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Preface

In this work we study the design and preparation of non-classical states of light in several
scenarios. We begin by developing the theoretical description of an interferometer, which is
designed to measure the particle exchange phase of photons [1]. The analysis of the experi-
mental data reveals the bosonic nature of photons, as well as the geometric phase associated
with the physical exchange of the quantum states of two photons. Having established the
exchange symmetry of two-photon states, we proceed to develop the theory of multi-photon
states propagating in multi-port systems [2, 3]. We unveil the high-dimensional synthetic cou-
pled structures that arise via the multi-photon excitation of discrete systems. Using these
results, we formulate an application of the theory in the context of non-hermitian systems [4] -
utilizing previous results [2, 5]. We find so-called high-order exceptional points, which find ap-
plications in sensing and can only be achieved in the photon-number space of discrete systems.
Apart from sensing, an important ingredient for the processing of quantum information is the
transport of light states. In this regard, we consider photonic topological insulators, which
allow the back-scattering-free propagation along their edges. We show that partially coherent
light [6], Gaussian- [7] as well as non-Gaussian two-photon entangled states [8] can enjoy such a
topological protection, provided that the initial excitations fit inside a well defined topological
window of protection, which strengthens the “classical” band-gap protection criterion.
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0 Preface

Maßschneidern von nicht-klassischen Zuständen von Licht für
Anwendungen in der Quanteninformationsbearbeitung

In dieser Arbeit wird das Design und die Präparation von nicht-klassischen Zuständen von Licht
in verschiedenen Szenarien untersucht. Zunächst wird die theoretische Beschreibung eines In-
terferometers entwickelt, welches für die Messung der Teilchenaustauschphase von Photonen
entworfen wurde. Die Analyse der experimentellen Daten offenbart den bosonischen Charak-
ter von Photonen, sowie die geometrische Phase, welche mit dem physischen Austausch zweier
Quantenzustände assoziiert ist. Nach dieser Feststellung der Austauschsymmetrie von Zwei-
photonenzuständen folgt die Ausarbeitung der Theorie über die Propagation von Mehrpho-
tonenzuständen in Multiportsystemen. Dabei offenbaren sich hoch-dimensionale, synthetische,
gekoppelte Strukturen die sich aus der Mehrphotonenanregung von diskreten Systemen ergeben.
Basierend auf diesen Resultaten wird eine konkrete Anwendung der Theorie im Kontext von
nicht-hermitischen Systemen formuliert. Dabei ergeben sich sogenannte “exceptional points”
höherer Ordnung, welche Anwendungen im Bereich der Sensorik finden und ferner nur im
Raum der Photonenanzahlzustände von diskreten Systemen realisiert werden können. Neben
der Sensorik ist der Transport von Lichtzuständen ein wichtiger Aspekt in der Verarbeitung
von Quanteninformationen. In dieser Hinsicht werden hier Photonische Topologische Isolato-
ren untersucht, welche eine rückstreuungsfreie Propagation entlang ihrer Ränder erlauben. Es
wird gezeigt, dass partiell kohärentes Licht, Gaussisch und Nicht-Gaussisch verschränkte Zwei-
photonenzustände einen solchen topologischen Schutz genießen können. Dies gilt unter der
Vorraussetzung, dass die Anfangsanregung in einem wohldefinierten Bereich des topologischen
Schutzes liegt, wodurch das “klassische” Bandlücken-kriterium erweitert und gestärkt wird.
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KAPITEL 1

The Particle Exchange Phase of Photons

The bosonic nature of photons lies at the heart of quantum optics. As such it is assumed
that quantum states of light are perfectly symmetric under the exchange of any two indis-
tinguishable photons. In this chapter we present an interferometric test of this assumption
and discuss the influences of experimental imperfections. Furthermore, we demonstrate that
the physical SWAP-operation of the quantum states of two photons imparts an Aharonov-
Anandan geometric phase of π. We focus on the theoretical description of the experiment
[1], which was realized by Chris Müller, Malte Smoor and Tim Kroh from the Nanooptik
group of Prof. Dr. Oliver Benson. Nonetheless, we also discuss the measurement data and
the conclusions that can be drawn from them.

1.1 Introduction

Quantum physics distinguishes between two fundamental types of particles - fermions and
bosons. This distinction underpins almost all of the established knowledge about the physical
world. For instance, at most two electrons, which are fermions, with opposite spin may occupy
the same orbital within an atom. In other words they obey the Pauli-exclusion principle [9],
which ultimately gives rise to the structure of atomic spectra and chemistry. In contrast, an
infinite number of bosons may occupy the same state. The prime example, in the case of
photons, is the coherent state |α⟩ = e−|α|2/2∑∞

n=0
αn
√

n! |n⟩, which describes an infinite coherent
superposition of photon number states [10].

On the theoretical side, the difference between bosons and fermions lies in their distinct
behaviour when two identical particles exchange their quantum states. As such, the joint quan-
tum state of identical fermions is anti-symmetric, whereas the joint quantum state of identical
bosons is symmetric under the exchange of any pair of single-particle states [11, 12]. This can
be expressed concisely in terms of the so-called particle exchange phase ϕx via the relation [13,
14]

â†
1â

†
2 = eiϕx â†

2â
†
1. (1.1)

Here, â†
1 and â†

2 are the creation operators of two different quantum states [15]. The particle

1



1 The Particle Exchange Phase of Photons

exchange phase takes on the value ϕx = 0 for bosons and ϕx = π for fermions. The Symmetriza-
tion Postulate mandates the exclusive existence of fermions and bosons in 3D-space, while the
Spin-Statistics theorem establishes the fundamental connection between the exchange phase
ϕx = 2πs and the spin degree of freedom s of quantum particles [16–18].

From an experimental point of view, the so-called Hong-Ou-Mandel effect is a byproduct of
the bosonic nature of photons [19]. Such an experiment consists of sending two photons onto
opposite sides of a 50/50 beam splitter and, due to the exchange symmetry, the photons always
emerge at the same side at the output - though it is not possible to determine beforehand which
side that would be. Conversely, due to destructive two-particle interference, they never emerge
in different output-ports, which leads to the characteristic HOM-dip. However, due to partial
distinguishability and detector noise, the probability of coincident clicks never goes perfectly
to 0 in a real experiment. For this reason, a HOM-experiment can not - in principle - measure
the photon exchange phase directly. In recent decades, there has been a consistent effort to test
the validity of the symmetrization postulate with ever-increasing accuracy. In the context of
photons, D. English et. al. [20] were recently able to establish an upper bound ν < 4.0× 10−11

for an anomalous admixture of wrong-statistics photons, by probing statistics-forbidden two-
photon excitations in atomic barium. Further, B. Altschul [21] argues that the transparency of
the solar wind plasma at low frequencies, that is, the absence of statistics-forbidden Compton
scattering, imposes an upper bound of ν < 10−25 (when Lorentz invariance is required) or
ν < 10−14 (when Lorentz invariance is broken). It is noteworthy, that all these investigations
have tested the symmetrization postulate in an indirect manner by searching for states of light
and matter that are forbidden by the postulate.

In this work we take a different approach, by measuring ϕx directly in an interferometric ex-
periment, where two photons physically swap their respective quantum states. The interference
of the swapped state with its unswapped reference state then allows us to reveal the particle
exchange phase of photons. Our measurements yield ϕx = −0.04±0.07 rad, which imposes less
stringent bounds on a possibly anomalous photon exchange phase than in [20, 21]. Furthermore,
we demonstrate the existence of an additional geometric phase ϕg = π imparted by the physical
exchange of the quantum states [22].

1.2 Interferometric Setup

Our setup is an all-optical implementation of the state-dependent-transport protocol [23], which
consists of two coupled Mach-Zehnder interferometers, as shown in Fig. (1.1-a). Note, that
the two Mach-Zehnder interferometers share the same input-ports and are coupled to each
other by two polarizing beam splitters (PBS). These PBSs implement the state-dependent
transport by transmitting or reflecting photons according to their polarization state. Here we

2



Interferometric Setup 1.2

Abbildung 1.1: (a) Conceptual sktech of the interferometric setup. In the first measure-
ment stage, a single diagonally-polarized photon is incident on input-port 2 (blue beam)
and split 50:50 on the first PBS. The λ/2-waveplate brings the separate beams 1 and 2 back
into diagonal polarization and they are again split by 50:50 on the second PBS. The beams
acquire a phase-difference ϕ1 (ϕ2) between the paths 1 and 2 (3 and 4), are recombined
on two non-polarizing beam splitters and detected via click-detectors. In the second sta-
ge, two indistinguishable photons in orthogonal polarization are injected into input-port 1
(red beam). Accordingly, they are separated at the first PBS and rotated to (anti-)diagonal
polarization at the λ/2-waveplate. At the second PBS we consider two possible paths of
the two-photon wavefunction. (b) One path where the photon in beam 1 is transmitted
and the photon in beam 2 is reflected and the other path, where the photon in beam 1 is
reflected and the photon in beam 2 is transmitted. Both possible paths contribute to the
coincidence rates between detectors in the (1,2)-arm and the (3,4)-arm. The interferometric
superposition of these two paths reveals the exchange phase of photons.

3



1 The Particle Exchange Phase of Photons

use the convention that they reflect vertically- and transmit horizontally-polarized light. After
launching two indistinguishable photons at input port 1, we have prepared the state | ↔1, ↔2⟩
right before the second (or central) PBS, with two photons in (anti-)diagonal polarization in
the paths 1 and 2, respectively. As indicated in Fig. (1.1-b), the state is then routed to two
paths, where one of the photons is reflected and the other one is transmitted at the central
PBS. The phase difference between these two paths is then given by the particle exchange phase
ϕx and the effective optical path length differences ϕ1 (ϕ2) between the paths 1 and 2 (3 and
4). By recombining the paths via two 50:50 non-polarizing beam splitters, we obtain ϕx from
coincidence measurements between the four detectors at the outputs, using the relation

⟨Π̂⟩ := ⟨n̂1n̂4 + n̂2n̂3 − n̂1n̂3 − n̂2n̂4⟩ ∝ cos(ϕ1 + ϕ2 − ϕx) (1.2)

1.3 Interferometer calibration

Since we are not actively stabilizing the interferometer, the phases ϕ1(ϕ2) are unknown. Thus,
we have to perform a separate measurement in order to find ϕ1,2. To this end, we excite input-
port 2 of the interferometer using a coherent state with diagonal polarization. The phases are
then obtained from the differences of the single-photon click rates between detectors n̂2 − n̂1

and n̂3 − n̂4

⟨n̂2 − n̂1⟩ = 1
2 cos

(
ϕ1
)

and ⟨n̂3 − n̂4⟩ = 1
2 cos

(
ϕ2
)
. (1.3)

To show this, we first derive the input-output relations of the interferometer at the single-
excitation level. We denote the different modes in the interferometer by creation operators â†

x,p,
where the first index denotes the beam x = {1, 2, 3, 4} and the second index the polarization
p = {H,V }. It is clear that there are 4 input-modes: {â†

1,H , â
†
1,V , â

†
2,H , â

†
2,V } and 4 output-

modes: {â†
1,H , â

†
2,H , â

†
3,V , â

†
4,V }. When optimally aligned, the individual optical devices perform

the following mode-transformations

Device Transformation
PBS â†

x,H → â†
x,H , â†

x,V → iâ†
y,V

Mirror â†
x,p → iâ†

x,p

λ/2-waveplate â†
x,H →

1√
2

(
â†

x,H + â†
x,V

)
, â†

x,V →
1√
2

(
â†

x,V − â
†
x,H

)
Phaseshifter ϕ1 â†

x,p → eiϕ1 â†
x,p

Phaseshifter ϕ2 â†
x,p → eiϕ2 â†

x,p

BS â†
x,p → 1√

2

(
â†

x,p + iâ†
y,p

)

4



Interferometer calibration 1.3

Using these relations it is easy to derive the complete set of input-output transformations:

â†
1,H →

1
2

(
ieiϕ1 â†

1,H − e
iϕ1 â†

2,H − â
†
3,V − iâ

†
4,V

)
â†

1,V →
1
2

(
iâ†

1,H + â†
2,H + eiϕ2 â†

3,V − ie
iϕ2 â†

4,V

)
â†

2,H →
i

2

(
iâ†

1,H + â†
2,H − e

iϕ2 â†
3,V + ieiϕ2 â†

4,V

)
â†

2,V →
i

2

(
−ieiϕ1 â†

1,H + eiϕ1 â†
2,H − â

†
3,V − iâ

†
4,V

)
.

(1.4)

For the moment we assume that the initial state is a single photon with diagonal polarization
at the input port 2

|ψin⟩ = 1√
2

(
â†

2,H + â†
2,V

)
|0⟩, (1.5)

where |0⟩ is the vacuum state. Using Eqs. (1.4) we find

|ψout⟩ = i

2
√

2

(
i(1− eiϕ1)â†

1,H + (eiϕ1 + 1)â†
2,H − (eiϕ2 + 1)â†

3,V + i(eiϕ2 − 1)â†
4,V

)
|0⟩. (1.6)

The single-photon click-rates ⟨n̂i⟩ = ⟨ψout|n̂i|ψout⟩ at the four detectors i = 1, 2, 3, 4 are then

⟨n̂1⟩ = 1
4
(
1− cosϕ1

)
⟨n̂2⟩ = 1

4
(
1 + cosϕ1

)
⟨n̂3⟩ = 1

4
(
1 + cosϕ2

)
⟨n̂4⟩ = 1

4
(
1− cosϕ2

) (1.7)

and using these expressions we obtain Eqs. (1.3). By inverting Eqs. (1.3) and directly measuring
⟨n̂2 − n̂1⟩ (⟨n̂3 − n̂4⟩) we can thus determine ϕ1 (ϕ2). However, in our experiment the input
state is a strongly attenuated laser, which is more accurately described by a coherent state.
Thus, we need to consider the input state

|ψin⟩ = D̂2,H+V (β)|0⟩ = |0, 0, β/
√

2, β/
√

2⟩, (1.8)

with the displacement operator [24] D̂2,H+V (β) = exp
(

β√
2

(
â†

2,H + â†
2,V

)
− β∗

√
2

(
â2,H + â2,V

))
.

Using the ideal interferometer transformation Eqs. (1.4) we find the four-mode coherent state

|ψout⟩ =
∣∣β1, β2, β3, β4

〉
=

∣∣∣∣∣−β(1− eiϕ1)
2
√

2
,
iβ(eiϕ1 + 1)

2
√

2
,
−iβ(eiϕ1 + 1)

2
√

2
,
−β(eiϕ1 − 1)

2
√

2

〉
(1.9)

at the output, which is in complete analogy to the result for a single-photon in Eq. (1.6). Now
we model the interferometer considering losses and dark counts. In principle every device in
the setup contributes with losses and dark counts - either by deflecting environmental photons

5



1 The Particle Exchange Phase of Photons

into the interferometer or by deflecting photons from the source to the environment. Similarly,
misalignments in the polarization and deviations from a perfect 50:50 splitting ratio at the
beam splitters contribute as effective losses and dark counts at the detectors. A detailed and
comprehensive analysis of every individual component is not feasible and furthermore is not
guaranteed to properly characterize the interferometer at every point in time during the measu-
rement. Thus, for each detector n̂i, we define an effective quantum efficiency ηi and an effective
dark count rate νi [25]. We then show, that the time-averaged click-rates c̄i and visibilities vi

of the interference fringes in the detectors only depend on ηi and νi. As such, the parameters
(c̄i, vi) are phenomenological fit-parameters which completely characterize the imperfections
of the setup [26]. Given the output state in Eq. (1.9), we are now interested in the effective
single-photon click-rate in the i’th detector

ĉi =
(
ηin̂i + νi

)
e−

∑4
i=1 ηj n̂j+νj , (1.10)

where ηi is the effective quantum efficiency and νi the effective dark count rate of the i’th
detector (i = 1, . . . , 4). To calculate the expectation value of this operator, we utilize the
Glauber-Sudarshan P -function [24]. In this approach, an arbitrary M-mode coherent state
|β⟩ = |β1, . . . , βM ⟩ can be written as

Pβ(α) =
M∏

j=1
δ2(αj − βj), (1.11)

where δ2(x) = δ(x)δ(x∗). Using the optical equivalence theorem [27], we can compute the
expectation value as

〈
: ĉi :

〉
β

=
∫
Pβ(α)

(
ηi|αi|2 + νi

)
e−

∑M
j=1 ηj |αj |2+νjd2α. (1.12)

The : : operator denotes the normal ordering [28]. This expression evaluates to

〈
ĉi

〉
β

=
(
ηi|βi|2 + νi

) M∏
j=1

e−ηj |βj |2−νj . (1.13)

Explicitly, we find

〈
: ĉ1 :

〉
β

= η1
|β|2

4 + ν1 − η1
|β|2

4 cos(ϕ1)
〈
: ĉ2 :

〉
β

= η2
|β|2

4 + ν2 + η2
|β|2

4 cos(ϕ1)〈
: ĉ3 :

〉
β

= η3
|β|2

4 + ν3 + η3
|β|2

4 cos(ϕ2)
〈
: ĉ4 :

〉
β

= η4
|β|2

4 + ν4 − η4
|β|2

4 cos(ϕ2).
(1.14)

6



Two photon experiment 1.4

where we have omitted the common factor
∏4

j=1 e
−ηj |βj |2−νj . Therefore, the observed interfe-

rence fringes in the detectors feature the visibility

vi = ηi
|β|2

2

4∏
j=1

e−ηj |βj |2−νj (1.15)

and time-averaged click-rate of

c̄i =
(
ηi
|β|2

4 + νi

) 4∏
j=1

e−ηj |βj |2−νj . (1.16)

As a consequence we are justified in using the phenomenological ansatz

⟨n̂1⟩ = c̄1 −
v1
2 cos(ϕ1) ⟨n̂2⟩ = c̄2 + v2

2 cos(ϕ1)

⟨n̂3⟩ = c̄3 + v3
2 cos(ϕ2) ⟨n̂4⟩ = c̄4 −

v4
2 cos(ϕ2),

(1.17)

where the visibilities vi and time-averaged click-rates c̄i are constant fit-parameters, which we
obtain from the measured time-resolved interference fringes. We must stress however, that these
fit-parameters are only approximately constant. In order to take fluctuations of the effective
losses and dark counts into account, we calculate new fit-parameters for every 20 min section
of measurement time. This, in turn, allows us to infer the phases ϕ1 and ϕ2 at a specific point
in time via

ϕ1 = arccos
(

2⟨n̂2 − n̂1⟩ − c̄2 + c̄1
v1 + v2

)
ϕ2 = arccos

(
2⟨n̂3 − n̂4⟩ − c̄3 + c̄4

v3 + v4

)
. (1.18)

In conclusion, the first measurement stage enables us to determine the phases ϕ1 and ϕ2, which
define the current configuration of the interferometer.

1.4 Two photon experiment

Once the phases ϕ1,2 have been determined, the interferometer is excited by two indistinguisha-
ble photons in orthogonal polarization in input-port 1 and we measure the combined coincidence
rate between the four detectors at the outputs

⟨Π̂⟩ ≡ ⟨n̂1n̂4 + n̂2n̂3 − n̂1n̂3 − n̂2n̂4⟩ ∝ cos(ϕ1 + ϕ2 − ϕx). (1.19)

In combination with the phases ϕ1 and ϕ2 we can then determine ϕx. We first show the validity
of Eq. (1.19) without considering losses and dark counts. To do so, we consider the initial

7



1 The Particle Exchange Phase of Photons

two-photon state
|ψin⟩ = â†

1,H â
†
1,V |0⟩. (1.20)

By using the input-output transformation Eqs. (1.4) and multiplying out, we would obtain 16
terms. However, since we are only interested in terms corresponding to the coincidences n̂1n̂3,
n̂1n̂4, n̂2n̂3 and n̂2n̂4, we can neglect half of them and obtain

|ψout⟩ =1
4

(
iei(ϕ1+ϕ2)â†

1,H â
†
3,V + ei(ϕ1+ϕ2)â†

1,H â
†
4,V − e

i(ϕ1+ϕ2)â†
2,H â

†
3,V + iei(ϕ1+ϕ2)â†

2,H â
†
4,V

− iâ†
3,V â

†
1,H − â

†
3,V â

†
2,H + â†

4,V â
†
1,H − iâ

†
4,V â

†
2,H

)
|0⟩.

(1.21)

Now we can use the definition of the exchange phase from Eq. (1.1), which yields

|ψout⟩ =1
4

(
i(ei(ϕ1+ϕ2) − eiϕx)â†

1,H â
†
3,V + (ei(ϕ1+ϕ2) + eiϕx)â†

1,H â
†
4,V

− (ei(ϕ1+ϕ2) + eiϕx)â†
2,H â

†
3,V + i(ei(ϕ1+ϕ2) − eiϕx)â†

2,H â
†
4,V

)
|0⟩,

(1.22)

and thusly

⟨n̂1n̂3⟩ = 1
8
(
1− cos(ϕ1 + ϕ2 − ϕx)

)
⟨n̂1n̂4⟩ = 1

8
(
1 + cos(ϕ1 + ϕ2 − ϕx)

)
⟨n̂2n̂3⟩ = 1

8
(
1 + cos(ϕ1 + ϕ2 − ϕx)

)
⟨n̂2n̂4⟩ = 1

8
(
1− cos(ϕ1 + ϕ2 − ϕx)

). (1.23)

Once we combine these expressions we obtain Eq. (1.19). Up to this point, we have ignored
the inherent effective losses and dark counts of the interferometer. As we have done in the
calibration of the interferometer, we now modify the observable Π̂ = n̂1n̂4 + n̂2n̂3− n̂1n̂3− n̂2n̂4

to find the corresponding effective observable

ˆ̃Π =
4∑

k,l=1
pk,l

(
ηkn̂k + νk

) (
ηln̂l + νl

)
e−2

∑4
r=1 ηrn̂r+νr , (1.24)

with p1,4 = 1 = p2,3, p1,3 = −1 = p2,4, pk,l = 0 otherwise, and ηk, νk are the effective quantum
efficiency and dark count rate of the k’th detector, respectively. Using the optical equivalence
theorem we can replace ˆ̃Π with the continuous function

Π̃(α) =
4∑

k,l=1
pk,l

(
ηk|αk|2 + νk

)(
ηl|αl|2 + νl

)
e−2

∑4
r=1 ηr|αr|2+νr . (1.25)
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Two photon experiment 1.4

In contrast to the calculation in the ideal scenario, we now have to consider all 16 terms that
result from the application of the interferometer transformation Eq. (1.4) to the two-photon
input-state Eq. (1.20). In general, we have

|ψ(2)
out⟩ =

4∑
i=1,j≥i

ψij â
†
i â

†
j |0⟩, (1.26)

and explicitly

|ψ1,3|2 = |ψ2,4|2 = 1
8(1− cos(ϕ1 + ϕ2 − ϕx))

|ψ1,4|2 = |ψ2,3|2 = 1
8(1 + cos(ϕ1 + ϕ2 − ϕx))

|ψ1,2|2 = |ψ3,4|2 = 1
8(1− cos(ϕx))

|ψi,i|2 = 1
16(1 + cos(ϕx)).

(1.27)

We now translate the output-state |ψ(2)
out⟩ into the P -representation:

P (α) =
∑
i,j

|ψij |2e|αi|2+|αj |2 ∂2

∂αi∂α∗
i

δ(αi)δ(α∗
i ) ∂2

∂αj∂α∗
j

δ(αj)δ(α∗
j ). (1.28)

Joining all these expressions together, we have to evaluate

⟨: ˆ̃Π :⟩ =
∫
P (α) Π̃(α) d2α. (1.29)

The following property of the Dirac-δ function

∫
F (α, α∗) ∂2n

∂αn∂α∗n
δ(α)δ(α∗) =

[
∂2nF

∂αn∂α∗n

]
|α,α∗=0

(1.30)

allows us to compute several derivatives rather than integrals. Thus, we find

⟨: ˆ̃Π :⟩ = f1(η,ν) cos(ϕ1 + ϕ2 − ϕx) + f2(η,ν) cos(ϕx) + f3(η,ν), (1.31)

with f1(η,ν) = 1
8e

−2
∑

i νi
(
η1 + η2 + 2(η2 − η1)(ν1 − ν2)

) (
η3 + η4 + 2(η4 − η3)(ν3 − ν4)

)
. The

functions f2(η,ν) and f3(η,ν) are rather lengthy but they vanish in the case of a symmetric
interferometer, that is, when ηi = η and νi = ν

⟨: ˆ̃Π :⟩sym = η2e−8ν

2 cos(ϕ1 + ϕ2 − ϕx). (1.32)
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1 The Particle Exchange Phase of Photons

From this expression it is clear, that in this symmetric scenario losses and dark counts only
contribute as a reduction in the visibility of ⟨: ˆ̃Π :⟩. Furthermore, losses and dark counts only
contribute as an additional off-set. Thus, our technique has the very appealing property that
the imperfections of the interferometer, which we modelled as effective dark counts and losses,
contribute no systematic error to the measurement of the exchange phase.

1.5 Distinguishable photons

In this section we discuss the impact of imperfect indistinguishability of photons on our measure-
ments. To reiterate, in the ideal case with no losses, dark counts, and perfectly indistinguishable
photons in the input state â†

1,H â
†
1,V |0⟩ we expect to measure

⟨Π̂⟩ = ⟨n̂1n̂4 + n̂2n̂3 − n̂1n̂3 − n̂2n̂4⟩ = 1
2 cos(ϕ1 + ϕ2 − ϕx). (1.33)

The partial distinguishability of the photon pairs potentially contaminates the measured value
of Π̂ with accidental coincidences from the incoherent evolution of distinguishable photon pairs.
However, in the absence of losses and dark counts, the probability for a single photon, in either
V - or H-polarization at the input 1, to emerge in the detectors is exactly ⟨n̂1⟩1,H = ⟨n̂1⟩1,V =
⟨n̂2⟩1,H = ⟨n̂2⟩1,V = . . . = 1

4 , which follows from the single-photon transformation Eq. (1.4).
The probability of an accidental (or incoherent) coincidence between any two detectors is then
given by the classical conditional probability ⟨n̂i⟩1,H ⟨n̂j⟩1,V or ⟨n̂i⟩1,V ⟨n̂j⟩1,H and is therefore
1
16 . Thus, the total contribution due to partial distinguishability vanishes exactly

⟨Π̂d⟩ = ⟨n̂1⟩ ⟨n̂4⟩+ ⟨n̂2⟩ ⟨n̂3⟩ − ⟨n̂1⟩ ⟨n̂3⟩ − ⟨n̂2⟩ ⟨n̂4⟩ = 1
16 + 1

16 −
1
16 −

1
16 . (1.34)

In other words, completely distinguishable photons will show no interference in the interfero-
meter, and the combined coincidence rate will be ⟨Π̂d⟩ = 0 independent of the phases ϕ1, ϕ2.
When considering losses η and dark counts ν, we find for the distinguishability contribution

⟨Π̂d⟩η,ν ∝
(
η2 − η1 + 4 (ν2 − ν1)

) (
η3 − η4 + 4 (ν3 − ν4)

)
, (1.35)

which is a constant vertical offset (which also vanishes for a symmetric interferometer) indepen-
dent of the interferometer phases ϕ1 and ϕ2. Therefore, also the imperfect indistinguishability
of the two-photon source does not lead to a systematic error in the estimation of ϕx. Nevert-
heless a high indistinguishability of the two-photon source is preferable, since the visibility of
the signal improves the statistical significance of the result.

In conclusion, when taking into account losses, dark counts and distinguishability of the
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Analysis of the experimental data 1.6

photon pairs, we find the following theoretical prediction for the outcome of the experiment

⟨Π̂⟩ = A cos(ϕ1 + ϕ2 − ϕx) + C, (1.36)

where the parameters A and C describe the combined effects of the aforementioned imperfec-
tions of the setup.

1.6 Analysis of the experimental data

Now that we have shown that our setup is capable of determining the particle exchange phase
of photons, we analyze the experimental data. In Fig. (1.2-a (top)) we show the typical time-
resolved Mach-Zehnder interference fringes when the attenuated laser is fed into the setup.
Here, the reference phases ϕ1 and ϕ2 are controlled by changing the voltages applied to two
piezo-elements that are attached to two mirrors in the respective interferometer arms. Using
Eqs. (1.18) we obtain the reference phases as shown at the bottom of Fig. (1.2-a). Once the
total reference phase ϕ1 + ϕ2 is known, the attenuated laser is shut off (using an automated
shutter), the photon-pairs are fed into the interferometer and the observable Π̂ is measured. The
evolution of the total reference phase and the two-photon observable is shown in Fig. (1.2-b). In
Fig. (1.2-c) we plot all measured value pairs (ϕ1 + ϕ2, ⟨Π̂⟩) over ≈ 90 min of total measurment
time (≈ 3 s measurement time per data point). However, for the final data analysis we only
consider data points, where the derived reference phases ϕ1, ϕ2 are within an interval [t, π − t]
- corresponding to the blue dots in Fig. (1.2-c)) - with t = 0.25 rad. The reasoning is, that the
slope of cos(ϕ1(2)) vanishes close to ϕ1(2) = 0, π, rendering the estimation of ϕ1,2 to be highly
sensitive to random fluctuations of the click-rates. The filter thresold t is also indicated by the
dashed horizontal lines in Fig. (1.2-a). Finally, we are in the position to compare the theoretical
model to the measured data. To this end, we sort the data points into bins of 0.1 rad width,
with respect to the total reference phase ϕ1 +ϕ2, as shown in Fig. (1.2-d). A least-square-error
fit to the theoretical model Eq. (1.36) reveals an offset C = (−37 ± 3) counts, a visibility of
A = (33±5) counts and, finally, the exchange phase ϕx = (3.10±0.07) rad, in a 95% confidence
interval.

At this point it is clear, that the expected result ϕx = 0 is not within the measurement
uncertainty. In fact, the measured value is off by almost exactly π, implying that photons are
fermions. However, until now we have neglected an important ingredient in the theoretical ana-
lysis, namely the geometric phase acquired by the swapped state during the physical swapping
transformation.

11



1 The Particle Exchange Phase of Photons

Abbildung 1.2: Measurement results. a Mach-Zehnder interference fringes observed
over a time interval of 20 min, while the attenuated laser is fed into the setup. b Total
reference phase (top) and combined coincidence rate ⟨Π̂⟩ (bottom) as the piezo voltages
are changed over time. c Scatter-plot of all measured value pairs (ϕ1 + ϕ2, ⟨Π̂⟩) (≈ 90
min measurement time in total). Since the slope of cos(ϕ1(2)) vanishes at ϕ1(2) = 0, π, the
associated uncertainty in the estimation of ϕ1 and ϕ2 diverges at these points. Therefore we
consider only data points where ϕ1 and ϕ2 are within an interval of [t, π − t] with t = 0.25
rad (blue points). This interval is also indicated by the dashed horizontal lines in (a). d
We sort the data points into bins with respect to the total reference phase and perform a
least-square error fit of ⟨Π̂⟩ = A cos(ϕ1 + ϕ2 − ϕx) + C, which yields ϕx = (3.10 ± 0.07)
rad (95% confidence interval, adjusted R2 = 0.89, RMSE = 1.9 Counts). s.e.m. standard
error of mean

1.7 Aharonov-Anandan geometric phase of the two-particle
swap operation

As we have seen in the previous section, the experimental data reveals a phase shift of π
between the swapped- and unswapped two-photon states. This seems to imply, that two-photon
states are anti-symmetric under particle exchange and therefore fermionic. However, care has

12



Aharonov-Anandan geometric phase of the two-particle swap operation 1.7

to exercised: the transformation |ψ⟩ = â†b̂† |0⟩ → eiϕSWAP b̂†â† |0⟩ = eiϕSWAP |ψSWAP⟩ is truly
physical and not merely a mathematical permutation of the labels of the states. The real phase
difference ϕSWAP between the states is thus not only determined by the particles’ fundamental
statistics ϕx, but also by the dynamic phase ϕd and the geometric phase ϕg, as defined by Y.
Aharonov and J. Anandan [29]. To be more precise, ϕd and ϕg are determined by the physical
process by which the particles are exchanged, or in other words by the path that the particles
take around each other. In this sense, the geometric phase ϕg is determined by the path and the
phase ϕd by the dynamics itself along the path. These additional phases are acquired during
the continuous, cyclical time-evolution of the initial two-photon state towards its swapped
counterpart. We now show that any physical SWAP-operation of the quantum states of two
photons yields a geometric phase ϕg = π, while the dynamic phase vanishes ϕd = 0.

We start with the quantum SWAP-gate, which is the Pauli σ̂x matrix

σ̂x =

0 1
1 0

 . (1.37)

The SWAP-gate performs the desired operation |ϕ1⟩ =

1
0

 SWAP←→

0
1

 = |ϕ2⟩, where a

single particle changes from the state |ϕ1⟩ to |ϕ2⟩ and vice versa. However, physically this
transformation has to be achieved as a time-evolution of the state, namely

Û(t) = e−itσ̂x =

 cos(t) i sin(t)
i sin(t) cos(t)

 , (1.38)

and after t = π
2 we have again the desired transformation

Û(π/2) =

0 i

i 0

 . (1.39)

Notice that we have obtained an additional global phase i = ei π
2 . In terms of creation operators,

we may also write

â†
1

SWAP−→ iâ†
2 (1.40)

â†
2

SWAP−→ iâ†
1. (1.41)

13



1 The Particle Exchange Phase of Photons

When we perform this operation on two non-interacting photons at the same time we obtain

â†
1â

†
2

SWAP−→ (iâ†
2)(iâ†

1) = eiπâ†
2â

†
1. (1.42)

The total phase acquired in this process is therefore ϕSWAP = π. We now proceed to show, that
this phase comes entirely from the geometric phase. As long as the SWAP transformation is
completed, we will have obtained this extra phase.
In general, a normalized state evolves as

|ψ̃(t)⟩ = e−iϕ(t) |ψ(t)⟩ , (1.43)

where ϕ(t) is a time-dependent global phase and |ψ(t)⟩ is the solution of the Schrödinger
equation. After a cyclical process from t = 0 to t = T , the system has returned to its initial
state

|ψ̃(T )⟩ = |ψ̃(0)⟩ ⇔ |ψ(T )⟩ = eiΦ |ψ(0)⟩ . (1.44)

In this process the state acquires the global phase

Φ =
∫ T

0
⟨ψ̃(t)| i∂t |ψ̃(t)⟩ dt︸ ︷︷ ︸

ϕg

−
∫ T

0
⟨ψ(t)| Ĥ |ψ(t)⟩ dt︸ ︷︷ ︸

ϕd

, (1.45)

which consists of the Aharonov-Anandan geometric phase ϕg and the dynamic phase ϕd [29].
In order to show that the total phase π from the two-particle SWAP operation is entirely
geometric, we just need to show that the dynamic phase vanishes. In other words we need to
evaluate

ϕd =
∫ T

0
⟨ψ(t)| Ĥ |ψ(t)⟩ dt. (1.46)

The Hamiltonian in our case is the σ̂x operator acting on each photon

Ĥ = σ̂x ⊗ 1̂ + 1̂⊗ σ̂x =


0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

 , (1.47)

and the initial (bosonic) state is |ψ(0)⟩ = 1√
2

(
|ϕ1⟩ ⊗ |ϕ2⟩+ |ϕ2⟩ ⊗ |ϕ1⟩

)
= (0, 1, 1, 0)T . Using

the spectral decomposition of the time evolution operator, Û(t) =
∑

n exp(−iλnt) |n⟩ ⟨n|, we

14
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find

ϕd =
∫ T

0
⟨ψ(0)| Û †(t)ĤÛ(t) |ψ(0)⟩ dt (1.48)

=
∫ T

0

4∑
n,m=1

eiλnte−iλmt ⟨ψ(0)|n⟩ ⟨n| Ĥ |m⟩ ⟨m|ψ(0)⟩ dt. (1.49)

Here |n⟩ is the n’th eigenstate of Ĥ with eigenvalue λn. The spectrum of Ĥ is simply λ1,2,3,4 =
−2, 0, 0, 2. Thus we only need to consider the terms n = m = 1 or n = m = 4. Further, we
define cn = ⟨n|ψ(0)⟩ and arrive at

ϕd =
∫ T

0
λ1|c1|2 + λ4|c4|2dt. (1.50)

Explicitly, the 1’st eigenstate is |1⟩ = 1
2
(
1,−1,−1, 1

)T and the 4’th |4⟩ = 1
2
(
1, 1, 1, 1

)T and
thus |c1|2 = |c4|2 = 1

2 . And since λ1 = −λ4 = −2 we have the result

ϕd =
∫ T

0

1
2 (2− 2) dt = 0. (1.51)

Therefore, the total phase of the SWAP operation is entirely geometric in nature. In conclusion,
the measured deviation from the expected result is completely explained by the additional
geometric phase acquired during the physical swapping process.

At this point, it is interesting to note that many textbooks introduce the symmetrization
postulate stating that quantum mechanical systems comprising N identical particles are either
totally symmetric or anti-symmetric under the exchange of any pair of particles, e.g. [11]. Such
a statement seems to imply that the physical situation must remain unaffected if two photons
undergo a physical SWAP-transformation, since the statistics phase is ϕx = 0. However, as
demonstrated here, this is not the case. Instead, an observable geometric phase arises when the
position (or any degree of freedom) of a pair of identical particles are physically exchanged.
In this respect, this work will serve as reference to clarify the definition of the symmetriza-
tion postulate from a physical point of view. Furthermore, the result provides a first bound
for a possibly non-vanishing exchange phase of photons, and is a starting point for precision
measurements on tests of the symmetry of multi-particle wavefunctions.

To summarize, we have developed an interferometric technique to directly measure the partic-
le exchange phase of indistinguishable photons. Within the margin of error our results confirm
the symmetric nature of states that consist of two indistinguishable photons. We demonstrated
that it is crucial to consider the additional geometric and dynamic phase accumulated during
the state-dependent transport protocol.
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KAPITEL 2

Multiphoton quantum walks in synthetic
dimensions

In the previous chapter we have demonstrated the bosonic nature of photons. This fact
enables N indistinguishable photons to occupy a single quantum state (or mode) simul-
taneously - forming a Fock state |N⟩. We now expand on this concept, by considering M
optical modes occupied by N indistinguishable photons. The propagation of such multi-
photon states through multi-port waveguide arrays gives rise to synthetic dimensions where
a single waveguide system generates a multitude of synthetic lattices. Since these synthe-
tic lattices exist in photon-number space, we introduce the concept of pseudo-energy and
demonstrate its utility for the study of multi-photon interference processes. Specifically,
the spectrum of the associated pseudo-energy operator generates a unique ordering of the
relevant states. Together with generalized pseudo-energy ladder operators, this allows for
representing the dynamics of multi-photon states by means of pseudo-energy term dia-
grams, or equivalently Fock-graphs, that can be associated with a synthetic atom. The
multi-photon dynamics in linear waveguide arrays are thus mapped onto a single quantum
random walker in a synthetic higher-dimensional space. These results are published in [2,
3].

2.1 Introduction

The concept of synthetic dimensions has recently opened the door to novel perspectives for
expanding the dimensionality of well-understood physical systems [30–34]. One strategy to
explore synthetic dimensions consists in driving the associated dynamical systems to activate
the coupling between different internal modes which under normal conditions remain uncoupled
[35]. By doing so, the resulting coupled modes exhibit lattice-like structures that exist in an
abstract space which is nonetheless physical. The importance of synthetic dimensions lies in
the fact that they allow us to explore a variety of effects that are not available in spatial or
temporal domains.
To illustrate the basic idea of activating synthetic dimensions, we begin by elucidating how a
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one-dimensional quantum harmonic oscillator generates a lattice in Fock space. The oscillator’s
Hamiltonian is given as Ĥ = ω

(
â†â+ 1

2

)
, and its dynamics is governed by the Schrödinger

equation i∂t |Ψ(t)⟩ = Ĥ |Ψ(t)⟩. Here, ω is the angular frequency of the oscillator, and â and
â† denote, respectively, the annihilation and creation operators [36]. Notice, we have set the
reduced Planck constant and the oscillator mass to unity, i.e., ℏ = 1 and m = 1. When the
oscillator is initially prepared in the eigenstate |Ψ(0)⟩ = |n⟩, then it will remain in this state,

only acquiring a time-dependent phase factor during evolution, i.e., |Ψ(t)⟩ = e−i
(

n+ 1
2

)
ωt |n⟩.

That is, no transitions to other eigenstates occur. However, by subjecting the oscillator to a
time-dependent displacement, x̂(t) = f(t)

(
â† + â

)
, the Hamiltonian acquires the form Ĥ(t) =

ω
(
â†â+ 1

2

)
+ f(t)

(
â† + â

)
. Substituting the general state vector |Ψ(t)⟩ =

∑∞
m=0 cm(t) |m⟩,

where cm(t) = ⟨m|U(t) |Ψ(0)⟩ are the transition amplitudes from the initial state |Ψ(0)⟩ to
the final state |m⟩, into the Schrödinger equation, we find that the amplitudes cm(t) obey the
semi-infinite set of coupled differential equations

i
dc0
dt

= f(t)c1(t), (2.1)

i
dcm

dt
= ωmcm(t) + f(t)

(√
mcm−1(t) +

√
m+ 1cm+1(t)

)
. (2.2)

These equations clearly illustrate that the time dependent displacement x̂(t) activates transi-
tions between the amplitudes cm−1(t), cm(t), and cm+1(t). This implies that in Fock space the
oscillator generates a lattice, where it can “hop” from eigenstate |m⟩ to the adjacent eigenstates
|m− 1⟩ and |m+ 1⟩ with hopping rates f(t)

√
m and f(t)

√
m+ 1, respectively [37–43].

In general, applying dynamic modulations to the potentials associated with physical systems
induces coupling among the supported eigenstates. Using this technique, a photonic topologi-
cal insulator in synthetic dimensions has been recently implemented via modulated waveguide
lattices [44, 45].
Within the realm of optics and photonics, synthetic dimensions can be created by exploiting
the spatial, temporal, polarization, and frequency degrees of freedom of light [35]. For instance,
large-scale parity-time symmetric lattices have been implemented in the temporal domain using
optical fiber loops endowed with gain and loss [46, 47] and a driven-dissipative analogon of the
four-dimensional quantum Hall effect has been observed in a spatially 3D resonator lattice [33].

In this chapter, we show that high-dimensional lattices emerge in photon-number space when
a photonic lattice of M ports [48, 49] is excited by N indistinguishable photons, see Fig. (2.1).
More precisely, the Fock-representation of N -photon states in systems composed of M evane-
scently coupled single-mode waveguides yields to a new layer of abstraction where the associated
states can be visualized as the energy levels of a synthetic atom, which features a number of
allowed and disallowed transitions between its energy levels.
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In photonic waveguide lattices, where all the waveguides are coupled to each other, the quan-
tum optical Hamiltonian is given as Ĥ =

∑M
j=1 βj â

†
j âj +

∑M
i ̸=j κij â

†
i âj ,[50], where â†

j and âj ,
respectively, are bosonic creation and annihilation operators for photons in the j-th waveguide.
Further, βj denotes the propagation constant of the j-th waveguide and κij is the coupling
coefficient between the i-th and j-th waveguide.
For simplicity we restrict our subsequent analysis to the simplest scenario of one-dimensional
waveguide arrays with nearest-neighbor couplings

Ĥ =
M∑

j=1

[
βj â

†
j âj + κj,j−1â

†
j−1âj + κj,j+1â

†
j+1âj

]
. (2.3)

Under these premises, the propagation of a single-photon in the waveguide lattice can be
described using the Heisenberg equations of motion for the bosonic creation operators [51, 52]

i
dâ†

m

dz
= βmâ

†
m + κm,m−1â

†
m−1 + κm,m+1â

†
m+1, (2.4)

where m = 1, . . . ,M . Accordingly, the single-photon response is computed through the input-
output transformation â†

m(0) =
∑M

n=1 Um,n(z)â†
n(z), where Um,n(z) denotes the (m,n) matrix

element of the evolution operator Û(z) = exp
(
−izĤ

)
[53]. Using this formalism, it is straight-

forward to show that an initial N -photon state |n1, n2, ..., nM ⟩, with N =
∑M

m=1 nm, will
transform into the output state

|Ψ(0)⟩ =

(
â†

1(0)
)n1

. . .
(
â†

M (0)
)nM

√
n1! . . . nM !

|0⟩ z−→ (2.5)(∑M
n=1 U1,n(z)â†

n(z)
)n1

. . .
(∑M

n=1 UM,n(z)â†
n(z)

)nM

√
n1! . . . nM !

|0⟩ .

1 2 3 4 5 6 7 M

...

κ1,2 κ2,3 κ3,4 κ4,5 κ5,6 κ6,7

Abbildung 2.1: One-dimensional array of M identical nearest-neighbour evanescently
coupled waveguides with coupling coefficients κm,m+1.
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In the context of waveguide lattices, the input-output formalism is the most common approach
used to compute the output states [54]. In what follows, we use the equivalent Schrödinger-
picture formalism to unveil the high-dimensional lattice structures arising from the propagation
of multiple photons through multi-port waveguide systems. To do so, we first notice that N
indistinguishable photons exciting M coupled waveguides, give rise to a total of NF = (N +
M − 1)!/N !(M − 1)! states which are given by all integer partitions of N among the M sites.
For the trivial case of N = 1 photon, we simply obtain a set of M states

|1m⟩ = |0, . . . , 1︸︷︷︸
m’th waveguide

, . . . , 0⟩ , (2.6)

with m = 1, . . . ,M . By computing the matrix elements of the Hamiltonian given in Eq. (2.3)
for N = 1, Hn,m = ⟨1n| Ĥ |1m⟩ = βnδm,n + κn,m−1δn,m−1 + κn,m+1δn,m+1, one can readily see
that the single-photon states are coupled to each other as displayed by the equations

i
d

dz
|1m⟩ = βm |1m⟩+ κm,m−1 |1m−1⟩+ κm,m+1 |1m+1⟩ , (2.7)

in agreement with Eq. (2.4).
We now consider the more interesting scenario of N photons propagating through a waveguide
beam splitter, M = 2, with propagation constants β1 and β2 and coupling κ1,2 = κ2,1 ≡ κ. In
this case, there exist a total of (N +1) states, namely

(
|0, N⟩ , |1, N − 1⟩ , ..., |N − 1, 1⟩ , |N, 0⟩

)
,

and the Hamiltonian acquires the form

Ĥ = β1â
†
1â1 + β2â

†
2â2 + κâ†

1â2 + κâ1â
†
2. (2.8)

Computing the matrix elements Ĥ(m,n),(p,q) = ⟨m,n| Ĥ |p, q⟩ reveals that the states obey the
(N + 1) equations of motion

i
d |m,n⟩
dz

=
(
β1m+ β2n

)
|m,n⟩+ Cm |m− 1, n+ 1⟩+ Cm+1 |m+ 1, n− 1⟩ , (2.9)

with the effective coupling coefficients Cm = κ
√
m(n+ 1) and n = N −m [2]. This indicates

that inside a waveguide beam splitter the amplitudes of two-mode N -photon states evolve
coupled to each other with hopping rates Cm, and the corresponding phases depend on both
propagation constants.
For the case of two identical waveguides we have β1 = β2 = β so that the first term on
the r.h.s. of Eq. (2.9) becomes βN |m,N −m⟩ which indicates that all the states will exhibit
the same effective propagation constant. We have recently demonstrated that waveguide beam
splitters produce the Discrete Fractional Fourier Transform (DFrFT) of N -photon states [2],
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Introduction 2.1

as well as exceptional points of arbitrary order, provided that losses are introduced in one of
the waveguides [5].
On the other hand, when considering two non-identical waveguides, β1 ̸= β2, the first term
on the r.h.s. of Eq. (2.9) acquires the form

[
(β1 − β2)m+ β2N

]
|m,N −m⟩. Remarkably, the

term
[
(β1 − β2)m

]
indicates that the state evolution will be influenced by an effective ramping

potential in the same fashion as in the case of classical waves in Bloch oscillator systems [41, 55,
56]. Consequently, we can tailor the dynamics of N -photon states by simply adjusting the Bloch
slope (β1 − β2) in order to suppress and/or create certain output states. As an illustration, we
depict in Abbildung 2.2 the probability evolution for the initial state |5, 5⟩ in a waveguide beam
splitter with coupling coefficient κ = 1 (a) for β1 = β2 = 1 and (b) for β1 = 0, β2 = 4. While case
(a) corresponds to discrete “diffraction” of the initial state in state space, case (b) corresponds to
“Bloch oscillations” in state space. Note, throughout this work we present all simulations using
the normalized propagation coordinate z = κZ, where Z is the actual propagation distance and
κ stands for the nearest-neighbor coupling coefficient. After the above introductory examples,
we now proceed to consider the most interesting case where multiple photons N > 1 excite
more than two waveguides M > 2. In order to motivate the concept of pseudo-energy we first
examine the simplest case of a waveguide trimer, M = 3, that is excited by N = 2 photons and
then move on to the general case.
For a waveguide trimer the Hamiltonian takes the form

Ĥ =β1â
†
1â1 + β2â

†
2â2 + β3â

†
3â3 + κ1

(
â†

1â2 + â†
2â1

)
+ κ2

(
â†

2â3 + â†
3â2

)
. (2.10)

When excited by two photons, we have a total of 6 photon-number states obeying the following
coupled set of equations of motion

i
d

dz
|200⟩ = 2β1 |200⟩+

√
2κ1 |110⟩ (2.11)

i
d

dz
|110⟩ = (β1 + β2) |110⟩+ κ2 |101⟩+

√
2κ1

(
|200⟩+ |020⟩

)
(2.12)

i
d

dz
|020⟩ = 2β2 |020⟩+

√
2κ1 |110⟩+

√
2κ2 |011⟩ (2.13)

i
d

dz
|101⟩ = (β1 + β3) |101⟩+ κ1 |011⟩+ κ2 |110⟩ (2.14)

i
d

dz
|011⟩ = (β2 + β3) |011⟩+ κ1 |101⟩+

√
2κ2

(
|002⟩+ |020⟩

)
(2.15)

i
d

dz
|002⟩ = 2β3 |002⟩+

√
2κ2 |011⟩ . (2.16)

As in the earlier examples, here we also have the possibility of molding the state dynamics
via tuning the propagation constants and coupling coefficients. For instance, for equal coupling
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2 Multiphoton quantum walks in synthetic dimensions

0

1

Abbildung 2.2: Probability distribution
∣∣∣⟨m,N −m| Û(z) |ψ(0)⟩

∣∣∣2 for the initial state
|ψ(0)⟩ = |5, 5⟩ propagating through a waveguide beam splitter with (a) β1 = β2 = 1
(discrete “diffraction” in state space) and (b) β1 = 0 and β2 = 4 (“Bloch oscillations” in
state space).

coefficients κ1 = κ2 = 1 and identical waveguides β1 = β2 = β3 = 0, we observe a periodic
spreading and contraction of the two-photon wave function, as illustrated in Abbildung 2.3 (a).
In contrast, choosing a different propagation constant for the central waveguide, β2 = 2, leads

Abbildung 2.3: Probability distribution
∣∣∣⟨n1, n2, n3| Û(z) |ψ(0)⟩

∣∣∣2 for the initial state
|ψ(0)⟩ = |1, 0, 1⟩ propagating through a balanced 3-waveguide beam splitter (κ1 = κ2 = 1)
with (a) β1 = β2 = β3 = 0 and (b) β1 = β3 = 0 and β2 = 2. At the dotted horizontal line
the state has evolved almost exactly into a two-photon N00N state in state space.
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to a quasi-periodic evolution, Abbildung 2.3 (b). Indeed, this quasi-periodic evolution occurs
because the ratios between the eigenvalues of the coupling matrix are irrational numbers. We
would like to emphasize that at the propagation distance indicated by the dashed line in
Abbildung 2.3 (b), the input state |101⟩ evolves into a quasi two-photon N00N state in state
space, which is reminiscent of the Hong-Ou-Mandel effect [19].
To describe the photon dynamics in the waveguide trimer, we have obtained an even number
of equations. At this point, the way in which the states should be arranged into a synthetic
lattice is not at all clear. To be precise, the six states representing the sites of the synthetic
lattice can be sorted into at least two distinct natural sequences as shown in Table 2.1.
Clearly, arranging the states into a lattice (i.e., sorting) and analyzing the corresponding

equations of motion becomes rather cumbersome when considering higher photon numbers in
multiple coupled waveguides. In the following section, we introduce a concise and universal
method that facilitates studying the general case of N > 1 photons propagating in arrays
formed by M > 2 waveguides. The resulting structures follow from physical and mathematical
considerations that eventually allow us to describe multi-photon processes in waveguide arrays
in a surprising and remarkable way that resembles the quantum-mechanical description of
multi-level atoms.
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2 Multiphoton quantum walks in synthetic dimensions

|2, 0, 0⟩ |1, 1, 0⟩ |0, 2, 0⟩ |1, 0, 1⟩ |0, 1, 1⟩ |0, 0, 2⟩
|2, 0, 0⟩ |1, 1, 0⟩ |1, 0, 1⟩ |0, 2, 0⟩ |0, 1, 1⟩ |0, 0, 2⟩

Tabelle 2.1: Possible lattice configurations for states arising in a waveguide trimer exited
by two photons.

2.2 Pseudo energy representation

We now introduce a concept analogous to the concept of energy and we, therefore, refer to it
as the pseudo-energy. As we show below, the concept of pseudo-energy is rather useful since
it facilitates a unique sorting of multi-photon Fock states in a physically meaningful way and
allows for establishing a correspondence between Fock states and the energy levels of a synthetic
atom. Concurrently, we identify pseudo-energy ladder operators along with pseudo-exchange-
energies in order to define the corresponding selection rules in Fock space for transitions between
the pseudo-energy levels of the synthetic atom.
We consider N indistinguishable photons propagating in an array of M evanescently coupled
waveguides that give rise to NF = (N +M − 1)!/N !(M − 1)! Fock states |n1, . . . , nM ⟩, fulfilling
the condition

∑M
m=1 nm = N . The first issue to be addressed is to determine a way of sorting

the multi-photon states in Fock space in a meaningful way. To do so, we associate a unique
numerical value to every state |n1, . . . , nM ⟩ as follows

|n1, . . . , nM ⟩ ⇒ [n1.....nM ]N+1

= n1 × (N + 1)0 +... +nM × (N + 1)M−1. (2.17)

Here, K = [n1.....nM ]N+1 is an integer and the numbers nm are to be understood as the digits
of K in base N + 1, where the most significant digit is the right-most number nM (i.e. big-
endian encoding). Observing that [n1.....nM ]N+1 =

∑M
m=1

(
N + 1

)m−1
nm allows us to define

the pseudo-energy operator

K̂(N,M) =
M∑

m=1

(
N + 1

)m−1
n̂m, (2.18)

such that its action on the N -photon-M -mode Fock states |n1, . . . , nM ⟩ yields

K̂(N,M) |n1, . . . , nM ⟩ = K(n1, . . . , nM ) |n1, . . . , nM ⟩ , (2.19)

with eigenspectrum K(n1, . . . , nM ) =
∑M

m=1
(
N + 1

)m−1
nm. From Eq. (2.19), we readily infer

the smallest and largest eigenvalues Kmin = K(N, 0, . . . , 0, 0) =
[
N.0.....0.0

]
N+1 = N and

Kmax = K(0, 0, . . . , 0, N) =
[
0.0.....0.N

]
N+1 = N(N + 1)M−1, respectively. Accordingly, the
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eigenvalues are bounded by Kmin ≤ Kν ≤ Kmax.
As a result, to sort the associated Fock states, we have to compute the corresponding Kν ’s
and arrange them in ascending order. The resulting ladder of Kν ’s then defines the synthetic
lattices formed by the states. We refer to this ordering as the pseudo-energy representation of
the N -photon-M -mode Fock states.
For illustration, we revisit the above case of N = 2 photons propagating in an array of M = 3
waveguides. Accordingly, there are NF = 6 states and the spectrum of the pseudo-energy
operator K̂(2,3) comprises 6 integers{

[2.0.0]3 , [1.1.0]3 , [0.2.0]3 , [1.0.1]3 , [0.1.1]3 , [0.0.2]3
}

= {2, 4, 6, 10, 12, 18}. (2.20)

Using these numbers we readily obtain the pseudo-energy representation of the 2-photon-3-
mode Fock space

|2, 0, 0⟩ = |[2.0.0]3 = 2⟩ = |K1⟩ ,

|1, 1, 0⟩ = |[1.1.0]3 = 4⟩ = |K2⟩ ,

|0, 2, 0⟩ = |[0.2.0]3 = 6⟩ = |K3⟩ ,

|1, 0, 1⟩ = |[1.0.1]3 = 10⟩ = |K4⟩ ,

|0, 1, 1⟩ = |[0.1.1]3 = 12⟩ = |K5⟩ ,

|0, 0, 2⟩ = |[0.0.2]3 = 18⟩ = |K6⟩ .

(2.21)

Consequently, we designate Kν as the pseudo-energy of the ν-th Fock state in the N -photon-
M -mode Fock space

∣∣Kν

〉
=

∣∣∣∣∣
[
n

(ν)
1 .....n

(ν)
M

]
N+1

〉
=
∣∣∣∣n(ν)

1 , . . . , n
(ν)
M

〉
, (2.22)

with ν = 1, . . . , NF . In general, for any given N,M and pseudo-energy Kν , the inverse mapping
onto the mode-occupation numbers is

n(ν)
m =

(
Kν ÷ (N + 1)m−1

)
#(N + 1), (2.23)

where the symbol ÷ corresponds to integer division and # is the modulo operator.
We now proceed to show how the pseudo energy representation of Fock states allows us to
express the equations of motion of N photons in M waveguides in a concise way. To do so, we
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2 Multiphoton quantum walks in synthetic dimensions

take a closer look at the action of the operator â†
i âj on a Fock state

â†
i âj |n1, . . . , nM ⟩ =

√
(ni + 1)nj

∣∣∣∣n1, . . . , ni + 1, . . . , nj − 1, . . . , nM

〉
. (2.24)

If the state |n1, . . . , nM ⟩ corresponds to the pseudo-energy Kν , then the resulting state on the
r.h.s. of Eq. (2.24) must have the pseudo-energy

Kµ =
[
n1.....ni + 1.....nj − 1.....nM

]
N+1

= Kν + (N + 1)i−1 − (N + 1)j−1.
(2.25)

Therefore, the action of â†
i âj changes the pseudo-energy of Fock states by the amount

∆Kij = (N + 1)i−1 − (N + 1)j−1 = −∆Kji, (2.26)

which we denote as the pseudo-exchange energy associated with the tunneling process taking
place between waveguides i and j. In this sense the operators â†

i âj can be thought of as pseudo-
energy ladder operators, which raise or lower the pseudo-energy of Fock states. Consequently,
we can write

⟨Kµ|κij â
†
i âj |Kν⟩ = κij

√(
n

(ν)
i + 1

)
n

(ν)
j δKµ,Kν+∆Kij

. (2.27)

The physical significance of Eq. (2.27) is that a direct transition between the states |Kµ⟩ and
|Kν⟩ is only possible if there exists a pseudo-exchange energy ∆Kij such that

|∆Kij | = |Kµ −Kν |. (2.28)

Obviously, Eq. (2.28) defines the selection rules in Fock space. Together with the action of the
photon number operators n̂m, the full system of coupled equations governing the propagation
of N photons through M coupled waveguides in the pseudo-energy representation is given by

i
d

dz
|Kµ⟩ =

M∑
m=1

βmn
(µ)
m |Kµ⟩+

NF∑
ν=1

M∑
i,j=1

κij

√(
n

(ν)
i + 1

)
n

(ν)
j δKµ,Kν+∆Kij

|Kν⟩ . (2.29)

For the case of nearest-neighbour coupled, identical waveguides, where all the propagation con-
stants are the same, the relevant pseudo-exchange energies are ∆Ki := ∆Ki+1,i = N(N + 1)i−1
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and the set of coupled equations reduces to

i
d

dz
|Kµ⟩ = Nβ |Kµ⟩+

NF∑
ν=1

M−1∑
i=1

κi

√(n(ν)
i + 1

)
n

(ν)
i+1δKµ,Kν−∆Ki

+

√
n

(ν)
i

(
n

(ν)
i+1 + 1

)
δKµ,Kν+∆Ki

 |Kν⟩ .

(2.30)

To further illustrate the resulting coupling system in Fock space, we revisit the case of a single
photon N = 1 propagating in M = 3 waveguides. The effective coupling behavior of allowed
and forbidden transitions in Fock space can now be visualized within a pseudo-energy term dia-
gram, as illustrated in Abbildung 2.4 (a). In this particular case the nearest-neighbour coupling
of the waveguides is retained in Fock space and any given Fock state |Kν⟩ only couples to its
nearest neighbours

∣∣Kν±1
〉
.

A similar picture arises in the case of two waveguides M = 2 and N = 2 photons, as depicted
in Abbildung 2.4 (b). Here, we obtain a term-diagram that is essentially isomorphic to Abbil-
dung 2.4 (a), where only nearest-neighbour Fock states are coupled to each other.
The nearest neighbour picture radically changes when applying the pseudo-energy approach
to the case of N = 2 photons and M = 3 waveguides as displayed in the corresponding
term-diagram in Abbildung 2.4 (c). Importantly, even when the waveguides are only cou-
pled to their nearest neighbors in real space, in photon number space certain states become
coupled to next-nearest neighbor states. For instance, in Abbildung 2.4 (c) we observe that
the state

∣∣K2
〉

= |4⟩ = |1, 1, 0⟩ not only couples to its neighbors
∣∣K1

〉
= |2⟩ = |2, 0, 0⟩ and∣∣K3

〉
= |6⟩ = |0, 2, 0⟩, but also to the next-nearest neighbour state

∣∣K4
〉

= |10⟩ = |1, 0, 1⟩. For
illustrative purposes, we present in Abbildung 2.5 the coupling matrix for this particular set of
states when the three-waveguide system is formed by identical waveguides, β1 = β2 = β3 = 0,
and balanced coupling coefficients κ1 = κ2 = 1.
At this point is rather evident that the richness and complexity of the emerging synthetic
configurations will become more prominent when higher number of photons and waveguides
are considered. Moreover, it is worth stressing that in order to generate the present synthetic
structures we did not require any modulation of the system parameters as the states naturally
couple due to the system’s internal dynamics.
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2 Multiphoton quantum walks in synthetic dimensions

Abbildung 2.4: Pseudo-energy term diagrams for (a) N = 1 photon in M = 3 coupled
waveguides, (b) N = 2 photons in M = 2 coupled waveguides, and (c) N = 2 photons in
M = 3 waveguides. Horizontal lines symbolize the different Fock states and vertical arrows
indicate allowed transitions along with the corresponding pseudo-exchange energy.

Abbildung 2.5: Matrix components of the effective Hamiltonian Hµν for N = 2 photons
propagating in M = 3 identical, nearest-neighbor coupled waveguides (β1 = β2 and κ1 =
κ2 = 1).
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2.3 Three-dimensional synthetic lattices: Fock graphs

In this section we introduce a more convenient way of representing the hamiltonian matrix of
N -photons exciting M -waveguides. To do so, we interpret the states as vertices of a graph (Fock
graph) where the allowed inter-state transitions represent the edges. A practical representation
of finite graphs is the so-called adjacency matrix whose entries indicate whether pairs of vertices
are adjacent or not. In the present context, the effective Hamiltonian Hµν = ⟨Kµ| Ĥ |Kν⟩ in
the N -photon-M -mode pseudo-energy representation determines such an adjacency matrix

A(N,M)
µν = Θ(Hµν), (2.31)

where Θ is the step-function and A
(N,M)
µν = 1(or 0) indicates a connection (or no connection)

between the vertices µ and ν. In what follows, we assume identical waveguides with β1 =
... = βM = 0 in order to omit self-loops in the graph representation. As an example, in
Abbildung 2.6 we depict the Fock graph arising from the effective Hamiltonian of Abbildung 2.5,
which we have already discussed in the previous section. In Abbildung 2.7 (a), we depict further
examples for photon numbers up to N = 5 and up to M = 6 waveguides. The first row, which
corresponds to single photon graphs, simply reflects the one-dimensional spatial configuration
of the waveguides. By introducing a second photon, we observe that the Fock graphs become
two-dimensional, Abbildung 2.7 (b), except for the case M = 2. The inclusion of more photons
leads to non-planar graphs, which exhibit a layered structure in three dimensions as indicated
by the different coloring of the nodes in different layers.
A prominent feature to highlight in Abbildung 2.7 is the symmetry observed between graphs
emerging for the combinations (M,N) and (N − 1,M + 1). In other words, every Fock graph
has an isomorphic partner graph

A(N,M)
µν = A(M−1,N+1)

µν ∀ N,M, (2.32)

with an identical adjacency matrix, up to a trivial permutation of the node labels. In Abbil-
dung 2.7 (b), we depict the smallest non-trivial pair of Fock graphs, A(3,3)

µν and A
(2,4)
µν . Inde-

ed, if we were to start from A
(3,3)
µν and permute the vertex-labels according to

(
1, . . . , 10

)
→(

1, 2, 4, 7, 3, 5, 8, 6, 9, 10
)

we will exactly obtain A
(2,4)
µν .

Indeed, this underlying symmetry in the space of possible Fock graphs has very interesting impli-
cations. For instance, in [2] we have shown that it is possible to implement the number-resolved
N + 1-dimensional Discrete Fractional Fourier Transform (DFrFT) with a single waveguide
beam splitter by launching N indistinguishable photons. Furthermore, using the same photon-
number-resolved mapping in [5] we have shown how to attain so-called exceptional points of
N + 1 order, by way of exciting a semi-lossy waveguide beam splitter with high photon number

29



2 Multiphoton quantum walks in synthetic dimensions

states. In fact, it is now clear that these results emerge as special cases of Eq. (2.32), which
pertains to the identity of the first row and column in Abbildung 2.7 (a). Thus, by following
similar ideas it is possible, in principle, to find the corresponding effects for waveguide systems
with M ≥ 3 excited by N ≥ 2 photons.
Additionally, by exploiting the graph symmetry it becomes apparent that a specific transfor-
mation which requires N photons and M waveguides could likewise be implemented with M−1
photons and N + 1 waveguides. Of course, such alternatives for implementing a transformation
are not always guaranteed because of the different dimensions of the experimentally accessible
parameter spaces. Nonetheless, this may serve as a useful Ansatz to overcome concrete experi-
mental difficulties.
The Fock graphs offer a rich variety of synthetic coupled structures. This variety can be fur-
ther enhanced by considering different spatial arrangements of the waveguides, for instance,
ring- or star-shaped structures instead of the simple planar configuration studied here. Ne-
vertheless, even with this simple one-dimensional arrangement comprising a few waveguides
and small photon numbers, one encounters interesting effects that are only possible due to the
multi-dimensionality of the corresponding Fock graphs. For illustration, we revisit one more
time the case of M = 3 waveguides, with equal propagation constants β1 = β2 = β3 = 0 and
balanced coupling coefficients κ1 = κ2 = 1√

2 , excited by N = 2 photons. The pseudo-energy
representation of the effective Hamiltonian takes the form

Hµν =



0 1 0 0 0 0
1 0 1 1√

2 0 0
0 1 0 0 1 0
0 1√

2 0 0 1√
2 0

0 0 1 1√
2 0 1

0 0 0 0 1 0


. (2.33)

With this choice of parameters the spectrum of Hµν is integer-valued

(
λ1, . . . , λ6

)
=
(
−2,−1, 0, 0, 1, 2

)
, (2.34)
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Abbildung 2.6: Two-dimensional Fock graph for M = 3 waveguides excited by N = 2
indistinguishable photons. The corresponding adjacency matrix is induced by the effective
Hamiltonian in Abbildung 2.5 according to Eq. (2.31).

Abbildung 2.7: (a) Overview of several two- and three-dimensional embeddings of Fock
graphs A(N,M)

µ,ν for M = 2, . . . , 6 waveguides excited by N = 1, . . . , 5 indistinguishable
photons. Different node colors indicate layer-like structures that emerge for N ≥ 3,M ≥ 4
(all nodes in the same layer feature the same color). For the sake of readibility we have
omitted the node labels as well as the graphs for M ≥ 5, N ≥ 4. (b) The smallest example
of an isomorphic pair of planar Fock graphs with N = 2,M = 4 and N = 3,M = 3
respectively.
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which indicates that the third and fourth eigenstates are degenerate with eigenvalues λ3 = λ4 =
0. We now consider the evolution of a coherent superposition |ψ⟩ of the eigenstates

|ϕ3⟩ =



1
2
0
0
− 1√

2
0
1
2


and |ϕ5⟩ = 1

2



1
1
0
0
−1
−1


(2.35)

with corresponding eigenvalues λ3 = 0 and λ5 = 1, specifically

|ψ⟩ = 1√
2
(
|ϕ3⟩+ |ϕ5⟩

)
= 1√

2



1
1
2
0
− 1√

2
−1

2
0


. (2.36)

In the standard Fock representation |ψ⟩ reads as

|ψ⟩ = 1√
2

(
|200⟩+ 1

2 |110⟩ − 1√
2
|101⟩ − 1

2 |011⟩
)
. (2.37)

We display the probability evolution for this state in Abbildung 2.8. Only the probabilities
of the states |200⟩ and |002⟩ oscillate during propagation with a period of 2π

λ5−λ3
= 2π, while

all intermediate probabilities remain constant. This quasi-bound state is especially interesting
when considering the fact that a direct transition ⟨200| Ĥ |002⟩ = 0 is forbidden and, additio-
nally, these two states have the maximum possible distance within the graph, that is, at least
4 single-photon tunneling processes are required to transform one state into the other. The
constant population of the intermediate states in a way assists the simultaneous tunneling of
two photons between the two waveguides. We would further like to note, that the state |020⟩
exhibits zero probability for all z, further attesting a multi-photon tunneling (in this case co-
tunneling) effect taking place between the two waveguides. Geometrically speaking, this effect
arises due to destructive interference taking place in the two-way branching of the Fock graph
shown in Abbildung 2.6. This branching effectively allows for the flow of the amplitudes to take
a “detour” around the |020⟩ node.
As an alternative, one may attempt to implement a real space structure in one or two dimen-
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Abbildung 2.8: Evolution of the probabilities
∣∣∣⟨Kν | Û(z) |ψ⟩

∣∣∣2 of the state |ψ⟩ as defined
in (2.37).

sions consisting of six coupled waveguides in order to emulate an equivalent Hamiltonian for
just a single photon. However, this would be topologically impossible, since there always exist
additional cross-talk between the waveguides representing the nodes at the center of the graph.
In other words, our Fock-graph based analysis of multi-photon propagation in waveguide arrays
allows the realization of functionalities beyond what can be realized with linear (single-photon)
based networks.
Quite interestingly, by exciting waveguide lattices with multi-photon states comprising infinite
coherent superpositions, e. g. coherent states |α⟩ = exp

(
−|α|2/2

)∑∞
n=0

(
αn/
√
n!
)
|n⟩ or two-

mode squeezed vacuum states |ξ⟩ =
√

1− |ξ|2
∑∞

n=0 ξ
n |n, n⟩, opens a route to generating, in

principle, an infinite number of lattices or graphs with different numbers of lattice sites and ma-
ny dimensions simultaneously. This possibility is very appealing for realizing parallel quantum
random walks where the corresponding walkers can perform different numbers of steps that
depend on the number of photons involved in each process. We stress that the observation of
these quantum walks is nowadays possible utilizing bright parametric down-conversion sources
in combination with photon-number-resolving detectors [57].

2.4 Spectral decomposition in the pseudo-energy
representation

In this final section, we obtain an analytical expression for the eigensystem of an M waveguide
system (or tight-binding network) with arbitrary coupling coefficients κm excited by N indis-
tinguishable photons. With the help of the pseudo-energy representation we will be able to find
a concise expression, which also introduces a natural ordering of the N -photon-M -waveguide
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eigenstates. As we have seen, in the case of a single photon N = 1, the Hamiltonian takes on
a bi-diagonal form in the pseudo-energy representation. In some cases it is possible to find an
analytical closed form expression for the eigensystem, as for example in the case of the Discrete
Fractional Fourier Transform [58]. Even if no analytical solution is available, numerical algo-
rithms are known [59], that deal with bi-diagonal matrices efficiently. Therefore, without loss of
generality we assume that we know the complete eigensystem of the single-photon-M -waveguide
Hamiltonian, which we denote as

|ϕn⟩ =
M∑

m=1
u(n)

m â†
m |0⟩ =

M∑
m=1

u(n)
m

∣∣Km

〉
, (2.38)

Ĥ |ϕn⟩ = λn |ϕn⟩ , (2.39)

where n = 1, . . . ,M . In the above equation, u(n)
m is the m-th component of the n-th eigenvector

of the matrix Ĥm,n =
〈
Km

∣∣ Ĥ ∣∣Kn

〉
and it defines the single-particle eigenstates

ϕ̂†
n =

M∑
m=1

u(n)
m â†

m. (2.40)

When the same waveguide system is excited by N > 1 photons, it is clear that the many-particle
eigenstates arise from the products of the single-particle eigenstates. Formally, we may write
the resulting states as

|ñ1, . . . , ñM ⟩ =
M∏

m=1

(
ϕ̂†

m

)ñm

√
ñm!

|0⟩ , (2.41)

but now the occupation numbers ñm pertain to the number of photons occupying the m-th
single-particle eigenmode. Consequently, we can apply the pseudo-energy ordering to the N -

particle eigenstates by defining K̃ν =
[
ñ

(ν)
1 .....ñ

(ν)
M

]
N+1

. The ν-th eigenstate of the N -photon

system is then given by

∣∣∣K̃ν

〉
= 1√∏M

m=1 ñ
(ν)
m !

M∏
m=1

 M∑
k=1

u
(m)
k â†

k

ñ
(ν)
m

|0⟩ . (2.42)
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By requiring
∣∣∣K̃ν

〉
=
∑NF

µ=1 c
(ν)
µ

∣∣∣Kµ

〉
, where

∣∣∣Kµ

〉
denotes N -photon-M -waveguide Fock states,

we find for the components c(ν)
µ

c(ν)
µ =

√√√√ M∏
j=1

n
(µ)
j !
∑

k

√√√√ ∏M
j=1 ñ

(ν)
j !∏M

j,m=1 k
(m)
j !

M∏
m,j=1

[
u

(m)
j

]k
(m)
j

, (2.43)

where the sum
∑

k is to be understood to run over all possible ways to construct a M×M matrix
k with the components k(m)

j ∈ N, which fulfill the conditions 0 ≤ k
(m)
j ≤ N ,

∑M
j=1 k

(m)
j = ñ

(ν)
m

and
∑M

m=1 k
(m)
j = n

(µ)
j . It is now rather straightforward to show, that the N -particle eigenvalues

are given as the sum of the eigenvalues of the involved single-particle eigenstates

λ̃ν =
M∑

m=1
ñ(ν)

m λm. (2.44)

We would like emphasize that the numerical evaluation of Eq. (2.43) is far more efficient than
the direct diagonalization of the full matrix representation of Ĥ in N -photon-M -waveguide
Fock space. Due to the size and highly non-trivial structure of the resulting matrices, general
eigensystem-solvers produce a significant amount of overhead, which we avoid in our approach.
Essentially, we do not even require a calculation of the full matrix representation Hµν . Instead,
knowledge of the single-particle eigensystem and the bosonic nature of photons suffices.
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KAPITEL 3

Higher order exceptional points of any order by
photon-number resolved detection of

multi-mode coherent states

In the last chapter we have unveiled the highly complex synthetic coupled structures that
arise, when multi-port systems are excited by multiple indistinguishable photons. In this
chapter we present an application of the theory within the context of non-hermitian sys-
tems. Such non-hermitian systems can feature so-called exceptional points (EPs), where
two or more eigenvalues become degenerated and the corresponding eigenvectors coalesce.
In optics, a variety of systems can be engineered to possess well-defined EPs, which render
the system sensitive to, for example, environmentally-induced losses. In order to obtain
EPs of higher order previous strategies relied on increasing the spatial dimensions of the
system and the careful engineering of the systems parameters. Recently we found, that the
second order EP of a semi-lossy waveguide beamsplitter can be enhanced to an arbitrary
order by exciting the system with multiple indistinguishable photons. However, the gene-
ration of pure N -photon states is challenging. In order to overcome this challenge, here we
show theoretically that higher-order N -photon EPs can be observed with easy-to-prepare
coherent states. Using photon-number resolving detectors it is then possible to observe the
phenomenon of loss-induced transparency in the quantum domain. We proceed to gene-
ralize our approach to systems of M > 2 coupled spatial modes, which yields a versatile
protocol for the design of EP-based sensors. These results are published in [5] and available
as a preprint [4].

3.1 Introduction

Exceptional points (EPs) are spectral degeneracies that emerge in open dynamical systems [60].
For dissipative systems, the associated spectra are functions of the dissipation rates and an EP
occurs at a critical dissipation rate Γc around which the real (imaginary) part of two or more
eigenvalues coalesce (bifurcate) [61, 62]. Physically, the spectral coalescences and bifurcations
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imply that some of the eigenmodes supported by a system affected by a dissipation rate smaller
than Γc will evolve acquiring different phases but having identical dissipation rates. In contrast,
by driving the system to operate beyond the EP, the corresponding eigenmodes will now evolve
with equal phases and different dissipation rates. Counterintuitively, these contrasting features
indicate that by increasing the dissipation rate in a system designed to work around the EP,
one can readily upgrade the system to support slowly decaying eigenmodes that can propagate
for much longer distances. In practice, these peculiar effects have been exploited to magnify
the otherwise negligible responses of a variety of dissipative systems [63].

In optics, the steep eigenspectral slopes encountered in the vicinity the EPs have lead to the
development of very interesting applications, such as loss-induced transparency [64], laser mode
selectivity [65, 66], and unidirectional invisibility [67, 68]. Furthermore, it has been recognized
that the enhanced sensitivity to external perturbations and noise becomes more pronounced
in systems exhibiting second-order EPs [69–73]. This fact has sparked a tremendous interest
in the optics community to devise realistic systems capable of exhibiting EPs of even higher
order, which in principle could further magnify the effects of external perturbations, leading
to exceptional non-hermitian sensors. In this regard, several classical studies have predicted
the existence of high-order EPs in waveguides trimers [74], photonic crystals [75], and optome-
chanical systems [76]. Additionally, in the context of parity-time symmetric systems [60] many
theoretical [77–79] and experimental [80–82] investigations have demonstrated the occurrence
of EPs in a variety of systems in which optical gain is easy to implement [83–85].
Beyond classical optics, it was recently formulated that the photon number-resolved dyna-
mics of semi-dissipative waveguide beam splitters, excited by N indistinguishable photons and
post-selected to the N-photon subspace, will exhibit an EP of order N + 1 [5]. Yet, while it is
nowadays rather routine to generate various (entangled) states with indistinguishable photons,
the controlled generation of states with N > 2 remains extremely challenging [57, 86].

3.2 Exceptional points of the semi-lossy waveguide beam
splitter

Here we outline a theoretical prescription to generate EPs of arbitrary order by exciting non-
conservative waveguide systems with coherent states. The advantages of using coherent states
are twofold: firstly, under dissipative conditions the purity of such states remains unaffected,
and secondly, coherent states can be easily generated using strongly attenuated laser light as
demonstrated in [87–89]. The underlying idea is to exploit the N -photon enhanced EP obtained
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by projecting the coherent output states onto a particular N -photon subspace by using photon
number resolving (PNR) detectors [90–92]. Furthermore, we show that the number-resolved dy-
namics of the same nonconservative waveguide arrays, excited by N indistinguishable photons
and post-selected to the N -photon subspace, will exhibit eigenspectral ramifications leading to
the emergence of several EPs that emerge due to the coalescence of different sets of N -photon
eigenmodes.

Let us consider a system consisting of M evanescently coupled single-mode waveguides subject
to an excitation with coherent states. The quantum light dynamics can be described using the
non-hermitian Hamiltonian

Ĥ =
M∑

m=1
(β + iΓm)â†

mâm + κ

M−1∑
m=1

(
â†

mâm+1 + â†
m+1âm

)
, (3.1)

where â†
m (âm) is the creation (annihilation) operator, β is the propagation constant, κ is the

coupling coefficient between adjacent waveguides, and Γm is the dissipation coefficient of the
m’th waveguide. We assume that the waveguides are tuned such that they exhibit identical
propagation constants β = 0 and we are considering exclusively lossy systems Γm ≥ 0, which
are far easier to achieve than systems exhibiting gain, Γm < 0.
We start by examining the simplest configuration consisting of a semi-lossy waveguide beam
splitter with Γ1 = Γ and Γ2 = 0. This particular arrangement features a second order EP.
That is, the two eigenvalues of the corresponding Hamiltonian, λ± = iΓ/2 ±

√
κ2 − Γ2/4,

become degenerate at the critical dissipation rate Γc = 2κ, while the eigenmodes |ϕ±⟩ =
|αλ±/(

√
2κ)⟩1 |α/

√
2⟩2 coalesce into the exceptional mode (EM) |ϕ+⟩ = |ϕ−⟩ = |iα/

√
2⟩1 |α/

√
2⟩2 ≡

|ϕE⟩. By adding a small perturbation, i.e., Γ = Γc + ε, we can observe the typical ε
1
2 -scaling

of the differences of the eigenvalues λ+ − λ− = 2i
√
κ
√
ε at the EP [93]. Note, the eigenmodes

have been expressed in terms of coherent states, |α⟩ = exp(−|α|2/2)
∑∞

n=0(αn/
√
n!) |n⟩, and

the subscripts 1, 2 indicate waveguide labels. Importantly, the EM could be easily generated
by launching a coherent state |α⟩ into any port of a lossless 50/50 waveguide beamsplitter. The
response of the system at the critical

(
Γ = 2κ

)
and super-critical

(
Γ > 2κ

)
regimes is computed

analytically using the evolution matrices

Ûc(z) = e− Γz
2

1− κz iκz

iκz 1 + κz

 , (3.2)

and

Ûsc(z) = e− Γz
2

 sinh(θz)
2θ

−Γ i2κ
i2κ Γ

+ cosh(θz)I

 , (3.3)

respectively. Here, we have defined θ =
√

Γ2 − 4κ2/2, and I is the 2 × 2 identity matrix.
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Abbildung 3.1: Theoretical evolution of the exceptional mode |ϕE⟩ = |iα/
√

2⟩ |α/
√

2⟩
(α =

√
20) in the semi-lossy waveguide beam splitter. (a) depicts the classical intensities

|α1|2, |α2|2, (b) the evolution of the total photon number distribution P (N) and (c) the
evolution of the probabilities to detect n photons in the neutral waveguide and N − n
photons in the lossy one after post-selection to the N = 6 photon subspace. In (a), (b) and
(c) the top and bottom panels correspond to the critical (Γ = Γc) and supercritical (Γ =
2Γc) regimes, respectively. In all cases we choose κ = 1, implying a critical loss rate Γc = 2.
In (a) we observe the classical effect of the loss-induced transparency, which manifests in
(b) as an increase in the total number of photons after a certain propagation distance
in the super-critical regime (dashed line in (b)) with respect to the critical point (solid
line in (b)). Initially, the post-selected distribution (c) is symmetric, with the state |3, 3⟩
exhibiting the highest probability ≈ 30%. The distribution P (N)

n (z) remains constant along
evolution, when Γ = Γc. In the super-critical regime P (N)

n (z) evolves into an asymmetric
distribution, where significantly more photons are detected in the neutral waveguide.

Hence, in a system operating at the EP, the eigenmode |ϕE⟩ = |iα/
√

2⟩1 |α/
√

2⟩2 will undergo
a global damping |ψ(z)⟩ = Ûc |ϕE⟩ = e− Γz

2 |ϕE⟩, while in the super-critical regime the state
evolves as |α1(z)⟩1 |α2(z)⟩2, with amplitudes α1(z) = iα/

√
2e

−Γz
2

(
sinh(θz)

2θ (2κ− Γ) + cosh(θz)
)

and α2(z) = α/
√

2e
−Γz

2

(
sinh(θz)

2θ (−2κ+ Γ) + cosh(θz)
)

, yielding the average photon numbers
I1 = |α1(z)|2 and I2 = |α2(z)|2. Fig. (3.1-a) shows the numerically computed intensity evolution
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along the two waveguides. Clearly, the fingerprints of the loss-induced transparency effect can
be observed from the intensity evolution [64]. To be precise, when the system operates at the
critical point (κ = 1,Γ = 2), after a propagation distance of z = 1/κ we find the total intensity
Ic = I1 + I2 ≈ 0.1348 I0 - where I0 is the total input intensity - while in the super-critical
regime, (κ = 1,Γ = 4), Isc ≈ 0.2011 I0. That is, despite the overall increase in the dissipation
rate, in the super critical case the output light becomes brighter by a factor of ≈ 1.5.
Now let us analyze the previous example in terms of the photon-number statistics of the cohe-
rent input state |iα/

√
2, α/

√
2⟩. We first rewrite the state as a superposition of states exhibiting

a definite total photon number N - in other words |iα/
√

2, α/
√

2⟩ =
∑∞

N=0 |ψ(N)⟩, with |ψ(N)⟩ =∑N
n=0 c

(N)
n |N − n, n⟩ and c(N)

n = ⟨N − n, n|iα/
√

2, α/
√

2⟩ = e−|α|2/2(α/
√

2)N iN−n/
√

(N − n)!n!.
In this picture, the coherent EM evolves in all N -photon subspaces simultaneously and the
detection of N -photons at the output ports acts as a projective measurement onto one of
the subspaces. To be precise, when post-selected for the N -photon subspace, we can express
the probability to observe N − n photons at port 1 and n photons at port 2 as P

(N)
n =

|
∑N

m=0 U
(N)
n,mc

(N)
m |2/

∑N
n=0 |

∑N
m=0 U

(N)
n,mc

(N)
m |2, where U (N)

m,n(z) = ⟨N −m,m| Û(z) |N − n, n⟩ =
exp(izH(N)

m,n) are the components of the evolution operator Û(z) in the N -photon subspace.
As it was previously shown [5], the N -photon Hamiltonian H

(N)
m,n = ⟨N −m,m|Ĥ|N − n, n⟩

exhibits an EP of order N + 1, which is now accessible via photon-number-resolved detection.
Moreover, it is straightforward to find the N -photon EM of the semi-lossy waveguide beam
splitter |ϕ(N)

E ⟩ = (1/
√

2)N
√
N !
∑N

n=0 i
N−n/

√
n!(N − n)! |N − n, n⟩. By comparing this expres-

sion with the states |ψ(N)⟩ we can conclude that the coherent EM is an infinite superposition
of all N -photon EMs simultaneously, i.e. |iα/

√
2, α/

√
2⟩ =

∑∞
N=0 e

−|α|2/2αN/
√
N ! |ϕ(N)

E ⟩. The-
refore we can now study the evolution of any N -photon EM when the system passes from the
critical to the super-critical regime and observe N -photon-enhanced loss-induced transparency
using PNR detectors.
In Fig. (3.1-b) we show the evolution of the combined photon number distribution in both
waveguides P (N)(z) =

∑N
n=0 |c

(N)
n |2 = e−|α1(z)|2−|α2(z)|2(|α1(z)|2 + |α2(z)|2)N/N !, for the parti-

cular case α =
√

20. In both the critical and super-critical regime P (N)(z) describes a Poisson
distribution with a decaying average photon number n̄(z) = |α1(z)|2 + |α2(z)|2. At the critical
point - solid line in Fig. (3.1-b) - n̄c(z) first decays more slowly than in the super-critical regime
n̄sc(z), see dashed line Fig. (3.1-b). After a certain critical propagation distance zc, which is
the point where the solid and dashed lines cross, here zc ≈ 0.68/κ, the situation is reversed
and we observe a higher average photon number in the super-critical regime, i.e., the effect of
lost-induced transparency. For example, at the specific distance zf = 1/κ, we find n̄c(zf ) ≈ 2.70
and n̄sc(zf ) ≈ 4.02 which again corresponds to the classical increase in brightness by a factor
of ≈ 1.5 due to the second order EP.
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However, the situation is different when considering the post-selected N -photon subspace, as
we show in Fig. (3.1-c) for the specific photon number N = 6. Initially, the distribution P

(6)
n

exhibits a symmetric, discrete gaussian-like shape with highest probability P
(6)
3 ≈ 30% for the

state |3, 3⟩. Since the underlying 6-photon EM |ϕ(6)
E ⟩ is an eigenstate of the 6-photon Hamilto-

nian, we would observe a global damping of all probabilities. However, this is cancelled exactly
by the normalization requirement of probability distributions, leading to a distribution at the
critical point which is constant along propagation. On the other hand, in the super-critical
regime, |ϕ(6)

E ⟩ is no longer an eigenstate of the 6-photon Hamiltonian and we expect an uneven
damping of the amplitudes c(N)

n (z), which we indeed observe as more and more photons are
detected in the neutral waveguide along propagation. For example, initially we observe for the
state |0, 6⟩ a post-selected probability of P (6)

6 (0/κ) ≈ 1.5%, which - due to the EP of 7’th order
- is enhanced quite dramatically to P (6)

6 (2.5/κ) ≈ 66.0% - by a factor of ≈ 44.
These results suggest that this device may find application in sensing. To illustrate this,

consider the scenario where the propagation distance zf is fixed. To ensure that we are always
in the regime of loss-induced transparency, we have to choose zf > zc, which is achieved when
zf = 1.5/κ. Further, we choose the ratio between κ and Γ, such that the system operates near
the critical point Γ = Γc. Under excitation with the coherent EM |ϕE⟩, any environmentally-
induced losses Γ → Γc + ∆Γ will drive the system into the super-critical regime. Then, using
two PNR detectors at the output, one will be able to detect, firstly, an increase in the average
total number of photons as a function of the loss-parameter n̄(Γ) (which will be governed by
a 2nd order EP) and, secondly, as a shift in the post-selected N -photon distributions towards
the neutral waveguide (which will be governed by a (N + 1)’th order EP). In order to quantify
the latter, a suitable observable is the photon number operator n̂2 of the neutral waveguide.
For example, given any normalized N -photon state |ψ(N)⟩ =

∑N
n=0 c

(N)
n |N − n, n⟩ renders

⟨n̂2⟩N =
∑N

n=0 n|c
(N)
n |2 ∈ [0, N ]. Thus, ⟨n̂2⟩N = N indicates that all photons occupy the

neutral waveguide and the result 0 indicates the other extreme, while for the N -photon EM we
will always observe ⟨n̂2⟩ϕ(N)

E

= N/2. In Fig. (3.2) we show the dependence of the observables
⟨n̂2⟩N and n̄ on the loss-rate Γ, where we also added red lines to indicate the slope at the critical
point of the sensing device. As one can see, for the chosen parameters, the post-selected scheme
outperforms the classical one. However, we must stress that the slope of n̄ at the working point
can be made arbitrarily large, simply by increasing the input power α of the coherent EM
|iα/
√

2, α/
√

2⟩, while the input-power has no effect on the post-selected distributions. Thus,
this post-selected higher-order EP sensing scheme can be expected to yield improvements over
classical sensing only in the low-power regime. Nevertheless, these results indicate that higher
order EPs can be observed and exploited using presently available technology.
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Abbildung 3.2: Sensitivity comparison between classical (dashed black line) and
quantum-post-selected sensing schemes (colored solid lines). The solid lines correspond
to ⟨n̂2⟩N - the average number of photons in the neutral waveguide, given a total number
of detected photons N - while the dashed curve corresponds to the average total number
of photons n̄. In both cases, we have fixed the coupling coefficient κ = 1, the propagation
distance zf = 1.5 and the initial intensity to α =

√
20. For varying values of the loss-

parameter Γ we have then calculated the output-state and the corresponding observables.
To indicate the sensitivity for the detection of a change in Γ, we have added red lines, ac-
companied by the numerically calculated slope at the working point Γ = 2 (critical point)
of the sensor. As one can see, the slope corresponding to the quantum-post-selected scheme
scales linearly with N due to the order N + 1 of the corresponding exceptional point of the
system in the N -photon subspace.
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Abbildung 3.3: Single photon exceptional points of partially lossy linear arrays of coupled
waveguides exhibiting an alternating pattern of lossy/lossless waveguides. (a) Waveguide
trimer (κ = 1/

√
2) with a lossy central waveguide. We observe one EP of second order at

Γc = 2. (b) Waveguide tetramer (κ = 1/
√

2) with two dissipative waveguides, exhibiting
two exceptional points at Γc± =

√
6± 2

√
5/
√

2. (c) Ring configuration of 6 waveguides
excited by a single photon.

44



Exceptional points of multi-port systems 3.3

3.3 Exceptional points of multi-port systems

Apart from the possible sensing applications, our scheme enables the study of higher order
exceptional points in much more exotic coupled structures. To this end, we now generalize the
proposed scheme to systems of M waveguides by first identifying realizations of Ĥ which display
one (or possibly more) second order EPs. In general, one obtains EPs when the underlying
waveguide structure exhibits a pattern of lossy and lossless waveguides which is symmetric under
the parity operator - i.e. PΓm = ΓM+1−m = Γm (up to a cyclic relabeling of the waveguides).
Here, we focus on alternating patterns in M -configurations with Γ2m+1 = 0,Γ2m = Γ, W -
configurations with Γ2m+1 = Γ,Γ2m = 0, and for systems with periodic boundary conditions.
We stress that for the emergence of EPs it is not necessary to include equal loss rates Γ, however,
doing so greatly simplifies the analysis. In Fig. (3.3) we show three examples of such partially
lossy coupled structures - a waveguide trimer M = 3 (M -configuration), tetramer M = 4 (W -
configuration) and a waveguide hexagon (periodic) with one, two and three lossy waveguides
respectively. The plots show how the imaginary part of the eigenvalues (of the Hamiltonian)
vary as a function of the dissipation coefficient Γ. While the waveguide trimer features one EP
at Γc = 2

√
2κ, we observe two EPs Γc,± =

√
6± 2

√
5κ in the tetramer configuration, which

are all of second order. Also the hexagonal waveguide configuration displays two second order
EPs.

Following the ideas outlined above, we now excite these systems with the coherent EM |ϕE⟩
corresponding to any of the critical points Γc. In general, we can express |ϕE⟩ = |c1α, . . . , cMα⟩,
with normalized amplitudes

∑M
m=1 |cm|2 = 1. Using M PNR detectors, we can project |ϕE⟩ =∑∞

N=0 |ψ(N)⟩ onto theN -photon subspace |ψ(N)⟩ =
∑

n1+...+nM =N ⟨n1, . . . , nM |ϕE⟩ |n1, . . . , nM ⟩,
where the sum is to be understood to run over all combinations of positive integers 0 ≤
n1, . . . , nM ≤ N , such that their sum yields N . A further inspection yields |ψ(N)⟩ = e−|α|2/2αN∑

n1+...+nM =N

∏M
m=1(cm)nm/

√
nm! |n1, . . . , nM ⟩, while the corresponding N -photon-M -mode

EM can be expressed as |ϕ(N)
E ⟩ =

√
N !
∑

n1+...+nM =N

∏M
m=1 (cm)nm/

√
nm! |n1, . . . , nM ⟩. Thus,

also here the coherent M -mode EM is an infinite superposition of all N -photon-M -mode EM’s
|ϕE⟩ =

∑∞
N=0 e

−|α|2/2αN/
√
N ! |ϕ(N)

E ⟩. Therefore, the PNR-detection of the output state will
enable us to study the dynamics around higher order EP’s in highly multi-mode configurations.

In order to illustrate the photon dynamics in the projected N -photon subspace, in Fig. (3.4)
we depict the effective N -photon Hamiltonians as Fock graphs [3]. Again, the nodes repre-
sent the Fock states |n1, . . . , nM ⟩ with

∑M
m=1 nm = N . The edges indicate allowed transitions,

where a single photon tunnels between adjacent waveguides, i.e. |n1, . . . , nm, nm+1, . . . , nM ⟩ ↔
|n1, . . . , nm ± 1, nm+1 ∓ 1, . . . , nM ⟩, with the corresponding effective coupling rate κ

√
(nm + 1)nm+1

or κ
√
nm(nm+1 + 1), respectively. Crucially, the effective loss-rates Γn1,...,nM =

∑M
m=1 nmΓm

are now enhanced by the number of photons occupying the lossy waveguides.

45



3 Higher order exceptional points of any order by photon-number resolved detection of
multi-mode coherent states

Abbildung 3.4: Branching exceptional points of partially lossy waveguide arrays excited
by two and three photons. (a) The balanced waveguide trimer (κ = 1/

√
2) with a lossy

central waveguide excited by two photons exhibits two EPs, of second and third order,
at Γc = 2. The order is indicated by the numbers next to the bifurcations. Top panel
of (a) shows the synthetic two-photon structure in Fock space which is equivalent to a
coupled system with 6 sites, three of which are dissipative. (b) Balanced waveguide tetramer
(κ = 1/

√
2) with two dissipative waveguides and excited by three photons. In this case the

Fock graph becomes non-planar and exhibits multiple bifurcations at the dissipation rates
Γc± =

√
6± 2

√
5/
√

2. (c) Top panel shows the synthetic coupled structure arising from
the two photon excitation of a ring configuration of 6 waveguides. Bottom panel shows the
spectrum versus the loss term.

For instance, in Fig. (3.4-a) there are three Fock states, |1, 1, 0⟩ , |0, 2, 0⟩ and |0, 1, 1⟩, which are
subjected to dissipation and |0, 2, 0⟩ experiences twice the losses, since both photons reside in
the dissipative waveguide. Further, since the photons do not interact, the eigenvalues λ(N)

n1,...,nM =∑M
m=1 nmλm of the Hamiltonian in the N -photon subspace are given by sums of the single-

photon eigenvalues λm [3]. This leads to an enhanced degeneracy of the N -photon eigenvalues
and a large number of coalescent N -photon eigenmodes, which ultimately gives rise to higher
order exceptional points as illustrated in the bottom panels of Fig. (3.4). Here, the increased
order of the EPs is evidenced by the emergence of multiple multifurcation branches at different

critical dissipation rates. To be precise, a system of M waveguides will exhibit
(
N +M − 2

N

)
multifurcation points in the N photon subspace, while in the classical case it will exhibit a
2nd order EP with two coalescent eigenmodes ϕ̂†

1 = ϕ̂†
2. Note, ϕ̂†

m is the single-photon creation
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Exceptional points of multi-port systems 3.3

Abbildung 3.5: Evolution of the post-selected N -photon EMs in the waveguide trimer,
where the central waveguide is lossy. The columns correspond to the cases N = 1, 2, 3
respectively. In the top row the system is at the critical point Γ = 2

√
2κ and in the bottom

row it is in the super-critical regime Γ = 2Γc. At the critical point, all states are proper
eigenstates of the system, while in the super-critical regime more and more photons are
detected in the neutral (outer) waveguides.

operator in the m-th eigenmode. In general, there will be
(
N −NE +M − 3

N −NE

)
multifurcation

points exhibiting NE + 1 branches, where NE = 0, . . . , N represents the number of photons
populating the coalescent single photon modes. As an example, let us denote the N -photon-M -
mode eigenstates in the Fock-representation as |n1, . . . , nM ⟩ =

∏M
m=1(ϕ̂†

m)nm/
√
nm! |0⟩. With

this, we observe in the most extreme case NE = N that the set of modes {|N, 0, 0, . . . , 0⟩ =
|N − 1, 1, 0, . . . , 0⟩ = . . . = |0, N, 0, . . . , 0⟩} coalesce into the same mode, thus forming an EP
of order N + 1. However, also lower order EPs, i.e. sets with a smaller number of coalescent
N -photon modes, will be observed at the same critical dissipation rate for NE < N . For the
sake of clarity, we have added numbers at the eigenvalue multifurcations to indicate the number
of coalescent eigenmodes in Fig. (3.4).

For further illustration, we show in Fig. (3.5) the evolution of the post-selected N -photon
distributions in the partially lossy waveguide trimer. Again, at the critical point the coherent
EM produces proper N -photon eigenstates of the system. Beyond the critical point we observe
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multi-mode coherent states

that more and more photons will be detected in the outer neutral waveguides.
It is important to point out that the synthetic coupled structures in Fig. (3.4) cannot be

reproduced in real space configurations of waveguides, since the additional cross-talk between
adjacent waveguides would inhibit the emergence of the exceptional points. Furthermore, the
experimental realization of these configurations would require the adjustment of only one loss
rate for the trimer configuration and three loss rates for the hexagonal configuration. The
excitation with the coherent exceptional mode produces, in principle, an infinite number of
synthetic coupled structures with many lossy sites in parallel superposition, which are nonet-
heless perfectly tuned, as they are perfect integer multiples of the loss rate Γ of the physical
waveguides. This overcomes a major challenge encountered in previous attempts of engineering
high-order EPs, since here the fine-tuning of the loss rates of many synthetic sites is achie-
ved automatically by virtue of the indistinguishability of the photons [2]. This point is further
emphasized in Fig. (3.4-b,c) where the arising Fock graphs are non-planar, i.e., they cannot
be drawn in 2D without intersecting edges, and it is thus truly impossible to implement them
for single photons in real space via coupled waveguides. Rather, they can only be realized in
synthetic space via multiphoton excitations [3]. Additionally, these synthetic structures feature
a highly non-trivial distribution of high- and low-loss sites, which are nevertheless perfectly
tuned to obtain the higher-order EPs.

Finally, we briefly comment on the preparation of the required input-state, namely the co-
herent EM. In general, this can be achieved by prepending a state-preparation stage that is
free of losses (Γm = 0). As already mentioned, the coherent EM of the semi-lossy waveguide
beamsplitter is achieved, when launching the state |ψ0⟩ = |0, α⟩ into a 50/50 beam splitter.
Similarly, we obtain the exceptional mode of the trimer configuration by launching the state
|ψ0⟩ = |0⟩ |α⟩ |0⟩ into the same system without losses after the propagation distance z = π

4
√

2κ
.

In the general case, a network comprising a finite number of beam splitters and phase shifters
is sufficient to perform the transformation from a single-mode beam to the desired EM. This
general method replaces the challenging task of the preparation of pure N -photon-M -mode
Fock-states with the generation of coherent states. Nevertheless, to observe higher order EPs
it is necessary to employ PNR detectors.
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KAPITEL 4

The Haldane photonic topological insulator

Topological insulators combine insulating properties in the bulk with scattering-free trans-
port along their edges, supporting dissipationless unidirectional energy and information
flow even in the presence of defects and disorder. Originally found in the field of condensed-
matter systems, topological systems have expanded into photonics, with a plethora of theo-
retical and experimental studies demonstrating how such systems can be implemented and
used for various applications. The feasibility of engineering quantum Hamiltonians with
optical tools, combined with the availability of entangled photons, raises the intriguing
possibility of employing topologically protected entangled states as a resource in optical
quantum computing and information processing. In this chapter we first introduce the con-
cept of topological protection by describing the propagation of single photons and classical
waves through disordered Haldane lattices. We then investigate the fundamental limits
to topological protection induced by the partial coherence of the initial lightwave. Due
to the fundamental correspondence between partial coherence and two-photon entangle-
ment, we further explore the interplay between the degree of entanglement of two-photon
wavefunctions and their topological protection properties. While two-photon states built
as a product of two single-photon states inherit full protection from their single-photon
“parents”, high degree of non-separability generally leads to rapid deterioration of the two-
photon states after propagation through disorder. We identify the physics underlying this
entanglement/partial coherence-induced vulnerability and conditions for robust protection
of two-photon states as well as partially coherent lightwaves. These results are published
in [7, 8] and available as a preprint [6].

4.1 Introduction

Topological insulators are materials in which the topology of the underlying energy spectra
fully disallows the energy transport into the bulk and keeps it circulating along the edges
[94]. Topological insulators were discovered in the context of single-particle condensed matter
physics [95], and as such they have inspired the quest for topological phases in classical-wave
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4 The Haldane photonic topological insulator

systems [96], including microwaves [94], photonic [97–102], and acoustic systems [103, 104]. At
the forefront, photonics has become one of the most prolific and fertile grounds to study and
observe topological effects using so-called photonic topological insulators [105]. Indeed, optics
has recently witnessed the experimental demonstration of Floquet topological insulators [97],
the quantum Hall effect [99], topological lasers [106, 107], and aperiodic topological systems
in which the topology is induced by disorder (e.g., topological quasicrystals [108], topological
Anderson insulators [109], topological insulators in fractal lattices [110]). Notably, in these latter
systems the aperiodicity and disorder have a dramatic impact on the physical properties, not
only modifying the topology of the spectra but also creating a topological order in otherwise
topologically trivial systems. Concurrently, in the context of quantum optics there have emerged
very appealing theoretical and experimental studies of topological protection of entangled states
of several photons [1, 111–113]. In this chapter we study topological protection effects in the
archetypal Haldane model which exhibits all the essential features of topological insulators such
as time reversal-broken symmetry [95].
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Introduction 4.1

Abbildung 4.1: Photonic Haldane system. a The honeycomb lattice of helical wave-
guides. ¸b Hexagonal cell of the Haldane system, with real-valued nearest-neighbour coup-
ling (blue arrows) κ1 = 1 and complex next-nearest-neighbour coupling (red arrows);
eiϕκ2 = iκ1/5 along the arrow and −iκ1/5 in the opposite direction. Panel c shows single-
photon eigenspectrum formed by eigenvalues λn. The eigenstates can be separated into
the set of bulk states B, which form the upper and lower bulk-band, and the set of edge
states E , whose energies lie within the bulk-bandgap. d Examples of the spatial probability
distributions of the lowest bulk state (in red) and the 0-energy edge-state (in green).
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4 The Haldane photonic topological insulator

4.2 The Haldane lattice

In optics, the Haldane system can be implemented using a photonic honeycomb lattice com-
posed of helical waveguides as illustrated in Fig. (4.1-a) [97], see pioneering work [114]. Every
waveguide in a hexagonal cell, Fig. (4.1-b), features a real-valued nearest neighbor coupling
κ1 and the complex next nearest neighbor coupling e±iϕκ2, where ϕ is the Haldane flux. The
Haldane model exhibits two phases: the trivial phase when ϕ is equal to 0 or π, and the topo-
logical phase when ϕ ∈ (0, π). In the topological phase, the system supports edge states with
propagation eigenvalues lying in the topological gap which is proportional to κ2 sin(ϕ), reaching
its maximum at ϕ = π/2. At the single-photon level such a Haldane lattice is described by the
Hamiltonian [115]

Ĥ =
∑

i

βiâ
†
i âi + κ1

∑
⟨i,j⟩

(
â†

i âj + â†
j âi

)
+ κ2

∑
⟨⟨i,j⟩⟩

(
eiϕâ†

i âj + e−iϕâ†
j âi

)
, (4.1)

where βi represents the waveguide propagation constants and the optical mode in the i-th
site is represented by the creation (annihilation) operator, â†

i (âi). Symbols ⟨⟩ and ⟨⟨⟩⟩ indicate
summation over nearest and next-nearest neighbor sites, respectively. The lattice used in our
simulations is a finite ribbon, see Fig. (4.1-a). We use normalized units z = κ1Z, and set ϕ = π

2 ,
κ1 = 1 and κ2 = κ1/5. Further, in the “clean” Haldane lattice all refractive indices are βj = 0,
while in the “disordered” case we choose the βj in the region indicated in Fig. (4.1-a) from
a gaussian distribution with mean µ = 0 and variance ∆, the disorder strength. In order to
exclude strong outliers, we truncate the distribution such that |βj | ≤

√
2∆.

As shown in Fig. (4.1-c), the eigenstates |ϕn⟩ feature two bands of bulk-states B separated
by the topological band gap of ∆b ≈ 2, within which we find the edge states E . As an example,
we show in Fig. (4.1-d) the spatial probability distributions of typical bulk- and edge-states.
Additionally, refer to appendix A.1, where we show how to identify the egde modes numerically.
Crucially, the edge-states possess momentum, which allows them to flow unidirectionally along
the edges of the system. To illustrate this, we consider a single photon (or classical wave)
prepared as a (pure) Gaussian wavepacket on the left-upper edge of the lattice

|ψ̃⟩ = 1
A

Me∑
j=1

(−1)je−(x0−j)2

2σ2 |1j⟩ , (4.2)

where |1j⟩ = â†
j |0⟩ describes a photon initially in the waveguide j, Me = 20 is the selected range

of waveguides in the upper left edge of our system, and x0 = Me+1
2 = 10.5 is the center of this

range. Note, the local phases (−1)j imprint momentum onto the wavepacket, in order to excite
proper edge states of the system. To ensure that the wavepacket comprises only edge-modes we
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Topological protection of partially coherent light 4.3

Abbildung 4.2: Evolution of the spatial probability distribution of the bulk-cleaned (fully
coherent) single photon state |ψ⟩ - a in the clean Haldane lattice and b with disorder.

perform a bulk-cleaning procedure. In other words, we project |ψ̃⟩ onto the E-eigensubspace -
thereby removing all amplitudes belonging to B-states - and renormalize the state, to yield

|ψ⟩ = 1
A′

∑
|ϕm⟩∈E

|ϕm⟩ ⟨ϕm|ψ̃⟩ . (4.3)

The evolution of the bulk-cleaned wavepacket |ψ⟩ is illustrated in Fig. (4.2-a) and, indeed, the
state travels along the edge during propagation. Furthermore, such states can traverse regions
of random disorder without leaving the edge or experiencing distortions to their shape. To
illustrate this topological protection, we show in Fig. (4.2-b) the evolution of the same initial
state through a region with disorder in the refractive indices of the waveguides. As expected,
apart from a slight slow-down and distortion inside the disorder region, the wavepacket survives
the disorder unscathed and recovers its initial shape. In general, it is thought that such edge
states are protected by the bulk bandgap ∆b as long as the disorder strength does not exceed
the bandgap ∆ < ∆b.

In the following section we investigate the topological protection of partially coherent light and
highly entangled two-photon states. In both cases we will observe that the resulting coherence-
and two-photon-bandgaps are fundamentally lacking, which warrants a thorough investigation
of the protection properties. As a result we will establish the “topological window of protection”,
which more accurately predicts the topological protection of an initial state.
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4 The Haldane photonic topological insulator

Abbildung 4.3: Liouvillian eigenspectrum of the Haldane lattice.

4.3 Topological protection of partially coherent light

Heretofore, all experimental demonstrations and theoretical studies of topological insulators
have been performed for coherent waves only; and it is not clear to what extent topological
protection is possible for partially coherent light. More generally, we raise the question as to
whether an ensemble of weakly correlated light fields – such as those representing partially cohe-
rent wavefronts – can be protected in photonic topological insulators? Addressing this question
is crucial as all optical fields undergo random fluctuations which may be small, as in many
lasers, or large as in light generated by thermal sources. Here, we investigate theoretically the
dynamics of partially coherent light propagating through the disordered Haldane topological
insulator and uncover the aspects of light correlations that survive. This endeavor is appe-
aling because it addresses the interplay between disorder in topological systems and disorder
in the excitation field, and it opens exciting possibilities at the interface of topological phy-
sics and partial coherence, such as topologically protected transport in systems with random
illumination.

To analyze the effects of disorder onto partially coherent light, we consider a continuous
set of light fields that vary from the fully coherent to the fully incoherent limit, passing by
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Abbildung 4.4: a and b show the absolute value of the spatial |ρ̂j,k| and spectral |ρ̂p,q|
coherences, respectively, for some examples of initial states ρ̂α in the Haldane lattice. To
improve the visibility of small components within the spectral edge-edge subspace, the
insets in b depict 4

√
|ρ̂p,q|. In c we show the spatial coherences |ρ̂j,k| for the states obtained

after removing all bulk-bulk components. In all cases we observe significant changes in the
shape of the spatial coherences, and in the most extreme case (α = 0) the removal of the
spectral bulk components transforms a formerly incoherent state (left-most panel in a) into
a partially coherent one (left-most panel in c).

light states with decreasing coherence. In practice, this variety of excitations are generated
in common light sources such as diode-pumped solid-state lasers, laser diodes, light emitting
diodes, super luminescent light emitting diodes and micro light emitting diodes. In this list the
diode-pumped solid-state laser is the most spatially coherent whereas the light emitting diode
is the most incoherent [116].

For scalar wave fronts, a partially coherent wave is described by the mutual intensity func-
tion ρ̂(x1,x2; z) = ⟨E(x1, z)E∗(x2, z)⟩ [117], where E(x, z) represents the field, and the angle
bracket denotes time average or ensemble average, which is characterized by the coherence pro-
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4 The Haldane photonic topological insulator

perties of the wavefront at the plane z. For linear waveguide lattices, the evolution of ρ̂(x1,x2; z)
is governed by the Liouville’s equation

i
dρ̂

dz
= Lρ̂, (4.4)

where L = (H ⊗ I − I ⊗H), H is the lattice Hamiltonian (coupling matrix), I is the identity
matrix of the same dimensions, and ρ̂ is expressed as a vector. The solution to Eq. (4.4),
written in matrix form, is simply given as ρ̂(x1,x2; z) = U(z)ρ̂(x1,x2; 0)U †(z), where U(z) =
exp

(
−iHz

)
is the evolution operator.

Due to the anti-symmetric nature of L, the eigenspectrum in Liouville space is given by all
combinations Λm,n = λm−λn, where λn are the eigenvalues of the Hamiltonian. Consequently,
in Liouville space the characteristic band-gap of topological insulators does not exist. Instead,
the spectrum exhibits massive degeneracies of edge-edge, edge-bulk, and bulk-bulk coherences,
as indicated by the black diagonal region in Fig. (4.3).

In general, the mutual intensity ρ̂(x1,x2; z) can be expressed as a superposition of coherent
modes ρ̂(x1,x2; z) =

∑
k λkφ

∗
k(x1)φk(x2), where φk(x) are appropriate eigenfunctions and λk

are the corresponding eigenvalues [117]. In this framework, a partially coherent field can be
thought of as a superposition of spatially coherent but mutually uncorrelated modes φk whose
power is λk. In consequence, for conservative systems the eigenvalues λk fulfill the condition∑

n λn = 1. The coherent mode representation allows us to define the square of the overall
degree of coherence as µ2 =

∑
n λ

2
n/
(∑

n λn

)2
=
∑

n λ
2
n [118], whose inverse is referred to as

the Schmidt number SN = 1/µ2 [119]. This means that a fully coherent beam ρc is comprised of
a single spatial mode, whereas maximally incoherent fields ρi are characterized by a uniformly
weighted superposition of modes, ρi ∝ I [117], where I is the identity matrix.

Hence, without loss of generality, we can construct the trial partially coherent fields by
combining the coherent and incoherent extremes

ρ̂α = αρ̂c + (1− α)ρ̂i, (4.5)

where the real parameter α controls the degree of spatial coherence (0 ≤ α ≤ 1), with α = 1
(α = 0) corresponding to a fully coherent (incoherent) field. To generate ρ̂c we use a discrete
Gaussian function E with elements Em = A exp

(
imϕ

)
exp

(
−(m− l)2/2σ2

)
- in analogy to

Eq. (4.2) - such that ρ̂c = E ⊗ E†, while ρ̂i is the state obtained from ρ̂c by deleting all
off-diagonal elements to get

[
ρ̂i

]
m,n

= |Em|2δm,n, see Fig. (4.4-a). Here, A is a normalization
constant, ϕ is an appropriate phase that imprints the proper momentum in the wavepackets, l
is the spatial center, and σ defines the Gaussian width.

In their present form, ρ̂c and ρ̂i support eigenspectra formed by all combinations of edge and
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bulk eigenmodes as illustrated in Fig. (4.4-b). However, to fully exploit topological protection,
it is essential that the initial wave packets comprise only edge modes. To fulfill this requirement,
we project ρ̂α onto the lattice eigenstates to obtain the spectral representation and set to zero
all bulk-components, we then renormalize the resulting state and transform it back to the
spatial representation. The absolute value of the resulting states are shown in Fig. (4.4-c). It
is important to remark that the bulk-cleaning procedure renders states with a higher degree of
coherence than their incoherent ‘progenitors’, yet the resulting states are never fully coherent.
Further, the bulk-cleaning procedure leaves the spatial shape of fully coherent states practically
unchanged, while partially coherent and fully incoherent states acquire significantly different
spatial shapes, e.g. ρ̂i which was fully diagonal now contains some coherences (off-diagonal
elements) as shown in the leftmost panel of Fig. (4.4-c). The emergence of these coherences
clearly implies that to create wave packets comprising only edge-modes, it is required to meet
a certain degree of spatial coherence. In what follows we use the bulk-free states as trial states.

In a fully coherent scenario, the state ρ̂c evolves along the lattice’s edges with only 1% of
the total energy being scattered into the bulk or back-scattered by disorder, as depicted in
Fig. (4.5-a). In contrast, for partially coherent light the disordered region acts as a barrier
within which more and more light gets arrested as the degree of coherence decreases, Fig. (4.5-
b). To elucidate the impact of disorder onto partially coherent light we examine two figures of
merit, the transmittance and the fidelity. The transmittance is defined as the light intensity
transferred through the disordered region, T =

∑
j

[
ρ̂α(zl)

]
j,j

, where ρ̂α are the evolved states
in the disordered lattices, and the sum runs only over the sites in the region to the right of
the disordered area. The fidelity, F , is computed between the states evolved in the disordered
lattice ρ̂α(zl), and the reference states ρ̂df (zf ) obtained after propagating the same initial state
ρ̂α(0) through a disorder-free lattice. F is given as F

(
ρ̂α(zl), ρ̂df (zf )

)
= 1−D

(
ρ̂α(zl), ρ̂df (zf )

)
,

where D
(
ρ̂α(zl), ρ̂df (zf )

)
= Tr

(
|ρ̂α(zl)− ρ̂df (zf )|

)
/2 is the trace distance which measures the

overlap between the light states ρ̂α and ρ̂df [120]. To be precise, D = 0 iff ρ̂α = ρ̂df , and
(0 < D ≤ 1) stands for the opposite, ρ̂α ̸= ρ̂df . In turn, a fidelity of F = 1 attests that ρ̂α has
not undergone any deviation from ρ̂df , while (0 ≤ F < 1) measures the degree of dissimilarity
between both states. Indeed, F = 1 is only obtained when both states traverse the same
system. Note, zf is the propagation distance after which ρ̂df has reached the right side of the
disorder-free system, that is, the right blue area in the Haldane lattice shown in Fig. (4.1-a).
In the presence of disorder, the states tend to slow down inside the disorder-barrier, such that
ρ̂α(zf ) lags behind ρ̂df (zf ). To compensate this delay, we let the states evolve a slightly larger
propagation distance zl ∈ [zf , zf + 10], such that F

(
ρ̂α(zl), ρ̂df (zf )

)
is at a local maximum.

Further, we only consider the transmitted part of ρ̂α(zl) and ρ̂df (zf ) to compute the trace
distance D, i.e., their projection onto the clean region to the right of the disorder-barrier.
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Abbildung 4.5: Propagation of coherent and partially coherent light states. a and b
depict the initial and evolved intensities of the coherent ρ̂c and the incoherent ρ̂i states,
respectively. Both states are initialized with a Gaussian width σ = 6 and the lattices
exhibit a disorder strength ∆ = 1. After a propagation distance of z = 75 both states reach
the right side of the lattice. While the fully coherent excitation freely passes through the
disorder-barrier a, the partially incoherent state scatters into the bulk b. In c, d, e we
show the Schmidt numbers SN , fidelities, and transmittances as a function of α for the
states ρ̂α in systems with disorder strength ∆ = 1.

To provide a first insight into the topological protection of partially coherent light, we
consider the evolution of ρ̂α in systems with a relatively high disorder strength ∆ = 1.
As shown in Fig. (4.5 c), the degree of coherence for the trial states ρ̂α, as quantified by
µ2 =

∑
n λ

2
n/
(∑

n λn

)2
=
∑

n λ
2
n, is an increasing function with a lower bound µ2 = 1/M

corresponding to the fully incoherent case (α = 0) and an upper bound µ2 = 1 for fully co-
herent states. For the latter states, (α = 1), the Haldane lattice allows for a fidelity F ≈ 0.9,
Fig. (4.5-e), and a nearly perfect transmittance T ≈ 0.99, Fig. (4.5-d). However, as the degree
of coherence decreases (α→ 0) both figures of merit T and F drop to about 0.6, Fig. (4.5-e,f).
In other words, even for the most incoherent states analyzed here up to 60% of the total energy
gets through the disordered barrier while 40% is scattered into the bulk.

To spotlight the advantages provided by topological protection, we have performed the equi-
valent analysis for a periodic 1D disordered lattice. The coupling matrix elements are given by
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Abbildung 4.6: a Photonic regular lattice. b Unit cell of the regular lattice with coupling
strength κ = 1. c Single-photon eigenspectrum formed by eigenvalues λn. d Liouvillian
spectrum of the regular lattice.

Hm,n = κ(δm+1,n + δm−1,n) + δm,nβn, where κ represents the coupling coefficients between nea-
rest neighbor waveguides, and βn represents the random on-site refractive index implemented
in the same way as for the Haldane lattice, Fig. (4.6). In the absence of disorder, the spectrum
of a 1D lattice comprising M waveguides is analytically given as λn = −2κ cos(πn/(M + 1)),
which in Liouville space acquires the form Λp,q = −2κ cos(πp/(M + 1)) + 2κ cos((πq/(M + 1)),
Fig. (4.6). Notice, in this case the initial excitations are constructed in the same way as for the
Haldane lattice, with the obvious exception of the bulk-cleaning procedure. Computation of the
transmittance and fidelity reveals that in 1D lattices even fully coherent states cannot stand
the impact of disorder at the same level as the worst partially coherent case in the Haldane
lattice: the best transmittance and fidelity for the 1D lattice are found to be T ≈ 0.38 and
F ≈ 0.6 for fully coherent states, see Fig. (4.5-d,e).

We now examine the parameter regime within which partially coherent light can be topologi-
cally protected. To do so, we compute the transmittances for states ρ̂α with degree of coherence
α ∈ [0, 1], traversing lattices with disorder strengths ∆ ∈ [0, 2]. The results are summarized in
Fig. (4.7). As clearly seen in Fig. (4.7 a), irrespective of the coherence parameter α, partially
coherent states endure much stronger disorder (see red area bounded by the contour line 0.9 in
Fig. (4.7-a)), and they allow transmittances T > 0.9 for disorder strengths as high as ∆ = 1.4.
Even more intriguingly, our estimates reveal that the most incoherent cases (α = 0) exhibit
transmittances T > 0.8 for disorder strengths ∆ ∈ [0, 0.5]. That is, even when the disorder clo-
ses the band-gap from (−1, 1), as indicated by the blue region in the spectrum of Fig. (4.1-a),
to ≈ (−0.8, 0.8) for (∆ = 0.5), the most incoherent states show a considerable robustness to
the impact of disorder. To grasp these results we refer to the eigenspectra shown in the insets
of Fig. (4.3) and notice that in the Haldane lattice, as the states become more incoherent they
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Abbildung 4.7: Transmittance versus disorder strength ∆ and spatial widths σ of the
initial states. a and b depict the transmittance T for the Haldane lattice and the 1D
lattice versus the disorder strength ∆ ∈ [0, 2.5] and α for initial states with a Gaussian
width σ = 6. Similarly, c, d show T as a function of α for initial excitations with spatial
widths σ ∈ [0.1, 6] in lattices with disorder strength ∆ = 1.

tend to populate edge-edge coherences that are spectrally close to the bulk-bulk and edge-bulk
subspaces. As a result, any perturbation, or disorder, unavoidably induce substantial overlap
of edge-edge and bulk-bulk coherences causing localization of light into the disorder-barrier,
thereby preventing the energy transport through it. Correspondingly, for a disorder-free 1D
lattice (∆ = 0), we find that a minimum value of α ≈ 0.8 is required to obtain a transmittance
of T = 0.9, and T > 0.9 can only be obtained for fully coherent states (α = 1) and weak
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Abbildung 4.8: Fidelity and the topological window of protection. Parameter scans of the
resulting transmitted fidelity F for initial excitations with Gaussian spatial width σ = 6
propagating in systems with disorder strength ∆ ∈ [0, 2.5] for the Haldane a and the 1D
lattice b. To identify the topological window of protection, we considered a spectrally broad
(spatially narrow) partially coherent state with σ = 0.1 as initial state and propagate it
through an ensemble of 5000 random Haldane lattices. In disorder-free systems, the spectral
correlation map remains intact. As the disorder strength increases, e.g. c ∆ = 0.5, d ∆ = 1,
and e ∆ = 0.5, the band-gap reduces yielding to a reduction of the spectral window of
protection as indicated by the dashed squares shown in the edge-edge subspace.

disorder (∆ < 0.5). However, by gradually increasing the disorder strength, the transmittance
quickly drops to 0, Fig. (4.7-c). This low performance in the transport of energy occurs be-
cause for α < 1 the light states suffer from back-scattering more prominently than the highly
coherent ones (α = 1). Clearly, the clean and disordered cases behave entirely differently; as a
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result of backscattering, partially coherent light waves are destroyed in nontopological lattices.
In the presence of disorder, the spectral band-gap of a photonic topological insulator beco-
mes narrower and this process allows the coupling between intermediate energy bulk-states
and the edge-modes with the lowest and largest energy. Such a coupling unavoidably increases
as the spatial extension of the initial states becomes smaller. To quantify the effects of the
corresponding disorder-induced coupling for partially coherent light, we consider light states
exhibiting spatial widths in the range σ ∈ [0.1, 6] propagating in systems with relatively high
disorder strength ∆ = 1. We find that states with widths σ ∈ [1.5, 6] and coherence parameters
α ∈ [0.25, 1] achieve transmittances T > 0.8, Fig. (4.7-c). Hence, we can define the threshold
(α = 0.25, σ = 1.5) above which partially coherent light presents the highest transmittances.
For the 1D lattice, the width of the states plays no significant role, since the transmittance
remains below 0.4 in the whole range α ∈ [0, 1] and σ ∈ [0, 6], Fig. (4.7-d).

We now study the fidelity as a function of the coherence parameter α ∈ [0, 1] and the disorder
strength ∆ ∈ [0, 2] for states ρ̂α with a fixed width σ = 6. In agreement with the transmittance
analysis, all the initial states render the same threshold F ≥ 0.8 in the whole coherence interval
α ∈ [0, 1] for the same levels of disorder ∆ ∈ [0, 1], Fig. (4.8-b). For the trivial 1D case, F ≥ 0.8
is encountered only for very weak disorder ∆ ≤ 0.5, and the equality ∆ = 0.5 only holds for
fully coherent states. This clearly shows that the fidelity response of the 1D lattice is notoriously
outperformed by the photonic topological insulator.

We have found that partially coherent light can be structured to possess relatively high topo-
logical immunity. Concomitantly with the drop in the degree of coherence, the corresponding
eigenspectra extend over the bulk-bulk and edge-bulk subspaces causing rapid deterioration of
the wave packets after propagating through disorder. Hence, the key to optimize topological pro-
tection for partially coherent light is to minimize the coupling induced by disorder of the initial
spectrum with the edge-bulk and bulk-bulk spectral regions. This optimization can be achieved
by first noting that for every instance of disorder ∆ there exists a different spectral window wi-
thin which light states enjoy topological protection. To deduce the protection window we launch
a spatially very narrow fully coherent bulk-cleaned excitation through an ensemble of N = 5000
disordered Haldane lattices. In Fig. (4.8 c-e) we show the ensemble-average of the spectral co-
herences after propagation through disorder ⟨|ρ̂p,q(zf )|⟩N . In the disorder-free case (∆ = 0) we
observe that, as expected, the spectral coherences remain invariant, ⟨|ρ̂p,q(zf )|⟩N = |ρ̂p,q(0)|.
One can see that the only surviving spectral intensities and coherences lie in a square region,
the spectral window of topological protection, which shrinks with increasing levels of disorder.
From these results it easy to see why even the bulk-cleaned states are not completely protected
by topology. As shown in the insets of Fig. (4.3-b), when the coherence parameter α is below
1 the spectral coherences acquire an elongated elliptical shape in the edge-edge subspace. De-
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pending on the strength of the disorder, the tails of the ellipse may fall outside of the window
of protection facilitating the scattering into the bulk, resulting in reduced transmittance and
fidelity. To summarize, we have demonstrated that partially coherent light survives extreme
randomness associated with disordered photonic topological insulators. This is in stark con-
trast with the case of non-topological systems where light excitations deteriorate very quickly
when full coherence cannot be achieved. We have shown that the vulnerability of the partially
coherent states is due to the inherent overlap of the spectrum with the bulk-bulk and bulk-edge
coherences. Hence, to grant topological protection to partially coherent light we have to keep
the spectral coherence maps in the center of a well defined spectral window – the topological
window of protection. This condition of course limits the degree of spatial coherence that gua-
rantees robustness of light. Yet, it presents an important tool to define the precise coherence
attributes of light in order to be protected in topological insulators. This is especially import-
ant, since in a real world scenario perfectly coherent light is unobtainable. Thus, these results
are of considerable interest for the development of, for example, topological optical computing
and information processing systems [121, 122]. As we have shown, the full-coherence condition
for the initial light fields can be relaxed, and the advantages offered by topology can be enjoyed
using only partially coherent beams. This opens up the design space to a wider selection of light
sources, possibly yielding smaller, cheaper and more robust devices based on the topological
transport of light.

4.4 Topological protection of entangled pairs of photons

The prospect of generating topologically protected entangled states of several photons is a highly
intriguing proposition [115, 123, 124]. Specifically, topological protection can enable robust
transport of quantum information across disordered photonic structures without degradation
[113, 125], just as efficiently as for single-particle wavepackets [99, 126–129].

In recent years, we have witnessed several experimental demonstrations of topological pro-
tection at the single-photon level in integrated one-dimensional lattice systems. Notably, Wang
and co-workers showed that the fundamental quantum features of spatially entangled biphoton-
states can be protected against disorder in the so-called Su-Schrieffer-Heeger (SSH) topologi-
cal lattice [130]. Interestingly, SSH lattices turned out to be equally effective in protecting
polarization-entangled photon pairs [131]. Another important ingredient was provided by Tam-
basco et al. [132] showing that Hong-Ou-Mandel two-photon interference of topological edge-
modes is feasible, by implementing a topological beamsplitter in a judiciously engineered time-
dependent Harper-model.

Concurrently, on the theory front several ideas have been suggested to investigate topological
two-photon effects in linear [133, 134] and nonlinear [135] lattice systems. In this regard, an
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intriguing proposition was recently put forward [136], where the Bose-Hubbard model, which
is topologically trivial for single particles, becomes topologically nontrivial for two interacting
photons. That is, particle interactions have a dramatic impact on topological properties, not
only modifying the topology of the spectra but also creating a topological order in otherwise
topologically trivial systems.

4.4.1 Two photon bandgap

Here we show that the topological protection of entangled two-photon states depends on their
two-dimensional spectral correlation map, which has to fit inside the topological window of
protection, otherwise they will be scattered away from the edge and into the bulk-region of the
lattice.

As discussed previously, in two-dimensional photonic topologial insulators, single particle
edge-states reside in the gap existing between the energy bands supporting the bulk states
[137–139]. Thus, breaking the topological protection requires disorder with sufficient strength
to close the bandgap. For states of two indistinguishable photons, the same bandgap is funda-
mentally lacking. The reason is, that the propagation eigenvalues λ(2)

12 for two-photon eigenstates
in a photonic system are given by the sum of the eigenvalues λ1, λ2 corresponding to the con-
stituent individual photons, λ(2)

12 = λ1 + λ2. This implies that we can keep λ
(2)
12 constant while

increasing λ1 and simultaneously decreasing λ2, or vice versa. In this way, we can combine two
single-photon bulk states, one from the lower and one from the upper band, to create a bi-
photon bulk-bulk state whose energy lies inside the single particle bandgap. This fundamental
additive property of the single particle eigenvalues removes the bandgap and leads to massive
degeneracies of the edge-edge, edge-bulk, and bulk-bulk two-photon states. Hence, considering
the lack of the topological bandgap for two-photon systems, it is not clear whether topological
protection will be automatically granted to two-particle states provided the constituent single
particles are topologically protected.

For pure states of two indistinguishable noninteracting particles the Hamiltonian is H2 =
H ⊗ I + I ⊗H, where H is the single-particle Hamiltonian and I is the identity operator [140].
The two-photon eigenstates are given by the symmetric tensor-product combinations of the
single-photon eigenstates

|ϕ(2)
m,n⟩ =

 |ϕm⟩ ⊗ |ϕn⟩ ⇔ m = n,
1√
2

(
|ϕm⟩ ⊗ |ϕn⟩+ |ϕn⟩ ⊗ |ϕm⟩

)
⇔ m ̸= n.

(4.6)

As alluded to above, the two-photon eigenvalues are the sums of the single-photon ones, λ(2)
m,n =

λm + λn.
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Abbildung 4.9: Two-photon eigenspectrum of the Haldane lattice.

In the absence of disorder, the eigenvalue spectrum for single-photon states in a finite lattice
exhibits topological edge states in the bandgap [45], Fig. (4.1-c). In contrast, for two indistin-
guishable photons, the spectrum does not have a bandgap: the edge-edge states can have the
same eigenvalues λ(2)

n,m = λn + λm as those lying in the bulk-bulk region, Fig. (4.9).
We now proceed to analyze the impact of disorder onte two classes of two-photon states

- Gaussian and non-Gaussian entangled states. While the former is more readily available
using widely used two-photon sources, the latter allows for a significantly higher degree of
entanglement and thus is able to carry “more” quantum information.

4.4.2 Gaussian entangled states

We start by constructing a set of states, which vary continuously from an unentangled product
state, with Schmidt number SN = 1, to highly-entangled two-photon states, SN ≫ 1 [141, 142],
with the two photons either being correlated or anti-correlated in space [143].

To construct these states, we start with

|ψ̃(2)
σc,σa
⟩ =

Me∑
j,k=1

ψj,k |j, k⟩ =
Me∑

j,k=1
(−1)j+ke

− (j−k)2

4σ2
a

−(x0−(j+k)/2)2

σ2
c |j, k⟩ . (4.7)
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Abbildung 4.10: Initial two-photon probe-states. a, b, c Spatial correlation maps
Pn,m over the 91 sites of the upper edge of the lattice. d, e, f Spectral correlation maps Sn,m

in the E⊗E-subspace. a, d Strongly spatially correlated state |ψ(2)
c ⟩, (σc, σa) = (

√
40, 0.01).

b, e Product state |ψ(2)
p ⟩, (σc, σa) = (

√
40,
√

40). c, f Strongly spatially anti-correlated state
|ψ(2)

a ⟩, (σc, σa) = (0.01,
√

40).

Here, |j, k⟩ represents the state where a photon starts at waveguide j and its twin at k. The
spatial two-photon correlations are controlled by the parameters σc and σa. For σc ≫ σa we
have a spatially correlated state, in which both photons most probably enter into the same
waveguide simultaneously [144]. For σa ≫ σc we obtain a spatially anti-correlated state, in
which the two photons enter at two waveguides symmetrically lying on opposite sides of the
window covered by the wavefunction [143].

Similar to the previous sections, we must ensure that the initial wavepackets only include
edge states. To this end, we project our state onto the two-photon eigenstates |ϕ(2)

m,n⟩ of the
system and then remove the components belonging to the subspaces B ⊗ E and B ⊗B, keeping
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only states that belong to the edge-edge subspace

|ψ(2)
σc,σa
⟩ = 1

A

E⊗E∑
m,n

Me∑
j,k=1

ψj,k ⟨ϕ(2)
m,n|j, k⟩ |ϕ(2)

m,n⟩ , (4.8)

where A is the normalization constant. It is worth noting that two-photon states described
by Eq. (4.8) are a lattice adoption of Gaussian two-mode squeezed states [145], which are
a commonplace choice in quantum optical experiments. The corresponding spatial Pj,k =
| ⟨j, k|ψ(2)

σc,σa⟩ |2 and spectral Sm,n = | ⟨ϕ(2)
m,n|ψ(2)

σc,σa⟩ |2 correlation maps of our initial states,
Eq. (4.8), are shown in Fig. (4.10). Tuning σa and σc, one can go from the spatially correla-
ted state |ψ(2)

c ⟩, Fig. (4.10-a), to the product state |ψ(2)
p ⟩, Fig. (4.10-b), and to the spatially

anti-correlated state |ψ(2)
a ⟩, Fig. (4.10-c). Note the relation between spatial and spectral dis-

tributions: the state |ψ(2)
c ⟩, which is strongly correlated in space, Fig. (4.10-a), is strongly

anti-correlated spectrally Fig. (4.10-d), and vice versa for |ψ(2)
a ⟩. Irrespective of their correlati-

on maps, all these states occupy the same spatial area on the upper-left edge of the lattice, see
appendix B.1. The Schmidt number for |ψ(2)

c,a⟩ is SN = 13, while for |ψ(2)
p ⟩ we have SN = 1. We

also provide a brief discussion of their propagation properties in the clean lattice in appendix
B.2.

We now explore the robustness of our two-photon states as they traverse the disordered lattice.
We begin with the product state |ψ(2)

p ⟩. To characterize the impact of disorder, we compute
the fidelity [146] which is given as the overlap of the state |ψ(2)

p (zf )⟩ after it has traversed the
lattice with the reference state |ψ(2)

p (zm)⟩ obtained after propagating the same state |ψ(2)
p ⟩ in a

disorder-free lattice. The two wavepackets are taken at slightly different propagation distances
zf and zm to account for the somewhat different travel distance in a disordered lattice. We find
the fidelity Fp = | ⟨ψ(2)

p (zf )|ψ(2)
p (zm)⟩ |2 = 0.98, confirming that both the single-photon states

and their product are immune to disorder. The edge-mode content of the evolved state is almost
100%, Ep =

∑E⊗E
n,m | ⟨ϕ

(2)
n,m|ψ(2)

p (zf )⟩ |2 = 0.9934. The product state traverses the lattice without
distortion, in spite of the degeneracy between the two-photon edge-edge and bulk-bulk states.
Figs. (4.11-a,b) visualize this outcome by showing the reduced single-photon spatial distribution
and two-photon spectral correlation maps for the two-photon product state |ψ(2)

p ⟩ traversing
the disordered lattice. The single-photon spatial distribution R(n) is given by the diagonal
elements ρ(1)

nn of the reduced single-photon density matrix ρ̂(1), R(n) ≡ ⟨n| ρ̂(1) |n⟩ ≡ ρ
(1)
nn [147].

The reduced single-photon density matrix ρ̂(1) is obtained from the two-photon density matrix
ρ̂(2) in the usual way, ρ̂(1) =

∑M
m ⟨m| ρ̂(2) |m⟩ [146]. As expected, the spectral composition of

the wavepacket remains undisturbed and the wavepacket propagates through the disordered
region without leaving the edge.

We now turn our attention to entangled two-photon states. Figs. (4.11-c,d) depict R(n) and
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the spectral correlation maps for the two-photon state |ψ(2)
c ⟩ traversing the “clean” lattice, and

Figs. (4.11-e, f) show the same for the disordered lattice. While in the absence of disorder,
R(n) stays on the edge and the highly correlated two-photon spectral distribution is unchanged
(panels c, d), the disorder strongly affects these states. Fig. (4.11-e) shows strong dissipation
into the bulk as soon as the entangled wavepacket encounters the disordered region. The spectral
distribution spreads all over the system, with both bulk-bulk and bulk-edge states becoming
occupied, Fig. (4.11-f). A similar result is obtained for |ψ(2)

a ⟩, except that the cross-like shape
observed in Fig. (4.11-f) is flipped towards the opposite diagonal, see appendix B.3. To quantify
the probability fraction of the states scattered into the bulk we compute the edge-mode content.
For |ψ(2)

c ⟩ the edge-mode content after traversing the disordered lattice is Ec = 0.4524, while
for |ψ(2)

a ⟩ it gives Ea = 0.4453. Thus, more than 50% of both types of states is scattered into
the bulk. The part of the states that survives the disordered region and stays on the edge
remains strongly correlated in the spectral domain: the edge-edge part of its spectral content
preserves the initial shape, see the right column in Fig. (4.11-f). However, the spectral phase of

Abbildung 4.11: Propagation of two-photon edge states. a Reduced single-photon
density distribution and b the spectral correlation map for the product state |ψ(2)

p ⟩, which
survives disorder. Note the rightmost panels in all cases show a magnification of the edge-
edge subspace. c, d The same for the spatially correlated entangled state |ψ(2)

c ⟩ in the clean
lattice, while e, f show the impact of disorder on this highly entangled state. Dashed lines
in a, c, e indicate the disordered region.
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Abbildung 4.12: Topological protection window and finding the states that fit
inside. a In order to identify the topological protection window, we considered a spectrally
broad product state (σa = σc = 0.01) as initial state for an ensemble of 1000 random
Haldane lattices. b The ensemble-average of the spectral correlation maps inside the edge-
edge subspace after the propagation through the ensemble of random disorder. We find
that the only two-photon amplitudes that survive the disorder lie in the region indicated
by the black square which is the protection window. c The edge-mode content E and d
product of the edge-mode content and the Schmidt-number E · SN as a function of the
entanglement parameters σa, σc of the initial states, in the range σa, σc ∈ [0.01, 10].

the state is scrambled. To illustrate this point, we have renormalized the transmitted edge part
of the two-photon wavepacket to unity and computed its fidelity FN by overlapping it with the
reference two-photon wavepacket from a clean system, yielding FN = 0.405.

We find that the conduit for dissipation of the two-photon edge-edge states is always provided
by the edge-bulk states, which are degenerate in energy with the edge-edge states. Once disorder
induces transitions into the edge-bulk states, they further transfer the amplitudes into the
energy-degenerate bulk-bulk states. Hence, the key to topological protection is to minimize the
disorder-induced overlap of the single-photon edge states with the bulk, keeping the single-
photon states comprising the entangled state as close to the center of the gap as possible. That
is, there is a topological protection window for single-photon states that offers the key guideline
for designing robust two-photon states. To infer the protection window, we sent a probe product
state with σc = σa = 0.01 through an ensemble of 1000 disordered lattices. This initial state is
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very well localized to the edge region in real space, ensuring that all components within the state
travel along very close paths. The spectral content of the state before and after the disorder
is shown in in Fig. (4.12-a,b). The components that have survived the impact of disorder are
within the marked window - the topological window of protection. Any entangled state with
varying σa and σc must fit inside this protection window to be robust against disorder.

In practice, to increase the amount the entanglement we need to increase σa (σc) while
decreasing σc (σa), and by doing so the wavefunction unavoidably tends to fall outside the
protection window. However, we can always find two-photon states with a considerable amount
of entanglement which are protected. To elucidate this we have scanned the edge mode content
of the two-photon states after propagation through the disorder region as a function of σa and
σc. In Figs. (4.12 c-d) we show the contour maps of the edge-mode content as we vary σa

and σc. Fig. (4.12-c) shows the edge-mode content of the two-photon states after propagation
through the disordered region, with the diagonal corresponding to the product states, that is,
states with σa = σc. The states with the highest degree of entanglement correspond to very
different σa and σc and therefore they are found in the top left and lower right corners in
Fig. (4.12-c). In general, highly entangled states lay in regions with σa ≪ σc (top left corner)
or σa ≫ σc (bottom right corner) and the edge-mode content quickly drops below 0.5. The
reason is because as one increases σa, or σc, the tails of the spectral correlation ellipse fall
outside of the protection window and, as a result, the states scatter into the bulk. Similarly,
uncorrelated states may experience the same fate when they are initially confined into a small
spatial region, which is the case for states with σa = σc ∈

(
0, 2.5

)
. Fig. (4.12-d) shows the key

figure of merit, E · SN , the product of the Schmidt number SN and the edge-mode content E.
The bright yellow islands indicate the best two-photon states which combine robustness against
disorder with high degree of entanglement. Importantly, the spectral correlation ellipse of these
states always fits into the protection window shown in Fig. (4.12-b). It is worth mentioning,
that the features exhibited by the contour maps are generic as similar structures are obtained
for disordered Haldane lattices with different dimensions, see appendix B.4. This demonstrates
that, in principle, one can create states with high Schmidt number and edge-mode content close
to unity.

As evidence that our results are generic, in the sense that they apply to other 2D topological
systems - in appendix B.5 - we have performed a similar analysis for an aperiodic topological
lattice system [99, 101]. We have found that the contour map of the edge mode content E
is not symmetric, implying that the correlated states are slightly better protected than their
anti-correlated “mirror-images". Nevertheless, we obtain the same qualitative features as in the
Haldane model.

Before concluding the present section, we would like to outline possible ways to generate
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the initial states and address the potential challenges for experimental observations of these
effects. The initially highly correlated states can be implemented using standard spontaneous-
parametric-down-conversion nonlinear crystals to generate photon pairs that are coupled to
the edge of the lattice using a positive achromatic doublet lens as demonstrated in [144].
Anticorrelated photon pairs can be generated by applying the fractional Fourier transform to
the highly correlated states [58]. The Haldane lattice has been previously demonstrated using
femtosecond laser written waveguides as reported in [97]. Hence, the challenges are reduced
to optimizing the fabrication for minimal scattering, absorption and bending losses associated
with the helical waveguides.

These results lead to the following conclusions. Two issues have to be considered when con-
structing two-photon entangled edge states in topological systems: their dissipation into the
bulk and the relative dephasing between the different components comprising the entangled
state. Regarding dissipation, the two-photon edge states are protected just as well as the
single-photon edge states. Further, phase scrambling can also be minimized if the different
components of the entangled state travel along the same path in the edge region. Both aims
are achieved by keeping the spectral correlation map of the two-photon state in the center of
the bandgap. Thus, attempts to increase entanglement must be balanced against keeping the
spectral correlation maps of the two-photon states within the narrow spectral region at the very
center of the single-photon gap - the topological window of protection. This limits the degree
of entanglement one can safely encode in practice, but presents a clear strategy for creating
useful states with high degree of entanglement and robustness.

Looking forward, one could take advantage of the static nature of disorder to circumvent
entanglement-induced dissipation into the bulk. While the disorder-induced relative phase bet-
ween the different product-state components of the entangled wavepacket may appear random
due to the random nature of disorder, for static disorder scrambling and dissipation are ne-
vertheless fixed. This opens an opportunity to find the windows of protection as we have done
in the cases considered here, and generate robust wavepackets tailored to the particular dis-
ordered system at hand. From a practical perspective, the stability of entangled states up to
relatively high Schmidt numbers offers practical guidelines for generating useful entangled edge
states in topological photonic systems. Finally, these results open the door to study topologi-
cal protection of highly-entangled multiphoton non-Gaussian states that fulfill the protection
conditions.

4.4.3 Non-Gaussian entangled states

We now study the evolution of entangled non-Gaussian two-photon states in disordered topo-
logical lattices. Specifically, we consider spatially entangled two-photon states, modulated by
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Laguerre polynomials up to the 3rd order, which feature ring-shaped spatial and spectral corre-
lation patterns. Such states are discrete analogs of photon-subtracted squeezed states, which are
ubiquitous in optical quantum information processing or sensing applications. We find that, in
general, a higher degree of entanglement coincides with a loss of topological protection against
disorder, this is in line with the previous results for Gaussian two-photon states. However, we
identify a particular regime in the parameter space of the considered non-Gaussian states, whe-
re the situation is reversed and an increase of entanglement can be beneficial for the transport
of two-photon quantum states through disordered regions.

This is especially appealing, since non-Gaussian states may exhibit a higher degree of entan-
glement than their Gaussian counterparts [148] and for this reason they constitute an important
resource for applications in quantum optical information processing [149, 150] and sensing [151].
It is thus of high interest to investigate the possibility of topologically-protected transport of
highly-entangled non-Gaussian states.

To generate non-Gaussian entangled states, we start with the expression

|ψ̃(2)
σG,σL,n⟩ =

Me∑
j,k=1

(−1)j+ke
−(j−x0)2

+(k−x0)2

2σ2
G Ln

(j − x0
)2 +

(
k − x0

)2

σ2
L

 |1j , 1k⟩ , (4.9)

where j, k are the waveguide indices of the first Me = 20 sites on the top edge of the lattice,
x0 = (Me + 1)/2 is the spatial center in this range, and |1j , 1k⟩ corresponds to the two-photon-
state describing a photon at site j and its twin photon at site k. The width of the Gaussian
envelope is controlled by σG (Gaussian width), and the modulating function is the Laguerre-
polynomial Ln(x) of order n, controlled by σL (Laguerre width).

Again - to ensure that solely edge states will be present in the initial states - we project the
spatial state given in Eq. (4.9) onto the two-photon eigenstates |ϕ(2)

p,q⟩, and then remove the
components belonging to the subspaces B ⊗ E and B ⊗ B. In that way we obtain the spectral
representation of the non-Gaussian two-photon states comprising only edge states

|ψ(2)
σG,σL,n⟩ = 1

A

E⊗E∑
p,q

⟨ϕ(2)
p,q |ψ̃(2)

σG,σL,n⟩ |ϕ(2)
p,q⟩ , (4.10)

where A is the normalization constant. In Fig. (4.13) we show some exemplary states for
σG = σL = 2.5 and n = 1, 2, 3. All these states feature a central lobe surrounded by n concentric
rings in both the spectral and spatial correlation maps. These rings - and their number -
effectively encode the degree of entanglement of the states, since the Schmidt number K of the
corresponding states is in general close to n + 1. Here we define the Schmidt number K in a
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Abbildung 4.13: Spatial correlation maps Pj,k and spectral correlation maps
Sp,q of non-Gaussian entangled two-photon topological edge states, with σG =
σL = 2.5. a, b, c Laguerre polynomial of order n = 1, 2, 3, respectively. All states feature a
central lobe in both Pj,k and Sp,q. Additionally, we observe n concentric correlation “rings”
around the central lobe, and their number also indicates the degree of entanglement of the
states. Specifically, the states feature a Schmidt number K = 1.99, 2.89, 3.71 for n = 1, 2, 3
respectively. Note that by carefully tuning σG and σL it is possible to achieve states with
Schmidt numbers arbitrarily close to the maximum amount of entanglement allowed by the
order of the Laguerre polynomial K ≲ n+ 1.
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slightly different way [119], than in the previous section

K =

 M∑
m=1

k2
m

−1

, (4.11)

where km are the Schmidt amplitudes obtained from the singular value decomposition of the

reduced density matrix ρ̂red = Tr
(
|ψ(2)

σG,σL,n⟩ ⟨ψ(2)
σG,σL,n|

)
. Explicitly, for the states shown in

Fig. (4.13), Kn=1,2,3 = 1.99, 2.89, 3.71, which certifies their entanglement [152]. We now proceed
to study the evolution of these states through the disordered region of the lattice. As an example,
we show the evolution of the second-order state |ψ(2)

σg=2.5=σL,n=2⟩ in the clean lattice, Fig. (4.14-
a), and in the disordered lattice, Fig. (4.14-b). In the presence of disorder a significant part
of the two-photon state is scattered into the bulk, which can be seen in the spatial marginal
distribution Rj =

∑M
k=1 Pj,k as well as in the spectral correlation maps. A close inspection of the

correlation map computed after the disordered region, one sees that mainly the outer spectral
correlation ring is affected the most by the disorder (see leftmost figure in the lower row of
Fig. (4.14-b)). This is in line with previous results - the two-photon spectral amplitudes outside
of the topological window of protection are scattered away from the edge [7]. In this specific
case only the center lobe and the inner correlation ring fit inside the window of protection.

In order to quantify the degree of topological protection, we consider two figures of merit.
Firstly, we compute the transmittance T =

∑
j,k Pj,k, where the sum runs over the sites j, k

located to the right-hand side of the disordered region. Physically, T represents the amount
of probability transmitted through the disordered region without scattering into the bulk.
Secondly, we estimate the Schmidt number Kz of the transmitted state. To do so, we first
calculate the reduced density matrix of the evolved state ρ̂red(z) = Tr1

(
|ψ(2)(z)⟩ ⟨ψ(2)(z)|

)
.

Then we project the reduced state onto the spatial region to the right-hand side of the disordered
region ρ̂red,proj = 1

A

∑
j,k |1j⟩ ⟨1j | ρ̂red |1k⟩ ⟨1k|, where A is a renormalization constant such that

Tr
(
ρ̂red,proj

)
= 1. The Schmidt amplitudes km of ρ̂red,proj are then used to compute the Schmidt

number Kz of the transmitted state according to Eq. (4.11). Therefore, Kz encodes the amount
of entanglement in the transmitted two-photon state, the results are summarized in Fig. (B.5).
The plots of the transmittance, Fig. (B.5-a), show that in general the states lying above the
diagonal dashed line (σG > σL) are protected to a higher degree than those appearing below it
(σG < σL). The reason is that broadening the Gaussian envelope of the initial states implies a
larger spatial extension, this in turn leads to a narrowing in the corresponding spectrum such
that the states become more confined into the protection window. In all cases, the initial states
exhibiting the highest degree of entanglement are mainly located on the diagonal σG = σL

(dotted lines). As a consequence, the highest protected entanglement Kz is also found along
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Abbildung 4.14: Second-order non-Gaussian entangled state |ψ(2)
σG=σL=2.5,n=2⟩ af-

ter a propagation distance z = 75. a and b correspond to the completely clean system
and to the system with disorder, respectively. In both cases we show the evolved spatial
marginal distribution Rj (top) - where the dashed lines indicate the region with disorder -
the spatial correlation map on the sites of the upper edge Pj,k (bottom left) and the spectral
correlation map Sp,q (middle: complete eigenspace, right: magnified edge-edge subspace).
In order to improve the visibility of small amplitudes, we plot, in some cases, the square
root as indicated.
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the diagonal and towards the top right corners, where σG and σL take on their largest values in
the range displayed. In the regions below the diagonal appear some intriguing features, where
the transmittance and the protected entanglement can vary rapidly with small changes of σG

and σL.

To investigate this peculiar behavior, we now take a closer look at the specific case n = 1,
σL = 0.708, Fig. (4.16). As one can see, the transmittance exhibits a local minimum σGmin =
0.357, T = 0.285 and a local maximum σGmax = 0.404, T = 0.818 for a change of δG = σGmax −
σGmin ≈ 0.05 in the Gaussian width of the states. In between, the Schmidt number of the evolved
states reaches a local maximum at σGK

= 0.361,Kz = 1.448. The corresponding initial states
are visualized in Fig. (4.16-b,c,d). Interestingly, the state for which T is a minimum, Fig. (4.16-
b), features a strongly localized central spatial correlation lobe. Concurrently, this state lacks
the central spectral correlation lobe as previously observed in Fig. (4.13). This is clearly the
reason for its lack of topological protection since almost all of its spectral correlations lie outside
of the protection window. As σG increases, the transmittance T and the entanglement Kz grow
simultaneously until we reach the state shown in Fig. (4.16-c). In a reversed fashion, compared
to the state in Fig. (4.16-b), now the spatial correlation lobe is suppressed, while the spectral
correlation lobe reappears. The reappearance of the central spectral lobe ultimately grants this
state (σGK

) a higher degree of protection than its less entangled partner state (σGmin). To
the best of our knowledge, this continuous progression of states, where the Gaussian width
passes from σG = 0.357 to σG = 0.361 (σL = 0.708, n = 1), is the first example where an
increment in entanglement improves the topological protection of two-photon states. However,
any further increase in σG reduces the amount of protected entanglement until the resulting
states resemble uncorrelated product states, Fig. (4.16-d). Note, that very similar behaviour
can be observed also for other parameter choices of the Laguerre width σL and order n, as
illustated in Fig. (B.5). An interesting question arises as to whether these phenomena can also
be observed when - in addition to the disorder - also some sites of the lattice are completely
absent. As we describe in the Appendix, we have performed some simulations akin to the ones
shown in Fig. (4.16) for a system in which some sites in a spatial section on the upper edge in
the disordered region have been removed. Apart from a slight reduction in the transmission T

and final Schmidt number Kz, we observe identical behaviour as seen in Fig. (4.16). Therefore,
also the removal of several edge-sites does not significantly reduce the topological protection.

At this point we briefly outline a possible way to generate the non-Gaussian states consi-
dered here and address the potential challenges for experimental observations of these effects.
Two-photon states can be generated using standard spontaneous-parametric-down-conversion
nonlinear crystals. Using a positive achromatic doublet lens [144], it is then possible to project
an image of the crystal output onto a spatial-light-modulator, which in turn can be programmed
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Abbildung 4.15: a Transmittance T , b initial Schmidt number K and c final Schmidt
number Kz of the states |ψ(2)

σG,σL,n⟩ after propagation through the disordered region. The
three columns correspond to the order n = 1, 2, 3 of the modulating Laguerre polynomials,
respectively. In each case we have performed a scan over the Gaussian width σG ∈ [0.1, 3.5]
and the Laguerre width σL ∈ [0.1, 3.5]. Additionally, we have performed these parameter
scans for 20 different instances of the random disorder and show here the ensemble average.
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Abbildung 4.16: Rapid oscillations of the transmission and protected entangle-
ment. a Plot of the transmittance T (black line), initial Schmidt number K (blue lines)
and the transmitted Schmidt number Kz (red line) of the states with σL = 0.708, n = 1
and σG ∈ [0.2, 0.5]. In the insets we show the spatial and spectral correlation maps of the
states with: b the smallest T (σG = 0.357), c the largest Kz (σG = 0.361), d the largest T
(σG = 0.404).
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to apply suitable phase and amplitude modifications to the incoming two-photon wavefronts.
Then using another lens one can couple the two-photon states into the sites of the upper edge
of the waveguide lattice. Another possibility is to use a discrete fractional Fourier lattices to
tailor the correlations of the photons emerging from the nonlinear crystal [58, 153].

Before concluding, we address the role of particle indistinguishability in the topological protec-
tion. Since we are considering non-interacting particles, one may think, that the two-photon evo-
lution is ruled completely by the single particle dynamics. However, we cannot simply consider
the photons separately: in general, the reduced single particle states (where one of the photons is
disregarded or traced out) are mixed states and, as a result, the dynamics will be similar to the
one exhibited by partially coherent light [154]. At this point it is worth to stress that topological
protection of a two-photon state is a fully coherent effect and partial coherence will definitely
prevent its observation. This point can be shown more prominently by considering the most
extreme case of a maximally entangled two-photon state of the form |ψ⟩ =

∑
m ψm |1m, 1m⟩,

whose reduced density operator is completely incoherent, ρ̂red =
∑

m |ψm|2 |1m⟩ ⟨1m|. Further,
introducing disorder or dephasing into the system will increase the incoherence of the reduced
single-particle states. In realistic scenarios, incoherent effects might come from defects or ran-
dom modifications in the photonic structures that render the evolution in these systems to be
non-unitary and, as a result, the states will undergo dephasing. Thus, each product state (or
Schmidt mode) in a superposition that forms the entangled state will acquire random phases,
leading to dephasing of the superposition and the loss of entanglement, even if each product
state on its own is protected. Consequently, in order to reduce the impact of these effects - and
to observe two-photon topological protection - a high degree of indistinguishability among the
photon pair is of paramount importance. We point out that these arguments also find support in
previous results where the degree of indistinguishability of identical particles has been shown to
shield quantum entanglement against both non-dissipative and dissipative noise channels [155,
156]. Moreover, it has been recently demonstrated experimentally that two-photon quantum
correlations in a quantum walk network can be enhanced under disordered dynamics thanks to
the indistinguishability of the photons [157, 158].

In summary, we have shown that non-Gaussian entangled two-photon states can be topo-
logically protected, provided their joint-spectral correlation function is well-confined to the
topological window of protection. This is achieved with the choice σG ≈ σL, i.e. the spatial
extent of the Gaussian envelope and the modulating function are approximately identical and
- importantly - large enough. The resulting states maintain their spectral correlation pattern
even in the presence of disorder, which renders them an appealing resource for applications
in quantum optical information processing. In this regard it is known that quantum random
walk-based algorithms are a possible platform for efficient quantum computations [159]. Quan-

79



4 The Haldane photonic topological insulator

tum random walks along the edges of photonic topological insulators might provide significant
advantages, since the walker’s dynamics would be protected against disorder, such as fabri-
cation errors - intrinsically. Furthermore, we identify a regime in the parameter space, where
an increase in the degree of entanglement can improve the protection against disorder. This
surprising result may serve as a starting point for further investigations into the engineering of
useful entangled states in photonic topological insulator systems.
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KAPITEL 5

Conclusion and Outlook

In the first chapter we have developed an interferometric technique to directly measure the
particle exchange phase of indistinguishable photons, thereby demonstrating the symme-
tric nature of two-photon wavefunctions. These results highlighted the importance of the
geometric phase acquired during a physical swapping process. Looking forward, the optical
setup may be further improved and optimized towards enhanced accuracy. For example, a
brighter and more stable photon pair source would allow for the acquisition of more data
points and thus improve the statistical significance of the result. To minimize the influence
of thermal phase fluctuations, the setup can be implemented using integrated and passively
stable optical elements. A further improvement can be made by a synchronization of the
phase-shifters, such that the phases ϕ1 ≈ ϕ2 are as close to being identical as possible at all
times during the measurement. This would allow for the exploration of the full range of the
total phase ϕ1 + ϕ2 ∈ [0, 2π] and a reduction in the amount of datapoints lost due to the
application of the filter threshold t in the post-processing. These ideas can be expected to
improve the statistical significance of the result, and in the next years a steady increase in
accuracy and reduction of the bound for a non-vanishing exchange phase can be achieved.

Experimental tests of the exchange phase with fermions would be of high interest. In
this regard, recent advances in the coherent control of the rotational degree of freedom of
a two-ion coulomb crystal have paved the way towards the implementation of the state-
dependent transport protocol with (fermionic) 40Ca+ ions [160].

Our work constitutes an experimental technique to generate and certify spatially symme-
trized two-photon states, which can find applications in transferring quantum information
through random media [161], or to test entanglement of identical particles [162]. Regar-
ding the former, an interesting idea to explore is the possibility to encode a classical bit
in the two-photon wavefunction via swapping (bit value 0) or not swapping (bit value 1)
the photons. Using a reference phase, a receiver could then detect the presence (bit value
0) or absence (bit value 1) of the geometric phase in the two-photon state.

In chapter 2 we have shown that the propagation of multi-photon states through multi-
port waveguide systems (tight-binding networks) gives rise to multiple synthetic lattices
and multi-dimensional Fock graphs that allow for transparent analyses of the relevant
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physical processes and the design of novel functionalities beyond the linear (single-photon)
realm. Since such synthetic structures emerge in the photon-number space we have be-
en able to associate coherent multi-photon processes with parallelized multi-dimensional
quantum random walks. This parallelization brings about novel opportunities for the im-
plementation of random walks where the randomness is not only present in the dynamics
of the walkers but also in the simultaneous occurrence of different walks. In the present
context, we have only considered time-independent coupled structures. Thus, an extension
of the theory to time-dependent systems seems most natural and can be expected to yield
interesting results and applications. For example, by performing an adiabatic transition
from an initial structure to some final one, one could achieve the preparation of genuine
multi-photon eigenstates of the final structure.

In chapter 3 we have considered an application of the theory developed in chapter 2
and we have shown that an array of coupled waveguides, exhibiting an alternating pat-
tern of lossy and lossless sites, gives rise to several exceptional points of second order on
the single photon (or classical) level. The excitation with the corresponding coherent ex-
ceptional mode promotes these exceptional points to an arbitrary order in the emerging
synthetic coupled structure in the N -photon Fock-space - without the need for further
fine-tuning of the loss-rates in the underlying physical system. Utilizing photon number
resolving detectors, it is then possible to exploit the effect of loss-induced transparency in
the quantum optical regime. We have outlined this concept for the semi-lossy waveguide
beamsplitter, which is excited by its coherent exceptional mode. Further, we generalized
this scheme to an arbitrary number of waveguides. We have shown that integrated quan-
tum optics based on multiphoton states is richer than its single-photon counterpart and it
requires fewer waveguiding elements as it works in synthetic space. The challenges of this
approach is the need to generate multiphoton states and to have suitable photon number
resolving detectors. Using coherent states we greatly alleviate the problem of the generati-
on of multiphoton states but still it relies on photon number resolving detectors which is a
manageable problem [90–92]. We anticipate that a realization of this scheme is possible in
the very near future [163]. Further, since our analysis is based on a tight-binding model,
we anticipate that this scheme will find applications in numerous other formally equivalent
systems, such as coupled micro-cavities, ring resonators or ultra-cold atoms trapped in an
optical lattice.

In the final chapter we gave a brief introduction to photonic topoligical insulator sys-
tems in the form of the Haldane lattice. We have shown how the emerging edge states are
topologically protected, granting single-particle or (fully coherent) classical wavepackets
high immunity to back-scattering due to disorder. This bandgap-protection was found to
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be lacking once considering the evolution of partially coherent light or two-photon states.
In both cases the topological immunity of initial excitations is accurately predicted by
the topological window of protection. Consequently, initial excitations have to be carefully
prepared to fit inside the protection window in order to enjoy topological protection. In
the case of partially coherent light, this requires a minimum degree of spatial coherence
as well as a minimum spatial width. For entangled photon pairs this requirement limits
the maximum degree of entanglement that can be safely transmitted through a disordered
region. In practice, this necessitates an analysis of the disorder strength in the system
at hand, which can be achieved by launching single-site (or spatially very narrow) exci-
tations and to detect the spectral components that survive the disorder. In the context
of entangled two-photon states, we have further explored the possibility to enhance the
degree of entanglement by employing non-Gaussian states. While for Gaussian-entangled
states a higher degree of initial entanglement generally corresponds to a smaller degree
of protection - for non-Gaussian states we found a parameter regime where the situation
was reversed. Even though this regime was outside of the region of the best transmittance
and fidelity, this result constitutes a starting point for the search for different states that
display this behaviour in their complete parameter regime. For example, one could modify
the non-Gaussian states considered here by replacing their circular Gaussian envelope - of
width σG - with an eliptical envelope with widths σa and σc as encountered for the (un-
modulated) Gaussian-entangled states. Such states are expected to display an even higher
degree of entanglement and simultaneously allow for a higher degree of control of their
spatial and spectral shapes.
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ANHANG A

Haldane lattice

A.1 Identification of the edge modes

We start by calculating the complete set of single-particle eigenmodes |ϕn⟩ of the finite Haldane
lattice. Next, we sort the eigenmodes |ϕn⟩ according to their eigenvalues λn in ascending order,
as shown in Fig. (A.1-a). Now we calculate for each eigenmode |ϕn⟩ the edge intensity

In =
∑

j

| ⟨j|ϕn⟩ |2, (A.1)

where the sum runs only over the sites j on the outer-most spatial edge of the finite lattice.
In Fig. (A.1-b) we observe a distinct spectral region where the edge intensity is significantly
enhanced. However, in order to reliably identify the edge-modes we calculate the differential
edge intensity ∆In = In+1−In in Fig. (A.1-c). Here we observe a global maximum ∆I949 ≈ 0.26
and a global minimum ∆I1042 ≈ −0.26. Thus we can identify the edge mode subspace in the
following way

E =
{
|ϕn⟩ : 950 ≤ n ≤ 1042

}
, (A.2)

and all other eigenstates belong to the bulk mode subspace

B =
{
|ϕn⟩ : 950 > n > 1042

}
. (A.3)
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A Haldane lattice

Abbildung A.1: Process of identification of the edge and bulk modes of the
Haldane lattice. a We sort the eigenmodes according to their eigenvalues in ascending
order and b calculate the edge intensity of each eigenmode. c The edge subspace is obtained
by identifying the global minimum and maximum of the differential edge mode intensity
∆In = In+1 − In.
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ANHANG B

Gaussian two-photon states

B.1 Construction of the initial two-photon states

As explained in the main text, we constructed the initial states by choosing different values for
σc and σa in the expression

|ψ̃(2)
σc,σa
⟩ =

Me∑
j,k=1

ψj,k |j, k⟩ =
Me∑

j,k=1
(−1)j+ke

− (j−k)2

4σ2
a

−(x0−(j+k)/2)2

σ2
c |j, k⟩ , (B.1)

which we then project onto the E ⊗ E-subspace and renormalize the resulting state. As ex-
amples, we obtain the correlated state |ψ(2)

c ⟩ (σc =
√

40, σa = 0.01), the semi-correlated state
|ψ(2)

sc ⟩ (σc =
√

40, σa =
√

40/3), the product state |ψ(2)
p ⟩ (σc =

√
40, σa =

√
40), the semi-

anticorrelated state |ψ(2)
sa ⟩ (σc =

√
40/3, σa =

√
40) and finally the anti-correlated state |ψ(2)

a ⟩
(σc = 0.01, σa =

√
40). In Fig. (B.1) we show the spatial and spectral correlation maps as

well as the reduced density matrix representations of these states. As one can see, despite the
fundamentally different correlation maps, all states occupy the same spatial region on the upper
left edge of the lattice.
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Abbildung B.1: Reduced density matrix representation R(n), the spatial corre-
lation map Pn,m, the spectral correlation map Sn,m for the five different initial
states considered in our simulations. a Correlated state, b semi-correlated state, c
correlated state, d semi-anticorrelated state and e anticorrelated state. Note that we show
the square-root/fourth-root - as indicated above the panels - in order to increase the visi-
bility of components with small probability.

B.2 Propagation in the clean system

In order to assess the impact of disorder on two-photon states, we first analyze their propaga-
tion in a disorder-free lattice. Fig. (B.2) depicts the final states after a propagation distance
zc = 75. Even though there is no disorder present in the system, in the two cases, |ψ(2)

c ⟩ and
|ψ(2)

a ⟩, the spatial probability distribution tends to spread out over the edge of the lattice losing
the initial Gaussian shape, as illustrated in Figs. (B.2 a-e). In terms of correlations, both states
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spread out towards the four corners of the spatial correlation map. However, as the spreading
is more prominent along the main diagonal we assert that in both cases the photons tend to
bunch into the same site. Concurrently, we observe the emergence of interference fringes par-
allel (orthogonal) to the main diagonal of the correlation map corresponding to the correlated
(anticorrelated) state. This implies that certain states are suppressed as a result of destructive
quantum interference. Naturally, the spectral correlation maps remain invariant upon propa-
gation, as well as the edge-mode content Ep = 1 ensuring that only edge modes are present in
the evolved wave-packet.
It is important to stress that the broadening of the wavefunctions is due to multimode in-

terference, and since the two-photon eigenmodes exhibit larger propagation eigenvalues, the
spreading rate is faster compared to single-photon wavepackets. In view of the spatial distorti-
ons undergone by |ψ(2)

c ⟩ and |ψ(2)
a ⟩, one can directly state that entangled states degrade even in

disorder-free Haldane topological lattices. This intrinsic dispersion of strongly entangled states
- even without disorder - may pose an additional challenge for their application in topological
quantum information processing.
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Abbildung B.2: Reduced density matrix R(n), spatial Pn,m, and spectral Sn,m

correlation maps for the five states considered in our simulations after propa-
gation distance zc = 75 in the clean lattice. a Correlated state, b semi-correlated
state, c correlated state, d semi-anticorrelated state and e anticorrelated state. Note that
we show the square-root/fourth-root - as indicated above the panels - in order to increase
the visibility of components with small probability.

B.3 Propagation through disordered lattices

Here we present the resulting states after the propagation through disorder. The correlated
|ψ(2)

c ⟩ and anticorrelated |ψ(2)
a ⟩ two-photon states scatter significantly into the bulk of the

disordered region. In the first place, spatial correlations, Figs. (B.3-a) and (B.3-e), present
some notable differences with their counterparts obtained in the clean system, Figs. (B.2-a)
and (B.2-e). That is, in the disordered cases the correlation maps no longer broaden along the
main diagonal but they expand away of it redistributing the probabilities into three lobes. Yet,
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the highest probabilities are localized in the central lobe indicating that the photons remain
mainly correlated and anticorrelated as the corresponding initial states. Accordingly, in the
spectrum the wavefunctions turn to be wider as demonstrated by the correlation maps shown
in the third columns of Figs. (B.3-a) and (B.3e). A closer look into the central probability
lobes, shown in the right-most column, reveals that the spectrally anticorrelated and correlated
nature of the initial states survive the impact of disorder to some extent. Indeed, by monitoring
the full dynamics one can see how the wavefunctions lose their correlation properties upon
scattering and eventually the transmitted parts recover the initial correlation structure.

Abbildung B.3: Reduced density matrix R(n), the spatial Pn,m, and the spectral
Sn,m correlation maps for the five different states considered in our simulations
after propagation distance zd = 78.5 in the disordered lattice. a Correlated state,
b semi-correlated state, c correlated state, d semi-anticorrelated state and e anticorrelated
state. Note that we show the square-root/fourth-root - as indicated above the panels - in
order to increase the visibility of components with small probability.

91



B Gaussian two-photon states

B.4 Effects of the lattice size

We now explore how the size of the Haldane lattice influences the protection window. To do so,
we consider two additional lattices with double spatial length (Nx = 10, Ny = 180 hexagons)
and width (Nx = 20, Ny = 90). In both cases the length of the disordered region (Nd = 20
hexagons in y-direction) is the same as in the original lattice (Nx = 10, Ny = 90), see Fig. (B.4).
The parameter scans in Fig. (B.5) yield, essentially, the same contour maps for the edge-mode
content E and the product E · SN . To further corroborate this finding, we tested even larger
systems (Nx = 90, Ny = 10, 20, 40, 60, 80), for a correlated state with σa = 0.01 and σc = 5.
As depicted in Fig. (B.6), the edge-mode content of this state, after the disordered region, is
also independent of the system size. Accordingly, we conclude that the results discussed in the
main text are generic and not a mere effect of the system size.

Abbildung B.4: Sketch of the lattices considered in the analysis of the impact
of the system size. a Original lattice from the main text. b Lattice with twice the width.
c Lattice with twice the length. In all cases, the disordered region has the same length
Nd = 20.
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Abbildung B.5: Results of the parameter scans of (σa, σc). The columns correspond
to (from the left to the right) the edge-mode content E, Schmidt number SN and the
combined figure of merit E · SN . a Original lattice. b Double width. c Double length. All
contour maps display the same features, where highly entangled states (close to the σa-
/σc-axis) are highly impacted by disorder.
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Abbildung B.6: Further analysis of the impact of system size. Plot of the edge-
mode content E of the correlated state |ψ(2)

σa,σc⟩ after the disorder, with σa = 0.01, σc = 5,
against increasing widths of the lattice Nx = 90, Ny = 10, 20, 40, 60, 80. As one can see, E
remains close to 0.5 in all cases, as a result, we conclude that the impact of disorder on
highly entangled states is independent of the lattice size.
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B.5 Topological protection of entangled two-photon states in
an aperiodic topological insulator

In order to show that our results are applicable to other 2D topological systems - and to connect
them with established experimental work in photonic systems, we now consider the evolution
of two-photon states in a topological insulator based on an aperiodic lattice. Such a system has
been implemented experimentally using aperiodic networks of coupled ring-resonators [99, 101,
107]. At the single-particle level, this system is described by the Hamiltonian

Ĥ = κ
∑
n,m

â†
n,mân,m+1 + e−iϕmâ†

n,mân+1,m + h.c. (B.2)

The site modes represented by the operators â†
n,m form a 2D-square lattice with nearest-

neighbor hopping, where the coupling κ in y-direction (left to right edge, index m) is real-
valued. In the x-direction (top to bottom edge, index n) the sites exhibit a complex-valued
coupling κe−iϕm, which is dependent on the y-coordinate m, as sketched in Fig. (B.7-a). Spe-
cifically we choose ϕ = π

2 , which ensures that the phase accumulated around any local 4-site
plaquette is −ϕm + ϕ(m + 1) = ϕ = π

2 . For our simulations we consider a finite ribbon with
Nx×Ny = 20× 90 sites, Fig. (B.7-b), where the vertical red lines indicate the region where we
introduce static disorder. The single-photon spectrum (without disorder) features two disjoint
edge-spaces E±, which correspond to clock-wise (CW, E+) and counter-clockwise (CCW, E−)
propagating edge-modes, Fig. (B.7-c). As we have done for the Haldane lattice, we prepare
states that start on the top-left edge of the system. As such, it is convenient to project them
only onto the E−-subspace, where the states then propagate CCW directly into the disordered
region. Thus we define the E+-space to be part of the bulk space B, which ensures that - despi-
te dissipation effects - also back-scattering is reflected in the edge-mode content of the states
after propagation through the disorder. We show the resulting two-photon spectrum (without
disorder) in Fig. (B.7-d), which indicates again the massive degeneracies between the B ⊗ B,
B ⊗ E and E ⊗ E two-photon subspaces.

We construct the two-photon states in the same way as for the Haldane lattice using the
template states

|ψ(2)
σc,σa
⟩ =

Me∑
j,k=1

(−1)j+ke
− (j−k)2

4σ2
a

− (x0−(j+k))2

σ2
c |j, k⟩ . (B.3)

After projection onto the E ⊗E-subspace, and renormalization, we obtain the exemplary states
shown in Fig. (B.8). In comparison to the Haldane lattice, these states display very similar
spatial correlations (by construction) but slightly different spectral correlation maps. Speci-
fically, their spectral correlation ellipses are not oriented around the center of the edge-edge
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subspace. This is a consequence of the aperiodic nature of the lattice, which induces an asymme-
tric dispersion relation with respect to the center of the E− (E+) subspace in the single-photon
spectrum, Fig. (B.7-c). However, we still observe that the spatially correlated state is spectrally
anti-correlated, and vice versa for the spatially anti-correlated state.

In order to identify the window of protection, we launch the spectrally wide product-state
|ψ(2)

σc=0.5,σa=0.5⟩ through an ensemble of 200 instances of disordered lattices (strength of the
disorder σ = 0.3) and observe the surviving spectral amplitudes in Fig. (B.9). Notably, also
the window of protection does not lie in the center of the edge-edge subspace. However, we can
deduce that more highly entangled states will be less protected in this system. This is indeed
the case, as one can see in the parameter-scans over (σc, σa) in Fig. (B.10). In complete analogy
to the Haldane lattice, the most strongly entangled states - largest Schmidt-number SN - are
close to the σa-/σc-axes, where also the edge-mode content E after propagation through the
disorder is the lowest. Quite interestingly, we observe an asymmetry between correlated- and
anti-correlated states, such that correlated states (σa > σc) are protected to a lesser degree than
their anti-correlated “mirror images” (σa < σc). We conjecture, that this is a consequence of the
aperiodicity of the lattice as well. We stress that the dispersion of the two-photon wavepackets
is significantly stronger in comparison to the Haldane lattice. The reduced single-photon state
spreads around the complete edge of the system even before the slower parts of the wavefunction
can leave the disordered region. This poses a challenge to the comparability of the results. But
nevertheless, we observe very similar features and conclude that our results also apply in the
present aperiodic topological system.
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Abbildung B.7: Aperiodic topological lattice. a Sketch of the coupling structure in
the aperiodic topological insulator. b Finite ribbon considered in our simulations. c Single-
photon spectrum. d Two-photon spectrum.
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Abbildung B.8: Spatial Pn,m and spectral Sn,m correlation maps in the aperiodic
lattice. a Spatially correlated state with σa = 1.2, σc = 6. b Product state with σa = σc =
6. c Spatially anti-correlated state with σa = 6, σc = 1.2.

Abbildung B.9: Protection window in the aperiodic lattice. a Initial state to probe
the window of protection, which is product state with σa = 0.5 = σc. b Ensemble average
spectral correlation map after propagation through 200 instances of the random disorder.
The window of protection is marked by the red square.
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Abbildung B.10: Parameter scans over the entanglement parameters σa and
σc. a Contour-plot of the edge-mode content E after propagation through the disordered
aperiodic lattice (disorder strength σ = 0.3, propagation distance is z = 175). b Schmidt-
numbers SN of the initial states. c The figure of merit E · SN .
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Non-Gaussian entangled states

C.1 Impact of missing sites

We consider the case where in addition to disorder also several sites on the top edge are re-
moved. Now, the two-photon wavefunctions are traveling along a new edge as indicated in
Fig. (C.1-a). In order to gauge the impact of the removal of these sites, we perform the same
analysis as was done in Fig. (4.16). Our results show, Fig. (C.1-b), that the key figures of merit
- the transmission and final Schmidt number - are only slightly reduced with respect to the case
where all sites are present. Thus, we conclude that the topological protection of non-Gaussian
states holds also for these kinds of defects.
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Abbildung C.1: a In the disordered region we remove the sites on the top edge as indica-
ted. b The resulting transmittance T (black lines) and final Schmidt number (red lines) are
slightly reduced (dotted lines) with respect to the case where no sites are missing (solid li-
nes). The parameter-range considered here is the same as in Fig. (4.16) (n = 1,σL = 0.708)
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