching about the concepts and the calculational formalities of the mean and uncertainty
(part 2, steps III and IV) in groups B and C. The scores in groups B and C are significantly
higher with a medium-sized effect than the scores in group A. This shows that the increased
teaching about the mean and uncertainty (both conceptual and calculational) further in-
creases students’ conceptual understanding of measurement uncertainties.

However, contrast 2 of the ANOVA (comparing group B with C) shows that additional
teaching about the process of comparing measurement results (part 3, step V) in group C
does not significantly further increase students’ conceptual understanding of measurement
uncertainties.

The absence of this improvement after step V could be explained by the one-
dimensionality of the competency test. With only two items per concept, the test is unable to
resolve score differences based on the different dimensions and concepts of the subject mat-
ter model (see Sec. 5.3.2). This couldmean that the combined score is not sensitive enough to
detect additional teaching of one extra concept. This could be verified by adding more test
items to the competency test until it is sensitive enough to resolve all five concepts. With a
test that can resolve the improvement of all individual concepts, it should be possible to as-
sess whether or not the addition of step V has improved students’ conceptual understanding
of workingwithmeasurement uncertainties. However, this would increase the time students
will spend on the pre and post-tests. Moreover, the analysis of justifications has been able to
detect differences between groups in the post-test (see Sec. 6.1.3).

Although the test gives a single score reflecting the conceptual understanding of working
withmeasurement uncertainties, there are no indications of attenuation effects in the scores.
In the pre-test 3 from 154 reach the maximum score and 1 reaches a zero point score. In the
post-test 7 participants reach the maximum score and again 1 reaches a zero point score.

6.1.2 How the Digital Learning Environment changed students’ decisions

The analysis of the decisions will help to answer RQ1b. The decisions during the pre-test
show a high initial percentage of 71 % of participants making the correct decision before
being taught on the topic of measurement uncertainties (see Sec. 5.1.1). This percentage
further increases to 79% in the post-test.

Surprisingly, there appears to be no significant difference between groups A, B, and C in
making a correct post-test decision. This would mean that mere introduction to measure-
ment uncertainties and their underpinnings (part 1, steps I and II) would suffice to increase
to this higher percentage of correct decisions.

Furthermore, the high initial percentage of correct decisions is in strong contrast to the
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results of the pilot study. There, the minority of students, 8 %, made the correct decision (see
Sec. 4.2.1). Because the students in this study and the pilot study both form a representable
group with no differences in competency test scores, this discrepancy cannot be ascribed
to the participants’ ability to make a correct decision. Rather, the discrepancy should be
ascribed to the renewed phrasing of the problem which was discussed Sec. 5.1.2.

This means that the decision about the data comparison problem does not seem to suffice
in gauging students’ abilities to compare data sets. Although the odds of making the correct
decision in the post-test are 3.5 times higher (which is significant with amedium-sized effect)
it cannot be ruled out that studentsmight havemade a correct decision for thewrong reasons
or by guessing, especially during the pre-test.

This possibility of students stating the correct answer, possibly for the wrong reasons, was
anticipated. It has been found in many studies before (see e.g., Buffler et al. (2001); Séré et al.
(2001) and the discussion in Sec. 2.3.2) and lead to the approach of analyzing the justifications
of the data comparison problem.

6.1.3 How the Digital Learning Environment changed students’ justifications

The results of the justification codes were used to answer RQ1c. The justification codes
reflect participants’ actions during the data comparison problem; what they have compared
and what the deciding criterion was. The quality of the codes is thus an indication of their
ability to compare data sets.

The pre-test distributions (see Fig. 5.1) show no significant differences between groups A,
B, and C which, again, confirms homogeneity among participants during the pre-test. The
distribution of codes shows no clearly preferred combinations (see Fig. 5.2).

The latter indicates that students do not seem to have a preferred structure in justifying
their decision in the data comparison problem. This is not very surprising since the compar-
ison of two data sets can only be done in terms of measurement uncertainties. The lack of a
preferred justification structure is an indication that students do not know how to correctly
compare data sets. This would confirm that the topic of measurement uncertainties is hardly
addressed in secondary education, as was discussed in Sec. 2.1.

In contrast to the results of the competency test, the distribution of comparison and crite-
rion codes showno significant difference between the group that had dropped out and groups
A, B, and C (see Sec. 5.2.1). This might be explained by the fact that participants have worked
on the data comparison problem first and lost their motivation afterward when presented
with the ten items of the competency test.

To measure the effect of increased conceptual knowledge, the pre–post increase in justifi-
cation quality of each group A, B, and C is compared.

Looking at the pre–post differences for group A, there is a significant difference in code
distributions with a medium-sized effect. An increase in unclear comparison and criterion
codes can be seen (see Fig. 5.6). In groups B and C these differences are also significant with
large effect sizes. Here a dramatic sequential increase in interval comparison and overlap
criterion can be seen, especially for group C.

To furthermeasure the effect of the sequential increase in conceptual knowledge, the post-
tests of the groups are compared with each other.

The differences between the post-test distributions of the individual groups are significant
with large effect sizes (see Fig. 5.3). Between groups, a stepwise shift towards higher-ranked
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codes and combinations of codes can be seen from group A to B to C (see Fig. 5.7). In group
A, no systematic combination of high-ranked codes can be seen. Although there is a big
decrease in pairwise comparisons, no new dominant comparison emerges. This indicates
that participants still do not knowhow to correctly compare data sets, just like in the pre-test.
In contrast, the code combinations in group C show a preferred combination of comparing
intervals and checking for overlap, reflecting a scientifically correct way of comparing data
sets. The combinations in group B show an intermediate state, transferring to checking for
overlapping intervals but with a remainder of comparing means for closeness or checking
which mean is larger.

When the results of the follow-up code distributions of groups A and B are compared to
the post-test of group C (see Sec. 5.2.3), no significant difference can be found between the
distributions of these groups. This means that the initial lower quality post-test justification
codes have shifted towards high-quality codes after these groups have worked through the
complete DLE (just like group C).

The sequential addition of conceptual knowledge, thus, seems to lead to a stepwise in-
crease in the overall code quality between the groups. Although there is a shift towards
higher-ranked codes from group A to B, the results in group B are not quite satisfying. A
mere 36% of the participants uses overlap as the deciding criterion in the post-test. Although
the closeness code is the second-highest code, this criterion is still associated with the point
paradigm and will not lead to a scientifically acceptable justification (this is discussed in the
establishment of the justification codes in Sec. 4.2.2).

In group C, however, the justification quality increases a great deal. In the post-test, 75 %
of the participants use overlap as the deciding criterion and compare sets or intervals, both of
which can lead to scientifically acceptable conclusions. This result is similar to the successes
of other laboratory courses e.g., Kung (2005); Munier et al. (2013); Pillay et al. (2008) that
were discussed in Sec. 2.4.

This stepwise increase is also reflected in participants’ individual shift towards higher-
ranked codes from pre to post-test (see Tab. 5.8 and 5.9) from group A to B to C. In group
A, no real improvement in justification quality can be seen. The number of positive and
negative shifts is about the same with a slightly higher number of neutral shifts (the same
code in the pre and post-test). In group B, as compared to group A, there is a small increase
in justification quality. The number of negative shifts goes down a bit in favor of the positive
shifts but the number of neutral codes is similar. In group C, however, there is a big increase
in justification quality. The vast majority of shifts are positive, there is a small number of
neutral shifts, and a negligible amount of negative shifts.

The overall trend in code distributions, combinations, and shifts shows a clear pattern
of increasing justification quality with increasing conceptual knowledge of measurement
uncertainties.

6.1.4 Conclusions about the Digital Learning Environment

Although the competency test and the decisions of the data comparison problem each
showed significant increases in students’ scores and correct decisions, these probes did not
resolve differences between the three groups in the post-tests. For the decisions, there was
no significant difference between groups at all and the competency test score of group Cwas
not significantly higher than that of B. In contrast, the distributions of the justification codes
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are able to show a gradual increase in quality between these groups’ post-test justifications.
Students’ performance on both the competency test and justification quality significantly

improves for all groups (except for the justification quality in group A). Furthermore, this im-
provement increases from group A to B to C. Because the only significant difference between
the groups is the treatment they underwent, it can be assumed that incremental transfer of
conceptual knowledge of measurement uncertainties through the DLE has caused this.

There exists a significant and positive correlation (with medium effect size) between the
competency test scores and the justification quality (see Sec. 5.4). Individually, these two
probes measure a different construct: the competency test measures students’ conceptual
understanding of measurement uncertainties, and the justification codes show how the stu-
dents compared the data. The correlation confirms the relationship between the two. The
fact that this correlation is positive indicates, following the design of this study, that an in-
crease in conceptual understanding of measurement uncertainties results in an increased
ability to correctly compare data sets.

From the competency test scores and justification quality distributions of group A, it can
be concluded that introducing the topic of measurement uncertainties and knowledge about
its underpinnings (part 1) does increase students’ conceptual understanding, but does not
increase their ability to compare data sets. Additional conceptual knowledge about the mean
value and the uncertainty as well as the mathematical steps to calculate them (part 2) further
increases students’ conceptual understanding and improves their justification quality. Not all
justifications are scientifically correct, but the quality does improve. When knowledge of the
comparison of measurement results (part 3) is added, students’ conceptual understanding
does not increase measurably but the justification quality increases a lot and the majority
of students (75 %) are able to give a scientifically correct justification of how the two data
sets need to be compared. These percentages are comparable with the results of extensive
laboratory courses (for an overview of these courses and their evaluations, see Sec. 2.4).

Thus, it seems that all three parts of the DLE: introduction and theoretical underpinnings
(steps I and II), the calculational part with connection to the interpretation (steps III and IV),
and the process of comparing data sets (step V) are needed for students to correctly compare
data sets. Sequentially teaching the different concepts of measurement uncertainties is pos-
sible. The results of the follow-up tests of groups A and B show that these students reach the
same justification quality as those in group C. This gives teachers the freedom to spread the
subject matter over multiple lessons that each still improves students’ understanding.

What the design of this DLE has shown, is that the concepts in the subject matter model
are very much intertwined. To address the concept “Comparison of a Result with other
Values”, multiple concepts and their underpinnings needed to be addressed for the students
to be able to understand this application of measurement uncertainties. This implication is
further discussed in Sec. 6.3.2.

Ultimately, the concept-based DLE seems to have had a very positive effect on students’
ability to compare data sets. All the required concepts can be introduced in 60minutes, in
contrast to lengthy laboratory courses. The DLE increases students’ conceptual understand-
ing of measurement uncertainties significantly and using the complete DLE, three-quarters
of the students seem to be comparing data sets in a scientifically correct manner. This shows
that the DLE has aided in students’ enhanced understanding of measurement uncertainties
as well as their ability to compare data sets. This, in turn, also contributes to the development
of students’ views about the NOS and scientific literacy (Buffler et al., 2009; Gott et al., 2014;
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Priemer & Lederman, 2021).

6.2 At what grade level can measurement uncertainties be in-
troduced?

To find out at which grade level the topic of measurement uncertainties can be introduced,
participants of grade levels 8 to 11 were invited to partake in the study. These students were
randomly divided over the groups A, B, and C. To answer RQ2, the influence of grade level
on the competency test score and on the justification quality were analyzed.

During the pre-test, there was no correlation between grade level and competency test
score (see Sec. 5.3.3), nor was there a significant difference in scores between grade levels (see
Fig. 5.12). The same holds for the justification quality. There was no significant difference in
justification quality between grade levels (see Sec. 5.2.1).

This, by itself, is a remarkable result. The absence of any such relation indicates homo-
geneity in conceptual understanding and in the ability to compare data sets among students
independent of grade level. This is further confirmation that the topic of measurement un-
certainties is hardly addressed in secondary education (seeMöhrke (2020); Priemer andHell-
wig (2018) and the discussion in Sec. 2.1). If the topic was taught in secondary education, a
positive correlation between grade level and conceptual understanding, indicating growth
in conceptual understanding with grade level, is to be expected.

During the post-test, a similar picture emerges. There is no correlation between partici-
pants’ competency test score and grade level (see Sec. 5.3.4), nor is there a significant differ-
ence in scores between grade levels (see Fig. 5.14).

The same holds for the difference in justification quality. There is no difference in cri-
terion code distributions between grade levels. For the comparison code this difference is
significant, be it barely. However, there seems to be no trend towards higher-ranked codes
for increasing grade level. Rather, these differences seem erratic and not meaningful (see
Fig. 5.4).

This result shows that the transfer of conceptual knowledge ofmeasurement uncertainties
has been successful for students of all grade levels equally. This means that the concepts
addressed in this DLE are not beyond the grasp of eighth-grade students’ abilities.

The fact that the maximum uncertainty (see Eq. (2.1) in Sec. 2.2.6) is used here, could
be seen as an oversimplification. However, the process of comparing measurement results
is independent of the chosen quantification of the spread of a series of measurements—
once the quantification is chosen, the rest of the process is identical. When introducing the
topic of measurement uncertainties in eighth grade, the maximum uncertainty is very well
suited. For long-term learning, the topic needs to be continually addressed (e.g. Kung &
Linder, 2006; Munier et al., 2013; Pillay et al., 2008). With continued teaching, the use of
the maximum uncertainty could become inappropriate. This allows for a discussion that
once more calls attention to the conceptual underpinnings of measurement uncertainties.
Through continued discussion on the underpinnings and meaning of measurement uncer-
tainties, one could move towards better fitting quantifications of the uncertainty. Kok and
Priemer (2022) suggest a sequence of uncertainty measures that have a parallel increase in
mathematical complexity and statistical quality of describing the variance (see also Sec. 2.2.6).
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The result is striking; students’ performance before and after the DLE does not seem to
be influenced by their grade level. This means that the contents of this DLE can be taught
successfully to students as early as eighth grade. This is in large contrast to current practice,
where the topic is usually introduced at the university level (see e.g., Allie et al. (2003); Amer-
ican Association of Physics Teachers (1998); D. Hu and Zwickl (2018); Möhrke and Runge
(2020); Pollard et al. (2021) and the overview in Sec. 2.4).

6.3 Further implications
Apart from answering the research questions from Ch. 3, two additional conclusions can
be drawn from the results for which no research questions were posed. Section 6.3.1 dis-
cusses the use of the coding manual. This novel procedure of coding justifications could be
implemented in many other studies in which data comparison problems play a role. The
implications for the success of the online DLE on which students work autonomously is
discussed in Sec. 6.3.2.

6.3.1 Using the coding manual

In contrast to the analysis of the decisions (see Sec. 6.1.2), the coding of the justifications has
resulted in a fine-grained overview of what participants do when comparing data sets (see
Sec. 6.1.3 which was also predicted in Sec. 2.3.2). Ultimately, what participants do, shows
whether they have understood the concepts of measurement uncertainties and apply this in
their comparison of data sets.

In principle, students’ justifications could be associated with the point and set paradigms.
This is, however, not done explicitly in this analysis. Although the justifications fromgroupC
can be said to strongly correspond to the set paradigm, the codes and code combinations give
a much more detailed picture of where students stand in their development of comparing
data sets and understanding measurement uncertainties.

The positive correlation between the competency test scores and the justification code
(see Sec. 5.4) also indicates that both probes share a mutual construct: students’ ability to
compare data sets. The presence of this construct further validates the coding manual used
to code the justifications and these codes can be seen as a reflection of this ability to compare
data sets.

The coding manual for the justifications that is conceived in this work (see App. E) allows
for a clear overview of what students dowhen comparing data sets. A data comparison prob-
lemwith justification can be done very quickly in classes, takingmereminutes to administer.
Using the coding manual to code responses does require some practice, but is ultimately not
very time-consuming. As such, students’ development during a course can be easily tracked.
This makes this coding manual a very powerful tool for other research where students are
tasked with a data comparison problem.

6.3.2 Introducing the topic of measurement uncertainties

As noted in Sec. 6.1.4, the concepts of the subject matter model are very much intertwined.
This means that, for a successful introduction to measurement uncertainties, one needs to
address multiple concepts simultaneously because introducing single, isolated concepts one
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at a time could be troublesome for learning. Introducing only the origin of measurement
uncertainties, detached from other concepts, can appear purposeless. Just listing sources of
uncertainty without numerical values or implications on measurement results lacks rele-
vance and might, thus, be regarded as pointless which could lead to a lack of motivation.

In contrast, when starting with a heavily intertwined but purposeful concept like the con-
cept Comparison of a Result with other Values, the students, who appear to be firmly located
in the point paradigm (Allie et al., 2002), would not understand why there are uncertainties
in the first place. For that, they would first need an understanding of the origin of mea-
surement uncertainties, their meaning and implications, as well as how to determine them.
Without such a foundation, students could become confused and irritated because they lack
an overview to see where the new concept comes from. This emphasis on underpinnings
was also noted by e.g., Pillay et al. (2008), Volkwyn et al. (2008), and Séré et al. (1993) who
have pointed out their importance during introductory laboratory courses.

The variety of concepts that this DLE addresses provides such a foundation. As was dis-
cussed in Sec. 6.1.1, the DLE seems to have been quite effective at transferring the conceptual
knowledge of measurement uncertainties to students, indicated by the increase in students’
conceptual understanding of working with measurement uncertainties. The DLE took only
60minutes in contrast to the extensive laboratory courses spanning several weeks where the
topic is usually introduced (see Sec. 2.4). Nevertheless, the DLE, especially in group C where
75% of the participants comes to a scientifically correct justification, seems to be as effective
as other laboratory courses (see the overview on laboratory courses presented in Sec. 2.4).

The setting of this study shows that the topic ofmeasurement uncertainties can be success-
fully introduced remotely. All participants have worked alone, online, and were instructed
by means of videos with practice problems that include adaptive feedback.

The fact that this DLE is not part of a laboratory course does not mean to say that experi-
mental work should not be included. But rather, that the topic can be introduced separately
in as little as 60minutes. This keeps the focus on the topic of measurement uncertainties
without drifting to experimental procedures, recording data, and writing reports. After hav-
ing worked through the DLE, this knowledge could be transferred to an experimental prac-
tice to keep revisiting the topic over and over in different and meaningful settings. With
practice, students will develop a correct way of working with data, which simultaneously
would enhance their view about the NOS and develop their scientific literacy.

6.4 Limitations
Due to the COVID-19 pandemic, there was no alternative way to conduct the study other
than having participants work with the online learning environment autonomously. This
has resulted in participants working in different settings, at different times, and possibly
without supervision. This setting has had some consequences on the study design and puts
some limitations on the results.

This section describes and discusses different limitations that this study is subject to: limi-
tations that follow from the setting that participants have worked in Sec. 6.4.1; the sample of
participants in Sec. 6.4.2; the limited number of parameters that could be probed in Sec. 6.4.3;
the restriction to data comparison problems in Sec. 6.4.4; and lastly, the interpretation of the
written justifications in Sec. 6.4.5.
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6.4.1 The setting

Because there was no option to administer this study in the classroom, all participants have
worked from home. This means that the setting in which they have participated could not
be controlled.

On the other hand, because the platform is digital and uses instructional videos, all partic-
ipants within a group received exactly the same instruction and have practiced with exactly
the same problems.

Because all data were treated anonymously, which was also communicated to the par-
ticipants beforehand, they had little to no incentive to cheat. Of course, participants could
have asked parents or siblings for help or go online to look for help without considering this
cheating. However, this would hold equally for all three groups A, B, and C. A comparison
between these groups would, thus, negate this effect.

Although the setting is not completely controlled, these implications seem to be small.
The remote and anonymous setting has resulted in a high percentage of incomplete en-

tries: 675 participants have started and only 154 entries remain (see Sec. 4.4), a 77 % loss of
participants. Although these losses are large, it does not affect the quality of the entries and
the remaining 154 entries have proven enough to show the effect of the DLE.

6.4.2 Good sample

The participants in this study have been invited through a network of physics teachers that
have (had) ties with the physics didactics institute. This means that the sample is not com-
pletely random. Participating teachers, and hence their students, might be familiar with the
topic of measurement uncertainties or were extra motivated to participate.

The reduction of the sample (the choices are described in Sec. 4.4) due to the setting (see
Sec. 6.4.1), could be seen as a bias towards good students. However, the reduction of the sam-
ple filters out participants that did not take the study seriously at all. For instance, watching
the introductory video, reading the questions, and answering them cannot be done in un-
der five minutes and would result in dubious answers. The remaining participants can be
assumed to have taken their participation seriously and, thus, their results are more repre-
sentable than when this would have been mixed with results from participants that did not
take their participation seriously.

The other sample reduction steps were taken to make sure there are enough participants
to calculate statistics and to exclude teachers. Both of which would not have resulted in a
bias towards good students.

The high competency test score of participants in the pre-test could also be seen as a bias
towards strong students. To investigate this possible bias, these scores have been compared
to the competency test scores of the pilot study (see Sec. 5.3.6). These two tests are not
identical but have six overlapping items. The comparison of the scores of these six items,
reveals a medium-sized difference between the participants and the participants of the pilot
study. For the post-test, there is no such difference.

As discussed in Sec. 5.3.6, the initial score of participants in this study is higher, which
would confirm the bias towards stronger students. However, the absence of a difference
in the post-test scores means that after the DLE, this difference is negated, indicating that
students of both populations reach the same level of understanding.
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6.4.3 Probing other parameters

This study had to be conducted during the first lockdown. This means that there was a
limited amount of time available that students can be expected to participate in this study.
Therefore, the number of probes was reduced to the data comparison problem and the com-
petency test.

It cannot be excluded that other factors such as cognitive abilities or conceptual knowledge
about physics in general are of influence on students’ performance in the data comparison
problem. The addition of a cognitive test or a physics knowledge test would reveal such
possible influences.

To keep the influence of physics knowledge to a minimum, the context of the skateboard
problem was chosen. In this context, there exists no (theoretical) knowledge that would give
an advantage in reaching a correct decision without looking at the data. Of course, well-
developed skills in data analysis and comparison would be beneficial.

Originally, this study was planned to include a cognitive test probing participants’ quan-
titative, numerical abilities. However, the number of probes was restricted to prevent losing
participants due to the high number of questions and long processing time. Also, some of
those, more specific, quantitative numerical ability aspects are part of the items in the com-
petency test.

The groups A, B, and C are randomly assigned, so, it can be expected that the groups have
an equal distribution of cognitive abilities (which is also confirmed by the pre-test scores
of the competency test, see Sec. 5.3.3). If cognitive abilities played a big role, the pre–post
score differences of the competency test would change. High performers that start with little
understanding of measurement uncertainties might have a much higher post-test score than
low performers. In the worst-case scenario, high performers assigned to group A might be
able to understand what the consequences of the presence of measurement uncertainties
are. As such, they could be reaching the same level of understanding as average performers
in group C.

However, the results show significant differences between the pre and post-test for each
group as well as significant differences between the post-tests of the groups. This is seen
in both competency test score and justification quality. Therefore, the presence of many
high performers can be excluded. The question of the influence of high cognitive abilities,
however, remains open.

6.4.4 Comparison of data sets

The topic of measurement uncertainties is very broad. In contrast, the data comparison
problem and students’ ability to compare data sets is only one aspect. Also, the DLE is limited
in the sense that it does not cover all concepts of the concept matter model, but rather the
ones necessary for a successful introduction of the comparison of measurement results. The
results of this work, therefore, do not reflect the full spectrum of students’ competencies in
working with measurement uncertainties, students did not have to identify outliers, decide
to stop recording measurements, calculate progression of uncertainties, or draw a trend line
through data points.

What this work has shown, is that the DLE lays a solid foundation on measurement un-
certainties that can be used when introducing new concepts (see Sec. 6.3.2). The contents
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that the DLE teaches to correctly compare data sets requires teaching of five concepts of the
subject matter model. But, since these concepts are so closely related, small additions can
be made to introduce new concepts: a discussion of the uncertainty measure is perfect start
identifying outliers; a discussion on when to stop recording measurements can be resolved
by looking at the change in the values of the mean and uncertainty; graphically comparing
measurement results could be extended to comparing trends. Without a solid foundation of
measurement uncertainties, these extensions are inconceivable for students.

One promising feature is that these fundamental concepts of measurement uncertainties
can be successfully introduced in 60minutes and as early as eighth grade. This way, students
can get familiar with the basics very early on in secondary education, leaving plenty of time
to further develop their understanding of measurement uncertainties.

6.4.5 Written justifications

The inter-rater reliability of the double coding of the justifications showed excellent agree-
ment between coders (see Sec. 4.2.4). The correctness of the paraphrasing of the justifications,
in contrast, is harder to grasp (see Sec. 4.2.3).

The rules for paraphrasing could easily be followed by both coders, which was also con-
firmed by an expert in science education and linguistics. However, judging whether the ap-
plication of these rules is fitting in all circumstances can be more difficult. This is illustrated
with the following example:

BHR64_pre: “Die Werte des Teilnehmenden Skateboards liegen in guter
Näherung in der Nähe der Werte des Referenz-Skateboards”.
[The values of the participating skateboard are close to the values of the reference
skateboard]

In accordance with paraphrasing rule 4. the justification is paraphrased to:

BHR64_pre_par: “Die [einzelnen] Werte des Teilnehmenden Skateboards
liegen in guter Näherung in der Nähe der [einzelnen] Werte des Referenz-
Skateboards”.
[The [individual] values of the participating skateboard are close to the [individ-
ual] values of the reference skateboard]

Next, the coding manual is used to code this paraphrased justification. The paraphrased
version leaves little doubt that the comparison code should be the pairwise code (following
the logic of Buffler et al., 2001, p.1148).

Based on the non-paraphrased justification, it is hard to tell whether participant BHR64
has: compared horizontal pairs ofmeasurements in the two data sets one at a time (a pairwise
comparison), or looked at all measurements of both sets and saw that they lie in the same
range (a set comparison). However, if the participant was trying to describe a set comparison,
the chosen formulation is quite cumbersome. This is illustrated by the following two set
comparison examples:

FNE39_pre: “Die Zeiten liegen im Bereich des Referenz-Skateboards”.
[The times lie in the range of the reference skateboard]
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GIO30_pre: “Messwerte sind im gleichen Bereich. Keine Großen Unter-
schiede”.
[The measurements are in the same range. No big differences]

Both participants have written short justifications, just like BHR64, but, in contrast, they
leave little room for doubt about how they have looked at the data due to the word “Bereich”
[range].

Because of these better illustrations of set comparison and, again, following the logic of
Buffler et al. (2001) (p.1148), paraphrasing rule 4. was established. This rule renders all non-
specific general comparisons of measurements as pairwise comparisons.

To find out, with more certainty, what participants like BHR64 actually mean with their
justifications, follow-up interviews would be needed (see the future work in Sec. 6.5.2). In
these interviews, the participants should be asked to elaborate more on the process of their
comparison. These follow-up interviews were, unfortunately, not possible in this setting of
the study, because all data was gathered anonymously.

6.5 Outlook
This work has shown which concepts of measurement uncertainties are needed to correctly
compare data sets and at which grade level the topic can be introduced. Simultaneously, this
work has put forward some open questions and novel ideas for the further development of
students’ understanding of measurement uncertainties.

Introducing the topic in even lower grade levels is motivated in Sec. 6.5.1. Further analysis
of the justifications using interviews and eye-tracking is discussed in Sec. 6.5.2 and Sec. 6.5.3.
Finally, Sec. 6.5.4 describes how, using the results of this work, research about students un-
derstanding of measurement uncertainties can be extended to settings other than data com-
parison problems.

6.5.1 Expand to other grade levels

This work has shown that the topic of measurement uncertainties can be introduced as early
as eighth grade. Since the sample size of students in lower grades was too small (see Sec. 4.4)
little can be said about the introduction in even lower grades. The indications that students
in these grades have some understanding of the concepts of measurement uncertainties (see
Sec. 2.4) make an interesting case to see whether the topic can be introduced even earlier.

The concept of the mean value is usually introduced in mathematics around sixth grade,
which means that all the mathematical tools for calculation (mean value as well as uncer-
tainty) are present at that time. If the introduction of the mean value would be accompanied
by some (quantitative) notion of spread, students would immediately develop set-like think-
ing. Moreover, students would not need to abandon their (self-developed) point-like ideas
in favor of probabilistic set-like ideas, but rather, these ideas would be developed right from
the start. Thus, introducing some notion of spread, qualitative or quantitative, together with
the mean value would be a great step in moving students towards set-like thinking.
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Figure 6.1: Graphical illustration of four hypothetical patterns that eye-tracking could reveal
during the data comparison problem.

6.5.2 Follow-up interviews

Section 6.4.5 has pointed out the difficulties in the interpretation of students’ justifications.
Oneway of better understandingwhat studentsmean is by conducting follow-up interviews.

Vague justifications like “die Abweichungen der Messreihen sind nicht sehr groß” [The
deviations between the measurement series are not very big] (IAO74_pre) could be followed
by asking what is meant with “Abweichungen” [deviations]. Students could also be asked to
point out, with their finger, where these differences occur. This would give insight into what
students compare (single data points, the row as a whole, a summarizing entity, . . . ) and how
(horizontal, criss-cross, vertically then horizontally, . . . ).

Also the criterion could be refined. The closeness code is heavily populated especially
in the pre-test and for groups A and B also in the post-test. Asking the students what they
exactlymeanwith “nicht sehr groß” [not very big], could possibly lead to a sub-division of this
code. Possibilities could be that this criterion is based on: intuition, percentage differences,
or the decimal place where differences occur.

6.5.3 Eye tracking

Another option to get a better view of what students do when they are comparing data sets
is by means of eye-tracking. The questions during an interview might, unintentionally and
unconsciously, steer students’ thoughts leading them away from their intuitive approach to
other ways of comparing data. Eye-tracking avoids input from researchers and shows stu-
dents’ intuitive responses to data comparison problems.

Figure 6.1 shows four hypothetical patterns thatmight emerge froman eye-tracking study.
In subfigure a, the twomaximumvalues of the set are comparedwhichwould indicate a com-
parison of single values. Subfigure b shows a classic pairwise comparison, whereas subfigure
c shows a comparison of all values with each other indicating a set comparison. Lastly, in
subfigure d each column is scannedmultiple times and then compared to the other. Depend-
ing on how this comparison is completed (span, interval, . . . ) this could result in either set or
interval codes.

As the latter example indicates, this eye-tracking studywould still need to be accompanied
by written justifications. Correspondence between eye-tracking results and written justifi-
cations could also be used to refine the rules for paraphrasing and the coding manual.

Finally, eye-tracking results could also reveal completely new strategies that students use
when comparing data sets that have not been identified in the written justifications.
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6.5.4 Expand to other settings

One of the aims in this work was to aid in the development of suitable teaching materi-
als on the topic of measurement uncertainties for secondary education. The concept-based
DLE, specifically developed for this purpose, has been successful at transferring the required
conceptual knowledge of measurement uncertainties to students and has enhanced students’
understanding. With this additional knowledge, students have been successful at comparing
data sets in a scientifically correct manner.

The DLE has been limited to the application of measurement uncertainties in the context
of comparing measurement results (see Sec. 6.4.4). The topic of measurement uncertainties
is much broader and there are several other meaningful applications of measurement un-
certainties. What this work has also shown, is that the concepts of the subject matter model
(see Hellwig (2012); Priemer and Hellwig (2018) and the discussion in Sec. 2.1.3) are very
much intertwined and depend on each other (this is discussed in Sec. 6.1.4 and 6.3.2). This
intertwinement makes it problematic to introduce a concept like proportionality without
introducing the underpinnings of measurement uncertainties first.

However, theDLE lays a conceptual foundation on the topic ofmeasurement uncertainties
that can form the basis for further teaching materials. One example is Kardaş and Ludwig
(2021), here the authors present several learning environments that address specific concepts
of the subject matter model (these materials can be found here PhySX (2021)). This way, the
topic of measurement uncertainties can be expanded by adding new concepts, building on
the conceptual foundation that the DLE lays.

Another possibility to expand the teaching of measurement uncertainties is to make it
an integral part of experimental work in secondary education. With the development of
students’ understanding of measurement uncertainties, they can apply their knowledge to
make better claims about the data, following the concepts of evidence by Gott and Duggan
(1996); Gott et al. (2014) (see Sec. 2.1.2).

This work has taken the first step in the development of teaching materials on measure-
ment uncertainties for secondary education. The concept-based DLE has been proven effec-
tive in laying a foundation that other materials can build on. With a growing understanding
of measurement uncertainties, students will get a more adequate view about the NOS and
become more scientifically literate. Ultimately, students will become certain about uncer-
tainty.
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Appendix

A Video scripts
The videos were spoken in German. Sections A.1 to A.5 shows the transcripts of the text
spoken in German, an English translation is given in Sections A.6 to A.10. Figure A.2 shows
screenshots of the last frame of each videos, Fig. A.3 shows a translated version of these
screenshots.

A.1 Schritt I – Existenz von Messunsicherheiten

Hallo, und willkommen zu dieser Einheit über Messunsicherheiten.
Du fragst dich bestimmt, was Messunsicherheiten sind. Wenn du ein Experiment durch-

führst, wiederholst denVorgang normalerweise. Die Ergebnisse sind dann deineMessungen.
Vielleicht hast du bemerkt, dass diese Werte schwanken und dich gefragt: „Welche Messung
ist die Korrekte?“. Dieser Frage wollen wir in der Einheit nachgehen. Als erstes werden wir
uns mit dem Ursprung dieser Schwankungen beschäftigen.

Stell dir vor, du nimmst an einemWettbewerb teil. Ziel ist es, ein Hühnerei aus einer bes-
timmtenHöhe fallen zu lasse, ohne, dass es zerbricht. Gewinner ist, wessen Ei am schnellsten
den Boden erreicht. Es gibt verschiedene Hilfsmittel. Du entscheidest dich dafür, das Ei mit
einem Fallschirm zu sichern. Bevor du das Ei verwendest, testest du, wie schnell der Schirm
fällt. Dazu führst du einige Messungen durch. Du lässt den Schirm eine bestimmte Strecke
fallen und misst die Fallzeit mit einer Stoppuhr.

Wo kommen jetzt die Schwankungen her? Oder anders gefragt, was beeinflusst deine
Messung?
Du misst die Fallzeit, indem du den Startknopf drückst, sobald der Schirm fällt, und stoppst,
wenn er den Boden berührt. Wie jeder Mensch, hast du eine Reaktionszeit, die die Messung
beeinflusst und zu einer Messunsicherheit führt. Die Messunsicherheit ist ein Maß für die
Qualität deiner Messwerte. Je kleiner die Messunsicherheit ist, desto höher ist die Qualität
der Daten.

Alle Experimente sind mit Messunsicherheiten behaftet. Schauen wir uns einige Beispiele
an. Angenommen, du möchtest die Masse deiner Reisetasche bestimmen bevor du zum
Flughafen fährst. Die angezeigteMasse auf deinerWaage könnte zwischen zwei Markierun-
gen der Skala liegen. WelcherWert ist der Richtige? Auch das Ablesen von der Skala führt zu
einer Messunsicherheit. Je nachdem wie du deinen Kopf neigst, kannst du unterschiedliche
Werte erhalten.
Wenn du eine digitale Skala verwendest, kannst du den angezeigten Wert zwar einfacher
ablesen, trotzdem gibt es eine Messunsicherheit. Die Waage zeigt nur eine begrenzte Anzahl
von Dezimalstellen an. Welchen Wert hat die nächste, nicht angezeigte Nachkommastelle?
Alle Messskalen, analoge und digitale, haben endliche Unterteilungen, was zu einerMessun-
sicherheit führt.
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Neben der Skala kann auch deine Umgebung die Messung beeinflussen. Wenn du die
Temperatur eines Brotes im Ofen messen willst, machst du die Ofentür auf und stichst ein
Thermometer in den Brotlaib. Durch das Öffnen der Tür kommt neue Luft in den Ofen
und die Temperatur ändert sich. Das beeinflusst deine Messung. Wenn du das Thermome-
ter bereits im Ofen hast, kannst du an verschiedenen Stellen messen. Die Temperatur im
Brotlaib ist nicht überall gleich. Welche Temperatur ist nun die Richtige? Nicht alle Umge-
bungsbedingungen können kontrolliert werden und führen daher zu Messunsicherheiten.

Zu guter Letzt könnte dein Messgerät kaputt sein: Die Markierungen auf einem Lineal
könnten sich nicht an der richtigen Stelle befinden, die Elektronik einesMultimeters könnte
die Messergebnisse verändern, oder das Gerät ist nicht gut kalibriert. Auch dies führt zu
Unsicherheiten bei deinen Messwerten.

In der Praxis haben alle Messungen Messunsicherheiten. Du kannst versuchen, diese zu
reduzieren, aber du kannst sie NIEMALS auf Null reduzieren, nicht einmal den besten Wis-
senschaftlerinnen und Wissenschaftlern gelingt das.

A.2 Schritt II – Relevanz und Bedeutung von Messunsicherheiten

Zurück zu dem Eierfall- Wettbewerb. Zur Vorbereitung misst du die Fallzeit deines
Fallschirms. Wie du im ersten Teil gelernt hast, sind diese Messungen mit Messunsicher-
heiten behaftet. Wie beeinflussen die Messunsicherheiten die Qualität deiner Daten, und
wie deine Messergebnisse?

Die verschiedenen Quellen von Messunsicherheiten werden zu Schwankungen in deiner
Messreihe führen. Bei der Fallzeit wird die Stoppuhr nicht bei jeder Messung das gleiche
Ergebnis anzeigen.

Das Ergebnis eines Experiments besteht aus demMittelwert, auch Bestwert genannt, und
der Messunsicherheit. Der Mittelwert ist die beste Schätzung der Messgröße die du ver-
suchst zu messen. Die Unsicherheit bestimmt den Bereich um den Mittelwert herum, in
dem die Messgröße zu erwarten ist. Daher wird das Messergebnis als Mittelwert plus minus
Unsicherheit notiert. Je kleiner die Unsicherheit ist desto kleiner ist der Bereich, in dem die
Messgröße zu erwarten ist.
Und je kleiner der Unsicherheitsbereich ist, desto präziser ist das Ergebnis. Die Qualität der
Daten ist dann höher.

Nehmen wir an, dass der Mittelwert der Fallzeit 0,51 Sekunden ist und die Unsicherheit
0,08 Sekunden beträgt. Das Messergebnis wird notiert als: 0,51 plus-minus 0,08 Sekunden.
Das bedeutet, dass die Messgröße jedenWert zwischen 0,43 und 0,59 Sekunden haben kann.

Du wiederholst das Experiment mit einer Lichtschranke und einer Computerstoppuhr.
Dein Ergebnis ist: 0,53 plus-minus 0,02 Sekunden. Wenn du die Ergebnisse der beiden Ex-
perimente vergleichst, erkennst du, dass das zweite Experiment präziser ist.

Eine hohe Qualität der Daten ist wichtig, um gute Schlussfolgerungen zu ziehen. Deshalb
ist es erforderlich, die Qualität der Daten anzugeben. Das bedeutet, dass du immer ein voll-
ständiges Messergebnis, also Mittelwert plus-minus Unsicherheit, nennen musst.

A.3 Schritt III – Bestimmung des Mittelwerts

Wiederholte Messungen werden schwanken.
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Die beste Schätzung für deine Messgröße ist der Mittelwert. Aber wie berechnest du die
beste Schätzung für die Fallzeit des Fallschirms?

Angenommen, du hast eine Reihe von sechs Zeitmessungen: 0,59; 0,45; 0,46; 0,50; 0,52
und 0,54. Du kannst denMittelwert der Fallzeiten - angezeigt als t mit einem Balken drüber
- berechnen, indem du alle Messungen addierst und durch die Gesamtzahl der Messungen,
in diesem Fall 6, dividierst.
In deinem Fall ist die Rechnung 3,06 geteilt durch 6. Somit ist der Mittelwert der Fallzeit
0,51 Sekunden.

Im Allgemeinen wird der Mittelwert berechnet als die Summe aller Messungen, geteilt
durch die Anzahl der Messungen. Der Mittelwert ist die beste Schätzung der Messgrösse.
Wenn du also eine Schätzung der Fallzeit des Fallschirms machen müsstest, wären 0,51
Sekunden deine beste Schätzung auf Grundlage deiner Daten. Der Mittelwert allein zeigt
aber nicht das vollständige Messergebnis an, da er keinen Hinweis auf die Qualität der Mes-
sung in Form einer Messunsicherheit gibt.

A.4 Schritt IV – Bestimmung des Unsicherheitsintervalls

Die Messunsicherheit ist ein Maß für die Qualität deines Experiments. Sie gibt den Bere-
ich an, in dem die Messgröße zu erwarten ist. Wie berechnest du die Unsicherheit für die
Fallzeit?

Hier sind noch einmal die Messungen des Fallschirms. Du siehst, dass die Fallzeiten zwis-
chen 0,45 und 0,59 Sekunden variiert, dem Minimal- und Maximalwert deiner Messreihe.
Die Unsicherheit ist der größte Abstand zwischen dem Mittelwert und dem Minimal- oder
Maximalwert einer Messreihe. Das Unsicherheitsintervall reicht vom Mittelwert minus bis
zumMittelwert plus Unsicherheit.

Die durchschnittliche Fallzeit beträgt 0,51 Sekunden, sodass die Differenz zwischen dem
Minimum und dem Mittelwert 0,51 - 0,45 = 0,06 Sekunden ist und die Differenz zwischen
dem Maximum und dem Mittelwert 0,59 - 0,51 = 0,08 Sekunden beträgt. Die Differenz mit
dem größeren Wert ist dann die Messunsicherheit. In diesem Fall also 0,08 Sekunden.
Dein Messergebnis sollte also als t = 0,51 plus-minus 0,08 Sekunden notiert werden.
Das Unsicherheitsintervall reicht von 0,51 - 0,08 = 0,43 bis 0,51 + 0,08 = 0,59 Sekunden.

Du kannst diese Ergebnisse auch grafisch darstellen. Zuerst zeichnest du alle Messungen
auf, in diesem Fall die roten Kreuze. Du gibst den Mittelwert an, in diesem Fall mit einem
blauen Strich. Und du suchst den größten Abstand zwischen dem Mittelwert und deinen
Messwerten. In diesem Fall der Maximalwert. Dieser Abstand, der mit einer gelben Linie
angegeben wird, ist deine Unsicherheit. Das Unsicherheitsintervall ist dieser Abstand links
und rechts vomMittelwert.

Du kannst dasselbe für deine Messungen mit der Computerstoppuhr tun. Der Mittelw-
ert beträgt 0,53 Sekunden. Der Minimal- und Maximalwert beträgt 0,51 und 0,55 Sekun-
den. Der Abstand zwischen demMittelwert und diesenWerten beträgt in beiden Fällen 0,02
Sekunden. Daher beträgt die Unsicherheit auch 0,02 Sekunden. Dein Ergbnis ist dann 0,53
plus-minus 0,02 Sekunden. Das Unsicherheitsintervall reicht von 0,51 bis 0,55 Sekunden.

Das bedeutet, dass die Messgröße der Stoppuhr-Messungen einen beliebigen Wert zwis-
chen 0,43 und 0,59 Sekunden haben kann. DieMessgröße für die genauereMessung mit der
Computerstoppuhr wird ein Wert zwischen 0,51 und 0,55 Sekunden haben.
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A.5 Schritt V – Vergleich von Messergebnissen

Angenommen, du hast einen zweiten Fallschirm für den Eierfall-Wettbewerb gebaut. Du
möchtest nun messen, ob dieser zweite Fallschirm schneller oder langsamer ist als der erste.
Wie würdest du diese Messungen vergleichen?

Das Messergebnis des zweiten Fallschirms beträgt 0,63 plus-minus 0,03 Sekunden. Das
Ergebnis deiner Stoppuhr-Messung vom ersten Fallschirm ist 0,51 plus-minus 0,08 Sekun-
den. Die Bereiche, in denen die Messwerte der beiden Experimente zu erwarten sind, über-
schneiden sich nicht. Das bedeutet, dass die Messgrößen nicht den gleichen Wert haben
können. Du kannst schlussfolgern, dass dein zweiter Fallschirm wirklich eine längere Fal-
lzeit hat als der Erste.

Du kannst jetzt noch überprüfen, ob deine beiden Messemethoden für den ersten
Fallschirm miteinander verträglich sind. Dazu vergleichst du das Ergebnis der Stoppuhr
mit dem Ergebnis von Computer und Lichtschranke. Diese Ergebnisse zeigen eine Über-
schneidung in ihrem Unsicherheitsintervall. Du kannst schlussfolgern, dass die Ergeb-
nisse verträglich sind und, im Rahmen der Messunsicherheiten, übereinstimmen. Aufgrund
der Messunsicherheiten kannst du aber nicht sagen, dass der Fallschirm bei der Stoppuhr-
Messung schneller gefallen ist.

Im Allgemeinen sind Messergebnisse mit sich überschneidende Unsicherheitsintervallen
verträglich. Diese Messergebnisse stimmen im Rahmen der Messunsicherheiten überein.

Hier noch zwei weitere Beispiele:
Angenommen, du misst die Massendichte eines Metallstücks. Dein Ergebnis ist 8,92 plus-
minus 0,04 Gramm pro Kubikzentimeter. Du fragst dich, ob das Metallstück aus Kupfer ist.
Der Referenzwert für die Dichte von Kupfer ist 8,96 plus-minus 0,01 Gramm pro Kubikzen-
timeter. Kann dein Metall aus Kupfer bestehen?
Dein Unsicherheitsintervall reicht von 8,88 bis 8,96 Gramm pro Kubikzentimeter. Der Ref-
erenzwert liegt im Bereich von 8,95 bis 8,97 Gramm pro Kubikzentimeter. Dieser Bereich
liegt teilweise im Unsicherheitsintervall deines Messergebnisses. Daher sind diese Ergeb-
nisse verträglich. Dein Ergebnis stimmt also im Rahmen der Messunsicherheiten mit dem
Referenzwert für Kupfer überein. Du kannst schlussfolgern, dass das gemessene Metall tat-
sächlich aus Kupfer sein könnte.

Du kannst Messergebnisse auch grafisch vergleichen. Angenommen, du hast die folgen-
den beiden Ergebnisse A und B. Stimmen diese Ergebnisse überein?
Da sich die beiden Unsicherheitsintervalle überschneiden, also der grüne Bereich, könnte
sowohl die Messgröße von A als auch die von B in diesem Bereich liegen. Du kannst sagen,
dass die Ergebnisse verträglich sind. Die Ergebnisse der Experimente stimmen also, im Rah-
men der Messunsicherheiten, überein.

Zusammenfassend kannman also sagen: AlleMessungen sindmitMessunsicherheiten be-
haftet, diese führen zu Schwankungen in einer Messreihe. Die Messunsicherheit gibt einen
Hinweis auf die Qualität der Messungen. Zusammen mit demMittelwert zeigt die Messun-
sicherheit an, in welchem Bereich eine Messgröße zu erwarten ist.
Um Messergebnisse mit anderen Ergebnissen oder Referenzwerten zu vergleichen, betra-
chtet man die Unsicherheitsintervalle. Überschneiden sich die beiden Unsicherheitsinter-
valle, sind die Ergebnisse verträglich. In diesem Fall kann man schlussfolgern, dass diese
Ergebnisse, im Rahmen der Messunsicherheiten, übereinstimmen.
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Ursache von Messunsicherheiten

Die Messunsicherheit ist ein Maß für die Qualität der Daten.
Je kleiner die Messunsicherheit, desto höher die Qualität der 
Daten.

Ursachen:
• Skala des Messgeräts
Messwert zwischen zwei Markierungen
Begrenzte Anzahl von Dezimalstellen

• Einfluss während der Messung
Durch das Messen
Umgebung

• Menschlicher Einfluss
• Messinstrument

Relevanz und Bedeutung von Messunsicherheiten
Mittelwert: Die beste Schätzung für die Messgröße eines Experiments.

Stoppuhr Messung:Fallzeit messen
Mittelwert = 0,51 s
Unsicherheit = 0,08 s
Messergebnis = (0,51 ± 0,08) s
Messgröße ist zwischen: 0,43 s – 0,59 s

Computer Messung:
Messergebnis = (0,53 ± 0,02) s

Unsicherheit: Bestimmt den Bereich um den Mittelwert herum in dem 
die Messgröße zu erwarten ist.
Messergebnis = Mittelwert ± Unsicherheit
Je kleiner die Unsicherheit, desto präziser ein Messergebnis.

t [s]

0,59 

0,45

0,46

0,50

0,52

0,54

Mittelwert berechnen

Mittelwert =
Summe der Messwerte

Anzahl der Messwerte

0,59 s + 0,45 s + 0,46 s + 0,50 s + 0,52 s + 0,54 s

6
t =

t = 0,51 s

3,06 s

6
t =

Mittelwert: Die beste Schätzung für die 
Messgröße eines Experiments.

tsu = 0,51 s

0,51 s – 0,45 s = 0,06 s

0,59 s – 0,51 s = 0,08 s

Messunsicherheit Berechnen
tsu [s]

0,59 

0,45

0,46

0,50

0,52

0,54

Die Unsicherheit ist der größte Abstand 
zwischen dem Mittelwert und dem 
minimalen oder maximalen Wert der 
Messreihe.

0,40      0,45      0,50      0,55      0,60 t [s]

t comp[s]

0,53

0,51

0,52

0,55

0,53

0,54

tcomp = (0,53 ± 0,02) s

0,51 s – 0,55 s

comp

größte Abstand

Unsicherheitsintervall

su

Min.

Max.

Min.

Max.

tcomp = 0,53 s

tsu = (0,51 ± 0,08) s
0,43 s – 0,59 s 

Vergleich von Messergebnissen
Faustregel:

ρ = (8,92 ± 0,04) g/cm³
8,88 g/cm³ – 8,96 g/cm³

ρCu= (8,96 ± 0,01) g/cm³

A

B

Überschneidung

✓

Wenn zwei Messreihen sich überschneidende 
Unsicherheitsintervalle haben, sind die Ergebnisse 
miteinander verträglich und stimmen im Rahmen 
der Messunsicherheiten überein.

tsu = (0,51 ± 0,08) s

t2 = (0,63 ± 0,03) s

0,43 s – 0,59 s

0,60 s – 0,66 s ✓
Kein gemeinsamer 
Bereich

8,95 g/cm³ – 8,97 g/cm³

tsu = (0,51 ± 0,08) s

tcomp = (0,53 ± 0,02) s

0,43 s – 0,59 s

0,51 s – 0,55 s ✓
Überschneidung der 
Unsicherheitsintervalle

FigureA.2:The five screenshots of the last frame for each of the fiveGerman instructional videos
that were used as hints during the practice problem: step I top left; step II top right, step III
middle left, step IV middle right, step V bottom.

A.6 Step I – Existence of measurement uncertainties

Hi, and welcome to this unit on measurement uncertainties. When conducting an exper-
iment, you usually repeat your measurements. You might have noticed that these values
fluctuate. You might have asked yourself: “is my measurement correct?”. This is the topic
that this unit addresses. In this first part, we will look at the origin of these fluctuations.

Suppose you are competing in an egg-drop competition. You have to land your egg with-
out breaking it, but you have to do it as fast as possible. You decide to use a parachute. Before
using the egg, you take some measurements. You let the parachute drop a certain distance,
and measure the falling time using a stopwatch.

But, your reaction time will influence your measurements. Human reaction time will lead
to a measurement uncertainty. A measurement uncertainty is a measure of the quality of
your data. The smaller the measurement uncertainty, the higher the quality of the data.

All experiments are subject to measurement uncertainties. Here are some other examples.
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Suppose you want to measure the mass of your bag, before boarding an airplane. The indi-
cated mass could lie between two markings of the scale. What is the indicated value? Also
reading off the scale will give rise to a measurement uncertainty. Depending on the angle
you look at, different values could be read.
You could use a digital scale, but it only reads a limited amount of decimal places. What
will be the value of the next decimal? All measurement scales–analog and digital–have finite
scales, resulting in measurement uncertainties.

Your surroundingsmight also affect yourmeasurement. Whenmeasuring the temperature
of a bread in the oven, you insert a thermometer into the bread. The temperature in the
bread is not the same everywhere, so what is the temperature of the bread? Also, you might
have opened the oven, changing the temperature in the oven. Not all of these environmental
conditions can be controlled, and will thus give rise to measurement uncertainties.

Lastly, your measurement device might be broken: the markings on a ruler might not be
in the right place, the electronics of a multimeter might be changing the measured results,
or the instrument is not calibrated well. This will also cause uncertainties in your results.

In practice, all measurements have measurement uncertainties. You can try and reduce
the them, but you can NEVER reduce them to zero, not even the best scientists can do this.

A.7 Step II – Relevancy and meaning of measurement uncertainties

When measuring the falling time in preparation for the egg-drop competition, your mea-
surements will be subject to measurement uncertainties. How will these measurement un-
certainties affect the quality of the data and your measurement result?

The different sources of measurement uncertainties will give rise to fluctuations of your
measurements. In your falling time measurements, your stopwatch will not show the same
result with every measurement.

The result of the experiment consists of a mean value (or best value) and an uncertainty.
The mean value is the best estimation of the measurand you are trying to measure. The
uncertainty is the spread around themean, where themeasurand can be expected. Therefore,
themeasurement result is written down as themean plus-minus the uncertainty. The smaller
the uncertainty, the smaller this range, and therefore the more precise the result and the
higher the quality of the data.

Suppose that the mean falling time of the parachute turns out to be 0.51 seconds, and the
uncertainty 0.08 seconds. The measurement result is written down as: 0.51 plus-minus 0.08
seconds. This means that the measurand can have any value between 0.43 and 0.59 seconds.

You repeat the experiment but now using photo gates and a computer. You get the fol-
lowing result 0.53 plus-minus 0.02 seconds. From the results, you can see that the second
experiment is much more precise.

High quality data is important for drawing good conclusions. Therefore, it is important to
show the quality of the data by always denoting a complete measurement result of the mean
plus-minus the uncertainty.

A.8 Step III – Calculating the mean

Repeated measurements will fluctuate. The best estimation of the measurand is the mean
value. How is the best estimate of the falling time of the parachute calculated?
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Suppose you have a series of six time measurements: 0.59, 0.45, 0.46, 0.50, 0.52, 0.54.
You can calculate the mean value of your times–indicated as a t with a bar on top–by

adding up all the measurements and dividing by the total number of measurements, in this
case six.

You then calculate this, which results in 3.06 divided by 6. So, your average fall time is
0.51 seconds.

In general the mean value is calculated as the sum of all measurements, divided by the
number of measurements. The mean value is the best estimation of the measurand. So, if
you had to make a guess what the falling time of the parachute would be, 0.51 s would be
your best guess.
The mean value alone does not show the complete measurement result, since there is no
indication of the quality of the measurement in the form of a measurement uncertainty.

A.9 Step IV – Calculating the uncertainty interval

The measurement uncertainty is a measure of the quality of your experiment. It indicates
the range of values in which the measurand can be expected. How do you calculate the
uncertainty of the falling time of the parachute?

Here are the measurements of the parachute again. You can see that the falling times vary
between 0.45 and 0.59 seconds, the minimum and maximum value of your measurement
series.
The uncertainty is the largest distance between the mean and the minimum or maximum
value of a measurement series. The uncertainty interval ranges from the mean minus, and
the mean plus the uncertainty.

The average falling time was 0.51 seconds, so the difference between the smallest and the
mean is 0.51 - 0.45 = 0.06 seconds, and the difference between the maximum and the mean is
0.59 - 0.51 = 0.08 seconds. The largest difference between the minimum and the maximum
value is the measurement uncertainty. So in this case 0.08.
Your measurement result should thus be written down as t = 0.51 plus-minus 0.08 seconds.
The uncertainty interval ranges from 0.51 - 0.08 = 0.43 to 0.51 + 0.08 = 0.59 seconds.

You can also graphically represent these results. First, you plot all your measurements,
in this case the red crosses. You indicate the mean value, in this case using a blue line. You
look for the largest distance between the mean and your measurement values, in this case
the maximum value. This distance, indicated using a yellow line, is your uncertainty. The
uncertainty interval is this distance on the left and right from the mean value.

You can do the same for your measurements taken with the photogates. The mean value is
0.53 seconds. The minimum and maximum values are 0.51 and 0.55 seconds. The distances
between the mean and these values is, in both cases, 0.02 seconds. Therefore, the uncertainty
is 0.02 seconds, the measurement result is 0.53 plus-minus 0.02 seconds, and the uncertainty
interval ranges from 0.51 to 0.55 seconds.

This means that the measurand of the stopwatch measurements can be expected to have
any value between 0.43 and 0.59 seconds. Themeasurand for themore precisemeasurements
using the photogates is expected to be anywhere between 0.51 and 0.55 seconds.
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A.10 Step V – Comparing results

Suppose you have made a second parachute for the egg-drop competition. You now want
to measure whether this second parachute is faster or slower than the first one. How would
you compare these measurements?

Suppose that themeasurement result of the second parachute is 0.63 plus-minus 0.03. The
measurement of your stopwatch results was 0.51 plus-minus 0.08 s. The ranges in which the
measurands of these two experiments are expected, do not show any overlap. This means
that themeasurands cannot have the same value. Thismeans that you can expect your second
parachute to really have a longer falling time than your first.

Now let’s compare the stopwatch result, with the photogate result. These results do show
overlap and you can say that these results are compatible and are in agreement, within mea-
surement uncertainties.
This means that, due to the measurement uncertainties, you cannot say whether one mea-
surement result is really larger or smaller than the other.

In general, measurement results with overlapping uncertainty intervals indicate measure-
ment results that are compatible. These measurement results are in agreement, within mea-
surement uncertainties.

Here are two other examples:
Suppose you have measured the mass density of a metal to be 8.92 plus-minus 0.04 g/cm3.
You are wondering whether the metal could be copper. You find a reference value for the
density of copper: 8.96 plus minus 0.01 g/cm3. Can your metal be made of pure copper?
Your uncertainty interval ranges from 8.88 to 8.96 g/cm3. The reference value lies in the
range from8.95 to 8.97 g/cm3. This range lies partially inside the uncertainty interval of your
measurement. Therefore, these results are compatible. Your result is therefore in agreement
with the reference value for copper, within measurement uncertainties. This means that the
measured substance can indeed be made of pure copper.

You can also graphically compare measurement results. Suppose you have the following
two results A, and B. Are these result in agreement?
Since the two uncertainty intervals overlap each other (the green area), the measurand of A
as well as B could lie within this range. You can say that the results are compatible. So, the
results of the experiments are in agreement, within measurement uncertainties.

So, to summarize, all measurements are subject to measurement uncertainties, giving rise
to fluctuations. The measurement uncertainty gives you an indication of the quality of your
measurements. Together with the mean value, the measurement uncertainty shows you in
what range the measurand can be expected. With an uncertainty interval, it is possible to
compare a measurement result with other results or reference values. Overlapping intervals
indicate compatibility between measurements. In which case you can say that these results
are in agreement, within measurement uncertainties.
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Sources of measurement uncertainties

The measurement uncertainty is a measure of the quality of
the data. The smaller the measurement uncertainty, the
higher the quality of the data.

Sources:
• Scale of the instrument
Measurement is between two lines of the scale
 Limited number of decimal places

• Changes while measuring
 The measurement itself
 Surroundings

• Human influence
• Measurement instrument

Mean = 0,51 s
Uncertainty = 0,08 s
Result = (0,51 ± 0,08) s
Measurand between: 0,43 s – 0,59 s

Computer measurement:
Result = (0,53 ± 0,02) s

Relevancy and meaning of measurement uncertainties
Mean: The best estimation of the measurand.

Stopwatch measurement:Measuring the falling time

Uncertainty: Sets the range around the mean in which the measurand
can be expected.
Measurement result = mean ± uncertainty
The smaller the uncertainty, the more precise the result

t [s]

0,59 

0,45

0,46

0,50

0,52

0,54

Calculating the mean

Mean =
Sum of all measurements

Number of measurements

0,59 s + 0,45 s + 0,46 s + 0,50 s + 0,52 s + 0,54 s

6
t =

t = 0,51 s

3,06 s

6
t =

Mean: The best estimation of the measurand.

tsw = 0,51 s

0,51 s – 0,45 s = 0,06 s

0,59 s – 0,51 s = 0,08 s

Calculating the uncertainty
tsw [s]

0,59 

0,45

0,46

0,50

0,52

0,54

The uncertainty is the largest distance
from the mean to the minimum or
maximum value of a measurement in a 
series.

0,40      0,45      0,50      0,55      0,60 t [s]

t comp[s]

0,53

0,51

0,52

0,55

0,53

0,54

tcomp = (0,53 ± 0,02) s

0,51 s – 0,55 s

comp

Largest distance

Uncertainty interval

sw

Min.

Max.

Min.

Max.

tcomp = 0,53 s

tsw = (0,51 ± 0,08) s
0,43 s – 0,59 s 

Comparing measurement results
Rule of thumb:

r = (8,92 ± 0,04) g/cm³
8,88 g/cm³ – 8,96 g/cm³

rCu= (8,96 ± 0,01) g/cm³

A

B

Overlap

✓

When two measurement series have
overlapping uncertainty intervalls, the results
are compatible and agree within
measurement uncertainties.

tsw = (0,51 ± 0,08) s

t2 = (0,63 ± 0,03) s

0,43 s – 0,59 s

0,60 s – 0,66 s ✓
No shared range of
values

8,95 g/cm³ – 8,97 g/cm³

tsw = (0,51 ± 0,08) s

tcomp = (0,53 ± 0,02) s

0,43 s – 0,59 s

0,51 s – 0,55 s ✓

A shared range of
values

Figure A.3: The five translated screenshots of the last frame for each of the five instructional
videos that were used as hints during the practice problem: step I top left; step II top right, step
III middle left, step IV middle right, step V bottom.
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B Practice problems
Below are the practice problems that were given to the participants during the DLE. The
red and green texts indicate the dynamic feedback that appeared when the corresponding
answer was chosen. Answer options that have boxes (□) indicate that one or more answers
can be selected, radio buttons ( ) indicate that only one option can be selected. The correct
options are shown with the checked boxes (⊠) or filled radio button ( ).

Participants could check their answers as often as they wanted. This data was, however,
not stored in any way, which was also communicated to the participants in advance, as to let
them practice freely.

The original German problems are shown in Sec. B.1 to B.5, the English translations in
Sec. B.6 to B.10.

B.1 Schritt I

Aufgabe 1 Alice und Bob haben die Länge ihres Klassenzimmers mit einem Lineal gemes-
sen. Sie diskutieren über mögliche Unsicherheiten, die sich auf ihre Messung ausgewirkt
haben könnten.
Welcher der folgenden Aspekte könnte zu einer Unsicherheit bei der Messung ge-
führt haben?

⊠ Das Lineal

□ Die Uhrzeit des Tages Versuche darüber nachzudenken, welche Aspekte deine
Messung beeinflussen könnten.

⊠ Dasmehrfache verschie-
ben des Lineals

Richtig!
Die Skala auf demLineal könnte unterUmstände nicht ge-
nau abgelesen werden, auch das Verschieben des Lineals
führt zu einer Unsicherheit. Die Tageszeit hingegen hat
keinen Einfluss auf die Längenmessung oder die Genau-
igkeit der Messgeräte.
(nur wenn 1 und 3 angekreuzt sind)

Aufgabe 2 Christina und Raphael wollen eine bestimmte Zeitdauer so genau wie möglich
messen.
Welches Gerät ist am besten geeignet?

Eine analoge Stoppuhr Überlege welchesMessgerät die feinste Zeitauflösung und
die kleinste Unsicherheit während der Messung hat.

Eine digitale Stoppuhr Überlege welchesMessgerät die feinste Zeitauflösung und
die kleinste Unsicherheit während der Messung hat.

Eine Sonnenuhr Überlege welchesMessgerät die feinste Zeitauflösung und
die kleinste Unsicherheit während der Messung hat.

Ein Computer mit zwei
Lichtschranken

Richtig!
Der Computer wird nicht von der menschlichen Reakti-
onszeit beeinflusst.
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Aufgabe 3 Lana und Bas diskutieren darüber, wie sie ihre Messungen verbessern können.
Lana sagt: “Wir brauchen eine professionellere, wissenschaftliche Ausstattung, damitwir kei-
ne Messunsicherheiten haben.”
Bas antwortet: “Das wird unsere Unsicherheit nur verringern, aber nicht auf Null reduzie-
ren.”
Mit welcher Aussage stimmst du ammeisten überein?

Lana Können Messunsicherheiten wirklich auf Null reduziert
werden?

Bas Richtig!
Du kannst die Unsicherheiten nicht auf Null reduzieren.

Die beiden bräuchten
einen echten Wissenschaft-
ler, um die Unsicherheiten
auf Null zu reduzieren.

Können Messunsicherheiten wirklich auf Null reduziert
werden?

B.2 Schritt II

Aufgabe 1 Maria und Constantin haben beide den elektrischen Widerstand eines Bauteils
gemessen.
Marias Messergebnis lautet: R = (127 ± 2) Ohm.
Das Messergebnis von Constantin lautet: R = (129 ± 8) Ohm.
Welches Messergebnis ist präziser und warum?

Marias, weil 127 Ohm
kleiner ist als 129 Ohm.

Gibt der Mittelwert an, wie genau ein Messergebnis ist?

Marias, weil ihre Unsi-
cherheit geringer ist als die
von Constantin.

Richtig!
Eine geringere Unsicherheit führt zu einem kleineren Un-
sicherheitsintervall, wodurch sich ein kleinerer Bereich
möglicher Werte für die Messgröße ergibt.

Marias, weil ein größeres
Unsicherheitsintervall bes-
ser ist.

Ein größeres Unsicherheitsintervall lässt einen größeren
Bereich möglicher Werte der Messgröße zu. Ist dies ein
Hinweis auf ein präziseres Ergebnis?

Constantins, weil 129
Ohm größer ist als 127
Ohm.

Ist das Messergebnis von Constantin wirklich präziser?

Constantins, weil seine
Unsicherheit größer ist als
die von Maria.

Ist das Messergebnis von Constantin wirklich präziser?

Constantins, weil ein
größeres Unsicherheitsin-
tervall besser ist.

Ist das Messergebnis von Constantin wirklich präziser?
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Aufgabe 2 Francesco hat die Schallgeschwindigkeit gemessen und folgendesMessergebnis
erhalten: v = (345 ± 10)m/s.
Er denkt über die Interpretation seines Ergebnisses nach.
Welche Aussage über sein Ergebnis ist wahr?

Seine gemessene Schallge-
schwindigkeit beträgt 345 m/s.

Zeigt der Mittelwert allein den erwarteten Wert der
Messgröße?

Die Schallgeschwindigkeit
kann jeden beliebigenWert zwi-
schen 340 und 350 m/s betra-
gen.

Gibt die Unsicherheit die gesamte Breite des Unsi-
cherheitsintervalls an?

Die Schallgeschwindigkeit
kann jeden beliebigenWert zwi-
schen 335 und 355 m/s betra-
gen.

Richtig!
DieMessgröße könnte irgendwo zwischen 345 - 10 =
335 m/s und 345 + 10 = 355 m/s liegen.

Er kann keine Aussage ma-
chen, weil sein Messergebnis
immer noch mit einer Messun-
sicherheit behaftet ist.

Kannman wirklich einMessergebnis ohne Unsicher-
heit haben?

Aufgabe 3 Wenn man ein Experiment durchführt, wiederholt man die Messung.
Zu welchem Zweck macht man das hauptsächlich?

Mehr Messwerte sind
immer besser.

Angenommen, du misst 100 Mal, ist eine Messreihe mit
101 Messungen wirklich besser?

Man muss das Messen
üben.

Ist es nicht besser, den Messvorgang vor den eigentlichen
Messungen zu üben?

Man erhält einen Hin-
weis auf die Messunsicher-
heit.

Richtig!
Die Streuung der Messungen zeigt dir, wie groß die Mes-
sunsicherheit deines Experiments ist.

Man beseitigt die Unsi-
cherheit.

Kannst du die Messunsicherheit wirklich auf Null redu-
zieren?

Man sieht welcherMess-
wert am häufigsten auf-
taucht.

SindMesswerte, die häufiger auftreten, wirklichwichtiger
als andere Messwerte?

Aufgabe 4 Rabya und Benjamin haben beide ein Experiment zur Messung der Länge ihres
Schulgebäudes durchgeführt. Rabyas Messergebnis lautet: L = (45,0 ± 2,0)m, Benjamins Er-
gebnis ist L = (45,0 ± 0,5)m.
Rabya sagt: “Wir sind zu genau der gleichen Schlussfolgerung gekommen, das Gebäude ist
45,0m lang.”
Benjamin antwortet: “Nein, obwohl wir den gleichen Mittelwert haben, ist mein Ergebnis
präziser.”
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Welcher Aussage stimmst du eher zu?
Rabyas Die beidenMittelwerte sind in der Tat gleich. Worin unterscheiden sich

die Ergebnisse, und wie wirkt sich dies auf die Schlussfolgerungen aus?

Benjamins Richtig!
Das Ergebnis von Benjamin ist präziser. Er kann sicher sein, dass das
Gebäude zwischen 44,5m und 45,5m lang ist. Rabya kann nur sagen,
dass die Länge zwischen 43m und 47m liegt.

B.3 Schritt III

Aufgabe 1 DieKlasse von Frau Schäfermisst dieDauer eines 100mLaufs von einemSport-
ler.

data
14,5
15,4
15,2
14,7
14,9
15,3

Berechne denMittelwert derMessung der einzelnen Schüerinnen und Schülern (gib
alle Nachkommastellen ein).
x ̸= 15 : Vergiss nicht, alle Nachkommastellen einzugeben.
15 : Richtig! Der Mittelwert ist 15

Aufgabe 2 Louisa und Malek diskutieren über die Bedeutung des Mittelwertes.
Louisa sagt: “Der Mittelwert ist eine Annäherung an den Wert der im Experiment gemesse-
nen Messgrösse.”
Malek antwortet: “Der Mittelwert ist die Messgröße, wie sie im Experiment gemessen wur-
de.”
Welcher Aussage stimmst du eher zu?

Louisas Richtig!
Der Durchschnittswert aller Messungen nähert sich dem wahrschein-
lichsten Wert, den die Messgröße haben kann, an.

Maleks Stell dir vor, du würdest eine weitere Messung hinzufügen. Würde sich
der Mittelwert ändern? Kann der Mittelwert wirklich der exakte Wert
der Messgröße sein?

B.4 Schritt IV

Aufgabe 1 Hier sind nocheinmal dieMesswerte des 100m Laufs der Klasse von Frau Schä-
fer. Der Mittelwert war 15,0 s.
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Bestimme die Unsicherheit.

data
14,5
15,4
15,2
14,7
14,9
15,3

Unsicherheit:
x ̸= 0,50 : Vergiss nicht, die Unsicherheit ist der größte Abstand zwischen demMittelwert
und dem minimalen und maximalen Wert der Messreihe.
0,50 : Richtig! Die unsicherheit ist 15,0 s− 14,5 s = 0,50 s.

Aufgabe 2 Elli und Noam haben die Fallzeit einer Kugel gemessen. Berechne erst denMit-
telwert, dann die Unsicherheit und anschließend das Unsicherheitsintervall.

data
0,72
0,69
0,64
0,71
0,71
0,67

Mittelwert:
x ̸= 0,69 : Vergiss nicht, alle Nachkommastellen einzugeben.
Versuche es nochmal. Wenn du nicht weiter kommst, markiere diese schwarze Fläche 0,69
um das Ergebnis zu sehen.
0,69 : Richtig! Der Mittelwert ist 0,69

Unsicherheit:
x ̸= 0,05 : Vergiss nicht, die Unsicherheit ist der größte Abstand zwischen demMittelwert
und dem minimalen und maximalen Wert der Messreihe.
Versuche es nochmal. Wenn du nicht weiter kommst, markiere diese schwarze Fläche 0,05
um das Ergebnis zu sehen.
0,05 : Richtig! Die Unsicherheit ist 0,05

Markiere das Unsicherheitsintervall:

Das Unsicherheitsintervall reicht von demMittelwert minus die Unsicherheit, bis zumMit-
telwert plus die Unsicherheit.
[0,64 – 0,74]: Richtig! Das sind die richtigen Grenzwerte.
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Aufgabe 3 Die Klassen vonHerrn Hendrickson und Frau Berkowitzmessen dieMasse von
einer Münze. Ihre Ergebnisse sind in der Abbildung unten zu sehen. Die Mittelwerte sind
11,92 g in Frau Berkowitz Klasse, und 11,93 g in Herrn Hendricksons Klasse (angezeigt mit
blauen Punkten).

Markiere das Unsicherheitsintervall von Herrn Hendricksons Klasse.

Vergiss nicht, die Unsicherheit ist der größte Abstand zwischen dem Mittelwert und dem
minimalen sowie maximalen Wert der Messreihe. Der kleinste Wert in der Messreihe von
Herrn Hendrickson ist 11,90 g, der größte Wert ist 11,97 g.
[11,89 – 11,97]: Richtig! Das sind die richtigen Grenzwerte.

B.5 Schritt V

Aufgabe 1 Gordon und Giada haben jeweils sechsmal die Masse einer Münze gemessen.
DieMessungen werden mit den roten Kreuzen und dieMittelwerte mit einem blauen Punkt
angezeigt. Das Unsicherheitsintervall ist noch nicht eingezeichnet. Die Beiden diskutieren,
ob sie die gleiche Münze gemessen haben könnten.

Gordon sagt: “Wir müssen verschiedene Münze gemessen haben, weil unsere Mittelwerte
weit auseinander liegen.”
Giada antwortet: “Wir müssen verschiedene Münze gemessen haben, weil sich unsere
Unsicherheitsintervalle nicht überschneiden.”
Welcher Aussage stimmst du eher zu?
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Gordons Die Mittelwerte liegen zwar weit aus einander, jedoch be-
stimmt das nicht ob die Messungen verträglich sind. Was ent-
scheidet ob die Messungen verträglich sind oder nicht?

Giadas Richtig!
Die Unsicherheitsintervalle (in denen die Masse der Mün-
ze liegt) überschneiden sich nicht, sodass Gordon und Giada
Münzen mit unterschiedlichen Massen gemessen haben müs-
sen.

Keiner, im Rahmen
der Messunsicherhei-
ten haben die Münzen
die selbe Masse.

Sie habenMünzenmit einer unterschiedlicheMasse gemessen.
Was ist der Grund für diesen Unterschied?

Aufgabe 2 Noel, Shir und Jette diskutieren die Ergebnisse zweier Experimente, bei
denen die Geschwindigkeit eines Autos in cm/s gemessen wurden. Die Mittelwerte und
Unsicherheitsintervalle sind unten dargestellt.

Noel sagt: “Die Ergebnisse sind nicht verträglich, da die Mittelwerte außerhalb der sich
überschneidende Unsicherheitsintervalls liegen.”
Shir sagt: “Die Ergebnisse sind nicht verträglich, da die Mittelwerte unterschiedlich sind.”
Jette sagt: “Die Ergebnisse sind verträglich, weil sich die Unsicherheitsintervalle überschnei-
den.”
Welcher Aussage stimmst du eher zu?

Noels Dies ist keine Voraussetzung für die Verträglichtkeit von Mes-
sergebnissen.

Shirs Was bestimmt, ob eine Verträglichkeit zwischen zwei Messer-
gebnissen besteht?

Jettes Richtig!
Sich überschneidende Unsicherheitsintervalle (egal wie groß
oder klein) zeigen die Verträglichkeit vonMessergebnissen an.

Aufgabe 3 Wael und Letty haben beide mehrmals die Massendichte eines Objekts gemes-
sen. Ihre Ergebnisse sind unten in g/cm3 dargestellt.
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Wael Letty
2,55 2,65
2,59 2,71
2,61 2,59
2,54 2,71
2,61 2,61
2,60 2,59

Wael berechnet den Mittelwert mit 2,58 g/cm3 und Letty mit 2,64 g/cm3.
Wael sagt: “Wir können keine Objekte mit der gleichen Massendichte gemessen haben, da
unsere Mittelwerte unterschiedlich sind.”
Letty antwortet: “Im Rahmen der Messunsicherheiten stimmen unsere Ergebnisse überein.
Es kann sein, dass wir Objekte mit der gleichen Massendichte gemessen haben.”
Welcher Aussage stimmst du eher zu?

Waels DieMittelwerte sind unterschiedlich, aber entscheidet das darüber,
ob die Messungen verträglich sind?

Lettys Richtig!
Obwohl die Mittelwerte unterschiedlich sind, zeigen die Unsicher-
heitsintervalle eine Überschneidung. Im Rahmen der Messunsi-
cherheiten könnten sie Objekte mit der gleichen Massendichte ge-
messen haben.

Beide Aussagen
sind falsch.

Was bestimmt, ob die Messungen verträglich sind oder nicht?

Aufgabe 4 Wael und Letty wiederholen ihr Experiment mit größerer Präzision und
messen die Massendichte eines Objekts mehrmals. Wael berechnet sein Ergebnis mit
(2,58 ± 0,02) g/cm3, Lettys Ergebnis ist (2,64 ± 0,02) g/cm3.
Wael sagt: “Wir können keine Objekte mit der gleichen Massendichte gemessen haben, da
unsere Mittelwerte unterschiedlich sind.”
Letty antwortet: “Wir können keine Objekte mit gleicher Massendichte gemessen haben, da
wir keine Überschneidung in unseren Unsicherheitsintervallen haben.”
Welcher Aussage stimmst du eher zu?

Waels DieMittelwerte sind unterschiedlich, aber entscheidet das darüber,
ob die Messungen verträglich sind?

Lettys Richtig!
Sie zeigen keine Überschneidung der Unsicherheitsintervalle. Die
Werte vonWael liegen zwischen 2,57 g/cm3 und 2,61 g/cm3, und die
von Letty zwischen 2,62 g/cm3 und 2,66 g/cm3. Das bedeutet, dass
dieMessgröße nicht gleich sein kann. Dahermüssen sieObjektemit
unterschiedlicher Massendichte gemessen haben.

Beide Aussagen
sind falsch, die
Messergebnisse
sind verträglich.

Was bestimmt, ob die Messungen verträglich sind oder nicht?
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B.6 Step I

Problem 1 Alice and Bob have measured the width of their classroom with a ruler. They
are discussing possible errors that might have affected their measurement.
Which of the following aspects might have caused an uncertainty in their measure-
ment?

⊠ Ruler

□ Time of day Try to think about which aspects could influence your
measurement.

⊠ the repeated shifts of the
ruler

Correct!
The ruler cannot be read to exact acuracy, and displacing
the ruler will introduce some error. Whereas the time of
day will have no influence on the size of the room, or the
acuracy of the measuring devices.
(only when 1 and 3 are checked)

Problem 2 Charley and Dave want to measure a certain time as accurately as possible.
Which device is best suited?

An analog stopwacht Think aboutwhichmeasuring device has the best time res-
olution, and the smallest error during the measurement.

A digital stopwatch Think aboutwhichmeasuring device has the best time res-
olution, and the smallest error during the measurement.

A sundial Think aboutwhichmeasuring device has the best time res-
olution, and the smallest error during the measurement.

A computer with two
photo gates

Correct!
The computer is not affected by human reaction time.

Problem 3 Neill and Charlene are discussing how to improve their measurement.
Neill: “We need more professional scientific equipment so that we do not have any measure-
ment uncertainties.”
Charlene: “That will only reduce our uncertainty, but not reduce it to zero.”
Who do you agree with?

Neill Canmeasurement uncertainties really be reduced to zero?

Charlene Correct!
You can never reduce the errors to zero.

They would need a real
scientist to reduce the un-
certainty to zero

Canmeasurement uncertainties really be reduced to zero?
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B.7 Step II

Problem 1 Maria and Constantin have both measured the electric resistance of a resistor.
Maria’s measurement result is: R = (127 ± 2) Ohm.
Constantin’s measurement result is: R = (129 ± 8) Ohm.
Who has the most precise measurement result and why?

Maria, because 127 ohm
is smaller than 129 ohm.

Does the mean value indicate how precise a measurement
result is?

Maria, because her un-
certainty is smaller than
that of Constantin.

Correct!
A smaller uncertainty leads to a smaller uncertainty inter-
val, allowing for a smaller range of possible values for the
measurand.

Maria, because a larger
uncertainty interval is bet-
ter.

A larger uncertainty interval allows for a larger range of
possible values of themeasurand, does this indicate amore
precise result?

Constantin, because 129
ohm is larger than 127 ohm.

Is constantin’s measurement result really more precise?

Constantin, because his
uncertainty is larger than
that of Maria.

Is constantin’s measurement result really more precise?

Constantin, because a
larger uncertainty interval
is better.

Is constantin’s measurement result really more precise?

Problem 2 Francesco has measured the speed of sound and has gotten the following mea-
surement result: v = (345 ± 10)m/s.
He is thinking about the interpretation of his result.
Which statement about his result is true?

His measured speed of sound
is 345 m/s.

Does themean value alone indicate the expected value
of the measurand?

The speed of sound could be
any value between 340 and 350
m/s.

Does the uncertainty indicate the whole width of the
uncertainty interval?

The speed of sound could be
any value between 335 and 355
m/s.

Correct!
The measurand could lie anywhere between 345 - 10
= 335 m/s and 345 + 10 = 355 m/s.

He cannot make a statement
because he is still a measure-
ment uncertainty.

Can you really have a measurement result without an
uncertainty?
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Problem 3 When conducting an experiment, you measure multiple times.
Which is the main reason for this?

More measurements is
always better.

Suppose you measure 100 times, is a measurement series
of 101 measurements really better?

To practice measuring. Is it not better to practice measuring before the actual
measurements?

To get an indication
about themeasurement un-
certainty.

Correct!
The spread in measurements shows you what the mea-
surement uncertainty of your experiment it.

To remove the uncer-
tainty.

Can you really reduce the measurement uncertainty to
zero?

To see which measure-
ment shows up most often.

Are measurements that show up really more important
than other measurements?

Problem 4 Lauren and Andy have both conducted an experiment to measure the length
of their school building. Lauren’s measurement result is: L = (45.0 ± 2.0)m, Andy’s result is
L = (45.0 ± 0.5)m.
Lauren says: “we have come to the exact same conclusion, the building is 45.0m long.”
Andy responds: “No, althoughwe have the samemean value, my result ismuchmore precise.”
Who do you agree with most?

Lauren Indeed, their means are the same. But what is different and how does
this impact the conclusions that both can draw from their results?

Andy Correct!
Andy’s result is much more precise. He can be certain that the build-
ing’s is between 44.5m and 45.5m long. Lauren can only say that this is
between 43m and 47m.

B.8 Step III

Problem 1 Mrs. Schäfer’s class measures the time of a runner during the 100m sprint.

data
14.5
15.4
15.2
14.7
14.9
15.3

Calculate the average time (write down all the decimals).
x ̸= 15 : Do not forget to write down all the decimals.
15 : Correct! The mean value is 15
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Problem 2 Louisa and Malek are discussing the concept of the mean value:
Louisa says: “The mean value is an approximation of the value of the measurand measured
in the experiment.”
Malek responds: “The mean value is the measurand, that is directly measured in the experi-
ment.”
Who do you agree with most?

Louisa Correct!
The average value of alle measurements approximates the most likely
value that the measurand can have.

Malek Suppose you would add another measurement. Would the mean value
change? Can the mean value really be the exact value of the measurand?

B.9 Step IV

Problem 1 Here are the measurements of the 100m sprint fromMrs. Schäfer’s class again.
The mean value of the series was 15.0 s.
Determine the uncertainty of this measurement.

data
14.5
15.4
15.2
14.7
14.9
15.3

Unsicherheit:
x ̸= 0.50 : Remember, the uncertainty is the maximum distance between the mean and
the minimum/maximum value of the series.
0,50 : Correct! The uncertainty is 15.0 s− 14.5 s = 0.15 s.

Problem 2 Elli and Noam have measured the free fall time of a marble. Calculate the mean
value first, then the uncertainty, and then the uncertainty interval.

data
0.72
0.69
0.64
0.71
0.71
0.67

Mean value:
x ̸= 0.69 : Do not forget to write down all the decimals.
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Please try again. When you do not get the answer, the mean value is 0.69 (select this text to
show answer).
0.69 : Correct! The mean value is 0.69

Uncertainty:
x ̸= 0.05 : Remember, the uncertainty is the maximum distance between the mean and
the minimum/maximum value of the series.
Please try again. When you do not get the answer: the uncertainty is 0.05 (select this text
to show answer).
0.05 : Correct! The uncertainty is 0.05

Indicate the uncertainty interval.

Remember, the uncertainty is the maximum distance between the mean and the mini-
mum/maximum value of the series.
[0.64 – 0.74]: Correct! These are the lower and upper boundaries.

Problem 3 The classes of Mr. Hendrickson and Mrs. Berkowitz measure the mass of a
quarter. The results of their classes is shown below. The mean values are: 11.92 for Mrs.
Berkowitz’ class, and 11.93 for Mr. Hendricksons’ class (as indicated with the blue dots).

Indicate the uncertainty interval of Mr. Hendrickson’s class.

Remember, the uncertainty is the maximum distance between the mean and the mini-
mum/maximum value of the series. The smallest measurement value of his class is 11.90 g,
and the maximum value is 11.97 g.
[11.89 – 11.97]: Correct! These are the lower and upper boundaries.

B.10 Step V

Problem 1 Gordon and Giada have each measured the mass of a coin six times. The
measurements are indicated with the red crosses, and the mean values with a blue dot,
they have not yet drawn the uncertainty interval. They are discussing whether they have
measured a coin with the same mass.

131



Appendix B – Practice problems

Gordon says: “We must have measured a different kind of coin because our mean values are
very different.”
Giada responds: “We must have measured a different kind of coin because our uncertainty
intervals do not overlap.”
Who do you agree with most?

Gordon Although the means are very are different, this is not what de-
termines whether the measurements agree or not. What deter-
mines whether measurements agree or not?

Giada Correct!
The uncertainty intervals (in which the mass of the coin will
lie) do not overlap, meaning that Gordon and Giada have each
measured a coin with a different mass.

Neither; with re-
gard to the measure-
ment uncertainty, the
coins have the same
mass

They have measured a coin with a different mass, but what is
the reason for this difference?

Problem 2 Kyra, Amit, and Ben are discussing the results of two experiments that have
measured the speed of a car in cm/s. The means and uncertainty intervals are shown below.

Kyra says: “The measurements do not agree with each other because the mean values are
outside the overlapping uncertainty interval.”
Amit says: “The measurements do not agree because the mean values are different.”
Ben says: “The measurements agree because the uncertainty intervals overlap.”
Who do you agree with most?
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Kyra This is not a requirement for agreement between measure-
ments.

Amit What determines whether agreement exists between two mea-
surements?

Ben Correct!
Overlapping uncertainty intervals (nomatter how big or small)
indicate agreement between results.

Problem 3 Wael and Letty have both measured the mass density of an object a few times.
Their results are shown below in g/cm3.

Wael Letty
2.55 2.65
2.59 2.71
2.61 2.59
2.54 2.71
2.61 2.61
2.60 2.59

Wael calculates the mean value to be 2.58 g/cm3, and Letty 2.64 g/cm3.
Wael says: “We cannot havemeasured objectswith the same density, because ourmean values
are different.”
Letty says: “We might have measured objects with the same mass density, because we have
overlap in our uncertainty intervals.”
Who do you agree with most?

Wael The mean values are different, but is this what determines whether
measurements agree?

Letty Correct!
Although the means are different, the uncertainty intervals show
an overlap. They might have measured objects with the same mass
density.

They are both
wrong

What determines whether measurements agree or not?

Problem 4 Wael and Letty redo their experiment with more precision and measure the
mass density of an object a few times. Wael calculates his result to be (2.58 ± 0.02) g/cm3,
Letty’s result is ((2.64 ± 0.02) g/cm3.
Wael says: “We cannot havemeasured objectswith the same density, because ourmean values
are different.”
Letty says: “We cannot have measured objects with the same mass density, because we have
no overlap in our uncertainty intervals.”
Who do you agree with most?
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Wael The mean values are different, but is this what determines whether
measurements agree?

Letty Correct!
They uncertainty intervals show no overlap. Wael’s values lie
between 2.57 g/cm3 and 2.61 g/cm3, and Letty’s values between
2.62 g/cm3 and 2.66 g/cm3. This means that the measurand can-
not be the same. Therefore, they must have measured objects with
different mass densities.

They are both
wrong, the mea-
surements are in
agreement

What determines whether measurements agree or not?
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C Data comparison problem
The next sections show the data comparison problem. The original German problem is
shown in Sec. C.1, the English translation in Sec. C.2.

C.1 Data comparison problem, German

Stelle dir vor, dass du bei einem Skateboard-Wettbewerb in
der Jury bist. Du sollst entscheiden, ob ein Skateboard für den
Wettbewerb zugelassen wird oder nicht. Dazu vergleichst du
zwei Reihen vonZeitmessungen. DieMesswerte geben die Zeit
an, die ein Skateboard benötigt, um eine Rampe hinunterzu-
rollen. Diese Zeit ist somit ein Maß für die Rollfähigkeit des
Skateboards.

Es gibt sechs Messungen je Skateboard und sechs Messun-
gen für ein Referenz-Skateboard. Für einen fairenWettbewerb
sollte jedes Skateboard eine Rollfähigkeit haben, die dem Referenz-Skateboard der Jury ent-
spricht.

Die Messungen werden wie folgt vorgenommen:

• man platziert eine Massem auf dem Skateboard;
• das Skateboard rollt die Rampe hinunter;
• mit zwei Lichtschranken wird die Zeit gemessen, die
es von oben bis unten braucht;

• der ganze Vorgang wird insgesamt sechsmal durchge-
führt;

• wiederhole die Schritte für das Referenz-Skateboard.
Zeitmessung

m

Nach dem Experiment hast du die folgenden Zeiten gemessen:

Teilnehmendes Skateboard (s) Referenz Skateboard (s)

1,530 1,548
1,573 1,534
1,522 1,520
1,548 1,571
1,583 1,523
1,538 1,526

Aufgabe:

• Würdest du das Skateboard des Teilnehmers aufgrund der Messwerte für den Wettbe-
werb zulassen? Ja/Nein

• Begründe deine Entscheidung in 3–4 Sätzen:
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C.2 Data comparison problem, English translation

Imagine that you are on the jury in a skateboarding competi-
tion. Your job is to decide whether a skateboard is eligible to
enter the competition or not. To do this, you compare two sets
of time measurements. The measurements indicate the time it
takes a skateboard to roll down an incline. This time is thus a
measure of the skateboard’s rolling capability.

There are six measurements per skateboard and six mea-
surements for a jury skateboard. For a fair competition, each
skateboard should have a rolling capability equal to the refer-
ence skateboard of the jury.

The measurements are made as follows:

• place a massm on the skateboard;
• the skateboard rolls down the incline;
• two photo gates are used to measure the time it takes
from top to bottom;

• the whole process is repeated six times in total;
• do the same for the jury skateboard. Time measurement

m

After the experiment, you have measured the following times:

Contestant Skateboard (s) Jury Skateboard (s)

1.530 1.548
1.573 1.534
1.522 1.520
1.548 1.571
1.583 1.523
1.538 1.526

Assignment:

• Based on the data, would you allow the contestant skateboard to enter the competition?
Yes/No

• Justify your answer in 3–4 sentences.
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D Competency test
The next section show the competency test items as they were shown to the students. Each
item’s code is shown in brackets behind the title and was not shown to students. The original
German items are listed in Sec. D.1, the English translations in Sec. D.2.

D.1 Competency test items, German

In diesem Teil des Fragebogens möchten wir herausfinden, wie gut du bereits mit Unsi-
cherheiten bei Messungen umgehen kannst. Es ist ganz normal, dass du vielleicht ein paar
Fragen nicht sicher beantworten kannst oder dass du einige Inhalte nicht kennst. Das ist
überhaupt nicht schlimm!

Wichtig: Es können bei einer Frage mehrere Antworten richtig sein. Es sind aber nie
alle Antworten zu einer Frage richtig oder falsch!

Längenmessung [ct.length]
Die Länge eines Objekts wurde mit zwei verschiedenen Verfahren bestimmt. In der Grafik
sind die Ergebnisse der beiden Längenmessungen mit ihren Unsicherheitsintervallen zu
sehen.

0,9 1,0 1,1

Ergebnis 2

Ergebnis 1

Länge
in m

Sind die beiden Messergebnisse miteinander verträglich und warum?
Kreuze die richtige Antworte(n) an:
□ Nein, denn die beiden Messwerte liegen nicht auf der gleichen Höhe.

□ Nein, denn die Messwerte haben unterschiedlich große Unsicherheiten.

□ Ja, denn die Intervalle der Unsicherheiten überschneiden sich.

□ Ja, denn beide Intervalle überdecken die 1,0m Marke

Farbcode eines Widerstands [ct.resistor]
Die Größe eines elektrischen Widerstandes ist in der Regel
durch einen Farbcode angegeben, der auf dem Bauteil auf-
gedruckt ist (siehe Bild).
Der hier abgebildete Widerstand sollte nach dem Able-
sen seines Farbcodes einen elektrischen Widerstand von
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RFarbcode = (220 ± 2)Ω haben.
Susanne und Peter möchten diesen Wert überprüfen. Dazu messen sie jeweils mit ihrem
eigenen Versuchsaufbau nach. Ihre Messergebnisse sind in einer Tabelle dargestellt. Als Re-
ferenzwert für ihre Messung verwenden sie den elektrischen Widerstand des Farbcodes.

Messergebnis für den
elektrischen Widerstand

Susanne RSusanne = (218 ± 5)Ω

Peter RPeter = (226 ± 8)Ω

Welche der folgenden Aussagen sind zu Susannes und Peters Ergebnissen richtig?
Kreuze für jede Aussage deine Entscheidung an:

Trifft zu Trifft nicht zu

Die Messunsicherheit von Susanne beträgt 5Ω. □ □

Die Messunsicherheit von Peter beträgt 6Ω. □ □

Das Intervall der Unsicherheit SusannesMessergebnis-
ses reicht von 218 bis 222Ω.

□ □

Der Wert des Widerstands die Peter gemessen hat, liegt
zwischen 218 und 234Ω.

□ □

Messergebnis eines Experiments [ct.result]
Katharina hat ein Experiment zur Bestimmung einer Länge ℓ durchgeführt. IhrMessergebnis
lautet ℓ = (12,3 ± 0,2) cm.
Welche der folgenden Angaben müssen sich in einem korrekten Messprotokoll finden?
Kreuze die richtige Antworte(n) an:
□ Ergebniswert: 12,3 cm

Gesamtunsicherheit: 0,2 cm

□ Ergebniswert: 12,5 cm
Gesamtunsicherheit: 0,2 cm

□ Ergebniswert: 0,2 cm
Gesamtunsicherheit: 12,3 cm

□ Ergebniswert: 0,2 cm
Gesamtunsicherheit: 12,5 cm

Bragg-Reflexion [ct.bragg]
Bei einem Experiment untersucht Nora die Bragg-Reflexion an einem Salzkristall. Beim ers-
ten Durchlauf erhält sie einenWinkel von 6,7°. Da der Versuch laut Experimentieranweisung
sechsmal zu wiederholen ist, startet Nora den Versuch erneut und erhält folgendeMesswer-
te:

138



Appendix D – Competency test

Messung Winkel in °
1 6,7
2 6,0
3 7,2
4 7,1
5 5,9
6 7,2

Der aus der Literatur entnommene Referenzwert liegt bei 6,7°. Wie soll Nora vorgehen, um
das Ergebnis und die Messunsicherheit anzugeben?
Kreuze die richtige Antworte(n) an:
□ Bei der Messung ist die Messunsicherheit 0°, da der erste Messwert mit dem Refe-

renzwert übereinstimmt. Die weiteren Werte sollte Nora vernachlässigen.

□ Sie soll den Wert 7,2°, der doppelt vorkommt, als Ergebniswert nehmen und als
Messunsicherheit die Differenz zum Referenzwert angeben.

□ Sie soll drei Werte nehmen, die dem Vergleichswert am nächsten liegen, und den
Mittelwert bilden. DieMessunsicherheit ist dann der Abstand des kleinstenWertes
zumMittelwert.

□ Sie soll das arithmetische Mittel aus allen sechs Werten bilden und den Maximal-
abstand zwischen Mittelwert und den anderen Messwerten als Abschätzung die
Unsicherheit angeben.

Fallbeschleunigung [ct.fall]
In seinem Tafelwerk findet Emil die Angabe: Fallbeschleunigung g = 9,806m/s2. Er möchte
diese mit einem Experiment überprüfen. Nach ordnungsgemäßer Durchführung erhält er
ein Messergebnis für die Fallbeschleunigung von g = (9,6 ± 0,3)m/s2. Er fragt sich nun, ob
sein Ergebnis mit dem Literaturwert verträglich ist.
Kreuze für jede Aussage deine Entscheidung an:

Richtig Falsch

Sein Wert ist nicht mit dem Literaturwert verträglich,
denn der Literaturwert liegt außerhalb des Intervalls
der Messunsicherheit.

□ □

Sein Wert ist nicht mit dem Literaturwert verträglich,
denn 9,806 ist größer als 9,6.

□ □

Sein Wert ist mit dem Literaturwert verträglich, denn
der Literaturwert liegt innerhalb des Intervalls der
Messunsicherheit

□ □

Sein Wert ist mit dem Literaturwert verträglich, denn
9,806 ist größer als 9,3 und kleiner als 9,9.

□ □
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Masse eines Päckchens [ct.pack]
Jan bestimmt mit einer Waage die Massem eines Päckchens. Als Messwert für das Päckchen
erhält er 1,324 kg. Die Gesamtunsicherheit seiner Messung beträgt 1 g.
(Zur Erinnerung: 1 g = 0,001 kg)
Wie kann das Messergebnis richtig angegeben werden?
Kreuze für jede Aussage deine Entscheidung an:

Trifft zu Trifft nicht zu

Die gemessene Masse liegt zwischen 1,323 und
1,325 kg.

□ □

m = 1,324 kg mit der Unsicherheit = 1 g. □ □

m ist ungefähr 1,3 kg. □ □

m = (1,324 ± 0,001) kg. □ □

Ausdauerlauf [ct.run]
Beim Laufen möchte Sandra ihre Zeit mit Hilfe einer digitalen Stoppuhr erfassen. Welche
der folgenden Faktoren kann zur Messunsicherheit bei der Zeitmessung führen?
Kreuze für jede Aussage deine Entscheidung an:

Trifft zu Trifft nicht zu

Länge der Laufstrecke □ □

Begrenzte Anzahl an Zahlen auf dem Display □ □

Luftwiderstand □ □

Reaktionszeit □ □

Schallpegel [ct.sound]
Der Schallpegel in einem Klassenraum wurde sechsmal bestimmt.
Welcher der folgenden Werte gibt die Messunsicherheit an?
Kreuze die richtige Antworte(n) an:
□ Arithmetisches Mittel (Mittelwert)

□ Median (Mitte der sortierten Messreihe)

□ Modus (am häufigsten auftretender Wert)

□ Der maximale Abstand zwischen demMittelwert und den Messwerten

Laborversuch [ct.lab]
Bei einem Experiment soll die Temperatur einer gekühlten Flüssigkeit mit einem Thermo-
meter bestimmt werden. Zur Messung der Temperatur wird die Flüssigkeit in einen offenen
Becher auf einem Tisch gefüllt und dann das Thermometer in diesen Becher getaucht.
Welche der folgenden Faktoren können zurMessunsicherheit bei der Bestimmung der Tem-
peratur der Flüssigkeit beitragen?
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Kreuze für jede Aussage deine Entscheidung an:
Trifft zu Trifft nicht zu

Temperatur des Bechers □ □

Temperatur des Thermometers □ □

Umgebungstemperatur □ □

Körpertemperatur der messenden Person □ □

Messunsicherheit [ct.uncertainty]
Welche Aussagen zum Begriff der Messunsicherheit sind richtig?
Kreuze für jede Aussage deine Entscheidung an:

Trifft zu Trifft nicht zu

Die Messunsicherheit ist die Differenz zwischen Mit-
telwert und Referenzwert.

□ □

Die Messunsicherheit ist ein Maß für die Genauigkeit
einer Messung.

□ □

DerMittelwert und die Unsicherheit zeigen zusammen
den Bereich, in dem der Zielwert erwartet wird.

□ □

Jedes Messergebnis ist mit einer Messunsicherheit ver-
bunden.

□ □
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D.2 Competency test items, English translation

In this part of the questionnaire, we would like to find out what you know about measure-
ment uncertainties. It is completely normal, when you cannot answer some of the questions
or are not familiar with the content in any way. This is not bad at all!

Important: In each question, more than one of the statements can apply. But it is
never the case that all options are either true or false.

Length [ct.length]
The length of an object is measured in two ways. The graph shows the results of both
methods including the uncertainty intervals.

0.9 1.0 1.1

Result 2

Result 1

Length
in m

Are the results compatible, why?
Mark the correct answer(s):
□ No, the measurements are in a different position.

□ No, the measurements have different uncertainties.

□ Yes, the uncertainty intervals overlap.

□ Yes, both intervals contain the 1.0m mark.

Color code of a resistor [ct.resistor]
The resistance of a resistor is usually indicated with a color
code, which is printed on the resistor (see photo).
The resistor showed here should, according to the color
code, have a magnitude of Rresistor = (220 ± 2)Ω.
Suzanne and Peter want to check this value. They both
measure the resistance using their own experimental set-up.
The results are shown in the table. For the reference value for their measurement, they use
the value indicated by the color code.
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Result for the electrical
resistance

Suzanne RSuzanne = (218 ± 5)Ω

Peter RPeter = (226 ± 8)Ω

Which of the following statements concerning Suzanne’s and Peter’s results is/are correct?
For each statement, mark your decision:

Applies Does not apply

Suzanne’s measurement uncertainty is 5Ω. □ □

Peter’s uncertainty is 6Ω. □ □

Suzanne’s uncertainty interval ranges from 218 to
222Ω.

□ □

Peter measured a resistance between 218 and 234Ω. □ □

Result of a measurement [ct.result]
Katharina conducted an experiment in which a length ℓ has been measured. Her result is
ℓ = (12.3 ± 0.2) cm.
Which of the following could be indicated in a correct report?
Mark the correct answer(s):
□ Result: 12.3 cm

Uncertainty: 0.2 cm

□ Result: 12.5 cm
Uncertainty: 0.2 cm

□ Result: 0.2 cm
Uncertainty: 12.3 cm

□ Result: 0.2 cm
Uncertainty: 12.5 cm

Bragg diffraction [ct.bragg]
In an experiment, Nora investigates the Bragg diffraction on a salt crystal. In her first trial,
she measures an angle of 6.7°. Because her lab manual states to repeat the measurement six
times, she takes more measurements which are shown below:

Measurement Angle in °
1 6.7
2 6.0
3 7.2
4 7.1
5 5.9
6 7.2
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The reference value from the literature is 6.7°. How should Nora report the result and the
uncertainty.
Mark the correct answer(s):
□ The uncertainty in this measurement is 0°, because the first measurement is the

same as the reference value. The rest of the measurements can be neglected.

□ She should take the value 7.2°, which occurs twice, as the result and give the differ-
ence to the reference value as the measurement uncertainty.

□ She should take three values that are closest to the reference value and calculate a
mean value. The measurement uncertainty is the distance of the smallest value to
the mean value.

□ She should calculate the arithmetic mean of all six values and give the maximum
distance between the mean and the other measured values as an estimate of the
uncertainty.

Gravitational acceleration [ct.fall]
On the blackboard, Emil finds: gravitational acceleration g = 9.806m/s2. He wants to check
this with an experiment. After carrying it out properly, he obtains a measured result for
the gravitational acceleration of g = (9.6 ± 0.3)m/s2. He now wonders whether his result is
compatible with the literature value.
For each statement, mark your decision:

Correct False

His value is not compatiblewith the literature value, be-
cause the literature value is outside the measurement’s
uncertainty interval.

□ □

His value is not compatiblewith the literature value, be-
cause 9.806 is greater than 9.6.

□ □

His value is compatible with the literature value, be-
cause the literature value is within the measurement’s
uncertainty interval.

□ □

His value is compatiblewith the literature value because
9.806 is greater than 9.3 and less than 9.9.

□ □

144



Appendix D – Competency test

Mass of a package [ct.pack]
Jan determines the mass m of a package with a scale. He obtains 1.324 kg as the measured
value for the package. The total uncertainty of his measurement is 1 g.
(Reminder: 1 g = 0.001 kg)
How should the result of the measurement be indicated?
For each statement, mark your decision:

Applies Does not apply

The measured mass lies between 1.323 and 1.325 kg. □ □

m = 1.324 kg with the uncertainty = 1 g. □ □

m is approximately 1.3 kg. □ □

m = (1.324 ± 0.001) kg. □ □

Endurance run [ct.run]
When running, Sandra wants to record her time using a digital stopwatch. Which of the
following factors can lead to measurement uncertainty in her time measurement? For each
statement, mark your decision:

Applies Does not apply

Length of the track □ □

Limited number of numbers on the display □ □

Air resistance □ □

Reaction time □ □

Sound level [ct.sound]
The sound level in a classroom was determined six times.
Which of the following values indicates the measurement uncertainty?
Mark the correct answer(s):
□ Arithmetic mean (the average)

□ Median (the middle measurement in the sorted measurement series)

□ Modus (the most common value)

□ The maximum distance between the mean value and the measured values

Laboratory experiment [ct.lab]
In an experiment, the temperature of a cooled liquid is to be determined with a thermome-
ter. To measure the temperature, the liquid is placed in an open cup on a table and then the
thermometer is immersed in the cup.
Which of the following factors can contribute to the uncertainty of measurement when
determining the temperature of the liquid?
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For each statement, mark your decision:
Applies Does not apply

Temperature of the cup □ □

Temperature of the thermometer □ □

Surrounding temperature □ □

Body temperature of the experimenter □ □

Measurement uncertainty [ct.uncertainty]
Which statements about the concept of measurement uncertainty are correct?
For each statement, mark your decision:

Applies Does not apply

Themeasurement uncertainty is the difference between
the mean value and the reference value.

□ □

Themeasurement uncertainty is a measure of the accu-
racy of a measurement.

□ □

The mean and uncertainty together show the range of
values in which the measured quantity is expected.

□ □

Everymeasurement result is associatedwith ameasure-
ment uncertainty.

□ □
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E Coding Manual
The justifications to the data comparison problem were coded in different categories (see
Fig. 4.2). Below are the coding manuals used to code the justifications.

Table E.1: The coding manual to code whether the justification is based on the data or not. The
manual shows the definition of the codes with the rules and keywords that are used to identify
and code the justification. The last column shows some exemplary justifications.

Code Definition Coding rule Keywords Example

da.no Not based on
data.

The justifications do not
seem based on the data, but
in stead rely on other
principles such as
surrounding conditions,
intuition.

unfair, “Weil da auch andere Faktoren
eine Rolle spielen”, “weil das
skateboard zu langsam ist”, “Der
Skateboard hat eine gute
Rollfähigkeit. Ich denke, dass
meine Entscheidung gut ist. Weil
sie gut ist.”

da.yes Based on data The justifications are based
on the data.

Werte, Abwe-
ichungen,
Intervalle,
Zeiten

“Da die Messwerte langsamer
sind als die des
Referenz-Skateboards”

Table E.2: Same as Tab. E.1, but now for the coding of the comparison codes.
Code Definition Coding rule Keywords Example

co.unc It is unclear
what is
compared in
the
justification.

The justification does not
make explicit what it is that
is being compared. Short
statements with a structure
similar to: “Die
(Mess)Werte [sind fast
gleich, sind ähnlich,
überschneiden].” are
considered unclear, as the
word “(Mess)Werte” could
refer to: one data set, both
data sets, the mean values,
the ranges of both sets, etc.
Statements that have
internal conflicts or that do
not compare quantities of
both skateboards are also
coded as unclear.

“Die Abweichung kommt
wahrscheinlich durch die
Messungenauigkeit zustanden.”,
“weil das skateboard zu langsam
ist”, “Weil die Werte fast gleich
sind und nur
Messungenauigkeiten auftraten.”,
“Die Werte des Teilnehmer-
Skateboard liegen zwischen den
Werten des Referenz-
Skateboards. Zwar sind der
niedrigste und der höchste Wert
geringer als die des Referenz-
Skateboards, jedoch liegen diese
Werte dazwischen, weshalb eine
große Wahrscheinlichkeit
entsteht, dass die Zeiten gleich
liegen. Die Wahrscheinlichkeit
ist höher, dass das Teilnehmer-
Skateboard etwas langsamer ist
als das Referenz- Skateboard.”

Continued on the next page.
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Code Definition Coding rule Keywords Example

co.sin The
justification is
based on a
comparison of
a single
measurement.

The justification makes
mention of a single
measurement (or the
comparison of a single pair
of values) that determines
the outcome of the
decision. This can be any
value in the sets. There is
no mention of the mean
value.

der Wert “Weil einer der Messwerte des
Testboards mit einem der Werte
des Referenzboards
übereinstimmt.”, “weil es nur
einmal schneller war als das
referenz skateboard. Das
Skateboard würde also
warscheinlich nicht für den
wettbewerb geeignet sein.”

co.cer The
justification is
based on a
comparison of
the
measurement
uncertainty.

The deviation or
uncertainty for both sets is
reduced to a single quantity
or value. The justification
mentions the comparison
of these two quantities or
values. Comparisons of the
width of the uncertainty
interval (or the range) also
apply in the case that they
are not put into perspective
with their relative position.

Die
Unsicherheit,
die
Abweichung

“Die Messunsicherheit ist
ziemlich ähnlich”, “Ja, da die
Unsicherheit beim 2. Skateboard
kleiner ist als beim
Referenz-Skateboard. Somit ist
das Messergebnis beim 2.
Skateboard genauer. Also die
Messunterschiede beim 2.
Skateboard sind geringer als
beim Referenz-Skateboard.
Wären die Messunterschiede
beim 2. Skateboard deutlich
größer als beim Referenz-
Skateboard, könnte das 2.
Skateboard manipuliert sein und
damit vomWettbewerb
ausgeschlossen werden.”, “Ja, da
die Intervalls grenzen nur 0,06s
beträgt und dies akzeptabel ist”,
“Ja, da die Abweichungen vom
Mittelwert bei beiden
Skateboards ungefähr gleich
sind.”

Continued on the next page.
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Code Definition Coding rule Keywords Example

co.pai The
justification is
based on a
comparison of
pairs of mea-
surements.

These justifications show a
pairwise comparison of the
measurements. This can
either be a comparison of
two measurements from
one of the rows of data or
between rows of data. The
justification lacks an
overviewing evaluation of
the two sets as a whole.

jedes mal,
einmal, jeder
Messung,
Stelle, einige,
beiden, Fällen,
jeweils,
einzelnen

“Ich würde es nicht zulassen, da
das Teilnehmer Skateboard in 4
von 6 Fällen langsamer ist als das
Referenz Skateboard. Außerdem
gibt es bei dem Teilnehmer
Skateboard bei jedem Lauf eine
große Differenz zur vorherigen
Messung. Bei dem Referenz
Board gibt es nur beim 4. Lauf
eine große Abweichung, sonst ist
die Abweichung eher gering. Das
Referenz Board läuft also viel
gleichmäßiger.”, “Der größte und
der kleinste wert liegen sehr nah
beieinander. Die werte in der
Mitte liegen auch sehr nah
beieinander. man könnte
natürlich den Durchschnitt
ausrechnen und genau gucken
aber ich denke es passt so”,
“Einige Werte des Teilnehmer
Skateboards weichen zu sehr von
denen des Referenz-SKateboards
ab.”, “Die Zeiten entsprechen
nicht die Referenzzeiten, denn
dadurch kann es vielleicht kein
fairen Wettbewerb geben.”

co.mea The
justification is
based on a
comparison of
the mean
value.

The justification includes
mentioning of the mean
value, either the term
and/or the numerical value,
or the sums of the rows.
These values are then
compared. The (value of
the) uncertainty may be
given and compared
separately without being
related to the mean.

Mittelwert,
aritmisches
Mittel,
Durchschnitt,
1,549, 1,537,
1,527

“Die Rollfähigkeit des
teilnehmenden Skateboards
entspricht im Durchschnitt der
Messwerte ungefähr der des
Referenzskateboards.”, “Ich habe
denn Durchschnitt der beiden
Skateboards ausgerechnet. Der
Teilnehmer entspricht fast dem
gleichen Wert des
Referenz-Skateboard. Darum
bin ich der Meinung das man das
Skateboard Zulassen kann.”

Continued on the next page.
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Code Definition Coding rule Keywords Example

co.dev The
justification is
based on a
comparison of
the deviations
between the
sets.

These justifications are an
enriched version of the
pairwise comparison. The
deviations between the sets
are compared and
evaluated as a set of its
own. A discussion of the
origin of these deviations
(due to the mass of the
skateboard, angle of the
ramp, etc.) is not
considered as an
enrichment.

die Abwe-
ichungen, die
Unterschiede,
die
Differenzen

“Die beiden Skateboards haben
sehr vergleichbare Werte.
Natürlich ist mal das
teilnehmende Skateboard
schneller als das
Referenz-Skateboard, aber
genauso ist es andersrum. Das
heisst, dass keins der beiden
einen klaren Vorteil hat.”, “Die
Unterschiede der Zeit beim
Hinunterrollen der beiden
Skateboards betrug maximal 4%.
Dies ist eine sehr geringe
Differenz, weswegen ich dieses
Skateboard zulassen würde.”, “Ja,
ich würde das Sakteboard an
dem wettbewerb teilnehmen
lassen, da die Abweichungen
nicht besonders groß sind. Der
höchste Wert , von der
Abweichung her, beträgt 0,5
millisekunden, der kleinste
hingegen 0,02 millisekunden.”

Continued on the next page.
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Code Definition Coding rule Keywords Example

co.set The
justification is
based on a
comparison
or
comparisons
that reflect the
set as a whole.

These justifications show
an understanding that the
sets have to be compared as
a whole.
In these justifications, a
comparison is made of all
the measurements in one
set, with all the
measurements in the other.
For instance by indicating a
shared range in which all
measurements lie.
Another qualification is the
comparison between sets
(measurements, deviations,
extreme values; similar to
co.pai and co.dev)
supported by a comparison
within sets (mean,
uncertainty, range of
measurements; similar to
co.mea and co.cer).

Die Reihen,
Nachkom-
mastelle, die
Werte, die
Zeiten,
außerdem,
zusätslich

“Da die Werte bis auf die erste
Nachkommastelle im selben
Bereich liegen und erst ab der
zweiten leicht variieren.”, “Beide
Skatboards sind ungefähr gleich
schnell (beide ca. 1,5). Wenn man
den Durchschnitt beider
Zeitmessungen jeweils nimmt,
ist das Referenz-Skateboard
zwar minimal schneller, jedoch
war auch das
Teilnehmende-Skateboard mal
schneller.”, “Die Messwerte
weichen nicht wirklich viel von
dem Referenz- Skateboard ab
(die größte Abweichung liegt bei
0,060 s). Diese leichten
Abweichungen können durch
Messfehler entstanden sein. Der
mittlere Zeit-Wert des
Teilnehmer- Skateboardes liegt
bei 1,549 s. Bei dem Referenz-
Skateboard liegt er bei 1,537s.
Wie man auch hier sieht, ist die
Differenz nicht sehr hoch.”,
“Wenn man sich nur die ersten
beiden Ziffern anguckt, sind es
jedesmal 1,5 Sekunden. Die
letzten beiden Ziffern sind so
klein, dass sie kaum noch eine
Rolle spielen. Würde man
trotzdem alle Zahlen beachten
und bei beiden Skateboards den
Durchschnitt nehmen, dann
dürfte das Teilnehmer
Skateboard sogar noch etwas
schneller sein.”

co.int The
justification is
based on a
comparison of
the
uncertainty
interval.

In these justifications, the
whole measurement result
is compared. These
justifications explicitly
make mention of an
(uncertainty) interval
(around the mean), range
(around the mean), or mean
± uncertainty and compare
these.

Das Intervall,
das Ergebniss,
klein-
ste/größte
Wert, Bereich,
Großenord-
nung, ±

“Der Mittelwert bei dem zweiten
Skateboard beträgt 1,527s. Die
Unsicherheit beträgt 0,033s.
Beim Referenz-Skateboard
beträgt der Mittelwert 1,537s
und die Unsicherheit 0,034s. Die
Unsicherheitsintervalle
überschneiden sind also und
man kann die Werte miteinander
vergleichen. Aufgrund von den
Messunsicherheiten kann man
also das Skateboard des
Teilnehmers zulassen.”

End of table.
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Table E.3: Same as Tab. E.1, but now for the coding of the criterion codes.
Code Definition Coding rule Keywords Example

cr.unc The deciding
criterion is
unclear.

The deciding criterion
seems to absent, unclear, or
irrelevant (e.g. not
comparing both
skateboards). Statements
(e.g. regarding differences)
without conclusions or
other interpretation also
apply.

“Weil ich es unfair finde dass
man jemanden ausschließt.”, “Der
durchschnittliche Wert des
Skateboards beträgt 1,549s und
der des Referenzboards 1,537s.
Somit ist der Unterschied
zwischen den Skateboards
0,012.”

cr.dup The deciding
criterion is
the presence
of duplicate
values.

The justification refers to
duplicate measurements
between sets. The presence
or absence of these equal
values is the deciding
criterion in the
justification. The inequality
of measurements may be
supported by pointing out
differences between
measurements.

gleicher Wert,
entsprechen

“Weil einer der Messwerte des
Testboards mit einem der Werte
des Referenzboards
übereinstimmt.”, “Die Zeiten
entsprechen nicht die
Referenzzeiten, denn dadurch
kann es vielleicht kein fairen
Wettbewerb geben.”, “Da die
Sekunden die beim
Referenz-Skateboard und des
Teilnehmenden nicht gleiche
Messung besitzt. Man kann
genau bei der 5.Messung
erkennen das der Teilnehmende
0,06s über ist als bei dem
Referenz-Skateboard”, “Da die
Sekunden die beim
Referenz-Skateboard und des
Teilnehmenden nicht gleiche
Messung besitzt. Man kann
genau bei der 5.Messung
erkennen das der Teilnehmende
0,06s über ist als bei dem
Referenz-Skateboard”

cr.lar The deciding
criterion is
that one value
is larger than,
smaller than,
or equal to the
other.

The justification compares
a certain quantity (mean,
uncertainty, interval, . . . )
once. The deciding
criterion is based on one
value being larger than,
smaller than, or equal to the
other value. This notion of
larger/smaller or equality is
expressed explicitly (either
numerically or in words).
There is no mention of
whether this difference is
percieved as being
significant.

höher, großer,
kleiner,
Unterschied

“Ich habe die arithmetischen
Mittel ausgerechnet und
festgestellt, dass das
Teilnehmende Skateboard einen
höheren Durchschnittswert hat
als das Referenz- Skateboard.”,
“Ich würde das Skateboard des
Teilnehmers zulassen, da der
Mittelwert dieses Skateboards
1,527 beträgt und das der Jury
1,537. Das Skateboard des
Teilnehmers ist somit schneller
als das der Jury und die
Voraussetzungen für einen fairen
Wettbewerb sind gegeben.”

Continued on the next page.
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Code Definition Coding rule Keywords Example

cr.cts The criterion
is based on
the number of
occurrences
of a certain
comparison
outcome.

The justification mentions
a certain comparison being
repeated multiple times.
The number of occurrences
(smaller/larger, passing of a
threshold, . . . ) of this
comparison is the deciding
criterion for the final
decision. This number does
not have to be stated
quantitatively, the tendency
of a quantity being larger
more often also qualifies.

xmal, x
Fällen, zu oft,
Hälfte der
Messungen,
häufiger,
meistens, oft

“Es ist in 5 von 6 Fällen
langsamer als das Referenz -
Skateboard.”, “Es weicht oft ab.”,
“In vier von sechs Durchgängen
ist das teilnehmende Skateboard
schneller. Die Unterschiede
betragen zwar nur wenige
Millisekunden, da es sich aber
um eine sehr kurze Zeitspanne
handelt, können diese trotzdem
entscheidend sein. Deswegen
würde ich es nicht für den
Wettbewerb zulassen.”

cr.clo The criterion
is based on
the “closeness”
of that what
has been
compared.

The justification mentions
the “closeness” of that what
has been compared as the
deciding criterion for the
final decision. There might
be mentioning of a
numerical values like:
difference in mean values,
percentage difference,
decimal place where
differences occur. The
significance of this
difference is explicitly
stated.

nah, ungefähr,
größer,
Hundertel,
klein, unter-
schiedlich,
genug,
Nachkom-
mastelle, zu
sehr, wenig,
viel

“Ich würde das Skateboard nicht
zulassen, weil die Unterschiede
zu groß sind. Das währe unfair”,
“Die Werte der Skateboards sind
liegen nah bei einander. Somit
haben sie gleiche Chancen.”, “Da
die Werte bis auf die erste
Nachkommastelle im selben
Bereich liegen und erst ab der
zweiten leicht variieren.”

cr.ove The criterion
is based on
the overlap of
intervals or
values.

The justification mentions
the two uncertainty
intervals. The deciding
criterion is whether these
intervals show overlap (or
shared range) or not, or
make a statement about
their compatibility.
Justifications that check
whether one set of
measurements (or its mean
value) falls within the other
set, range or interval also
qualify.

Überschneidung,
Überlappung,
verträglichkeit,
Bereich, liegt
in

“Ja da auch hier die differenz der
mittelwerte etwa 0.01 sekunden
sind und die messunsicherheit
0.03s für das zweite und 0.035 s
für das referenz skateboard
waren.”, “Es dürfte am
Wettbewerb teilnehemen, da die
Werte zum größten Teil im
Bereich der Werte des
Referenz-Skateboards sind. Es
hat ungefähr die gleiche
Rollfährtigkeit, die dem
Referenz-Skateboart der Jurx
entspricht. Somit wäre der
Wettbewerb fair.”, “Der
Mittelwert des Zweiten
(Teilnehmer) Skateboards liegt in
der Unsicherheit des
Referenz-Boards. Und auch
sonnst sind die Abweichungen
nur Minimal”.

End of table.
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