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Abstract
The present thesis aims at investigating the interactions of hydrogen with solid
surfaces and materials. We first offer a brief historical context for surface science, as
well as quantum mechanics and science is general, before deriving the mathematical
apparatus necessary to investigate our systems of interest. We then move on to
explore the potential energy surface of the water-formation-reaction on a partially
oxidized ruthenium(0001) surface when confined under a two-atom thick sheet of
silica (SiO2 ). We further employ our findings in conjunction with experimental
observations and mathematical modeling to set up a fully theoretical model of
the system in order to explain its behavior. In the second chapter we investigate
the chemical alteration of the ultra-thin silica bilayer by means of exposing it to
hydrogen plasma. We elucidate possible defects formed during the process and
pin-point the most likely structure found. In the last chapter, we investigate the
possible error sources that are inherent in quantum mechanical modeling and
employ the so called embedded fragment approach to lift the approximations up
to the coupled cluster singles and doubles with perturbative triples (CCSD(T))
level of theory. We then apply this methodology to the diffusion of hydrogen on
aluminum oxide to obtain a diffusion barrier of chemical accuracy that may both
be used to benchmark other approaches such as density functional theory, as well
as experimental findings.

Zusammenfassung
In dieser Arbeit werden die Wechselwirkungen von Wasserstoff mit festen Materialien und Oberflächen untersucht. Zunächst wird der Kontext unserer Untersuchung
durch eine kurze Einordnung in die Geschichte der Naturwissenschaften im Allgemeinen, und der Oberflächenforschung im Speziellen, hergestellt. Anschließend
wird der quantenmechanische Apparat, welcher nötig ist um die betrachteten
Systeme zu beschreiben, eingeführt um dann detailliert die Potentialhyperfläche
der Entstehung von Wasser durch Adsoprtion von Wasserstoff auf einer teilweise
oxidierten Ruthenium(0001) Metalloberfläche zu studieren. Zudem wird das gleiche
System betrachtet, wenn die Metalloberfläche zusätzlich von einer biatomaren,
kristallinen Lage Siliziumdioxid (SiO2 ) bedeckt ist, wodurch eine räumliche Beengung eintritt. Wir verwenden unsere Ergebnisse zusammen mit experimentellen
Beobachtungen und mathematischen Methoden um ein vollständig theoretisches
Modell zu entwerfen und das System grundlegend verstehen zu können. In einem
weiteren Schritt werden die chemischen Änderungen der Siliziumdioxid Doppellage
untersucht, wenn das System Wasserstoffplasma ausgesetzt wird. Es werden diverse mögliche Defektstrukturen diskutiert und mithilfe experimenteller Befunde
die wahrscheinlichste Struktur isoliert. Im letzten Kapitel werden die typischen
Näherungen untersucht, welche notwendig sind um quantenmechanische Methoden
mit Hilfe von Computern durchführbar zu machen. Wir verwenden den sogenannten embedded-fragment Ansatz um die Diffusionsbarriere von Wasserstoff auf
Aluminiumoxid mit chemischer Genauigkeit zu berechnen. Unsere Ergebnisse auf
dem coupled-cluster with singles, doubles and perturbative triples (CCSD(T))Niveau können sowohl als Referenz für experimentelle Untersuchungen, als auch
für andere quantenmechanische Methoden wie z.B. die Dichtefunktionaltheorie,
angesehen werden.
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1 Chemistry and Surface Science in
a Brief Historical Context
For as long as humanity existed, mankind has marveled at nature and the universe
and wondered at the existence of life. While there seems to be an infinite number
of inexplicable phenomena in the universe, there ought to be as many attempts at
explaining them. The roots of science as a means to establish new knowledge can
be traced back to the ancient Egyptian and Mesopotamian era, dating as far back
as 2500 BCE.1 This included, amongst other things, early forms of mathematics,
book keeping, geometry, calendars and astronomy.1,2 Many of the philosophical and
mathematical foundations of our modern understanding of science were pioneered
by the ancient Greeks, such as Thales of Miletus (c. 640 – c. 546 BCE), credited
as the founder of the ionian school of philosophy, Pythagoras of Samos (c. 570 –
c. 495 BCE) or Leucippus (5th century BCE) who introduced the concept of the
atom as the indivisible constituents that make up the world and many others.
The modern definition of a scientific theory is usually understood in terms of
physical laws, which are deduced from reproducible experimental observations.
A scientific theory therefore aims for the mathematical explanation of all known
observations and the prediction of new physical laws based on these facts, which
in turn can then be falsified by experiment.3
Initially, there was no clear distinction between the field of natural sciences as
we know them today, such as physics, chemistry, biology or mathematics and the
first scholars we associate with the advent of modern scientific methods were often
skilled in a wide variety of fields. Starting with Nicolaus Copernicus (1546 – 1601),
who was the first to advocate – facing great oppression – a heliocentric view of
the solar system and continuing with famous names such as Galileo Galilee (1564 –
1642), who established the concepts of velocity and acceleration and discovered
the first moons of Jupiter as well as Saturn’s rings, or Johannes Kepler (1571 –
1630) who dared for the first time to deviate from a perfect circle and predicted
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the planetary motion to be elliptic, with the sun in one of their focal points. The
work of these and many other natural philosophers and mathematicians of the
time culminated in Sir Isaac Newton’s (1642 – 1726/27∗ ) famous work Philosophiæ
Naturalis Principia Mathematica (first published July 1687) establishing the laws
of classical mechanics.
The great struggles with which these early scientist had to wrestle (and still
wrestle today) is beautifully exemplified in the words of Stevin, who introduced
the decimal fraction in his work La Disme (1585) beginning with the words5–7
“To all astronomers, surveyors, measurers of tapestry, barrels and other
things, to all mintmasters and merchants, good luck!”
In parallel to the quest for the mathematical description of the universe, attempts
were also made at elucidating the building blocks of matter. The changes in
sociological structures as society shifted from a feudalistic system to one driven by
industrialists and capitalism meant, new social classes emerged such as the working
class and the artisans.6 As a consequence, large amounts of effort were redistributed
into optimizing production and illuminating properties of new materials and soon,
the mysterious aura that enrobed medieval alchemists was replaced by scientific
principles when Sir Francis Bacon (1561 – 1626) published The Proficience and
Advancement of Learning in 1605. From this time onward, many new theories about
the exact constituents of nature and their interactions were suggested, overhauled
and rejected.
Robert Boyle (1627 – 1691) began research on how gases respond to changes
in temperature and volume, which was carried on by others such as Joseph Louis
Gay-Lussac, Sadi Carnot or James Watt and ultimately lead to the invention of
thermodynamics. As a result the steam engine revolutionized industrial production.
In parallel, chemistry as a science in its own right began to take shape as AntoineLaurent de Lavoisier published what is today considered the first modern textbook
on chemistry in 1789 and John Dalton proposed the atomic theory of matter in
1803. During the 19th century chemistry flourished and many famous scientists
contributed, of which some notable examples are the establishment of the periodic
system of the elements by Dimitri Mendeleev in 1869, the establishment of organic
chemistry and the first synthesis of Urea by Friedrich Wöhler in 1828, the discovery
∗

2

During Newtons lifetime, both the Julian (old style) and Gregorian calendars (new style) were
in use. This lead to subsequent confusion about his time of death, which is why there exist
two dates depending which calendar is referred to.4

of radioactivity by Wilhelm Conrad Röntgen (1895) and Henri Becquerel (1896)
and the subsequent work by Marie and Pierre Curie, as well as the discovery of the
atomic nucleus in scattering experiments by Ernest Rutherford in 1906. Within
the physics community, some of the major milestones included the elucidation of
the phenomena of electricity and magnetism by eminent names such as Benjamin
Franklin, Michael Faraday, Allesandro Volta, Charles-Augustin de Coulomb and
many others which ultimately culminated in James Clerk Maxwell’s work unifying
both concepts into the theory of electro-magnetism, or the generalization of
Newton’s equations of motion by Joseph-Louis Lagrange and Sir William Rowan
Hamilton.
With the turn of the 19th century, new phenomena began to emerge, which stood
in stark contrast with the established classical theories of how matter behaves.
One of the riddles that had been debated for a long time, was whether light is
to be described as a wave or as particles. Both Descartes and Newton argued
in their corpuscular theory of light, that it is composed of individual particles,
which explains the fact that light beams always seem to travel in straight lines.
Christiaan Huygens (1629 – 1695) on the other hand put forward a theory of
light based on continuous wave fronts, which was successfully able to explain the
refraction of light at boundaries of different transparent materials. Furthermore,
measurements showed that the speed of light seemed to be independent of the
relative velocities between the light source and the observer. In addition to these
apparently incompatible behaviors of light, other problems arose, such as the
electro-magnetic spectrum of a black body or the photoelectric effect observed
when metals were exposed to electromagnetic radiation.
The consequences that arose in the theories that attempted the explanation
of these phenomena were in such opposition to our usual experiences, that many
of the scientists that worked on them were themselves not convinced of their
integrity. One of the two major milestones is of course Albert Einstein’s (1879 –
1955) theory of relativity, which solved the puzzle of constant light speed and lead
to famous predictions such as black holes and gravitational waves that distort
the four-dimensional space-time, all of which has been supported by experimental
observations.8
The second theory that shook the scientific community was concerned with the
elucidation of the behavior of single molecules, atoms and particles and was termed
quantum mechanics. Within the realm of quantum mechanics, the usual rules
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how things behave seem to dissipate and our tangible reality gets replaced with
concepts such as uncertainty, probability and non-local correlation. The underlying
mathematical structure, which was necessary to explain observed reality has been
tested to unprecedented accuracy† and in conjunction with Einstein’s theory of
relativity enabled us to completely work out theories of matter encompassing all
scales from the Planck length‡ to the entire visible universe.8
Having been equipped with both, the toolbox provided by chemists of the last 300
years, as well as the theory of quantum mechanics, modern chemistry and physics
are able to image and manipulate single atoms, predict, characterize, synthesize
and manipulate molecules and materials, provide the basis for medicine, catalysis,
industrial agriculture and food production, creation of novel materials in all areas
of daily life, means to tackle climate change and, for better of for worse, transform
our planet.
One of the key areas in modern chemistry and physics is the interaction of gases
and liquids with solid materials, as these are present everywhere in our world and
often define the interfaces at which chemical and physical reactions take place.
Examples for important liquid-solid and gaseous-solid interfaces are countless. For
instance, it is hypothesized that the first examples of protocells and RNA where
only possible due to the stabilizing interactions of these molecules with mineral
surfaces.11 These interfaces appear in our daily lives in obvious ways everywhere
we look, such as the weathering of rocks or shoes engineered to be water-proof
and in less obvious ways, such as the fact that the amounts of fertilizer that are
required to feed the ever-growing population were not possible without the solid
catalysts used in the Haber-Bosch process to convert hydrogen and nitrogen to
ammonia.
Surface science is faced with a unique challenge, since the number of atoms
or molecules that are typically present on a surface (≈ 1015 cm−2 ) is diminishing
in comparison with typical number of atoms or molecules in the material that
constitutes the surface (≈ 1022 cm−3 , a factor of 10 million). The foundations of
surface-science are often credited to Irving Langmuir (1881 – 1957), who conducted
†

The uncertainty in the value of the so called muon g-factor has been measured in accordance
with theory to less than one part in a billion.9
‡
The Planck length defines the smallest measurable length within the theory of quantum
mechanics. In order to measure distances shorter than the Planck length, one would need
photons of even shorter wavelength, which would inevitably create a black hole. 10 It is equal
to lp = 1.616 × 10−35 m
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studies on the macroscopic behavior of adsorption and desorption of gasses on
metallic surfaces. He was able to show, that diatomic molecules such as hydrogen
and oxygen adsorb dissociatively on tungsten and many of his models, even though
often simplistic in their assumptions, are still used today to gain qualitative
understanding about adsorption processes.12
Studies concerning the atomistic and molecular characteristics and behaviors of
such interfaces were difficult, since due to the low concentration of adsorbed species
as opposed to the bulk material, one not only requires tools that are sensitive to
the surface of the material and not the bulk, but also methods that can detect
the low concentration of adsorbates reliably. The development of these tools was
greatly aided due to historical reasons: Firstly, in the 1950s and 60s, the “space
race” for the moon and the large market for vacuum-tubes in electronics greatly
increased research activities concerning clean metallic surfaces and ultra-high
vacuum (UHV) systems, both fundamental requirements for surface science studies.
Secondly, the advent of the semi-conductor in the 50s and the subsequent explosion
in computational power not only made theoretical studies feasible, it also further
increased the interest in manufacturing highly specific surfaces. A further boost
was received in the 1970s, when due to the energy crisis, interest in the development
of new solid state catalysts gained huge momentum.12–14
Today, surface science is equipped with an arsenal of over 65 different techniques
with a sensitivity of ≤ 1 % of a monolayer to investigate the composition, electronic
structure, oxidation states and dynamics of the system.12 Some of the cornerstones
of modern spectroscopic methods include low-energy electron diffraction, which is
able to deduce the structure of periodic surface arrangements, scanning tunneling
and atomic force microscopy, both able to resolve individual atoms on surfaces,
X-ray photoelectron and Auger electron spectroscopy reveal information about
the electronic and chemical states of the adsorbates, (gracing incidence) infrared
spectroscopy gives insight into the vibrational modes and of course quantum
mechanical studies are able to investigate models of experimental findings and thus
give deep insight into atomistic data, such as the electronic structure, molecular
geometries, kinetic and dynamic properties amongst many other.
One of the difficulties arising in the experimental and theoretical description
is the complexity of these processes as well as the different timescales at which
processes occur. The quantum mechanical apparatus is in principle capable of
exactly calculating and predicting (within the framework of the chosen level of
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theory) all properties of the system. However, while the microscopic picture at
the atomic level describes the fundamental processes that are happening, such
as vibrations and bond-formation and breaking, macroscopic effects are usually
only observed after longer timescales, involving not only many repetitions of the
atomic processes but also the interaction between all the constituents amongst
themselves, as well as with the environment, which is often completely neglected
in theoretical studies. In order to bridge these gaps, various methods have been
suggested. For one, it is possible to treat only the electronic part of the system
at the quantum mechanical level, while the macroscopic properties are inferred
from statistical thermodynamical arguments. Another approach to explicitly follow
the motion of the atoms is to calculate forces acting on particles in a quantum
mechanical framework, while the nuclei themselves are propagated using Newton’s
classical equation of motion. While for heavy atoms this description is adequate,
attention has to be given when for example hydrogen is involved, where zero-point
energies and quantum-tunneling effects play a considerable role. The involved
mathematical description limits the application of these systems and the timescales
that can be simulated are in the pico-second range, which is why for highly complex
systems or for longer simulation times, one often describes the interactions between
individual atoms and molecules by empirically derived force-fields. Of course,
various combinations of these approaches also exist. An alternative approach is
brought forward by statistically sampling the configuration space of the system,
for example by kinetic Monte Carlo methods, which allows for simulation times in
the range of seconds or even minuets.15,16
In the first part of this thesis we will develop the quantum mechanical apparatus
required for the description of our systems and offer context on how to extract
thermodynamical information about reactions happening on surfaces. We will then
move on to apply this methodology to various systems involving the interaction of
hydrogen with solid surfaces and materials.
First, we are concerned with a partially oxidized ruthenium metal surface
exposed to hydrogen gas. The potential energy surface for the formation of water
is calculated using first-principle quantum mechanical methods and the behavior
of the system is compared to a surface that has been covered under a two-atom
thick sheet of silica (crystalline SiO2 ). The physical constraint that is introduced
for surface adsorbates via the silica sheet is a prime example for the field of
confined chemistry, which has seen a surge in interest over the last decades. We
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use our results in conjunction with experiment to set up a micro-kinetic model to
fundamentally understand the processes happening on the surface.
In a next step, we investigate the behavior of the silica sheet on ruthenium when
exposed to hydrogen plasma and the subsequent chemical alteration of the bilayer
sheet. The functionalization of the bilayer is a direct route to modify the chemical
and physical properties of the structure and thereby allows for potential design of
novel ultra-thin materials.
The last topic will look at the typical trade-offs that are made when modelling a
periodic surface with quantum mechanical tools. We will use the diffusion barrier of
hydrogen adsorbed on an aluminum-oxide surface as a case study to systematically
remove quantum mechanical approximations and increase the accuracy of our
model below chemical accuracy in order to supply a benchmark for experiment.
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2 Theory
2.1 A Brief Introduction to Quantum Mechanics
The fundamental cornerstone of this thesis is quantum mechanics, which, together
with Einstein’s theory of relativity, accounts for all physical principles we have
found to govern our universe.8 Both theories, quantum mechanics and relativity, are
known for their audacious predictions, none of which could be falsified so far.17,18
Even though Paul Dirac was able to find a formulation of quantum mechanics
which is compatible with Einsteins special theory of relativity,19 this thesis will
focus on the “classical” Schrödinger equation, which is incompatible with the
special theory of relativity and hence can only be utilized for the study of light
atoms (i.e. atoms with a small number of constituting protons in the nucleus), as
for those, the kinetic energy contribution to the atom is of low enough magnitude.20
Nonetheless, Schrödingers original formulation was a tremendous advance in the
mathematical description of the laws of quantum mechanics, which were uncovered
by famous names such as Niels Bohr, Werner Heisenberg, Wolfgang Pauli and
many others.21
One of the many striking results of quantum mechanics is that it is impossible
to predict how any particle moves from one part in space to another, that is which
exact trajectory it will take and even further that it is impossible to predict the
position of any particle precisely.22 This result is of course now known as the
famous Heisenberg uncertainty principle, which states that when one restricts the
probability of a particle’s location (for example by containing it in a potential well),
one will lose information about the particle’s momentum, i.e. its directional motion.
This means, one can only ever calculate a probability of finding a particle within
a given volume of space at a certain time.23 One of the postulates of quantum
mechanics is, that this probability density p is given by the square of the absolute
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value of a (in general complex valued) function Ψ
p = |Ψ|2 = Ψ∗ Ψ

,

(2.1)

termed the wavefunction, which depends on all degrees of freedom of the system
under consideration, for example the spatial and spin coordinates of electrons in
an atom, as well as time. Of course, the total probability of finding a particle
anywhere in space must be equal to unity, which requires the wavefunction to be
normalized:24
Z
!
|Ψ|2 dV = 1
.
(2.2)
R3

It is the Schrödinger equation that uniquely determines the spatiotemporal
evolution of such a wavefunction:20
i~



d
|Ψ(x, t)i = Ĥ |Ψ(x, t)i = T̂ + V̂ |Ψ(x, t)i
dt

,

(2.3)

where x depends on all degrees of freedom of the system, t denotes time and Ĥ is
the so called Hamiltonian operator of the system, which in turn is comprised of the
kinetic (T̂ ) and potential energy (V̂ ) operator, i.e. the total energy of the system.
For atoms and molecules, we are in general interested in stationary states, i.e.
states whose total energy is constant in time. Consequently, the Hamiltonian
operator Ĥ does not explicitly depend on time and thus any solution to the
Schrödinger equation 2.3 can be written as the initial wavefunction |Ψn (x, 0)i and
a phase factor, which only depends on the total energy E of the system:
|Ψn (x, t)i = e−i

En
t
~

|Ψn (x, 0)i

(2.4)

Since there are multiple states of different Energy for a given system, the wavefunction describing the system and its corresponding eigenvalue En have been indexed
with the number n.
As a result, for stationary systems it is sufficient to determine the timeindependent part of the wavefunction, which is subsequently determined by the
time-independent Schrödinger equation
Ĥ |Ψn (x)i = En |Ψn (x)i

,

(2.5)

with the time independent Hamilton operator, which for a system of N electrons
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interacting in the Coulomb field of M atomic nuclei, is given by






Ĥ = T̂ + V̂ = T̂e + T̂n + V̂en + V̂ee + V̂nn



,

(2.6)

with the kinetic energy of the electrons and nuclei
T̂e = −
T̂n = −

N
X
i
M
X
i

~2 ~ 2
∇
2me ~ri
~2 ~ 2
∇
2Mi R~ i

(2.7)
,

(2.8)

the attractive potential between nuclei and electrons
V̂en = −

M
N X
X
i

j

Zi e 2
1
~ j|
4π0 |~ri − R

,

(2.9)

and the repuslive potentials between electrons and nuclei, respectively:
V̂ee =

N
N X
X
i

V̂nn =

j>i

M
M X
X
i

j>i

e2
1
4π0 |~ri − ~rj |

(2.10)

1
Zi Zj e 2
~i − R
~ j|
4π0 |R

.

(2.11)

~ denotes the Nabla operator, 0 is the absolute dielectric permittivity in
Here, ∇
vacuum, e is the elementary charge, me is the rest mass of the electron, Mi is the
rest mass of the i-th nucleus, Zi is the nuclear charge of the i-th nucleus and ~ri
~ i are the coordinate-vectors of the i-th electron or nucleus, respectively.
and R
Since the constants that appear in eqs. (2.7) to (2.11) are somewhat cumbersome,
it is customary to re-scale the unit system from SI units to so called atomic units
(a.u.),25 scaled such that
e = me = ~ =

1
= 1 a.u.
4π0

.

(2.12)

This simplifies the algebra and consequently, we will use atomic units throughout.
Once the (time independent) wavefunction Ψ has been found, a further postulate
of quantum mechanics states that any physical observable property o of the system,
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for example the total energy, is given by the so called expectation value
E

D

hoi = Ψ Ô Ψ =

Z
R3

Ψ∗ Ô Ψ dV

,

(2.13)

where Ô is the quantum mechanical operator representing the observable and ∗
represents complex conjugation. If an observable of a quantum mechanical system
can be predicted without uncertainty, the system is said to be in an eigenstate
E
ΨÔ of the operator associated with this observable. Mathematically this means,
that when the operator acts upon the wavefunction describing this eigenstate, it
returns the same eigenstate multiplied with the value of the observable
E

Ô
Ô ΨÔ
n = o n Ψn

E

,

(2.14)

where any operator usually has an infinite spectrum of eigenstates and eigenvalues
on , which are thus numbered by the index n. For any hermitian operator, in
particular the Hamiltonian, these eigenvalues are always guaranteed to be real.
By solving the differential equation 2.3, one obtains the true wavefunction Ψ
of the system, which in turn then encodes all possible observables of the system.
The ansatz for the solution is usually chosen by expanding the true wavefunction
in a (finite) set of basis functions, termed ab-initio wavefunction-based methods.
A different approach is termed density functional theory and is based on the
two Hohenberg-Kohn theorems (vide infra), which show that in principle it is
unnecessary to know the explicit wavefunction Ψ, as all properties of the system
are also determined by the one-electron density function of the system, which only
implicitly depends on the coordinates of the constituting particles.
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2.2 Properties of Wavefunctions and Required
Fundamental Approximations
As explained in the previous section, all properties of a system are determined by
its wavefunction, where the square of the absolute value of the wavefunction is equal
to the probability density of finding a particle within a given differential volume.
However, it was demonstrated in 1922 by Otto Stern and Walther Gerlach that
when one sends a beam of positively charged silver atoms trough an inhomogeneous
magnetic field aligned along an axis, the beam will exhibit a well defined separation
into two parts, parallel to the field direction.26
It was deduced that the electron has an additional, quantized degree of freedom,
coined the spin, which can only obtain one of two possible values, named α and β
(or up and down). This degree of freedom has all properties of angular momentum,
however it has no classical counterpart, since it is an intrinsic property of electrons
that does not depend on any “rotation” in real space. Only Dirac was able to deduce
it from fundamental principles using his relativistic counterpart of the Schrödinger
equation.19 Before this theory was put on a sound theoretical basis however, in his
work on atomic spectra, Wolfgang Pauli found that this fourth quantum number
describing the spin of the electron, would allow for the explanation of the fine
structure observed for the hydrogen adsorption spectrum. This lead to his famous
rule, later termed Pauli exclusion principle, which states that no two electrons in an
atom can occupy the same orbital, where the orbital is described by four quantum
numbers.27 This formulation is somewhat inexact, since a fundamental requirement
of quantum mechanics is the indistinguishability of quantum particles, that is to
say it is impossible to assign two different probability densities to two different
particles of the same type in the same system. A mathematical formulation of
the Pauli principle is that whenever two indistinguishable particles in a quantum
mechanical system interchange their coordinates, the wavefunction has to change
sign28
Ψ(~r1 , ~r2 ) = −Ψ(~r2 , ~r1 )
.
(2.15)
This condition prevents a wavefunction comprised of a system of N particles to be
simply written as products of N individual one-particle wavefunctions ψ(~ri ):
ΨHP (~r1 , ~r2 , . . .) = ψ1 (~r1 )ψ2 (~r2 ) . . .

,

(2.16)
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which is called a Hartree product. In order to fulfill this requirement, the wavefunction is usually written as a so called Slater determinant
ψ1 (~r2 ) · · · ψ1 (~rN )
ψ2 (~r2 ) · · · ψ2 (~rN )
..
..
...
.
.
ψN (~r1 ) ψN (~r2 ) · · · ψN (~rN )

ψ1 (~r1 )
E
ψ2 (~r1 )
1
ΨSD (~r1 , ~r2 , . . . , ~rN ) = √ det
..
N!
.

,

(2.17)

which is an antisymmetrized linear combination of all possible permutations of
Hartree products and automatically fulfills the Pauli principle. However, in general,
the true wavefunction Ψ is a linear combination of an infinite number of such
Slater determinants. Thus, when approximating the wavefunction with a finite
number of Slater determinants, it is in general no longer an eigenfunction of the
Hamiltonian operator.

As elaborated on above, for stationary systems, the wavefunction is completely
determined by the time-independent Schrödinger equation (2.5), which constitutes
a many-body-problem of interacting particles, for which even in the classical
Newtonian case, there exist no analytical solutions in the general case. For that
reason, it is required to introduce further approximations to the system, of which
the most fundamental is the so called Born-Oppenheimer approximation.29 It
allows for a separation of the total wavefunction Ψ into a nuclear and an electronic
wavefunction




~ Φelec {~r}, {R}
~
|Ψi = φnuc {R}
,
(2.18)
owing to the fact that nuclei and electrons are of different magnitude in their mass
and motion of the electrons around the heavy nuclei can be interpreted as moving
in a very slowly varying electrostatic potential that is constant in first order. In
other words, electrons are allowed to adapt instantaneously to the configuration of
the nuclei. As a result of this approximation, one introduces the so called potential
~ i }), which is the potential energy surface in the space
energy (hyper)surface E({R
of the nuclear coordinates of the molecule. The electronic wavefunction is then
determined by the so called “clamped-nuclei” Schrödinger equation
Ĥelec |Φelec i = Eelec |Φelec i

14

,

(2.19)
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where the electronic Hamiltonian is given by
Ĥelec = T̂e + V̂en + V̂ee + V̂nn

,

(2.20)

where Vnn and Ven now only parametrically depend on the set of nuclear coordinates.
The nuclear wavefunction and the total energy of the clamped system in turn is
then determined by the nuclear Schrödinger equation




Ĥnuc |φnuc i = T̂n + Eelec |φnuc i = Etot |φnuc i

,

(2.21)

where the electronic energy of the system acts as a potential energy that is added
to the kinetic energy of the nuclei.
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2.3 Hartree-Fock Theory
2.3.1 Formalism
The Hartree-Fock algorithm, as pioneered by Douglas R. Hartree30 and amended
by Vladimir A. Fock,31 is probably the best known example for determining
approximate wavefunctions for atoms and molecules and serves as a starting
point for many other, more sophisticated algorithms that try to improve on the
inherent approximations made. As introduced before, the Born-Oppenheimer
approximation allows for the decoupling of the nuclear from the electronic degrees
of freedom. This transforms the full problem of all interacting particles into a
problem of moving electrons in a fixed electrostatic potential created by the frozen
nuclei. Albeit reduced in complexity, the coupling of the electronic motion via the
electron-electron repulsion potential V̂ee , still precludes an analytical solution of the
partial differential equation posed by the electronic Schrödinger equation (2.19).
However, we may utilize the variational principle,32 which states that any
wavefunction Ψtest , which is not the true ground state Ψ0 of the system under
study, will yield a larger Rayleigh quotient
D

E[Ψtest ] =

Ψtest Ĥ Ψtest
hΨtest | Ψtest i

E

≥ E[Ψ0 ]

(2.22)

than the ground state. Consequently, the Slater determinant with the lowest
possible energy expectation value will be the best possible approximation to the
true ground state wavefunction.
The Hartree-Fock algorithm now leverages this principle by writing the energy
expectation value of a trial wavefunction as a functional of the orbitals that form
the Slater determinant24
D

E

Eelec [{ψi }] = hĤelec i = ΨSD T̂e + V̂en + V̂ee + V̂nn ΨSD
(2.23)
D
E
X
1X
=
ψi ĥ ψi +
hψi ψj | ψi ψj i − hψi ψj |ψj ψi i (2.24)
2 i,j
i
E
XD
1X
=
ψi ĥ ψi +
hψi ψj k ψi ψj i
,
(2.25)
2 i,j
i
where we have used the so called Slater-Condon rules33,34 for the evaluation of oneand two-electron operator expectation values with Slater determinants and the
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shorthand notation
1~2 X
ZM
ĥ = − ∇
~
ri −
~M|
2
ri − R
M |~

(2.26)

hψi ψj k ψk ψl i = hψi ψj | ψk ψl i − hψi ψj | ψl ψk i
ZZ
1
ψk (~r)ψl (~r 0 ) d~r d~r 0
hψi ψj |ψk ψl i =
ψi† (~r)ψj† (~r 0 )
|~r − ~r 0 |

(2.27)
.

(2.28)

The orbitals ψi depend on all electronic degrees of freedom, that is both the spatial
~ri and spin coordinates σi .
It then finds the minimum of this functional by linearly varying the orbitals
under the condition, that the resulting orbitals remain orthonormal to each other,
i.e. that hψi |ψj i = δij with the Kronecker delta δij . This is achieved by using the
method of Lagrange multipliers and the Lagrangian reads
L = Eelec [{ψi }] −

X



ji hψi | ψj i − δij



,

(2.29)

i,j

where the ji are the Lagrange multipliers. The stationary condition now requires that for any arbitrarily small variation of the orbitals, the variation in the
Lagrangian must vanish. Applying this for the k-th orbital, we obtain
!

(k)

0 = δL(k) = δEelec [{ψi }] −

X

ik hδψk | ψi i + c.c.

(2.30)

i

D

E

= δψk ĥ ψk +

X

hδψk ψi k ψk ψi i −

X

D

E

= δψk F̂ ψk −

ik hδψk | ψi i + c.c.

(2.31)

i

i

X

ik hδψk |ψi i + c.c.

,

(2.32)

i

where we have introduced the so called Fock operator
F̂ = ĥ +

X

Jˆi − K̂i

,

(2.33)

i

with the Coulomb operator Jˆ and exchange operator K̂, which are defined in their
action on an arbitrary orbital ψ as
1
d~r 0 ψ(~r)
|~r − ~r 0 |
Z
1
K̂i ψ(~r) = ψi† (~r 0 )ψ(~r 0 )
d~r 0 ψi (~r)
0
|~r − ~r |
Jˆi ψ(~r) =

Z

ψi† (~r 0 )ψi (~r 0 )

(2.34)
.

(2.35)
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Applying these variations yields, after some manipulations, a set of k = 1, . . . , N
equations
X
ki |ψi i
,
(2.36)
F̂ |ψk i =
i

which can be compactly written as
Fψ = Eψ

.

(2.37)

Since E is hermitian, we can utilize the unitary matrix U = (q 1 , . . . , q N ), with the
eigenvectors q i of E, to rewrite eq. (2.37) as
e
e = eψ
Fψ

(2.38)

E = UeU†

(2.39)

with

and
e = U† ψ
ψ

,

(2.40)

which diagonalizes E and eq. (2.38) becomes a set of N non-linear equations
E

F̂ ψei = ei ψei

E

.

(2.41)

In principle, this poses an ordinary eigenvalue problem, which can be solved with
standard tools of linear algebra. However, the fact that the Fock operator F̂ itself
explicitly depends on the solution of these equations, means they have to be solved
iteratively: A Fock operator is constructed from a set of guessed one-electron
orbitals, the resulting eigenvalue problem is then solved and the solutions are used
to construct a new Fock operator. This procedure is repeated until a convergence
threshold (for example the change in energy or density) has been reached and the
resulting new orbitals only marginally differ from the previous iteration, i.e. until
self-convergence is achieved.
Since the Fock operator is a sum of effective one-electron operators, where the
true electron-electron interaction potential V̂ee has been replaced with the average
electrostatic potential generated by all electrons in the system except for the one
the potential is acting on, this can be interpreted as iteratively letting a test charge
relax in the field of all electrons until it is self-consistent. Hence, this type of
optimization is often called the “self-consistent field method”.
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The fact, that in general, the true wavefunction Ψ cannot be represented as
a single Slater determinant and that the Hartree-Fock algorithm provides the
Slater determinant with the lowest possible energy expectation value, results in
the definition of the so called correlation energy according to Löwdin35
Ecorr = E0 − E0HF

,

(2.42)

with the Hartree-Fock Energy E0HF and the true ground state energy E0 . However,
this definition is somewhat unfortunate, since strictly speaking, the Hartree-Fock
method already includes Fermi correlation, which arises from the anti-symmetry
of the wavefunction. Nonetheless, the Hartree-Fock algorithm does not account
for the so called Coulomb correlation, which is an effect of the instantaneous
interactions of electrons, that cannot be described in the mean field approach of
the Hartree-Fock method.36 As a result, one of the flaws of this algorithm is that
it cannot describe dispersive long-range interactions.37
This type of correlation energy is often referred to as so called dynamic correlation,
arising from the instantaneous interaction of the particles and the anti-symmetry of
the wavefunction. In addition to these, there is also static correlation, which cannot
be described by any method using a single Slater determinant, as it originates
in the fact that there exist multiple determinants with comparable weight in the
configuration interaction expansion (vide infra). In general, these types of systems
can be treated by so called multi-reference methods, which will not be discussed
in this thesis.

2.3.2 The LCAO Ansatz and the Roothaan-Hall Equations
In order to solve the Hartree-Fock equations 2.38, we require a starting guess for
the one-electron orbitals in order to form the Fock operator and solve for the
new orbitals. To this end, the one-electron orbitals ψi are expressed as a linear
combination of basis functions:
ψi (~r) =

X

cn,i χn (~r)

.

(2.43)

n

In principle, the choice of Basis set {χn } is arbitrary and different types of
basis functions are able to describe different types of physics. For example,
a common choice are hydrogen-like, atom-centered basis functions, which lend
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themselves naturally to the description of molecules in a vacuum, applying the
linear combination of atomic orbitals (LCAO) theory. One of the advantages of
this type of basis set is, that tightly bound core states are rarely strongly influenced
and thus they largely retain their atom-like structure, even for strongly interacting
atoms in molecules. An example of such a basis set is the so called (spherical)
Slater type orbital (STO) basis set
~
~ A l Ȳl,m (~r − R
~ A)
χζ,l,m,A (~r) = Nζ,l e−ζ|~r−RA | ~r − R

,

(2.44)

~ A is the position
where ζ is a parametric exponent that may be chosen freely, R
of the A-th Atom, Nζ,l is a normalizing factor and Ȳl,m is a real combination
of spherical harmonics. One immediate draw-back of STO basis sets are their
mathematical structure, since the integrals that result in the solution of the HartreeFock equations require combinations of two or more basis functions on different
atoms, which cannot be easily solved analytically for this type of functions.
Another basis set, which tries to sidestep the problems of integration encountered
in the STO basis set is the Gaussian basis set, where the (physically correct)
exponential decay in eq. (2.44) is replaced with Gaussian type functions
2

~
~ A)
~ A l Ȳl,m (~r − R
χα,l,m,A (~r) = Nα,l e−α|~r−RA | ~r − R

,

(2.45)

which inherently possess the attribute, that products of two spatially separated
Gaussian functions yield another (displaced) Gaussian. The computationally
strongest advantage is however, that integrals of functions with higher angular
momenta components can be expressed in terms of integrals of lower angular
momenta.38 However, this basis set inevitably introduces an error, since physically
exact wavefunctions have a cusp at the position of the nucleus, resulting from
the unbounded electron-nucleus Coulomb potential, centered at the nucleus. To
mitigate this error, usually each basis function in a Gaussian type orbital (GTO)
basis set, is fitted to a Slater type orbital by expanding it in a small set of Gaussian
functions until a satisfactory overlap between the true Slater orbital and the GTO
is achieved. This method is often referred to as the STO-nG basis set, where n is
an integer indicating how many primitive Gaussians have been used to approximate
a single Slater type orbital. A comparison between a Slater type function and
various approximated STO-nG functions is shown in fig. 2.1.
If one includes more than one function per electron for the description of valence
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states, the basis is termed a “split-valence” basis and is often referred to as double(triple-, etc.) zeta quality, referring to the ζ-Exponent of eq. (2.44). Another
common way of modifying the basis as described above is the addition of so called
polarization functions, that is functions of higher angular momenta than required
in the minimal description of the atom, for example p-like terms on hydrogen or
d-like terms on first-row elements. In addition to that, in order to allow for even
more flexibility in the spanned Hilbert space, one often includes so called diffuse
orbitals, which have a very low Gaussian exponent and therefore a large spatial
extent.
A type of basis set, which is especially
useful for high-accuracy computations
is the so called correlation-consistent
(cc) basis set. These have been developed in order to obtain a smooth convergence of the correlation energy when
increasing the basis set size and therefore allow for extrapolation to the basis
set limit.

slater function
STO-6G
STO-4G
STO-2G
0.6

0.4

0.2
A multitude of other basis sets have
been developed over the years, some
highly adapted to special kinds of
−4
−2
2
4
physics, while others try to be as generally applicable as possible. However, an Figure 2.1: Comparison between a Slater
type function and various approximaincrease in basis functions will not only
tions using Gaussian type orbitals. The
have a negative impact on the computaSlater function has a cusp at the positional cost of the algorithm, it may also
tion of the nucleus, which cannot be reintroduce (near) linear-dependencies in
produced exactly by the Gaussian functions, except in an infinite primitive
the basis set, resulting in numerical infunction limit.
stabilities. The choice of a particular
basis is therefore often crucial and a
trade-off between accuracy and numerical tractability has to be made.

A further choice of basis, which will be of importance for description of periodic
systems, are so called (complex) plane waves, defined as
~

χ~k (~r) = eik·~r

,

(2.46)
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where ~k is the so called Bloch vector. This set forms a complete basis for any
function that is periodic and thus forms a natural basis for crystalline systems. The
huge advantage of this type of basis is the fact, that the quality of the basis can
be improved simply by increasing the range of allowed values for ~k. Furthermore,
plane waves always possess the attribute of orthogonality, that is, they do not
suffer from possible (near) linear dependencies or over-completeness. On the other
hand, plane waves are, by their very nature, fully delocalized in space. Thus, in
order to describe localized parts of the wavefunction, such as core-orbitals, plane
waves with very high oscillatory components have to be included in the expansion,
or pseudo-potentials such as the augmented plane wave method have to be used.
Once a basis has been chosen, plugging eq. (2.43) into eq. (2.41)
F̂

X

cν,i χν (~r) = i

ν

X

cν,i χν (~r)

(2.47)

ν

and projection of χµ (~r) onto the resulting expression:
Z

χµ (~r)∗ F̂

X

cν,i χν (~r) d~r =

Z

χµ (~r)∗ i

X

ν

XD

cν,i χν (~r) d~r

(2.48)

ν

E

χµ F̂ χν cν,i = i

ν

X

hχµ | χν i cν,i

(2.49)

,

(2.50)

ν

X
ν

Fµν cν,i = i

X

Sµν cν,i

ν

yields a system of linear equations, which can be compactly written in Matrix form
as:
Fci = Sci i

.

(2.51)

This set of equations is often referred to as Rothaan-Hall equations after Clemens
Rothaan and George Hall, who derived them for the first time in 1951.39,40
This is again a generalized eigenvalue problem, which may be solved by standard
tools of linear algebra. After orthogonalization (for example using symmetric or
unitary orthogonalization) and subsequent diagonalization of the Fock matrix F, a
vector of new orbital coefficients is obtained and the procedure is repeated until
self-consistency is achieved.
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2.4.1 The Product State Expansion of the Wavefunction
In the previous sections we introduced the Hartree-Fock algorithm for determining
an approximate solution for an arbitrary system of interacting electrons in a static
external field. It leveraged the fact that an approximation for the wavefunction
may be written as an anti-symmetrized linear combination of one-electron-function
products. These are sometimes called product states, owing to the fact that all
possible permutations of products appear in them. However, as was touched
upon before, the true wavefunction of an arbitrary system can, in general, not be
expressed as a single Slater determinant, which is why the Hartree-Fock algorithm
is, by definition, incapable of capturing correlation effects.
However, the set of all possible Slater determinants, which may be constructed
from a complete set of one-electron orbitals {ϕn }, for example approximately
determined via the Hartree-Fock algorithm, forms a complete basis in which the
true wavefunction may be expanded.
To see this, one considers an arbitrary function f (x1 , x2 , . . . , xN ), where in a
first step all but the first variable is held constant. It is thus possible to expand
this function in a complete basis of one-electron functions in the first coordinate:
f (x1 , {x2 , . . . , xN }) =

X

an1 (x2 , . . . , xN )ϕn1 (x1 )

(2.52)

n1

with expansion coefficients an1 (x2 , . . . , xN ) given by
an1 (x2 , . . . , xN ) = hϕn1 | f i

.

(2.53)

These coefficients in turn, can be expressed in terms of a function in x2
an1 (x2 , {x3 , . . . , xN }) =

X

an1 ,n2 (x3 , . . . , xN )ϕn2 (x2 )

.

(2.54)

n2

Repeating this for all subsequently appearing coefficients, we obtain the true
function as a linear combination of product states
f (x1 , x2 , . . . , xN ) =

X

an1 ,n2 ,...,nN ϕn1 (x1 )ϕn2 (x2 ) · · · ϕnN (xN )

. (2.55)

n1 ,n2 ,...,nN
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Since for a system of fermions, the wavefunction has to be anti-symmetric with
respect to the permutation of any two coordinates, also the expansion coefficients
will be anti-symmetric under these permutations anp(1),...,p(N ) = (−1)P an1 ,...,nN .
Fixing the order of the indices, e.g. n1 < n2 < . . . < nN , results in an expansion
of the function in the basis of Slater determinants:
X

f (x1 , x2 , . . . , xN ) =

√

N !an1 ,...,n1 ΨSD
a1 ,...,aN (x1 , x2 , . . . , xN )

.

(2.56)

n1 <...<nN

2.4.2 Configuration Interaction
The Hartree-Fock algorithm finds the Slater determinant with the lowest possible
energy expectation value. While it is already capable of retrieving over 98%
of the total energy in comparison to the most accurate descriptions we have,24
unfortunately it is exactly these last 2% of accuracy that are crucial for studying
chemical reactions and the behavior of molecules and solids.
Since, in general, a chosen basis set for a Hartree-Fock calculation will include
more basis functions than are required to build the N -electron Slater determinant,
the Hartree-Fock algorithm will provide so called virtual orbitals, i.e. orbitals
which are not explicitly used in the creation of the N -electron Slater-determinant
because their orbital-eigenvalue is too large. Consequently we may expand the
full wavefunction according to eq. (2.56) in the space of all possible N -electron
determinants that may be constructed from all (occupied and virtual) orbitals of
the preceding Hartree-Fock run
Ψ 0 = c 0 Φ0 +

X
i,a

cai Φai +

X
i<j
a<b

ab
cab
ij Φij +

X

abk
cabc
ijk Φijk + . . .

,

(2.57)

i<j<k
a<b<c

where Φ0 is the ground-state Hartree-Fock determinant, Φai is a determinant with
the i-th occupied orbital replaced by the a-th unoccupied orbital and so forth. The
indices on the sums have been restricted such that each configuration only appears
once in the summation. This expansion is called the Configuration Interaction (CI)
method. Subsequently, we will be using the indices i, j, k, . . . for occupied orbitals,
the indices a, b, c, . . . for virtual orbitals and the indices p, q, r, . . . for arbitrary
orbitals.
While, for a complete one electron basis, this delivers the true wavefunction of
the fully correlated system, the number of determinants that have to be considered
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in the expansion quickly grows to an insurmountable extent. Consequently, it is
customary to restrict the number of determinants that are actually used. This
leads to the so called truncated CI methods, for example CIS, CISD. . . , where S
stands for singles, D four doubles and so forth. Here, only determinants with up
to a single (double, triple) occupied → virtual substitution are included.
A result which is useful in the CI formalism is Brillouin’s theorem, which
states that singly excited determinants do not directly mix with the Hartree-Fock
ground-state:
E
D
,
(2.58)
Φ0 Ĥ Φai = 0
which results from the fact, that this expectation value is simply the off-diagonal
element of the Fock Matrix, which is zero by construction, since the orbitals {ψi }
diagonalize the Fock matrix. Similarly, matrix elements that differ in more than
two orbitals do also not mix, which is a result of the Slater-Condon rules, since
matrix elements for two electron operators with determinants that differ in more
than two orbitals are always zero.33,34
In order to determine the correlation energy E0 − E0HF using the CI expansion eq. (2.57), it is convenient to rewrite the wavefunction in an intermediately
normalized way, i.e. requiring c0 := 1, since then
hΦ0 | Ψ0 i = 1

.

(2.59)

The correlation energy can be obtained from the eigenvalue equation
Ĥ |Ψ0 i = E0 |Ψ0 i

,

(2.60)

by subtracting E0HF |Ψ0 i from both sides and projecting with hΦ0 | from the left:
D

E

Φ0 Ĥ − E0HF Ψ0 = Ecorr hΦ0 | Ψ0 i = Ecorr

.

(2.61)

If we plug the expansion eq. (2.57) into eq. (2.61) and exploit Brillouin’s theorem,
as well as the fact that determinants that differ in more than two orbitals do not mix,
we obtain the correlation energy purely in terms of doubly excited determinants:
Ecorr =

X

D

ab
cab
ij Φ0 Ĥ Φij

E

.

(2.62)

i<j
a<b
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In cases where the Hartree-Fock wavefunction is a reasonable approximation to
the true ground-state wavefunction, the doubly excited coefficients cab
ij will indeed
be the contribution with the largest weight (aside from the reference determinant).
However, this does not mean that singly or more than doubly excited determinants
do not contribute to the expansion, since the coefficients cab
ij are coupled to all
orders. This becomes evident when, if instead of projecting with the Hartree-Fock
ground-state from the left, we project with a singly excited determinant
D

E

Φai Ĥ − E0 Ψ0 = Ecorr hΦai | Ψ0 i

(2.63)

and plugging the CI expansion eq. (2.57) for |Ψ0 i to find
X
jb

D

E X

cbj Φai Ĥ − E0 Φbj +

D

E X

a
bc
cbc
jk Φi Ĥ Φjk +

j<k
b<c

D

E

a
abc
a
cabc
ijk Φi Ĥ Φijk = Ecorr ci

j<k
b<c

(2.64)
This can be repeated with higher excited determinants, to find a coupled set of
equations that have to be solved simultaneously to obtain the CI coefficients and
hence the correlation energy.
The expression for the correlation energy eq. (2.62) implies that it can be thought
of as a sum of pair-energies eij for a given pair i and j, where the pair energy is
given by
D
E
X
ab
Φ
eij =
cab
.
(2.65)
Ĥ
Φ
0
ij
ij
a<b

Since, in order to obtain the true pair energies eij , one would need to know all
coefficients for higher excitations, i.e. solve the full CI problem, an alternative
approach is to find approximations to eij . Historically, this leads to a multitude
of approaches, which are often termed coupled-pair theories, one of the most
successful descendants being the coupled cluster approximation.
One of the fundamental shortcomings of truncated CI is, that is not size consistent.
That is, the energy of two subsystems A and B at large separations (such that
they do not interact among each other) will not have the energy of the sum of the
monomer calculations
CI
.
(2.66)
6= EACI + EBCI
EA–B
The reason for this can be seen if we consider the wavefunction of the super system
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and subsystems in terms of the doubles CI method
HF
D
ΨCID
A–B = ΦA–B + ΦA–B

(2.67)

D
ΨCID
= ΦHF
A
A + ΦA

(2.68)

D
ΨCID
= ΦHF
B
B + ΦB

,

(2.69)

where ΦD is the sum of all possible double excitations out of the reference HartreeFock determinant ΦHF . The “true” wavefunction of the super systems, which is a
product of the wavefunctions for the two subsystems
CID
D
D
D
Ψ̃CID
· ΨCID
= ΦHF
A–B = ΨA
B
A–B + ΦA–B + ΨA · ΨB

,

(2.70)

carries an extra term for simultaneous double-excitations within both monomers,
which is missing in the CID wavefunction of the super system. Furthermore,
this shortcoming increases with the system size and hence becomes especially
problematic for large systems such as crystals.24

2.4.3 Coupled Cluster Theory
2.4.3.1 Second Quantization
As argued in the last section, the expansion of the wavefunction in excited Slater
determinants quickly leads to dimensions which cannot be handled routinely. An
alternative approach to the CI method in generating a wavefunction expansion in
excited determinants is provided by the so called Coupled-Cluster (CC) theory.
This theory is most conveniently discussed in the context of second quantization,
which introduces the concept of the Fock-space, as the space spanned by all possible
determinants that can be formed from a given one-electron basis. The operators
that act upon such determinants are formulated using so called creation and
annihilation operators.
A creation operator â†p is defined in its action on a reference determinant
|φi φj . . . φs i, by adding a particle in state φp to the determinant
â†p |φi φj . . . φs i = |φi φj . . . φp . . . φs i

.

(2.71)

Conversely, the annihilation operator âp removes the particle in state φp from the
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determiannt
âp |φi φj . . . φp . . . φs i = |φi φj . . . φs i

.

(2.72)

A given determinant can therefore be constructed by action of a chain of creation
operators onto the true vacuum state |0i
|ΨSD i = a†p a†q . . . a†s |0i = |φp φq . . . φs i

.

(2.73)

Since the wavefunction has to change sign when two columns of the Slater
determinant are interchanged, pairwise permutation of two creation or annihilation
operators
a†p a†q |0i = |φp φq i = − |φq φp i = −a†q a†p |0i
(2.74)
leads to the anti-commutation relations
â†p â†q + â†q â†p = 0

âp âq + âq âp = 0

â†p âq + âq â†p = δpq

.

(2.75)

Using these operators, we can define the so called (single orbital) cluster-operator
t̂i =

X

tai a†a ai

,

(2.76)

a

which when acting on a reference determinant, will create a linear combination of
all possible determinants, where the particle in state φi has been replaced with a
particle in state φa . This procedure can be extended to an arbitrary number of
substitutions for the N orbital cluster operator
t̂ij... =

† †
tab...
ij... âa âb . . . âi âj . . .

X

.

(2.77)

a>b>...>d

Grouping all one orbital cluster operators into the total one orbital cluster
operator
X
X
tai â†a âi
,
(2.78)
t̂i =
T̂1 =
i

ia

all two orbital cluster operators into the total two orbital cluster operator
T̂2 =

28

1 X X ab † †
1X
t̂ij =
t â â âj âi
2 ij
4 ij ab ij a b

(2.79)

2.4 Post Hatree-Fock Methods
and the N orbital cluster operators into the total N orbital cluster operator
1
T̂n =
n!


2 X X

† †
tab...
ij... âa âb . . . âi âj . . .

,

(2.80)

ij... ab...

we may write the total cluster operator as
T̂ =

X

T̂i

,

(2.81)

i

which when acting on a reference determinant will create the full CI expansion of
the wavefunction.
2.4.3.2 The Coupled Cluster Ansatz
In contrast to the configuration interaction method, which successively adds (all)
higher substituted determinants to the wavefunction expansion, coupled cluster
(CC) parametrizes the wavefunction in terms of an exponential cluster-operator
|Ψi = eT̂ |Φ0 i

,

(2.82)

where |Φ0 i is the reference (Hatree-Fock) determinant and the cluster operator
T̂ is defined in eq. (2.81). The advantage over the CI parametrization becomes
apparent when one expands the cluster operator in terms of a Taylor series
1 2
T̂ + . . .
2!
1
1
1
1
= 1 + T̂1 + T̂2 + T̂12 + T̂1 T̂2 + T̂2 T̂1 + T̂22 + . . .
2
2
2
2

eT̂ = 1 + T̂ +

(2.83)
,

(2.84)

which in contrast to the CI expansion not only carries the sum of the one-, two-, etc.
electron excitation operators, but also products of operators, effectively generating
higher substituted determinants when acting on a reference determinant. As a
result of this expansion, the coupled cluster wavefunction retains the property of
size-extensitivity at all levels of truncation.
However, one of the downsides of this approach is that the nonlinear parametrization of the wavefunction eq. (2.82) leads to complicated expression for the derivatives of the wavefunction with respect to the coupled cluster amplitudes t and
consequently the minimization of the variational condition eq. (2.22) becomes a
difficult task.
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For this reason, in order to obtain an expression for the energy of the system,
the usual eigenvalue equation
ĤeT̂ |Φ0 i = E eT̂ |Φ0 i
is rewritten, by multiplying with e−T̂ from the left
e−T̂ ĤeT̂ |Φ0 i = E |Φ0 i
and subsequent projection against the reference determinant to obtain an expression
for the energy


ˆ Φ =E
Φ0 H̄
,
(2.85)
0
where
ˆ = e−T̂ ĤeT̂
H̄

(2.86)

is the so called similarity transformed Hamiltonian. Analogously to the CI formalism, equations that determine the amplitudes are obtained by projection against
excited determinants.

The advantage of this formalism is that the similarity-transformed Hamiltonian
can be expressed in terms of a series of commutators of the exact Hamiltonian with
the cluster operator, employing the so called Baker-Campbell-Hausdorff formula

"
#

i
i 
i 
1 h
1 h
1h
ˆ
[Ĥ, T̂ ], T̂ , T̂ +
[Ĥ, T̂ ], T̂ , T̂ , T̂
H̄ = Ĥ + [Ĥ, T̂ ] + [Ĥ, T̂ ], T̂ +
2!
3!
4!

,

(2.87)
which terminates after five terms in the expansion. The similarity-transformed
Hamiltonian is no longer a hermitian operator and thus we get different left and
right eigenvectors, describing the same state.
While this approach to determine the energy of the system under consideration
no longer obeys the variational principle, the accuracy reached (at least starting
with CCSD) is already sufficient to only marginally deviated from the variationally
determined solution in many cases.41
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2.4.4 Perturbation Theory
2.4.4.1 Formalism
An alternative approach to expanding the wavefunction into a sum of determinants
is provided by means of Rayleigh-Schrödinger perturbation theory. Here, one solves
an analogous, simplified problem and then tries to compute successive corrections
to the model in order to retrieve the true behavior.
(0)

(0)

Assuming that we have found the eigenvalues Ei and eigenfunctions Φi of
some (unspecified) Hamiltonian Ĥ (0) , we may write a perturbation V̂ (1) (sometimes
referred to as the fluctuation potential) to the system as
h

i

Ĥ (0) + λV̂ (1) Ψi (λ) = Ei (λ)Ψi (λ)

(2.88)

where 0 ≤ λ ≤ 1 is a formal parameter.
Further expanding the (ground state) wavefunction Ψ0 and eigenvalue E0 into a
power series in λ yields
Ψ0 (λ) =
E0 (λ) =

∞
X
n=0
∞
X

(n)

λn Ψ 0

(2.89)

(n)

λn E 0

,

(2.90)

n=0

where
(0)

(0)

.

Ψ0 = Φ0

(2.91)

For each power in λ, the Schrödinger equation 2.88 has to be fulfilled, i.e. each
order in λ has to be fulfilled separately
(0)

(0)

(1)

(0)

(1)

(1)

(0)

(2)

(1)

(2)

(1)

(1)

Ĥ (0) Ψ0 = E (0) Ψ0

(2.92)

Ĥ (0) Ψ0 + V̂ (1) Ψ0 = E (0) Ψ0 + E0 Ψ0

(2.93)
(2)

(0)

Ĥ (0) Ψ0 + V̂ (1) Ψ0 = E (0) Ψ0 + E0 Ψ0 + E0 Ψ0
..
.

(2.94)

Since the known eigenfunctions of Ĥ (0) span a complete basis, we may expand
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each contribution to the wavefunction in this basis
(n)

Ψ0 =

X (n) (0)

.

c j Φj

(2.95)

j
(0)

Projecting onto the known basis functions Φi and requiring the so called intermediate norm
D
E
!
(0)
(n)
Φ0 Ψ 0 = 1
,
(2.96)
(n)

(n)

we obtain an expression for E0 and Ψ0 for each order in n that only depends on
lower orders. This is expressed in so called Wigner’s 2n + 1 rule, which states that
the correction to the energy of order 2n + 1 can be determined from wavefunctions
of up to order n.42
The first order correction is thus just the expectation value of the undisturbed
solutions with the perturbation operator
D

(1)

(0)

(0)

V̂ (1) Φ0

E 0 = Φ0

E

(2.97)

and the total energy is the expectation value of the perturbed Hamiltonian with
the unperturbed eigenfunctions
(0)

(1)

D

(0)

E0 +E0 = Φ0

(0)

Ĥ (0) Φ0

E D

(0)

+ Φ0

(0)

V̂ (1) Φ0

E

D

(0)

= Φ0

(0)

Ĥ Φ0

E

. (2.98)

For the second order correction we obtain analogously
D
(2)

E0 =

X

(0)

Φ0

(0)

V̂ (1) Φk
(0)

k>0

(0)

E0 − Ek

E2

.

(2.99)

2.4.4.2 Møller-Plesset Perturbation Theory
In order to apply perturbation theory to the Hartree-Fock algorithm, we define
the difference between the full electronic Hamiltonian Ĥelec and the Fock operator
F̂ eq. (2.33) as the fluctuation potential
V̂ (1) = Ĥelec − F̂ =


X
1X
1
−
Jˆk − K̂k
2 k,l |~rk − ~r l |
k

.

(2.100)

k6=l

This variant of Rayleigh-Schrödinger perturbation theory is called Møller-Plesset
perturbation theory of order N (MPN ) and is one of the commonly applied
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improvements over the Hartree-Fock procedure.
As shown above, the first order correction to the energy is simply the HartreeFock energy
(0)

(1)

D

(0)

D

(0)

E

+ Φ0

(0)

E

D

F̂ Φ0

= Φ0
D

(0)

F̂ Φ0

E 0 + E 0 = Φ0

(0)

D

Ĥelec Φ0

(0)

+ Φ0

(0)

= Φ0

(0)

E

(0)

V̂ (1) Φ0

E

(2.101)
(0)

Ĥelec − F̂ Φ0

= E0HF

.

E

(2.102)
(2.103)

For the second order correction, we obtain using Slater-Condon rules33,34
(2)
E0

|hφi φj k φa φb i|2
=
i<j a<b i + j − a − b
XX

,

(2.104)

where indices i and j run over all occupied orbitals and a and b run over all
unoccupied orbitals.
For a Hartree-Fock reference determinant, according to Brillouin’s theorem,
singly excited determinants do no directly mix with the reference and determinants
that differ in more than two orbitals from the reference do not mix as a result of the
Slater-Condon rules. Consequently, the first order correction to the wavefunction
E
can be written as a linear combination of all doubly excited determinants Φab
ij
E

Ψ(1) =

1 X X ab ab E
T Φ
2 ij ab ij ij

,

(2.105)

ij
where the expansion coefficients Tab
are usually referred to as amplitudes.43 For a
closed-shell system, the second order correlation energy can then be expressed in
terms of these amplitudes as
(2)

E0 =

XX
ij



2Tijab − Tjiab hij | abi

.

(2.106)

ab

In general, MP(2) perturbation theory is computationally less involved than CI
and coupled cluster methods and is more comparable to hybrid DFT methods (vide
infra), both in its complexity and quality of predictions.44 However, a drawback is,
that the perturbative expansion of the wavefunction is rather slowly converging, if
at all. For some systems oscillatory or erratic behavior of the correlation energy
for higher orders has been observed.45 On the other side, one of the advantages
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of this methodology is that it captures both short- and long-range contributions
to the correlation energy, which is often a problem in commonly applied DFT
methodologies.

2.4.5 Local and Density-Fitting Approximations
As was discussed, even for small systems on the order of a few atoms, the canonical
form of the wavefunction expansion into Slater determinants as performed in the
standard CI and CC approaches, quickly leads to dimensions which cannot be
handled, even with massively parallel super-computers. This problem can be
mitigated by truncating the expansion at an arbitrary level, however even for
methods such as CISD or CCSD, there is still a steep computational scaling of the
required time by a factor of ∼ N 6 with the system size N .46
However, it was pointed out already more than 30 years ago, that the correlation
effect is a local phenomenon47 and that the steep scaling with the system size is an
artifact of canonical orbitals obtained through the Hartree-Fock procedure, which
are by default delocalized over the whole molecule.
Since the Hartree-Fock energy is invariant under unitary transformations of the
Slater determinant, it is possible to find a representation of the wave function, in
which the orbitals are localized to a certain region in space. Over the years, multiple
procedures such as the Pipek-Mezey48 or the Foster-Boys49 localization algorithms
have been suggested, which generally differ in how they “judge” localization, that
is how they define the localization functional that is to be optimized.
Once a local basis has been found, it is possible to define a metric to calculate
the “distance” between two localized basis functions and thus it is possible to
restrict the list of electron pairs i and j to such which are spatially close together.
Of course the threshold for when a pair of electrons is considered “far apart” is
arbitrary, which often leads to a hierarchical scheme, where electron pairs that are
considered “strong pairs” are treated at the maximum level of theory, while pairs
that are “weak” or “distant” are treated at a less demanding level or neglected at
all.50
In addition to the restriction of electron pairs, for each pair ij it is also possible
to restrict the virtual space, that is the set of virtual orbitals to which a given
pair of electrons are excited. Since the virtual space is generally harder to localize
using algorithms as mentioned above, it is often represented by projecting out the
occupied subspace from the atomic orbital (AO) basis set, since AOs are localized
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by definition, resulting in the so called projected atomic orbitals (PAO).51 Other
approaches include the so called orbital-specific virtuals (OSV) basis, where the
virtual space for a given occupied orbital i is defined as the MP2 virtual natural
orbitals for a diagonal pair ii. The so called pair-domain, i.e. the virtual space for
a given pair ij, is then the union of the the two sets for orbital i and j.52
For high accuracy calculations within the local approximation one often successively increases the allowed distances (or energy thresholds in case of OSVs)
for orbitals that contribute to a domain. While PAOs are conceptually easier to
use, they have the problem of “coarse-grained” domains, that is all basis functions
on an atom are either included or not, which can lead to discontinuities on the
potential energy surface when the domain changes, for example in a geometry
relaxation. OSVs on the other hand adapt much better to these changes, but their
drawback lies in the fact that they have a bias towards short-range correlation,
resulting from their construction from the MP2 natural orbitals.
A further approximation that can drastically increase computational efficiency
is the so-called density-fitting (also known as resolution of the identity) approach.
Generally, the bottleneck in MP2 calculations is the evaluation of the four-index
two-electron integrals hij | abi, where orbitals i and a form a charge density product
%ia for one coordinate and orbitals j and b for the other coordinate %jb . The idea
behind density-fitting is to transform these integrals into three and two index
quantities by expanding the charge density in a small auxiliary basis {φp }
%ia =

X p

dia φp

.

(2.107)

p

There are multiple approaches available on how to obtain the fitting coefficients dpik
and which choice to make for the auxilliary basis set {φp }.53–58 This approximation
introduces only small errors but has profound consequences for the time required
to complete the calculations.59–61
Over the years, all standard methods of computational chemistry such as CISD,
CCSD(T), MPN , etc. haven been implemented using local correlation approaches.
Together with the density-fitting approach this led to linear scaling algorithms that
allowed system sizes to be treated which where in the domain of density functional
theory up to that point.62–66
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While the Hartree-Fock algorithm provides a starting point for a large collection of
so called post Hartree-Fock methods, which include the most accurate descriptions
of the electronic structure we have, the inherent description of the wavefunction as
an expansion in a basis of Slater determinants quickly precludes computational
tractability, even for systems in the range of a few atoms. An alternative approach
for how to determine all properties of a quantum mechanical system was put
forward first by Llwellyn and Fermi67,68 and then theoretically justified by Kohn
and Hohenberg using a reductio ad absurdum.69 In this approach, one is not
interested in finding the wavefunction Ψ of the system, but one formulates all
properties in terms of the electronic density %(~r), which only explicitly depends
on the three Cartesian coordinates x, y and z (and possibly the spin coordinate
σ), instead of the 3N independent coordinates that appear in the Schrödinger
equation 2.5 and thus in the wavefunction.
In order to prove, that for a given external potential V̂ext , there is only one
unique electronic density associated with it, Hohenberg and Kohn showed that
if the variational principle holds, the expectation value of the Hamiltonian Ĥ =
T̂ + V̂ee + V̂ext with the true ground state wavefunction Ψ0 must be lower than
for any other trial wavefunction Ψ00 , which in turn is the ground-state of the
0
Hamiltonian Ĥ 0 = T̂ + V̂ee + V̂ext
:
D

E

D

E

.

(2.108)

D

E

.

(2.109)

Ψ0 Ĥ Ψ0 < Ψ00 Ĥ Ψ00

Of course, the same must hold for Ĥ 0 :
D

E

Ψ00 Ĥ 0 Ψ00 < Ψ0 Ĥ 0 Ψ0

0
Since Ĥ and Ĥ 0 are the same except for the external potentials V̂ext and V̂ext
,
addition of the two inequalities yields

D

E

D

E

D

E

D

0
0
Ψ0 V̂ext Ψ0 + Ψ00 V̂ext
Ψ00 < Ψ00 V̂ext Ψ00 + Ψ0 V̂ext
Ψ0

E

.
(2.110)

However, since V̂ext is a multiplicative potential, the expectation value simply is
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the potential multiplied by the electronic density integrated over the full domain:
Z

V̂ext %0 d~r +

Z

0
V̂ext
%00 d~r <

Z

V̂ext %00 d~r +

Z

0
V̂ext
%0 d~r

.

(2.111)

Thus, if the two electronic densities were equal %0 = %00 , it follows directly that
they must belong to the same external potentials. In other words, the ground
state energy for a given external potential is a unique functional of the electronic
density.

Unfortunately, this relationship merely proofs the uniqueness of the electronic
density, however it does not provide means of determining this density. In order to
do so, one reformulates the variational principle in terms of a constrained search:70
D

D

E

E0 = min Ψ Ĥ Ψ = min Ψ T̂ + V̂ee + V̂ext Ψ

E

(2.112)

Ψ→N

Ψ→N



D

= min min Ψ T̂ + V̂ee + V̂ext Ψ
%→N

E

(2.113)

Ψ→%



D

E

= min min Ψ T̂ + V̂ee Ψ +
%→N

Z

Ψ→%



= min F [%] +
%→N

Z



V̂ext % d~r

(2.114)



V̂ext % d~r

,

(2.115)

with the so called Hohenberg-Kohn functional
D

F [%] = min Ψ T̂ + V̂ee Ψ
Ψ→%

E

.

(2.116)

The outer minimization of the energy functional over all wavefunctions that
reproduce the specified number of electrons is constrained by the inner minimization
over all such wavefunctions which yield a given, i.e. the lowest energy, electronic
density. Since the external potential does not depend on the electronic density, its
expectation value can be ignored in the inner minimization of the Hohenberg-Kohn
functional. As a result of the outer constraint over the search of all wavefunctions
that reproduce the correct number of electrons, linear variations of the resulting
Euler-Lagrange equation have to be constant at the minimum:
n

R

δ F [%] + V̂ext % d~r
δ%

o

=µ

⇔

δF [%]
+ V̂ext = µ
δ%

.

(2.117)

The solution of this equation yields the ground state density %0 and consequently
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the inner minimization of eq. (2.116)
D

min Ψ T̂ + V̂ee Ψ

E

⇒ Ψ0 = Ψ[%0 ]

Ψ→%

(2.118)

defines the ground state wavefunction as a functional of this ground state density.

In order to define the Hohenberg-Kohn functional F [%], the problem of N
interacting electrons is mapped onto one with N non-interacting electrons moving
in an effective potential V̂s , for which the Schrödinger equation reads




Ĥs Φ0 = T̂ + V̂s Φ0 = Es,0 Φ0

,

(2.119)

where the effective potential is a sum of one-electron operators
V̂s =

X

vs (~ri )

.

(2.120)

i

The Slater determinant that is constructed from the non-interacting one-electron
functions is called the Kohn-Sham determinant, after Walter Kohn and Lu Jeu
Sham, who introduced the concept in 1965.71 Since, the effective potential is also
multiplicative, the analogous constrained search yields


D

E

Es,0 = min min Ψ T̂ Ψ +
%→N

Ψ→%

Z



V̂s % d~r

,

(2.121)

which defines the non-interacting kinetic energy functional Ts [%] and thus the
wavefunction Φ which satisfies this minimization is a functional of the electronic
density:
D
E
Ts [%] = min Ψ T̂ Ψ
⇒
Φ0 = Φ[%0 ]
.
(2.122)
Ψ→%

The corresponding Euler-Lagrange equation then defines the effective potential in
terms of the non-interacting kinetic energy
δTs [%]
δ%

+ Vs = µ
%=%0

⇔

V̂s = −

δTs [%]
δ%

+µ

.

(2.123)

%=%0

Collecting these two systems, we can define the exchange Ex and correlation
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energy Ec functionals as
D

E

Ex = Φ[%] V̂ee Φ[%] − U [%]
E

D

(2.124)
D

Ec = Ψ[%] T̂ + V̂ee Ψ[%] − Φ[%] T̂ + V̂ee Φ[%]

E

,

(2.125)

where
U [%] =

1 ZZ %(~r )%(~r 0 )
d~r d~r 0
2
|~r − ~r 0 |

(2.126)

is the classical electrostatic interaction of the charge-density.
This enables us to rewrite the Hohenberg-Kohn functional purley in terms of
the electronic density %:
F [%] = Ts [%] + U [%] + Ex [%] + Ec [%]

.

(2.127)

The crucial step now is, that we map the problem of the interacting electrons
onto the problem of non-interacting electrons in such a way, that both electronic
densities are the same. If this is possible, we can determine the effective potential of
the non-interacting system by plugging the Hohenberg-Kohn functional eq. (2.127)
into the Euler-Lagrange eq. (2.117) and solve for V̂ext to obtain
V̂ext (~r) = −

δTs [%]
− V̂H − V̂x − V̂c + µ
δ%

(2.128)

with
δU [%]
δ%
δEx [%]
V̂x =
δ%
δEc [%]
V̂c =
δ%

(2.129)

V̂H =

(2.130)
.

(2.131)

and plugging eq. (2.128) into eq. (2.123) to obtain
V̂s (~r) = V̂ext + V̂H + V̂x + V̂c

.

(2.132)

This is an effective one-electron operator and thus one can decouple the Kohn-
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Sham equations
h

i

T̂ + V̂s Φ0 = Es,0 Φ0

(2.133)

into N single particle equations
h

i

T̂ + V̂s φi = i φi

,

(2.134)

and the ground state energy of the interacting system with the same density as
the non-interacting system becomes
E0 = F [%0 ] +
D

Z

V̂ext %0 d~r

(2.135)

E

= Φ0 T̂ Φ0 + U [%0 ] + Ex [%0 ] + Ec [%0 ] +

Z

V̂ext %0 d~r

.

(2.136)

Unfortunately, the exact functional dependence of the correlation energy is
unknown. For this reason, approximate functionals have to be introduced. One
of the consequences of this is that, even though in principle the exact functional
of the exchange energy is known, in most modern implementations both the
correlation as well as the exchange energy are approximated, so as to exploit
mutual error compensation between these terms. Over the years, a vast number of
approximative functionals have been proposed, with the first one used being the so
called local (spin) density approximation L(S)DA, which employs the correlation
energy of a system of homogeneously distributed charge density in a constant
positive background potential. For this system the functional dependence of the
exchange energy is given by
ExLDA

=c

Z

4

% /3 d~r

(2.137)

where c is a parameter that is not unambiguously defined, since the exchange in
the free electron case varies with the wavenumber.72 The correlation energy can
be approximated to high degrees of accuracy in terms of the correlation energy
density LDA
(%):
c
Z
LDA
Ec
= %LDA
(%) d~r
.
(2.138)
c
The success of this method is partially resulting from the fact, that the LDA
approximation yields remarkably reasonable results considering its simplicity, especially for metallic systems.73 For more complex systems, such as molecular crystals
or surface chemistry, the accuracy often lacked, which lead to the development of
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a cornucopia of functionals, which try to improve on the simple model in various
ways.74–77 One of the most commonly used approximations are the so called generalized gradient approximations (GGA), which not only depend on the density
itself, but also on the gradient of the density.78–81
One of the key shortcomings of the Kohn-Sham formalism is the so called
self interaction error (SIE): Within the Hartree-Fock formalism, the one-body
terms of the electron interacting with itself in the coulomb operator is exactly
canceled by the corresponding terms in the exchange potential; An electron does
not interact with itself. However, since in the Hohenberg-Kohn functional, the
energy is computed from the singe-particle density, each electron interacts with
the full density, including itself.82 One of the approaches that tries to improve
upon this shortcoming are the so called hybrid-exchange functionals, which include
parts of an exchange-potential which is calculated according to the Hartree-Fock
exchange eq. (2.35), using the Kohn-Sham orbitals. This does not completely
remedy the problem, as the exact amount of HF exchange that is to be mixed into
the functional is not obvious and different amounts perform differently well.82–84
On top of that other approaches are pursued, for example double-hybrid methods
that add a perturbative (MP2) treatment of the correlation energy as well as parts
of the HF exchange,85,86 or so called range-separated functionals, which mix in
different amounts of HF exchange and MP2 correlation depending on the spatial
distance between two points.87,88
While these approaches include more and more sophisticated techniques on
how to overcome the inherent deficiencies present, which is why this ordering is
often referred to as “Jacobs ladder” in DFT, there is no actual true hierarchical
way of how to systematically remove errors. As a result, a zoo of functional
approximations exists, some of which try to be as generally applicable as possible,
while others are specifically tailored for special purpose calculations. In practical
calculations, one often has to balance between computational cost and available
resources. One of the standard approaches that has evolved over the years is the
combination of a GGA type functional with an additional empirical long-range
dispersion correction, such as Grimme type or Tkatchenko-Scheffler corrections.89,90
While this is generally a reasonable compromise for structure determination, certain
known deficiencies of GGA functionals have to be taken into account. For example
it is well known, that PBE in general over-binds and underestimates reaction
barriers due to SIE.91,92
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2.6 Treatment of Periodic Systems
2.6.1 Bravais Lattice and Bloch’s Theorem
So far, all methods were formulated in terms of a set of discrete nuclear coordinates
that define the molecular configuration and therefore the external potential. While
this approach lends itself naturally to the description of molecular systems, problems
arise when one tries to also describe condensed matter, such as crystalline solids,
liquids or amorphous substances like glass. These systems are usually comprised of a
number of atoms in the region of Avogadro’s constant, rendering a discrete molecular
description immediately impossible, even for the simplest of approximations. To
cope with these problems, two different approaches are usually employed:
On the one hand, there is the so called cluster approach, where one tries to
mimic the behavior of the full solid with a small cluster of atoms. Naturally, this
approach has the same scaling problems as molecular calculations and further more,
the ratio of surface to bulk volume will be strongly skewed, even for moderately
sized clusters, introducing artificial effects into the system, that have to be either
compensated by saturating surface atoms with for example hydrogen atoms, or
embedding the whole cluster into a background charge that mimics the electrostatic
effect of the omitted crystal.
This thesis will however focus on the concept of a Bravais lattice and the resulting
description of the material as an infinitely repeating, perfectly periodic structure,
by virtue of Bloch’s theorem. As iterated above, macroscopic solids are comprised
of a huge number of constituting particles, arranged into a crystalline structure,
which itself is, disregarding irregularities, composed of a periodically repeating
arrangement of atoms, termed the unit cell. Since, the number of unit cells is
so large, it is justified to assume the periodicity to be infinite as long as surface
phenomena or symmetry breaking structures, such as the amorphous structure of
glass, do not play a key role.
Mathematically, the Bravais lattice is defined for a chosen unit cell with unit
~ that satisfy the condition
cell vectors {~ai }, as the set of all coordinates {R}
~ =
{∀mi ∈ Z|R

X

mi~ai }

.

(2.139)

i

In other words, all translations T̂R~ that translate any coordinate by a linear
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combination of the unit cell vectors leaves the whole system invariant. The atoms,
that are placed in a unit cell are called the crystallographic basis. In the simplest
case, the unit cell only contains a single atom, in which case the whole crystal will
possess the symmetry of the point group describing the Bravais lattice. However,
in principle the symmetry of the basis can be different from the symmetry of the
Bravais lattice itself, leading to the concept of space groups.
Within the description of periodic structures, it is convenient to introduce the
so called reciprocal lattice. For a given direct space unit cell with unit cell vectors
{~a1 , ~a2 , ~a3 }, the reciprocal lattice is defined as
~a2 × ~a3
h~a1 | ~a2 × ~a3 i
~a3 × ~a1
= 2π
h~a2 | ~a3 × ~a1 i
~a1 × ~a2
= 2π
h~a3 | ~a1 × ~a2 i

~b1 = 2π

(2.140)

~b2

(2.141)

~b3

(2.142)

The definition immediately results in the fact, that the scalar product between a
Bravais lattice vector and a reciprocal lattice vector is equal to
D

E

~bi ~ai = 2π δij

.

(2.143)

Since the system is invariant under any of the translations belonging to the
Bravais lattice, the one-electron wavefunctions have to be eigenfunctions of all
~ = t ~ ψ(R).
~
translational operators belonging to the lattice T̂R~ ψ(~r) = ψ(~r + R)
R
Requiring normalization means, the wavefunction can differ at most by a phase
factor upon translation
T̂R~ i ψ(~r) = e2πiφi ψ(~r)

i ∈ {x, y, z}

φi ∈ R

.

(2.144)

For an arbitrary translation n1~a1 + n2~a2 + n3~a3 , we thus may write ~k = φ1~b1 +
φ2~b2 + φ3~b3 and defining the Bloch factor u~k (~r) as
~

u~k (~r) = e−ik·~r ψ(~r)

,

(2.145)

we can see that the eigenfunctions of the translational operators can be written as
~

ψ~k (~r) = eik·~r u~k (~r)

,

(2.146)
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where the Bloch factor u~k (~r) possesses the full symmetry of the Bravais lattice,
i.e. T̂R~ u~k (~r) = u~k (~r). These wavefunctions are called Bloch functions, after Felix
Bloch, who derived them in his work on periodic systems.93
Since the Hamiltonian operator reflects the symmetry of the Bravais lattice
via the external potential of the nuclei, the Hamiltonian has to commute with
all translational operators of the Bravais lattice and consequently, both have a
common set of eigenfunctions.
Furthermore, the Bloch functions as defined above, are only unique up to a
~ i.e. ψ~ ~ (~r) = ψ~ (~r). Consequently the set of
constant reciprocal lattice vector K,
k+K
k
vectors ~k may be restricted to the set of unique vectors with the lowest ~k. This set
is geometrically equivalent to the Wigner-Seitz cell (the locus of points in space
that are closer to a reference lattice point, than to any of the other lattice points.)
in real space and is called the first Brillouin zone.

2.6.2 The Periodic LCAO Ansatz
While plane waves are a natural basis for the description of electron states in
periodic potentials, their inherent delocalized nature creates problems for electronic
states that are localized in their extent, such as tightly bound core-states. Generally
this problem is solved by invoking the frozen core approximation and representing
these core-states with an effective potential, centered on the respective atom. The
Hamiltonian is then only constructed for the valence states, which interact with the
effective core-potential. This approach, combined with density functional theory
and various levels of exchange-correlation functionals to solve the resulting periodic
Kohn-Sham equations, is the standard for routinely carried out calculations.
Clearly, when trying to reach high levels of accuracy, it is desirable to explicitly
treat these core states with one-electron functions too. Of course, plane-waves are,
albeit a very natural one, just one possible choice of basis functions. In order to
introduce a LCAO ansatz akin to the Rothaan-Hall equations, any basis function
that is chosen has to fulfill Bloch’s theorem in eq. (2.146). To do so, one forms
~
linear combinations Xlk of all atomic basis functions χl in the lattice of a given
type
X ~ ~
~
~ − R)
~
Xlk (~r) =
eik·R χl (~r − Q
,
(2.147)
~
R

~ of the Bravais lattice and Q
~ is the position
where the sum runs over all vectors R
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of the atom in the reference cell. With this, we can form the ansatz
ψ~k,i (~r) =

X ~k,i

~

cl Xlk (~r)

,

(2.148)

l

for the one electron orbitals, where the sum runs over all atoms and all basis
functions on that atom. Plugging this equation into the eigenvalue equation and
projecting from the left with hχm |, we arrive at
X

~

~

k
Hml
ck,i
l = ε~k,i

l

X ~
k

~

Sml ck,i
l

,

(2.149)

l

with
~

k
Hml
=

XD

E ~ ~

χm Ĥ χl eik·R

and

~

k
Sml
=

~
R

X

~ ~

hχm | χl i eik·R

,

(2.150)

~
R

or in compact matrix notation
~ ~

~

~

Hk ck,i = ε~k,i Sk ck,i

.

(2.151)

This is again a self-consistent formalism, and depending on which effective
one-electron Hamiltonian is chosen, i.e. DFT or HF, the resulting solution yields
the ground state energy per unit cell of the crystal.

2.6.3 Fragment Embedding Techniques
Since it is known, that the periodic HF solution lacks in accuracy because it is
affected by systematic errors stemming from the neglect of dynamical correlation,94
it would be advantageous to apply the aforementioned methods such as perturbation
theory and the cluster expansion, to correct for these deficiencies. From a principle
point of view, this is possible, however the fact that the system is represented as
an infinite Bravais lattice, introduces problems when computing the correlation
energy.
However, often the “interesting” parts of quantum chemical models are confined
to a small part of the system, being embedded in a chemical environment. An
example are adsorbed species on a surface: while the surface is essential for
providing the environment in which a reaction may occur, the reaction itself
involves only a few of the atoms at the reaction site. It it thus a natural idea to
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invoke the local approximation and define a cluster of functions that are localized
on the interesting parts of the model and use these as a basis for an additional
higher-level treatment. The immediate advantage of this approach is, that there
is no actual “cutting” of bonds required, as it would be if one tries to represent
the crystal as a finite cluster, since the fragment’s orbitals are orthogonal to the
occupied manifold of the environment by construction. Thus, the chosen cluster of
orbitals can simply be embedded in the field of the periodic crystal, by including
the coulomb and exchange potential from the full periodic Hamiltonian in the
fragment’s one-electron Hamiltonian
cryst
hfrag
−
pq := Fpq

cryst
+
= Fpq

occ h
X
i∈frag
occ h
X

2 hpi | qii − hpi | iqi

2 hpi | qii − hpi | iqi

i

i

(2.152)
.

(2.153)

i∈frag
/

In this approach, the Hartree-Fock energy and the nuclear repulsion energy
(since there are no actual nuclei associated with the fragment) are not uniquely
defined.95 In our methodology, we chose the nuclear repulsion energy such, that
the total Hartree-Fock energy of the fragment coincides with the HF energy of
the periodic crystal. Once the fragment has been defined it can in principle be
subjected to any post-HF method of choice.
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2.7 Thermodynamic Properties from First Principles
So far, it was discussed how to extract the wavefunction from the Schrödinger
equation. In this section, we make the connection between quantum mechanics
and thermodynamics, which was historically developed in order to understand and
exploit the processes that were involved in optimizing the steam engine.96
Many influential scientists of the 17th and 18th century were involved in deriving
the laws, that – until the advent of the electric motor in the early 19th century
– governed the society of the industrial age. One of the concepts that emerged
from this process, is the idea of entropy. It was observed, that the amount of work
that was extractable when a gas was heated or cooled, was less than the heat that
was provided to the system. This idea was first put on a mathematical basis by
Clausius,97 as the infinitesimal amount of heat dQrev , that is reversibly transferred
to the system at Temperature T
dS =

dQrev
T

.

(2.154)

From this Josiah Gibbs introduced the free energy G as a function of state,98
which is minimized in any system that is in thermodynamic equilibrium as
G = H − T S = U + pV − T S

.

(2.155)

Here H is the enthalpy of the system, i.e. the sum of internal energy U and
volumetric work pV . The difference in free energy when changing reversibly from
one state to another is equal to the maximum amount of work that can be extracted
from the system.
A more fundamental explanation was provided by Ludwig Boltzmann,99 who
famously derived the Entropy as a measure of the amount of possible micro-states
Ω of a given system, that reproduce the observed macroscopic state
S = kB log Ω

,

(2.156)

which is often more conviently expressed in terms of the probability pi of the
systems being in the i-th state
S = −kB

X

pi log pi

.

(2.157)

i
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This also makes the connection to quantum mechanics, which provides the means
to access the probabilities pi of the system being in the i-th micro-state, using the
Boltzmann probability distribution
−

εi

e kB T
1 − εi
p i = e kB T = P
ε
− k jT
q
B
e
j

,

(2.158)

with the energy εi of the i-th state of the system and the canonical partition
function
X − εj
,
(2.159)
q=
e kB T
j

which results from the fact that the total probability

P

i

pi must add up to unity.100

2.7.1 Thermodynamic State and Partition Functions
We only give a short outline of the thermodynamic formulation required for the
description of our system. Further information can be found in the relevant
literature.100
Our goal is to compute the standard Gibbs free energy G0 (we drop the superscript 0 for simplicity) for all points on the potential energy surface (PES) that
are relevant for the reaction kinetics. We start from the standard definition of the
Gibbs free energy
G(T, p) = H − T S
= U + pV − T S

(2.160a)
,

(2.160b)

with the enthalpy H, internal energy U , entropy S, Volume V (all per particle),
pressure p and temperature T , which is minimized in any system under isothermal
( dT = 0) and isobaric conditions ( dp = 0). For any reaction only including
condensed matter, the contribution pV will be negligible, since Vgas  Vcondensed ≈
0, while for steps including particles in the gas phase we invoke the ideal gas law
and set pV = kB T , where kB is Boltzmann’s constant. Internal energy U and
entropy S are readily available from the total partition function qtot of the system
P
and its internal energy at zero temperature UT =0 K = Eelectronic + 12 i i , where i
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is the energy of the i-th vibrational mode:
∂
ln qtot + UT =0 K
∂T
∂
S = kB ln qtot + kB T
ln qtot
∂T

U = kB T 2

(2.161)
(2.162)

Plugging eqs. (2.161) and (2.162) into eq. (2.160b), we arrive at



G= 

UT =0 K − kB T ln qtot + kB T

(gas phase)

UT =0 K − kB T ln qtot

(condensed matter) (2.163b)

(2.163a)

The real total partition function qtot , which is required to calculate the enthalpy
and entropy according to eqs. (2.161) and (2.162) is approximated as a product of
the individual contributions from vibration, translation and rotation of the system
under study:

qtot =

Y
i

 3D
 qtrans

qi = 

· qrot · qvib

(gas phase)

(2.164a)

(condensed matter)

qvib

, (2.164b)

where i runs over all degrees of freedom. Again, for any system only including
condensed matter, there are no more free translations or rotations possible, while
for the gas phase we approximate the rotational and translational contribution by
using the standard partition functions of a symmetric, rigid free gas particle of
mass m:
3D
qtrans

V
(2π m kB T )3/2
(kB T )5/2 (2π m)3/2
= 3 =V ·
=
×
Λ
h3
p
h3

qrot =




linear

qrot





=





general


 qrot

(2.165)

8π 2 I kB T
σ h2

=

8π 2 kB T
h2

(2.166a)
√

!3/2

·

π IA IB IC
σ

,

(2.166b)

where h is Planck’s constant, I is the moment of inertia of a linear molecule, IA ,
IB and IC are the diagonal components of the inertia tensor for any molecule and
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σ is a symmetry factor (σH2 O = σH2 = 2). The vibrational contribution is given by
qvib =

Y
i

i
1 − exp −
kB T


−1

,

(2.167)

where i is the energy of the i-th vibrational eigenmode. Note, that we do not
include the electronic degrees of freedom in the partition function, since we assume
that only the electronic ground state is populated and its contribution is included
in the term UT =0 K within the calculation of the free energy.

2.7.2 Transition State Theory and Rate Equations
We follow Chorkendorff and Niemantsverdriet101 in the derivation of the transition
state theory equations. Within the concept of the potential energy surface (PES),
stable molecular geometries are characterized as a minimum on the PES. In order
for a chemical reaction to occur, the atomic configuration that is representing
the initial minimum has to change into a different geometry, which is also (albeit
possibly higher or lower in potential energy) a minimum on the PES. Obviously, in
order to cross from one minimum to another, a maximum of the potential energy
surface has to be traversed. For a uni-molecular reaction of a reactant R being
converted to product P
‡
k+
‡ k
−−
−−
*
R)
,
(2.168)
−*
−R )
−
−P
‡
k−

k−

we can thus partition the reaction into a step where the reactant tries to reach the
maximum on the PES (R‡ ) and a part where the transition state is converted into
the product. Within transition state theory, it is assumed that any transition state
particle R‡ that is successfully converted to product P, will not be able to return
‡
to its initial reactant minimum, i.e. k−
= 0. The equilibrium between the reactant
species and the amount of molecules in the transition state is then described by
the equilibrium constant K ‡ :
k+

‡
R−
)−
−*
−R
k
−

with K ‡ :=

k+
q‡
=
k−
q

,

(2.169)

where q ‡ and q are the total partition functions of the transition state and reactant
species, respectively. The assumption that any of the transition state species
R‡ that crosses the highest point on the minimum energy pathway (MEP) along
the reaction coordinate is irreversibly converted to products, leads to the general
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transition state equation:
k+

‡

‡ k
R−
)−
−*
− R −−→ P
k

.

(2.170)

−

Here it is already implicit that the minimum energy pathway (MEP) from R to P
is an elemental reaction step, i.e. there is one and only one maximum, namely the
transition state R‡ , between these two minima on the PES. Hence, if we take the
frequency ν of the vibration along this reaction coordinate as the frequency this
crossing is attempted, we find
d[P]
q 0‡
= ν[R‡ ] = νK ‡ [R] = ν [R]
dt
q

,

(2.171)

the dash on q 0‡ indicating, that we have included the vibration along the reaction
coordinate explicitly. Now writing this vibrational contribution qν separately, we
find:
− 1 hν
e 2 kB T q ‡
q‡
d[P]
= νqν [R] = ν
[R]
.
(2.172)
− hν
dt
q
1 − e kB T q
Since we are interested in Temperatures where kB T  hν, it is justified to use
BT
the classical expression for qν = khν
and arrive at the transition state theory
expression for the reaction rate:
d[P]
kB T q ‡
=
[R] = kTST · [R]
dt
h q
kB T q ‡
kB T ‡
kTST :=
=
K
.
h q
h

(2.173)
(2.174)

Since usually we are interested in the thermodynamic form of this equation, we
insert the relationship between the Gibb’s free energy and the equilibrium constant
‡
∆G‡ = G(q ‡ , Eelec
) − G(q, Eelec ) = −kB T ln K ‡ and find
‡
kB T − ∆G
· e kB T
h
‡
∆H ‡ (∆q ‡ ,∆E
∆S ‡ (∆q ‡ )
elec )
(2.160a) kB T
−
kB
kB T
=
·e
·e
h

(2.175)

kTST =

,

(2.176)

‡
where ∆q ‡ and ∆Eelec
imply, that the change in entropy is fully determined by
vibrations, rotations and translations, while the change in enthalpy also depends
on the change in electronic energy. ∆G also accounts for the missing electronic
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term in the total partition function, since we do not assume any entropy in the
electronic coordinates.
In order to describe surface phenomena, it is convenient to switch from concentrations to coverages. The coverage θA∗ of any species A bound to a surface
(indicated by the ∗) is given by
θA ∗ =

NA ∗
M

,

(2.177)

where NA∗ is the total number of species of type A on the surface and M is the
total number of possible sites on the surface. Hence θA∗ gives the fraction of surface
sites occupied by A. Following from that, the rate is then given by
1 dNA∗
1 d[P]
dθA∗
=
≡
dt
M dt
M dt

.

(2.178)

2.7.3 Adsorption in the Context of Transition State Theory
The adsorption of molecules can be described in two main ways: Firstly, the
incoming molecule is considered to only physisorb weakly to the surface, where it
still has full vibrational and rotational freedom as in the gas phase, as well as a 2
dimensional freedom of translation, before it adsorbs to its final position on the
surface. Here the transition state is the mobile, physisorbed species. In contrast
to that, there is direct adsorption, in which the incoming molecule only finds one
possible transition state close to its binding site, from which it only can desorb
onto this site. The transition state species therefore only has vibrational freedom,
but no rotations or translations, since it is now already considered to be frozen on
the surface.
2.7.3.1 Precursor Mediated Adsorption
As mentioned before, the adsorption of a molecule A onto the surface can be
described through a physisorbed species, i.e. a particle that is only bound very
weakly to the surface and has full rotational, vibrational and two dimensional
translational freedom over the surface, when still in this state:
3D

k+

A+∗−
)−
−*
−
k−
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k‡

A‡ −−→ A∗

,
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where ∗ represents a binding site on the surface. Starting from eqs. (2.171) and
(2.178), we find:
1
1
V pA
dθA∗
=
νK ‡ NA =
ν K‡
dt
M
M
kB T
=

(2.179)

1
V pA q 0‡
ν
M kB T q

.

(2.180)

Now writing the vibration along the reaction coordinate qν and the other
contributions seperatly we find
‡
‡
2D
1
V pA
· qvib
qtrans
· qrot
dθA∗
=
ν
qν 3D
dt
M kB T
qtrans · qrot · qvib

and using eqs. 2.164a, 2.164b and setting qν =

kB T
hν

(2.181)

yields

‡
‡
pA
dθA∗
· qvib
qrot
√
=
·
dt
N0 2π m kB T qrot · qvib

,

(2.182)

where N0 = M
= available sites per area. Since we assume that rotations as well as
A
vibrations do not change in this transition state, the second fraction in eq. (2.182)
will always be equal to one. In realistic systems, there will always be a loss of
rotational and vibrational freedom, therefore in reality it will always be somewhat
smaller than 1. Using eq. (2.176) and the fact, that ∆q ‡ = 0, we find:
‡
dθA∗
p
− ∆H
√ A
· e kB T
=
dt
N0 2π m kB T

,

(2.183)

where
∆H ‡ = H ‡ − H = ∆UT‡ =0 K − kB T

,

(2.184)

where we have used the fact that vibrations and rotations are the same for transition
state and gas phase and all contributions from these then cancel exactly. It becomes
obvious that the difference in electronic energy is the only decisive factor in this
model. This result could, as a matter of principal, also be derived via collision
theory, since we don’t assume any changes in rotations or vibrations and essentially
consider the molecule a hard sphere.
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2.7.3.2 Intermediate Regime Adsorption

If the transition state of adsorption is located within a potential well that prevents
translation, but permits rotation, we find
‡
‡
dθA∗
pA
qvib
· qrot
√
· (1 − θA∗ )
=
· 2D
· qrot · qvib
dt
N0 2π m kB T qtrans
p
†
√ H2
=
· e∆G · (1 − θA∗ )
,
N0 2π m kB T

(2.185)
(2.186)

where
‡
‡
‡
2D
, qrot , qvib , Eelec )
, Eelec
) − G(qtrans
∆G‡ = G(qvib
, qrot

.

(2.187)

Obviously, this description is equivalent to an intermediate loss in entropy, compared
to the precursor mediated and direct adsorption models and will result in rate
constantss that will be in between the predictions of the other two models.

2.7.3.3 Direct Adsorption

For the case of direct adsorption, i.e. a transition state that has no more freedom
of translation or rotation and is only able to vibrate, one has to account for the
configurational entropy on the surface. The canonical partition function Q‡ of N ‡
such transition state structures distributed over M 0 free sites is given by
Q‡ =

 N ‡
M 0!
q‡
N ‡ ! (M 0 ! − N ‡ !)

,

(2.188)

from which, after some manipulations, it follows that the equilibrium constant is
found as
q‡
K ‡ = M (θ∗ − θA‡ )
.
(2.189)
q

54

2.7 Thermodynamic Properties from First Principles
From that, we find analogously to the direct adsorption case:
1
1
V pA
dθA∗
=
νK ‡ NA =
ν K‡
dt
M
M
kB T
= (θ∗ − θA‡ )

V pA q 0‡
ν
kB T
q

‡
V pA
qvib
3D
· qrot · qvib
h qtrans
‡
qvib
M (θ∗ − θA‡ )
pA
√
=
2D
· qrot · qvib
N0
2π m kB T qtrans

= (θ∗ − θA‡ )

=

N0

√

pA
†
· e∆G · (1 − θA∗ )
2π m kB T

(2.190)

,

(2.191)

where
‡
‡
2D
∆G‡ = G(qvib
, Eelec
) − G(qtrans
, qrot , qvib , Eelec )

.

(2.192)

Here we have absorbed M in the last step of eq. (2.191) into the translational
partition function via qtrans,unitcell = qtrans
and we utilized that (θ∗ − θA‡ ) ≈ θ∗ =
M
M0
0
1 − θA∗ , where θ∗ = M and M is the Number of free sites. It becomes obvious
that ∆G‡ will have a strongly negative contribution from the gas phase, as there
is a strong loss of entropy going from the gas phase to the frozen transition state.
Consequently, the rate constantss will decrease in comparison to the precursor
mediated adsorption model.

2.7.4 Reactions on Surfaces in the Context of Transition State
Theory
Reactions on surfaces are in principle analogous to reactions in the gas phase, with
the difference that there are no free translations or rotations of adsorbed species.
We consider a bi-molecular reaction of the kind
‡
A∗ + B∗ −
)−
−*
− (A-B)∗∗ −−→ AB∗ + ∗

.

(2.193)
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Consequently, the partition function of both reactant and transition state species
are solely comprised of vibrations. The rate then becomes
dθAB∗
= νθAB‡∗∗ = νK ‡ · θA∗ · θB∗
dt
‡
kB T qvib
=
· θ A ∗ · θ B∗
h qvib
kB T ∆G†
·e
· θ A ∗ · θ B∗
,
=
h

(2.194)
(2.195)
(2.196)

where
‡
‡
∆G‡ = G(qvib
, Eelec
) − G(qvib , Eelec )

.

(2.197)

Note that qvib = qA∗ ,vib ·qB∗ ,vib represents the partition function of the two separated
species. In periodic surface slab calculations, the separated partition functions
will be replaced by the combined partition function, where A∗ and B∗ are in their
pre-reaction adsorption spots.
The reverse reaction
‡
AB∗ + ∗ −
)−
−*
− (A-B)∗∗ −−→ A∗ + B∗

.

(2.198)

is found straightforwardly from the same ideas.

2.7.5 Desorption in the Context of Transition State Theory
The desorption of molecules or atoms from surfaces is in principle the reverse of
adsorption:
‡
.
(2.199)
A∗ −
)−
−*
− A∗ −−→ A + ∗
Consequently, the transition state of desorption A‡∗ may be able to translate and/or
rotate over the surface, while it may also be confined to a certain desorption spot.
We find the rate as
−
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= νθA‡∗ = νK ‡ θA∗
dt
kB T q ‡
=
· θA ∗
,
h q

(2.200)
(2.201)
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where q and q ‡ correspond to the partition function of the ground state and the
transition state without the vibration along the reaction coordinate. Again the
rate depends on the amount of translational and rotational entropy, that is gained
or lost during the process of desorption. In our case, we assume that the transition
state of desorption A‡∗ , as well as the reactants, only possesses vibrational freedom.
The rate can then be rewritten as
−

‡
kB T qvib
dθA∗
· θA ∗
=
dt
h qvib
kB T ∆G†
·e
· θA ∗
=
h

(2.202)
,

(2.203)

where
‡
‡
∆G‡ = G(qvib
, Eelec
) − G(qvib , Eelec )

.

(2.204)
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2.8 X-Ray Photoelectron Spectroscopy and First
Principles
X-Ray photoelectron spectroscopy (XPS) is a routinely used tool to probe information about different atomic species in a sample. It exploits the fact that tightly
bound core-level states do not participate actively in chemical bonding, but are
very well influenced by the effective potential generated by the surrounding valence
electron density, which in turn is strongly affected by local changes in geometry
and composition. By exciting these core-level state electrons to the vacuum level
and measuring their kinetic energy versus the energy of the incoming photons, one
can then extract this information about local chemical environments of the atoms.
If the incoming photon of energy hν strikes the sample which is previously in
its ground state with energy E0 and which emits an electron with kinetic energy
KEe− that gets detected at a detector with an electric potential φD , so that the
sample is then in the ground state of the first ionized Hamiltonian with final energy
Ef+ , conservation of energy yields
E0 + hν = Ef+ + KEe− + e φD

.

(2.205)

This leads to accumulation of positive charge on the sample surface, which generates
an additional attractive potential for the emitted electrons, which has to be taken
into account when studying insulators or gas-phase species, while for metallic
systems the sample is usually connected to a ground potential together with the
detector, which compensates for any charge loss in the sample. The physical
quantity of interest is the ionization binding energy of the electron BE, defined as
the difference between the ionized and the ground state energy of the system
BE = Ef+ − E0

,

(2.206)

which can be obtained from eq. (2.205) as:
BE = hν − KEe− − eφD

.

(2.207)

Since the assignment of these measured binding energies to prevalent atomic
species is not easy, it is desirable to have access to theoretically computed values
to compare against. However, this prooves difficult due to the number of electronic
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states that have to be considered when core-levels are explicitly included in the
calculation of the wavefunction. The fact that core-levels are largely oblivious
to changes in the valence density is usually exploited by describing them with a
fictitious effective potential, which has the same electrostatic effect but circumvents
the description of highly oscillating components of the wavefunction. Consequently,
the computational description of core-level excited species for larger systems is
difficult, since this requires either a core-ionized pseudo-potential or an all-electron
calculation. Furthermore, in order to describe periodic systems, one has to either
use an idealized infinitely repeating slab-approach – which cannot easily describe
charged systems – or use a vacuum cluster, which has the same problems as
molecular calculations.
These problems are partially circumvented by the fact that we are interested
in relative changes of the binding energies ∆BE = BE0 − BE, where BE and
BE0 refer to the binding energy of two comparable species, which converge much
faster than absolute energies due to error compensation. Furthermore, one can get
an estimate of the binding energies by not using total energies as in eq. (2.205),
but interpreting the eigenvalues of the Kohn-Sham orbitals as physical quantities
in the context of Koopmans’ theorem102 (initial state approximation). However
this still incorporates the problem of explicitly computing core-state eigenvalues.
This is possible, using the so-called projector augmented wave-method, which
implicitly constructs core-state pseudo-orbitals based on the valence-densities.
Furthermore this method does not include any kind of relaxation contributions
of the valence-density to the change in the core-state density, since it computes
the core-states from the fixed valence-density. Nevertheless, for relative binding
energy shifts, the resulting trends are generally of reasonable quality.103
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3.1 Chemistry Under Confinement: The Water
Formation Reaction on a Ru(0001) Surface
Covered by a Silica Bilayer
3.1.1 Introduction
The interaction of solid materials with liquid and gaseous substances is of immeasurable importance in our world. As was mentioned in the introduction, it is assumed
that the stabilizing interactions of small organic molecules with the surfaces of
minerals and clays facilitated the emergence of the first amino acids and sugars,
thus playing a vital role in the precursors to life.11 In general, all living beings are
compartmentalized into cells, which are themselves further sub-compartmentalized
into cellular organelles and all forms of life as we know it depend on the existence
of water, which emphasizes the crucial role of the interaction between the two. In
addition, our daily life is full of examples that have direct impact, such as the
“non-stick” coating of pots and pans, the subsequently occurring Maillard reaction
giving fried foods their unique taste or the tarnishing of precious jewellery and
metal workings. Of course, in many industrial processes, these interfaces also play
a crucial role, requiring thorough investigation and characterization of the surface
properties to obtain the best efficiency possible. As was touched upon before, the
study of these systems faces unique challenges such as the small number of adsorbates on a surface or the complexity of realistic surfaces. In addition, most real /
realistic systems are comprised of a large number of different constituents, some of
which are crucial to the studied process and some of which are innocent bystanders.
A common way of simplifying the real-world process and introducing a controllable
amount of complexity is the use of model systems. For example, surface-science as
such became only feasible with the advent of ultra-high vacuum (UHV) chambers
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(as otherwise the surface would be covered with atmospheric components) and the
ability to grow single-crystals with well defined surface orientations, which reduces
the complexity of the system considerably.
The reason, why the interface between solid materials and liquids / gases is of
crucial importance to many areas in chemistry is manifold. Firstly, solid materials
are generally arranged into some sort of crystal, which can be envisioned as a giant
macro-molecule interacting with the particles in the liquid or gas phase, thus the
surface is the region in which the different types of chemical and physical materials
interact. Secondly, the crystalline lattice of solid materials alters their electronic
and physical properties expressing itself in the band-structure and properties such
as electric conductivity and the phonon spectrum. The surface plays a special
role, as atoms or molecules located in the topmost layers will have different and
in general lower coordination numbers than atoms or molecules in the bulk. As
a result, many crystal surfaces, as they would be obtained by simple cleavage of
the bulk material along a crystal plane, are thermodynamically not stable and
thus they often undergo reconstructive processes. For example, gold, platinum
and iridium all reconstruct from the face-centered cubic bulk structure to form a
hexagonal overlayer. A different example concerns the structure of frozen water,
i.e. ice, where it was shown that the H2 O molecules in the topmost layer vibrate
with a frequency four times as large, compared to bulk molecules. It could also be
shown, that molecules in the top layer do not obey the crystalline structure below
and in many ways they are responsible for the peculiar properties of ice, such as
its slipperiness.12
Probably the most crucial reason for the reactivity of surfaces is the fact that they
are not perfect surfaces of cleavage planes orthogonal to a crystal axis, but they
are very much composed of plateaus of flat areas connected by grain-boundaries
and steps and kinks between multiple crystal planes. It is exactly these “defect”
sites of the perfect surface, where reactivity is strongly increased due to the altered
coordination of surface atoms. This is nicely exemplified by the fact, that the
probability of exchanging H2 /D2 at these sites occurs on a stepped platinum surface
near unity, while the reaction using a perfect (111) platinum surface was below
the detection threshold.104
The property that a material, such as a crystal surface, can affect the progress
of a chemical reaction is nowadays connected to the concept of catalysis. Initially,
the term was coined in 1835 by the Swedish chemist Jöns Jacob Berzelius in an
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annual report about the progress of chemistry,105 however his understanding in
terms of a “catalytic force” has been overhauled and today’s definition is more
closely formulated in the words of the German chemist Wilhelm Ostwald: “A
catalyst is a substance that accelerates the rate of a chemical reaction without
being part of its final products.”106
In general, catalysis is grouped into homogeneous and heterogeneous catalysis,
depending on whether the catalyzing agent is present in the same phase or in a
different phase, respectively. The prime example for catalysis in nature are of
course enzymes, which are biologically active substances that show an immense
catalytic turnover number (TON).∗
Due to the unique properties of surfaces outlined above, heterogeneous catalysis
plays a vital role for many processes that render our modern world possible. Due to
its importance in the production of fertilizer and the fact that during the research
many fundamental aspects of catalysis were established, the Haber-Bosch process
of converting hydrogen and nitrogen into ammonia is probably the best known
example of heterogeneous catalysis. The catalyst that was developed for the first
industrial-scale realization of the process was essentially iron with small amounts
of potassium, aluminum and calcium added as promoters. These were and are still
in use, but in recent years other catalysts based on ruthenium were proposed.109,110
The Haber-Bosch process is an excellent example for surface science as, due to
its apparent simplicity of only involving two elemental gases N2 + 3 H2 −
)−
−*
− 2 NH3 ,
it lends itself well to model system studies. Model systems, in this case, are
understood as well defined crystal surfaces that can be studied in UHV conditions
and employing corresponding computational models to extrapolate the results to
the real system. However, this also accentuates one of the problems in surface
science, namely the so called “pressure-gap”, referring to the fact that most studies
are carried out under UHV conditions and low temperatures while realistic systems
often operate under high pressures and temperatures, as well as the “material-gap”,
referring to the fact that realistic systems are rarely composed of well defined
single crystal surfaces.
Other highly important examples of heterogeneous catalysis include the FischerTropsch process, converting carbon monoxide and hydrogen at elevated tempera∗

In enzymology, the TON is defined as the maximum number of chemical conversions of reactants
per second that a single active site will convert at a given concentration of enzyme. 107 In
chemical catalysis, the TON is defined as the number of moles of substrate that one mole of
catalyst can convert before becoming inactivated.108
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tures and pressures and with the aid of metal catalysts such as iron and cobalt into
liquid hydrocarbons, the Ostwald process for synthesizing nitric acid from oxygen
and ammonia using platinum or copper catalysts, the Ziegler-Natta catalyst based
on titanium compounds for the polymerization of alkenes or the desulfurization of
petroleum using molybdenum and cobalt. The number and scale of these processes
and the subsequent amount of research that has gone and still goes into them,
underlines the importance of surface-science for our modern society.
As is evident, the understanding and tuning of these processes and the development of new catalysts is of monumental importance. One of the topics that has
gained strong momentum in catalysis within recent years, is the idea of chemistry
under confinement, that is the influence of spatially confining a reaction within
another material.111–117 Surfaces as such already provide a type of confinement by
adsorbing species and thereby limiting their mobility and changing their properties.
However, this concept is not limited to surfaces, as confinement can be achieved
in a variety of ways. Not only are there a plethora of biologically important
reactions strongly influenced by the available space,118 such as reactions in small
biological cells or at the interface between liquid and solid surfaces, for example in
blood vessels or lung capillaries,119–122 but also catalysis as such benefited a great
deal from this concept.123–126 The reason, why spatially confining a reaction is so
attractive is, that one can directly attempt to design the interstitial space within
the porous structure such, that only the desired reactants or products interact in
a favorable way.
In order to spatially confine a reaction, it is necessary to provide a framework,
which limits the available space, but yet allows for reactants and products to enter
and leave the provided space. As a result, these systems are often termed host-guest
chemistry, where the host is the framework that provides the sterical boundary
conditions and the guest are all types of particles which are enclosed by the host.
Of course, due to the fact that the host framework limits the available space, strong
interactions between the guest molecules and the surrounding walls are inevitable.
In general, the types of confined reactors are categorized into 1-D, 2-D, and 3-D
compounds, which can be further sub-categorized (following IUPAC127 ) according
to the pore diameters d into micro- (d < 2 nm), meso- (2 nm < d < 50 nm), and
macroporous materials (d > 50 nm).
A prime example is the interaction of molecules with metal-organic-frameworks
(MOF). MOFs consist of metal ions or clusters, which are linked together by
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Figure 3.1: Microscopic structure of a zeolite (mordenite) framework, assembled
from SiO4 tetrahedra. Sodium is present as an extra-framework cation
(in green).128
organic molecules to form 1-, 2- and 3-dimensional structures. Depending on the
constituents, these compounds have pores of different sizes, defining a tunable
space into which guest molecules may diffuse. A prominent example are the
aluminosilicate minerals of the zeolite class, which consists of a network of SiO4
tetrahedra with different counter ions positioned in the network. Examples of this
class of structures are, amongst many other, analcime (NaAlSi2 O6 · H2 O), chabazite
((Ca, K2 , Na2 )2 [Al2 Si4 O12 ]2 · 12 H2 O) or stilbite (NaCa4 (Si27 Al9 )O72 · 28 H2 O). These
materials feature pore sizes generally smaller than 1 nm and the basic building
blocks of a typical zeolite material are shown in fig. 3.1.
This class of compounds is also often called “molecular sieves”, due to their
wide variety of pore sizes and the ability of these structures to be used in gas
purification processes, for example for the removal of H2 O or CO2 from natural gas
sources. Other applications include the use as solid state acids (due to the tunable
presence of acidic protons in the structure), such as in fluid catalytic cracking
and hydrocracking. However, due to their chemical and physical properties, these
substances find wide use in areas from water purification and softening for domestic
and commercial use, to solar cell technologies or soil treatment for agriculture.115,129
In more recent years, 2-D confined systems have seen a surge in interest, motivated by the success of monolayer graphene and the subsequent progress in growing
other ultra-thin films of other materials such as hexagonal boron nitride (h-BN),
transition metal dichalcogenides and crystalline and vitreous (amorphous) SiO2
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over metal supports.114,115 These materials are of interest, because they define a
tunable space between the atoms of the layer and the metal substrate into which
molecules can be intercalated. The ultra-thin films of silica have attracted special
attention, due to the fact that they can be both grown as a mono-atomic layer,
chemically attached to the metal surface via bridging Si – O – Ru bonds, as well as a
bilayer that is chemically detached from the surface and only bound via dispersive
van-der-Waals forces. In addition, these layers can be synthesized (coexisting on the
same surface) both as a crystalline network, consisting of purely of six-membered
rings formed by the SiO4 tetrahedra (except for grain boundaries and defects) and
an amorphous network consisting of a distribution of randomly-sized rings with no
apparent periodic structure.130–132 These model-systems can thus be used as an
example to study the transition from vitreous to crystalline phases, a topic that is
still heavily debated.133
The mechanisms, by which spatial confinement and the host-guest interactions
alters certain chemical reaction pathways, have been under intense research. Grommet et al.11 pointed out, that even though there are a large variety of different
systems for confining chemical reactions, the effects of the confinement are often
very similar. Within their review, they recognized five different effects, that are
responsible for most properties of the confined system:
• Acceleration of chemical reactions:
Due to the sterical and electronical constraints provided by the host, it
is possible to pre-organize molecules and increase their local concentration
within the confined space, thus translating into an acceleration of the reaction.
In addition, the host can stabilize transition states of the reaction, thus
increasing the speed.
• Enhancement of alteration of selectivity:
The walls of the host will inevitably introduce a limit for the maximum size
of reactants, transition states and products thus possibly rendering certain
reaction pathways impossible or unlikely, introducing a bias towards certain
molecules. Additionally, the geometry of the host may favor certain molecules
over others, resulting in a “selection” of pre-organized molecules, transition
states or products.
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• Stabilization of reactive species or unstable assemblies:
It was shown that confinement can drastically increase the stability of certain
intermediates, for example in the electro-chemical cycle of batteries, thus
increasing their lifetime. Additionally, un- or meta-stable molecules can
be stabilized by favorable interactions with the cavities. For example, it
is possible to synthesize single DNA base-pairs within a coordination cage,
which are unstable in solution.
• Modulation of light absorption and emission:
The effect of confinement was observed to have two different results on photoactive molecules. Firstly, they can act as a “protective-coating”, that is they
can prevent molecules from undergoing reactions by hermetically sealing
them from their environment. Additionally, by pre-organizing molecules in
close vicinity to each other as well as in periodic arrangements, the host may
induce changes in the electronic and physical properties of guest molecules
by changing weak interactions, for example π-π stacking and van-der-Waals
forces.
• Modulation of electrochemical properties:
Confining molecules can also have an effect on their electrochemical properties
without changing their chemical structure. For example, the electric fields of
polar molecules can interact when brought close together, inducing changes
in the redox potential or there may occur charge-transfer between the host
and the guest molecules. Additionally, the long-range structure of the host
can induce periodicity in the guest molecules, potentially leading to electric
conductivity.
While it is well known that ruthenium catalyzes the water-formation-reaction
(WFR) from dissociativley adsorbed hydrogen and oxygen,134 it was recently
discovered using low energy electron microscopy, that the reaction proceeds in
a wave-like fashion across a Ru(0001) surface and that confining the adsorbed
species by depositing a silica-bilayer over the surface has a strong impact on the
front velocity as well as the observed apparent reaction barrier.130 Figure 3.2 shows
a series of low energy electron microscopy (LEEM) snapshots taken during the
experiment, where a moving reaction front can clearly be identified.
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Figure 3.2: LEEM snapshots for the water-formation-reaction on a Ru(0001) surface. The bright area of the surface corresponds to the oxygen rich
parts. Reproduced with permission from the authors.135

Previous studies identified the formation of hydroxyl (OH) groups from atomically
adsorbed oxygen and hydrogen as the rate-determining step (RDS) for the WFR
on ruthenium, while all subsequent steps are considerably faster. In particular the
desorption of water on a bare surface is very fast at the experimentally considered
temperatures (400 K – 675 K).134–136 Using X-ray photoelectron spectroscopy (XPS)
and LEEM techniques, the authors demonstrated that the reaction front propagates
from an area of low oxygen concentration (0.25 ML) towards areas of high oxygen
concentration. Together with the fact, that there are only four possible adsorption
spots per unit cell on the ruthenium surface and that it is covered with a 0.75
mono-layer (ML) of oxygen prior to the introduction of H2 , the authors concluded
that the reaction must have its origin in a defect of the oxygen ML, since otherwise
there are not enough adsorption sites available for the dissociative adsorption of
hydrogen.
While, for the confined system, the same reaction was observed at lower front
velocities, the same XPS pattern was observed before and after the reaction,
concluding that the silica bilayer is not deteriorated during the reaction and the
effect must be sought elsewhere. Figure 3.3 summarizes the changes of the XPS
spectra before and after the reaction. It is evident that the oxygen concentration
diminishes (the shoulder in the pre-reacted XPS spectrum) and that there is a
consequential shift of the peak due to the removal of the surface dipole induced by
adsorbed oxygen atoms.
While the chemical denaturation of the silica film could be excluded, it could not
be shown, whether the observed effect of the confinement is due to the transition
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Figure 3.3: (a) LEEM snapshot showing the reaction front under reaction conditions; the O-rich and O-poor areas are labeled as unreacted (black)
and reacted (red), respectively. (b) LEED pattern showing the characteristic (2 × 2) spots of the SiO2 BL on Ru(0001) measured on the
reacted sample. The patterns of the reacted and unreacted surface do
not differ regarding number, position and broadening of the spots. (c,
d) Local O 1s and Si 2p photoemission spectra collected on both sides
of the reaction front. Reproduced with permission from the authors.135

69

3 Results and Discussion
state effect, that is if the reaction mechanism itself changes, or whether it is due to
the effect of the confinement on the diffusion of both surface species and adsorption
/ desorption of hydrogen and water, respectively.
Since this system can be prepared under controlled conditions in a variety of
ways, it lends itself as a prime candidate for a model system to study the processes
involved from both an experimental and a theoretical point of view. In this
section, we thus aim for the comprehensive study of the mechanism behind the
water-formation-reaction on a ruthenium (0001) surface, both on a bare surface
and under silica bilayer confinement. To do so, we leverage the power of quantum
mechanical modeling using periodic DFT methods to obtain a comprehensive
picture at the microscopic level of the processes at hand, which together with
experimental data and mathematical modeling, results in a full picture of the
system under consideration.
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2.73 Å

Figure 3.4: Left: On-top view of the ruthenium (0001) surface. Colored dots
indicate binding sites: “on-top” (blue), “hcp” (orange) and “fcc” (black).
The (2 × 2) unit cell is indicated with dashed lines.
Middle and right: Top and side view of a Ru surface with a SiO2
bilayer.
Ruthenium, silicon and oxygen atoms are shown in green, gray and
red, respectively.

3.1.2 Atomistic Model for Surface and Bilayer Geometries
Our goal is to investigate the atomistic process involved in the WFR occurring on
a partially oxidized ruthenium (0001) surface, both on a bare surface and when
confined under a two-dimensional silica-bilayer sheet.
In order to characterize the surface from a theoretical point of view, we set up
a corresponding surface model, obtained from an optimized primitive hexagonal
close-packed ruthenium bulk cell with two ruthenium atoms per cell,137 from which
a repeated 3-layer slab with a (0001) surface direction and a vacuum layer of 30 Å
was constructed. The optimized and experimental bulk lattice constants are given
in table 3.1.
If not stated otherwise, the (2×2) surface
super-cell was used in our calculations. The
a / a0 c / a
top ruthenium layer was allowed to relax
Theoretical 5.1337 1.56
while the bottom two were fixed at their
Experimental 5.1132 1.58
bulk positions. To model the confined case,
138
and cala crystalline SiO2 -bilayer was added to the Table 3.1: Experimental
culated ruthenium bulk unit cell
surface. A representation of the surface slab
parameters for a primitive hexagowith and without a bilayer on top is shown
nal, closed packed structure with 2
atoms per cell.
in fig. 3.4.
Since it is difficult to predict the position of the SiO2 rings with respect to
the surface and oxygen atoms in real experiments, as irregularities in the bilayer
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and/or surface may lead to a shift of these rings relative their optimal position
on an ideal surface. In order to cope with this problem, we modeled two distinct
(extreme) cases: a constrained and an optimized bilayer. In the constrained bilayer
case, the x- and y-coordinates of the bilayer were chosen to coincide with those of
its optimal position on a (2 × 2)-3O (0.75 ML) surface, corresponding to the in
situ preparation conditions of the bilayer.139 With the position of the bilayer fixed,
the coverage was reduced to a (2 × 2)-2O to model the reaction (this coverage is
expected in the active reaction region of the reaction front), and to a (2 × 2)-1O
surface, in order to model the hydrogen adsorption. Within the experimental setup,
removal of the last oxygen atom per unit cell requires temperatures well above
those considered (> 970 K).134
In the optimized bilayer case, after the same manipulations were applied, the
bilayer was allowed to find its optimal position on the surface (with the initial
position also being taken from the (2 × 2)-3O surface) and was additionally allowed
to fully relax at each step along the adsorption and reaction paths.
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3.1.3 Employed Computational Methods
In order to access the potential energy surface (PES) of the system under study at
a reliable level of theory, we employed density functional theory, as originally developed by Kohn and Sham71 and implemented in the Vienna Ab Initio Simulation
Package (VASP)140 and the Quantum Espresso (QE) suit of codes.141 In addition,
the frozen-core approximation was invoked by using scalar-relativistic, ultra-soft
pseudopotentials (QE) or the projector-augmented wave method (VASP). The
exchange and correlation potential was described using the generalized gradient
approximation proposed by Perdew, Burke and Enzerhof78 with an additional
atom-pair based dispersion-correction D2 proposed by Grimme et al.89 Integration of the first Brillouin zone was done using a weighted uniform ~k-point grid
(6 × 6 × 1 for a (2 × 2) cell) as proposed by Monkhorst and Pack.142 Plane waves
up to EP W = 400 eV were included in the expansion of the wavefunction. A
Gaussian-type spreading for the Brillouin zone integration of metals with a width
of 0.15 eV was utilized. Minima on the PES were optimized until all components of
all forces were less than 5 × 10−3 eV
and the change in electronic energy between
Å
two optimization steps was less than 1 × 10−4 eV.
Transition states were searched using the nudged elastic band (NEB) method143
between two points of interest on the PES until the error on the projected forces
and further refined with the improved dimer-method.144
was less than 0.05 eV
Å
Vibrational modes were then accessed using a central finite-differences scheme
within the harmonic approximation. In calculations involving weakly interacting
species, some of the harmonic vibrational frequencies turned out to be very close
to zero, unphysically blowing up the entropic contribution, or even imaginary,
leading to inconsistencies in the entropy along the reaction path. In our calculations this problem occurred for the vibrations originating from the rotations
of the hydrogen molecule in the adsorption transition states, corresponding to
its penetration through the bilayer (vide infra). In these calculations we did not
include these vibrations in the partition function (2.167), but added the rotational
partition function instead. Besides, to obtain balanced entropic contributions in
the constrained and optimized calculations, in the latter case the vibrations of the
bilayer in the x- and y-directions were not included in the vibrational partition
function (2.167) at any reaction step. Firstly, these vibrations are essentially
anharmonic and of very low frequency, so within the harmonic approximation their
contribution to the entropy would be substantial, but very inaccurate. Meanwhile,
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in the constrained case, these vibrations are entirely absent, as in this case the
bilayer is not allowed to move in the x- or y-direction.
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Figure 3.5: (2 × 2)-1O (left) and (2 × 2)-2O (right) surfaces with two hydrogen
atoms (orange) adsorbed per unit cell. Hydrogen is forced to occupy
hcp hollow sites in order to maximize its distance to adjacent oxygen
(red) atoms. For the (2 × 2)-1O surface, there is one additional on-top
binding site available surrounded by 3 oxygen atoms (indicated by a
blue dot).

3.1.4 Investigation of the Potential Energy Surface
3.1.4.1 Adsorption of H2 on a Partially Oxidized Ru(0001) Surface
Since, experimentally, the ruthenium surface is already partially covered with
atomically bound oxygen resulting from the preparation of the bilayer, the first
step in the process is inevitably the adsorption of hydrogen onto the surface. Due
to the repulsive interactions between the adsorbates, both species are known to
form ordered adlayers on the surface at low enough temperatures.145 As reported
in the literature, oxygen prefers hcp-hollow binding-positions, while hydrogen will
bind to fcc-hollow sites.146,147 However, when oxygen atoms are present, the actual
position of hydrogen atoms is determined by a balance between the attraction to
the surface and strong repulsion at a short distance between oxygen and hydrogen.
As a consequence, on-top binding sites also become available for hydrogen when it
is symmetrically surrounded by repelling oxygen atoms and therefore maximizes
the distance to these atoms. Furthermore, since oxygen binds to hcp-hollow sites,
all adjacent fcc-hollow sites become unavailable, forcing hydrogen to either bind to
hcp-hollow or on-top sites (fig. 3.5).
In general, the adsorption process of hydrogen onto a ruthenium surface is
determined by two subsequent steps: Firstly, the incoming molecule chemisorbs to
the surface as a whole, before, as the second step, it dissociates into two hydrogen
atoms. The dissociation happens step wise (e.g. one hydrogen atom remains on

75

3 Results and Discussion

1O bare

2O bare

0

0

−0.25

−0.25

−0.5

−0.5
1O optimized

2O optimized

EElec. / eV

0

0
−0.25

−0.25

−0.5

−0.5
1O constrained

EElec. / eV

0.25

0.25

2O constrained

0.25
EElec. / eV

EElec. / eV

0.25

0.25

0

0

−0.25

−0.25

−0.5

−0.5
Reaction coordinate / a.u.

EElec. / eV

EElec. / eV

0.25

Reaction coordinate / a.u.

Figure 3.6: Comparison of the different electronic minimum energy pathways for the
dissociative adsorption of hydrogen onto a partially oxidized Ru(0001)
surface with different oxygen coverages. The position of the hydrogen
molecule prior to adsorption is indicated with a blue arrow. The
pictures for the constrained case have been omitted for clarity.
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the on-top site while the other is moving to the hcp adsorption site). Since oxygen
atoms introduce repulsive interactions between the adsorbates, an increased oxygen
coverage also impedes adsorption of hydrogen, as the necessary on-top sites for
splitting are getting too close to oxygen atoms.
As is seen from the calculated minimum energy pathways (MEP) (fig. 3.6 top),
the electronic part of the hydrogen adsorption onto a bare surface with low oxygen
concentration is barrierless and the gain in potential energy due to adsorption
outweighs the cost of splitting the hydrogen molecule. When increasing the oxygen
coverage on the surface, some of the on-top sites required for splitting H2 are in
close vicinity to an oxygen atom, resulting in a slightly activated process. For
coverages higher than 0.75 ML (3 oxygens per (2×2) unit cell), adsorption becomes
essentially impossible since there are not enough free binding sites neighboring
each other.
The addition of a van-der-Waals-bound SiO2 bilayer over the surface converts
these adsorption processes into clearly activated processes, irrespective of the
oxygen concentration on the surface. The penetration through the lower silica
ring becomes the decisive energy barrier. It is strongly influenced by the nearby
oxygens on the surface, as well as by the position of the bilayer relative to the
required on-top site for splitting.
The different resulting adsorption processes for both systems are shown in fig. 3.6
(middle and bottom). One can note a higher barrier and a less negative adsorption
energy in the optimized bilayer 1O case compared to the constrained one. This can
be attributed to an additional movement of the bilayer in the optimized case needed
for the incoming H2 molecule to reach an on-top site, while in the constrained
case, the bilayer is from the onset positioned in such a way, that the on-top site
for H2 is readily available. This effect is virtually absent in the 2O case, as the
positions of the constrained and optimized bilayer are similar and all on-top sites
are inconveniently located not far from an oxygen atom.
3.1.4.2 Formation of Water from Atomically Adsorbed Hydrogen and
Oxygen
As was demonstrated in the last section, the addition of a silica bilayer over
the ruthenium surface considerably changes the potential energy landscape for
incoming hydrogen molecules, by introducing two new transition states, one for the
passage of each layer of the silica sheet. In a second step, we will now consider three
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elemental reaction channels on the surface that may contribute to the formation of
water:
O∗ + H ∗ −
)−
−*
− OH∗

(3.1)

−−
OH∗ + H∗ )
−*
− H2 O ∗

(3.2)

−−
2 OH∗ )
−*
− H2 O∗ + O∗

,

(3.3)

of which the last one is in competition with the second but will only take effect when
there is a considerable amount of OH or H2 O present on the surface. Consequently,
a necessary intermediate step in the water-formation-reaction is the presence of
hydroxyl (OH) groups on the surface, and since their concentration has direct
influence on the overall reaction speed, special attention has to be given regarding
their properties.
Figure 3.7 shows the obtained MEPs for the six different systems of interest for
the first two reactions discussed above. The first barrier, corresponding to the
formation of OH from atomically adsorbed O and H, features a large electronic
barrier that is mostly independent of the chemical environment. This can be
explained by the relatively large size of the SiO2 -bilayer rings, enclosing multiple
reaction sites such, that there will be at least one mostly undisturbed site available
for the reaction. Additionally, neither atomically bound hydrogen nor oxygen show
considerable interaction with the bilayer due to their small size and absence of
hydrogen-bridge bonding interactions.
In contrast to this first reaction channel, the formation of water from OH and H
is energetically much more favorable on a bare 2O surface or one equipped with an
optimized silica bilayer. The reason for the lowered activation energy and increased
stability of water species on a 2O surface over a 1O surface can be explained by
an interplay of stabilizing hydrogen bonding with higher oxygen coverage and a
destabilizing influence from the mutual repulsive interactions between adsorbates:
Since oxygen atoms destabilize surface binding of surrounding oxygen and hydrogen
atoms, a higher oxygen concentration translates to an increased energy gain when
the number of neighboring surface species is decreased, e.g. when OH or H2 O
is formed. Additional energy is gained when the number of hydrogen bonding
interactions is increased as a result of the reaction. These two features manifest
themselves in a greater energy gain going from atomic O and H to H2 O for a
2O surface than a 1O surface, since on a 1O surface, there is no oxygen left
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Figure 3.7: Comparison of the different electronic minimum energy pathways for
the reaction cascade 2 H∗ + O∗ −
)−
−*
− H∗ + OH∗ −
)−
−*
− H2 O∗ . The first
step is virtually independent of its chemical surroundings while the
formation of water becomes strongly dependent to the presence of free
ontop binding sites. Adsorbed oxygen atoms that are not participating
in the reaction are colored in blue.
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2 OH∗ −−→ H2 O∗ + O∗
H2 O∗ + O∗ −−→ 2 OH∗
bare
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Figure 3.8: Comparison of the different electronic minimum energy pathways for
the dispropotionation reaction 2 OH∗ −−→ H2 O∗ + O∗ (left) and the
reverse comproportionation reaction H2 O∗ + O∗ −−→ 2 OH∗ (right).
after the reaction, while one a 2O surface, one O remains, enabling the OH
and H2 O molecules to interact via hydrogen bonding. Furthermore, the reduced
energy barrier for the second reaction step on a 2O surface is explained by the
“uncomfortable” hydrogen atoms, whose proximity to neighboring oxygen atoms
raises their potential energy to almost match the transition state energy.
However, this effect is not observed for the constrained bilayer 2O system, since
the formation of water from OH and H requires an on-top surface spot as active
site for the transition state and the binding of the resulting water molecule, which
is not available for the bilayer position chosen without moving it over the surface.
Thus both the transition state and the resulting water get destabilized in their
binding. From this it may be deduced that at a certain water concentration on
the surface, the energy gain from water being able to access free on-top sites may
outweigh the cost of shifting the bilayer and different reaction channels may be
dominant at different concentrations.
The electronic MEP for the formation for water from two OH groups (eq. (3.3))
is shown in fig. 3.8 (left). We split the reaction up into a “diffusion” step and a
reaction step, since the lowest energy configuration of two OH groups is separated
by one higher minimum on the PES and at temperatures above T = 0 K, according
to our calculations the second maximum and therefore the intermediate minimum
vanishes. It can be seen that the electronic barriers are small compared to the
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formation of OH groups and consist mainly of bringing two hydroxyl groups
close together. Consequently this reaction channel will increase the rate of water
formation, but only when there is enough OH on the surface, so as to bring them
close enough together before another reaction channel is preferred.
On the other hand, the reverse comproportionation is strongly dependent on the
presence of a bilayer and whether it is constrained in its movement or not, being
explained by the same reasoning of the requirement of an on-top site for water to
bind to, which is only easily accessible in the unconstrained case.
3.1.4.3 Desorption of Water from the Surface
At higher concentrations, H2 O molecules form intricate hydrogen-bonding networks
which are accompanied by partial dissociation of water molecules resulting in an
increase in desorption energy.148 However, at low concentrations, these networks
are not possible and the average residence time of water on the surface is expected
to decrease. Figure 3.9 shows the MEPs for the 6 different systems of interest.
The desorption energies for a single water molecule from a bare surface with a
concentration of 1O and 2O per (2×2) unit cell are 0.67 eV and 0.91 eV, respectively.
The increase in the desorption energy is explained by the additional H-bonding
that is possible with one O remaining on a 2O surface. As for the adsorption of
hydrogen, the additional confinement introduces two additional transition states,
one for passing each layer. In contrast to the adsorption of H2 , the transition state
with the greatest total energy is the upper ring of the bilayer. Furthermore it can
be seen that a fixed bilayer already includes the increase in potential energy of the
water molecule bound to the surface discussed before, which effectively lowers the
barrier of desorption as compared to a free moving bilayer or unconfined surface.
3.1.4.4 Diffusion on the Surface
The diffusion on the surface is integral to the description of the system at hand,
since the change in diffusivity can have drastic effect on the overall reaction speed.
Unfortunately there is a vast number of possible diffusion channels on the surface for
each species. In order to obtain a first characterization of the possible mechanisms,
we consider selected trajectories on the surface for hydrogen atoms, OH and water
molecules. In a first step, we are considering the diffusion of hydrogen on a bare
1O surface traversing one unit cell. A representation of the diffusion path and the
corresponding electronic energy diagram is shown in fig. 3.10 on the left.
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Figure 3.9: Comparison of the different electronic minimum energy pathways for
desorption of H2 O from a Ru(0001) surface with various concentrations
of oxygen. The bilayer introduces two new transition states, one for
passing eacher layer.
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Figure 3.10: Middle and left: MEPs for the diffusion of atomic hydrogen (left)
and OH groups (middle) on a bare 1O Ruthenium surface. The path
completes one (2 × 2) unit cell and wraps around itself.
Right: MEP for the diffusion of OH groups across a 1O–2O domain
boundary.
It is apparent, that with barriers between 0.1 and 0.2 eV, hydrogen is able to
diffuse at sufficiently long distances at our experimental temperatures. Hydrogen
shows little interaction with the surrounding oxygen atoms, as well as the bilayer
and therefore may adsorb at relatively distant parts of the reaction front and
diffuse over the surface to reach it in both the confined an unconfined case.
In a next step, we are investigating the diffusion of OH groups on a bare 1O
surface, as well as across the 1O – 2O domain boundary. The corresponding
paths and MEPs are shown in fig. 3.10 (middle and right). Barrier heights for
the diffusion on a 1O surface are slightly increased (~ 0.4 eV) in comparison with
hydrogen diffusion due to the additional H-bonding interactions with the surface
oxygen atom. The barrier grows notably (~ 0.6 eV) when OH is diffusing across
the 1O – 2O domain boundary. Since, especially in the vicinity of the reaction
front, heterogeneity in the distribution of the oxygen concentration is expected,
the diffusion of OH groups will still be hindered by the oxygen concentration
boundaries. In addition, effective OH diffusion via hopping of hydrogen atoms
from oxygen atom to oxygen atom on a 2O surface was investigated, but rendered
much higher diffusion barriers (~ 0.8 eV).
Lastly, we are investigating the diffusion of water on a bare 1O surface, as well
as one equipped with a silica bilayer. The considered MEPs are shown in fig. 3.11.
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Figure 3.11: MEPs for the diffusion of water on a bare 1O surface (left), as well
as one equipped with a constrained (middle) and a optimized bilayer
(right). The movement of the bilayer in the optimized case has been
omitted for clarity. The path completes one unit cell and wraps
around itself. Surface oxygen atoms are colored in blue for distinction
from water and the bilayer.
The barriers that were obtained for the bare surface are larger than those found
for hydrogen and hydroxyl diffusion, being attributed to the strong interactions
between water molecules and adsorbed oxygen atoms. The MEP between the two
on-top positions has a rather flat maximum where only the highest point is shown.
For the free moving bilayer, two additional, shallow minima are found when the
bilayer moves in such a way that the water molecule can interact both with the
bilayer and the additional oxygen atom on the surface. It should be noted, that
the movement of the bilayer in the optimized case is not shown. In the constrained
case, the shallow minima between the two on-top positions as seen in the optimized
case vanish and are replaced by a plateau as in the bare case. The addition of the
bilayer, especially for the free moving case, considerably raises the transition state
energies to almost match the formation of OH groups from H and O. The chance
of water desorbing before having diffused a considerable distance on the surface is
thus very likely.
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3.1.5 Micro-kinetic Modeling
Acknowledgment The following paragraphs will summarize the results obtained
in the previous sections as well as extend the discussion to a mathematical model
of the reaction kinetics. These simulations were carried out by Dr. Mark Schlutow
from the Freie Universität Berlin and are shown here to provide deeper insight into
the obtained results. In addition, we will use arguments obtained from experiments
by Dr. Mauricio Prieto, Dr. Thomas Schmidt and others from the Fritz-Haber
Institute of the Max-Planck Society Berlin. Further details can be found in the
corresponding publication.135
In the preceding sections, we have investigated the relevant parts of the PES
for the water formation reaction on a ruthenium surface. In order to investigate
entropic effects at the experimental temperatures and further have access to rate
constants, we calculated the Gibbs free energy surface, associated with the points
discussed above for various temperatures. The summary for the reaction cascade
k1
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,

(3.4e)

−5

where ∗ represents a free binding site on the surface, except for the last step, for
T = 500 K is shown in fig. 3.12. It should be noted, that the adsorption steps
(transition states a) and b)) are computed for a 1O surface, while all subsequent
steps are computed for a 2O surface to mimic the reaction front conditions.
The additional transition states for the adsorption of hydrogen and desorption
of water, that are introduced by the confinement, are clearly visible. Furthermore,
the rate-determining step, the formation of OH from H and O, is not changed
between any of the systems, while the subsequent formation of water from OH
and H is strongly dependent on whether the position of the bilayer is constrained
or not. However, since all steps after the formation of OH are considerably
faster, we conclude that the observed change in the reaction upon confinement
is not introduced by the transition state effect, but is rather a result of the
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Figure 3.12: Electronic and Gibbs free energies (dashed lines) at T = 500 K for the
reaction cascade eqs. (3.4a) to (3.4d). Note that the first two steps
(i.e. the adsorption of hydrogen) correspond to the process on a 1O
surface, while all subsequent processes are calculated for a 2O surface.
Transition states a) and b) correspond to the penetration of hydrogen
through the bilayer, c) to the formation of OH from O and H, d) to
the formation of water from OH and H and e) and f) correspond to
the desorption of water through the silica bilayer.

86

3.1 Chemistry Under Confinement
[ki ]

ki

bare

2 −1

m s
m2 s−1
m2 s−1
m2 s−1
s−1
m2 s−1

k1
k−1
k2
k3
k4
DH

confined optimized
−15

3 × 10
7 × 10−7
2 × 10−16
5 × 10−9
1 × 1013
5.6 × 10−9

confined constrained

−23

4 × 10−22
3 × 10−13
1 × 10−16
1 × 10−13
2 × 108
1.9 × 10−9

4 × 10
3 × 10−13
2 × 10−16
1 × 10−8
4
1.9 × 10−9

Table 3.2: Kinetic rate constants ki for the reaction cascade eqs. (3.4a) to (3.4e),
as well as for the diffusion of hydrogen for a temperature of T = 500 K.

additional transition states for the adsorption and desorption of hydrogen and
water, respectively. Furthermore, except for the loss of translational entropy going
from the gas phase to the adsorbed state, the free and electronic energy surfaces
are largely equivalent.
In order to evaluate the kinetic properties of the system, we calculated the rate
constantss ki for all steps in eqs. (3.4a) to (3.4e), as well as the diffusion coefficient
for hydrogen DH for various temperatures using the Eyring equation 2.176. The
obtained values for T = 500 K are summarized in table 3.2. It should be noted
that the adsorption and desorption of hydrogen and water in the confined cases
respectively, are comprised of two transition states with one minimum in between.
Since the minimum of the hydrogen adsorption is shallow, we only consider the
highest point on this path as the transition state from which we compute the
rate constantss k1 /k−1 . For the desorption of water, the minimum is considerably
deeper, thus opening the possibility of water-entrapment and re-adsorption to
ke
the surface. We thus compute effective rate-constants for the reaction H2 O∗ −
)−
−*
−
k−e

H2 O

cage

kf

−−→ H2 O

(g)

in this case according to
k4eff. =

149

ke kf
ke + k−e + kf

.

(3.5)

It becomes immediately obvious, that the rate constants reflect the strong
influence of the bilayer on the rate for adsorption of hydrogen (k1 / k−1 ) and
the desorption of water (k4 ). The extremely high values for the desorption and
adsorption in the bare case corroborate very short residence times of the water
molecule on the surface. Furthermore, the water concentration on the surface may
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be estimated from the obtained kinetic rate constantss as
max.
θH
2O

1 k2
=
4 k4

s

k1
k−1

,

(3.6)

which indicates, that the concentration during the reaction in all considered cases
(estimated 3.9 · 10−15 , 1.7 · 10−3 , and 5.4 · 10−11 ML for the bare, confined optimized,
and constrained optimized case, respectively) remains low.
In the following paragraphs, we summarize the findings that were made upon
utilization of the acquired rate constants in a micro-kinetic model, consisting of
the following spatio-temporal differential equations:

dnH
dt
dnO
dt
dnOH
dt
dnH2 O
dt
n∗

= −2k−1 nH2 + 2k1 n∗2 − k2 nH nO − k3 nH nOH + DH

d2 n H
dx2

(3.7a)

= −k2 nH nO

(3.7b)

= k2 nH nO − k3 nH nOH

(3.7c)

= k3 nH nOH − k4 nH2 O

(3.7d)

= n0 − nH − nO − nOH − nH2 O

,

(3.7e)

where n0 is the density of possible adsorption sites per unit cell, ni is the surface
coverage of the i-th component, DH is the diffusion coefficient for hydrogen, t is
time and x denotes the spatial dependence.
As is obvious, we discard the com- / disproportionation paths eq. (3.4e), as
well as the diffusion of OH and H2 O species over the surface. For the bare and
constrained bilayer cases, average residence times of water molecule estimated
from computed diffusion coefficients are very short (< 10−9 s), corresponding to
near-instant desorption, while for the optimized bilayer we estimate a traveling
distance of water molecules of around 3 × 10−3 nm, indicating that desorption
still occurs within the reactive region of the front. While the contribution of
the disproportionation channel eq. (3.4e) has been shown to be important for
the WFR on Pt(111), it was attributed to the increased water coverage at lower
temperatures observed in the experiment.131 As was argued, in our case water
coverage is expected to be very low, thus rendering this channel improbable.
Additionally, experimental results based on high resolution electron energy loss
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Figure 3.13: Theoretically and experimentally obtained front velocities as a function of the temperature. The simulated curves shown correspond
to the data obtained correlating most with experimental findings.
Reproduced with permission from the authors.135
spectroscopy (HREELS) indicate that the OH concentration on the surface for the
system under consideration must be low as well, as it could not be detected during
the reaction.134 We thus disregard these channels in our kinetic model.
In order to have a certain flexibility in the kinetic model, we considered two
cases for the adsorption of hydrogen: Firstly, k1 and k−1 were used as obtained
from our simulations and secondly, the ratio of k1/k−1 was carefully adjusted, such
as to optimally reproduce the reaction observed experimentally.
Using both approaches, we were able to compute the front velocities entirely
from theoretical data at different temperatures and construct the corresponding
Arrhenius plots, shown in fig. 3.13 together with the experimentally obtained
curves. As can be seen, the first step, i.e. the adsorption / desorption of hydrogen
has a strong effect on the overall kinetics of the process, and the tuned values are
in very good agreement with experiment, especially for the confined constrained
case. Interestingly, the “tuning” of the rate constants for k3 (formation of water
from OH and H) and k4 (desorption) of water, did not show the same dependence
on the front velocity – corroborating, that it is indeed the adsorption of hydrogen
that is the key process.
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Figure 3.14: Concentration profiles of H∗ , O∗ , OH∗ and H2 O∗ for the water formation reaction obtained from the numerical simulations on (a) bare
Ru(0001), (b) in confinement under a constrained SiO2 crystalline
bilayer, and (c) in confinement under an optimized SiO2 crystalline
bilayer. All concentration profiles correspond to the simulations exhibiting the best fits in the Arrhenius plots with the experimental
profiles. Profiles calculated at 500 K by using k values for untuned
and tuned cases for the non-confined and confined optimized and constrained BL scenarios, respectively. Note that the scaling of the y-axis
is identical, while in the case of the x-axis there is a difference between
confined and non-confined situations. Reproduced with permission
from the authors.135
The kinetic model was solved on a discretized time and space grid and the
resulting concentration profiles for the involved species are shown in fig. 3.14.
Our model can successfully reproduce a moving reaction front, both for the
confined and non-confined scenario. In addition, the model reproduces the experimentally observed fact, that the reaction front moves slower under confinement.
From the concentration profiles of OH and H2 O, we deduce that the active region
is indeed limited to the front region, where their concentrations are at a maximum.
Interestingly, the concentration of OH groups extends over a broad area in the
unreacted part of the surface, indicating that hydrogen may be able to penetrate
the 3O parts of the surface, even though there are not enough free adsorption sites
available. This seems to be in line with the fact, that the diffusion barriers found
for hydrogen were far less sensitive to the concentration of oxygen in the vicinity
than for OH and H2 O. The successful prediction of moving fronts corroborates our
assumptions. However, it should be kept in mind that some of the approximations
made are rather crude and further refinement may unveil additional effects not
seen here.
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3.1.6 Summary and Conclusion
In the previous chapter, we have demonstrated that the water formation reaction
on a Ru(0001) surface is controlled by the formation of OH from hydrogen and
oxygen. The picture changes considerably when a silica bilayer is deposited
atop the surface, as the additional transition states that are introduced by the
porous structure impede the adsorption / desorption of hydrogen and water. The
reaction mechanism as such is not strongly influenced, as the rate determining
step remains the same. The formation of water from OH and H is hindered when
the bilayer is constrained in its movement on the surface, indicating that at a
certain concentration threshold, the bilayer may shift to accommodate more water
molecules on the surface.
Under the experimental conditions, there is enough hydrogen available to quickly
fill up any emerging vacancy and the process is thus determined by the formation
of OH groups (k2 ). However, the introduction of the confinement has a strong
influence on the time required to reach the equilibrium hydrogen coverage and thus,
the rate of hydrogen adsorption may become the rate limiting factor, when the
hydrogen pressure is dropped such that there are not enough adsorbed hydrogen
atoms on the surface within the vicinity of the surface to propagate the reaction
front.
These results indicate, that a silica bilayer can be used in a variety of ways,
for example as molecular sieve, since the pores have considerable influence on the
ability of molecules to pass through. Furthermore, surfaces can be protected by
such a bilayer, allowing only specific particles to pass. The ability to influence
the surface processes without actively changing the chemical process is another
point that may lead to interesting applications in catalysis or other fields of
surface-science.
The presented model system, including contributions from experimental research,
quantum mechanical and mathematical modeling supplies a valuable starting point
for additional research that may investigate different types of ultra-thin films and
surfaces. Yet, it has to be kept in mind that considerable approximations had to
be introduced in order to cope with the complexity of the system, in particular
to model the diffusion of surface species. Further investigations removing some
of these limitations may yield further insight and possibly uncover further details
that have escaped our treatment.
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3.2 Plasma Functionalization of Silica Bilayers:
Elucidation of Structures and Defects
Acknowledgment The findings that will be discussed in this chapter have been
obtained in close collaboration with experimental insights by Dr. Mauricio Prieto
and Dr. Thomas Schmidt, as well as contributions from others of the FritzHaber Institute of the Max-Planck Society Berlin and the Humboldt-University
Berlin. Further details on the experimental setup and results can be found in the
corresponding publication.150

3.2.1 Introduction
In the last section of this thesis we were looking at how the addition of a SiO2 -bilayer
over a ruthenium surface changes the reaction kinetics of the water formation
reaction on the surface, based on the confinement that is introduced by the bilayer.
Our results indicated, that there is no chemical influence in how the reaction
proceeds, but it is controlled by the ability of hydrogen and water to reach and
leave the surface through the pores of the bilayer.
This demonstrates that reactions on surfaces can be influenced in a desired way
by designing specific surface terminations or coverages by other materials and
functional groups. This is not only of tremendous importance in heterogeneous
catalysis, but also for example in biochemistry, where two-dimensional metal
oxides such as molybdenum and manganese oxides have been studied as mechanism
for drug delivery, bioimaging and biosensing, owing to their low toxicity and
ability to be modified by doping, defect formation and functionalization by plasma
treatment.151 In this sense, the surfaces of these materials often act as a vehicle to
increase local concentration of loaded substances and deliver them to the desired
position.
Particularly silica based materials are of elevated interest, because of their wide
abundance in nature† and their large variety in polymorphs ranging from the
completely amorphous structure found in glass, to well ordered 3-dimensional
crystals as found for example in zeolites, or the previously introduced ultra-thin
silica films. Additionally, the abundance of silanol terminal groups in many of
these materials renders them as prime candidates for anchoring substances either
†

Silicon and oxygen are the most abundant elements in earth’s crust.
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via electro-static interactions due to the polarity of these groups, or by chemically
attaching them via bridging Si – O – X bonds.152
Indeed, many solid state catalysts are designed in an analogous way, as they
are commonly not composed of pure catalyst, but are rather manufactured by
dispersing the catalyst onto other support materials such as powdered carbon,
organic polymers, metals and metal oxides such as SiO2 , Al2 O3 , TiO2 or ZrO2 .
Their main purpose is to provide a large surface area and increase mechanical
stability while reducing the amount of (precious) catalyst that has to be used. As
mentioned before, these support materials are generally considered to be chemically
inert and only provide access to the catalytic sites, however the role of the support
material is still under intense research. For example, in a study investigating
the selective hydrogenation of CO2 to methanol using a silica supported cobalt
catalyst, the authors proposed a mechanism where Si centers of the support actively
participate in the reaction via Co – O – SiOn linkages.153 It is therefore crucial to
get deeper insight into how these support materials actually affect the used catalyst
and the reaction under consideration. A succesful example of importance for
industrial applications of this type of system are vanadium-oxide based catalysts
dispersed on metal oxides such as SiO2 and TiO2 . For example, the oxidation of
SO2 to SO3 by vanadium oxide catalysts in the contact process was invented in
1899 by R. Meyers and has evolved to become the most important vapor-phase
oxidation reaction in terms of annual production amounts. The research that was
triggered by this success yielded similar catalysts in other applications, such as the
production of phthalic acid via the oxidation of naphtalene or o-xylene, synthesis
of vitamin-B precursors from alkyl pyridines or the selective reduction of NOx
emissions from power plants.154
Raman, XANES and 51V-NMR studies revealed that at low concentrations the
active catalytic sites in the dehydrated catalyst are composed vanadyl V5+ – O
groups bound to the surface in the so called three-legged structure via three bridging
V – O – Si bonds.154,155 At higher loadings, these monomers tend to oligomerize
on the surface via bridging V – O – V bonds, while Vanadium remains in its +5
oxidation state. A sketch of the active sites is shown in fig. 3.15 on the left. The
formation of the vanadium-oxide layer on the support by reaction of V2 O5 with
the terminal OH groups on the surface is thermodynamically strongly favored, so
that heating of a mixture of V2 O5 with the support material results in complete
transformation of the surface into a vanadium-oxide layer.156,157
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Figure 3.15: Left: Sketch of the active phase (monomer left, dimer right) in a
dehydrated V2 O5 catalyst supported on a SiO2 surface.
Right: Corresponding POSS model with the vanadyl group in the
upper right. Silicon and oxygen atoms are represented as black and
red spheres, respectivley.
One of the model systems that has been developed for the study of the role of
the support material on the catalytic behavior is the so called POSS (polyhedral
oligomeric silsesquioxanes) family. They consist of cage-structures built up by
Si-O-Si bridging bonds with various terminal groups at the edges of the cage.
Thus, their chemical structure is akin to silica nano-cluster and when one or two
of the Si – R corners are replaced by V – O, an excellent model of the prevailing
vanadium oxide species mentioned above is obtained. A schematic representation
is shown in fig. 3.15 on the right. These structures are experimentally easily
available and have been suggested for example for the catalyzation of the oxidation
of methanol to formaldehyde.158 In a study using GGA and hybrid DFT methdods,
Sauer et al. employed models based on POSS and finite cluster structures to
study the catalytic oxidation of methanol to formaldehyde and found that the
surface V5+ centers are reduced to V3+ upon coordinating the methoxy group
and dissociativley adsorbing the hydrogen atom from methanol. The authors
also pointed out, that the coordination between studied gas-phase POSS clusters
and single-crystal surfaces is different. Even though both are composed of 4-fold
oxygen coordinated vanadium centers with one vanadyl bond, the lower layers of
the crystal have a non-negligible influence on the surface species.159
As an alternative to the study of gas-phase clusters, the new two dimensional
ultra-thin silica films introduced in the previous chapter offer a new and exciting way
of studying the interaction of catalysts with well-defined periodic and amorphous
surfaces. The chemical robustness of the material was demonstrated in the previous
sections, as exposure to oxygen and hydrogen gas at elevated temperatures did not
bring about any changes in the observed LEED and LEEM spectra. This offers the
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possibility to utilize it in demanding chemical environments, while it also introduces
the difficulty of chemically altering it in a desired way, for example by introducing
controlled defects and functional groups. The structure of the silica-bilayer is
self-contained, meaning that all bonds are saturated and the registry between the
top and the bottom layer is maintained by the interlayer-oxygen bonds, which
makes chemically attacking the bilayer in a controlled way a challenging task.
As mentioned before, one of the possible routes is functionalization of the bilayer
by introducing terminal hydroxyl (OH) groups, as these are excellent starting
points for anchoring other substances. To achieve this, generally two pathways
are applied. For one, directly exposing the prepared film to solutions of different
pH will not only functionalize it, but also dissolve it once functionalization of
the film has started, which is in line with the behavior of bulk-silica samples and
nano-particles.160,161 On the other hand, the deposition of an ice-layer atop the
silica bilayer at around 100 K and subsequent desorption at elevated temperatures
also introduces hydroxyl groups into the bilayer. When the ice-layer is additionally
irradiated with an electron-beam, a higher yield of hydroxylation is observed,
corroborating the fact that the mechanism requires activation.162
A different route that will be explored in this section is the exposure of the
silica-bilayer film under UHV conditions to hydrogen plasma gas. This offers a new
way of manipulating the demanding Si – O – Si bonds under otherwise mild chemical
conditions, exploiting the presence of radicals, charged and excited species present
in the plasma. Within the experimental setup discussed here, the plasma source
is operated at mild temperatures (~ 300 K), leading to the assumption that the
main chemically active species in the plasma are singly charged H2 + cations. As a
result, the interaction of a single hydrogen molecule with the siloxane bonds of the
bilayer is anticipated, resulting in a heterolytic bond dissociation and formation of
neighboring Si – OH and Si – H hydride groups.
In order to characterize the effect of hydrogen plasma on the silica bilayer
film, it was exposed to plasma for up to 64 minutes, while being periodically
characterized by LEED and XPS measurements. During the experiment, the
recorded LEED pattern preserved the (2 × 2) spots characterizing the symmetry
of the film. However, overall intensity of the spots was lost in detriment of a
diffuse background signal, indicating that during the reaction defects are created
such that the crystallinity of the film is preserved. XPS spectra of the Si 2p and
O 1s states revealed the consumption of surface-oxygen atoms remaining from
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the preparation of the bilayer in alignment with our previous chapter. The same
monotonic shift towards higher binding energies is observed, resulting from the
removal of the interface dipole created by the adsorbed oxygen atoms. However, in
addition to the expected features, a new shoulder is observed in the Si 2p spectrum
at slightly lower binding energies (~ 1 eV red-shifted), indicating the emergence of
a new silicon bond type.
In order to obtain further insight, complementary infrared reflection-absorption
spectra (IRAS) were recorded. It should be noted at this stage, that for the
IRAS characterization, the plasma source was operated using deuterium instead of
hydrogen gas in order to increase distinction between background water remaining
in the reaction chamber. Additionally, the spectra were both recorded under the
mild conditions described before, as well as using a doubled plasma-source voltage,
resulting in increased functionalization and thus a better noise to background ratio.
The recorded spectra (fig. 3.16) exhibit an intense absorption at around 1290 cm−1
attributed to the collective in-phase excitation of the Si – O – Si interlayer bond,
as well as two new bands at 2762 cm−1 and 1654 cm−1 , which are not observed in
the spectrum of the pristine bilayer. Interestingly, the interlayer Si – O – Si band
continuously shifts towards lower frequencies up to 1262 cm−1 , indicating that the
registry between the two sheets is compromised. The appearance of the two new
absorption bands are in alignment with the characteristics of Si – D and Si – OD
bands, thus indicating that it is indeed single silanol bonds that are functionalized.
In the following, we use our existing silica bilayer model from the previous section
and study the effect of heterolytic splitting of silanol bonds by means of single, as
well as double hydrogen/deuterium addition. We compute the binding-energy shifts
for the Si 2p and O 1s components in the initial state approximation as discussed
in section 2.8, as well as the IRAS spectra for various possible addition scenarios
in order to pin-point any structures more likely to be observed in experiment.
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Figure 3.16: Experimentally observed IRAS spectra for a crystalline SiO2 bilayer
adsorbed on Ru(0001) before and after the plasma treatment. The
characteristic O – D bands (a) and Si – D (b) bands are observed after
the treatment, as well as a red-shift of the interlayer Si – O – Si band
(c). Reproduced with permission from the authors.150
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3.2.2 Description of the Employed Model
In order to obtain a model for the anticipated defect sites introduced by the
hydrogen plasma, we utilize the same Ru(0001) surface equipped with a crystalline
bilayer as introduced in section 3.1. However, in this instance, our structures are
based on those reported in reference [162]. Within this study, the effect of the
addition of two water molecules instead of hydrogen has been considered, resulting
in various possible defect sites. We adapted these structures by replacing two OH
groups with hydrogen atoms, corresponding to the reaction with two hydrogen
molecules instead of water. The corresponding unit cell is a repeated-slab Ru(0001)
surface consisting of five layers of metal atoms, of which the bottom three are
fixed at bulk position at all times, while the top two were allowed to relax. The
surface is covered with a 0.25 ML oxygen layer (1O surface in the nomenclature
of section 3.1), resulting from the consumption of the initial 3O layer during the
experiment. A representation of the unit cell for the defect-free system is shown in
fig. 3.17. Within the aforementioned study, three types of defects were considered,
of which we adapt the nomenclature as follows:
• Vicinal I:
Here all defects (two OH groups and two H atoms) are evenly distributed
amongst four directly neighboring Si atoms. The corresponding structures
are shown in fig. 3.18.
• Geminal:
Here two defects are located at the same Si atom, while the other two
are distributed amongst the remaining two neighboring Si atoms. This
is equivalent to cleaving two Si – O – Si bonds for the same Si atom. We
refer to these two sets (vicinal I and geminal) as double H2 type defects.
Representations of the structures are shown in fig. 3.19.
• Vicinal II:
This set of structures is also adapted from ref. [162], however in contrast to
the other two, these structures feature covalent Si – Ru bonds between the
bilayer and the metal substrate, in addition to two hydride defects in the
top layer. Since this is equivalent to reacting with a single H2 molecule as
for the next set discussed (see below), we refer to these as single hydrogen
type defects. The two corresponding structures are shown in fig. 3.20.
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Figure 3.17: Top (left) and side (right) view of the ruthenium (0001) surface covered
with a 0.25 ML oxygen coverage and a pristine SiO2 bilayer adsorbed
on one side.
Silicon, oxygen and ruthenium atoms are shown in yellow, gray, red
and green, respectively. Surface oxygen atoms are colored blue for
distinction from the bilayer.
In addition, a further set of structures was created by mending one of the defects
described above by removing one hydrogen atom and an OH group such that the
corresponding silanol bond of the bilayer was reconstituted. This also corresponds
to the addition of a single hydrogen molecule to the bilayer. The obtained trial
structures are shown in fig. 3.21.
All obtained structures were re-optimized. Note that the numbers used in our
nomenclature – 1 and 2 – refer to structural isomers of the same type, that include
different hydrogen bonding motifs between hydroxyl groups and the interlayer
oxygen atoms of the silica bilayer.
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(a) crossed 1

(b) crossed 2

(c) stacked 1

(d) stacked 2

(e) sameside 1

(f) sameside 2

Figure 3.18: Different bilayer configurations for vicinal I type geometries. The
number – 1 or 2 – labels different permutations of the OH groups.
Hydrogen, silicon, oxygen and ruthenium atoms are shown in yellow,
gray, red and green, respectively. Surface oxygen atoms are colored
blue for distinction from the bilayer.
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(a) semi opposite

(b) semi sameside

(c) geminal

(d) inside

Figure 3.19: Different bilayer configurations for geminal type geometries.
Hydrogen, silicon, oxygen and ruthenium atoms are shown in yellow,
gray, red and green, respectively. Surface oxygen atoms are colored
blue for distinction from the bilayer.
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(a) opposite

(b) sameside

Figure 3.20: Different bilayer configurations for vicinal II type geometries.
Hydrogen, silicon, oxygen and ruthenium atoms are shown in yellow,
gray, red and green, respectively. Surface oxygen atoms are colored
blue for distinction from the bilayer.

103

3 Results and Discussion

(a) OH top

(d) both top

(b) OH bottom

(c) both bottom

(e) both top flipped

Figure 3.21: Different bilayer configurations for bond-saturating single H2 type
geometries.
Hydrogen, silicon, oxygen and ruthenium atoms are shown in yellow,
gray, red and green, respectively. Surface oxygen atoms are colored
blue for distinction from the bilayer.
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3.2.3 Employed Computational Methods
Structure optimizations, as well as evaluation of infrared (IR) spectra and binding
energy (BE) shifts were performed at the DFT level, using the PBE functional78
and an additional dispersion correction D2.89 Calculations were carried out, using
the plane-wave code VASP,140 employing the projector-augmented wave method
to represent core states. The first Brillouin zone was sampled using a weighted,
uniform 4 × 4 × 1 k-point grid.142 The plane wave energy cut-off was chosen to
be EPW = 400 eV. To accelerate SCF convergence, a Methfessel-Paxton163 type
smearing with a width of 0.05 eV was utilized. The convergence thresholds in the
structure optimizations were 5 × 10−3 eV
for forces and 1 × 10−5 eV for the change
Å
in electronic energy. BE shifts were estimated using the initial state approximation
as introduced in section 2.8, while infrared intensities were obtained from finitedifference dipole-moment derivatives within the harmonic approximation.
For the calculation of IR spectra, the ruthenium slab was reduced to three
layers and subsequently re-optimized with only the bottom layer fixed at bulk
position. The displacements of the Ru atoms were excluded from the computed
Hessian matrix. A dipole correction was added, in order to compensate for spurious
interactions due to the dipole moment in the direction orthogonal to the surface.
The Hessian matrix and the dipole moment changes were evaluated, using a central
finite-differences scheme. For comparison to experimental IR spectra, the calculated
intensities include only the component orthogonal to the surface of the respective
dipole moments.
To correct for systematic errors within the harmonic DFT calculations, the
frequencies of the Si – O – Si modes were scaled by a factor of fSiOSi = 1.0341,164 the
O – D modes by a factor of fOD = 0.9951,162 while the Si – D mode frequencies were
not scaled. The latter was based on the fact, that the harmonic PBE-D2 frequencies for the SiD4 molecule virtually reproduce the experimental values (PBE-D:
1589.5 cm−1 , 1589.3 cm−1 , 1589.2 cm−1 ; experiment:165 1592.7 cm−1 , 1589.2 cm−1 ,
1584.7 cm−1 ).
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3.2.4 Comparison of Experimental and Theoretical X-Ray
Photoelectron Spectra
In a first step, we computed the core-level binding energy shifts between the
crystalline system and the defect sites. To this end, the O(1s) and Si(2p) core level
shifts obtained for the atoms participating in the defect were subtracted from the
average core level energies for the respective atoms in the pristine bilayer:
aver.
(1s/2p)
∆BEi = Eidefect (1s/2p) − Ecryst.

,

(3.8)

where ∆BEi is the binding energy shift for the i-th defect atom, Eidefect (1s/2p) is
aver.
the core-level eigenvalue for the considered state and Ecryst.
(1s/2p) is the average
core level value for the crystalline system.
The obtained ∆BE values are shown in figs. 3.22 to 3.25 for the atoms under
consideration. In general, all investigated core-level shifts exhibit a uniformly
negative trend in the range between 0 and −0.8 eV. In all cases, the silica atoms
containing a hydride group show a slightly stronger shift than the hydroxylated
species. In both cases, there is scattering between seemingly comparable species
and an unambiguous trend of the shift depending for example on hydrogen-bonding
could not be observed.
For the single H2 type structures, there is one outlier for the “both bottom” type
geometry (fig. 3.25), likely resulting from the strong interaction of the OH group
with the metal interface. Although these results are in line with the experimental
shifts, they do not allow for identifying any particular candidate structures. In
order to characterize distinct features for each structure, we calculated the IR
spectra for all considered structures, so as to provide a comparison to experiment.
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Figure 3.22: Vicinal I Si 2p BE shift values for selected atoms obtained within the
inital state approximation.
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Figure 3.23: Geminal Si 2p BE shift values for selected atoms obtained within the
inital state approximation.

107

3 Results and Discussion
vicinal II
0.2

Si – H

BE shift / eV

0
−0.2
−0.4
−0.6
−0.8
−1
−1.2
p
to
e
it

p

am

es

o
et

id

p
op

s

os

Figure 3.24: Vicinal II Si 2p BE shift values for selected atoms obtained within
the inital state approximation.
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Figure 3.25: Bond-saturating single H2 Si 2p BE shift values for selected atoms
obtained within the inital state approximation.
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Pristine Bilayer

1303

Intensity / a.u.

1
0.8
0.6
0.4
0.2
0
4,000

3,500

3,000

2,500

2,000

1,500

1,000

Wavenumber / cm−1

Figure 3.26: The IR absorption spectrum for the pristine bilayer, calculated using
the z-component of the dipole-moment derivative only.

3.2.5 Comparison of Experimental and Theoretical Infrared
Absorption Spectra
3.2.5.1 Pristine Bilayer
For the IR characterization, in a first step, the spectrum of the pristine, crystalline
SiO2 bilayer adsorbed on a (0001) ruthenium surface (fig. 3.17) was calculated
and the result is shown in fig. 3.26. It should be noted that the plots only show
the obtained spectra in the wavenumber range > 1000 cm−1 , since this is the
experimentally accessible range that was compared to.
The spectrum features a single distinctive peak, which is attributed to the
symmetric stretching mode of the interlayer oxygen bonds at 1303 cm−1 . A second
peak, identified with the distortion of the SiO4 -tetrahedron motifs at 633 cm−1 is
not within the observed range. These findings are in alignment with the single
peak observed at 1295 cm−1 in experiment.

3.2.5.2 Defective Bilayer
The following figures show the IR spectra, that were calculated for the structures
discussed above, where all hydrogen atoms have been replaced with deuterium
atoms. For all calculations, the ruthenium atoms were excluded in the calculation
of the Hessian matrix and dipole moments, i.e. they act as a rigid support material.
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The figures are in order of appearance:
• Vicinal I — Figure 3.27
• Geminal — Figure 3.28
• Vicinal II — Figure 3.29
• single-H2 — Figure 3.30
In general, the plots for the defect structures feature the O – D stretching modes at
around 2450 – 2800 cm−1 , Si – D stretching modes at around 1550 – 1700 cm−1 and
a strong peak of the interlayer oxygen stretching mode slightly below 1300 cm−1 .
Comparing the latter to the frequency of the Si – O – Si vertical stretch of the
pristine bilayer, one can see a redshift for this mode by 15 – 30 cm−1 , for all defects
considered. This redshift is also observed in experiment, where with continuous
plasma exposure time, the band shifts from 1295 cm−1 up to 1262 cm−1 . This is
attributed to the degradation of the registry between the two sheets, which has a
strong impact on this mode.
For the double H2 and vicinal II type defects, the deviation in the chemical
environment for the different OD or SiD groups results in a splitting of the O – D
and/or Si – D bands. The only exceptions are geminal – inside and vicinal II –
sameside geometries.
In general, a hydroxyl group in the top layer is only able to interact via hydrogen
bonding if both OD groups are located on the top layer, while OD groups in
the bottom layer may also interact with the interlayer oxygen atoms of the silica
bilayer. Consequently, the top O – D stretching mode is largely independent of
other defects, while the bottom mode does show a dependence.
More subtle effects are observed for the structural isomers of the same type,
where different locations of the OD groups influence also the position of the
Si – D stretching mode. This results, for example, in the “inversion” of the Si – D
stretching modes, observed in the vicinal I – crossed case or the splitting of the
degenerate Si – D stretching mode in the vicinal I – stacked case.
Vicinal I Type Defects The vicinal I type defect consists of two OD and two
deuterium terminated silicon atoms, resulting from the attack of two deuterium
molecules on the intralayer oxygen bonds. From the six different geometries
under consideration, the sameside – 1 is different from the crossed and stacked
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configurations, as it features twice the same defect in one layer, while for the others,
the two defect types are always distributed evenly across the top and bottom layer.
This property is also observed in the corresponding infrared spectra (Fig. 3.27
bottom), where the peaks corresponding to the O – D stretching mode are redshifted
considerably between the two isomers sameside – 1 and sameside – 2, while for the
other structures, they are largely comparable.
Geminal Type Defects Similar to the vicinal I type defects, the geminal structures are formed by attack of two Si – O – Si-intralayer bonds, however in this
instance, one of the participating silicon atoms carries both defects. Due to the
alignment of the OD-groups on the upper defect with the xy-plane, there is almost
no change in the z-component of the dipole moment vector when stretching this
bond. Consequently the intensities in the IR spectrum are extremely low.
Vicinal II Type Defects For the vicinal II type geometries, the additional bilayersubstrate bonds alter the chemical environment considerably. Additionaly, due to
the absence of hydroxyl groups in these structures, the corresponding bands are
entirely missing in the spectrum (fig. 3.29).
Single H2 Type Defects The main difference between the single H2 and the
other defects is, that there is exactly one Si – H(D) group and one OH (OD) group
per unit cell (rather than two or none). Consequently, there is exactly one peak
for the stretching mode of each group in the spectrum. However, for some of the
structures (both-bottom, both-top and both-top-flipped), these peaks are extremely
weak, as the defects are oriented parallel to the surface and therefore a virtually
zero dipole change occurs along the z-coordinate as observed before.
Comparision to Experiment The computed IR spectra show the anticipated
O – D and Si – D stretching modes, however their exact position depends considerably on the direct environment.
Since within experiment, only a single peak is observed for each region (2762 cm−1
for the O – D and 1654 cm−1 for the Si – D stretching), we conclude that the silanol
bonds are attacked “one by one“ instead of a clustered occurrence, that is the
single H2 and vicinal II type geometries are candidates only. However, for the
latter the strong interaction of the covalently bound bilayer to the surface shifts
the calculated adsorptions considerably out of the observed range.
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Figure 3.27: The IR absorption spectrum for the different vicinal I geometries under
consideration with all hydrogen atoms replaced by deuterium atoms,
calculated using the z-component of the dipole-moment derivatives
only).
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Figure 3.29: The IR absorption spectrum for the different Vicinal II geometries
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atoms, calculated using the z-component of the dipole-moment derivatives only).

An excellent correspondence between theoretical and experimental values is
observed for the single H2 – OH top structure (fig. 3.21 (a), OD: 2759 cm−1 , Si – D:
1625 cm−1 ), rendering this the most promising structure. These results further
corroborate the assumption, that it is the interlayer bonds that are compromised,
while the six-membered rings remain largely intact. However, due to the fact that
plasma species are known to be highly reactive, the presence of several different
species is very likely.
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geminal

vicinal I

Structure

Erel / eV

geminal
inside
opposite
sameside

0.08
0.09
0.07
0.00

crossed 1
crossed 2
sameside 1
sameside 2
stacked 1
stacked 2

0.29
0.38
0.20
0.13
0.31
0.36

(a) double H2 defects.

Structure

Erel / eV

single H2

OH top
OH bottom
both top
both top flipped
both bottom

0.09
0.26
0.80
0.00
0.32

vicinal II

sameside
opposite

1.14
1.20

(b) single H2 defects.

Table 3.3: Relative electronic energies for all structures under consideration with
respect to the lowest energy structure found for each type.

3.2.6 Comparison of Electronic Energies
In order to eliminate further candidates, we analyzed the defect structures from an
energetic point of view. To do so, we compare DFT total energies for all optimized
defect structures considered.
Table 3.3 summarizes the relative electronic stability for both types of defects
considered. For the double H2 defects, the geminal type structures are energetically
the most preferable. All of them lie within a 0.1 eV (2.3 kcal/mol) range with respect
to our global minimum structure. The vicinal I structures are somewhat higher,
which does not render them inaccessible, as kinetic hindrance may still prevent
these structures from finding energetically lower configurations. Nonetheless, the
energy difference for most of the vicinal II type structures is above the geminal
type by about 0.3 eV (7 kcal/mol) or more.
As for the single H2 defects, the energetically lowest structures are “OH top”
and “both top – flipped”. The “OH bottom” and “both bottom” structures are
somewhat higher in energy. The “both-top” and especially the vicinal II type
structures are substantially higher, which suggests that their presence is most
unlikely.
These findings further corroborate the assumption that the single H2 – OH top
structure is the prevailing defect type upon plasma treatment of the silica bilayer.

116

3.2 Plasma Functionalization of Silica Bilayers: Elucidation of Structures and Defects

3.2.7 Conclusions
In the previous sections, we have studied all considered defect structures in terms
of XPS binding energy shifts, infrared absorption spectroscopy and electronic
energies.
XPS BE shifts are (except for one outlier) uniformly negative and are in good
alignment with the shifts observed in experiment. However, the non-systematic
scattering of the values precludes the identification of any particular trial structure.
In terms of vibrational analysis, we discard the vicinal II and geminal – inside
geometries, as the corresponding spectra lack the O – D band observed experimentally. Secondly, the double H2 defect spectra are generally inconsistent with the
experimental ones, as the latter do not manifest any splitting of the O – H (OD) or
Si – H (SiD) bands, common in all remaining double H2 type structures. Analysis
of the single H2 defect spectra reveals, that the only structure that agrees with the
experimentally observed IR spectra qualitatively and quantitatively is the “single
H2 – OH top” geometry. The XPS shifts for this structure are also consistent with
experiment. Finally, although this defect is not the global minium in terms of
electronic energy, it is a mere 0.09 eV above the most stable configuration. The
actual defect formation process depends on the potential energy surface landscape
and the involved barriers more than on the final relative stability. Consequently, a
slightly increased energy for this local minimum does not exclude the formation of
these defects. From this analysis we conclude, that the most likely structure of the
defect formed by H2 attacking the silica bilayer is the “OH-top” of fig. 3.21a and
that it is the registry between the two layers that is compromised.
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3.3 Beyond DFT – Reaction Barriers on
Non-Conducting Surfaces: Diffusion of
Hydrogen on α-Al2O3(0001) as a Test Case
3.3.1 Introduction
Density functional theory, as suggested by Kohn and Sham, in conjunction with
various flavors of exchange-correlation functionals provides a “quantum-chemist’s
toolbox” to model anything from a single atom, up to ten thousands of atoms, for
example in DNA-chain sequencing or protein structure elucidation.166,167 If one
combines these tools with Bloch’s theorem and possibly suitable pseudo-potentials
to accurately represent localized parts of the wavefunction, they yield the same
power for periodic systems. In the previous two chapters, we demonstrated that
these tools can complement as well as extend experimental observations and yield
reliable insights inaccessible by other means. The fact that in general, DFT
approaches using GGA or even possibly higher-level approximations are superior
to simple Hartree-Fock calculations, not only in their predictions but (at least for
GGAs) also in their computational expenditure, meant that for the majority of
time density functional theory was the only routinely applied methodology.92,168
Furthermore, the fact that a plane wave basis allows for a simple control of the
quality by simply increasing the allowed number of plane waves and that they
do not suffer from non-orthogonality meant that LCAO approaches, as they are
the standard case in molecular calculations using atomic orbitals, were strongly
underrepresented. While for a plane wave basis difficulties arise in representing
localized parts of the wavefunction, these problems can efficiently be treated by
the use of various types of pseudo-potentials. These are based on highly accurate
free-atom calculations and are constructed in such a way, that within a sphere
around each atom in the unit cell, the true effect of the wavefunction is replaced
by a pseudo-potential term in the Hamiltonian which is inferred from the freeatom calculation.72 The accuracy of these is sufficient for routinely carried out
investigations169 and consequently they are a standard tool in most quantum
chemistry codes. While plane waves are inherently delocalized, atom-centered
(Gaussian) basis sets are at the other end of the spectrum and can be considered the
prototype of a chemically localized wavefunction. Naturally, their strength lies in
representing wavefunctions that are similar to the free-atom states, while strongly
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delocalized features are inherently more difficult. These require the addition of
multiple low-exponent Gaussians in the expansion, so as to increase the flexibility
of the basis set. This quickly leads to (near) linear dependencies which introduce
numerical noise, becoming especially critical for metallic systems, for which a
characteristic of the band structure is the similarity to the free electron-bands.72
So far, strong points were made in favor of DFT methods. However, a clear
drawback of this approach is the fact, that the correct form of the correlation
functional is unknown and as a result there is no strict hierarchy on how to approach
the exact solution in a systematic way. In addition, standard GGAs suffer from
the self-interaction-error as well as the resulting over-delocalization and are unable
to describe dispersive London forces, which are especially important for extended
systems.170,171 These shortcomings can be mediated by employing the random phase
approximation (RPA)172 at the expense of increased computational cost, which
renders it inapplicable to extended systems, or by addition of an empirical pairwise
correction like the Grimme scheme.89,90 This introduces empirical dependencies,
which is clearly unfavorable in an ab-initio approach.
By contrast, both configuration interaction and coupled cluster exhibit natural ways on how to systematically lift the imposed approximations. For many
electronic properties, the correlation contribution plays an important role, which
in many cases cannot be captured accurately by standard exchange-correlation
functionals.173 However, the calculation of correlation energies using perturbative
or CI approaches is more difficult, because the reference cell in principle interacts
with an infinite number of images, which may lead to a slow convergence in the
expression of the energy. Through the years, various approaches on how to implement efficient MP2 and coupled cluster schemes for extended periodic systems
have been suggested.174–181 However, the computational cost and the steep scaling
of these methods with the system size limits them to applications with small cells.
A possible remedy of these problems is the construction of molecular clusters, i.e.
small to medium sized discrete representations of the periodic structure. While it
is able to leverage the well tested arsenal of molecular codes, clearly this approach
suffers from the same scaling problems as do all molecular calculations and it may
not be possible at all to reach a cluster size which can meaningfully mimic the
true solid. In addition to that, metallic and ionic systems usually do not feature
covalent bonds, which in case they have to be cut can be saturated using hydrogen
atoms. As a result, the construction of clusters is not easy and in many cases not
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possible at all. One of the successfully implemented variants of this approach is
the so called incremental scheme by Stoll, where the occupied space is localized
and the orbitals are grouped into local domains. The correlation energy is then
represented in terms of a multipole expansion in these groups.182–184 This scheme
recovers the periodic limit, however the order of the many-body expansion can
vary strongly and the desired accuracy may therefore not be reachable.171
An alternative is provided by high level – low level embedding, where a higher
level of theory is applied to a subsystem embedded in the environment of the full
system, which is treated at a lower level of theory. Examples are DFT-in-DFT
embedding, where the two parts are evaluated using different exchange-correlation
functionals or wavefunction-in-DFT embedding, where the environment is modeled
at the DFT level of theory, while the subsystem is subjected to a wavefunction based
treatment. Of course, one may employ wavefunction-in-wavefunction embedding,
where the subsystem that is treated at the post-HF level of theory is embedded in
the frozen HF coulomb and exchange field of the environment.185–189
One of the most effective techniques is to use the local approximation as introduced in section 2.4.5 and restrict the number of electron pairs that contribute
to the correlation energy based on their spatial proximity. The parametrization
in terms of spatial locality also enables us to go along the route of the so-called
fragment embedding technique as introduced in section 2.6.3. This allows us to
define a set of orbitals centered on a group of atoms as the “orbital-fragment”,
which is then treated at a higher level of theory, while being embedded in the
frozen coulomb and exchange filed of the periodic HF solution. This becomes
especially useful for ionic solids, since for these systems the valence states are
localized on (for lone pairs) or between (for bonding pairs) atomic sites.
In a previous study by Heiden et al.,44 investigating the performance of several
plane-wave and atomic-orbital based exchange-correlation functionals including
PW91, PBE (both GGAs), B3LYP and HES06 (both hybrid functionals) in
comparison to the fully periodic local MP2 (LMP2) method, it was found that
GGAs underestimate the reaction barrier as expected, while hybrid functionals
were in much better agreement with the LMP2 results. Nonetheless, there was
considerable scattering between the results and the question, which of these
methods performs best, could not be decided. An accurate description of reaction
barriers is especially important in the field of chemistry, as errors in energy barriers
have dramatic influence on subsequently obtained kinetic parameters, as was
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demonstrated in section 3.1. In order to reach the required accuracy, it is necessary
to go beyond the currently employed methods and reach at least the coupled
cluster singles and doubles with perturbative triples (CCSD(T)) level of theory in
addition to a basis set of decent size.
In this section we aim at leveraging the embedded fragment approach at the
CCSD(T) level of theory, the current “gold standard” in computational chemistry,
together with fully periodic LMP2 calculations in conjunction with a hierarchical
error correction protocol to obtain energy barriers for the diffusion of hydrogen
on a α-Al2 O3 (0001) surface below chemical accuracy of 1 kcal
. This enables us
mol
to provide a benchmark, both for the performance of typical DFT models which
we compare to, as well as the accuracy of the periodic fragment approach by
successively computing hierarchical error corrections to the periodic Hartree Fock
barrier up to the CCSD(T) level of theory.
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Figure 3.31: Top (top) and side view (bottom) of the 1–4 (left), transition state
(middle) and 1–2 geometries (right). Oxygen, aluminum and hydrogen
atoms are shown in red, gray and yellow, respectively. The oxygen
atom originating from the dissociative adsorption of water is colored
blue and reduced in size for distinction from the surface.

3.3.2 Structures
The system under consideration is the α-Al2 O3 (0001) surface, having one hydrogen and one hydroxyl group (OH) adsorbed per super-cell, resulting from the
dissociative adsorption of one water molecule (corresponding to a 0.25 ML).
We adopt the nomenclature from references [44] and [190] for the two surface
configurations of hydrogen sitting in the global minimum “1–2” position and in the
energetically slightly increased “1–4” position (about 0.4 eV according to LMP2
and B3LYP+D3), corresponding to the initial and final state of an elementary
diffusion step. The corresponding structure, together with the transition state
(TS) separating these two states is depicted in fig. 3.31.
Our computational model consists of a nine-layer thick α-Al2 O3 surface-slab
terminated with a surface in the (0001) direction. Since we are employing atomicorbital basis sets, we do not replicate the slab in the ~z-direction, as is done in plane
wave based calculations. The coordinates for the respective structures are taken
from reference [44], where they were optimized at the B3LYP+D3 level within a
63 atom containing super cell.
At this point, it may be worth mentioning, that in this section we are not
investigating any error contributions that stem from the slab-representation of the
surface itself. For periodic systems, it is still currently a challenge to go beyond
DFT methods for geometry optimizations and thermal properties. In addition,

123

3 Results and Discussion
DFT geometries and vibrational spectra are of reasonable quality, in particular for
methods beyond the GGA approximation. Reaction barriers are usually described
in terms of two single point calculations at the initial and transition state and thus
when this barrier is captured with high accuracy, it provides a valuable reference for
experiment. In addition, a high accuracy electronic barrier provides a benchmark
for other methods such as DFT, irregardless of experimental application.
In the subsequent sections, we will first outline the various possible error sources
and establish our correction scheme. We then investigate the various errors for the
system at hand and subsequently apply the embedded fragment approach to reach
the CCSD(T) level of theory.
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∆E ‡ / eV
∆G‡ / eV

B3LYP+D3∗

HF∗

LMP2∗

PW91∗∗

PBE+D2∗∗

HSE06∗∗

0.69
0.58

1.17
1.06

0.60
0.49

0.42
0.27

0.44
0.29

0.56
0.41

Table 3.4: Summary of the electronic (∆E ‡ ) and free energy (∆G‡ , T = 300 K)
barriers for the diffusion of hydrogen from the 1–2 position to the 1–4
position for various methods. A single asterisk (∗ ) indicates an atomic
orbitals basis, while a double asterisks (∗∗ ) indicates a plane wave basis.
Exact specifications of the basis together with the computational details
are found in reference [44].

3.3.3 Employed Error Correction Scheme
3.3.3.1 Reference Values and Basis Set Specification
In order to provide context, table 3.4 summarizes the electronic (∆E ‡ ) and free
energy (∆G‡ ) barriers at T = 300 K obtained with various methods and basis sets
for the reaction discussed above as taken from ref. [44].
It becomes immediately apparent, that there is considerable scattering of the
calculated free energy barrier among the methods. By far the largest outlier
is (naturally) the HF method, but even when disregarding this, the predictions
range from 0.27 eV (PW91) up to 0.58 eV (B3LYP+D3) with the LMP2 method
sitting in the middle with a value of 0.49 eV. While it is likely that PBE notably
underestimates the reaction barrier, it is not clear whether LMP2 or one of the
hybrid-functionals (B3LYP/HSE06) performs better and if so, which one.
Since the zero-point energy and thermal contributions are largely the same for
B3LYP+D3 (−0.11 eV) and PBE (−0.15 eV) we focus solely on the electronic part
of the energy:
‡
∆E := ∆Eelec
= Eelec (TS) − Eelec (1–4)
.
(3.9)
Our starting point is the fully periodic Hartree-Fock solution, employing atomic
orbital (AO) basis sets, obtained using the Crystal code.191 As mentioned above,
molecular basis sets that are conventionally employed are problematic for periodic
calculations since even slightly diffuse orbitals quickly cause near linear dependencies and as a result, the algorithm becomes numerically unstable. Consequently, for
most calculations in this work we use a VTZ quality basis set which is optimized
for periodic calculations. This basis set was already employed in reference [44]
under the name AO3, while we refer to it as VTZ.
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On the other hand, it is possible to improve the quality of the basis by placing
additional functions on selected atoms only. Thus, one may use a hierarchical basis
set treatment for a defined set of atoms. To this end, we employ the cc-pVTZ
and cc-pVQZ basis sets of the Dunning family192 for the three fragments defined
below. These fragments only contain oxygen and hydrogen atoms, as the cc-pVXZ
basis for aluminum contains very diffuse orbitals, which are not applicable in this
context. In addition, since only AOs up to f -like functions are implemented in
Cryscor at the moment, the oxygen g-like orbitals were removed for the cc-pVQZ
basis. For all other atoms, the VTZ basis described above is used.
A further point that needs to be addressed is the fact, that accurate post-HF
correlation calculations require high angular momentum diffuse orbitals to be part
of the basis set. In order to include these, we make use of the so called dual basis
set technique, i.e. we only include them for the post-HF treatment.193 These will
be referred to as (A)VTZ and (aug-)cc-pVXZ .194 Within this technique, one can
approximate the effect of the additional basis functions on the HF energy through
the so called first-order singles:193,195
2
2 X Fai ~k
=
N~k ~ εa (~k) − εi (~k)
k

 

δ sing EHF

,

(3.10)

where N~k is the number of ~k-points within the first Brillouin zone, εa (~k) and εi (~k)
are the occupied and virtual orbital energies and Fai (~k) are the occupied-virtual
elements of the Fock matrix. The latter do not all vanish due to the additional
basis functions in the dual basis set technique that are added after HF converged.
We also employ the dual basis set technique to check for effects of the frozen
core approximation by adding additional tight orbitals from the cc-pwCVTZ basis
set on aluminum atoms (vide infra).196
3.3.3.2 Local MP2 method
Our post-HF treatment is based on the local MP2 level of theory (sections 2.4.4.2
and 2.4.5). Within our local ansatz, the occupied manifold is rerpesented using
Wannier functions (WF) and the virutal manifold by projected atomic orbitals
(PAOs). The pair list for the caluclation of the MP2 correlation energy eq. (2.106)
is truncated according to the distance between i and j. The pair list is denoted P
and for each pair ij ∈ P the list of virtual orbitals is denoted [ij].
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3.3.3.3 Frozen Core Approximation
For the calculation of correlation contributions, the frozen core approximation
restricts the pair list P to occupied valence states only. It assumes, that any core
contribution to the correlation energy will cancel in differences when computing for
example reaction barriers. While in general, this is a very good approximation, the
influence of the higher aluminum core levels may still contribute to the correlation
in a non-negligible way. To check for the error contribution from the frozen core
approximation, we compute the periodic LMP2 energies with and without the 2s2p
core states of aluminum explicitly correlated:
LMP2
LMP2
LMP2
(FC)
(FC1s ) − ∆Ecorr
= ∆Ecorr
δ core ∆Ecorr

,

(3.11)

where FC denotes the frozen core and FC1s that only the 1s core of oxygen and
aluminum is frozen. For these calculations we employ the (C)VTZ and (AC)VTZ
basis sets containing special tight orbitals from the cc-pwCTZ basis of aluminum
atoms.
3.3.3.4 Local Pair and Domain Approximation
The next set of approximations considered are the so called local approximations,
which include the restriction of the pair list P to spatially close pairs and the
domain list for each pair [ij] to virtual orbitals that are either close to i or j.
The local approximation is based on the fact, that the pair-energy contributions
decay as R−6 with R being the distance of the two pair functions and that
consequently the contributions decay relativley quickly with increasing distance.
In molecular calculations, the pair list is restricted to increase computational
efficiency, while in the limit of full pair lists, the true MP2 energy is retrieved. In
periodic calculations, this cannot be achieved, even formally, since the pair list
is infinite. Due to the rather quick convergence of the expansion with the pair
distance, the sum still converges within reasonable limits. In order to investigate
the error stemming from the truncation with the distance, we progressively expand
LMP2
the pair lists until convergence of ∆Ecorr
is achieved.
For the representation of the virtual space we chose projected atomic orbitals
(PAO), which are obtained by projecting out the occupied subspace from the atomic
orbital basis. The minimal PAO domain is then the set of PAOs on a single atom
for a lone pair or on two atoms for a bonding pair ij. In order to systematically
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investigate the error correction from the domain approximation, we increase the
domains from the minimal domains (iext=0) to the inclusion of nearest neighbor
atoms (iext=1) and second nearest neighbor atoms (iext=2). For α-Al2 O3 , which
is largely ionic in character, the valence WF are localized on oxygen atoms, thus
the minimal PAO domains consist only of the PAOs located on oxygen atoms. The
extended domains then additionally consist of the neighboring aluminum atoms
(iext=1) and the next shell of oxygen atoms (iext=2).
While PAOs are attractive because a global virtual space is used to construct
individual, compact pair domains, one of the drawbacks is the fact, that the domain
regions can only be varied rather coarsely by either including all the PAOs on an
atom or not. This may lead to discontinuities on the potential energy surface (PES)
when the domain size changes. To compensate for this shortcoming, we use as a
second set of virtual orbitals, the so called orbital specific virtuals (OSV).197,198
These are defined for a given orbital i as the MP2 virtual natural orbitals for the
diagonal pair ii. The OSV pair domain for an off-diagonal pair ij ∈ P is then
the union for the orbitals i ∪ j. OSVs have an intrinsic bias towards short-range
correlation, which is counterbalanced by the addition of the most diffuse PAOs
from the corresponding minimal PAO domain. The domain size for OSVs in
Crystal is controlled via an energy threshold, which provides a convenient way of
systematically improving the domain size. While OSVs suffer much less from the
PES discontinuities that PAOs evoke, the energy cut-off is harder to tighten, as
this also requires progressive expansion of the fitting basis. To elucidate the effects
a choice of virtual basis has, we calculate the results using either appraoch and
compare them to each other.
3.3.3.5 Density-fitting Approximation and Local Correlation Partitioning
The density fitting approximation for the decomposition of the two-electron four
index integrals hij | kli was introduced in section 2.4.5. In this work we utilize
the so called local robust density fitting,199 which is known to be efficient for bulk
systems in conjunction with Poisson type orbitals (PTO)200,201 converted from a
MP2 optimized Gaussian type orbital (GTO) fitting basis.202
While, as stated before, the density fitting approximation is in general a very
accurate approximation, it is worthwhile verifying the extent to which it contributes
LMP2
to the error. To this end, we compared the deviation in ∆Ecorr
for the fitting
basis converted from the (aug-)cc-pVTZ and (aug-)cc-pV5Z GTO fitting basis. It
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turns out, that the difference in the energy between these two fitting basis is below
1 × 10−5 eV, which corroborates the quality of the approximation. Since this value
is far below any of the siginificant error contributions, we do not further discuss it
here.
Next, we focus on the pair energies eij (eq. (2.65)), which, within the local
approximation, can be partitioned into the three physically interpretable contributions stemming from the intra-fragment (Eintra−frag ), extra-fragment (Eextra−frag )
and inter-environment-fragment (Einter ) interactions:
LMP2
Ecorr
= Eintra−frag + Eextra−frag + Einter

,

(3.12)

with
Eintra−frag =

X

eij

(3.13)

eij

(3.14)

i∈frag
j∈frag

Eextra−frag =

X
i∈frag
/
j ∈frag
/

Einter =

X
i∈frag
j ∈frag
/

eij +

X

eij

.

(3.15)

i∈frag
/
j∈frag

One of the advantages of this partitioning is, that it is possible to apply different
pair list restrictions to the different contributions and thus reduce the number of
required terms, depending on their contributions.

3.3.3.6 Basis Set Convergence of the Correlation Energy
Since it is well known that the convergence of the correlation energy depends rather
strongly on the size of the basis,203 it is important to extrapolate the correlation
contribution to the energy barrier instead of remaining at the (A)VTZ level. In
order to do so, we estimate the convergence of our basis sets using two different
techniques. Firstly, we use the standard inverse cubic extrapolation formula, based
on the results obtained with the (aug-)cc-pVTZ and (aug-)cc-pVQZ functions
positioned on the atoms belonging to the fragment.41 This is carried out for both,
the PAO and the OSV basis sets.
The additional basis functions are only placed on the oxygen and hydrogen
atoms of the fragment, while the rest, including all aluminum atoms, remain at
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the (A)VTZ level. However, since Al2 O3 is to a large extent ionic and all valence
Wannier functions (WF) are centered on oxygen atoms, we expect this to be
sufficient.
Secondly, we use the explicitly correlated LMP2-F12 method to compare against,
which is currently only implemented for PAOs.65
3.3.3.7 CCSD(T) Correction
Lastly, we focus on the LMP2 method error itself. In order to calculate the
correction to the LMP2 energy barrier, we employ the embedded fragment approach
as introduced in sections 2.6.3 and 3.3.1, together with the coupled cluster singles,
doubles and perturbative triples (CCSD(T)) approach. We use three fragments
of progressive size defined below, on which the localized orbitals (occupied and
virtual) used for the post-HF calculation are centered. The periodic LMP2 solution
is generated using Cryscor51 and the resulting Hamiltonian matrix elements hfrag
pq
and two electron integrals hpq | rsi are transferred to the molecular code Molpro204
using the FCIDUMP interface.205 The method error correction to the barrier is
then calculated according to
CCSD(T)

LMP2
δ CCSD(T) ∆E = ∆Eemb.frag. − ∆Eemb.frag.

.

(3.16)

En route, we also report the method corrections at the CCSD, DCSD206 (distinguishable cluster with singles and doubles) and SCS-DCSD207 (spin-component
scaled DCSD) level of theory as they are available “for free” during the process.
3.3.3.8 Specification of the Fragments
The three fragments used for the basis set extrapolation and CCSD(T) error
correction are shown in fig. 3.32. It should be noted, that the oxygen atoms on
which the WFs belonging to the fragment are centered, are colored in blue. The
minimal PAO domains then consist of the PAOs centered on the oxygen, hydrogen
and one aluminum atom (marked in dark green) belonging to the fragment. For
fragment 2 and the VTZ basis we use an additional extended PAO domain, which
includes four additional aluminum atoms marked in light green.
A summary of the occupied and virtual spaces is shown in table 3.5. It should
be noted, that the actual number of orthogonal virtual orbitals is slightly smaller
than the number of PAO functions. The reason is that PAOs constitute a non-
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Figure 3.32: Top view of the surface with the oxygen atoms belonging to fragment
1 (left), fragment 2 (middle) and fragment 3 (right) colored in blue.
The adsorbed oxygen (reduced in size) is also part of the cluster.
The dark green aluminum atom is part of the minimal PAO domain,
while the light green aluminum atoms are part of the extended virtual
domains for fragment 2.
The top row shows the 1–4 position, while the bottom row depicts
the transition state.
orthogonal and in general over-complete set, since there are by construction as
many PAOs as AOs. Before the in-fragment canonicalization, the virtual manifold
is orthogonalized and near-linear dependencies are removed based on the overlap
threshold.
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Fragment

1

2

2∗

3

No. of occ. orbitals
No. of PAO atoms

4
4

12
6

12
10

24
9

VTZ
No. of PAOs
No. of orthog. orbitals

97
94

157
151

313
301

247
236

(A)VTZ
No. of PAOs
No. of orthog. virtuals

121
118

205
199

331
320

Table 3.5: Summary of the occupied and virtual spaces for the different fragments
under consideration. Fragment 2∗ has an extended virtual space.

132

3.3 Beyond DFT – Reaction Barriers on Non-Conducting Surfaces
∆EHF

δ sing ∆EHF

∆EHF + δ sing ∆EHF

(A)VTZ

1.166

-0.029

1.137

(aug-)cc-pVTZ
Fragment 1
Fragment 2
Fragment 3

1.165
1.170
1.166

-0.025
-0.037
-0.029

1.140
1.133
1.137

(aug-)cc-pVQZ
Fragment 1
Fragment 2
Fragment 3

1.166
1.161
1.156

-0.018
-0.011
-0.028

1.149
1.150
1.129

Table 3.6: Summary of the periodic Hartree-Fock energy barrier ∆EHF obtained
using different basis sets and fragment sizes. All values are given in eV.

3.3.4 Results and Discussion
Periodic HF Energies We begin the discussion of the various error contributions
by discussing the periodic Hartree-Fock energies obtained using different basis sets.
A summary is given in table 3.6. As mentioned in section 3.3.3.1, the contribution of
the additional diffuse basis functions placed on the fragment atoms is evaluated after
HF converged and is estimated via the singles corrections δ sing ∆EHF (eq. (3.10)).
As is immediately obvious, the HF energy does not notably depend on the basis
set size and the correction via the singles is always of the same magnitude, however
there is non-systematic scattering of these values with an uncertainty of about
0.02 eV. Our best estimate for the HF energy is thus taken to be the one obtained
using the (aug-)cc-pVQZ basis for fragment 3 (and (A)VTZ for the environment),
amounting to ∆EHF = 1.13 eV with an uncertainty of about ±0.02 eV.
Correlation partitioning Next, we focus on the LMP2 correlation contribution
to the energy barrier. As a first step, we examine the correlation partitioning
according to eqs. (3.12) to (3.15) into intra-fragment, extra-fragment and interfragment-environment contributions. The obtained values are plotted in fig. 3.33
for the three fragments under consideration.
For fragment 1, there is virtually no change in the barrier, which suggests that
the correlation contribution originating from the orbitals located at the OH group
do not influence the diffusion barrier notably. However, for fragments 2 and 3, the
dominant part almost entirely stems from intra-fragment contributions, suggesting
that fragment 2 is already sufficiently large to model the overall description.
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Einter
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Eextra−frag
Total
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Figure 3.33: Partitioning of the LMP2(OSV)/(A)VTZ correlation energy contribution to the barrier into intra-fragment, extra-fragment and interfragment-environment contributions.
intra-frag
Rmax

extra-frag
Rmax

inter
Rmax

LMP2
∆Ecorr

6
8
10
12

2
4
6
8

2
4
6
12

-0.727
-0.541
-0.546
-0.547

Table 3.7: Influence of the cut-off radii for the pair lists on the
LMP2(OSV)/(A)VTZ correlation energy contribution to the diffusion barrier. All radii are given in Å.
Pair List In a next step, we investigate the pair list truncation by successively
increasing the cut-off radii for the allowed distance between two functions. The
results are summarized in table 3.7.
It becomes apparent, that the correction to the barrier converges quickly and that
the pair approximation will not introduce errors of considerable extent. Excluding
the smallest cut-off, the energy only marginally fluctuates.
Domain List and Basis Set Extrapolation The next approximation to be investigated is the domain list approximation, which has the same origin as the basis
set incompleteness error, as they are both restricting the virtual space. For this
reason, we are treating them together.
At first glance, one can see from the compiled values in table 3.8, that the
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LMP2
∆Ecorr
(PAO) / eV
LMP2
∆Ecorr
(OSV) / eV

Fragment 1

Fragment 2

Fragment 3

-0.549
-0.555

-0.536
-0.544

-0.536
-0.542

LMP2
Table 3.8: Basis set limit extrapolated values for ∆Ecorr
computed using PAOs
(iext=2) and OSVs using the (aug-)cc-pVTZ and (aug-)cc-pVQZ basis
set for the fragment atoms. The rest of the atoms are modeled using
the (A)VTZ quality basis.

LMP2
extrapolated values for ∆Ecorr
only depend very weakly on the fragment size
on which the (aug-)cc-pVTZ and (aug-)cc-pVQZ functions are placed, especially
in case of the OSV basis. On the other hand, the extrapolated values depend
much stronger on the PAO domain size. Figure 3.34 plots the dependence of the
computed correlation correction to the LMP2 barrier in dependence of the domain
sizes together with the explicitly correlated LMP2-F12 and the extrapolated OSV
results.

As becomes immediately obvious, the results depend strongly on the domain size
and for fragments 1 and 2 also on the chosen method. For the largest domains all
methods agree on the magnitude of the correction, indicating that large domains
(iext=2) are required for a reliable description of the system. According to our
findings, the reason for this is not the finite basis set, but rather an imbalance
between the virtual spaces of the 1–4 and TS structure. This is corroborated by
the fact that the basis set extrapolation correction on top of the (A)VTZ basis
value is a mere 0.003 eV. Since the OSV approach is less prone to these issues, we
use the OSV (aug-)cc-pV(TQ)Z extrapolated value as our reference MP2 value.
Again, there is uncertainty between the different methods results of about 0.02 eV
LMP2
and our best estimate amounts to ∆Ecorr
= −0.54 eV.

Frozen Core Next, we are concerned with the contribution resulting from the
frozen core approximation. Table 3.9 summarizes the computed correction to the
LMP2 energy barrier for the (C)VTZ and (AC)VTZ basis sets using PAOs and
OSVs. As can be seen, the core correlation correction amounts to about 0.06 eV,
regardless if PAOs or OSVs are used or which basis is employed. Considering
the accuracy aimed for, this correction is non-negligible and indicates that for
benchmarking barriers it needs to be considered in the methodology.
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LMP2(PAO) / cc-pV(TQ)Z-extrap
LMP2(PAO) / (aug-)cc-pV(TQ)Z-extrap
LMP2-F12 / VTZ
LMP2-F12 / (A)VTZ
LMP2(OSV) / cc-pV(TQ)Z-extrap
LMP2(OSV) / (aug-)cc-pV(TQ)Z-extrap
−0.46
−0.5
−0.54
−0.58

iext=0

iext=1

iext=2

LMP2
Figure 3.34: Basis set extrapolated values for ∆Ecorr
obtained using the extended
basis sets on the fragment atoms, as well as the explicitly correlated
periodic LMP2-F12 method.

(C)VTZ
(AC)VTZ

PAO (iext=1)

PAO (iext=2)

OSV

0.058
0.059

0.059

0.063
0.058

LMP2
Table 3.9: The core correlation correction δ core ∆Ecorr
computed using two different core correlation basis sets. All values are given in eV.
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Frag. 2∗

Frag. 3

0.140
0.143

0.141

0.150
0.155

-0.001
-0.001

0.100
0.102

0.101

0.107
0.113

VTZ
(A)VTZ

0.000
0.000

0.064
0.066

0.065

0.067
0.073

VTZ
(A)VTZ

-0.001
-0.001

0.072
0.072

0.071

0.073
0.073

Method

Basis

Frag. 1 Frag. 2

CCSD

VTZ
(A)VTZ

-0.002
-0.002

DCSD

VTZ
(A)VTZ

SCS-DCSD
CCSD(T)

Table 3.10: CCSD, DCSD, SCS-DCSD and CCSD(T) method correction to the
LMP2
∆Ecorr
barrier computed using the embedded fragment approach for
the different fragments under consideration. All values given in eV.
The asterisk on fragment 2∗ indicates an extended virtual space.
LMP2 Method Error In the last step, we investigate the correction that stems
from the LMP2 method error itself by employing the CCSD(T) embedded fragment
method for the three fragments defined above. Table 3.10 summarizes the correction
to the LMP2 barrier at the CCSD(T) level of theory, as well as the CCSD, DCSD
and SCS-DCSD results. As a first observation, one may note that fragment 1 is
obviously not large enough and cannot capture the additional correlation effects.
For fragments 2 and 3 on the other hand, the obtained energies are consistent
for both basis sets used. The CCSD method performs poorest, while the DCSD
method, especially so for the spin-component scaled version, agrees very well with
the CCSD(T) value of 0.07 eV. The CCSD(T) method correction to the LMP2
barrier is of the same sign as the frozen core correction as well as of comparable
magnitude, rendering these the most substantial corrections in our scheme.
Summary Having examined all the relevant error sources that may contribute to
our calculated diffusion barrier energy, we are now able to provide a benchmark
value on the CCSD(T)-embedded fragment/periodic LMP2 level of theory with
extrapolated basis set, correlated core correction, as well as converged pair and
domain lists of ∆E CCSD(T) = 0.72 eV. In table 3.11 we summarize our final results
and compare them to the previously obtained DFT values using various flavors of
exchange-correlation treatment.
The HF value is, as expected, much too large. The MP2 value, especially when
adding the frozen core correction, is reasonably close to our final benchmark.
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Method

∆E / eV

HF
MP2(FC)
MP2
CCSD
DCSD
SCS-DCSD
CCSD(T)

1.13
0.59
0.65
0.81
0.76
0.72
0.72

B3LYP-D3
B3LYP
HSE06
PBE-D2

0.69
0.65
0.42
0.44

Table 3.11: Electronic energy barriers for the diffusion of hydrogen from the 1–4
position to the 1–2 position as described in Section 3.3.2 for various
flavors of post-HF and DFT methods. The HF value corresponds
to the periodic calculation with basis set extrapolated values to the
(aug-)cc-pV(TQ)Z limit for fragment 3 and addition of the single
correction. MP2(FC) denotes the periodic MP2 result with the 2s2p
core correlation correction added. Further information is provided in
the text.
DFT values are taken from reference [44].
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Both the frozen core and CCSD(T) correction to the LMP2 method error are of
the same sign and accumulate. GGA DFT methods noticeably underestimate
the barrier as expected, while hybrid-functionals including portions of HartreeFock type exchange notably improve the results. The result for the B3LYP-D3
hybrid-functional is very close to our final CCSD(T) benchmark value.
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3.3.5 Conclusion
This study had a twofold goal: On the one hand, we were able to supply a
benchmark value for the diffusion of hydrogen on α-Al2 O3 (0001) for the step under
consideration. We were able to demonstrate, that both the frozen core (especially
so, when metal atoms are present) and the LMP2 method error contribute nonnegligibly and accumulatively, reducing the LMP2 energy barrier by 0.14 eV.
The largest source of uncertainty remains from the basis set extrapolation, which
could not be reduced below 0.02 eV, both for HF and MP2. Nonetheless, these
errors do not exceed the goal of 1 kcal
. When comparing our benchmark result
mol
to values obtained via DFT calculations, it is apparent that the self-interaction
and self-correlation error present in GGAs renders a value that is much too low.
Hybrid functionals, in conjunction with empirical dispersion correction are largely
able to correct for these errors, with B3LYP-D3 performing the best in this case.
While we do not have any specific experimental reference to compare our results
against, our results can actually be seen as a reference for experiment. Nevertheless,
the fact that hydrogen atoms have been observed in the 1–4 position via means
of IR spectroscopy, corroborates the fact that there exists a substantial barrier
for the diffusion and hydrogen indeed remains sufficiently long at this site to be
observed.208
On the other hand, we demonstrated a protocol for the systematic computation
of high-accuracy correlated electronic energies for non-metallic, periodic systems.
From our results, we expect the LMP2/(A)VTZ method to be of reasonable quality
for the type of system investigated. The results obtained using OSV virtual spaces
are much less prone to inconsistencies in the domains for different points on the
potential energy surface than the ones obtained with PAOs. It is possible to
calculate the basis set limit either using OSV-LMP2 based on the Dunning basis
sets or via the periodic LMP2-F12 method. When using PAOs with the LMP2-F12
method, one should use very large domains (iext=2), or the results obtained may
be unbalanced. When reaching for high accuracy, the CCSD(T) correction to the
LMP2 energy is essential and can be calculated efficiently using an embedded
fragment approach for a spatially localized part of the system, since then the
correlation contribution from the environment is expected to cancel in energy
differences.
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The established hierarchical treatment offers a recipe for acquiring highly accurate
electronic energies and energy barriers for non-metallic, periodic systems, an area
of surface science that still lacks sufficiently capable methodologies.
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The goal of this thesis was to obtain fundamental insights into the interaction
of hydrogen with solid surfaces and materials. We developed the mathematical
formalism required to obtain quantum mechanical insights extended to thermodynamic and kinetic properties of the system under consideration. While from a
fundamental point of view:
“The underlying physical laws necessary for the mathematical theory of
a large part of physics and the whole of chemistry are thus completely
known, and the difficulty is only that the exact application of these laws
leads to equations much too complicated to be soluble.”
Paul Dirac,209 1929
As was demonstrated in this thesis, while this quote still being true, the development of numerical methods to efficiently solve approximations of various extent to
the Schrödinger equation has enabled researchers to continuously penetrate deeper
into the realm of purley ab-initio methods. With the Hartree-Fock algorithm (and
subsequent post-HF methods) as well as density functional theory, two powerful
workhorses have been established which can be adjusted in their complexity to fit
the task at hand. Increasing computational power and more and more efficient
implementations allow to successively lift imposed approximations and converge
towards fully quantum-mechanical treatments. These tools can be used not only
to complement experimental observations, but also to predict new materials and
properties as well as to unravel information, which is not accessible by any other
means.
The first topic, the formation of water from oxygen and hydrogen on a ruthenium
surface, was investigated from a theoretical point of view using the DFT level
of theory. The system was subjected to spatial confinement by deposition of a
crystalline silica bilayer over the surface and detailed studies of the potential
energy surface confirmed that the unconfined process is controlled by the kinetic
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barrier posed by the addition of hydrogen and oxygen to form OH groups. Even
though the chemistry itself is unchanged, the picture changes considerably upon
confinement, as both hydrogen and water are hampered in their ability to reach
and leave the surface. This opens the possibility of employing these ultra-thin
films as molecular sieves, for example in gas purification. Ultra-thin silica films
are versatile, as their synthesis is unproblematic and their chemical robustness
allows them to be employed under physically demanding conditions. In addition,
they lend themselves as prime candidates for experimental as well as theoretical
studying. Our employed model successfully reproduces the experimental findings
and it may further be applied to study similar systems. However, it should be noted
that the employed methods, that is DFT at the GGA level in conjunction with
the harmonic approximation and the Eyring equation to predict rate constants,
are limited in their accuracy. Further improvement upon these points may yield
even more insights that have escaped our treatment.
In general, the ability to control the chemical properties of surfaces by willfully
introducing defects, as well as altering or introducing functional groups for further
reactions is of tremendous importance. As the potential of the ultra-thin silica
films for surface applications was already demonstrated in the first part, it will
be of large interest to determine in which ways one can specifically design these
films to fit specific purposes. One of the ways that was studied in this thesis is the
exposure of the prepared film to hydrogen plasma. While itself being composed
of highly reactive species, this approach does not require aggressive temperatures
or chemicals and thus offers a way of introducing a controlled amount of defects
without deteriorating the structure itself. Our research shows, that heterolytic
splitting of silanol bonds via the addition of an activated hydrogen molecule leads
to dispersed OH groups throughout the layer and a particular candidate structure
as the most probable defect type was identified. We concluded that it is the
inter-layer bonds between the two silica sheets that are the most susceptible to
hydrogen addition and that the resulting hydroxyl group is located in the top layer.
The hydroxylation of the bilayer paves the way for the toolbox of organic synthesis
to further introduce desired groups and properties into the structure and therefore
may yield new applications in chemistry, medicine and industrial environments.
Additionally, the ability to study the system under highly controlled conditions
renders it an excellent candidate for further model-system studies, both from an
experimental as well as a theoretical point of view.
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These two topics investigating the properties of the silica bilayer and its effect
upon surface reactions nicely underline the power that is inherent when quantum
mechanical methods are combined with experimental observations to interpret and
predict new properties of materials and subsequent applications. The complexity
of real-world applications requires the use of such model systems, however they
inevitably also introduce limitations due to the differences to realistic systems.
DFT has proven itself to be a reliable tool to investigate these tasks, however
certain drawbacks, such as the fact that there is no clear hierarchical way of
improving on the existing exchange-correlation functionals have to be taken into
account.
In the last part, we examined the typical approximations that are made when
modeling solid surfaces with quantum mechanical methods. As was outlined, the
availability of high accuracy ab-intio methods is particularly demanded in the
solid state community. By establishing a systematic error correction scheme and
applying it to the example case of hydrogen diffusion on α-Al2 O3 , we were able to
successively lift the imposed approximations up to the CCSD(T) level of theory
and determine the magnitude of different contributions to the error. Our results
show that the fully periodic local MP2 method using atomic orbitals now presents
a viable alternative to DFT methods when it comes to modeling non-metallic
surfaces. Additionally, we demonstrated that the embedded fragment approach is
a powerful way of reaching even higher accuracy for periodic systems with localized
features of interest, such as the diffusion of atoms and molecules on surfaces. As a
result, we are able to supply a benchmark value of chemical accuracy quality, that
may both be used to verify the precision of other methods such as DFT based
approaches, as well as experimental findings.
I’d like to conclude this thesis by expressing my admiration for the many centuries
of work that have gone and still go into the elucidation of scientific principles.
None of the great theories that govern what we understand to be physics today
would have been possible without long and laborious research of many great minds,
including many hours which did not lead to any conclusions whatsoever. Of course,
the same holds for any natural science discipline.
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