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Abstract

Using tensor network (TN) techniques, we study the Hubbard model on a honeycomb
lattice with a chemical potential, which models the electron structure of graphene. In
contrast to Monte Carlo methods, TN algorithms do not suffer from the sign problem
when a non-zero chemical potential is present. We demonstrate that a tensor network
state can be used to simulate the model and present the calculated low energy
properties of the Hubbard model. Our algorithm applies an imaginary time evolution
to a fermionic projected entangled pair state (PEPS) on a finite lattice with open
boundary conditions. The ansatz can be restricted to a specific fermionic parity sector
which allows us to simulate the ground state and the state with one electron less.
Several improvements of the algorithm developed in our work lead to a substantial
performance increase of the efficiency and precision. We measure expectation values
with a boundary matrix product state and show that observables can be calculated
with a lower bond dimension of this approximation than expected from the literature.
This decreases the numerical costs of the algorithm significantly. For varying onsite
interactions and chemical potentials we calculate the energy, particle number and
magnetization with good precision. We show the dependence of the particle number
on the chemical potential and compute the single particle gap, both being order
parameters of the system. We demonstrate the scalability to large lattices of up to
30 × 15 sites and make predictions in a part of the phase space that is not accessible
to Monte Carlo methods. However, we also find limitations of the algorithm due to
instabilities that spoil the calculations in the parity sector orthogonal to the ground
state. We discuss the causes and indicators of such instabilities and propose solutions.
Our work validates that TNs can be utilized to study the low energy properties of the
Hubbard model on a honeycomb lattice with a chemical potential and to compute
expectation values and order parameters of the model, thus opening the road to
finally understand its phase diagram.

Keywords:
Hubbard model, graphene, chemical potential, fermions, tensor networks, projected
entangled pair state, imaginary time evolution
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Zusammenfassung

Mit Hilfe von Tensor Netzwerken (TN) untersuchen wir auf einem hexagonalen Gitter
das Hubbard-Modell mit einem chemischen Potential, welches die Elektronenstruk-
tur von Graphen modelliert. Im Gegensatz zu etablierten Monte-Carlo-Methoden
können TN-Algorithmen auch verwendet werden, wenn ein chemisches Potential
ungleich Null vorhanden ist. Wir zeigen, dass ein TN als Ansatz für die Zustände
des Modells benutzt werden kann und präsentieren die berechneten Eigenschaften
des Hubbard-Modells bei niedrigen Energien. Unser Algorithmus wendet eine imagi-
näre Zeitentwicklung auf einen fermionischen projected engangled pair state (PEPS)
auf einem endlichen Gitter mit offenen Randbedingungen an. Der Ansatz kann
auf einen spezifischen fermionischen Paritätssektor beschränkt werden, was es uns
ermöglicht, den Grundzustand und den Zustand mit einem Elektron weniger zu
simulieren. Mehrere in unserer Arbeit entwickelte Verbesserungen des Algorithmus
führen zu einer erheblichen Steigerung der Effizienz und Genauigkeit. Wir messen
Erwartungswerte mit Hilfe eines boundary matrix product state. Wir zeigen, dass
Observablen in dieser Näherung mit einer weniger starken Trunkierung, als in der
Literatur erwartet wird, berechnet werden können. Dies führt zu einer erheblichen
Reduzierung der numerischen Kosten des Algorithmus. Für verschiedene Stärken der
lokalen Wechselwirkung, welche die Coulomb-Kraft approximiert, sowie für mehrere
chemische Potentiale berechnen wir die Energie, die Teilchenzahl und die Magneti-
sierung mit guter Genauigkeit. Wir zeigen die Abhängigkeit der Teilchenzahl vom
chemischen Potential und berechnen die Energielücke, beides Ordnungsparameter des
Systems. Wir demonstrieren die Skalierbarkeit zu großen Gittern mit bis zu 30 × 15
Gitterpunkten und machen Vorhersagen in einem Teil des Phasenraums, der für
Monte-Carlo-Methoden nicht zugänglich ist. Allerdings finden wir auch Limitierungen
des Algorithmus aufgrund von Instabilitäten, die die Berechnungen im Paritätssektor
behindern, welcher orthogonal zum Grundzustand ist. Wir diskutieren Ursachen und
Indikatoren für solche Instabilitäten und schlagen Lösungen vor. Unsere Arbeit bestä-
tigt, dass TN genutzt werden können, um die Eigenschaften des niederenergetischen
Sektors des Hubbard-Modells auf einem hexagonalen Gitter mit einem chemischen
Potential zu erforschen und um Erwartungswerte und Ordnungsparameter des Mo-
dells zu berechnen. Dies eröffnet den Weg zu einem umfassenden Verständnis des
Phasendiagramms.

Schlagwörter:
Hubbard Modell, Graphen, chemisches Potential, Fermionen, Tensor Netzwerke,
PEPS, imaginäre Zeitentwicklung

iv



Publications

The following publications are covered in this thesis:

[1] M. Schneider, J. Ostmeyer, K. Jansen, T. Luu, and C. Urbach. Simulating both
parity sectors of the Hubbard model with tensor networks. Phys. Rev. B 104,
155118 (2021). doi: 10.1103/PhysRevB.104.155118

[2] M. Schneider, J. Ostmeyer, K. Jansen, T. Luu, and C. Urbach. The Hubbard
model with fermionic tensor networks. Proceedings of The 38th International
Symposium on Lattice Field Theory — PoS(LATTICE2021), volume 396, 377
(2022). doi: 10.22323/1.396.0377 .

Furthermore, I contributed to

[3] L. Funcke, T. Hartung, K. Jansen, S. Kühn, M. Schneider, P. Stornati, and
X. Wang. Towards quantum simulations in particle physics and beyond on
noisy intermediate-scale quantum devices. Phil. Trans. R. Soc. A 380(2216),
20210062 (2021). doi: 10.1098/rsta.2021.0062

[4] L. Funcke, T. Hartung, K. Jansen, S. Kühn, M. Schneider, and P. Stor-
nati. Best-approximation error for parametric quantum circuits. 2021 IEEE
International Conference on Web Services (ICWS), 693–702 (2021). doi:
10.1109/ICWS53863.2021.00096

[5] T. Hartung, L. Funcke, K. Jansen, S. Kühn, M. Schneider, and P. Stornati.
Dimensional Expressivity Analysis, best-approximation errors, and automated
design of parametric quantum circuits. Proceedings of The 38th International
Symposium on Lattice Field Theory — PoS(LATTICE2021), volume 396, 575
(2022). doi: 10.22323/1.396.0575

during my doctoral studies.

v

https://dx.doi.org/10.1103/PhysRevB.104.155118
https://dx.doi.org/10.22323/1.396.0377
https://dx.doi.org/10.1098/rsta.2021.0062
https://dx.doi.org/10.1109/ICWS53863.2021.00096
https://dx.doi.org/10.1109/ICWS53863.2021.00096
https://dx.doi.org/10.22323/1.396.0575


Contents

Abstract iii

Contents vi

1 Introduction 1

2 Tensor networks 9
2.1 Monte Carlo and the sign problem . . . . . . . . . . . . . . . . . . . . . 9
2.2 Tensor networks in physics . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Entanglement entropy and the area law . . . . . . . . . . . . . . . . . . 19

3 Projected entangled pair states and fermions 24
3.1 Bosonic projected entangled pair states . . . . . . . . . . . . . . . . . . 24
3.2 Fermionic projected entangled pair states . . . . . . . . . . . . . . . . . 26

3.2.1 Fermionic operators . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.2.2 Fermionic tensor network states . . . . . . . . . . . . . . . . . . 28
3.2.3 Calculation of expectation values . . . . . . . . . . . . . . . . . . 35
3.2.4 Singular value decomposition . . . . . . . . . . . . . . . . . . . . 37

4 Imaginary time evolution & expectation values 41
4.1 Imaginary time evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.1.1 Ground states through imaginary time evolution . . . . . . . . 42
4.1.2 Suzuki-Trotter decomposition . . . . . . . . . . . . . . . . . . . . 42
4.1.3 Error sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.2 Algorithm and protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.2.1 Reduction scheme for the imaginary time step size . . . . . . . 45
4.2.2 Convergence criteria . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.2.3 Extrapolation in the imaginary time step size . . . . . . . . . . 48
4.2.4 Extrapolation in the bond dimension . . . . . . . . . . . . . . . 48
4.2.5 Tensor update and truncation . . . . . . . . . . . . . . . . . . . . 49

4.3 Simple update . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4 Full update and expectation values . . . . . . . . . . . . . . . . . . . . . 56

4.4.1 Boundary matrix product states . . . . . . . . . . . . . . . . . . 57
4.4.2 Full update truncation . . . . . . . . . . . . . . . . . . . . . . . . 63
4.4.3 Expectation values . . . . . . . . . . . . . . . . . . . . . . . . . . 70

vi



4.5 Resource scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.6 Energy estimator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.7 Range of applicability and instabilities . . . . . . . . . . . . . . . . . . . 79

4.7.1 Instabilities in the excited parity sector . . . . . . . . . . . . . . 79
4.7.2 Degeneracies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5 The Hubbard model on a honeycomb lattice 85
5.1 Chemical structure of graphene and the Hubbard model . . . . . . . . 88
5.2 Hubbard Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.3 Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
5.4 Phase structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.4.1 Band model for non-interacting electrons . . . . . . . . . . . . . 91
5.4.2 Strong coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
5.4.3 Phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.5 Operators in tensor form . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.6 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.6.1 Small system with varying coupling . . . . . . . . . . . . . . . . 101
5.6.2 Finite chemical potential for a small system . . . . . . . . . . . 105
5.6.3 Scalability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.7 Discussion and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6 Conclusion and outlook 113

Acknowledgements 118

A From the jump move to symmetric tensors 119

B Band model with chemical potential and external magnetic and
anti-magnetic fields 121

Glossary 123

Mathematical and physical symbols 127

Bibliography 130

vii



Chapter 1

Introduction

Computational physics for quantum many-body systems. Physics aims
to find models which reproduce the physical behavior of the existing world. One
motivation for this is to understand known phenomena and to find useful descriptions
of the world around us, another is to make new predictions. Models can describe the
same phenomena in various different ways. The important outcome are observables,
which can be compared to observations and measurements. Theory and experiment
complement each other in two directions. On the one hand, measurements can
support or falsify the validity of a model and hence enlarge the knowledge of our
world. On the other hand, a well-tested physical model can, within its range of
applicability, predict physical quantities and new, possibly unexpected behavior of
physical systems. Ultimately, one can make use of our understanding of the world for
new applications that improve people’s quality of life. A few examples of advances
that were driven by physical knowledge and had an immense impact on society are
transistors, lasers, magnetic resonance imagining (MRI), satellite navigation and flash
memory. Also quantum computers were made possible by the physical understanding
of quantum phenomena and allow for whole new ways to solve problems in many
fields [6].

Formulating models which represent the reality sufficiently well is often a very
difficult task. But even if a model is found, the calculation of observables can be just
as challenging. Instances where this is particularly demanding are quantum many
body systems. While the behavior of each constituent is typically well understood
and can be expressed in a simple way, the interactions increase the complexity
drastically. In general, where no analytical results are available, observables can only
be calculated with numerical methods.

Typically, the problem size rises exponentially with the number of constituents.
As an example, we consider a spin-+1/2 chain of N sites. Each spin can take on the
values +1/2 or −1/2. The number of possible spin combinations of the whole chain
is 2N . Thus, a state vector is represented by 2N complex coefficients. Table 1.1
shows the memory size that is needed to store these. While moderate sizes of
about N = 30 sites could still be handled on nowadays computers, a chain of 100
spins is not feasible to be treated this way even with the most advanced hardware
available. Moreover, keeping only one state vector in the memory is not sufficient for
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CHAPTER 1. INTRODUCTION

N 2N memory typical storage of this size
10 1024 8.19 kB
20 1.05 ⋅ 106 8.39 MB CPU cache
31 2.15 ⋅ 109 17.2 GB personal computer memory
37 1.37 ⋅ 1011 1.10 TB personal computer storage
56 7.21 ⋅ 1016 576 PB supercomputer storage [7]
65 3.69 ⋅ 1019 295 EB world’s total computer storage in 2007 [8]
72 4.72 ⋅ 1021 37.8 ZB world’s total computer storage in 2018 [9]
100 1.27 ⋅ 1030 10.1 ⋅ 109 ZB –
Table 1.1: Memory requirements for storing a state vector of a spin-1/2 chain. First
column: length N of chain; second column: 2N spin combinations are possible;
third column: storing a generic state vector requires 2N ⋅ 64 bit of memory with
complex numbers in single precision; forth column: typical computer storages of
corresponding size. A state vector of a system with 100 sites can not be stored on
all available data storage of the world combined.

calculations. Operators like the Hamiltonian or observables correspond to matrices
of the size (2N × 2N) and can not be stored for much smaller systems already.

The most direct approach to calculating energies and observables are exact
diagonalization (ED) methods. They were improved significantly to alleviate the
previous computational requirements [10, 11]. The reachable system sizes were
increased this way, especially by exploiting symmetries of the considered models.
However, the computational resources still scale exponentially and hit the numerical
limits for moderate sized systems of typically less than 50 sites [11]. Therefore, other
numerical methods are required to simulate large quantum many-body systems or
even investigate the thermodynamic limit N →∞.

Tensor networks. In the past 30 years, new methods based on tensor networks
(TNs) were invented and successively improved [12–18]. Their goal is to simulate
quantum many-body systems and models with a large number of constituents, far
from the system sizes reachable by ED. The previously discussed spin-1/2 chain was,
for example, simulated for N = 500 sites [19]. The application of TNs to various
different problems led to impressive success when it comes to previously unreachable
precision [20, 21], locating and characterizing phases [22, 23] and simulating systems
that can not be addressed with other computational methods [24, 25].

One particular use of TNs in physics that we use in this work are tensor network
states (TNSs) [14, 17, 26]. They provide an approximation of physical states. Instead
of the exponential growth of the complexity with the system size as in table 1.1,
a linear or at most polynomial dependence of the computational resources can be
achieved. The truncation is well controlled by a modifiable bond dimension D. The
ansatz of a TNS is most useful for ground states and low excited states [15, 27, 28].
Also thermal states were successfully simulated using TN methods [29–47].

Tensor networks have several crucial advantages when compared to statistical
methods like Markov chain Monte Carlo (MCMC). In quantum field theories the latter

2



CHAPTER 1. INTRODUCTION

usually bases on a path integral formulation and implements a probabilistic evaluation
of it. For this, the integration measure is interpreted as a probability distribution.
For many systems this is not possible when the corresponding measure becomes
negative or complex. Then, the method suffers from a sign problem or complex phase
problem [48, 49]. In these cases MCMC can not directly be utilized anymore while TNs
are still applicable and can provide equally precise results as in regions without sign
problem. This is the case for, e. g., systems with a chemical potential µ ≠ 0 [1, 2, 50].
These have important applications in the simulation of, for example, doped materials
that can be described by the Hubbard model away from half filling [51, 52] as
examined in this thesis. Also, topological terms cause a complex phase problem and
are thus inaccessible to MCMC [24, 53, 54]. Moreover, TNs can be used to study
the real time dynamics directly [37, 55, 56]. This is not possible in the Wick-rotated
spacetime that is used in MCMC calculations [57]. The entanglement entropy is
accessible with TNSs as well [19, 58]. The entanglement and correlation length
scaling can be used to find and characterize phase transitions [43, 59–64]. Because
the overlap of two TNSs can be calculated, phase transitions can also be examined
with the use of the fidelity susceptibility [65–67]. All these approaches provide novel
ways to study physical systems beyond the established MCMC calculations and allow
answering questions that were out of reach before.

Many of the advantages of TN algorithms arise from the Hamiltonian formulation
of physical problems, in contrast to Lagrangian description which is typically used in
MCMC methods. Quantum simulations and computations use the same Hamiltonian
formalism. In these cases either a well controllable experiment or a universal
quantum computer is used to study quantum many body systems. With a common
basis in quantum information sciences, these new approaches complement the TN
methods [68–71].

TN methods can be applied to a broad variety of problems and are thus used in
different fields of physics. Most methods emerged from condensed matter physics
where TNs became a standard toolbox [14, 72, 73]. Quantum chemistry made
tremendous progress with formerly unknown precision in simulations by applying and
improving the densitiy matrix renormalization group (DMRG) [74–81]. Nowadays,
also other TN methods beyond DMRG are evolving in this field [82, 83]. The huge
success of TNs lets them spread even into very different fields of application like
linguistics and language processing [84, 85] or the optimization of radiotherapy plans
for cancer treatment [86].

Tensor networks in high energy physics. TN based methods also gained
increasing attention in the past years in high energy physics (HEP), the theory of
elementary particles and their interactions. We highlight only a few examples here to
demonstrate how TNs can help to understand lattice gauge theories as they occur in
HEP. More complete reviews are found in [68–71, 87, 88]. Computational methods
based on MCMC are tremendously successful in calculating observables, in particular
in quantum chromodynamics (QCD), the research area of the strong interaction of
elementary particles. For example, the mass spectrum of composite baryons was

3



CHAPTER 1. INTRODUCTION

calculated with high accuracy from first principles and in good agreement with
experiments [89]. However, many questions remain unanswered with current MCMC
methods due to the sign problem [49, 90]. In these cases, alternative approaches are
required to study lattice gauge theories, QCD being one of them. While real time
evolution can not be simulated directly with MCMC, TNs provide a way to study
dynamical processes. For example, the dynamics of phase transitions were studied in
the Thirring model [91] and in a model of meson melting [92, 93]. Scattering was
modeled with TNs as well [94, 95]. Another instance where the sign problem rules
out MCMC simulations is the topological θ-term in HEP, which can give insights
into the matter-antimatter asymmetry of the universe. The CP (1) model with a
topological θ-term was already successfully simulated using tensor entanglement
scaling [24, 53, 54]. Moreover, the sign problem spoils MCMC simulations of QCD
at high baryon densities [50] which were present in the early universe and occur
in heavy ion collisions. Much of the phase diagram of QCD remains unknown due
to the sign problem in this regime. The methods based on TNs do not face these
difficulties [96].

Even though these new algorithms are far from being applied to full QCD,
important steps in simulating similar but simpler lattice gauge theories were taken.
The fast progress in this field and the steps towards QCD were recently reviewed
in [69, 71]. Examples are TN simulations of one-dimensional gauge theories like the
Schwinger model [25, 45–47, 90, 95–107], the Thirring model [91, 108–110], the ϕ4

model [111–114], the O(3) nonlinear σ-model [115, 116], the SU(2) model [117–120],
a SU(3) Yang-Mills theory [121] and the previously mentioned CP (1) model [24].
In higher dimensions, the simulations relied mostly on entanglement renormalization
algorithms so far [71]. For example, the Z2 model [122], Yang-Mills theories [123,
124] and a Higgs [125] model were simulated in two spatial dimensions. Recent
developments of efficient new algorithms even allowed to simulate the ϕ4 model in
(3+1)-dimensions [126, 127].

The versatile framework of TNSs can be used to study lattice gauge theories
in a Hamiltonian formulation as well. Several TNS ansätze exist. A state can, for
example, be described by a matrix product state (MPS) [128], a tree tensor network
(TTN) [129], a multi-scale entanglement renormalization ansatz (MERA) [130] or
a projected entangled pair state (PEPS) [131]. The latter is used in our studies.
First attempts on lattice gauge theories in more than one dimension were made by
simulating the Z2 model in two dimensions with MERA [132] and PEPS [133], by
studying the SU(2) model with PEPS [134] and by applying TTNs to U(1) quantum
electrodynamics (QED) in two [135] and three dimensions [95].

From a theoretical perspective a lot of knowledge about the Hamiltonian formu-
lation of HEP problems [136] was gained in recent years, also by a fruitful exchange
with quantum information sciences [137]. The gauge degrees of freedom in HEP are in
principle unbound since infinitely many bosons can occupy the same quantum state.
However, only states with few bosons contribute to the low energy spectrum of HEP,
see for example [70, 138, 139]. This can be exploited to truncate the gauge degrees
of freedom in order to simulate a model with TNs or quantum computers. Besides
the previously mentioned TN studies, works on efficient Hamilton formulations of
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CHAPTER 1. INTRODUCTION

lattice gauge theories exist for QED [138–140] in two spatial dimensions and for
the three-dimensional CP (1) model [53, 54]. Quantum link models [141–143] also
provide a way to truncate the gauge degrees of freedom to a finite dimension. For
example, the U(1) pure gauge theory was studied, including real time dynamics,
with MPSs [11, 144–149].

Tremendous advances were made in the past years from the algorithmic side as
well. Besides several TN architectures which can be applied to higher-dimensional
systems [14, 17, 71, 150–152], ways to handle fermions in the TN formalism were
introduced [153–156]. Our work improves these fermionic algorithms and shows their
powerful use but also current limitations and perspectives for further developments.
The methods used here can be applied to HEP as well. There, fermions and bosons
interact with each other. Both particles can be represented at the same time with
fermionic PEPS. In this work, in particular, we hope to contribute not only to the
understanding of the Hubbard model, but also to the program of simulating bosons
and fermions in HEP.

Bringing together the expertise of different fields like condensed matter, quantum
information theory and HEP can boost new developments and give insight in the very
fundamental nature of the universe. A perspective for TNs and quantum information
technologies was given in a contribution to the Snowmass plan for QCD:

“There is an emerging international and interdisciplinary community
developing new methods in this area, which includes an increasing number
of researchers from the lattice gauge theory community. There is a clear
road map to do QCD related calculations in the coming years.” [87]

Tensor networks in condensed matter physics and the Hubbard model.
Tensor networks originated from the condensed matter community and became state
of the art there. Overviews are found in [14, 72, 73]. We give some examples of
models that were studied in the context of condensed matter physics. With the
immense number of works in this field, this short overview is, however, far from
complete.

Simulations with TNs were used to study the XY model [157, 158], the XXZ [159]
model, spin glasses [160] and the J1 − J2 − J3 Ising model on a Kagome lattice [161].
Phase transitions were simulated in the Kitaev model with TNs [162, 163]. A PEPS
was used to study a chiral spin liquid [164]. TN methods were applied to a range
of different Heisenberg models in two dimensions. The spin-1/2 J1 − J2 model was
studied on a square lattice [165–169] and even on a fractal lattice [170]. Also, the
triangular lattice [171], the Kagome lattice [172–176] and the Kondo lattice [177] of
the spin-1/2 Heisenberg model were simulated. Moreover, spin-1 Heisenberg models
were considered [178]. All these models show a rich phase structure and TNs helped
to shed light on the phase diagrams of Heisenberg spin systems. Debates lasting for
decades about the ground state structure of the Heisenberg model could finally be
settled by applying state of the art TN methods [169].

The Hubbard model [51] also gained a lot of attention in the past years. It
describes the exchange of electrons between the atoms of a two-dimensional material.
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CHAPTER 1. INTRODUCTION

(a)

(b)

Figure 1.1: Two of many proposed phase diagrams of the Hubbard model with a
chemical potential on a square lattice at intermediate interaction strength, at (a)
finite and (b) zero temperature. Adapted from [179, Figure 1].

Also, the repulsion of electrons is modeled. High-temperature superconductivity in
cuprates can be investigated with the Hubbard model on a square lattice [180, 181].
While the phases of the model without a chemical potential are well-understood [182],
only little is known about the rest of the phase space. Figure 1.1 shows proposed
phase diagrams of the model with a chemical potential at an intermediate coupling.
Debates about the occurrence of particular phases and their parameter regimes
are still ongoing. Different TN approaches were successfully applied to the square
Hubbard model [20, 22, 183–189]. Thanks to these simulations the ground state
order of specific couplings was characterized correctly after several contradictory
suggestions previously – another example of the huge success of TNs in recent years.
Yet, much of the phase space remains to be explored. Other lattice geometries,
modifications of the model and bosonic systems were studied as well [190–193].
Superconductivity also occurs in the t − J model, which is closely related to the
Hubbard model. Just as in the case of the square Hubbard model the use of TNSs
led to new insights including the first discovery of striped ground states [23, 194–
203]. The even richer phase diagram with a next-nearest neighbor interaction was
investigated with DMRG [204–206].

In contrast to the square lattice only few works applied TNs to the fermionic
Hubbard model on a honeycomb lattice [1, 2, 207]. This is quite surprising because
the model has an important application in the description of graphene. This recently
discovered material [208] quickly found many applications from tennis rackets to
transistors because of its outstanding physical properties [209–212]. Even though
the model and its quantum phase transition without chemical potential was studied
with MCMC before [52, 207, 213–228], doped materials like transistors can not be
addressed due to the sign problem. Therefore, TNs are the natural way to investigate
the Hubbard model with a chemical potential. More details about the model and its
applications are given in chapter 5.

Our contributions. We are the first to evaluate the Hubbard model on a honey-
comb lattice with a fully two-dimensional TNS. This is a step towards understanding

6



CHAPTER 1. INTRODUCTION

the properties and the phase structure of the model. We use an imaginary time
evolution and show that a fermionic PEPS is suitable to simulate the system. The
scalability to large lattices is demonstrated and numerical techniques are improved.
Besides the ground state, the state with one electron more or less can be directly
calculated. This is an outstanding feature of the fermionic TNS, whereas many other
methods are limited to the ground state or need to rely on projections to extract
excited states [21, 96, 229–231]. The access to both the ground state and the excited
state is exploited to calculate the band gap, an order parameter of a phase transition.
Moreover, the magnetization and the particle number are measured. We discuss the
range of applicability as well as limitations of the methods and develop ideas for
further improvements. Fermionic PEPS is shown to be a powerful tool to study the
honeycomb Hubbard model with a chemical potential, also in regimes that are not
accessible to other approaches like MCMC.

Fermionic TNSs have been used in numerous infinite projected entangled pair
state (iPEPS) studies. To our knowledge we are the first to apply the fermionic
PEPS with swap gates as introduced in [154] to a system of finite size. So far, only
alternative ways to include the fermionic anti-commutation relations in a finite PEPS
were exploited [199, 200, 232]. The finite volume approach allows for unbiased studies
of models whose ground state does not imply a known translational symmetry, in
sharp contrast to infinite TNSs which require an elementary cell to be repeated
infinite times.

Structure of thesis. This thesis is structured in chapters which can be read
independently of each other. References to other chapters are given where needed.

• Chapter 2 is an introduction to TNs in physics. The advantages of TN based
methods are outlined. We provide an overview of different ways to use a TN
for physical simulations, with focus on TNSs. The applicability of TNSs is
discussed in the context of entanglement entropy and area laws. This chapter
is supposed to be particularly useful for readers who are new to the topic and
everyone interested in TNs in a broader context.

• Chapter 3 discusses PEPS, the specific TNS used in our studies. We show how
the fermionic anti-commutation relations can be incorporated in the network,
which leads to fermionic PEPS. Rules to deform fermionic TNs are explained
and fundamental manipulations of fermionic tensors are introduced. This
chapter helps to understand the basic concepts of computations with PEPS
and how symmetries like the fermionic parity can be included in a TN.

• Chapter 4 explains the algorithms which are used to find ground states and
to calculate expectation values. The imaginary time evolution is introduced
with detailed discussions of the algorithm, approximations and error sources,
the scaling of computational resources and numerical limitations. Several
improvements of previous algorithms are introduced. This rather technical
chapter is written for everyone who wants to understand the details of the
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CHAPTER 1. INTRODUCTION

algorithm and especially for those who intend to implement an imaginary time
evolution with TNs.

• Chapter 5 investigates the Hubbard model on a honeycomb lattice. We
introduce the model as a description of the electronic behavior of materials
like graphene. The known parts of the phase structure are discussed before
we present the numerical results of our simulations. The PEPS calculations
are carefully checked against ED solutions and known limits. We show that
our method is suitable for the model but also characterize the limitations
of the algorithm. The ground state energies, the band gap and the particle
number are calculated for different couplings and chemical potentials. Finally,
the scalability to large volumes is shown with predictions of the ground state
energy in a regime that is not accessible to MCMC. The chapter shows our main
results and should be of value to readers who are curious about the application
of our algorithm to a very interesting physical system and to everyone interested
in the physics of the Hubbard model.

• Chapter 6 provides a summary of our main results and contributions. We also
give an outlook to possible improvements and ways to fruitfully apply TNs
and related methods in physics in the future.
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Chapter 2

Tensor networks

Tensor networks (TNs) can be used to study quantum many-body systems and have
several advantages when compared to other methods like Monte Carlo (MC) and
Markov chain Monte Carlo (MCMC) in particular. In this chapter we introduce the
basic concepts of TNs, discuss the powerful properties of the different TN based
methods and explain why and in which situations these can help to understand
physical systems better. In section 2.1 we give a short introduction to MC methods
and their limitations. This motivates the application of TN based algorithms in
cases where established methods fail. An introduction to TNs is found in section 2.2.
Besides the definition and graphical notation of TNs, we explain different ways
to use them in physics. We give a short overview of the broad field with its
many improvements and new applications in the past years without claiming to
be complete. Finally, in section 2.3 we discuss the theoretical framework behind
much of the success of tensor network states (TNSs) which approximate physical
states. Entanglement and the area law are introduced. They ensure that a TNS,
even though not representing the whole Hilbert space, can describe ground state
properties and also excited states.

In short, we want to answer the questions:
1. ’Why do we need tensor networks?’ (section 2.1)

2. ’How do they work?’ (section 2.2)

3. ’Why do they work at all?’ (section 2.3)

2.1 Monte Carlo and the sign problem
Monte Carlo integration. We give a short introduction to MC methods and
explain how the sign problem arises and can be treated. Detailed explanations of
MC can be found, for example, in [233, 234]. We study a system with an action S.
To calculate the expectation value of an observable O, one can integrate over all
configurations x of the phase space to get

⟨O⟩ = ∫
dxO(x)e−S(x)

Z
(2.1)

9
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with the partition function Z = ∫ dxe−S(x). For many-body systems, the configuration
space is high-dimensional and does not allow for a direct evaluation of the integral.
Therefore, the integration is replaced by a sum over configurations which are created
by a statistical evaluation of the integrand. For this procedure to be efficient in
high dimensions, importance sampling is used. In that case the distribution of the
configurations x has to be according to the probability P (x) = 1

Z e
−S(x). Expectation

values can then be evaluated as

⟨O⟩x =
∑xO(x)
∑x

∑x→∞Ð→ ⟨O⟩ . (2.2)

The most widely used MC algorithm is MCMC due to its efficiency for high di-
mensional integrals that occur in quantum many-body systems. The method uses
importance sampling and creates new configurations x from a previous configuration
in a Markov process. The correct probability distribution is ensured by an accept/re-
ject step, where either the previous configuration is kept and duplicated or the newly
suggested configuration is used. We refer to MCMC as the most important example
of MC with importance sampling in the following. Note that the interpretation of
the exponent of the action as a probability measure only works if e−S(x) is real and
non-negative for all possible values of x.

The sign problem. The partition function Z = tr(e−βH) of condensed matter
systems like the Hubbard Hamiltonian can be reformulated as a path integral [226,
227]. This means a form similar to eq. (2.1) where no operators but only classical
integration variables are present. The transformation makes explicit use of the
particle-hole symmetry of section 5.3. When a chemical potential is present, this
symmetry is broken and the previous P (x) becomes complex. It can thus not be
used as a probability measure anymore.

This is a typical case where MCMC is not applicable due to the sign problem [48].1
There exist various ways to alleviate the problem and still apply MCMC. A recent
overview of these methods is given in [49]. A standard procedure is reweighting: the
complex phase is included in the observable. Assume that 1

Z e
−S(x) = eiϕ(x)P (x) with

a complex phase eiϕ(x) and a real non-negative probability P (x). Then, eq. (2.1) can
be reformulated to

⟨O⟩x =
∫ dxO(x)eiϕ(x)P (x)
∫ dxeiϕ(x)P (x)

=
⟨O(x)eiϕ(x)⟩x
⟨eiϕ(x)⟩x

. (2.3)

If the expectation value of the phase ⟨eiϕ⟩ is of the order of one, MCMC can still be
applied this way. However, [1] shows that the value of ⟨eiϕ⟩ goes to zero quickly if a
chemical potential is present in the Hubbard model. This makes expectation values
completely inaccessible to MCMC.

1 We do not distinguish between the complex phase problem and the sign problem in this work
and use the latter term to describe all cases where the corresponding measure becomes negative or
complex.
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A modification with a shift of the integration path to the complex plane is also
tested in [1]. Specifically, the tangent plane method is used where the integration
is moved by a constant imaginary value [235, 236]. This can help to increase the
range of applicability of the MCMC method even further when a sign problem
occurs [214]. However, this is not the case for the Hubbard model and the tangent
plane integration fails just as quickly as naive reweighting [1]. Similar results were
found in [237, 238]: the statistical power decreases quickly when a chemical potential
is present or when the temperature is lowered.

We see that MCMC can not be applied in the whole parameter regime of specific
physical models due to the sign problem. While MCMC is a powerful tool to study
quantum many-body systems [89] with numerous significant improvements in the
past decades to reach large volumes and unbeaten precision, it fails to address certain
regions of the phase space. Condensed matter systems with a chemical potential are
one such example. They are not only interesting from a theoretical perspective but
have a large practical importance as well. The doping of materials, semiconductors
as one example, can be described by a chemical potential. MCMC can not be used
to study such materials for strong dopings. Also, the topological θ-term in quantum
field theories suffers from a similar sign problem [24, 53, 54]. But the θ-term is
important since it can help to understand the matter - antimatter asymmetry in the
universe.

Advantages of tensor networks. TN based approaches do not depend on a
probability measure and therefore do not have a sign problem at all. This makes
them a natural choice in cases where MCMC fails. We simulate the Hubbard model
at finite chemical potentials in a regime where the sign problem does not allow for
the evaluation of expectation values with MCMC. In section 5.6.2 we present the
results and compare them to the MCMC attempts.

Furthermore, MCMC is based on the evaluation of expectation values of statistical
ensembles. The difficult task of generating independent configurations does not
appear with TNs at all. Large autocorrelations often show in MCMC calculations,
in particular close to second order phase transitions. More configurations are needed
in these cases for a sufficient statistical power. Such a critical slowing down does not
appear with TNs. However, the truncations of a TN can introduce new challenges,
especially where the entanglement entropy becomes large. See section 2.3 for a
further discussion of the expressiveness of TNs.

Simulations with MC use models in the Lagrangian formalism or at a finite
temperature to evaluate the partition function Z = ∫ dxe−S(x). With TNSs, one
can work in the Hamiltonian formalism and access the ground state directly. For
large size systems this is a novelty of TN methods. It allows accessing physical
quantities like the entanglement entropy directly. Also, real time dynamics can be
studied [55], which is a hard task in the Wick-rotated Lagrangian formalism of MC,
where real time is not directly accessible. TNs bring a whole new toolbox of studying
ground states and low excited states as well as the dynamics of, for example, phase
transitions.

11
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2.2 Tensor networks in physics
Literature. We can not give an extensive introduction to all the tensor network
techniques that have been developed since the invention of the densitiy matrix
renormalization group (DMRG) 30 years ago [12], the first TN based algorithm.
This would fill whole books – and actually does. Instead, we refer to the many
good introductory works that exist on the topic. A recent review of TN based
methods in different fields of physics is given in [18]. For a well readable introduction
with focus on matrix product states (MPSs) and many details on implementations,
[239] can strongly be recommended. Comprehensive overviews of TNS and thereupon
based methods are found in [13, 14, 17]. Many works exist on one-dimensional
problems with MPS and DMRG [19, 21, 58, 72, 75, 79, 128, 240–244]. In higher
dimensions, most introductions focus on the projected entangled pair state (PEPS)
and the infinite projected entangled pair state (iPEPS) [156, 243, 244]. An extensive
presentation of TN methods covering many basic concepts was developed from lecture
notes [245]. The works [246–249] are useful if one wants to understand and implement
TN algorithms. [16] contains many helpful technical details on TNs and on how
to implement symmetries. TN contraction algorithms are discussed in [250]. The
theoretical framework and theorems for MPS and PEPS are reviewed in [15].

Here, we want to introduce the main concepts of TNs in general and in particular
TNSs, the concept we use in the rest of this work. We also give a broad overview of
the numerous ways to make use of TNs in physics.

Definition of tensor networks and graphical representation. Tensor networks
(TNs) are used in various ways and contexts in physics. They have two minimal
properties in common:

First, they obviously consist of tensors. Each tensor has several indices, which
numerate the elements of the tensor. It is very helpful in the context of TNs to
represent tensors graphically. A node (pictured by circle here) with attached lines
corresponds to a tensor, each line representing an index:

Ak;s
b,l,t,r = k

s

rl

b

t

. (2.4)

We denote indices that express physical degrees of freedom in the Hilbert space with
dashed lines, while solid lines represent internal indices of the TN. We use the terms
index and link equivalently. The tensors A can differ at different lattice sites and are
thus numbered by one or several upper indices k. We typically write the physical
degrees of freedom as upper and internal links as lower indices. Where needed, we
also mix physical and internal links as lower indices. Also, the site index k is often
omitted. Each internal index can take values from 1 to a bond dimension D.

As a second common property, the tensors are connected to form a network. A
TN consist of contractions of such tensors. This means that tensors are multiplied
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and corresponding indices get summed over. If two tensors are connected by a line,
this means that the corresponding index gets summed. For example,

D

∑
r=1
Ak;s
b,l,t,rA

k+1;s′
b′,r,t′,r′ = k

s
l

b

t

k+1r

s′
r′

b′

t′

. (2.5)

A TN which represents a physical property has all its internal indices contracted.
These links thus do not have a direct physical meaning and only the summations
leads to observables like expectation values. TN based algorithms rely heavily on
such tensor contractions.

Tensor network states. We use a TN as an ansatz to represent a many-body
state, typically the ground state of a given Hamiltonian. Let us consider a system
of N lattice sites. The local Hilbert space at each site has a dimension d and an
orthonormal basis {∣s⟩} where s ∈ [1, d]. The dimension d can, in principle, be
different at each site. We restrict ourselves to a situation where all dimensions are
the same to avoid further subscripts. The overall Hilbert space is the dN -dimensional
product state of the local Hilbert spaces. Any state of the system can be described
by a tensor c:

∣ψ⟩ =
d

∑
s1=1

d

∑
s2=1

. . .
d

∑
sN=1

cs1s2...sN ∣s1⟩⊗ ∣s2⟩⊗ . . .⊗ ∣sN⟩ . (2.6)

A tensor network state (TNS) is a representation of the dN -dimensional tensor c by a
contraction of smaller tensors. Examples of different architectures of TNSs are shown
in fig. 2.1 for systems in one and two spatial dimensions. Further networks exist,
also in higher dimensions. An overview of different TNS can be found in [26] and
a discussion from an entanglement perspective in [251]. All TNSs have in common
that the internal indices are all summed over. Therefore, the contractions result in a
tensor with only physical legs (dashed) as open indices. Thus, they can be used to
represent the coefficient c of a state, which is a tensor with the same physical indices.

Let us take the PEPS in fig. 2.1(e) as an example. It is discussed in much
more detail and extended to fermions in chapter 3. Each lattice site k corresponds
to one tensor Ak as in eq. (2.5). These tensors have one physical index, which
represents the local Hilbert space at that site. Furthermore, each tensor is connected
to its nearest neighbors with an internal index. Each can take values from 1
to a bond dimension D. The entries of the tensors Ak are complex numbers:
Ak;s
b,l,t,r ∈ C ∀s ∈ [1 . . . d], b ∈ [1 . . .D], l ∈ [1 . . .D], t ∈ [1 . . .D], r ∈ [1 . . .D]. The bond

dimensions can in principle be different for every internal index, and typically are.
An upper limit Dmax is chosen to limit the bond dimensions with Di ≤Dmax for all
internal links i. We write the same D for all links though to keep the notation simple
and we use D and Dmax equivalently.

Even though the internal indices are summed over and do not have a physical
meaning by themselves, their dimensions are a systematic handle to tune the expres-
siveness of the TNS. If we choose the bond dimensions of a TNS large enough, we
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(a) (b)

(c)

x
y

(d) (e)

Figure 2.1: Several tensor network states (TNSs). (a) Matrix product state
(MPS) [128] with open boundary conditions (obc). Each physical site corresponds
to one MPS tensor (blue circles). (b) Tree tensor network (TTN) [129]. Neigh-
boring sites are fused by tensors with three indices (blue triangles). Each layer
corresponds to a renormalization of the indices of the layer below. A TTN can
be contracted exactly. (c) A multi-scale entanglement renormalization ansatz
(MERA) [130] is obtained by inserting disentanglers (purple diamonds) between
the layers of a TTN. The entanglement scaling corresponds to that of critical
systems. (d) MPS chain on a two-dimensional square lattice. The bond dimension
scales exponentially in the system size in x-direction. (e) Projected entangled pair
state (PEPS) on a two-dimensional square lattice. The area law is fulfilled, see
section 2.3. Symbology – nodes: tensors; solid lines: internal indices; dashed lines:
physical indices.
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can describe any state of the Hilbert space in this form. However, we need at least
dN parameters to represent the whole state space. This exponential scaling does not
allow for large systems, see for example table 1.1 in the introduction. Therefore,
the Hilbert space needs to be truncated in order to study many-body systems, large
volumes or the continuum limit of lattice gauge theories (LGTs). TNSs allow for
a systematic truncation by reducing the bond dimension. This corresponds to a
cutoff in the possible entanglement entropy of the state, which we discuss in the next
section 2.3. The TNS in fig. 2.1 differ in their entanglement structure and are thus
suitable for different physical states. Also, several algorithms are adapted to specific
TNSs.

Algorithms and physical values with tensor network states. The ground
state of a Hamiltonian can be obtained by optimizing the tensors of a TNS in a way
that minimizes the energy. This variational optimization is particularly powerful for
loop-free networks like the MPS with open boundary conditions (obc) in fig. 2.1(a)
or the tree tensor network (TTN) in fig. 2.1(b). If the TNS contains loops, the
computational effort grows and numerical instabilities can occur, which need to be
handled carefully [19, 243]. An alternative approach is the imaginary time evolution.
The state is evolved according to the time evolution of the Hamiltonian. By moving
from real to imaginary time, the excited states decay exponentially. This way, one
is left with the ground state if the imaginary time evolution is applied for a long
enough time. We use this method and introduce it in more detail in chapter 4. A
similar algorithm can be applied to study the real time dynamics of a state [55, 252].
For example, the ground state in one phase can be prepared as a TNS. Then, the
parameters of the Hamiltonian are changed across a phase transition to study the
real time dynamics of the state. Such quenches were, for example, examined for
the Thirring model in one spatial dimension [91]. Other examples of real time
dynamics with TNs are the thermal response [92] and the dynamical process of
meson melting [93] which were studied for a (1+1)-dimensional Ising quantum field
theory (QFT), as well as string breaking in the Schwinger model [102].

One is often interested in the infinite volume limit of a many-body system. On
the one hand, TNS can be directly formulated in this limit. An elementary cell
of tensors is repeated infinite times to form the TNS. Example of such states are
infinite matrix product state (iMPS) and infinite projected entangled pair state
(iPEPS). In practice, the tensors get renormalized until a fixed point is reached,
which corresponds to the infinite volume limit. On the other hand, finite systems
have several advantages. The lattice sizes of a PEPS can be chosen much larger
than the typical unit cells of iPEPS. This allows for unbiased simulations, where no
elementary cell has to be fixed. Finite PEPS are thus advantageous if the system
to be studied does not have a translationally invariant ground state or if the size
of the unit cell is unknown. Also, the finite size scaling can be studied in order to
classify phase transitions and measure critical exponents [253]. The infinite volume
limit can be obtained by varying the system size and extrapolating to N →∞. The
systematic errors of the finite size effects can be well controlled in this procedure.
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We restrict ourselves to finite systems. Many techniques from iPEPS can be adapted
and applied though.

For a given TNS with bond dimension D, the complexities of TN algorithms
typically scale only linearly in the system size and polynomial in D. The numerical
costs of our algorithm are, for example, discussed in great detail in section 4.5.
We reduce the computational time from O(ND10) in previous works to O(ND7).
This is an important improvement which allows using much larger bond dimensions
with limited numerical resources and increase the overall accuracy of the algorithm
significantly.

Besides the ground state, higher excitations can also be addressed with TNSs.
One way is to restrict the state to a specific symmetry sector with a symmetric
TNS [156]. Then, the ground states of the sectors can be studied independently. We
implement this with fermionic PEPS and simulate not only the ground state but also
the state with one electron more or less. An alternative approach uses projectors to
eliminate previously found states from the ansatz [21]. Then, the new ground state
is an excited state of the original system. As an example, the mass spectrum of the
Schwinger model was calculated this way [96].

When the TNS converged to the desired state with one of the previously mentioned
methods, expectation values of this state can be calculated. We discuss this in
section 4.4.3 for one site and nearest neighbor operators. However, expectation
values with longer ranges like correlators can also be included [154, Fig. 16(b)]. This
way, many physical properties can be extracted from a state.

TNSs allow for new techniques of evaluating physical properties as well. For
example, the entanglement entropy of a bipartite splitting can be calculated. This is
particularly true for one-dimensional systems, where the entanglement entropy is
directly accessible from the TNS [19]. Based on this, the finite entanglement allows
for a way to study universal properties of phase transitions in a whole new framework.
It was argued that the finite D introduces an effective correlation length which
scales proportional to Dκ close to a phase transition [59]. The exponent κ depends
only on the universality class of the transition, more specifically on the central
charge [60]. A class of methods called finite entanglement scaling was developed
from these observations. They aim to classify phase transitions by varying the bond
dimension of a TN [59–62]. These algorithms were successfully applied to several
physical systems in one spatial dimension [67, 254–257]. Similar ideas named finite
correlation length scaling were also applied in two dimensions [43, 44, 63, 64].

The overlap of two states can be calculated with TNSs. The change of the ground
state with the parameters of the Hamiltonian is expected to have a maximum at a
phase transition. There, the structure and possible symmetries of the ground state
change significantly. This was exploited to find and characterize phase transitions
based on the overlap between two states and the second derivative thereof, the fidelity
susceptibility [65–67].

Summarizing, many methods exist to study physical systems with TNSs. Some of
them allow for new approaches that were not possible with MCMC. Besides further
improvements of the algorithms, we show the applicability of TN based techniques
to the Hubbard model in this work. We implement the imaginary time evolution
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with fermionic PEPS to find the ground state. Expectation values like the energy,
particle number or magnetization are calculated. We show that simulations can also
be done with a finite chemical potential in a regime where MCMC fails. Finally, we
extend the lattice size and show that our method can be scaled to large volumes.

Entanglement renormalization. Besides using a TN as an ansatz for a physical
state, the partition function can itself be expressed with a TN. It is represented
by the contraction of one or few tensors which are defined by the model, repeated
infinite times. The resulting TN has to be contracted to obtain the partition function.
In one step, neighboring tensors are summed and the resulting new tensors are
truncated in order to keep the numerical costs bound. The truncated tensors form
a new network on a different coarse graining level. The procedure of calculating
the partition function thus corresponds to an entanglement renormalization of the
tensors until a fixed point is reached.

Observables can either be calculated directly from the change of the partition
function with the parameters of the Hamiltonian, or by replacing some tensors
with different ones, known as impurity tensors. Entanglement renormalization
was successfully applied to numerous models. One of many examples is the phase
transition of the CP (1) model with a topological θ-term. It was studied with
entanglement renormalization and showed an unexpected phase structure, which is
not accessible to MCMC due to the sign problem [24].

The entanglement renormalization procedures differ in the way in which the
tensors are contracted and truncated. Also, the numerical costs depend on the
method used. Many improvements of the contraction and truncation techniques
have been developed in recent years. The different techniques aim to find a good
compromise between a favorable scaling in the bond dimension on the one hand and
a high precision on the other hand. Since this is a broad and quickly developing
field, we only provide an incomplete overview of the algorithms and their scaling in
the truncated bond dimension χ and the spatial dimension of the system dim.

The original tensor renormalization group (TRG) algorithm [258] (O(χ6) for dim =
2) got improved to be more efficient in the randomized singular value decomposition
TRG (RSVD-TRG) [259] (O(χ5) for dim = 2). The correct renormalization flow can
be achieved by including disentanglers in the network which results in the tensor
network renormalization (TNR) [260, 261]. Higher order TRG (HOTRG) [262]
(O(χ4dim−1)) is a different approach which can be applied in higher dimensions as
well. Compared to HOTRG, anisotropic TRG (ATRG) [263] (O(χ2dim+1)) is more
accurate at equal computational time. The triad TRG (O(χdim+3)) [264] has an
even better scaling in higher dimensions. Furthermore, there exist core-tensor TRG
(CTRG) [265] (χ4 for dim = 2) and projectively truncated TRG (PTTRG) [266]
(O(χ5)). The second renormalization group (SRG) [267, 268] applies a global
optimization method in the truncation step. We use a similar method for the
full update (FU) truncation in section 4.4.2. Extensions of the SRG are higher
order SRG (HOSRG) [262], triad SRG [269] and SRG combined with automatic
differentiation [270]. Further methods to mention are tensor-entanglement-filtering
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renormalization (TEFR) [271], loop-TNR [272] and TNR+ [273].
These techniques can also be used to approximate TNs that arise in algorithms

with TNSs. For example, expectation values have to be calculated approximately
when a PEPS is used as an ansatz for the state. While boundary MPS (bMPS) is
the most widely used method for this, and is also applied in this work, the corner
transfer matrix renormalization group (CTMRG) [274] is state of the art in iPEPS
simulations [275]. Also, a variational optimization was recently developed to calculate
the norm and expectation values for a specific subclass of PEPS states [275]. Besides
these, the vast amount of newly developed techniques for the calculation of partition
functions could, in principle, also be applied to the calculation of expectation values
for TNSs. We hope that the combination of TNSs and entanglement renormalization
algorithms can in the future help to study ground state properties in the Hamiltonian
formalism with high accuracy at limited computational resources, also in higher
dimensions.

Other uses of tensor networks. Tensor networks are used in various other ways
in physics as well. [14] gives an overview of these. We want to mention a few most
promising examples and give a taste of the wide field and fast development of TN
based methods in the last years.

Instead of representing states by TNSs, operators can be expressed as TNs and be
studied in this framework [36, 276, 277]. Also, the continuum limit of the structures
that arise from TNS can be taken, which leads to various functionals as ansätze for
continuous states [278–280]. Moreover, TNs were combined with other methods in
order to profit from the advantages of complementary algorithms. Examples are
TN methods combined with MC sampling [184, 185, 281–289], density functional
theory [290] and dynamical mean-field theory [291]. Additionally, a close connection
between the entanglement renormalization in TNSs and wavelets was found [292].
Wavelets are well-known in signal processing, with image compression in the JPEG
2000 standard as a widely used application. The relation to TNSs was exploited in
both ways, to form new optimized wavelets from TNs [293] and to use wavelets as
ansätze for physical states [294].

Holography investigates the entanglement properties of TNs in a bulk and the
corresponding states at a boundary of the system [295]. If a lattice is cut into
two regions, then the entanglement spectrum of this bipartite can be studied with
TNSs. The topological order of the state is closely connected to the Hamiltonian
which gives rise to the entanglement spectrum at the boundary [296]. Another
important topic in holography is the correspondence between the entanglement
of TNs, multi-scale entanglement renormalization ansatz (MERA) in particular
(see fig. 2.1(c)), and geometric properties of a curved space [297]. This is of high
interest for the formulation of quantum gravity, whose entanglement properties can
be studied with TNSs. Finally, quantum error correction codes evolved from this
field of research [295].

In machine learning, neural networks are trained to minimize a cost function.
The layers of these networks are typically tensors. However, non-linear activation
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functions are included in common machine learning algorithms. It was shown that
TNs can be represented by neural networks [298, 299]. TNs were used to better
understand neural networks with respect to their entanglement structure [300]. Also,
TNs can be trained by machine learning algorithms and provide an alternative to
neural networks [301, 302]. Quantum machine learning algorithms are inspired by
TNs [303] or use them for the input compression before a quantum algorithm is
applied [304, 305].

2.3 Entanglement entropy and the area law
Ground states often fulfill an area law, which means that the entanglement entropy
is much lower than it could be in the most general case. TNSs provide a truncation
in the entanglement of the possible states. This allows simulating ground states
and also low excited states efficiently with TNSs. In this section, we introduce
the entanglement entropy and the area law. We motivate the latter from a finite
correlation length of non-critical states. The most important confirmations and
proofs of area laws are listed. Finally, we discuss how a TNS provides an efficient
way to express states with low entanglement.

Entanglement entropy. Entanglement is a measure of the amount of information
that is shared between two subsystems of a physical state. A quantum state is
entangled if the local constituents are not independent of each other. More precisely,
an unentangled state can be written as a tensor product of local states, whereas an
entangled state is a sum of several such products which can not be factorized.

A quantitative measure of entanglement is the von Neumann entanglement entropy
SvN. If we divide the system into two subsystems A and A, the entanglement between
those two regions is defined as

SvN = − trA (ρA ln (ρA)) . (2.7)

The trace trA sums over all degrees of freedom in region A, which we can combine
to an index iA: SvN = −∑iA ⟨iA∣ρA ln (ρA) ∣iA⟩. The reduced density matrix ρA is
obtained by tracing out all degrees of freedom iA in the subsystem A: ρA = trA (ρ) =
∑i

A
⟨iA∣ρ ∣iA⟩. The entanglement entropy is zero only for product states, which are

not entangled at all.

Scaling in system size and the area law. In principle, every degree of freedom
in subsystem A can be entangled with the environment A. Therefore, one would
expect SvN to scale proportional to the size V of the smaller of the two subsystems
A and A. However, in many cases the entanglement entropy scales only with the
size of the boundary ∣∂V ∣ between the two systems. The volume V of a subsystem
A corresponds to the number of lattice sites in A. The boundary ∂V of A is the set
of lattice sites in A that have nearest neighbors outside the subsystem.

We can motivate the area law for states with a finite correlation length ξ. This
is pictured in fig. 2.2 for a state with a correlation length of two sites. The finite
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∂V

ξ

A

A

Figure 2.2: Sketch of the entanglement entropy between a region A in red and its
compliment A. The red dashed line marks the boundary between the subsystems.
For a finite correlation length ξ = 2, the system A is only correlated to the blue
lattice points in the subregion of A within the blue outline. Because the subsystem
A depends mainly only on the blue region, the entanglement entropy is expected
to be proportional to the number of lattice sites in the blue area. This region
contains approximately ξ ⋅∂V lattice points where ∂V is the length of the boundary
between A and A. Thus, the entanglement entropy fulfills an area law SvN ∝ ξ ⋅∂V
in this simplified picture. See text for a discussion.

ξ means that the physical degrees of freedom in A depend mainly only on lattice
sites which are at most two sites away from the boundary of A. These relevant sites
in A are pictured in blue in fig. 2.2. The number of lattice points in this region
is approximately ξ ⋅ ∂V . Because A outside the blue region and A share hardly
any information, the entanglement entropy is dominated by physical degrees of
freedom in the blue area. This gives an upper bound on the entanglement entropy of
SvN ∝ ξ ⋅ ∂V . We see that the state fulfills an area law.

This picture is only a motivation to make area laws plausible. Indeed, the
correlation length and the entropy of a system are closely related [306]. However,
they are not equivalent. On the one hand one can easily construct a maximally
entangled state ∣ψ⟩ = α∏N

k=1 ∣0⟩k +β∏
N
k=1 ∣1⟩k, which has correlations between all sites

of the system. However, the entropy is SvN = −∣α∣2 ln (∣α∣2) − ∣β∣2 ln (∣β∣2) ≤ ln (2). It
is therefore independent of the system size despite the long distance correlations. On
the other hand, quantum data-hiding states exist with almost no correlations but
large entanglement. Still, these states also fulfill an area law in one dimension [306].

Known area laws and violations of it. Area laws for the entanglement entropy
of physical states were proven analytically in several cases, especially in one spatial
dimension. In higher dimensions only partial results for specific systems exist. In
general, a local, gapped Hamiltonian is expected to have a ground state which fulfills
an area law. For critical systems, logarithmic corrections to the area law arise. In
both cases the entanglement is much smaller than proportional to the volume of the
subsystem.

Extensive reviews on the progress of studying the entanglement scaling are given
in [15, 27, 28]. We list only the most important results here. The ground state of a

20



CHAPTER 2. TENSOR NETWORKS

local, gapped Hamiltonian with finite interaction strength in one dimension fulfills
an area law [307]. The results were generalized in [308–310] and the bounds on the
entanglement were lowered in [311–313]. Additionally, it was proven with techniques
from quantum information theory that exponentially decaying correlations lead to
an area law, at least in one spatial dimension [306]. Moreover, such states can be
efficiently represented by a MPS as shown in fig. 2.1(a). This is a case where the
picture of an area law due to finite correlations similar to fig. 2.2 was proven to
hold. Also in cases where the Hamiltonian has long range interactions, area laws
exist [314, 315]. More details on the entanglement entropy and its calculation for
one-dimensional TNSs can be found in [19].

If the lowest excited states of a local Hamiltonian are also non-degenerate, they
fulfill an area law as well. For non-thermalizing many-body localized systems, also
high excited states fulfill the area law [316]. In critical systems, where the ground
state is degenerate, one finds logarithmic corrections to the area law [317].

In two dimensions, a classification of phases according to their entanglement
properties is given in [318]. Even though first steps were made towards the theoretical
understanding of the entanglement entropy in more than one dimension [308, 314, 319],
a proof of an area law in higher dimensions is still missing. Finding such a result
would have important consequences for the simulation of higher-dimensional quantum
systems [320]. An area law in higher dimensions was shown only in special cases with
quadratic Hamiltonians for bosons [321] and fermions [322, 323], while for critical
systems with fermions [323–325] and bosons [326] logarithmic corrections to the area
law were found. Both the area law and its logarithmic violations at criticality were
also discovered in the two-dimensional antiferromagnetic Heisenberg model [327].
Besides these theoretical considerations, the success of numerical simulations of
ground states for different models suggests that area laws hold in higher dimensions
as well [27].

Entanglement of tensor network states. If a TNS is divided into two subsys-
tems, the information between these is only shared through the internal links that
are cut in this bipartition. The number and bond dimensions of these indices thus
define the maximally possible entanglement entropy of the TNS. Different network
architectures allow for a specific scaling of the entropy with the system size of a
subsystem.

Let us take a PEPS in two dimension as an example. The splitting into a
bipartite A and A is shown in fig. 2.3. The subsystem A consists of the tensors
inside the red dashed line. The bipartition of the PEPS corresponds to a cut of the
internal indices (red solid lines) that are crossed by the dashed line. Their number is
2 ⋅Nx(A)+ 2 ⋅Ny(A) = 16 in this case. In general, we denote the number of cut links
by ∂V .

As explained in [19] in more detail, the eigenvalues of the reduced density matrix
are equal to those of a matrix with dimensions (D∂V ×D∂V ). The maximal rank of
this matrix, r =D∂V , corresponds to the number of elements of the TNS in A that
connect A with A. The entanglement entropy is maximized if r eigenvalues of the
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A

A

Figure 2.3: Splitting a projected entangled pair state (PEPS) into two subsys-
tems A and A. All tensors inside the dashed red boundary belong to A. The
boundary cuts the internal indices between the subsystems. ∂V = 16 links of bond
dimension D need to be cut in this case (solid red lines). This leads to a maximal
entanglement entropy of a PEPS of SvN = ∂V ln (D). See text for more details.
Symbology – nodes: PEPS tensors; solid lines: internal indices.

reduced density matrix are all equally 1/r =D−∂V . From this we get

SvN ≤ −r (
1
r

ln(1
r
)) = ln (r) = ln (D∂V ) = ∂V ln (D). (2.8)

We see that a PEPS automatically fulfills an area law for constant D. This can be
generalized to higher dimensions as well.

Other networks have different behavior of r as a function of the system size and
thus a different scaling of the entanglement entropy in V :

1. A MPS as in figs. 2.1(a) and 2.1(d) fulfills an area law in one dimension (r =D).

2. As shown, a PEPS (see fig. 2.1(e)) fulfills an area law in higher dimensions
(r =D∂V ).

3. For a TTN (fig. 2.1(b)) the entanglement depends on the bipartite. In the
worst case, when the system is cut in the middle, the entanglement fulfills an
area law in one dimension (r =D).

4. A MERA as in fig. 2.1(c) fulfills an area law with logarithmic corrections, also
in higher dimensions. This makes MERA suitable for critical systems.

The bond dimension was considered to be constant and independent of the system
size so far. Even if the TNS does not fulfill the correct entanglement scaling, an
increased bond dimension can still help to capture the ground state properties.
Typically, the more expressive states like MERA come with higher numerical costs.
In contrast to that, a MPS or TTN does not always capture the entanglement scaling
of a ground state. But due to the low numerical demands, the bond dimension can
be significantly larger and eventually lead to a similar precision as more advanced
TNS [95]. However, the bond dimension of a one-dimensional network has to grow
exponentially if it is applied to a two-dimensional system as in fig. 2.1(d). This can
often only be handled with limited computational resources if one of the dimensions
of the lattice is small, as in ladders or tubes with small perimeter.
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The entanglement entropy can be calculated efficiently for loop-free TNSs, see
for example [19]. A PEPS does in general not have a canonical form [328, 329]. This
makes the calculation of entanglement entropies more challenging. Calculations are
restricted to small boundary sizes ∂V . This is fulfilled either for small subsystems
A or in ladders and small tubes if the bipartition is a cut along the smaller spatial
dimension.

In summary, we saw that the entanglement entropy of a TNS has a particular
scaling in the system size of the subsystem A. Area laws and logarithmic corrections
to it ensure that TNSs are suitable for simulating ground states and low excited
states for many physical systems. The entanglement entropy of a TNS is limited
by the bond dimension D, see fig. 2.3 for an example with a PEPS, where the
upper bound of SvN is proportional to ln (D). The finite D causes a truncation
of the reachable states in the Hilbert space. Area laws state that this truncation
captures the part of the Hilbert space which is most relevant for ground states.
Moreover, the bond dimension provides a well-defined truncation of the possible
entanglement entropy. Systematic errors can be studied by varying D. Techniques
like finite entanglement scaling mentioned in section 2.2 even make particular use of
the adjustable entanglement of the state to locate and classify phase transitions.
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Chapter 3

Projected entangled pair states and
fermions

3.1 Bosonic projected entangled pair states
In [19, 128] it was shown how any state in one spatial dimension can be decom-
posed into a tensor network state (TNS), specifically into a matrix product state
(MPS) [128]. Figure 2.1(a) shows a graphical representation of such a MPS. For an
exact representation of a generic state, however, the bond dimension grows exponen-
tially in the system size. Therefore, a truncation is needed. Ground states in one
spatial dimension can be well approximated by a truncated MPS, because the state
fulfills the area law of section 2.3.

A MPS can also represent a state in higher dimensions. Figure 2.1(d) shows
a possible mapping of a two-dimensional lattice to a MPS. If we cut the lattice
parallel to the x-axis into two subsections, the entanglement between these regions
is upper bound by ln(D) where D is the bond dimension of the MPS. States in
two dimensions that fulfill the area law would, however, require a linear scaling of
the entanglement in the number of lattice points Nx in x-direction. Therefore, the
bond dimension of the MPS needs to grow exponentially in Nx. This makes the
ansatz inefficient for larger lattices. Even if an improved mapping of a MPS to a
two-dimensional lattice is used [330], the area law can not be fulfilled. We generalize
the concept of MPSs in the following to obtain a projected entangled pair state
(PEPS) [131] that implements the area law in higher dimensions.

A MPS in one spatial dimension consists of tensors at each lattice site, carrying
the local physical degree of freedom. Additionally, each tensor is connected to its
nearest neighbors by an internal index. We can generalize this construction directly
to higher dimensions and obtain a PEPS. This ansatz automatically fulfills the area
law in any dimension by construction [331]: the number of internal links which need
to be cut in order to obtain a bipartition is at least as big as the number of lattice
sites on the boundary. See fig. 2.3 where this is pictured in two dimensions. A PEPS
for a two-dimensional square lattice is shown in fig. 2.1(e).

Lattice geometries other than a square lattice can be implemented directly with
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Figure 3.1: The honeycomb lattice is the spatial structure of graphene. Each
node corresponds to a carbon atom. Solid lines denote nearest neighbors and the
directions of the σ bonds. (a) The original two-dimensional structure with the
correct 120○ angles between the bonds. The lattice is bipartite: each lattice point
in sublattice A has only nearest neighbors in sublattice B and vice versa. The
red arrows t⃗1 and t⃗2 are the fundamental lattice displacements for a lattice with
periodic boundary conditions (pbc). The blue arrows n⃗i relate a lattice point in A
to its nearest neighbors in B. (b) Non-conformal representation with 90○ angles.
The dotted lines are inserted in order to obtain a square lattice and correspond
to trivial indices. Thus, an algorithm for square lattices can be used to simulate
the honeycomb lattice.

PEPS. Each nearest neighbor relation corresponds to an internal link in the TNS.
We focus mostly on the hexagonal or honeycomb lattice of fig. 3.1 which describes
the spatial structure of the atoms in graphene. A fermionic PEPS on a honeycomb
lattice is shown in fig. 3.3. More details about the lattice geometry and graphene
are explained in section 5.1. The honeycomb lattice is equivalent to a square lattice
where certain links are omitted, see fig. 3.1(b). Thus, an implementation for a square
lattice can be easily adapted. This means that we set the bond dimension on the
omitted links to one.2 No gates are applied to these links in the imaginary time
evolution which is explained in chapter 4, because no Hamilton term connects the
corresponding nodes.

So far we did not restrict the PEPS in any way according to physical properties or
symmetries. Including such constraints in the ansatz helps to enforce that the PEPS
fulfills all criteria required from a physical state. Also, the number of parameters in
the ansatz is reduced which makes the algorithm more efficient [16].

If we assume that all indices in the tensor network (TN) commute with each
other, we obtain a bosonic PEPS. This means that we can freely move the lines,
exchange the order of indices and let the lines cross each other in fig. 2.1(e), as
long as we keep the connectivity of the TNS. Fermions can be better described by
a fermionic PEPS, which is a restriction of the bosonic PEPS incorporating parity
symmetry. We explain the adaptions for fermions in the following.

2 More specifically, we set Deven = 1 and Dodd = 0 for fermionic PEPS, see section 3.2.2.
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3.2 Fermionic projected entangled pair states

3.2.1 Fermionic operators

In contrast to bosons, fermions do not commute. When we apply a fermionic operator
to a state, this leads to non-local terms even if the operator acts on nearest neighbors.
We discuss this in more detail in this section.

Any fermionic state can be constructed from a state ∣0⟩ with no fermions by
several applications of operators c†

i . Each such creation operator adds a fermion at
site i. The adjoint c of the creation operator annihilates a fermion. The following
anti-commutation relations hold:

{ci, c†
j} = cic

†
j + c

†
jci = δi,j (3.1)

{ci, cj} = 0 (3.2)
{c†
i , c

†
j} = 0. (3.3)

When the order of two subsequent creation operators in a product is exchanged, a
negative sign appears. Because of this, the ordering of the operators matters when
they get applied to ∣0⟩. Therefore, we need to number the lattice sites consecutively
and apply the c† in that order when creating a multi particle state. For one-
dimensional systems the ordering can obviously be chosen equal to the lattice site x.
For two dimensions we use the following scheme: i = 1 − y + x ⋅Ny. Sites with the
same x value have consecutive numbers. A change in x increases the fermion index
by the size of the lattice Ny in y-direction. This corresponds to a labeling of the
physical indices from left to right in figs. 3.2 and 3.3.

We discuss a fermionic system with locally only two possible states as an example.
Each site can either be occupied, corresponding to state ∣0⟩, or unoccupied ∣1⟩. The

creation operator for this system is c† = (0 0
1 0). We want to apply the two-site

operator c†
icj to a given state. Here, i and j are nearest neighbors of a two-dimensional

lattice in either x- or y-direction. The application of the operator in y-direction
leads to a local term because the fermion indices of the nearest neighbors in our
numbering scheme are consecutive. A graphical representation is given in fig. 3.2(a),
where 1 = c† and 2 = c. The dotted line is an index with only one entry and can
also be omitted in this case.

For nearest neighbors in x-direction, the sites involved have non-consecutive
fermion indices. As an example, we apply a creation operator at site (3,1) and an
annihilation operator at site (3,2). This is pictured in fig. 3.2(b). The diamonds and
the dotted line are explained later and can be ignored for now. The fermion indices
corresponding to the sites (3,1) and (3,2) are 1 and 4. We apply the operators to
the state ∣010110⟩ as an example. It has fermions at sites (2,1), (2,2) and (3,2). The
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Figure 3.2: Application of fermionic nearest neighbor operators. The internal
indices of the TNS are omitted. Diamonds correspond to swap gates. The vertical
dotted lines are physical indices. They are numbered according to the ordering
of fermionic creation operators when a multi particle state is created from ∣0⟩.
A nearest neighbor operator can be expressed by two local gates (orange cirlces
1 and 2) connected by a link (dotted line). (a) Nearest neighbor operator in
y-direction. (b) Nearest neighbor operator in x-direction with Jordan-Wigner
string. (c) Nearest neighbor operator in y-direction. The TN got deformed to
have swap gates acting on physical legs only.

state after the application of the operator is

c†
1c4 ∣010110⟩ = c†

1c4c
†
2c

†
4c

†
5 ∣000000⟩ = −c†

1c
†
2c4c

†
4c

†
5 ∣000000⟩ (3.4)

= −c†
1c

†
2c

†
5 ∣000000⟩ + c†

1c
†
2c

†
4c4c

†
5 ∣000000⟩ (3.5)

= − ∣110010⟩ − c†
1c

†
2c

†
4c

†
5 c4 ∣000000⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=0

= − ∣110010⟩ . (3.6)

We see that the sign of the state has flipped because of the anti-commutation of
c4 and c†

2. The state ∣000110⟩ would not undergo a sign flip though. In general,
the application of the operator produces a sign flip for each occupied site between
the fermion indices of the two nearest neighbors. We can incorporate this by swap

gates = (1 0
0 −1) in the TN, as shown in fig. 3.2(b). Each swap gate changes the

sign for an occupied site, while leaving unoccupied sites unchanged. Instead of
checking the signs explicitly as in eqs. (3.4) to (3.6), we can include swap gates on
the physical indices between the two links where the operators get applied. The
corresponding network in fig. 3.2(b) has the sign flips incorporated according to
the correct anti-commutation relations. The dotted line was to be ignored in the
discussion up to now. It is explained in the following.

A generalization to operators that have bosonic and fermionic parts is also possible.
In that case, the dotted lines in fig. 3.2 are indices that sum over the different parts
of the operator. Each entry of the index has a defined parity, either even or odd.
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We introduce the parity operator P , which has the following properties:

Pc† = −c†P (3.7)
P ∣0⟩ = ∣0⟩ (3.8)
P = P †. (3.9)

The parity operator anti-commutes with creation and annihilation operators. Fermions
are created or annihilated in pairs or their number is constant during time evolution.
This means that the Hamiltonian can only consist of terms with an even combined
number of creation and annihilation operators. Therefore, P commutes with H
and the eigenstates of the Hamiltonian are also eigenstates of P . Since P 2 = 1, the
eigenvalues of P are p = ±1. We call p = 1 even parity and p = −1 odd parity. We can
use the parity of an eigenstate as a quantum number. States of different parities do
not get mixed by H. The Hilbert space is divided into two separate sectors of even
and odd parity. In section 3.2.2 we show how the parity can also be defined for each
entry of a tensor and for each value of an index.

The swap gate produces a negative sign only for entries where all its indices have
odd parity. This is defined in more detail later in eq. (3.10). In the previous example
the dotted line has only one entry of odd parity. The dotted line with swap gates
between the operators, which arises due to the fermionic anti-commutation relations,
is commonly called a Jordan-Wigner string [332].

We saw that nearest neighbor operators in more than one spatial dimension
introduce swap gates and therefore can not be applied locally. However, local
operators are the key ingredient for efficient TN algorithms like the ones explained in
chapter 4. With Jordan-Wigner strings, the local application of an operator (simple
update (SU), see section 4.3) is not possible anymore and a contraction of the whole
network (full update (FU) and expectation values, see section 4.4) is inefficient with
non-local terms. A better way to treat fermions was proposed in [154] and we follow
this approach closely. The key idea is to deform the TN in a defined way and to
move the swap gates to other locations in the TNS. For this, the anti-commutation
relations are not only incorporated on the level of the operators but in the PEPS
itself. Fermionic PEPS reduces the contractions and manipulations of the TN to
local operations. These ideas are laid out in the following in more detail.

3.2.2 Fermionic tensor network states
Construction of a fermionic PEPS. While we can permute indices freely in
bosonic TNs, this is not possible with fermions due to the anti-commutation relations
in eqs. (3.1) to (3.3). We saw that this leads to additional sign flips, which have to
be taken into account when applying a fermionic operator, see fig. 3.2(b). Corboz,
Vidal, Orús and Bauer developed a way to move the indices in a PEPS freely, such
that operators can always be applied locally instead of adding non-local terms to the
operator [153, 154]. It can be built from a bosonic PEPS in four steps:

1. define the parity for all values of the indices and entries of the tensors
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x
y

Figure 3.3: Fermionic PEPS for a 3 × 4 honeycomb lattice with open boundary
conditions (obc) in two spatial dimensions. Symbology – solid lines: internal
indices; dashed lines: physical indices; dotted line: parity link; diamonds: swap
gates.

2. add swap gates to all line crossings in the two-dimensional graphical represen-
tation of the TN

3. restrict tensors to have overall even parity

4. add a parity link to define the overall parity of the TNS if needed

An example of a fermionic PEPS is shown in fig. 3.3. The tensors have even parity,
diamonds are swap gates and the dotted line is a parity link. We explain the
previously listed steps and the graphical representation in more detail in this section.
An introduction to fermionic PEPS, including many technical details, can also be
found in [156].

The method uses the fact that a fermionic Hamiltonian conserves parity symmetry:
applying the Hamiltonian to a state with an even (odd) number of electrons results
in a state with an even (odd) number of electrons again. The two sectors can
thus be treated independently. On the level of the TNS, such a Z2 symmetry can
be incorporated into the tensors themselves. The steps 1, 3 and 4 above are the
usual way to implement a pointwise abelian symmetry like parity on the level of the
TNS [16, Sec. 3]. It ensures that no superpositions of even and odd parity states
are allowed. Such a superposition can not be an eigenstate of the parity conserving
Hamiltonian, besides of accidental degeneracies. The latter arise when the energies
of the even and odd parity sectors become equal at specific points of the phase space.
This happens, for example, to the ground state at quantum critical points. The even
and odd parity states can, however, still be used as orthogonal basis states in such a
degenerate case. Therefore, the physical states can be described with fermionic TNS.
Moreover, the ground state can be calculated in each of the two sectors independently.
This corresponds to the ground state of the model and a state with one additional
fermion or hole.

The symmetric tensors decrease the degrees of freedom by up to a factor of two.
Since many of the entries of the tensors are vanishing, an efficient implementation
can use this block structure to avoid multiplications with blocks that contain only
zeros. This can lower the memory requirements by up to a factor of two and speed
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up the calculations. We do not explicitly make use of the sparse block structure in
our implementation though and work with dense tensors which are forced to be zero
at the symmetry breaking entries.

Additionally to the symmetry constrains, the swap gates are introduced at line
crossings. They incorporate the anti-commutation relations of fermions according to
eqs. (3.1) to (3.3). With a fermionic TNS, lines can be moved freely within the TN.
Whenever new line crossings arise, swap gates have to be included there. Lines can
also be moved across nodes. This deformation of the TN can then be used to express
the application of operators and the calculation of expectation values with local
operators only. All these properties are introduced and explained in the following in
more detail.

Parity. As a first step, we introduce the (fermionic) parity on the links. Each
value of an index corresponds to either even or odd parity. For physical indices this
is given by the local Hilbert space – an even (odd) number of fermions at the site
corresponds to even (odd) parity, see below for examples. In contrast to this, the
parities of the entries of internal indices need to be defined.

A many-body system is a direct product of local Hilbert spaces. In this sense, the
global parity is the product of the local parities which act on one site only: P =∏iPi.
We use this to define the parity for each entry of a physical link. In the previous
example in section 3.2.1, we had two possible physical states for each lattice site:
occupied and unoccupied. If there is a fermion at a site, then the corresponding
entry of the physical index has odd parity. If there is no fermion, we have an even
parity. For spin systems with a variable number of electrons at each site, there
are four possible states: unoccupied (even parity), one electron with either spin
up (odd parity) or down (odd parity) or two electrons with opposite spins (even
parity). The Hubbard model is such a spin system and its tensor formulation is
introduced in section 5.2. Because the sign flips cancel, an even number of electrons
corresponds to even parity and behaves like a boson when permuted, while an odd
number corresponds to odd parity and can produce sign flips.

For internal indices the parities do not correspond to the physical appearance
of fermions. We therefore have to define the parity for each entry of a link. We
order the values of an index in the convention that the first Deven entries have even
parity while the last Dodd =D−Deven entries have odd parity. The size of the sectors
Deven and Dodd can change during an imaginary time evolution, see section 3.2.4
and chapter 4 for details.

Swap gates. Next, we add swap gates to all line crossings in the two-dimensional
representation of the TN. A swap gate causes a negative sign if all incoming legs
have odd parity, otherwise it corresponds to an identity and does not produce a sign
flip:

b

r

t

l = δb,t ⋅ δl,r ⋅
⎧⎪⎪⎨⎪⎪⎩

−1 if p (b) = p (l) = −1
1 otherwise, i. e., p (b) = 1 and/or p (l) = 1.

(3.10)
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The legs of the swap tensor can be of any kind, internal, physical or parity links
(see below). Note that the indices b and t need to have the same structure, that is
the same dimensions Deven and Dodd. Similarly, l and r need to have the same even
and odd bond dimensions. As the name suggests, a swap gate changes the order of
two indices. We can see b and l as incoming indices, while t and r are the swapped
outgoing indices. The swap gate ensures that the (anti-)commutation relations hold:
exchanging two indices of odd parity produces a sign flip while even parity indices
commute with every other index, regardless of the parity.

If we want to swap two indices i and j of the same tensor Ai,j,..., we would
have to multiply the tensor with the swap gate of eq. (3.10). This is an O(md2

i d
2
j)

operation, where di and dj are the dimensions of the indices to be swapped while m
is the combined dimension of all other indices. We can do the swap more efficiently
with O(mdidj) operations if we simply flip the signs of all entries of the tensor that
have odd parity on both links to be swapped. In the actual algorithm we always
apply swap gates in this efficient form to tensors and never use the explicit form
of eq. (3.10). The elementwise application of the swap gate can be thought as an
elementwise multiplication of the tensor with the (di × dj) matrix

even
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

odd
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

Selem =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 . . . 1
⋮ ⋱ ⋮
1 . . . 1
1 . . . 1
⋮ ⋱ ⋮
1 . . . 1

1 . . . 1
⋮ ⋱ ⋮
1 . . . 1
−1 . . . −1
⋮ ⋱ ⋮
−1 . . . −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⎫⎪⎪⎪⎬⎪⎪⎪⎭
even

⎫⎪⎪⎪⎬⎪⎪⎪⎭
odd

. (3.11)

This means that each element of the tensor Ai,j,... gets multiplied with the corre-
sponding value Selem

i,j .
We can apply a nearest neighbor operator without the use of Jordan-Wigner

strings if we permute the physical legs of the TNS with swap gates before applying
the operator. This is shown in fig. 3.2(c). The network is equivalent to fig. 3.2(b)
but has only a nearest neighbor term without swap gates on the level of the operator.
However, we have to contract the whole TN or at least a large part of it before we
can apply the swap gates elementwise. Therefore, the problem is only shifted from
non-local operators to non-local swap operations on the level of the TNS. Another
ingredient is needed for an efficient algorithm:

Symmetric tensors. We restrict all tensors to symmetric ones, which have even
overall parity. This means that each entry of a tensor with a combined odd parity of
the indices has to vanish:

As1,s2,...,sk

i1,i2,...,im
= 0 if p (s1) ⋅ p (s2) ⋅ . . . ⋅ p (sk) ⋅ p (i1) ⋅ p (i2) ⋅ . . . ⋅ p (im) = −1. (3.12)

This allows us not only to permute indices of tensors and TNs, but also to move
links across nodes. The deformation rules are shown in fig. 3.4. The overall even
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parity is required for the jump move in fig. 3.4(b) where a line is moved across a
tensor. We derive this in appendix A. The network can now be deformed freely, as
long as one adds swap gates to all line crossings in the two-dimensional graphical
representation of the TN and keeps the connectivity of the network. The fermionic
anti-commutation relations are automatically fulfilled. We already used the fact
that the operators in the Hamiltonian are symmetric in the step from fig. 3.2(b) to
fig. 3.2(c). The physical lines of indices 2 and 3 were moved across operators. This
is exactly the jump move of fig. 3.4(b).

The jump move is explained for a simple example in the following. Let us consider
the tensor Ad,l,u where one index l is swapped with another link:

Al

t

b

a

c

l′ . (3.13)

This corresponds to

∑
l′
Ab,l′,t ⋅ Sc,l,a,l′ = Ab,l,tδa,c ⋅

⎧⎪⎪⎨⎪⎪⎩

−1 if p (a) = p (l) = −1
+1 otherwise

. (3.14)

If we move the link with indices a and c across the tensor and apply swap gates to
all line crossings, we get

Al

t

b

a

c

t′

b′
a′ . (3.15)

This is equal to

∑
b′,t′,a′

Ab′,l,t′ ⋅ St′,a,t,a′ ⋅ Sb,c,b′,a′ = ∑
b′,a′

Ab′,l,t ⋅ δa,a′ ⋅ Sb,c,b′,a′ ⋅
⎧⎪⎪⎨⎪⎪⎩

−1 if p (a) = p (t) = −1
+1 otherwise

(3.16)

= Ab,l,t ⋅ δa,c ⋅ {
−1 if p (a) = p (t) = −1
+1 otherwise } ⋅

⎧⎪⎪⎨⎪⎪⎩

−1 if p (a) = p (b) = −1
+1 otherwise

.

(3.17)

The sign flips only for the entries with p (a) = −1 and either p (t) = −1, p (b) = +1 or
p (t) = +1, p (b) = −1. Both cases can be combined to p (a) = −1 = p (t) ⋅ p (b):

eq. (3.15) = Ab,l,t ⋅ δa,c ⋅
⎧⎪⎪⎨⎪⎪⎩

−1 if p (a) = p (t) ⋅ p (b) = −1
+1 otherwise

. (3.18)
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=

(a)

=

(b)

=

(c)

Figure 3.4: Deformation rules of fermionic tensor networks. Note that self-swaps
arise if loops are created, see fig. 3.5. (a) Deforming a line across another line.
swap gates arise at line crossings. (b) The jump move: a line can be moved across
an even parity tensor. New swap gates have to be added at all line crossings.
(c) A line can also be moved across open ends of links at places where even parity
tensors could be placed.

A is a symmetric tensor with Ab,l,t = 0 for p (b) ⋅p (l) ⋅p (t) = −1 according to eq. (3.12).
All non-zero values thus have p (b)⋅p (l)⋅p (t) = +1, which means that p (l) = p (b)⋅p (t).
If we insert this into eq. (3.18), we get the same expression as the right-hand side of
eq. (3.14). This means that eq. (3.13) and eq. (3.15) before and after the jump move
are equal.

The argument can be generalized to the situation where k indices of a tensor A
get swapped with a line:

∑
i′1,...,i

′
k
,a1...ak−1

Ai′1,...,i′k,j1,...,jm
⋅ Sa1,i1,a,i′1 ⋅ Sa2,i2,a1,i′2 ⋅ . . . ⋅ Sb,ik,ak−1,i′k (3.19)

=Ai1,...,ik,j1,...,jm ⋅ δa,b ⋅
⎧⎪⎪⎨⎪⎪⎩

−1 if p (a) = −1 = p (i1) ⋅ p (i2) ⋅ . . . ⋅ p (ik)
+1 otherwise

(3.20)

=Ai1,...,ik,j1,...,jm ⋅ δa,b ⋅
⎧⎪⎪⎨⎪⎪⎩

−1 if p (a) = −1 = p (j1) ⋅ p (j2) ⋅ . . . ⋅ p (jm)
+1 otherwise

(3.21)

= ∑
j′1,...,j′m,a1...am−1

Ai1,...,ik,j′1,...,j′m
⋅ Sa1,j′1,a,j1 ⋅ Sa2,j′2,a1,j2 ⋅ . . . ⋅ Sb,j′m,am−1,jm . (3.22)

The symmetric property of A was assumed to get from eq. (3.20) to eq. (3.21). We
see that an application of swap gates between the line and the first k indices is
equivalent to applying the gates between the line and the remaining indices k + 1 to
k +m, the jump move holds.

Summarizing, the jump move across symmetric tensors can be used in very generic
cases to deform a fermionic TN. Also, the nature of the links (physical or internal)
does not matter for the deformation rules in fig. 3.4(c) as long as the parity is defined
for all entries of each link.

There is one subtlety, however, which can cause problems if not taken into account:
loops around tensors cause self-swap gates. These are swaps of a link with itself,
caused by a loop. While this special case is not crucial for a general understanding
of fermionic PEPS, it can cause difficulties in the implementation of algorithms. An
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(a)

=

(b)

=

(c)

≠

(d)

Figure 3.5: Loops around tensors cause self-swaps. (a) Tensor without deforma-
tion. (b) The right leg gets deformed counterclockwise around the tensor, then
clockwise back to the original position. swap gates arise on line crossings. (c) The
counterclockwise loop gets deformed and is moved over the tensor. A loop and a
line crossing of the leg with itself arise. (d) A loop around the tensor does not
keep the tensor invariant if the self-swap is not taken into account.

example of the occurrence of a self-swap is shown in fig. 3.5. In fig. 3.5(b) one of the
legs gets deformed to cause a counterclockwise loop around the tensor, then makes
another clockwise loop back to the original position. This results in the same tensor
as in fig. 3.5(a) because swap gates are self-inverse and pairs of swaps between the
same links cancel. In further steps, the clockwise loop is moved over the links of
the counterclockwise loop and over the original tensor. Additional swap gates arise,
but finally only one clockwise loop of the link remains. It does not cross other legs
anymore. This loop causes a swap of the link with itself, as pictured in fig. 3.5(c).
The outcome of fig. 3.5(c) would be calculated by first permuting the right link r
and the upper leg t and applying a swap gate. Then the right leg is permuted with
the left leg l, including a swap again. This goes on until in the end the right leg is
swapped with itself, which causes all entries with odd parity on the right leg to flip
their signs.

The self-swap can be understood by looking explicitly at the sign flips in fig. 3.5(d).
The odd sector of the right leg undergoes a sign flip if an odd number of swap gates
caused a sign flip on the line crossings:

p (t) ⋅ p (l) ⋅ p (b) ⋅ p (s) = −1 = p (r)
⇒ Asb,l,t,t → −Asb,l,t,t.

(3.23)

Regarding all elements of the tensor, the swaps lead to

Asb,l,t,r →

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−Asb,l,t,r if p (t) ⋅ p (l) ⋅ p (b) ⋅ p (s) = −1 = p (r)
+Asb,l,t,r if p (t) ⋅ p (l) ⋅ p (b) ⋅ p (s) = +1 = p (r)
0 otherwise.

(3.24)

The last case is due to the fact that A is symmetric and all values of this case
vanish from the beginning. Since the overall parity in the first case p (t) ⋅ p (l) ⋅ p (b) ⋅
p (s) ⋅ p (r) = 1 is even, these elements of the tensor do not vanish. The self-swap in
fig. 3.5(c) cancels the sign flip of the first case while not changing the outcome of
the other cases. We see that the tensor is kept invariant if the self-swap is included
as in fig. 3.5(c).
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Parity link. We had to make sure that all tensors have even parity. This is a
restriction in many cases. A creation or annihilation operator is a matrix which
changes the parity. Therefore, the fermionic TN representation would not allow
for such an operator. We can circumvent this by adding new links to the creation
and annihilation operators, which we call parity links. We graphically represent
such links which change the parity of a tensor with dotted lines. For the previously
discussed two site interaction of a hopping term, the parity link has only one entry
of odd parity and connects the creation with the annihilation operator as shown in
fig. 3.2. This way, the swap gates in fig. 3.2(b) always change the sign if there is an
odd number of fermions present in between the two sites on which the operators act.

The TNS consists of only even parity tensors so far. It thus has even overall
parity. If we are interested in the odd parity sector of the Hilbert space, we have to
include a similar parity link on one of the tensors. We place this link at the lower
left tensor, with coordinates (x, y) = (1,Ny) as seen in fig. 3.3. We can choose the
parity sector of the TNS with the values of this parity index:

• One possible value of even parity: only even parity sector of Hilbert space.

• One possible value of odd parity: only odd parity sector of Hilbert space.

• Two possible values, one with even, one with odd parity: both parity sectors of
Hilbert space.

We can study the sectors independently. This can be helpful to simulate not only
the ground state properties of a model but also the state with one electron more
or less. Applying this method to the Hubbard model we are able to calculate the
ground state energies of both sectors and the single particle energy gap. Figure 5.7
shows the results for a small system size.

The parity link can be treated as an additional degree of freedom which defines
the overall parity. When calculating expectation values, the parity index of the ket
state gets contracted with the one of the bra state.

3.2.3 Calculation of expectation values
So far, we only considered the ket state and applied operators to it. In order to
obtain expectation values, we need the bra state. It can easily be obtained from the
ket by reflecting the state across a horizontal line and conjugating all tensors. This
is shown in fig. 3.6(a). Conjugated tensors are marked with a dot.

Figure 3.7(a) shows the TNS which represents the expectation value of a nearest
neighbor operator in x-direction. As we saw before in fig. 3.2(b), the operator
becomes non-local due to the swap gates on the parity link of the operator. We
want to deform the network further using the previously developed rules to make all
calculations local.

First, we switch to the starred tensors defined in fig. 3.6(c). They are conjugate
tensors with two pairs of their legs swapped. The ket TNS can be brought in the
form of fig. 3.6(b) with these. The uppermost row of tensors with the largest value
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Figure 3.6: Bra state of a fermionic PEPS. (a) Bra state obtained by reflection
and conjugation of the ket state in fig. 3.3. (b) Deformation and use of starred
tensors to get the same arrangement of tensors as for the ket state in fig. 3.3.
(c) Definition of starred tensors with four internal indices. Some indices and the
corresponding swap gates can be removed to obtain the tensors for a honeycomb
lattice. Symbology – circles with dots: conjugated PEPS tensors; dashed lines:
physical indices; solid lines: internal indices; dotted line: parity index; diamonds:
swap gates.
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of y now becomes the lowest row, the y-direction thus changed its orientation. The
deformed bra state shares the same coordinate system as the original ket TNS in
fig. 3.3. Applying this transformation to the expectation value leads to fig. 3.7(b).

In a next step, we bring the ket and bra tensors at equal sites next to each other
as shown in fig. 3.7(c). This form can be used to calculate the expectation value
with only local operations if an approximation of the contractions like the boundary
MPS (bMPS) method is used. We can deform the TN even further, see fig. 3.7(d),
and allow for generic nearest neighbor operators. In this form we do not need the
decomposition using a parity link for the operator and no Jordan-Wigner strings
appear. More details on how expectation values are calculated including the bMPS
approximation are explained in section 4.4.3.

3.2.4 Singular value decomposition

This far, we explained how to contract tensors (see eq. (2.5)), how to permute indices
with swap gates that arise at each line crossing (see fig. 3.6(c) for example) and
how to deform a TN in order to act locally on tensors (see fig. 3.7). One more key
ingredient for ground state searches with TNSs is the singular value decomposition
(SVD). It allows us to split any tensor A into two tensors B and C which share a
newly created common link. This can be seen as the inverse of a contraction. We
explain the procedure of splitting a tensor and discuss the SVD in the context of
fermionic parity in this section. The goal is to find a decomposition

Ai1...ik,ik+1...im =
Dj

∑
j=1
Bi1...ik,j ⋅Cj,ik+1...im + ϵ (3.25)

for a given bond dimension Dj. This decomposition should minimize the error ϵ.

Permutation and grouping of indices. As a first step, the indices of the tensor
A are reordered. These can be internal indices, physical indices or parity links. We
use lower subscripts for all indices here, regardless of their nature. The indices that
shall belong to B later are moved to the first index positions of A while the other
indices are moved to the end and belong to C later. This permutation creates swap
gates that can be applied to the tensor by elementwise multiplication with the matrix
of eq. (3.11).

We group the first indices to form a new index. Let us assume that the indices i1
to ik shall belong to B. We use the notation (i1 . . . ik) for a new index that runs over
all combinations of the indices i1 to ik. We do the same to group the last indices
ik+1 to im, which shall belong to C later. This way, we reshape A into a matrix
A
(i1...ik),(ik+1...im)

. More details on the SVD in the context of TNs in general and
combining indices in particular are given in [19, sec. 2.1.2].
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Figure 3.7: Calculation of an expectation value for a nearest neighbor operator in
x-direction (orange circles 1 and 2, connected by a dotted parity link). (a) Bra
state obtained through reflection and conjugation of the ket state. (b) Deformation
of bra state and use of starred tensors. (c) The bra and ket tensors of each lattice
site are brought together. (d) Further deformation with no swap gates on the
parity link of the operator. Symbology and definition of starred tensors as in
fig. 3.6.
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Singular value decomposition and truncation. The matrix A is then decom-
posed by a SVD:

A
(i1...ik),(ik+1...im)

=
Dj

∑
j=1
U(i1...ik),j ⋅ Sj,j ⋅ Vj,(ik+1...im). (3.26)

U is a column-unitary matrix (U †U = 1), V is row-unitary (V V † = 1) and S is a
diagonal matrix with non-negative real elements. This decomposition can be done
for any complex matrix A on the left-hand side of eq. (3.26) [19, app. A]. Using the
SVD, we split A into three matrices, A = U ⋅ S ⋅ V .

The matrices U and V form the new tensors B and C. We can include the singular
values S in one of the two: B = U ⋅ S;C = V or B = U ;C = S ⋅ V . A symmetric
splitting of the singular values is also frequently used: B = U ⋅

√
S;C =

√
S ⋅ V . The

new link j connects the matrices B and C.
The number of non-zero singular values on the diagonal of S is called the rank

of A. It is upper bound by both of the dimensions of (i1 . . . ik) and (ik+1 . . . im)
independently. The dimension of the new index j is Dj = rank (A). We can truncate
this index and reduce the number of entries in the matrices U and V . We set
the smallest singular values to zero and drop the rows (columns) which would get
multiplied by these zeros in U (V ). Similarly, the rows and columns in S that only
contain zeros get omitted.

The truncated SVD provides an optimal approximation [333] of a given Matrix A
with dimensions (Dk,Dm) by two matrices B and C with dimensions (Dk,Dj) and
(Dj,Dm): if the SVD A = U ⋅ S ⋅ V is truncated to Dj singular values, then B = U ,
C = S ⋅ V minimizes the Frobenius norm ∣∣A −B ⋅C ∣∣2F . Again, a different splitting
of S between B and C can be chosen without changing the statements here. The
truncation error is equal to the squared sum of the omitted singular values:

ϵ = ∣∣A −B ⋅C ∣∣2F =
rank(A)

∑
j′=Dj+1

S2
j′ . (3.27)

When we apply an operator to a pair of nearest neighbors and split the resulting
tensor into two nearest neighbor PEPS tensors again, the bond dimension generally
grows. The truncation helps to keep the bond dimension and thus the number of
degrees of freedom bounded. We use the truncated SVD in section 4.3 for this
purpose.

Splitting of indices. Finally, we have to split the indices (i1 . . . ik) and (ik+1 . . . im)
into their components again. We then have the desired decomposition of A from
eq. (3.25) with the error given by the error of the truncated SVD. If we need a
certain order of the indices, we can permute them finally, taking care of the fermionic
permutation rules again by applying swap gates.

Parity of new link. If we follow the procedure above, we do not know the parity
of the values of the new index j. We present two variants to define the parity here.

39



CHAPTER 3. PROJECTED ENTANGLED PAIR STATES AND FERMIONS

One possibility is to bring the matrix A
(i1...ik),(ik+1...im)

into a block diagonal
form. The indices of the matrix have defined parity according to p ((i1 . . . ik)) =
p (i1) ⋅ p (i2) ⋅ . . . ⋅ p (ik) and similarly for the second index of the matrix. In contrast
to the initial indices, we do not have an ordering of the combined indices where the
first Deven values have even parity while the other Dodd have odd parity. But we can
commute the rows and columns of the matrix A to fulfill this form. The permuted
matrix Aperm has two blocks Aee and Aoo where for the first (second) block both
indices have even (odd) parity. The other blocks vanish due to the even overall parity
of A. We can split the two blocks by independent SVDs:

Aperm = (A
ee 0
0 Aoo

) = (U
ee ⋅ See ⋅ V ee 0

0 U oo ⋅ Soo ⋅ V oo) (3.28)

= (U
ee 0

0 U oo)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=U

⋅(S
ee 0
0 Soo

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=S

⋅(V
ee 0

0 V oo)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=V

. (3.29)

The singular values S can be truncated by keeping only the largest Dj values,
independent of the parity sector they belong to. The dropped values get deleted in S
together with the columns (rows) in U (V ). This is once more an optimal truncation
with respect to the Frobenius norm: the size of the sectors is chosen in the optimal
way to minimize the error. The link j between the new tensors has defined parity
now. The first values correspond to even parity with Deven being the number of
singular values kept in See. The other values have odd parity. Finally, the rows
(columns) of U (V ) need to be permuted again to obtain the original indices of A.

This procedure is very efficient because it acts only on the non-zero blocks of
the matrices. The memory requirements can be reduced by a factor of up to two.
The computational time may be lowered by a factor of up to four, additional to a
possible speedup due to a lower number of iterations for smaller matrices in the SVDs.
However, the reordering of rows and columns in the matrices means an additional
computational task.

Since the SVDs are not the most expensive computational step in our algorithm,
we implement a simpler approach. We construct two matrices Aee and Aoo which
now are not just blocks of A but have the same size as A. Aee (Aoo) contains only the
entries of A with even (odd) parity on both indices. The other elements are set to
zero. Thus, we get A = Aee +Aoo and do not need to permute entries of A. Again, we
execute two SVDs on both parts of A individually. This time, however, the matrices
to be split contain many rows and columns of zeros. Therefore, many singular values
vanish. The truncation leads to the same result as the method described above.

QR decomposition. We note that a QR decompositon [334, 335] can also be used
to split a matrix into two matrices: A = Q ⋅R. Q is column-unitary and R an upper
triangle matrix. A QR decompositon is computationally more efficient than a SVD.
The QR decompositon is actually the first step of a SVD in typical implementations.
However, the QR decompositon does not provide an optimal way to truncate the
matrices. It can be a fast alternative where no truncation is needed though.
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Chapter 4

Imaginary time evolution and
expectation values

In this chapter we introduce the techniques to find the ground state of a Hamiltonian
with only onsite and nearest neighbor interactions in two spatial dimensions. We
explain our improvements to existing algorithms as well.

In section 4.1 the concept of exploiting the imaginary time evolution to find
ground states is introduced. We show how the operators in this evolution are split
into two site operators which can be applied to the tensor network state (TNS)
efficiently. Also, the approximations involved and error sources are discussed.

The main algorithm is explained in section 4.2. A careful choice of the imaginary
time evolution step size δt is particularly important for accurate results and an
efficient use of computational time. We explain our adaptive algorithm. Moreover,
the convergence criteria and the extrapolation in δt and D are discussed. We explain
two methods for the tensor update step, in which the bond dimension is truncated.

First, we discuss simple update (SU) in section 4.3. The details of the algorithm
are explained along with improvements of the efficiency. Also, the particularities
that arise due to the fermionic projected entangled pair state (PEPS) of chapter 3
are addressed. Second, as an alternative approach, full update (FU) is explained in
section 4.4. In contrast to SU, the full TNS is taken into account in this method.
An efficient contraction of the tensor network (TN) is needed for this reason. We
use the boundary MPS (bMPS) approximation and explain the details before the
main FU truncation step is discussed. We introduce two methods for the tensor
optimization and use a combination of both for a dynamical algorithm with high
accuracy. Finally, we discuss the calculation of expectation values in this section,
which uses the same bMPS approximation. We find that the bMPS bond dimension χ,
a handle of the accuracy and numerical costs of the method, can be much lower
for the Hubbard model compared to previous works. This allows us to reduce the
numerical requirements for the bMPS and use higher bond dimensions D instead.
The overall precision is significantly increased this way.

The scaling of the computational time and memory requirements of the algorithms
are given in section 4.5 and we suggest possible improvements. In section 4.6 we
develop a way to estimate the energy efficiently without contracting the whole TNS.
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Finally, the limitations of the algorithm are considered in section 4.7. During the
imaginary time evolution, the states with higher energy get suppressed more quickly.
In the simulation of the parity sector orthogonal to the ground state, numerical
contributions in the tensors from the slower decaying ground state can lead to
instabilities. We discuss stability conditions to classify the range of applicability.
Degeneracies can also lead to numerical instabilities. We solve this problem by lifting
the degeneracies with small perturbations which can be corrected for afterwards.

4.1 Imaginary time evolution
4.1.1 Ground states through imaginary time evolution
Any physical state ∣ψ⟩ in the Hilbert space of a Hamiltonian can be expanded in
the eigenstate basis. The orthonormal eigenstates are labeled ∣0⟩ , ∣1⟩ , . . . , ∣dN⟩ and
belong to the eigenvalues E0 < E1 ≤ E2 ≤ . . . ≤ EdN . We suppose that the ground
state is non-degenerate. As discussed in section 2.3, a PEPS is a suitable ansatz in
this case. The expansion of a state reads

∣ψ⟩ =∑
i

αi ∣i⟩ (4.1)

with coefficients αi = ⟨i ∣ψ⟩. The state evolves according to the Schrödinger equation3

with the time evolution

∣ψ(t)⟩ = e−itH ∣ψ⟩ =∑
i

e−itEiαi ∣i⟩ . (4.2)

If we choose t = −iτ to be imaginary instead of real, we can use the former evolution
to find the ground state instead of the time evolution of a state:

e−τH ∣ψ⟩ =
dN

∑
i=0
αie

−τEi ∣i⟩ = e−τE0
⎛
⎝
α0 ∣0⟩ +

dN

∑
i=1
αie

−τ(Ei−E0) ∣i⟩
⎞
⎠
τ→∞Ð→ α0e

−τE0 ∣0⟩ . (4.3)

We assume that the state ∣ψ⟩ to start with has some overlap with the ground state,
such that α0 ≠ 0. All higher states are exponentially suppressed by their energy
difference to the ground state. If we start with a state that has some overlap with
the ground state and let it evolve for long enough time with the imaginary time
evolution in eq. (4.3), we converge to the ground state of the system.

4.1.2 Suzuki-Trotter decomposition
The Hamilton operator is assumed to be of the form

H =
#Hi

∑
i=1

Hi =
dN

∑
k=1

H1
k + ∑

<k,l>

H2
k,l (4.4)

3 We set h̵ = 1 everywhere.
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with onsite terms H1 and interaction terms H2. The sum ∑<k,l> runs over all nearest
neighbor pairs < k, l >. #H i is the total number of terms in the Hamiltonian.

In order to efficiently apply the imaginary time evolution operator e−τH to a TNS,
we need to express this operator in form of a product of local operators or gates. For
commuting operators, this can be easily done, since e−τH = (∏i e

−τH1
i ) (∏<i,j> e−τH

2
i,j).

Each factor is a term that acts on one or two sites only.
However, quantum many-body systems typically include non-commuting opera-

tors. These can, for example, be the Pauli matrices in spin systems like the Ising
or Heisenberg model or the Dirac matrices in Minkowski space. The creation and
annihilation operators are further examples. In case of non-commuting terms in the
Hamiltonian, the decomposition of the exponent involves additional terms. These
can be calculated with the Zassenhaus formula:

eX+Y = eXeY
∞

∏
n=2

eCn(X,Y ). (4.5)

It can be seen as the inverse of the well-known Baker-Campbell-Hausdorff formula.
The coefficients Cn(X,Y ) are nested commutators that are given in [336]. We see
that an infinite number of terms arises when we want to decompose the imaginary
time evolution operator this way, making the direct application of eq. (4.5) impossible.

Instead, we use a Suzuki-Trotter decomposition of the exponential [337, 338].
The imaginary time is split into m small time steps δt = τ

m . The imaginary time
evolution operator then reads

U (τ) ∶= e−τ ∑iHi = (e−δt∑
#Hi
i=1 Hi)

m

= (U (δt))m (4.6)

U (δt) = ∏
i=1...#Hi

e−δtHi +O(δt2) (4.7)

= ( ∏
i=1...#Hi

e−
δt
2 Hi)( ∏

i=#Hi...1
e−

δt
2 Hi) +O(δt3). (4.8)

we use the second order expansion in eq. (4.8) which has an inverted order of the
terms in the second bracket. Besides the first order expression in eq. (4.7), there
exist many other higher order expressions of this form [338–341]. They consist of
terms with regular order and inverted order, and positive and negative factors in the
exponents. We only use the second order expansion in this work.

The operators in eqs. (4.7) and (4.8) can be applied to the TNS one after the
other. Each term contains only one- and two-site operators which can easily be
computed by a matrix exponent. The application of such operators to a PEPS can
be done efficiently, see sections 4.3 and 4.4.

4.1.3 Error sources
There are two sources of errors introduced by the imaginary time evolution in what
was developed up to this point. First, the Trotter decomposition causes an error.
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The method converges to the ground state of the Hamiltonian

H(δt) = − 1
δt

ln(( ∏
i=1...#Hi

e−
δt
2 Hi)( ∏

i=#Hi...1
e−

δt
2 Hi)) =H +O(δt2). (4.9)

The Hamiltonian H(δt) is only asymptotically equal to the original physical system.
This introduces an error which we call the Trotter error

ϵTrot (δt)∝ O(δt2). (4.10)

We assumed the second order Suzuki-Trotter decomposition of eq. (4.8) here.
A second error source is the finite total imaginary time τ . This error is expo-

nentially suppressed by the energy gap and we therefore call it the exponential
error:

ϵexp (τ)∝ e−τ(E1−E0) = e−τ∆ex . (4.11)

The energies E0 and E1 correspond to the ground state and first excited state of
eq. (4.9) and are asymptotically equal to the corresponding energies of H. Note that
E0 and E1 are the energies of the allowed symmetry sector. If a fermionic PEPS is
restricted to even or odd parity, the energies correspond to the ground state and the
first excited state in that sector. We therefore call the difference ∆ex = E1 −E0 the
excitation gap. In contrast to that, the energy difference between the ground states
of the two parity sectors is called single particle gap ∆sp because it corresponds to
the energy change when one particle is added to or removed from the ground state.

4.2 Algorithm and protocol
We explain the algorithm for the imaginary time evolution in the following. Algo-
rithm 1 shows the corresponding pseudocode. The details are explained below in
this section.

We use MATLAB [342] to implement the algorithm. The function ncon [343] is
used for all tensor contractions and simplifies the code drastically. The tensor
summations are the most expensive step. They are reduced to matrix multiplications
by ncon which are executed by blas [344]. This library is highly optimized and
makes use of the multi-threading capabilities of modern CPUs. In a benchmark of
typical tensor contractions, the MATLAB implementation with ncon is just as fast as
other implementations in python or julia. We note that other tensor contraction
implementations and whole libraries for dealing with TNs exist, see [345, 346] for
more extensive recent overviews. Uni10 is a C++ implementation of the main tensor
operations with a python wrapper and a graphical tensor representation [347]. For
julia, the library ITensor provides tensor operations with a simple syntax [348].
An easy to use yet powerful library in python is TeNPy [58]. Another julia toolkit
exists called TensorKit.jl [349]. It focuses on symmetries and GPU support. Also
TeNeS for C++ aims to speed up TN calculations by parallel computation [346].
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Algorithm 1 Finding the ground state of a Hamiltonian by a second order imaginary
time evolution of a PEPS.
Input: D; Hamiltonian H = ∑#Hi

i=1 Hi; initial guess for the PEPS (e. g., random
tensors); δtinit: initial value of imaginary time step δt

Output: E: Energy; ground state PEPS; expectation values of local operators
1: while δt > δtend do ▷ loop over values of δt
2: while ∆E < tolerance do ▷ evolution with constant δt
3: for i = {1,2, . . . ,#H,#H,#H − 1, . . . ,1} do ▷ all terms forth and back
4: Apply e δt

2 Hi to PEPS locally
5: Truncate bond dimension to Dmax
6: Calculate or approximate E ⇒ energy change ∆E
7: end for
8: end while
9: δt← ξ ⋅ δt ▷ reduction of δt

10: end while
11: Calculate E and expectation values ⟨O⟩

4.2.1 Reduction scheme for the imaginary time step size

In order to reduce the total error, we need a small δt and large τ , which means many
iterations of the algorithm in both cases. Instead of keeping δt fixed, a more efficient
algorithm varies δt during the imaginary time evolution. In the beginning, the state
is in general far off the ground state of H. We can use a large imaginary time step
δt to suppress higher excitations and decrease ϵexp with few iterations. Subsequently,
we reduce δt, which brings the low energy spectrum of H(δt) closer to H and reduces
the Trotter error ϵTrot. We discuss this in more details in the following with examples
of the imaginary time evolution steps in fig. 4.1.

The convergence rate and numerical costs depend crucially on the choice of the
imaginary time step width δt during the evolution. Figure 4.1 shows the development
of the energy error during 50 update steps with different protocols. In the cases of
figs. 4.1(a) and 4.1(c), the value of δt is kept fixed for 10 subsequent steps. Then, it is
lowered by a factor of ξ = 3/4 for 10 more iteration steps before it gets multiplied by ξ
again. The final errors of this procedure are in both cases worse than the error of our
optimized protocol in fig. 4.1(b). In fig. 4.1(a) an initial value of δtinit = 0.1 is used.
After 10 steps the energy does not converge yet, so the reduction of δt happens too
quickly. The exponential error ϵexp is still large, so δt should be kept large instead
of being decreased. In contrast to this we see the opposite behavior in the case
of fig. 4.1(c). The evolution starts with a larger value δtinit = 1 and ϵexp decreases
quickly. We see a fast convergence while δt is kept constant and the energy does
not change significantly anymore after a few steps. Only when δt is decreased, the
energy jumps and then converges quickly again. The reduction of δt is not efficient
because a high accuracy with constant δt is not needed initially. Instead, the Trotter
error ϵTrot should be decreased by lowering δt quicker.

We propose a more efficient protocol. δt is decreased when the energy did not
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(a) Too rapid reduction of δt.
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(b) Efficient reduction of δt.
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(c) Too slow reduction of δt.

Figure 4.1: Relative errors of the energies during the imaginary time evolution
of the Hubbard model on a 2 × 2 lattice with κ = 1, U = 4, 0 = µ = B and
D = 6. Energies calculated using boundary MPS (bMPS) and the estimator from
section 4.6. In all three cases exactly 50 steps have been performed. Our optimized
reduction scheme of the imaginary time step size δt leads to lower errors in panel
(b) compared to (a) and (c). See text for a detailed discussion.
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change significantly anymore during the evolution. When this occurs, the energy is
assumed to be converged for the given H(δt) and ϵexp should be sufficiently small.
The imaginary time step size then gets multiplied by the factor ξ < 1 to reduce
ϵTrot in the further evolution. This allows for a good control of the imaginary time
evolution and an efficient use of resources. Figure 4.1(b) shows that the final energy
is lower compared to the instances with a fixed number of steps with constant δt.
The evolution starts with δtinit = 1. Initially, δt is reduced after four steps already
due to the fast convergence. This is sufficient, since a small ϵexp is not needed as
long as ϵTrot is still large. Later, up to nine updates with constant δt are applied to
decrease ϵexp and gain a good final precision. Our protocol thus allows for a dynamic
adaption of the evolution according to the convergence rate and uses computational
resources efficiently.

The imaginary time evolution with constant δt is executed in the lines 2-8 of
algorithm 1. Afterwards, δt is reduced in a geometrical series in line 9. We find the
choice ξ = 0.75 to be a reasonable trade-off between a low number of iterations and a
good accuracy.

4.2.2 Convergence criteria
In our efficient algorithm, the imaginary time step δt is reduced when E(τ, δt)
converged for a given δt. This is checked in line 2 of algorithm 1. We assume
convergence based on the energy change in the last two time steps and explain the
criteria here.

Let E(s) be the energy of the current imaginary time step. The energy can
either be obtained with a measurement based on a TN approximation as explained in
section 4.4.3, or with a more efficient energy estimator, see section 4.6. The relative
change of the energy in a time step is E(s)−E(s−1)

E(s) . If the average of the relative
changes of the last two steps drops below a threshold, convergence is assumed:

1
2 (

E(s) −E(s − 1)
E(s)

+ E(s − 1) −E(s − 2)
E(s − 1) ) < ϵtolδt

4∆ex. (4.12)

The factor δt4∆ex is chosen such that the same tolerance ϵtol can be used independently
of the imaginary time τ and imaginary time step size δt, as motivated in [1, section
III. B. 2.].4 We choose ϵtol = 0.005 for the 3 × 4 lattice and ϵtol = 0.001 for larger
lattices.

∆ex is an estimator of the order of the energy gap within one parity sector, which
depends on the parameters of the model to be simulated. For the Hubbard Model
we set the estimator to values between 0.01 and 0.1.

The overall imaginary time evolution stops when the step size drops below a
threshold δtend. Typical values that we choose for the Hubbard model are δtinit = 1,
δtend = 0.075 for the 3×4 lattice and δtinit = 0.5, δtend = 0.089 for the larger system sizes
of section 5.6.3. Instead of fixed values, a check for convergence could be implemented

4 δt4 should be replaced by δtr+2 for a r-th order Suzuki-Trotter expansion. We use r = 2
according to eq. (4.8).
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for the termination of the evolution as well. The energy can be measured before δt
is reduced. From these energies, the Trotter error can be estimated. Convergence
is assumed if this error decreases below a given threshold. We do not implement
this but make sure that the parameter δtend is chosen sufficiently small to ensure
convergence.

4.2.3 Extrapolation in the imaginary time step size
The Suzuki-Trotter expansion in section 4.1.2 causes an error ϵTrot. For an expansion
of order r, the resulting error is proportional to δtr+1. Therefore, the energy scales
in δt as

E(δt) = E0 + γδtr +O(δtr+1). (4.13)
This known form can be used to extrapolate to δt→ 0:

E0 = (
1
δtr1
− 1
δtr2
)
−1

(E(δt1)
δtr1

− E(δt2)
δtr2

) +O(δtr+1). (4.14)

Two sufficiently small values δt1 and δt2 are chosen such that they are close to each
other. This way, the O(δtr) terms of the energy can be corrected for.

One can use the smallest two values of δt in the adaptive imaginary time evolution
of section 4.2.1 for this. The energies are measured after the last iteration with fixed
δt, before either δt gets decreased or the algorithm stops because δtend is reached.
The adaptive algorithm with successively decreased δt makes an extrapolation very
efficient – if instead δt would be kept fixed during the evolution, a full imaginary
time evolution would be needed for each value of δt.

To gain high accuracies and reliability, the energy has to be calculated with a
contraction of the complete TN. The energy estimator of section 4.6 would not be
sufficient due to systematic errors which differ when δt is changed. Therefore, the
numerical costs for the calculation of expectation values are doubled compared to
only one final measurement. In our simulations the errors due to a finite D are
dominating compared to the Trotter error. For this reason, we do not use this
extrapolation for our results in section 5.6.

4.2.4 Extrapolation in the bond dimension
Besides the Trotter error and the exponential error, which are both introduced by the
imaginary time evolution, the truncation of the PEPS bond dimension is a further
source of inaccuracies. Typically, the finite D dominates the total error because
larger bond dimensions are numerically extremely expensive compared to further
imaginary time evolution steps, see section 4.5 for quantitative details. Large values
of D are needed for small errors and the bond dimension is therefore typically pushed
to the limits of the available computational system. We are able to simulate with
bond dimensions of D ≤ 20 on computer farms [350, 351].5

5 This refers to a boundary MPS (bMPS) bond dimension (see section 4.4.1 for details) of χ = 3D.
For χ =D2, D = 12 can be reached with the mentioned hardware.
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An extrapolation to D → ∞ can help to improve the accuracy. Unfortunately,
the scaling of observables in 1

D is usually not known, at least in more than one
dimension. Analytic studies of such an entanglement scaling are desirable. So far,
only numerical fits of specific observables and Hamiltonians are available, see for
example [20, 96, 103, 352]. We numerically find a linear scaling in 1

D2 for the ground
state energies of the Hubbard model with large honeycomb lattices, see fig. 5.9. We
extrapolate to D →∞ with a Levenberg-Marquardt algorithm [353–355]. This fitting
procedure uses a least squares cost function and approximates it with a polynomial
of low order to find the optimal fit parameters. Since the approximation is not
reliable anymore for large changes of the parameters, an iterative solver is used.
The parameter changes are limited to a small trust region. If the suggested new
parameters reduce the cost function, these new values are accepted and the trust
region is increased in the next iteration step. Otherwise, the region is made smaller
in order to search for new parameters where the approximation does not fail, in
closer proximity to the old values.

Instead of an extrapolation in powers of 1
D , a fit can also be done in the truncation

error of the update steps. This error decreases with D and is a measure of the accuracy
of the PEPS truncation. It is known that the energy behaves smoother as a function
of the truncation error rather than the bond dimension [20]. Therefore, polynomial
extrapolations in the truncation error lead to higher accuracies. The truncation error
can be calculated or approximated during the tensor update step, see eq. (4.20) for
the SU truncation error and eq. (4.30) for FU.

4.2.5 Tensor update and truncation
The application of the imaginary time evolution operator in line 4 of algorithm 1 is
the heart of the imaginary time evolution algorithm. Whenever a two-site operator
gets applied to nearest neighbors, the corresponding bond dimension generally grows.
It has to be truncated therefore. There exist different methods for this which are
shortly introduced here. We use simple update (SU) and full update (FU). These
procedures are explained in more detail in the next sections 4.3 and 4.4.

The local SU procedure is computationally very cheap and is applied in our main
simulations for this reason. In section 4.6 we introduce a way to approximate the
energy significantly faster compared to a calculation of an expectation value with a
contraction of the full TN. Even though the estimated energy can deviate from the
correct result at large δt, relative differences resemble the correct behavior during the
imaginary time evolution. Therefore, we can use the estimator in line 6 of algorithm 1
to approximate the energy. It allows us to check the convergence of the energy
efficiently. In comparison to SU, FU implements a more accurate truncation method
but is numerically more costly and needs an approximation of the TN contractions.
This approximation is also used to finally calculate the expectation values in line 11
of algorithm 1 with higher accuracy than the energy estimator.

There exist further truncation and approximation schemes. Cluster update is a
method to interpolate between SU and FU and tries to make advantage of the fast,
memory efficient and parallelizable SU on the one hand and the optimal truncation

49



CHAPTER 4. IMAGINARY TIME EVOLUTION & EXPECTATION VALUES

and high accuracy of FU on the other hand [247–249, 356]. Another method, the
single layer [357] approach, is less accurate than the methods above [249] and is
thus not used in recent works anymore. Many other ways to approximately contract
a TN exist. They mostly originate from entanglement renormalization approaches
or infinite projected entangled pair states (iPEPSs). We provide an overview in
section 2.2. These methods can in the future also be applied to PEPS in order to
find efficient and accurate contraction algorithms, especially in more than two spatial
dimensions.

4.3 Simple update
Simple update (SU) [358] is a method for applying nearest neighbor gates O to a PEPS
and to truncate the bond dimension thereafter. Typically, the operator corresponds
to the imaginary time evolution operator O = exp(−δtHi) for an imaginary time step
δt. A singular value decomposition (SVD) is used for the truncation. While the
SVD is explained in general for fermionic tensors in section 3.2.4, we focus on the
details of our implementation of the SU algorithm in this section. The SVD as a
truncation method takes into account local properties of the TN only. In contrast to
that, FU truncates the tensors in a way that the error of the whole physical state is
minimized. However, SU is significantly faster and typically sufficient to find the
ground state. The results in section 5.6 are obtained with SU.

Overview. Figure 4.2 shows an example, where an operator O is applied to nearest
neighbor PEPS tensors A and B. The orange circle on the link which connects the
tensors is a diagonal matrix containing singular values of a previous SU splitting.
If the bond dimension of the link is D initially and the physical dimension of the
dashed lines is d, then the bond dimension after the SVD grows to Dd in general.
The truncation keeps only the largest D singular values while setting the others to
zero. This is the optimal choice of tensors with bond dimension D of the form of
the right-hand side of fig. 4.2: the Frobenius norm of the difference between the left-
and right-hand sides of fig. 4.2 is minimal for this truncation [333]. The truncation
error is given in eq. (3.27).

This general idea of the SU algorithm can be applied to fermionic PEPS as well.
However, each entry of the new link that is created by the SVD needs to have defined
parity. Thus, some adaptions are needed. Additionally, we split the tensors into
two parts and update only the relevant tensor to decrease the numerical costs. This
explains the wiggly lines in fig. 4.2 which arise due to the splitting. The singular
values of the environment are also included in the update step and we thus make use
of more information of the PEPS. Combining all of this, the full algorithm is shown
in algorithm 2. We explain the single steps and the aforementioned improvements in
the following. An introduction to the SU procedure, which focuses mostly on the
bosonic case though, can also be found in [156].
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truncated

SVD
U VS

Figure 4.2: Simple update (SU) truncation. The operator O is applied to nearest
neighbor tensors A and B of a TNS. Only the D largest singular values are kept
in the truncated SVD. Symbology – orange circles: singular value matrices; solid
lines: internal indices; dashed lines: physical indices; wiggly lines: other, possibly
combined indices which connect the tensors to the rest of the TNS.

Algorithm 2 Simple update (SU) truncation procedure for the application of a two
site nearest neighbor gate.
Input: initial PEPS with tensors at lattice sites and singular values on links; gate

O; maximal bond dimension Dmax
Output: updated PEPS; normalization factor λ; truncation error

1: Apply surrounding singular value matrices ▷ fig. 4.3
2: Split tensor into triads and environments ▷ fig. 4.3
3: Ψold ← contract triads and singular values ▷ eq. (4.15) and fig. 4.2
4: Ψnew ← contract Ψold with gate O ▷ eqs. (4.17) and (4.18) and fig. 4.2
5: Split Ψnew by SVD ▷ eq. (4.19) and fig. 4.2
6: Truncate singular values to D ≤Dmax, calculate truncation error ▷ eq. (4.20)
7: Normalize singular values with factor λ ▷ eq. (4.21)
8: Combine updated triads and environments to new tensors ▷ fig. 4.4
9: Apply inverse of surrounding singular value matrices ▷ fig. 4.4

10: Set parity symmetry violating elements of tensors to zero ▷ eq. (3.12)

51



CHAPTER 4. IMAGINARY TIME EVOLUTION & EXPECTATION VALUES

Applying surrounding singular values. The SU algorithm results in singular
values on the links. They can either be absorbed into the PEPS tensors or kept
explicitly as matrices on the internal bonds. We implement the latter. This allows us
to include the surrounding singular values in the SU update step. While the leading
numerical costs are not increased, the truncation of the whole state can be improved
because more information about the TNS is included in the update process. We
contract the two neighboring tensors with their surrounding singular values on all
internal indices but the link to be updated. This is done in line 1 of algorithm 2 and
can be seen on the left-hand sides of figs. 4.3(a) to 4.3(d). Additionally, the indices
are permuted in a way that the gate can be applied to the neighboring physical
indices without internal links crossing them. This introduces swap gates for fermionic
PEPS which can be applied elementwise to the tensors. Note that the swapping of
the physical index with the lower and upper internal index in fig. 4.3(c) and fig. 4.3(d)
respectively could be avoided. We use this convention for a uniform orientation of
the links of the triads later on, however.

Splitting tensors into triads and environments. Next, in line 2 of algorithm 2,
the tensors are split into two parts, triads triad and environment tensors env. This
allows updating only the triads in further steps, which is much cheaper than dealing
with the whole PEPS tensors. The numerical costs are thus lowered without further
approximations. This idea was originally proposed in [359] and got adapted since in
other works [154–156, 248, 249, 360]. In order to split the tensors, the indices are
first combined to obtain a matrix. The physical index and the link to be updated are
combined to the second index of that matrix, while the remaining internal indices and
possibly the parity index together form the first index. Then, a QR decompositon
is applied, see section 3.2.4 for details on the decomposition. After splitting the
combined indices again, the matrix Q becomes env and R forms triad. The results
can be seen on the right-hand sides of figs. 4.3(a) to 4.3(d). The procedure is done
for both nearest neighbor tensors involved in the update step.

Contractions and updated state. The triads are then contracted together with
the singular value matrix on the link connecting them. We do this for the even and
odd parity contributions of the link separately and obtain two tensors Ψe

old and Ψo
old:

Ψe/o
old

= A B
e/o e/o

. (4.15)

This corresponds to line 3 of algorithm 2.
In order to define the parity on the new link after the SU truncation, the gate O

is also split into two contributions Oe and Oo where O = Oe +Oo. With the index
convention

O

i1 i2

o1 o2

, (4.16)

52



CHAPTER 4. IMAGINARY TIME EVOLUTION & EXPECTATION VALUES

L
S2

S3

S1

envL triadL

(a) Left tensor.

R
S5

S4

S6

triadR envR

(b) Right tensor.

T
S3

S2

S1

envT

triadT

(c) Top tensor.

B
S6 S4

S5

triadB

envB

(d) Bottom tensor.

Figure 4.3: Splitting tensors into triads triad and the environments env. (a) and
(b) are needed for an update with nearest neighbors in x-direction while (c) and
(d) apply to nearest neighbors in y-direction. Symbology – small orange circles
on links: singular values; diamonds: swap gates for fermionic TNs; solid lines:
internal indices; wiggly line: new index created by a SVD or QR decompositon,
connecting the tensors to the rest of the TN; dashed lines: physical indices; dotted
line: parity index.

the contributions of Oi1,o1,i2,o2 to Oe and Oo are listed in table 4.1. Oe corresponds to
an even combined parity of the left (and right) indices: p (i1) ⋅p (o1) = 1 = p (i2) ⋅p (o2).
Accordingly, the contributions to Oo have p (i1) ⋅ p (o1) = −1 = p (i2) ⋅ p (o2).

contributes to p (i1) p (o1) p (i2) p (o2)
Oe even even even even
Oe even even odd odd
Oe odd odd even even
Oe odd odd odd odd
Oo even odd even odd
Oo even odd odd even
Oo odd even even odd
Oo odd even odd even

Table 4.1: Splitting of the gate O into a parity conserving part Oe and a parity
changing part Oo where O = Oe +Oo. Index convention according to eq. (4.16).

With the state and operator split into different parts according to the parity, the
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updated states are

Ψe
new

=
Ψe

old

Oe
+

Ψo
old

Oo (4.17)

Ψo
new

=
Ψe

old

Oo
+

Ψo
old

Oo . (4.18)

These contractions are executed in line 4 of algorithm 2.

SVD and truncation. The updated states Ψe
new and Ψo

new are then separately
split by SVDs in line 5 of algorithm 2. They correspond to the matrices Aee and Aoo
in eq. (3.28) in the language of section 3.2.4. We get

Ψe
new U e V eSe= (4.19)

and a similar decomposition for Ψo
new. For the truncation of the newly appearing

indices between the updated tensors, we combine the singular values Se and So in S
and sort them by size, starting with the largest singular value.

Next, we keep only the largest D of these ordered values (line 3 of algorithm 2).
The following truncation criteria are applied in the given order:

1. D shall not be larger than a maximal bond dimension Dmax.

2. The truncation error (see eq. (3.27)) shall not exceed a given threshold:

ϵ = ∑
i>D

S2
i ≤ ϵth. (4.20)

We choose the threshold to be ϵth = (10−14 ⋅ ∥S∥)2 and take the smallest D for
which eq. (4.20) is fulfilled.

3. Small singular values are omitted: Si > 10−14 ⋅ ∥S∥ ∀i ≤D.

Criterion 3 is stricter than 2 for our choices of the thresholds. If 3 applies after D
has been lowered according to 2, it is a hint that the singular values decay slowly
around D. This typically happens where numerical instabilities occur.

The singular values are finally reordered such that the contributions from Se

have smaller index numbers than those from So. Note that the singular values of the
two parity sectors are truncated simultaneously according to their absolute values
in order to minimize the error in eq. (4.20). This allows for a dynamical adaption
of the sizes of the even and odd sectors Deven and Dodd. If one sector contributes
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Figure 4.4: Combining triads U and V with the environments env to obtain the
updated PEPS tensors L̃ and R̃ or T̃ and B̃. (a) and (b) correspond to an update
with nearest neighbors in x-direction while (c) and (d) apply to nearest neighbors
in y-direction. Symbology and conventions as in fig. 4.3.

more significantly to the Frobenius norm, it is increased automatically. This is in
contrast to update schemes where the parities of the sectors have to be predefined
and cannot be changed dynamically.

During the imaginary time evolution, the norm of the state is decreased by
exp(−δtE0) asymptotically in each global update step. This exponential decay would
eventually lead to small singular values and decrease the numerical precision due to
the limits of the floating point arithmetic. To prevent this, we normalize the singular
values in each step (line 7 of algorithm 2):

S → S′ = S
λ
∶= S√
∑i≤D S2

i

. (4.21)

The normalization factors λ are later used for the energy estimator in section 4.6.

Updating the tensors. Finally, the PEPS tensors are updated. This is shown in
fig. 4.4. The tensors U e and Uo are combined to a tensor U , with

Ui,s,j =
⎧⎪⎪⎨⎪⎪⎩

U e
i,s,j if p (j) = +1

Uo
i,s,j−Deven

if p (j) = −1
(4.22)

where i connects to the tensor env, s is the physical index and j is the newly created
inner index with Deven entries of even parity and Dodd =D −Deven odd parity entries.
Similarly, V is formed from V e and V o.

The tensors U and V are contracted with the corresponding environment tensors
env (line 8 of algorithm 2). The resulting tensors have the form of the original PEPS
tensors, possibly with changed bond dimensions D, Deven and Dodd. The inverse
singular value matrices of the surrounding links are contracted with the updated
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tensors (line 9 of algorithm 2). This reverts the previous inclusion of singular values
in fig. 4.3. For an update in x-direction (y-direction), the updated tensors L̃ (T̃ ) are
obtained from U while the new tensors R̃ (B̃) include V . Finally, the tensors are
symmetrized by explicitly setting the parity symmetry breaking values to zero in
line 10 of algorithm 2. Small values in each update step due to a finite numerical
precision could otherwise accumulate to significant contributions.

Conclusion. SU is an efficient method to update TNS tensors in the imaginary
time evolution steps. Splitting the original tensors into triads and an environment
reduces the numerical costs even further. Several adaptions have to be made in order
to define the parity of the newly created link between the nearest neighbor tensors.
The number of even and odd parity entries on the link is dynamically adjusted by
minimizing the truncation error. The singular values are normalized with a factor λ
which can be used to estimate the energy, see section 4.6. The truncation error ϵ is
calculated during the update to quantify the effects of a truncated bond dimension.

4.4 Full update and expectation values
Full update (FU) is a truncation method alternative to SU. Just like there, the goal is
to apply a two site operator O to nearest neighbors and split the result into the form
of the original TNS tensors again. The bond dimension D on the updated link has
to be truncated because it would otherwise grow in each update step and eventually
become too large to be handled. The truncation minimizes the difference between
the original and the truncated state which are both represented by a TNS. This is in
contrast to SU, where the optimization is only locally optimal. For a given bond
dimension, FU can result in a better approximation of the ground state compared
to SU. However, the numerical costs are significantly larger for FU as examined in
section 4.5.

In order to find the optimally truncated tensors which cause the lowest error of the
whole TNS, a contraction of the full network is needed. Certain TNS architectures
can be contracted exactly, namely matrix product states (MPSs) in one dimension
and tree tensor networks (TTNs). An approximation is needed for other TNSs
like PEPS. Otherwise, the numerical costs would grow exponentially in one of the
dimensions of the system. We use the bMPS method for this approximation.

The same approximate contraction of the TNS is used in the calculation of the
norm of a state and expectation values of local operators. Even though the energy
can be approximated during the imaginary time evolution, a final measurement with
higher accuracy is desirable. We note that the calculation of expectation values
has the same leading costs in N and D as a FU step. However, the update steps
are typically applied several thousand times while the expectation values can be
measured one single time after the imaginary time evolution. Therefore, the memory
requirements stay the same, but the computational time is of order 1000 times longer
with FU compared to SU. We use the latter method for this reason where not stated
otherwise. The numerical costs are discussed in more details in section 4.5.
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We introduce the bMPS approximation in section 4.4.1 which is a requirement
for both FU and the calculation of expectation values. Then, we explain the update
step and the details of the FU truncation in section 4.4.2. Finally, the calculation of
expectation values is discussed in section 4.4.3.

4.4.1 Boundary matrix product states
A bMPS is an approximation of a part of a TN with open boundary conditions
(obc) [131]. It can be used in a FU approximation or in the calculation of expectation
values. Typical networks that have to be evaluated in order to obtain the expectation
value of a two-site nearest neighbor operator acting on a PEPS are shown above
in figs. 3.7(c) and 3.7(d). All tensors but the ones where the operator acts are
contracted with their complex conjugate, or starred tensors (see fig. 3.6(c) for a
definition) in the case of fermionic PEPS. Our goal is to approximate all these bra-
and ket-tensors by a MPS with periodic boundary conditions (pbc) which surrounds
the sites where the operator acts.

Approximating a PEPS by a bMPS. The procedure is shown in fig. 4.5 for
a 5 × 4 lattice. Figure 4.5(a) depicts the original network which consists of the
contraction of a PEPS ket state with the corresponding bra tensors. Only the sites
(2,3) and (3,3) are left out in order to apply a nearest neighbor operator there. In
several steps, the network gets approximated with bMPS tensors until the final form
of fig. 4.5(e) is reached. The approximation then consists of a MPS with pbc which
surrounds the two sites that are left out. We explain the approximation steps in the
following.

First, the ket tensors at the boundaries in x-direction are contracted with the
corresponding bra tensors, which results in the gray bMPS tensors in fig. 4.5(b). The
internal indices in x-direction, which originally connected the ket- and bra-layers to
their nearest neighbors, get combined to an index of size χ =D2. These new indices
are drawn as thick lines in fig. 4.5(b).

After this initial creation of the bMPS at the boundaries y = 1 and y = Ny, a
second row of PEPS tensors is included in the upper bMPS. The result is shown
in fig. 4.5(c). The procedure of including a further row in the approximation is
explained below. For larger lattices, the method is repeated for the upper and lower
bMPS in x-direction until both reach the area that is cut out of the TNS, in our
example the row y = 3.

We get to fig. 4.5(d) by contracting the ket tensors at the two boundaries in
y-direction with their bra equivalents. This time, the bMPS tensors in the corners of
fig. 4.5(c) are included in the contractions as well.

Finally, the bMPS at the right boundary is moved further by including another
row of tensors in y-direction. Again, the upper and lower bMPS tensors in this row
need to be included in the approximations. For larger lattices this is repeated for the
left and right bMPS until the whole TNS is approximated as shown in fig. 4.5(e).

If the bMPS shall surround a nearest neighbor pair in y-direction, a similar
procedure can be executed, where the bMPSs in x-direction are also calculated before
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Figure 4.5: Approximation of a TN by a bMPS. A 5 × 4 PEPS ket state is
contracted with the corresponding starred bra state. See fig. 3.6(c) for a definition
of the starred tensors. Two sites are left out. This is a typical situation in the
calculation of expectation values, where the nearest neighbor tensors get inserted
with the corresponding operator applied. (a) Full network to be approximated.
(b) Approximation of the boundaries at y = 1 and y = 4 by a bMPS. (c) The
second row gets included in the upper bMPS. (d) A bMPS is used to approximate
the boundaries at x = 1 and x = 5. (e) The bMPS in y-direction is moved further
until the original TN is fully described by a MPS with pbc.
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the ones in y-direction. However, the bMPS tensors in y-direction consist of two
tensors for both boundaries instead of only one in figs. 4.5(d) and 4.5(e). The final
bMPSs in x-direction contains one tensor in that case.

We see that the bMPS tensors are either obtained by contracting boundary
tensors with their conjugate bra tensors, or by adding one additional row of tensors
to an existing bMPS. The implementation can be simplified if one starts with a
trivial bMPS at the boundaries. This bMPS surrounds the TN in fig. 4.5(a) which
shall be approximated. All the initial bMPS tensors have only indices of dimension
one, thus, the tensors consist of only a single number which is set to one. The bMPS
is connected to the boundary PEPS tensors with trivial indices. Therefore, we start
with a bMPS with pbc from the beginning and omit the initial step of creating
the first bMPS tensors. Moving the bMPS by one row takes the same form then,
independent of whether the row is part of a boundary or not. Moreover, the bMPS
bond dimension χ can be truncated to χ <D2 at the boundaries already if needed,
which was not the case in the previous construction. Our implementation uses this
method and we explain the update step in the following.

Optimizing a bMPS tensor. There exist several algorithms for the approximation
step in which an additional row is added to a bMPS [156]. We use the ALS
optimization method [248]. The main idea is to optimize one tensor only while
keeping the others fixed. Then, we sweep through the tensors of the new bMPS until
the truncation error converges. The TNs which are relevant for the optimization are
shown in fig. 4.6. We want to approximate a TN as in fig. 4.6(a) by a new bMPS
as in fig. 4.6(b). The bMPS bond dimension of the new bMPS shall be χ.6 If we
combine all open indices of the original TN in fig. 4.6(a), we obtain a vector v. The
same is done for the new bMPS, which is contracted and reshaped into a vector w of
the same length as v. We want to optimize the cost function

f = ∥v −w∥2 = v†v − v†w −w†v +w†w. (4.23)

The first term is a constant in the new bMPS elements and is therefore not of
importance for the optimization. The terms w†v and w†w are depicted in fig. 4.6(c)
and fig. 4.6(d). In an update step, we keep all tensors but the one to be optimized
fixed. Then, the cost function is a quadratic form of that tensor. We can solve the
problem explicitly. The optimum is reached at

0 = ∂f

∂ .
= − ∂w†

∂ .
v + ∂w†

∂ .
w (4.24)

⇒ ∂w†

∂ .
w = ∂w†

∂ .
v. (4.25)

6 In some cases, the fixed cutoff dimension χ can be too large. If the product of the bond
dimensions along a vertical cut in fig. 4.6(a) is smaller than χ, the corresponding bond dimension
of the new bMPS is set to that lower value instead. This can be the case for large χ and close to
the boundaries.
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Figure 4.6: Update procedure of a bMPS. The new bMPS tensors (green) approx-
imate the previous bMPS (grey) with one row of PEPS tensors added (purple
and grey starred, see fig. 3.6(c) for a definition of the starred tensor). The update
is done by an alternating least squares (ALS) optimization. (a) TN that shall
be approximated by the new bMPS. The old bMPS is contracted with one row
of PEPS tensors and the corresponding conjugated (starred) tensors. (b) New
bMPS with bond dimensions χ, which minimizes the norm f = ∥v −w∥2 after the
optimization. (c) Overlap between the old TN and the new TN, which contributes
to f . (d) Squared norm of the new bMPS. (e) Derivate of w†v with respect to
one conjugated bMPS tensor which shall be updated. Because w†v is linear in
the bMPS, the tensor can simply be removed from the TN for the derivative.
(f) Derivative of the squared norm of w with respect to the tensor that shall
be updated and its conjugate. This operator has to be inverted for the ALS
procedure. (g) If the gauge center is moved to the updated tensor with MPS
methods, the previous operator becomes trivial.
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In this notation we assume that corresponding indices get contracted. Tensors should
be thought of as vectors while derivatives are reshaped to matrix form. The new
bMPS contains the tensor to be updated only once and is thus linear in the tensor
elements. We can therefore write

w = ∂w

∂
⋅ . (4.26)

Inserting this in eq. (4.25) produces a term ∂w†

∂ .
⋅ ∂w

∂
, shown in fig. 4.6(f), which is

nothing but a matrix that can possibly be inverted. The solution of the optimization
problem then reads

= ( ∂w†

∂ .
⋅ ∂w

∂
)
−1

⋅ ∂w
†

∂ .
v. (4.27)

We can simplify this even more by moving the gauge center to the tensor which shall
be updated before the optimization step. This is a standard MPS method which
makes use of SVDs. It is called central gauge or canonical form and can be found in
one of the many introductions to MPS [19, 55, 58, 75, 128, 239–241, 243, 244, 251].
This gauging can always be done and results in a tensor ∂w†

∂ .
⋅ ∂w

∂
which is trivial,

see fig. 4.6(g). It is simply an identity if it is brought to matrix form. Its inverse is
also the identity and the question of invertibility does not arise here. In this gauge,
the optimized tensor is equal to the TN shown in fig. 4.6(e).

Algorithm for adding a row to a bMPS. The whole process of adding a row
to a bMPS is shown in algorithm 3. In line 1 the new bMPS is initialized. We
use a random initialization here. A SU like approach could also be used where v is
truncated by SVDs to χ. For each site k to be updated, the gauge center has to be
moved to k in line 5. Then, the tensor is updated by calculating ∂w†

∂ .
v in line 6.

We note that this TN does not have to be fully contracted in each step of the sweep.
The contractions of the left (sites 1 to k − 1) and right (sites k + 1 to kend) sides of
fig. 4.6(e) can rather be saved. When moving k to the next site, only one column of
tensors (old bMPS, ket and bra PEPS tensors, new bMPS) has to be added. Finally,
the truncation error f from eq. (4.23) can be calculated in line 7. For our update
method this simplifies a lot since

w†w = ∥ ∥2 = . ⋅ (4.28)

= . ⋅ ∂w
†

∂ .
v = w†v = v†w. (4.29)

We used the update rule in line 6 of algorithm 3 to get from eq. (4.28) to eq. (4.29).
The last equality in eq. (4.29) stems from the fact that the norm w†w is real and
therefore also w†v = (w†v)∗ = v†w. The truncation error in eq. (4.23) reduces to
f = v†v −w†w.

The original norm v†v can initially be calculated before the iterative optimization.
The numerical costs of this are typically much larger than those of the rest of the
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Algorithm 3 Update of a bMPS using ALS optimization. The new bMPS approxi-
mates the previous bMPS with one row of PEPS tensors added, see fig. 4.6(a) and
fig. 4.6(b).
Input: initial bMPS; row of PEPS tensors; truncation bond dimension χ
Output: updated bMPS w; truncation error f

1: initialize w
2: gauge w to gauge center k = 1
3: while f - previous f > threshold do ▷ iterate until truncation error converged
4: for k = 1,2, . . . , kmax, kmax − 1, . . . ,2 do ▷ sweep forth and back
5: move gauge center by one site to k
6: update tensor as ← ∂w†

∂ .
v ▷ fig. 4.6(e)

7: f ← v†v − ∥ ∥2

8: end for
9: end while

algorithm, see section 4.5 for quantitative details. However, if the truncation error is
not explicitly needed itself, the change of the norm w†w can be used to track the
convergence in line 3 of algorithm 3. Instead of this, we use a fixed number of ten
iterations in our implementation. We observe a very fast convergence in the first few
sweeps already.

Incorporating symmetries. The bMPS does not have symmetries incorporated
explicitly. It is an optimal approximation of a TN consisting only of even parity
tensors and should therefore also be symmetric with respect to the parity. However,
the approximation error can introduce non-symmetric contributions which can mix
the sectors. We observe this for the odd parity sector of the Hubbard model in
regions where the ground state does not converge to the right state. These cases
are discussed in section 5.6.1. Symmetric bMPS tensors could help to improve the
parity conservation. For this, the internal indices of the bMPS would also have
to be split into an even and odd part. An optimal splitting of the parities is not
known a priory but needs to be fixed for the ALS optimization. We propose a way
to choose this splitting in the FU update step in section 4.4.2 where we use a second
renormalization group (SRG) optimization to decide for the splitting between Deven
and Dodd. The bMPS approximation and FU share the same goal of approximating
one TN with another, with a cost function which is quadratic in the new tensors.
In both cases SRG and ALS can be applied. Thus, the optimization algorithm of
FU with parity conserving tensors could in the future also be adapted to the bMPS
update with symmetric tensors.

Sweeping order. The FU algorithm sweeps through all nearest neighbor pairs
and updates them. Most of the TN does not change during a single update and
mostly the same contractions and approximations are needed to calculate the bMPS
for a new nearest neighbor pair. Obviously, it is advantageous to keep previously
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computed bMPSs. If one moves from one nearest neighbor to the next, only the
parts that changed have to be recomputed.

Our sweeping algorithm updates the links from bottom to top and from right
to left before the order is inverted for the second order Suzuki-Trotter expansion
in eq. (4.8). We start with the lowest row of links in x-direction and apply gates
to them from right to left. Initially, the bMPS has to be computed from the full
network. Then, in each step, only one row of tensors has to be added to the right
bMPS while the left one can be reused from previously stored results. After this, the
lowest links in y-direction are updated, also from right to left. Here, the bMPS in
y-direction has to be fully computed first. Then again, only the right bMPS needs
to be updated in each step. After this, the next row of tensors in x-direction is
considered. The bottom bMPS has to be updated, then the procedure can continue
as before. We resume in the same way until we update the link in x-direction in the
upper left corner. In the backwards sweep, the order is inverted. The sweeping order
ensures that the number of bMPSs to be updated is minimal if intermediate results
are stored and reused.

4.4.2 Full update truncation
Overview of the algorithm. Just like SU, the FU procedure aims to approximate
a TNS with an operator applied to a nearest neighbor pair by a TNS again. The
bond dimension between the new tensors is truncated to D. Instead of a local SU
approximation, FU takes the whole TNS into account. The optimal new tensors
minimize the difference between the old state ∣ψ⟩, which corresponds to the original
TNS with the operator applied, and the new state ∣ψ′⟩. These states are shown
in fig. 4.7. We implement two methods for the optimization, alternating least
squares (ALS) [248, 360] and second renormalization group (SRG) [267, 268]. We
use SRG in order to find the optimal size of the parity sectors and ALS to achieve a
lower truncation error. Algorithm 4 contains the pseudocode of the FU step. The
explanations in this section do not strictly follow the order of the algorithm. We
rather try to make the text more readable by guiding from the basic concepts to the
preparatory steps which are needed previous to the ALS optimization.

In contrast to SU, explicitly keeping the singular values on the internal links
(orange circles in section 4.3) does not bring an advantage for the FU algorithm. The
singular values can either still be kept on the links or be included in the neighboring
TNS tensors. We omit the singular values in the following and suppose they are
included in the tensors or otherwise taken into account.

Splitting tensors into triads and environments. The splitting of the two
tensors to be updated into triads and environments reduces the costs of the FU
procedure, just as previously for SU. The details in the context of SU are shown in
fig. 4.3. There, the newly emerging link between env and triad does not have defined
parity. Since the parity is needed for FU, the splitting procedure in section 4.3
changes slightly. Instead of a QR decompositon, two SVDs are executed. The tensor
Asi,j,... which shall be split, is divided into an even and odd parity part. The spin
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Algorithm 4 Full update (FU) truncation procedure for the application of a two
site nearest neighbor gate.
Input: initial PEPS; gate O; maximal bond dimension Dmax
Output: updated PEPS; normalization factor λ; truncation error

1: construct the bMPS of bond dimension χ ▷ section 4.4.1
2: Split nearest neighbor tensors into triads and environments ▷ fig. 4.3
3: Calculate Nred by contracting bMPS with triads ▷ fig. 4.8
4: Make Nred Hermitian, drop small eigenvalues, fix gauge ▷ [248, 249], text below
5: SRG optimization
6: Calculate ψ and Menv ▷ eqs. (4.38) and (4.39)
7: SVD of Menv = USV , omit small singular values ▷ eq. (4.39)
8: Split ψ = ψe + ψo into even and odd part ▷ eq. (4.42)
9: Calculate M̃ e/o =

√
SV ψe/oU

√
S ▷ eq. (4.43)

10: Split M̃ e/o by SVD ▷ eq. (4.43)
11: truncate singular values of both sectors similar to SU ▷ section 4.3
12: Calculate new triads ▷ eqs. (4.44) and (4.45)
13: end SRG optimization
14: while f - previous f > threshold do ▷ ALS optimization
15: for triad ∈ { e

,
o
,
e

,
o } do ▷ sweep through all tensors

16: calculate M ▷ eq. (4.35)
17: invert M ▷ eq. (4.36)
18: update triad ▷ eq. (4.34)
19: calculate truncation error f ▷ eq. (4.31)
20: end for
21: end while
22: Calculate norm of PEPS: ⟨ψ ∣ψ⟩ = λ2 ▷ last term in eq. (4.31)
23: Normalize state: ∣ψ⟩← ∣ψ⟩

λ
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Figure 4.7: Application of a nearest neighbor operator and full update (FU)
truncation for a fermionic PEPS on a honeycomb lattice. (a) Original state with
operator (orange circles connected by parity link) applied. (b) PEPS after the
FU truncation. The new tensors (green circles) are connected by an inner index
of dimension D. Symbology as in fig. 3.2.

index s and the index i of the link to be updated shall belong to the triad later.
This means that the new triad has the indices s, i and the newly evolving link
connecting it to the environment. The even part of A contains all elements with
p (s) ⋅ p (i) = 1 while the odd part is formed of the elements with p (s) ⋅ p (i) = −1.
Both parts are split by a SVD into a triad, an environment and the singular values
Se/o. Small values Se/o < eps ⋅max (Se, So) are omitted where eps ≈ 2 ⋅ 10−16 is the
machine precision. The truncated triads (environments) for the two parity sectors
are combined to form triad (env). The indices are ordered in such a way that the
first entries of the new index have even parity and the last ones correspond to odd
parity. The singular values are included in the triad. This way, a splitting as in
fig. 4.3 is achieved but with env and triad being symmetric tensors with a known
parity of each value of the newly created link.

ALS optimization. We consider the error of the FU truncation

f = ∥∣ψ⟩ − ∣ψ′⟩∥2 = ⟨ψ ∣ψ⟩ − ⟨ψ ∣ψ′⟩ − ⟨ψ′ ∣ψ⟩ + ⟨ψ′ ∣ψ′⟩ . (4.30)

These four expectation values differ only locally by the bra- and ket tensors of the
nearest neighbors to be updated and the inclusion of the operator in ∣ψ⟩. Moreover,
the environments env do not differ either. Therefore, we can combine all the constant
tensors to one reduced environment tensor Nred. This tensor is shown in fig. 4.8 and
is calculated with the use of the bMPS approximation.

The cost function has the same form as in eq. (4.23) for the optimization of
the bMPS tensors and we can apply a similar ALS minimization. Only the TN
involved changes and we explicitly need to consider the parity of the newly created
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∗ ∗
=∶

Nred

Nred

Figure 4.8: Contraction of the TN to a reduced environment tensor Nred. It
contains all tensors but the triads of the two PEPS tensors to be updated with
FU. The bMPS with a bond dimension of χ is obtained by an approximation
of the contraction of bra- and ket-tensors of the PEPS, see section 4.4.1. The
tensors of the nearest neighbors of interest are split by a SVD into triads and
environment tensors. The latter are included in Nred. The wiggly lines connect to
the triads.

and truncated link. The graphical representation of the cost function in eq. (4.30) is

f =

∗ ∗

O

O†

Nred

−

⎛
⎜⎜⎜⎜
⎝ ∗ ∗

O

Nred

+ cc.

⎞
⎟⎟⎟⎟
⎠

+

∗ ∗

Nred

. (4.31)

We split the two tensors to be updated into an even and odd part on the new,
truncated link. Then, we sweep through all these tensors e , o , e and
o and update each of them successively while keeping the others fixed. We iterate
this process 20 times, which we found to be sufficient for the tensors to converge.
Instead of a fixed number of iterations one could also check the convergence of the
truncation error as proposed in line 14 of algorithm 4. The tensor optimization is
discussed in the following with the example of e to be updated.

The derivative of the cost function with respect to the conjugated triad is

∂f

∂ ∗ e
= ⟨ ∂ψ′

∂ ∗ e

RRRRRRRRRRR
ψ′⟩ − ⟨ ∂ψ′

∂ ∗ e

RRRRRRRRRRR
ψ⟩ (4.32)

= e

∗e

Nred

+ o

∗e

Nred

−

∗e

O

Nred

. (4.33)

This is set to zero in order to find the minimum of f . The resulting linear equation
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with respect to the triad of interest can be explicitly solved:

e =

M−1

∗e

O

Nred

e

−

M−1

o

∗e

Nred

e

. (4.34)

The tensor

M
e

e

∶= e

∗e

Nred

(4.35)

has to be computed in line 16 of algorithm 4. Its inverse is defined as

M−1

M
e

e

e

= e (4.36)

and can be computed by combining the upper and lower links of M and inverting the
resulting matrix. We compute it in line 17 of algorithm 4 and use the pseudoinverse
pinv from MATLAB. Finally, the new tensor can be computed by the contraction of
the right-hand side of eq. (4.34).

The ALS procedure minimizes the relevant truncation error f with a high accuracy.
However, the splitting of the new link into an even and an odd part is fixed, Deven
and Dodd do not change during the optimization. The optimal choice of Deven for a
given D could be found by repeating the ALS optimization with different values of
Deven until a minimum is reached. This would, however, need many more iterations
and increase the numerical costs. Therefore, we implement SRG as an alternative
optimization procedure which splits the parity sectors according to their contributions
to singular values, much like in the case of SU. After the SRG optimization, the
size of the parity sectors is given and the optimized tensors are used to initialize the
proceeding ALS algorithm which decreases the truncation error further.

SRG optimization. The second renormalization group (SRG) optimization was
developed in the context of the renormalization of partition functions with tensor
networks. The details can be found in [267, 268]. To our knowledge we are the
first to adapt the optimization procedure to the FU truncation. The advantage for
fermionic PEPS compared to ALS is the dynamical splitting of the parity sectors.
In algorithm 4 the SRG optimization is executed in lines 5 to 13. The individual
steps are explained in the following.
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We want to find new tensors such that the error of the norm

⟨ψ ∣ψ⟩ − ⟨ψ′ ∣ψ⟩
⟨ψ ∣ψ⟩

= 1 −

∗ ∗
O

Nred

/

∗ ∗

O

O†

Nred

(4.37)

is small. Obviously, the procedure should reproduce the original state if D is large
enough not to truncate the state. Both is fulfilled if we create a projector from the
unitary matrices obtained by SVDs. Through a truncation of the singular values the
bond dimension is reduced. In order to include the whole environment Nred, the norm
is written as a trace of matrices. The matrices can be split by (truncated) SVDs,
which also create the new link between the updated tensors. The new state is formed
from the old state with the truncated singular values and unitary matrices applied
to it. We explain the details in the following. Tensors are reshaped to matrices as
needed. Matrix products correspond to a contraction of the corresponding links.

It is helpful to define ψ as the contraction of the initial triads with the gate
applied to them:

ψ ∶=
O

. (4.38)

As a preparatory step, the environment tensor

Menv ∶= ψ

Nred

Ð→ U S V (4.39)

is split by a SVD into the tensors U , S and V . We do not truncate the bond
dimension to a maximal number here. However, we drop singular values below a
threshold of 10−14 ⋅max (S) because we have to invert the singular value matrix later.
The cutoff ensures a numerically more stable pseudoinverse.

The norm of the PEPS is

⟨ψ ∣ψ⟩ =
U VS

ψ∗
(4.40)

= tr (ψ∗Menv) = tr (ψ∗USV ) = tr (
√
SV ψ∗U

√
S) . (4.41)

The last transformation is possible because the norm is cyclic. The previous SVD
created a new link which corresponds to the index summed by the trace here. The
argument of the trace is a matrix M̃ ∶=

√
SV ψU

√
S. We use a SVD to truncate it

to a bond dimension D. Dropping the smallest singular values keeps the error of
the norm ⟨ψ ∣ψ⟩ small. However, we need to define the parity of the newly created
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index. Therefore, we first split ψ into two parts,

ψe = ψe
∶=

O

e

e
+

O

o

o
(4.42)

and ψo accordingly such that ψ = ψe + ψo.
Next, we split the matrices M̃ e =

√
SV ψeU

√
S and similarly M̃o independently

of each other:

U V

√
S

√
S

(ψe/o)∗

Ð→ Ũ S̃ Ṽ . (4.43)

We suppressed the superscripts e/o on the right-hand side on all matrices. The
singular values Se and So are truncated to a maximum of D values. The truncation
algorithm from section 4.3 is used with the criteria 1 to 3 applied. Just like in the
case of SU, the truncated unitary matrices U e and Uo are combined in such a way
that the first Deven entries of the new link correspond to even parity. In the same
fashion, V and S fuse the corresponding matrices of the two parity sectors.

Finally, the updated triads are

= S
−

1
2U Ũ

∗
√

S̃ (4.44)

= S
−

1
2 VṼ

∗
√

S̃ . (4.45)

This particular combination makes sure that the norm stays invariant if D is large
enough and the original state is retained. For a truncated SVD, the new tensors are
optimized to ensure a small error of the norm.

The SRG changes the size of the parity sectors dynamically. This is an advantage
compared to ALS. However, we observe that the truncation errors with SRG are
often large for the Hubbard model on a honeycomb lattice. This is due to the fact
that the error of the norm is aimed to be minimized instead of the error function
in eq. (4.30). Or, more precisely, the Frobenius norm of M̃ is minimized in the
truncated SVD, which does not exactly correspond to the minimum of the norm
error. Also, the pseudoinverse in the SVD in eq. (4.39) can introduce additional
errors.

For these reasons, we combine both methods and use the SRG to find a good
choice of Deven and an initial guess of the triads for the iterative ALS method. Then,
the latter is used to decrease the truncation error further.

Improving the conditioning and local gauge fixing. Both the SRG and ALS
optimization methods need a well-conditioned tensor Nred for numerical stability and
accuracy. We apply methods to change Nred in order to improve the conditioning.
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This is done in line 4 of algorithm 4. We explain the main concepts while more
details of the procedure are found in [248, 249]. The local gauge is also described
in [360].

After combining the left and right indices, Nred becomes a matrix. We force it to
be Hermitian by the transformation Nred → 1

2 (Nred +Nred
†). The eigendecomposition

of this matrix is
Nred = UΣU †. (4.46)

To bring the numbers in a range with good numerical precision, we set Σ→ Σ/Σmax

where Σmax =max (Σ). This rescaling has to be taken into account in the calculation
of expectation values like the norm of the state in eq. (4.47) or when the truncation
error in eq. (4.31) is computed. Small or negative eigenvalues below 10−14 are omitted
in Σ to make Nred positive and reduce numerical instabilities during the inversion in
the calculation of M−1. Finally, the gauge of the tensors is fixed, which improves
the numerical stability. The basic idea is to reshape U accordingly and to execute
a QR decompositon for both legs that connect to a triad. The new U consists of
the reshaped Q while R is included in the corresponding triad. One has to make
sure that R−1 is also applied to env. Finally, the new tensor Nred is obtained by
Nred ← UΣU † with the updated U and Σ. A graphical representation of the whole
procedure is depicted in [248, FIG. 11].

Normalizing the state. As a final step, in lines 22 and 23 of algorithm 4, the
state gets normalized. For this, the last term of eq. (4.31) is calculated. Then, the
state gets divided by

λ =
√
⟨ψ ∣ψ⟩. (4.47)

The normalization factors λ of all local updates can be combined and used to
approximate the energy, see section 4.6.

4.4.3 Expectation values
Algorithm. This section explains the calculation of expectation values

⟨O⟩ = ⟨ψ ∣O ∣ψ⟩
⟨ψ ∣ψ⟩

(4.48)

of nearest neighbor operators O, which corresponds to the contraction of the network
in fig. 3.7. An overview of the necessary steps is given in algorithm 5. With the use
of the bMPS approximation of section 4.4.1, an expectation value can be calculated
by the contraction of the network in fig. 4.9(a).

If FU is used for the imaginary time evolution, the bMPS contractions of the up-
date procedure can partly be reused for expectation values. Typically, the numerical
costs for calculating the bMPSs can be halved. In line 2 of algorithm 5 the left and
right sides of fig. 4.9(a) are calculated. In line 3 of algorithm 5 they can be reused in
order to calculate the expectation values of several observables at the same time for
the two nearest neighbors.
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Algorithm 5 Calculation of expectation value of a nearest neighbor operator O
with the use of bMPS. The neighbors are aligned in x-direction; accordingly for the
y-direction with left ↔ up and right ↔ down.
Input: PEPS; nearest neighbor operator O; truncation bond dimension χ
Output: expectation value of O

1: construct the bMPS with bond dimension χ; it approximates the PEPS tensors
contracted with their complex conjugate, excluding the two nearest neighbor
tensors ▷ section 4.4.1

2: Calculate L and R ▷ fig. 4.9(a)
3: Contract O with L and R ▷ fig. 4.9(a)
4: Divide by the norm ⟨ψ ∣ψ⟩ = L ⋅R

⟨ψ ∣O ∣ψ⟩ = ∗ ∗
O

L R

(a)

≡
∗ ∗
O

Nred

(b)

Figure 4.9: Calculating the expectation value of a two site operator O in x-
direction with a fermionic TN using a bMPS. (a) Direct application of O to
the tensors; the rest of the TNS is approximated by a bMPS. (b) Expectation
value using the reduced environment tensor Nred and triads as they occur in an
imaginary time evolution with FU. Wiggly lines denote a splitting of triads and
environment tensors according to fig. 4.4 but without singular values S.
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Single site operators can either be calculated in the same way with a two site
operator that contains the identity at one of the sites, or by directly contracting the
network

∗
O . (4.49)

We implement both methods. The results could generally differ because of the
different bMPS approximations of the contracted networks. However, we typically
find no significant deviation for χ ≥ 2D. This is a confirmation that the influence of
the bMPS bond dimension is small.

Norm deviation. The norm of the PEPS is also needed in line 4 of algorithm 5
in order to calculate the expectation value according to eq. (4.48). We do this by
replacing the operator O in fig. 4.9(a) or eq. (4.49) by an identity operator. The
norm can, in principle, be calculated once only and be reused for all expectation
values at all sites. This is, however, suboptimal due to the bMPS approximation
which introduces an error on the expectation values. We therefore calculate the norm
for each nearest neighbor pair and use it for the corresponding expectation values
at this pair. Similarly, we calculate the norm for each site in the case of single site
expectation values. This way we ensure that the norm is obtained with the same
bMPS approximation as ⟨ψ ∣O ∣ψ⟩ and errors of the truncation can possibly cancel
in the fraction in eq. (4.48).

Moreover, we obtain an estimator for the influence of a finite χ on expectation
values:

∆I =

√
∑α (⟨ψ ∣ψ⟩α − ⟨ψ ∣ψ⟩)

2

√
∣α∣ − 1 ⋅ ⟨ψ ∣ψ⟩

. (4.50)

This is the standard deviation of all locally calculated norms ⟨ψ ∣ψ⟩α at the sites
or nearest neighbor pairs α. Their number is ∣α∣ = ∑α. The average norm is
⟨ψ ∣ψ⟩ = ∑α⟨ψ ∣ψ⟩α

∣α∣ . For large χ the influence of the truncation becomes small and so
does the norm deviation ∆I.

Scaling of errors in bMPS bond dimension. We test the influence of the
bMPS bond dimension χ on expectation values. For example, fig. 4.10 shows the
errors of different observables and their dependence on χ. Also, ∆I is displayed.
We use a PEPS obtained by an imaginary time evolution of the Hubbard model
on a honeycomb lattice (see chapter 5), restricted to the odd parity sector. The
expectation values are compared to their values at χ = 144 = D2. We see a quick
decay of the relative errors in χ. In previous works, χ ≥D2 was typically chosen [131,
154, 156, 177, 247, 248, 361, 362]. This allows for an exact representation of the
boundary with the bMPS, while a truncation is introduced when the bMPS is moved
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Figure 4.10: Dependence of different operators ⟨O⟩ on the boundary MPS (bMPS)
bond dimension χ for the ground state in the odd-parity sector. Shown are the
relative errors compared to results at χ = 144. Additionally, the norm deviation
∆I introduced in eq. (4.50) is shown for each χ, without comparing to χ = 144.
Honeycomb Hubbard model with D = 12, V = (12 × 6), κ = 1, U = 2, µ = 0.1, B =
0.01.

further into the bulk of the TN. We observe that the bMPS bond dimension can
be chosen much smaller for the Hubbard model. For χ ≥ 16 the relative errors are
on a sub-percent level, which is the accuracy we aim for in this work. We use a
bond dimension of χ = 3D for the calculation of expectation values of the Hubbard
model. In the previous example with D = 12 this means χ = 36, a value well above
the threshold of χ = 16 for sub-percent errors. The results of the calculations with
χ = 3D are compared to a calculation with χ = 2D to make sure the influence of χ is
not significant. The smaller χ compared to χ =D2 allows us to use larger PEPS bond
dimensions D, which would not be possible due to hardware limitation otherwise.

The norm deviation ∆I is a good estimator of the errors introduced by a finite
χ. In all cases, the relative errors of observables in fig. 4.10 are of the same order
as ∆I or lower. Because of this, the error of an observable O due to a finite χ can
be roughly estimated by O ⋅∆I. This can help if the scaling of an observable is not
calculated explicitly for different values of χ.

The quick decay of relative errors is observed for the energy E (see eq. (5.1)), the
magnetization M (eq. (5.12)) and the particle number n (eq. (5.11)) of the Hubbard
model. However, the behavior depends on the PEPS state and the observable. We
test the scaling of the observables in χ with different values of D, U and µ and for
both parity sectors. A similar behavior is found.

In contrast to this, we see that the error of the staggered magnetization MA,
defined in eq. (5.6), does not always decay as quickly in χ as the other observables
we tested. In the odd parity sector the error can be significantly larger and thus
a sub-percent precision is reached only at higher bMPS bond dimensions. Further
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studies of this behavior and the particularities of the staggered magnetization in the
odd parity sector would be desirable and are planned for the future. Also, we find
instances where the imaginary time evolution with FU is not stable for small bMPS
bond dimensions due to significant negative eigenvalues of Nred. In these cases χ ≥D2

is required for a better approximation of Nred and a stable simulation. Whenever
the instabilities do not occur with smaller χ, the results are reliable, however.

Summarizing, a bMPS bond dimension of χ < D2 can help to increase D with
limited computational resources for many observables. This reduces the more
significant error due to the PEPS bond dimension D and thus decreases the overall
error. The norm deviation ∆I is a good estimator of the truncation error caused
by a finite χ. It is advisable for other models as well to carefully check the scaling
of observables in χ and D as it is also done, for example, in [63]. This way, a good
choice of bond dimensions D and χ can be found which reduces the overall truncation
error within hardware limitations.

4.5 Resource scaling
We consider the numerical costs of the algorithm in this section. Typically, we are in
the situation that χ > D >> d. The costs are thus dominated by the limit of large
χ and D. The costs of both the square and the honeycomb lattice are given in the
following.

Runtime. The calculation of expectation values is one of the most expensive
operations when ground state properties are studied with PEPS. The numerical costs
for a nearest neighbor operator with O(N) terms and a bMPS approximation are

T
7/◻
expectation = O(N (2χ3D4d2 + 2χ2D5−6d2 + χ2D2d4)). (4.51)

The factor D5−6 is meant to be read as D = 5 for the honeycomb lattice 7 and D = 6
for the square lattice ◻. The same notation is used in the rest of this section.

The first two terms in eq. (4.51) arise from the calculation of the left and right
sides L and R in fig. 4.9(a), while the last term corresponds to the contraction of
these with the operator. If a splitting of the tensors into triad and env is used in
the calculation of the expectation values as in fig. 4.9(b), the last term is slightly
larger [1]: χ2D4d4.

The imaginary time evolution with SU is asymptotically much cheaper than the
evaluation of expectation values:

T
7/◻
SU = O(N (2D4−5d2 + ID3d6)). (4.52)

However, the prefactor is proportional to the number of sweeps needed to converge
to the ground state, which typically is several hundreds to few thousands. The first
term comes from the splitting of tensors into triad and env as shown in fig. 4.3. The
SVD of the updated state causes the second term, see eq. (4.19). We assume that
the SVD needs I number of iterations or matrix-vector multiplications.
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If FU is used instead of SU, the numerical costs are larger:

T
7/◻
FU = O(N (2χ3D4d2 + 2χ2D5−6d2 + χ2D4d4 + ID6d6)). (4.53)

The first three terms are similar to the costs for expectation values with a splitting of
the tensors into triad and env. These costs arise in the calculation of Nred from fig. 4.8.
The eigenvalue decomposition of the environment tensor in eq. (4.46) causes the last
term of the costs. Again, I is the number of matrix-vector multiplications needed for
the results to converge. The further steps of the optimization are sub-leading [248].

Finally, the computational time for the application of one layer of tensors to a
bMPS scales as

T
7/◻
bMPS = O(kmax(2I + 1) (χ3D4 + χ2D5−6d)). (4.54)

kmax is the length of the bMPS, which is Nx for a bMPS in x-direction. The number
of iterations I is set to ten in our implementation. These costs are smaller than
those in eq. (4.51) for large d. However, the prefactor (2I + 1) can easily be of the
order of d2 which is 16 for the Hubbard model. In this case, the costs of the bMPS
approximations dominate the overall costs together with the contractions needed for
expectation values.

If the absolute value of the truncation error of the bMPS is calculated as in
eq. (4.23), the additional costs for the term v†v are T7/◻f = χ3D6 + χ2D7−8d. This is
much larger than all other numerical costs. Therefore, this truncation error is only
useful for tests with small D and should not be calculated in the actual simulations,
where one wants to push D to the limits of the hardware.

Concerning the runtime, the algorithm is mostly dominated by the factors χ3D4

and χ2D5−6 in eqs. (4.51) and (4.53). With the much used choice χ∝D2, the overall
costs are the well-known D10. In section 4.4.3 we showed that χ ∝ D is sufficient
for the calculation of many observables of the Hubbard model. In that case, the
leading costs are lowered to D7 for the honeycomb and D8 for the square lattice,
both significant improvements.

Memory requirements. The leading memory requirements are

MSU = O(D2d4) (4.55)
MFU = O(χ2D4d2 +D4d4) (4.56)

Mexpectation = O(χ2D4d2) (4.57)
M

7/◻
PEPS = O(ND

3−4d) (4.58)
MbMPS = O(χ2D2 [2(Ny − 1)Nx + 2(Nx − 2) + 4(Nx − 1)]). (4.59)

We assume Mnum to be the memory requirement for storing a single number, in our
case Mnum = 16 B for a complex double. Then, the most significant contributions
are χ2D4d2Mnum in the calculation of expectation values and for FU, as well as
MbMPS ≈ 2Nχ2D2Mnum for storing the bMPSs. For small χ the memory M

7/◻
PEPS =

ND3−4dMnum required to store the PEPS can also be relevant.
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Note that both the runtime and the memory requirements scale linearly in the
system size if D and χ are fixed. This allows studying large systems and makes
the TN algorithm so powerful compared to the exponential scaling of the Hilbert
space in N . Even in cases where the bond dimensions need to be increased for large
volumes, the costs still scale polynomial in the system size as long as D and χ do
not depend exponentially on N . In our studies we do not see a dependence of D and
χ on the system size for the Hubbard model, at least for the system sizes considered
here. See section 5.6.3 for more details on this.

Hardware and typical runtimes. Small lattices like the 3 × 4 lattice with
moderate D can be calculated on a laptop within one or few hours of runtime per
configuration. For parameter scans, larger systems and especially for bigger bond
dimensions, computer farms are used. We are able to simulate systems with D ≤ 20.
Calculations with the largest bond dimensions took about two days on an AMD
EPYC 7702P node with 512 GiB of memory [350] or an Intel XEON node with
768 GiB of memory [351].

With this hardware we are mostly memory limited. While runtimes are still
handleable, larger χ and D can only be reached with machines that have more
memory available. The runtimes for the imaginary time evolution with SU are
typically comparable to those of the final calculation of expectation values.

Possible improvements. If one moves from SU to FU, the overall runtime
increases by multiples because the costs for one sweep with FU are comparable to
those of the final calculation of expectation values. However, FU decreases the error
of the truncation step and can thus lead to better results with smaller D. Runs with
larger bond dimensions are helpful to extrapolate to D →∞ though, which makes
SU favorable in many cases. The two truncation methods can also be combined
and adaptions can be made to use the advantages of both algorithms. For example,
the first update steps can be done with SU while FU is only applied for a final
improvement of the precision within a few sweeps. Moreover, FU can be used with a
lowered bMPS bond dimension. This corresponds to a rougher approximation of the
environment. Smaller choices of χ can be seen as an interpolation between SU and
FU, similar to the cluster update procedure introduced in [356]. A small χ can in
some cases lead to negative eigenvalues of Nred and even to numerical instabilities,
however. Finally, D and χ can be increased during the imaginary time evolution,
corresponding to more entanglement and a better environment approximation while
the PEPS converges to the ground state of the system. This lowers the numerical
costs in the beginning of the imaginary time evolution.

4.6 Energy estimator
The energy can be calculated as an expectation value with the use of the bMPS
approximation as described in section 4.4.3. However, this is one of the most
expensive steps of the whole algorithm, see eq. (4.51). In algorithm 1 the energy is
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needed to check for the convergence of the imaginary time evolution with a given
δt. In the case of SU, an evaluation of the expectation value of H is very expensive
and increases the numerical costs by a factor of several hundreds to some thousands,
equal to the number of sweeps until the PEPS converges to the ground state. The
FU algorithm has a similar asymptotic scaling of the costs as the calculation of
expectation values. However, the bMPS would have to be recalculated partly after
each sweep. Altogether, the numerical costs would be approximately doubled by an
exact calculation of the energy after each application of the imaginary time evolution
operators to all sites with FU.

We propose a way to estimate the energy after one global update step of the
imaginary time evolution from the normalization factors λ. They are obtained in
the normalizing steps of SU and FU, see eq. (4.21) and eq. (4.47). This way, the
convergence of the energy can be checked with no significant additional numerical
costs. Our energy estimator was also successfully applied in an iPEPS imaginary
time evolution with SU [177].

The basic idea of the estimator is that according to eq. (4.3) the norm of the
state decays proportional to e−δtE0 when the state converges to the ground state.
Since we normalize the state after each application of an imaginary time evolution
operator by multiplying a factor λ, the norm stays approximately constant during the
evolution. From the factors λ one can approximate the energy. The approximations
are explained in more detail in the following.

We start from eq. (4.6) and express the energy in terms of the imaginary time
evolution operator:

U (δt) = e−δtH (4.60)

⇒ H = − 1
δt

ln (U (δt)) (4.61)

E = ⟨ψ ∣H ∣ψ⟩
⟨ψ ∣ψ⟩

= − 1
δt

⟨ψ ∣ ln (U (δt)) ∣ψ⟩
⟨ψ ∣ψ⟩

. (4.62)

This can be rewritten as

E = − 1
δt

ln
⎛
⎜
⎝

¿
ÁÁÀ⟨ψ ∣U (δt)

2 ∣ψ⟩
⟨ψ ∣ψ⟩

⎞
⎟
⎠
+O( ⟨ψ ∣ψ⟩

∣⟨ψ0 ∣ψ⟩∣2
− 1). (4.63)

The error of this approximation becomes small if ∣ψ⟩ is close to the ground state of
the system, i. e., ∣ψ⟩ ≈ ∣ψ0⟩. We define ∣ψ′⟩ = U (δt)∣ψ⟩. This is the state after one
application of the imaginary time evolution operator. Neglecting the Trotter error,
we calculate this state by one sweep of SU or FU. These algorithms, however, change
the norm of the state such that ⟨ψ

′
∣ψ′⟩

⟨ψ ∣ψ⟩ =∏λ2. The λ are the normalization factors
of the local SU or FU updates. Their product ∏λ corresponds to the change of the
norm of the PEPS during one sweep. Inserting this in eq. (4.63) yields

E ≈ − 1
δt

ln
⎛
⎜
⎝

¿
ÁÁÀ⟨ψ′ ∣ψ′⟩
⟨ψ ∣ψ⟩

⎞
⎟
⎠
≈ − 1

δt
ln (∏λ). (4.64)
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This final result can be used to approximate the energy of the PEPS without
contracting the whole network.

We summarize the conditions for a good approximation of the energy:

1. The PEPS needs to be close to the ground state of the system: ⟨ψ ∣ψ⟩ ≈ ∣⟨ψ0 ∣ψ⟩∣2

2. δt and thus ϵTrot should be small such that the application of the imaginary
time evolution operator corresponds to a SU or FU sweep

3. The norm of the PEPS should not change by a SU or FU sweep

The first condition is fulfilled for the effective Hamiltonian in eq. (4.9) after sufficient
many sweeps with constant δt. However, the energy is not yet the ground state
energy of the original system.

Only when δt is small enough towards the end of the imaginary time evolution,
the second condition is fulfilled and the energy estimator approximates E0.

The last condition seems to be fulfilled by the definition of λ to normalize the
state. However, the finite χ introduces an error for FU. With SU, the norm is never
explicitly calculated. The factor λ comes from a normalization of the singular values,
which is not identical to the normalization of the state. If the state changes a lot
during the sweep, then the norm can change significantly as well. This introduces an
error on the energy estimator. For a long enough imaginary time evolution we do
not expect large changes of the PEPS anymore due to a small δt and because the
state is close to the ground state. Thus, the energy estimator becomes more reliable
towards the end of the imaginary time evolution.

In fig. 4.1 the energy estimator after each SU step is shown. Also, the exact
expectation value of the energy using the bMPS approximation can be seen. While
the estimator reproduces the energy very well in fig. 4.1(a), significant deviations
arise during the imaginary time evolution in figs. 4.1(b) and 4.1(c). For a constant
δt the estimator is often shifted and thus contains a systematic error. However, as
expected, the estimator approximates the energy well in all cases towards the end
of the imaginary time evolution when δt is small and the PEPS converges to the
ground state.

Even though the absolute values of the estimator suffer from a systematic error
during the imaginary time evolution with large δt, relative differences between two
sweeps resemble the relative change of the energy reasonably well. As long as the
conditions 1 and 3 above are not fulfilled, the energy estimator changes during the
evolution. It becomes constant when the PEPS is close to the ground state for a
given δt. Therefore, the estimator can be used to check the convergence with a
constant δt in lines 2 and 6 of algorithm 1.

For a reliable evaluation of the ground state energy with sub-percent errors, a
final calculation of the energy expectation value with bMPS is unavoidable though.
Still, the runtime can be lowered by several orders if SU is used with the proposed
energy estimator.
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Figure 4.11: Energy during the imaginary time evolution of the Hubbard model
with U = 1 and 0 = κ = µ = B on the 3× 4 honeycomb lattice with odd parity. The
energies have been calculated using a bMPS and the energy estimator derived in
section 4.6 for SU. The FU simulation uses the bMPS energy calculation after
each update step. The instabilities and the drop to the wrong energy are discussed
in the text.

4.7 Range of applicability and instabilities
Even though our algorithm produces reliable and accurate results for large parts of
the phase space of the Hubbard model, the imaginary time evolution with PEPS
does not always converge to the right ground state. In some cases it even does
not converge at all due to numerical instabilities. We show instances where these
problems arise, discuss possible causes and propose solutions. We find two cases in
which inaccuracies occur. First, if the ground state of the considered parity sector
has a higher energy than the ground state of the other sector, contributions from
the latter can lead to numerical instabilities. Second, the imaginary time evolution
can also fail or the accuracy can be reduced if the ground state is degenerate.

4.7.1 Instabilities in the excited parity sector
Example of the occurrence. Figure 4.11 shows an imaginary time evolution
of the Hubbard model with only the onsite interaction. The PEPS is restricted to
odd parity. The exact energy Eodd = 0.5 is larger than in the even parity sector,
Eeven = 0. The energy estimator drops to zero within a few sweeps of the imaginary
time evolution. However, the measured energy decreases to the correct odd parity
energy and stays close to it for several more update steps. Then, also the measured
energy drops to zero. A larger bond dimension does not increase the stability. In
fact, D = 2 is sufficient to capture the ground state in this non-interacting model.

Simplified description. We explain the problem in a simplified model, similar
to the one discussed in [1]. Let us assume only a two-site system with the same
onsite interaction as above. Also, the Hilbert space shall locally only consist of two
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states. The Hamiltonian contains operators q2
α at the sites α with q2 (10) = 0 and

q2 (01) = (
0
1). We consider the system

H = 1
2
(q2

1 + q2
2) . (4.65)

This corresponds to the Hamiltonian of fig. 4.11 for a two site system.7 The TNS
which represents the state consists of two tensors. Each has one internal index with
D = 2 and one physical index with d = 2. The tensors can be represented by matrices:

Ae
1 = (

ae
1 0

0 be
1
) (4.66)

Ao
1 = (

0 ao
1

bo
1 0 ) (4.67)

A2 = (
a2 0
0 b2

) (4.68)

The first tensor exists in two versions Ae/o
1 depending on whether the parity link

attached to this tensor has even or odd parity.

We apply the imaginary time evolution operators Uα (δt) = e−
δt
2 q

2
α = (

1 0
0 e−

δt
2
) in

an update step:

U1 (δt)Ae
1 = (

ae
1 0

0 e−
δt
2 be

1
) (4.69)

U1 (δt)Ao
1 = (

0 ao
1

e−
δt
2 bo

1 0 ) (4.70)

A2U2 (δt) = (
a2 0
0 e−

δt
2 b2
) (4.71)

The full states after an update step are

ψe = U1 (δt)Ae
1A2U2 (δt) = (

ae
1a2 0
0 e−δtbe

1b2
) (4.72)

ψo = U1 (δt)Ao
1A2U2 (δt) = (

0 e−
δt
2 ao

1b2

e−
δt
2 bo

1a2 0
) . (4.73)

The energies of the eigenstates are Ee ∈ {0,1} and Eo = 1
2 .8 The imaginary time

evolution would generally converge to the state with energy Ee = 0 if a tensor of the
form Ae

1 is used and to E0 = 1
2 for a tensor like Ao

1.

7 The states with no electron and two electrons are combined to (10) while the states with one

electron of either spin up or spin down form (01). See eq. (5.1) for the original Hubbard Hamiltonian.
8 One can see this from the energy estimator, which is exact in this case. The energies correspond

to E = − ln (λ)
δt

where λ are the prefactors {1, e−
δt
2 , e−δt} that arise in an update step.
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In the even parity sector, the contributions of the state with energy Ee = 1 decay
in each tensor with a factor e− δt

2 and only the contributions with Ee = 0 are left after
several update steps. For the odd parity sector, each tensor has one entry which
does not change at all and one entry which also decays with a factor of e− δt

2 . This
eventually leads to numerical instabilities, when e−

δt
2 m b

a becomes of the order of the
machine precision after m update steps. Eventually, the finite arithmetic precision
does not allow storing the decaying and the constant value in one tensor with equal
precision.

Also, the energy estimator suffers from a systematic error in our example. The
renormalization factors are not calculated using the full norm when SU is used.
Instead, the singular values and therefore local properties are considered. Let us
assume a similar local normalization of each tensor here. A reasonable choice would
be ∣∣A∣∣2F = 1. Because the a terms of each tensor stay constant while the b terms decay
exponentially, the normalization factors λ are quickly dominated by the constants a
and thus become λ = 1. The energy estimator is zero in this case, which is exactly
the ground state energy of the even parity sector defined by the a terms only.

From this example we can understand the behavior in fig. 4.11. With SU, the
energy estimator quickly drops to the energy of the even parity sector. After fourteen
update steps, the entries which correspond to the b terms in our example become of
the order of machine precision and are thus numerically vanishing. Only the entries
which define the even parity ground state are left. The norm of the state would
vanish in principle because of the odd symmetry of the PEPS. Due to the bMPS
approximation and numerical errors, the contributions of the even parity sector
become significant though and the measurement of the energy also drops to the even
parity energy. We see that, even though the PEPS was restricted to the odd parity
sector, numerical instabilities and inaccuracies lead to an energy which is defined by
the even parity sector. Generalizing, such problems can in principle arise when a
state with lower energy exists in the parity sector which is not considered.

Stability condition. We saw that the largest elements of the tensors decay as
e−τEe while other entries significant for the excited state are changing according to
e−τEo . When the ratio of the two becomes too small, numerical instabilities occur.
The imaginary time evolution is stable as long as

e−τ∆sp > ϵstable (4.74)

⇒ τ < ln (1/ϵstable)
∆sp

. (4.75)

The single particle gap ∆sp is the energy difference between the parity sectors while
the excitation gap ∆ex is the difference between the ground state and the first
excited state within one sector, see section 4.1.3 for details. A study of ground state
properties is possible as long as the timescale of the stable simulation is longer than
the time τ in eq. (4.11) which is needed to converge to the ground state. Thus, the
ratio

τstable

τconv
= ∆ex

∆sp

ln (ϵstable)
ϵexp

(4.76)
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must be larger than one. We conclude that numerical instabilities in the sector with
the larger ground state energy can occur when ∆ex ≲∆sp.

The larger the bond dimension, the more likely numerical instabilities can accu-
mulate during the imaginary time evolution. In fact, the Hubbard model becomes
unstable in some regions of the phase space for large D only, see figs. 5.4(b), 5.5(b)
and 5.6.

Possible improvements. The SU algorithm applies gates and truncates the
tensors only locally. Therefore, the tensors must contain the information of both
parity sectors because it is locally not know which sector the global state corresponds
to. The above discussed different decay rates of elements of the tensors thus cause
the numerical instabilities eventually. In contrast to that, FU includes the whole
TNS in the update step. Therefore, only contributions to the norm of the state in
the right parity sector are considered. This can help to improve the stability. In fact,
we see that FU is still stable in fig. 4.11 when the SU energies dropped to those of
the wrong sector already.

However, also FU faces numerical problems. Since the environment Nred is
approximated with a bMPS, small contributions of the wrong parity sector can still
be present. We observe instabilities of FU with significant contributions from parity
symmetry breaking parts in Nred. An explicitly parity-conserving bMPS can possibly
help to prevent these problems.

Besides the parity symmetry, Nred also needs to be hermitian, positive and well
conditioned. We use the methods described in [248, 249] to address these conditions.
Other methods like the shift of eigenvalues of Nred were also proposed [243, sec.
7.3]. A more abstract study of the stability of TNSs and TNS based algorithms is
given in [363]. A suitable gauge of TNSs and especially a canonical form can help to
improve the stability drastically. Different methods were proposed to bring PEPS
into a canonical form [328, 329]. These can possibly improve the stability further.
However, they are restrictions of the PEPS to a certain subclass. The expressiveness
of such TNSs has to be studied in more detail in order to understand for which
models such networks are good ansätze.

In conclusion, FU can help to improve the stability of the algorithm. Several
techniques to increase the numerical stability of FU itself are available and can be
combined to increase the range of applicability of our method. Also, combinations
of SU and FU can be thought of where the fast SU is used with applications of FU
sweeps which stabilize the algorithm. The occurrence of instabilities in the odd parity
sector of the Hubbard model on a honeycomb lattice and the range of applicability
are discussed in section 5.6.1. Also, we show how instabilities can be tracked with
observables like the particle number or the norm deviation ∆I.

4.7.2 Degeneracies
A degenerate ground state can also cause numerical instabilities. We see such an
example in fig. 4.12(a). While the even parity sector at vanishing chemical potential
has a unique ground state, the odd parity sector has a fourfold degenerate ground
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state: in comparison to the global ground state, the odd parity sector has one electron
or hole more, each with either spin up or spin down.

In fig. 4.12(a) the energy decreases as expected in the imaginary time evolution
with SU up to a certain point. Then, the energy drops eventually to a wrong value
and the energy estimator rises. At this point, the calculated norm starts having
a significant imaginary part. Since the norm is real by definition, this is a strong
indicator for numerical instabilities and can be used to identify unreliable results.

If the ground state is degenerate, a PEPS might not be a suitable ansatz anymore
when the area law of section 2.3 does not apply. In fact, a generic superposition of
two PEPS states with bond dimensions D each can be represented by a PEPS again,
but with an increased bond dimension of D2. So even if the ground state space is
spanned by states which can be represented with a given D, their superposition
requires more entanglement. During the imaginary time evolution, different states in
the ground state space can be mixed. This causes jumps from large entanglement to
small values and back, which might be one of the reasons for the instabilities.

However, the instabilities can be avoided if degeneracies are explicitly broken.
This is done by adding operators which commute with the Hamiltonian and with
each other but have different expectation values for different states in the ground
state space. They define the quantum numbers that distinguish the ground states.
These operators are added with small prefactors to the Hamiltonian in order to lift
the degeneracy and favor a certain state energetically. Since the operators commute
with the Hamiltonian, the perturbation can be corrected for by subtracting the
expectation value from the energy. This is possible as long as the perturbation does
not decrease the energies of higher excited states below the ground state energy.
In the case of the Hubbard model, we perturb the degenerate odd parity sector
by adding a weak magnetic field B and a small chemical potential µ. Even for
small shifts, the SU sweeps remain stable. The correction of the energy is given
in eq. (5.49). An imaginary time evolution similar to fig. 4.12(a) but with a small
perturbation is shown in fig. 4.12(b). The energy converges to the correct result
without the previous numerical instabilities.

Besides the degeneracies of the Hamiltonian, which can be lifted, a high lattice
symmetry can also cause degeneracies. In case of the honeycomb lattice, this only
occurs for a lattice consisting of one hexagon, a 2 × 3 system in our convention [1].
We do not use this lattice configuration in order to avoid the additional degeneracy
and possible instabilities it could cause.
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Figure 4.12: Imaginary time evolution of the Hubbard model on a 2×4 honeycomb
lattice with κ = 1, U = 4, D = 8 and odd parity. The expectation values of the
energies are measured using a bMPS and are also estimated from the norm change
as described in section 4.6. The exact imaginary time evolution of the state vector
serves as a reference. The initial vector is obtained via a full contraction of the
initial PEPS. (a) The degenerate ground state in the odd parity sector leads to
numerical instabilities. (b) A small chemical potential and magnetic field lift the
degeneracy and lead to reliable simulations. The energy can be corrected for the
perturbation, see text.
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Chapter 5

The Hubbard model on a
honeycomb lattice

The Hubbard model [51] provides a description of electrons in condensed matter.
Phenomena like high-temperature superconducting cuprates can be addressed with
this model on the square lattice [180, 181]. Extensive overview articles exist about
exact and perturbative results [364] as well as numerical simulations [179]. They
focus mostly on the square lattice. We consider the Hubbard model on a honeycomb
lattice which is a description of the electron structure of graphene. Figure 3.1 shows
the spatial structure of the honeycomb lattice and how it can be deformed into a
square lattice with missing links to reuse existing projected entangled pair state
(PEPS) algorithms for square lattices.

Since its first discovery [208] which was awarded with a Nobel Prize in physics in
2010, graphene has gained a lot of attention for its many superior physical properties:

“Graphene is a form of carbon. As a material it is completely new – not
only the thinnest ever but also the strongest. As a conductor of electricity
it performs as well as copper. As a conductor of heat it outperforms good
conducting metals such as silver and copper. It is almost completely
transparent, yet so dense that not even the smallest gas atoms can pass
through it. It is so strong that a 1 m2 hammock, no heavier than a
cat’s whisker, could bear the weight of an average sized cat without
breaking.” [365, NobelPrize.org]

A large range of commercial products are already making use of the mechanical and
heat conducting properties of graphene [209]. Skiers, boots, tennis rackets – sports
equipment contains the light yet strong material [210]. Users of the smartphones
Huawei Mate 20 X, P30 Pro and P40 have a graphene cooled device in their pockets.
These consumer products make use of the twelve times higher heat conductivity of
graphene compared to copper [366]. Graphene also helps to make airplanes lighter,
prevent damage from lightning strikes and protecting aircraft skins against ice build-
up [367]. The outstanding and adjustable optical and electronic properties are
exploited in a growing number of applications as well [211]. One most promising use
of graphene is the construction of semiconductors. Graphene based transistors that
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can switch between an insulating and a conducting state with a frequency of several
hundred GHz were built already [212]. This is two orders of magnitude faster than
any silicon based transistor. The latter hit physical limitations in the miniaturization
process which was used in the past to achieve higher performances. Therefore, new
approaches are needed if the computational power and range of solvable problems
shall be increased further. Graphene based transistors can complement existing
technologies [368], especially in the field of high speed electronics: even integrated
circuits were built from radio-frequency graphene transistors [212].

The theoretical understanding, modeling and simulation of graphene and its
properties are challenging tasks. Due to the exponential growth of the phase space
of the many-body problem we are restricted to exactly solvable limits or have to
use approximations, including several numerical methods. The solvable limits of
no electron-electron interaction on the one hand and independent atoms on the
other hand are discussed in section 5.4. The huge remainder of the phase space
was explored with many methods and even became a benchmark model for new
numerical techniques. [369] gives an overview of the methods applied to the Hubbard
model, mostly focusing on the square lattice. In order to show the broad variety
of methods we list several of them here. The Hubbard model was simulated with
mean field approaches [188, 218, 224, 370], Schwinger bosons [371] and Schwinger
fermions [372], density matrix embedding theory [373] as well as several quantum
cluster methods [213, 221, 374–379]. The method with the highest precision and
no bias towards specific cluster geometries is Markov chain Monte Carlo (MCMC),
which became state of the art to simulate the Hubbard model [52, 207, 213–228].
Different boundary conditions were also considered to simulate structures like carbon
nanotubes which are based on the honeycomb lattice [380].

However, MCMC suffers from the sign problem when a chemical potential is
present. Therefore, the phase space can only be explored close to half filling. This
restriction does not exist with tensor network (TN) based approaches, making them
a powerful method for the Hubbard model away from half filling. Unsurprisingly,
there is an increasing number of numerical studies using TNs for the Hubbard model
in two spatial dimensions.

Studying the chemical potential is of interest for various reasons. The phase
space is very rich with quantum phase transitions happening when the chemical
potential is increased – the particle number jumps at specific values of the chemical
potential. Additionally, a varying onsite interaction strength away from half filling
can lead to further phase transitions. A finite chemical potential is also needed in
order to model existing materials. For example, semiconductors are typically doped,
which corresponds to an electron density away from half filling. Therefore, a good
understanding of the properties of graphene with a chemical potential is essential to
describe real-life graphene based materials and study their possible applications.

Besides MCMC and other methods, TNs were previously applied to the Hubbard
model. The ground state properties of the square lattice were successfully simulated
with the use of an infinite projected entangled pair state (iPEPS) [20, 22, 183, 189].
These simulations helped to solve the previous contradictory predictions of the ground
state order and showed that tensor network state (TNS) based methods can be less
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biased than other common approaches. A tree tensor network (TTN) was also used
as part of the ansatz for a Monte Carlo (MC) simulation of the square Hubbard
model [184, 185]. Another approach, variational tensor network renormalization,
uses a TN to represent the Gibbs operator [186]. Also, a TN was used to represent
the Greens function efficiently in a dynamical mean field approach [188]. A tensor
renormalization group (TRG) approach found metal-insulator phase transitions when
the chemical potential is increased [187]. However, large parts of the phase space
are still under debate. Two proposed phase diagrams for an intermediate coupling
of the square Hubbard model are shown in fig. 1.1. Furthermore, the Bethe lattice
was studied with a TTN [190]. Tensor Networks were also applied to the bosonic
Hubbard model [191] and modifications of the fermionic Hubbard model [192, 193].

Despite its importance for the modeling of graphene, the honeycomb Hubbard
model with TNs did not gain as much attention as the square lattice so far. Besides
our efforts [1, 2], the densitiy matrix renormalization group (DMRG) was used to
study the Hubbard model on a honeycomb lattice but is restricted to small system
sizes in one of the spatial dimensions [207]. We hope that the promising application
of TNs to the model will give new insights in the future after these first works. TN
based algorithms can help to explore more of the phase space and answer questions,
for example concerning real time dynamics, that could not be tackled with other
methods up to now.

Our work demonstrates the applicability of TNS, PEPS in particular, to the
honeycomb Hubbard model. We calculate the ground state and the one-particle
excited state. Observables like the energy, particle number and magnetization are
measured. The results are compared to exact diagonalization (ED) where possible,
that is for small lattices and in the non-interacting limit for larger lattices. The
scalability to big systems is shown. We simulate with and without a chemical
potential, also in regions of the phase space that are not accessible to MCMC. Finally,
we calculate the ground state energy of a large system in a region of the phase space
where no other methods are applicable to date.

This chapter is organized as follows. In section 5.1 we discuss the chemical
structure of graphene, which can be approximated by the Hubbard model on a
honeycomb lattice. We introduce the Hamiltonian of this model in section 5.2 and
explaining useful symmetries and quantum numbers in section 5.3. Exactly solvable
limits and the expected phase structure are addressed in section 5.4. In order to
apply TN algorithms, the imaginary time evolution operator and observables need to
be expressed in tensor form. We do this in section 5.5. Our numerical results with
PEPS are presented in section 5.6. We show benchmark calculations for small system
sizes and demonstrate the scalability of the algorithm in large scale simulations.
Different couplings and chemical potentials are covered, see fig. 6.1 for an overview.
We discuss the range of applicability of our method as well as limitations. Finally, in
section 5.7, we summarize our results and give an outlook on possible improvements
and further steps in the future.
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Figure 5.1: Bonds of graphene in the orbital model. Schematically shown are the
hybrid sp2 orbitals (dark violet) and some pz orbitals (purple). The overlap of
the sp2 orbitals between neighboring atoms form σ bonds. The pz orbitals make
additional π bonds by their overlap above and below the atoms. The pz orbitals
are only depicted for four atoms for clarity. Adapted from [381].

5.1 Chemical structure of graphene and the Hub-
bard model

Graphene consists of carbon atoms. We describe the chemical structure using
atomic orbitals, which motivates the Hubbard model as a good description of
graphene [382]. The orbitals are schematically depicted in fig. 5.1. Carbon has
the orbital configuration 1s2 2s2 2p2. In graphene, the 2s orbital and two of the
three 2p orbitals form hybrid sp2 orbitals. These three hybrids each contain one
electron and overlap with the corresponding hybrid orbitals of the nearest neighbors.
Thus, graphene has a σ bond between each carbon atom and its three nearest
neighbors. Because the angles between the hybrid orbitals are 120○, graphene is a
two-dimensional material where the atoms are placed according to a honeycomb
lattice as in fig. 3.1(a).

The three hybrid sp2 orbitals are perpendicular to the remaining pz orbital which
contains one electron in the undoped, electrically neutral material. These orbitals
overlap with nearest neighbor orbitals above and below the plane containing the
atoms and form additional π bonds. Note that the electrons in the pz orbitals are
not in the plane of the σ bond, so there is little interaction with these electrons. The
electronic and magnetic properties of graphene are therefore strongly dominated by
the pz electrons. Moreover, these electrons are located in the orbitals at the atoms,
but the overlap with nearest neighbor pz orbitals allow for a movement between
atoms. Thus, the Hubbard model can be used to describe the properties of the pz
electrons.

In the Hubbard model the electrons are modeled to be bound to one atom, the
pz orbital in the case of graphene. The atoms are labeled by fixed lattice sites. Each
site can then be occupied by an electron with either spin up or down, two electrons
with opposite spin, or no electron. The interaction is introduced by a hopping term.
It corresponds to the overlap of the pz orbitals and the thereby possible transition
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of the electron from one atom to a nearest neighbor. This transition is, due to the
Pauli principle, only possible if the orbital of the nearest neighbor is not occupied
by an electron with the same spin orientation. A possible ’hop’ from one atom to
another corresponds to a further delocalization and a contribution to the binding of
the atoms. Therefore, the energy is lowered if a neighboring orbital is not occupied
by an electron with the same spin.

5.2 Hubbard Hamiltonian
The Hamiltonian of the Hubbard model for these pz electrons is

H = −κh + U2 ∑α
q2
α +BM + µn +BAMA (5.1)

with

h ∶= ∑
⟨α,β⟩,s

(c†
α,scβ,s + c

†
β,scα,s) (5.2)

qα ∶= −c
†
α,↑cα,↑ − c

†
α,↓cα,↓ + 1 (5.3)

M ∶=∑
α

(c†
α,↑cα,↑ − c

†
α,↓cα,↓) (5.4)

n ∶=∑
α,s

(c†
α,scα,s −

1
2) = −∑α

qα (5.5)

MA ∶=∑
α

sgn (α) (c†
α,↑cα,↑ − c

†
α,↓cα,↓) . (5.6)

The first term −κh is the hopping term. It allows electrons to move from one
atom to a nearest neighbor. The sum in h runs over all nearest neighbor pairs ⟨α,β⟩
on the lattice and over the two spin configurations s ∈ {↑, ↓}. The sum counts each
nearest neighbor pair only once, so (α,β) and (β,α) are not distinct summands. κ
is the coupling strength of the hopping term. The nearest neighbor relations are
defined by the lattice structure, in this work the two-dimensional honeycomb lattice
of fig. 3.1.

The second term is the onsite interaction with a coupling strength U . It is
an approximation of the coulomb repulsion of the electrons. For qα = −1, the two
electrons on the same site increase the energy. For qα = +1, the site is unoccupied
and the positively charged atom contributes similarly to a higher energy. The onsite
interaction is the most significant contribution to the coulomb interaction of the
electrons. The next important contribution would be the interaction between nearest
neighbors, which is suppressed by the inverse lattice spacing. Including the next
term, which is proportional to ∑⟨α,β⟩ qαqβ, would be straightforward. It is a nearest
neighbor interaction just like the hopping term and can thus be treated with the
TN methods in this work. The honeycomb model was studied with only this nearest
neighbor repulsion and without onsite interaction in [383]. In this work we restrict
ourselves to the onsite interaction.
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The third term in eq. (5.1) introduces the interaction between an external magnetic
field of strength B and the magnetization M of the system. The electrons couple
according to their spin orientation to the field. Note that this term and the last term
are the only ones which break the spin-flip symmetry which is discussed in the next
section.

The fourth term connects the chemical potential µ with the electron number
n = ∑α,s (c

†
α,scα,s − 1

2) = −N +∑α,s c
†
α,scα,s. The normalization is chosen such that

n = 0 if every site carries one electron. This is called half filling and is an uncharged
configuration of the material. If the structure is doped with other atoms or if an
electric charge is externally applied, the number of electrons changes. This situation,
away from half filling, is numerically challenging due to the sign problem that arises
in MCMC simulations. TNS based methods do not suffer from the sign problem and
can therefore also be used if µ ≠ 0.

The last term couples the staggered magnetization or anti-magnetization MA to
an external staggered magnetic field BA. The Hamiltonian term is similar to the
magnetic term but includes the sgn () function which gives a positive (negative) sign
on even (odd) sites, corresponding to sublattice A (B) in fig. 3.1.

5.3 Symmetries
The Hubbard model on a honeycomb lattice has several symmetries that can be used
to find good quantum numbers and to simplify calculations. The honeycomb and the
square lattice are both bipartite. These lattices can be divided into two sublattices A
and B as in fig. 3.1. Each lattice point in A has only nearest neighbors in B and vice
versa. Such a bipartite lattice has a particle-hole symmetry if we consider only the
hopping term and the onsite interaction. The terms including the particle number,
magnetization and anti-magnetization flip signs. This is exactly what one expects if
particles are exchanged with holes. If we transform the creation and annihilation
operators as

c†
α,s → sgn (α) cα,s (5.7)
cα,s → sgn (α) c†

α,s, (5.8)

the Hamiltonian stays invariant up to a constant offset [384]. The particle-hole
symmetry is used in many calculations to formulate the problem in terms of electron
and hole creation and annihilation operators. For half filling, even more symmetries
arise due to the particle-hole symmetry [384].

Furthermore, the Hamiltonian commutes with the particle numbers for each spin
orientation:

[H,ns] = 0 (5.9)
ns ∶=∑

α

c†
α,scα,s. (5.10)

This is independent of the lattice geometry. The total numbers of electrons with
spin up and spin down can be used as quantum numbers, dividing the Hilbert space
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into distinct sectors. More convenient choices are the total electron number and the
magnetization:

n = n↑ + n↓ −N (5.11)
M = n↑ − n↓. (5.12)

The magnetization commutes with the Hamiltonian due to a SU(2) symmetry [385].
The global spin operator S⃗2 also commutes with the Hamiltonian due to this symmetry.
The square of local terms makes this a non-local operator, however, which can not
be treated efficiently with TNSs.

The Hamiltonian also inherits the symmetries of the underlying lattice like
translation symmetry for periodic boundary conditions (pbc). For open boundary
conditions (obc), a special case is the 2 × 3 lattice which corresponds to a hexagon:
it is the only lattice geometry which leads to a degeneracy of the ground state due
to the high symmetry of the lattice [1].

5.4 Phase structure
We present the solutions of the exactly solvable limits U = 0 in section 5.4.1 and
κ = 0 in section 5.4.2. The intermediate region and the phase transition are discussed
subsequently in section 5.4.3.

5.4.1 Band model for non-interacting electrons
In the special case of no interactions, U = 0, analytic results are available for
pbc [215, 386–388]. We present these solutions and comment on the use of similar
ideas for ED in the case of obc.

Energies and eigenstates. First, we use the bipartite character of the lattice to
define aα ∶= cα for α ∈ A and bβ ∶= cβ for β ∈ B. From each lattice site α, the nearest
neighbors can be accessed by an index n as β = α + n. With pbc, these nearest
neighbor relations are independent of the lattice site α to start with. A fixed value
n1 relates a lattice site in A to one of its nearest neighbors in B as can be seen in
fig. 3.1. In the absence of the onsite interaction, the Hamiltonian splits into a sum of
two independent Hamiltonians with different spin orientations. We restrict ourselves
to one of these and drop the spin index in the following. We include only the hopping
term here. The chemical potential and magnetic and anti-magnetic fields are covered
in appendix B. The Hamiltonian reads

H
↑/↓

band = −κ ∑
⟨α,β⟩

(c†
αcβ + c

†
βcα) = −κ∑

α∈A

∑
n

(a†
αbα+n + b

†
α+naα) . (5.13)

We apply a Fourier transformation

cα =
1√
N
∑
k

eikαck (5.14)
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to the creation and annihilation operators. The reciprocal lattice points are km = 2πm
N(A)

where m = 1 . . .N(A). The number of lattice points in sublattice A is N(A) = N
2 .

We get

H
↑/↓

band = −κ
1

N(A) ∑k,k′
∑
α∈A

∑
n

(e−ikαa†
ke
ik′(α+n)bk′ + e−ik(α+n)b†

ke
ik′αak′) (5.15)

= −κ∑
k,k′

1
N(A) ∑α∈A

eiα(k
′
−k)∑

n

(eik′na†
kbk′ + e

−iknb†
kak′) . (5.16)

We use the orthogonality relation

1
N(A) ∑α∈A

eiα(k
′
−k) = δk,k′ (5.17)

to simplify the Hamiltonian further to

H
↑/↓

band = −κ∑
k

∑
n

(eikna†
kbk + e

−iknb†
kak) (5.18)

=∑
k

(a†
k b†

k
)( 0 −κ∑n eikn
−κ∑n e−ikn 0 )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Hmat

k

(ak
bk
) =∶∑

k

Hk. (5.19)

We explicitly make use of the pbc in this simplification. Namely, the nearest neighbor
relations are independent of the lattice site α. This means that n is independent of
α and we can sum over all lattice sites using the orthogonality relation.

The eigenvalues of Hmat
k are

E±k = ±

¿
ÁÁÀκ2 (∑

n

eikn)(∑
m

e−ikm) (5.20)

with the corresponding eigenstates

Ψ±k ∝
√
∑
n

eikna†
k ±
√
∑
m

e−ikmb†
k (5.21)

acting on ∣0⟩. Each Ψ±k creates an electron with energy E±k . The Ψk anti-commute
with each other for different values of k. They are fermionic creation operators in
k-space. Moreover, they commute with the Hamiltonian. All eigenstates of H↑/↓band
can be written as a product of the different Ψ±k acting on ∣0⟩. Each Ψ±k increases the
energy by E±k .

Ground state and dispersion relation. The ground state contains only the
negative energy contributions:

∣Ψ0⟩ =∏
k

Ψ−k ∣0⟩ . (5.22)
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Figure 5.2: Band structure of the Hubbard model on a honeycomb lattice with
hopping term only, see eq. (5.23). The two bands touch at two independent Dirac
points K and K ′ in the first Brioullin zone. Hopping strength κ = 1, lattice
spacing a = 1, 0 = µ = B = BA.

We see that two bands exist, one with positive energy, one with negative. The
maximally possible number of electrons for each spin in the system is N(A) = N

2 .
Each band can contain up to N(A)

2 = N
4 electrons for each spin. The two spin

orientations are equal, so each band can finally contain up to N
2 spins in total. Since

the lower (upper) band has negative (positive) energy, the ground state consists of
N
2 electrons in the lower band only. We see that this is a case of half filling if no
chemical potential is present.

For the honeycomb lattice with distance a between neighboring lattice points,
the sum over nearest neighbors results in the dispersion relation [386, 387]

Ek = ±

¿
ÁÁÀκ2 (3 + 2 cos(

√
3aky) + 4 cos(3a

2 kx) cos(
√

3a
2 ky)). (5.23)

Negative (positive) energies correspond to the valence (conduction) band. The
energies are plotted in fig. 5.2. The two bands touch at the Dirac points K =
2π
3a(1

1
√

3)
T and K ′ = 2π

3a(1 − 1
√

3)
T . These points are located at the boundary of

the first Brioullin zone. From the six points in fig. 5.2 where the bands touch, only
these two are independent due to the periodicity. In a finite lattice with pbc the
Dirac points can be reached if the lattice has an extent of multiples of three lattice
vectors.9 There are different primitives that fulfill this property, see [389, Figures 3

9 The lattice vectors are t⃗1 =
a
2(3

√
3)T and t⃗2 =

a
2(3 −

√
3)T , see fig. 3.1. The reciprocal

lattice vectors are b⃗1 =
2π
3a
(1
√

3)T and b⃗2 =
2π
3a
(1 −

√
3)T [386]. The Dirac points can be reached

by K = 2
3 b⃗1+

1
3 b⃗2 and K ′ = 1

3 b⃗1+
2
3 b⃗2. Thus, the lattice sizes L1 in t⃗1 direction and L2 in t⃗2 direction

must be multiples of three in order to reach the Dirac points exactly.
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and 4].
Summarizing, the Hubbard model without onsite interaction and with pbc is a

semimetal – the band gap is zero, but the bands only touch in single points. These
points have zero measure in the two-dimensional (kx, ky) plane.

Chemical potential and (anti-)magnetic field. The influence of a non-zero µ,
B and BA are given in eqs. (B.12) and (B.13) in appendix B. We discuss the effects
in the following.

If a chemical potential is present, the energies of both bands are moved by µ
in the same direction. This is expected, since the Hamiltonian commutes with the
particle number. The energies are shifted by µ for each electron in the system. A
negative µ moves the energy of parts of the conduction band below zero and allows
for further electrons in the system. A positive chemical potential shifts the valence
band upwards and creates holes in the ground state. Both has equivalent effects due
to the aforementioned particle-hole symmetry.

At B = 0 the ground state has vanishing magnetization. An external magnetic
field moves the energy of the bands by B. The sign depends on the spin of the
band. This creates an asymmetry between the ↑ and ↓ energies. A positive magnetic
field leads to a ground state with spin-down electrons in the conduction band and
holes in the spin-up valence band. This creates a magnetization of the ground state
whose sign is opposite to that of B. The state with one additional electron or hole
compared to half filling is degenerate. The degenerate energies can be split by a
small magnetic field.

An anti-magnetic field BA has a less trivial influence on the energy because the
anti-magnetization MA of eq. (5.6) does not commute with the hopping term. A
non-zero BA shifts the energies of the valence and conduction bands in opposite
directions. Therefore, a band gap opens and the energies of the bands do not touch
at the Dirac points anymore. Graphene becomes an insulator.

Open boundary conditions and exact diagonalization. The band model is
valid for pbc. If we use obc or other boundary conditions, a Fourier transformation
does not lead to independent contributions according to different k vectors. Some
previously used tricks can still be reused in these cases.

For U = 0, the Hamiltonian in eq. (5.1) can be brought to the form

H
↑/↓

U=0 =∑
α,β

H
↑/↓

α,β =∑
α,β

c†
αH

mat
α,β cβ. (5.24)

Hmat consists of the nearest neighbor connectivity matrix for the hopping term and
entries on the diagonal corresponding to µ, B and BA. The Hamiltonian is in the
same form as eq. (5.19) and we can proceed similarly.

The (N ×N) matrix Hmat can be diagonalized for moderate system sizes, even if
the Hamilton matrix in Fock space can not be handled due to its exponential size of
2N . The diagonalization yields

Hmat
α,β =∑

j

Qα,jEjQ
−1
j,β (5.25)
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Figure 5.3: Singular values of a bipartition of the ground states in the even and
odd parity sectors. The 3 × 4 honeycomb lattice with obc is split horizontally in
the middle into two 3 × 2 subsystems. Shown are the singular values of the state
vectors for this bipartition. Results from exact diagonalization (ED) with U = 0,
κ = 1; 0 = µ = B for even parity, µ = 0.01, B = 0.005 for odd parity. Upper axis:
singular values that can be captured by a PEPS as in fig. 3.3 with a given bond
dimension D.

with eigenvalues Ej and (right) eigenvectors as columns of Q. The single particle
eigenvectors of H↑/↓ are then

Ψj =∑
α

c†
αQα,j (5.26)

and act on ∣0⟩. We can construct any eigenstate of the Hamiltonian by the product
of several distinct Ψj acting on ∣0⟩. Each Ψj corresponds to one particle and gives a
contribution of Ej to the energy. The ground state energy is therefore the sum of all
negative values in Ej.

We use this method to calculate the ground state energies for different lattice
sizes when no interaction is present, see section 5.6.3. In the non-interacting limit
this allows for a comparison between the energies obtained with PEPS and exact
values. For U ≠ 0 the Hamiltonian is not quadratic in the creation and annihilation
operators as in eq. (5.24) anymore. Thus, the analytic results for pbc and the ED
method for obc are restricted to the non-interacting case.

Entanglement of the ground state. According to eq. (5.22), the ground state
is a product state in k-space. The entanglement is therefore zero in momentum
space. In real space one would assume a large entanglement because for each value
of k a delocalized contribution to the state occurs. This is demanding for TNS
based calculations. However, the entanglement is still limited – only logarithmic
corrections to the area law are expected [20]. To check this explicitly, we split a 3× 4
honeycomb lattice with obc horizontally into two 3 × 2 subsystems. Figure 5.3 shows
the singular values of this bipartition for the exact ground states in both parity
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sectors. Even though the singular values do not show an exponential behavior over
the whole range, they decay quickly. The entanglement entropy is SvN = 3.17 for the
even parity ground state and SvN = 3.43 for odd parity. This is significantly lower
than the maximum possible value of SvN,max = 8.32. From a different perspective,
the ground state can be approximated by a PEPS with D = 6 with a sub-percent
truncation error (see eq. (3.27)). This is much less than D = 16 which is required to
express an arbitrary state in the full Hilbert space. Still, TNS based calculations are
expected to require larger bond dimensions in the weak coupling limit than for the
strong coupling case because of the larger entanglement.

5.4.2 Strong coupling
For κ = 0 the electrons on different sites do not interact with each other. We are left
with independent atoms. The Hamiltonian is a sum of one site Hamilton operators:

H =∑
α

(U2 q
2
α +BMα + µnα +BAMAα) =∶∑

α

H1
α. (5.27)

We assume U > 0 and BA = 0 in the following. The local Hamiltonian can be written
as a diagonal matrix in the one-site basis (∣0⟩ , ∣↑↓⟩ , ∣↑⟩ , ∣↓⟩) which is also used below
in eqs. (5.29) to (5.32):

H1
α = diag(U2 − µ,

U

2 + µ,B,−B) . (5.28)

For small ∣µ∣ < U
2 + ∣B∣, the ground state consists of one electron per atom. If a

magnetic field is present, the spins of the electrons are all ordered in the corresponding
direction. Otherwise, the ground state is degenerate due to a possible superposition
of the states ∣↑⟩ and ∣↓⟩ at each site. At µ = ± (U2 + ∣B∣) the particle number n jumps
by the number of lattice sites V and the energy starts to decay linearly with µ.

If we lift the degeneracy of the spin orientation by a small magnetic field, the
ground state is always a product state with entropy SvN = 0 and can thus be
represented by a PEPS with D = 1.

The one-particle excited state contains one electron more or less at one of the
lattice sites. The single particle gap is ∆sp = U

2 + ∣B∣ − ∣µ∣. The system is an insulator
because electrons can not move from one site to another. The energy gap emerges
from the interaction between the electrons, which makes the system a Mott insulator.

The one-particle excited state with lowest energy is degenerate because the
excitation can be at any lattice site. Each such state corresponds to a PEPS with
local bond dimensions D ≤Dmax = 2 if a small magnetic field lifts the spin orientation
degeneracy. The von Neumann entanglement entropy is upper bound by SvN ≤ ln 2
in this case.

For a small hopping interaction, the particle number does not jump immediately
from half filling to full (or empty) occupation. Instead, more electrons or holes
are gradually added with an increasing absolute value of the chemical potential.
The particle number is thus a stair-like function of µ. A qualitative description
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of the strong coupling region can be found in [390]. For large U
κ and no chemical

potential the ground state consists of one electron per site. Therefore, the magnetic
behavior corresponds to a Heisenberg spin chain [391]. A hopping of an electron is
only possible if the neighboring site is not occupied by an electron with the same
spin orientation. Therefore, the ground state has antiferromagnetic correlations. At
strong interactions and a small chemical potential a stripe order of the ground state
was found [207].

5.4.3 Phase transition

We saw that the ground state of the Hubbard model on the honeycomb lattice
corresponds to a semimetal for U

κ → 0 and an antiferromagnetic Mott insulator
(AFMI) for large U

κ . In between these limits a quantum phase transition occurs at a
critical value U c. This critical point was located at around Uc

κ = 3.8 in several MC
studies [216, 217, 219, 220, 225, 392]. The second order phase transition belongs to
the SU(2) Gross-Neveau or ’chiral Heisenberg’ universality class [216, 217, 225, 392].
A third phase of a spin-liquid was suggested previously [219, 371–375, 377] but
numerical studies denied the existence of such a phase [216–218, 220–222]. Albeit the
Hubbard model was studied for nearly 60 years now, the question about a possible
spin-liquid phase could only be answered in recent years with the most advanced
numerical methods. This shows that the exploration of the phase space is still a
challenging task. This is even more true when a chemical potential is present. TNS
based approaches are applicable because the ground state is expected to fulfill an
area law in the antiferromagnetic phase with only logarithmic corrections to it in
the non-interacting limit [20].

An overview of the phases of the Hubbard model on a square lattice for different
chemical potentials is given in [179] while [182] pictures the phases for different
couplings and temperatures. Figure 1.1 shows two suggested phases. For the
honeycomb lattice, little is known about the phase structure away from half filling.
Besides numerical studies, an extension of the analytically known limits would be
desirable as it was done in [393] for lattice gauge theories (LGTs). Predictions of
the phase structure would be possible with such extensions in addition to numerical
simulations with TNs.

5.5 Operators in tensor form

The Hubbard Hamiltonian of eq. (5.1) was defined in terms of c† and c operators.
For the TN based imaginary time evolution we need to reformulate all operators in
tensor form. First, we fix the local basis. A physical index i corresponds to the local

97



CHAPTER 5. THE HUBBARD MODEL ON A HONEYCOMB LATTICE

states

i = 1 ≙ ∣0⟩ (5.29)
i = 2 ≙ ∣↑↓⟩ = c†

↑
c†
↓
∣0⟩ (5.30)

i = 3 ≙ ∣↑⟩ = c†
↑
∣0⟩ (5.31)

i = 4 ≙ ∣↓⟩ = c†
↓
∣0⟩ . (5.32)

The physical dimension d is thus four with the first two entries having even parity
while the last two entries have odd parity. The one-site operators are matrices that
can be applied from the left to a ket PEPS. They read

c†
α,↑ =

⎛
⎜⎜⎜
⎝

0 0 0 0
0 0 0 1
1 0 0 0
0 0 0 0

⎞
⎟⎟⎟
⎠

(5.33)

c†
α,↓ =

⎛
⎜⎜⎜
⎝

0 0 0 0
0 0 1 0
0 0 0 0
1 0 0 0

⎞
⎟⎟⎟
⎠

(5.34)

q2
α = (c

†
x,↑cx,↑ + c

†
x,↓cx,↓ − 1)2 =

⎛
⎜⎜⎜
⎝

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎟
⎠

(5.35)

Mα = c†
x,↑cx,↑ − c

†
x,↓cx,↓ =

⎛
⎜⎜⎜
⎝

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 −1

⎞
⎟⎟⎟
⎠

(5.36)

nα =∑
s

(c†
x,scx,s −

1
2) =

⎛
⎜⎜⎜
⎝

−1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎟
⎠

(5.37)

(MA)α = sgn (α)Mα. (5.38)

We use the convention sgn ((1,1)) = 1 for the site (x, y) = (1,1).
The hopping term contains a two-site operator. Also, all other operators can be

reformulated as two-site operators. Let #α be the number of nearest neighbors of
site α. Then, a one-site operator like the magnetization M can either be expressed
by local operators Mα or by a two site nearest neighbor operator M ⟨α,β⟩:

M =∑
α

Mα = ∑
⟨α,β⟩

( 1
#αMα ⊗ 1β + 1α ⊗

1
#βMβ) =∶ ∑

⟨α,β⟩

M ⟨α,β⟩. (5.39)

The other two-site operators (q2)⟨α,β⟩, n⟨α,β⟩ and MA
⟨α,β⟩ are defined similarly. This

way, all terms of the Hamiltonian can be expressed with only one nearest neighbor

98



CHAPTER 5. THE HUBBARD MODEL ON A HONEYCOMB LATTICE

operator H⟨α,β⟩ per link ⟨α,β⟩:

H = ∑
⟨α,β⟩

H⟨α,β⟩ (5.40)

H⟨α,β⟩ = −κh⟨α,β⟩ + U2
(q2)⟨α,β⟩ +BM ⟨α,β⟩ + µn⟨α,β⟩ +BAMA

⟨α,β⟩. (5.41)

The nearest neighbor operators O⟨α,β⟩ are tensors of dimension (4× 4× 4× 4). We
use an index convention similar to eq. (4.16) where the first index connects to the
physical index at site α of the ket state, the second index to site α of the bra state,
the third index to site β of the ket state and the last index to site β of the bra state.
The hopping term then reads:

h
⟨α,β⟩
αket,αbra,βket,βbra

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

+1 for (αket, αbra, βket, βbra) ∈ {(1,3,3,1), (3,1,1,3),
(1,3,2,4), (3,1,4,2),
(1,4,4,1), (4,1,1,4),
(3,2,4,1), (2,3,1,4)}

−1 for (αket, αbra, βket, βbra) ∈ {(1,4,2,3), (4,1,3,2),
(3,2,2,3), (2,3,3,2),
(4,2,3,1), (2,4,1,3),
(4,2,2,4), (2,4,4,2)}

0 otherwise.
(5.42)

These entries can be obtained by calculating the corresponding matrix elements. For
example,

h
⟨α,β⟩
4,2,3,1 = ⟨0∣β ⟨↑↓∣α ∑

⟨α,β⟩,s

(c†
α,scβ,s − c

†
β,scα,s) ∣↓⟩α ∣↑⟩β (5.43)

= ⟨0∣β ⟨↑↓∣α c
†
α,↑cβ,↑ ∣↓⟩α ∣↑⟩β (5.44)

= ⟨0∣β ⟨0∣α cα,↓cα,↑c
†
α,↑cβ,↑c

†
α,↓c

†
β,↑ ∣0⟩α ∣0⟩β (5.45)

= − ⟨0∣β ⟨0∣α cα,↓cα,↑c
†
α,↑c

†
α,↓cβ,↑c

†
β,↑ ∣0⟩α ∣0⟩β (5.46)

= − ⟨0∣β ⟨0∣α cα,↓cα,↑c
†
α,↑c

†
α,↓ ∣0⟩α ∣0⟩β (5.47)

= − ⟨0∣β ⟨0∣α cα,↓c
†
α,↓cα,↑c

†
α,↑ ∣0⟩α ∣0⟩β = − ⟨0∣β ⟨0∣α ∣0⟩α ∣0⟩β = −1. (5.48)

We use the nearest neighbor terms of eq. (5.40) for the imaginary time evolution.
This is more efficient than applying each term individually. For the calculation
of expectation values, which are sums of one-site operators, either the matrices in
eqs. (5.35) to (5.38) can be applied to all physical indices individually, or the two-site
operators can act on the physical indices of nearest neighbors for each link. Due to
the boundary MPS (bMPS) approximation of the environment, the results can differ
slightly. We found good agreement of the two methods in our calculations. This is
an indicator for a sufficiently large bMPS bond dimension.
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5.6 Numerical results

We present the results of our calculations in this section. In all simulations, we
obtain the ground state by an imaginary time evolution with simple update (SU), see
section 4.3. The final energies and expectation values are calculated with the bMPS
method explained in section 4.4.3. Each calculation of expectation values is carried
out twice with a bMPS bond dimension χ equal to 2D and 3D. We do in general not
see significant deviations between the two results on our level of precision. This is an
indicator that χ is chosen large enough. All lattices that we simulate have an even
number of lattice sites N . Therefore, the ground state at half filling corresponds to
the even parity sector. We give a short summary of the most important results here.
More details follow in the subsections.

We calculate the ground states of both parity sectors for a 3 × 4 honeycomb
lattice with obc. This is the largest size for which we can compare to results from
our implementation of an exact diagonalization (ED), which uses the whole state
vector but not the full Hamilton matrix. Instead, each term of the Hamiltonian is
applied individually to the state vector. With the comparison to exact results we
can show the applicability of our method and check the precision. We obtain errors
on a sub-percent level with PEPS.

For the 3×4 system, we vary the coupling strength U
κ without a chemical potential

and check for the stability and convergence of our algorithm. Then, we fix the coupling
strength to U

κ = 2 and vary the chemical potential. We are able to calculate the
energies of the two sectors at different values of µ and to obtain the single particle
excitation gap from this. Also, we can reproduce the expected step-like behavior of
the particle number when the chemical potential is changed.

We check the applicability of our method carefully by comparing to exact results
and tracking different observables. We find very good agreement when the ground
state is far from being degenerate with typical errors below one percent. Otherwise,
the precision can be decreased or the algorithm does not converge to the right ground
state. Problems due to degeneracies can be avoided by a small perturbation of the
Hamiltonian. The energies can be corrected for the effect of this. For large couplings
and small µ, the odd parity sector does not converge to the correct results. We
characterize these problems and find indicators in different observables that can be
used to check for the reliability of results.

Finally, we calculate the ground state energies of both sectors for larger volumes.
We show that our algorithm scales linearly in the volume and can thus be used to
calculate large systems. We compare the energies of a 30 × 15 lattice with µ = 0.5 in
the non-interacting limit U = 0 to the exact results and find good agreement. These
accurate values are obtained by ED of the hopping matrix with Mathematica [394].
We also calculate the energies for U

κ = 2. These results are novel predictions since no
analytical methods are present and MCMC simulations severely suffer from the sign
problem in this regime.
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5.6.1 Small system with varying coupling
We show the applicability and the limitations of our method by comparing the ground
state energies of both sectors to exact results. This is done for the 3 × 4 honeycomb
lattice. We vary the coupling strength U

κ from 2.5 to 6. In the infinite volume limit,
the quantum phase transition occurs at U c = 3.8 [216, 217, 219, 220, 225, 392]. Our
values thus cover the most relevant region of the parameter space. We set κ = 1 from
now on.

Lifting degeneracies. In the even parity sector, we set 0 = B = µ. For odd parity
this would cause instabilities or inaccurate results due to the degenerate ground state
as described in section 4.7.2. Therefore, we choose a weak magnetic field of B = 0.05
and a small chemical potential µ = 0.1 to lift the degeneracies. The magnetization
and the particle number commute with the Hamiltonian, see eqs. (5.9) to (5.12).
Therefore, we can subtract the corrections caused by the non-zero magnetic field and
chemical potential and obtain the energy E for 0 = B = µ

E(B = 0, µ = 0) = E(B,µ) −B ⋅M − µ ⋅ n. (5.49)

For a small chemical potential we expect the ground state to have one electron less
than half filling. A weak magnetic field results in a magnetization of M = −1 in this
case. Instead of using these exact results we subtract the values that are measured
with the bMPS approximation.

Numerical results. The results are shown in fig. 5.4. In the even parity sector,
the energies are close to the exact results and converge in the bond dimension. An
example of the convergence behavior of the energy is shown as black squares in
fig. 5.5. For D ≥ 10 the errors of the energy are below one percent for all couplings
we checked. In the odd parity sector we see a similar behavior in the regime U ≤ 2.5.
For larger couplings the simulations are only reliable for small bond dimensions.
Instabilities occur with large values of D and the energies are far off the exact value.

Inaccuracies and instabilities. We can identify the inaccurate results easily,
even without knowing the exact energy. The magnetization and the particle number
both need to be integer numbers. Moreover, we know their correct values. Measuring
M and n and comparing to the expected values gives a good check for the accuracy
of the results. Figure 5.5 shows the errors compared to the expected results for U = 3.
The errors are in the sub-percent regime in all cases where the PEPS converged
towards the correct energy. The inaccurate results in the odd sector for D ≥ 12 all
have errors of M and n which are two orders of magnitude larger. Also, the norm
deviation ∆I jumps from less than one percent to orders of O(0.1) to O(1) when
the instabilities occur. This is a good indicator for unreliable results even when the
expected values of specific observables are not known.

We are able to extend the range of reliability in many cases with the use of the
particle number expectation value: whenever the final measurement is not close to
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(a) Even parity.
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Figure 5.4: Energies of the 3 × 4 honeycomb lattice with κ = 1 and B = 0, µ = 0 at
different values of U and several bond dimensions D. In the odd parity sector a
small B = 0.05 and µ = 0.1 is used to lift the degeneracy. The energies are corrected
for this perturbation. Duplicate points correspond to χ = 2D and χ = 3D. The
simulations in the odd parity sector deviate from the exact energies for U ≥ 3. See
text for a description and discussion.
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Figure 5.5: Relative errors of the ground state energy ∆E = ∣E−E
exact

Eexact ∣, deviations
of the magnetization M and the particle number n from the exact value. Also, the
absolute values of the standard deviation of the norm ∆I, introduced in eq. (4.50),
are shown. 3× 4 honeycomb lattice with κ = 1, U = 3 and B = 0, µ = 0 for different
bond dimensions D. Duplicate points correspond to χ = 2D and χ = 3D. (a) Even
parity sector. (b) Odd parity sector. A small B = 0.05 and µ = 0.1 is used in this
sector to lift the degeneracy. The energies are corrected for this perturbation.
Inaccurate results in the odd parity sector at D ≥ 12 can clearly be distinguished
from correct results in all observables, see discussion in the text.
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Figure 5.6: Smallest bond dimension D for which the imaginary time evolution
in the odd parity sector does not converge to the odd parity ground state. Dif-
ferent couplings U correspond to different ratios between single particle gap and
excitation gap ∆sp/∆ex =

Eodd
0 −Eeven

0
Eodd

1 −Eodd
0

. 3 × 4 honeycomb lattice with κ = 1, B = 0.05,
µ = 0.1.

an integer value, we increase the imaginary time step δt and apply more iterations
of the imaginary time evolution. This often leads to a final result with the correct
integer valued n and a reliable energy.

For large U , the ratio between the single particle gap and the excitation gap
increases. This causes the algorithm to be less stable as discussed in section 4.7.1.
The smallest value of D for which instabilities occur are plotted in fig. 5.6. We see
that the bond dimension for reliable results is increasingly limited with larger ∆sp/∆ex.
Moreover, the first excited state of the even parity sector has a lower energy than
the ground state of the odd sector for U ≥ 1. This additionally worsens the issues
discussed in section 4.7.1 because two states with lower energy than the odd parity
ground state exist. The energy differences between the two lowest-energy states in
the even parity sector on the one hand and the odd parity ground state on the other
hand become larger when U is increased. Therefore, the imaginary time evolution
with SU is increasingly dominated by the even sector, which makes the simulation in
the odd parity sector numerically inaccurate.

We also try to reuse ground states from our previous calculations: if the results
are reliable for a given U and we find the correct ground state, the PEPS is used
as an initialization for a simulation with larger U . We hope to extend the range of
applicability in the odd parity sector this way by always staying close to the odd
parity ground state. However, the results can only marginally be improved this way
unfortunately.

Summary. Summarizing, we show that a good precision can be reached in stable
regions of the phase space. While simulations in the even parity sector are reliable
and accurate, the odd parity sector suffers from inaccuracies for U ≥ 3 and large D.
Observables other than the energy have to be tracked in this parity sector to ensure
the reliability of results when the coupling becomes large.
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5.6.2 Finite chemical potential for a small system
When a chemical potential is present, MCMC methods suffer from the sign problem.
In order to show the advantages of PEPS and its applicability in sections of the
phase space that were previously not accessible, we simulate the 3 × 4 honeycomb
Hubbard model with different chemical potentials. We set κ = 1, U = 2,B = 0 and
vary µ between 0 and 1.

Sign problem. A MCMC simulation with reweighting is also applied to this
system [1]. More details on the method are given in section 2.1. The simulation only
works if the expectation value of the phase ⟨eiϕ⟩ is close to one. For the Hubbard
model and the configuration mentioned above, the expectation value of the phase
is calculated with a MCMC method in [1]. The sign problem is mild and can be
alleviated for µ ≤ 0.2. For µ ≥ 0.3 the expectation value of the phase vanishes,
however, and the MCMC algorithm fails in calculating expectation values.

The tangent plane method is also tested for this model. It helped to increase
the range of applicability for MCMC in the past [214]. However, [1] shows that the
tangent plane integration does not improve the applicability. While ⟨eiϕ⟩ is slightly
larger than without the tangent plane shift for small µ, the method still fails for
µ ≥ 0.4. Other studies of the sign problem of the Hubbard model come to similar
results: the statistical power decreases quickly when µ is increased or when the
temperature is lowered [237, 238]. Thus, different methods are needed if the chemical
potential is not small. TN based approaches do not suffer from the sign problem.
We are able to find the ground states of both sectors even where MCMC fails.

Energies of both sectors. Figure 5.7 shows energies for varying values of µ. We
set B = 0 in the even parity sector. In the odd sector, we use a weak magnetic field
of B = 0.05 to lift the degeneracy and correct for the effect in the energy similarly
to eq. (5.49). In both parity sectors the energies converge in D and are very close
to the exact values. Again, we reach sub-percent errors. Only in the case of a
vanishing chemical potential the results are unreliable in the odd parity sector due
to the previously discussed degeneracy of the ground state in that sector. Note that
a non-zero chemical potential stabilizes the PEPS algorithm, quite in contrast to
MCMC simulations.

The ground state energy of the even parity sector is −10.52 and constant for
moderate µ because the particle number is n = 0. When the energy of the state
with n = −2 crosses at µ = 0.43, the energy decreases linearly with µ. This behavior
repeats for larger values of the chemical potential with states of fewer electrons and
therefore a steeper descend of the energy. A similar behavior can be seen in the
odd sector. The state with one hole has an energy of −10.20 at µ = 0. The energy
decreases linearly. At µ = 0.86 a line crossing occurs with the state n = −3 and the
energy decreases faster from there on.

At line crossings, the ground state is degenerate. Therefore, we see a decrease
of precision of the PEPS algorithm. Close to the kinks of the exact values (black
lines in figs. 5.7(a) and 5.7(b)) the energies are less accurate. While the errors of
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(c) Single particle excitation gap.
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(d) Deviation of the ground state particle number from half filling.

Figure 5.7: Energies, single particle gap and particle number of the 3×4 honeycomb
lattice with κ = 1, U = 2 and B = 0 at different values of µ. In the odd parity
sector a small B = 0.05 is used to lift the degeneracy. The energies are corrected
for this perturbation. Duplicate points correspond to χ = 2D and χ = 3D.
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the energy with D = 20 always stay below 0.3 % for states far from the degeneracy,
the error increases to 0.8 % at µ = 0.8 in the odd parity sector, in close proximity
to the kink of the exact energy. For µ = 0 the errors reach 15 % in the odd parity
sector, which makes the previously discussed perturbation with a small µ and B
unavoidable.

Single particle gap. Figure 5.7(c) shows the single particle energy gap. It is
obtained by subtracting the energies of the two sectors for the same µ and D. The
calculated energy gaps are in good agreement with the exact values. Especially for
large bond dimensions we get a good precision. Only the degeneracies within one
sector lead to less accurate results again. The line showing the exact behavior of
∆sp resembles the kinks of the energies within one sector. Additionally, kinks occur
where ∆sp = 0 at energy crossings between the sectors.

Particle number. We finally measure the particle number of the ground state
and picture it in fig. 5.7(d). This was done before with a path integral based TRG
method for several couplings in [187]. In our case, we can reproduce the expected
step-like function. Whenever the energies of both sectors become equal, n jumps by
one. Our measurements show that the particle numbers are integer valued indeed,
which is a good check for convergence to the ground state. Also, the step function
is reproduced. Only for small bond dimensions and close to the jumps the particle
number stays in the wrong sector. This is caused by the low precision of the energies
for small D: due to truncation errors the order of the calculated energies can be
wrong. This happens where the energies of the two sectors do not differ much –
which is close to the jumps in n.

5.6.3 Scalability
Scaling of numerical costs. In section 4.5 we show that the leading numerical
costs of the algorithm scale linearly in the system size. However, the bond dimensions
D and χ are assumed to be constant for this. It would in principle be possible that
the bond dimensions grow for larger systems. We do not observe this. In fig. 5.8 we
show the relative errors of the energy for the non-interacting Hubbard model with
several bond dimensions D and different system sizes. The values are compared to
ED calculations according to eq. (5.25) for the same lattices and obc. The errors
of the imaginary time evolution are practically independent of the system size and
of equal size for both sectors. When D is increased, the errors decay exponentially.
Also, the deviations between expectation values calculated with χ = 2D and χ = 3D
do not differ significantly. These observations show that both D and χ can be chosen
independently of the system size. This is expected for a ground state which fulfills
the area law, see section 2.3. However, the dependence on χ and D can change with
the parameters of the model. At criticality the area law does not necessarily apply
anymore and D can become system size dependent.

There is another indirect dependence on the volume. The energy gap within one
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Figure 5.8: Relative deviations of the energies for different honeycomb lattice sizes
and bond dimensions D. Non-interacting limit with finite chemical potential (κ = 1,
U = 0, µ = 0.5, B = 0). In the odd parity sector a small B = 0.05 is used to lift the
degeneracy. The energies are corrected for this perturbation. Duplicate points
correspond to χ = 2D and χ = 3D. Exact energies from sparse connectivity matrix
diagonalization: Eexact = (−302.942;−692.275;−302.940;−692.247) for (even, V =
(20 × 10); even, V = (30 × 15); odd, V = (20 × 10); odd, V = (30 × 15)).

sector ∆ex does not grow significantly with V .10 However, the energies Eeven and
Eodd are extensive and scale approximately linearly in V . Therefore, the ratios ∆ex/E
decay as 1/V . We need a longer total imaginary time δt to gain the same accuracy
ϵexp, see eq. (4.3). Additionally, we found that the initial imaginary time steps δt
have to be chosen smaller for larger volumes. Both effects lead to an increase of
update steps. For small lattices the final calculation of expectation values is by far
the dominant contribution to the computational costs. However, the imaginary time
evolution with SU took about as long as the calculation of expectation values for a
system with 450 lattice sites. The memory requirements are always dominated by
expectation values. Since our numerical efforts were memory limited, a scaling to
large system sizes is possible with our algorithm.

Non-interacting model. To demonstrate the scalability to large volumes, we
simulate a lattice of 30 × 15 sites. First, we consider the non-interacting Hubbard
model with U = 0 where a comparison to ED is possible (see eq. (5.25)). The chemical
potential is chosen to be µ = 0.5, which is a part of the phase space that is not
accessible to MCMC methods [1]. The magnetic field is set to zero for the even
parity sector. Again, we simulate with a small magnetic field of B = 0.05 in the odd
parity sector and correct for this value similarly to eq. (5.49).

Figure 5.9(a) shows the calculated energies of both sectors together with the
exact results. We find a linear scaling of the energies in the squared inverse bond
dimension D−2 and extrapolate to the limit D →∞ using a Levenberg-Marquardt
algorithm [353–355]. More details on the extrapolation are explained in section 4.2.4.
The extrapolated energies are Eeven = −693.2(17) and Eodd = −692.1(18). They are
compatible with the value Eexact ≈ −692.3 for both sectors. The exact values are

10 The same holds for the single particle gap ∆sp.
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Figure 5.9: Energies with finite chemical potential (κ = 1, µ = 0.5, B = 0) for
the 30 × 15 honeycomb lattice. x-axis: inverse squared bond dimension. In the
odd parity sector a small B = 0.05 is used to lift the degeneracy. The energies
are corrected for this perturbation. Duplicate points correspond to χ = 2D and
χ = 3D. (a) Non-interacting limit. Only in this case exact diagonalization (ED)
results can be used as exact references for this lattice size. (b) Intermediate
interaction strength. These results are predictions obtained with a tensor network
state (TNS). Markov chain Monte Carlo (MCMC) methods and ED can not be
used in this regime.
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the same for the two sectors on our level of precision. Other observables like the
particle number or magnetization do not fully converge to the right value yet since
the low energy spectrum for this large system is very dense. A longer imaginary time
evolution could possibly help to achieve a higher accuracy for other observables. The
energy can, however, be determined with a high precision even if small contributions
of excited states with similar energy are present.

Interacting model. After demonstrating the applicability of our algorithm, we
simulate the 30 × 15 system with an onsite interaction strength of U = 2. Again, we
see a linear scaling of the energies in D−2 and we extrapolate to D−2 → 0. The final
results are Eeven = −483.5(14) and Eodd = −483.8(12). ED does not work anymore
because of the finite onsite interaction. The corresponding terms contribute in a
way that is not quadratic in the creation and annihilation operators. Therefore,
the ground states are not a product of single particle states in momentum space
anymore as they were in section 5.4.1. The configuration space grows exponentially
and ED is not applicable. Also, MCMC fails due to the sign problem. As discussed
in section 5.6.2 and shown in [1], reweighting techniques fail to alleviate the sign
problem for µ ≥ 0.3. Thus, a MCMC simulation at µ = 0.5 is not possible this way.
The energies are first time predictions that could not be calculated previously. These
results show the advantages of TNS based methods when a sign problem occurs, also
in the presence of fermions.

5.7 Discussion and outlook
The Hubbard model on the honeycomb lattice is numerically challenging. Exact
results are only present for the non-interacting and strong coupling limits. For a
vanishing chemical potential MCMC simulations helped to characterize the phase
transition from a semimetallic to an AFMI phase. The phase diagram with a finite
chemical potential is still undiscovered.

Our simulations demonstrate that TNS based approaches are applicable to the
model. We see good agreement of our PEPS calculations with results from ED for
small systems. The energy of the ground state and the one-particle excited state is
obtained with errors smaller than one percent. We also calculate expectation values
of observables like the particle number and magnetization. A chemical potential
does not introduce fundamental problems to the algorithm, in strong contrast to
MCMC which suffers from the sign problem. An overview of the phase space and
the parameters in our calculations is shown in fig. 6.1.

By including the fermionic anti-commutation relations on the level of the PEPS,
we are able to access the one-particle excited state and calculate expectation values in
the corresponding parity sector. The energy gap can be extracted from the difference
of the ground state energies of the two parity sectors. We see good agreement with
exact results again. Also, the particle number as a function of the chemical potential
is reproduced.
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Moreover, we show that the algorithm can be scaled to larger lattices. The
necessary bond dimensions stay constant even if the volume is increased. This makes
the costs of each imaginary time step scale linearly in the lattice size. However, more
steps are needed to converge to the ground state. In the non-interacting limit with a
larger 30 × 15 lattice we see good agreement of the energies in both parity sectors
with results from ED. These exact energies can only be obtained for larger systems
if U = 0 as explained in section 5.4.1. We observe a linear scaling of the energies
in the squared inverse bond dimension and extrapolate to D → ∞. A simulation
with a finite onsite interaction for the same system size shows a similar scaling in
the bond dimension. We are able to calculate the energies of the two parity sectors.
This result is a novelty and cannot be obtained with MCMC simulations due to the
sign problem. TN based methods are therefore a powerful tool to explore new parts
of the phase space of the Hubbard model on a honeycomb lattice.

However, we also see limitations of our implementation. Degeneracies of the
ground state lead to a lowered precision of the final results. A small chemical potential
and magnetic field can help to break the degeneracies of the one-particle excited
state. The effects of this perturbation to the energy can afterwards be corrected.
Phase transitions can also be located by extrapolations with data points that do
not show the low precision due to the degeneracy. For example, the energy scales
linearly in µ within one phase. A linear fit can thus be used to locate the value of µc
where the particle number of the ground state changes. This approach circumvents
simulations with a degenerate ground state at the critical point. It was already
successfully used in [25] with matrix product states (MPSs).

We face numerical instabilities and convergence to wrong states for large onsite
interactions in the odd parity sector. We identify observables like the particle number
and magnetization as good indicators for such erroneous cases. With the norm
deviation ∆I we introduce a measure for the precision of the bMPS truncation. It
can be used to distinguish correct convergence from unstable results, even without
knowledge about specific expectation values. This way we can identify the parts of
the phase space that can safely be explored with our method.

Unfortunately, our implementation of full update (FU) did not help to extend the
range of stable and reliable simulations significantly. However, we did not force the
bMPS to conserve parity explicitly. Symmetric bMPS tensors might help to lower
contributions of the even parity sector during the evolution towards the odd parity
ground state. Also, the even parity ground state can be projected out to stabilize the
odd parity simulations. A similar method is used to calculate the low-lying spectrum
of gapped Hamiltonians [21, 96, 189, 229–231]: the ground state is calculated with
an imaginary time evolution. Then, a projection removes this ground state in a
second evolution to obtain the first excited state. This procedure could be used to
suppress low energy even parity contributions during the odd parity evolution.

The energy gap can be used to identify the critical point of a quantum phase
transition. We are able to calculate the energy gap for a small system with good
precision. However, the gap is intensive while the ground state energies of the
two sectors are extensive. Therefore, the gap cannot be resolved from the energy
differences for larger volumes on our level of precision. The accuracy of the results
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can be further improved with better extrapolations. In [20] it was shown that the
energies of the Hubbard model obtained with iPEPS behave smoother as a function
of the truncation error instead of the bond dimension. Therefore, extrapolations
in the truncation error calculated in a FU step can lead to more accurate energies.
Complementing the energy gap and the particle number as order parameters, other
observables like the anti-magnetization [217], correlators or different approaches such
as the fidelity susceptibility [65, 66] and finite entanglement scaling [59–62] can help
to locate and characterize the different phases.

Our study verifies that TNSs can be used to simulate the Hubbard model on
a honeycomb lattice. The proof of principle that we give is a first step towards
exploring the full phase diagram of the model with TNs. This can lead to new insights
into the nature of graphene based materials and their extraordinary properties. The
Hubbard model is not only a benchmark system for new numerical methods but can
also help to understand graphene. On a long term this can lead to new uses and
applications of a material that has just started a successful path of improving life in
many fields.
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Chapter 6

Conclusion and outlook

The Hubbard model on a honeycomb lattice. In this work we used a fermionic
projected entangled pair state (PEPS) to study the Hubbard model on a honeycomb
lattice. We calculated the energy, magnetization and particle number for different
couplings and chemical potentials for the ground state and the state with one electron
less. An overview of the phase space and our simulation parameters is shown in
fig. 6.1. Order parameters like the energy gap and the particle number were obtained
for different chemical potentials. Our studies demonstrate the successful application
of tensor network (TN) based methods to the Hubbard model on a honeycomb lattice.
Sub-percent errors of expectation values were achieved in large parts of the phase
space, also when a non-zero chemical potential is present. On a large lattice we were
able to make predictions with a chemical potential that does not allow for established
Markov chain Monte Carlo (MCMC) calculations.

Our algorithm applies an imaginary time evolution to the tensor network state
(TNS) to find the ground state. Additionally, the lowest-energy state with one
electron less was obtained by restricting the PEPS to a specific fermionic parity sector.
Expectation values were calculated with a boundary MPS (bMPS) approximation.
We considered system sizes from 3 × 4 up to 30 × 15.

We checked our results carefully against exact diagonalization (ED) calculations
for the 3 × 4 system. Different onsite interaction strengths and chemical potentials
were simulated. We measured the energy, particle number and magnetization for
both fermionic parity sectors. The single particle excitation gap of the energy was
obtained and we reproduced the expected step-like behavior of the particle number
when the chemical potential is varied.

The imaginary time evolution converged to the correct ground state with errors
of observables below one percent. Only for large onsite interactions instabilities
spoiled the simulation of the state with one electron less than the ground state. A
possible reason for the occurrence of these problems are numerical contributions of
the wrong parity sector for large single particle gaps. We discussed the causes of these
instabilities, possible solutions and stability conditions to estimate the timescale of a
numerically stable imaginary time evolution in the excited sector. Degeneracies can
also cause inaccuracies. We included a small magnetic field and chemical potential
to lift the degeneracies of the Hubbard model in the excited sector and obtained

113



CHAPTER 6. CONCLUSION AND OUTLOOK

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
0

0.2

0.4

0.6

0.8

1

U c

U

µ

semimetal phase
AFMI phase
analytic results, ED
V = (3 × 4), n = 0
V = (3 × 4), n = −1
V = (3 × 4), n = −2
V = (30 × 15)

Figure 6.1: Phase space of the Hubbard model on a honeycomb lattice with κ = 1,
B = 0. Shown are the values of the onsite interaction U and the chemical potential
µ in our simulations with different lattices sizes V . The particle number n changes
with µ as indicated for the 3 × 4 lattice. At µ = 0 a phase transition between a
semimetal and an antiferromagnetic, Mott insulating (AFMI) phase occurs at a
critical coupling U c ≈ 3.8 [216]. Analytic results exist for U = 0 and U →∞. Also,
exact diagonalization (ED) can be applied for large lattices at U = 0. Markov
chain Monte Carlo (MCMC) methods are only applicable for µ ≲ 0.3.

stable and accurate results. The systematic effects of these perturbations on the
energy were corrected for. It was demonstrated that the numerical problems caused
by degeneracies can be solved this way.

The possibility to scale the system size to large spatial volumes was shown. We
confirmed for different lattice sizes that the required PEPS bond dimension D stays
constant such that the leading computational costs scale linearly in the system size.
Both the ground state of the Hubbard model with a chemical potential and the
state with one electron less were simulated on a 30 × 15 lattice. The energies were
extrapolated to infinite D. Only in the non-interacting limit ED can be applied for
such large lattices. We compared the extrapolated results to ED calculations and
found good agreement. We simulated a system with an interaction strength of U

κ = 2
and a chemical potential of µ = 0.5 and calculated the energies of the ground state
and the state with one electron less. These results are novel predictions that cannot
be obtained with ED. Also, established MCMC algorithms can not be applied in this
regime due to the sign problem.

Our studies thus demonstrate the advantages of TN based methods in cases where
other algorithms fail. This allows to access whole new parts of the phase space that
have not been explored before, for the Hubbard model with a chemical potential as
well as for other models that suffer from a sign problem. In fig. 6.1 these previously
unreachable regions correspond to the area µ ≳ 0.3 where MCMC fails and away from
the limits U = 0 and U →∞, such that analytic results and ED are not applicable.
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Algorithmic improvements. Furthermore, we introduced several improvements
of the original fermionic PEPS algorithm [154]:

• We implemented an efficient imaginary time evolution algorithm with an
adaptive reduction scheme for the step size δt. It ensures a good accuracy
while reducing the computational costs compared to protocols with a fixed
series of values for δt.

• An energy estimator was proposed and tested. It makes use of the change of
the state’s norm during an imaginary time update step. While the absolute
values of the estimator suffered from a systematic error with the simple update
(SU) algorithm, differences between subsequent values were shown to be a
reliable check of the convergence of the energy. This way, the numerical costs
of the SU protocol were reduced by a factor of several hundreds to thousands
compared to a full measurement of the energy after each update.

• The second renormalization group (SRG) [267] optimization got adapted to
the truncation of the tensors in the full update (FU) procedure. It allowed
for a dynamic splitting of the bond dimension between even and odd parity
parts as they occur in fermionic TNs. This way, the size of the symmetry
sectors of the tensors were adapted in a way that minimizes the truncation
error. Subsequently, the precision was increased by the established alternating
least squares (ALS) optimization.

• We checked the dependence of different observables on the bMPS bond dimen-
sion χ for ground states of the Hubbard model. We found a mild dependence
and good accuracies with relatively low χ for the energy, the magnetization
and the particle number. This allowed us to choose χ∝D in our simulations
instead of the typically used χ ∝ D2. The numerical costs were drastically
reduced this way from D10 to D7 for the honeycomb lattice and D8 for the
square lattice. We were able to increase the memory limited PEPS bond
dimension from D = 13 with χ = D2 to D = 20 with χ = 3D. Consequently, a
higher total precision was achieved and more data points were available for a
better extrapolation to D →∞.

• We introduced the standard deviation of the norm ∆I. It is obtained from the
norm calculations centered at the different sites or links and thus with changing
bMPS approximations. Therefore, ∆I measures the typical error of the norm
due to a finite bMPS bond dimension χ. The norm deviation showed to be a
good estimate of the errors caused by a finite χ for the energy, magnetization
and particle number.

• Numerical instabilities occurred in the odd parity sector for large onsite in-
teractions. We found reliable indicators to distinguish stable regions from
those that suffer from numerical problems. Deviations of the particle number
and magnetization from the integer numbered known values or a large ∆I are
signaling that the PEPS did not converge to the correct state.
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Outlook. This work demonstrated the applicability of fermionic PEPS to the
Hubbard model on a honeycomb lattice. In the future we plan to explore more of
the phase space. For this, lattices sizes that go beyond what was considered in this
work need to be simulated in different parameter ranges of the onsite interaction
and the chemical potential. The main goal is to locate and characterize phases and
phase transitions. TNs provide new methods for this. Besides order parameters like
the energy gap, particle number and anti-magnetization, quantities like the fidelity
susceptibility [65–67] as well as finite correlation length scaling due to the limited
entanglement entropy [43, 59–64] can help to study phase transitions with TNs.

The region of reliable simulations could be increased further by stabilizing the
algorithm, for example by applying FU with a bMPS which respects parity symmetry
explicitly. Alternative approaches like canonical PEPS [328, 329] also promise to
increase the stability. Moreover, the χ scaling of more observables like the anti-
magnetization and for further models should be checked. Wherever χ ∝ D is
sufficient for simulations, the reduction of the numerical costs by factors of D3 for the
honeycomb and D2 for a square lattice allow for significantly larger bond dimensions
D. This can boost the success of PEPS algorithms tremendously. Another way to
increase the precision in the future is an extrapolation in the truncation error, which
can be measured in the update step, instead of an extrapolation in D.

Our use of the SRG in the FU truncation is an example where a method developed
in the context of entanglement renormalization was applied to a TNS. The vast
amount of powerful algorithms and optimized truncations in that field can possibly
also help to improve calculations of expectation values with TNSs. This could
increase the precision of the approximations at limited computational resources even
further and allow for larger values of D. Moreover, many algorithms can be applied
to higher-dimensional TNs and different boundary conditions, while bMPS is limited
to PEPS in two spatial dimensions with open boundary conditions (obc). A close
interaction between tensor renormalization and TNSs can bring up new algorithms
and pave the way for precise calculations of higher-dimensional quantum many-body
systems.

Our improvements of the algorithms can also help to successfully study other
models, not only in condensed matter but also in different fields like high energy
physics (HEP). Recent developments with fermionic TNS and incorporating sym-
metries in TNs provide the basis to simulate lattice gauge theories with fermions
and gauge bosons. A next step in the program towards quantum chromodynamics
(QCD) is the simulation of lattice gauge theories in three spatial dimensions. Besides
PEPS, which can approximate a ground state in arbitrary dimensions, efficient new
TNS architectures emerged. For example, a (fully) augmented tree tensor network
(aTTN) provides a numerically inexpensive way to find ground states in higher
dimensions [150, 151]. Also, programs to execute TN calculations on large scale
parallel computers and supercomputers can increase the scale and precision of TNs
in higher dimensions [288, 395, 396]. Further QCD-like theories can be studied by
combining and extending the knowledge about different TN based approaches. This
way, not only new regions of the phase space in HEP can be explored but also
problems like real time dynamics are becoming accessible.
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Tensor networks and quantum computing. Other approaches to study quan-
tum many-body systems are emerging as well. Most prominently, quantum simula-
tions and quantum computing gain more and more attention [71, 397]. Numerous
quantum computers are already available today. Even a quantum advantage over
classical computations was shown [398, 399]. Quantum devices incorporate the laws
of quantum physics like superposition and entanglement. They are therefore well
suited to simulate quantum systems like the Hubbard model or lattice gauge theo-
ries [400]. Several quantum many-body systems which were previously studied in the
Lagrangian formalism were formulated in the language of qubits and quantum gates
in order to find ground states on a quantum device, see for example [3, 139, 401].

An applicable and promising way to calculate ground states with nowadays
quantum hardware is the variational quantum eigensolver (VQE) [402]. This hybrid
algorithm uses a sequence of parameterized quantum gates as an ansatz for a physical
state. The parameters are optimized on a classical computer in order to find the
ground state of the system, while the energy is measured on a quantum device. Since
the actual quantum hardware suffers from errors, new ways of error mitigation [403]
are just as essential as efficient ansätze which lower the number of gates that need to
be applied on a quantum device. For example, a way to construct a generic maximally
expressive ansatz was introduced. It can be restricted to fulfill known symmetries of
the physical state to be simulated by a dimensional expressivity analysis [3–5]. The
analysis can also be applied to other ansätze which are not maximally expressive.
This way, the number of variational parameters and quantum gates can be reduced.
With new developments like these, with further improvements of the algorithms and
with new quantum devices with lowered errors, quantum computations can become
established methods to study many-body systems.

Quantum computations and simulations on the one hand and TNS approaches
on the other hand share the Hamiltonian formalism as a common basis and in this
way complement each other [68–71]. For example, the algorithms in this thesis
use a PEPS to find the ground state of a Hamiltonian, just like VQE simulations.
While quantum computations are gate based, TNs are formulated in the language
of tensors. Both quantum gates and tensors are typically applied to one or two
sites only. With these similarities, a quantum state can be seen as a TNS with
parameterized tensor operators (corresponding to the quantum gates) applied [396].
The VQE then corresponds to a variational optimization of such a TNS. While TN
methods allow for larger systems and a higher precision at the moment, quantum
devices will eventually allow for more entanglement. Results from TN methods can
also be used to check quantum algorithms. For example, the scaling of observables
from large to small systems can be studied with TNs in order to predict the expected
outcome of small-scale quantum computations.

Mutually related methods based on tensor networks, tensor renormalization,
quantum computing and quantum simulations as well as theoretical advances from
quantum information sciences complement each other. With these, exciting new
physics can be studied where the sign problem does not allow for MCMC calculations.
Our understanding of the Hubbard model with a chemical potential and other
quantum many-body systems can make a quantum leap with these novel techniques.
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Appendix A

From the jump move to symmetric
tensors

We derive that tensors with overall even parity are needed for the jump move in
fig. 3.4(b) to be valid in general. In section 3.2.2 we discuss that the jump move is
holding for even parity tensors. Here, we explain that this symmetry of the tensors
is indeed a necessary condition.

We start from a generic tensor Ai1,i2,...,im . Since the positioning of the indices
does not matter here, we only use lower indices. They can correspond to physical
indices, internal indices or parity links.

First, we study the case where the first index i1 is swapped with a line with
indices j1 and jm. This corresponds to the left-hand side of fig. 3.4(b). A negative
sign occurs in this case only when p(i1) = p(j1) = −1:

∑
i′1

Ai′1,i2,...,im
⋅ Si′1,j1,i1,jm = Ai1,i2,...,im ⋅ δj1,jm ⋅

⎧⎪⎪⎨⎪⎪⎩

−1 if p (i1) = p (j1) = −1
+1 otherwise

. (A.1)

In a second case, corresponding to the right-hand side of fig. 3.4(b), we have
swap gates with all indices but the first one. We get a negative sign if p (j1) = −1 for
each p (i2) = −1 to p (im) = −1. Pairs of swaps cancel, such that we have an overall
negative sign if p (j1) = p (i2) ⋅ p (i3) ⋅ . . . ⋅ p (im) = −1. In more detail, we get

∑
i′2...i

′
m

j2...jm−1

Ai1,i′2,...,i′m
⋅ Si′2,j1,i2,j2 ⋅ Si′3,j2,i3,j3 ⋅ . . . ⋅ Si′m−1,jm−1,im,jm (A.2)

=Ai1,i2,...,im ⋅ δj1,jm ⋅ {
−1 if p (i2) = p (j1) = −1
+1 otherwise } ⋅ . . .{−1 if p (im) = p (j1) = −1

+1 otherwise }

(A.3)

=Ai1,i2,...,im ⋅ δj1,jm ⋅
⎧⎪⎪⎨⎪⎪⎩

−1 if p (i2) ⋅ p (i3) ⋅ . . . ⋅ p (im) = p (j1) = −1
+1 otherwise

. (A.4)

If we want both cases to be equal as demanded by the jump move, this results in
the condition that Ai1,i2,...,im = 0 if either p (i1) = −1 and p (i2) ⋅ p (i3) ⋅ . . . ⋅ p (m) = +1
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or p (i1) = +1 and p (i2) ⋅ p (i3) ⋅ . . . ⋅ p (m) = −1. Combining both cases, we get
Ai1,i2,...,im = 0 if p (i1) ⋅ p (i2) ⋅ . . . ⋅ p (m) = −1. We see that we need to restrict the
tensors to have even overall parity if we want the jump move to be valid in general.

Similarly, we consider the case where a line with indices j1 and jm crosses more
than one index of the matrix A. If the line originally shares swap gates with the
first k indices, the condition is Ai1,i2,...,im = 0 if either p (i1) ⋅ . . . ⋅ p (ik) = −1 and
p (ik+1) ⋅ . . . ⋅ p (m) = +1 or p (i1) ⋅ . . . ⋅ p (ik) = +1 and p (ik+1) ⋅ . . . ⋅ p (m) = −1. This
leads to symmetric tensors as well. Thus, for any number of indices crossed by a
line, the jump move is only valid for even parity tensors.
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Appendix B

Band model with chemical
potential and external magnetic
and anti-magnetic fields

In section 5.4.1 we calculate the energy of the band model for the non-interacting
Hubbard model in the case 0 = µ = B = BA. Here, the more generic case of non-zero
chemical potential and magnetic and anti-magnetic fields is studied. The irrelevant
offset −µN in the Hamiltonian is dropped in this appendix. We follow the same
steps as before in section 5.4.1. The ± signs correspond to spin up (upper symbol in
equations) and spin down (lower symbol).

The additional term of the Hamiltonian is

H
↑/↓

corr = µ∑
α

c†
αcα ±B∑

α

c†
αcα ±BA∑

α

sgn (α) c†
αcα (B.1)

=∑
α

(µ ±B ±BA ⋅ sgn (α)) c†
αcα (B.2)

= ∑
α∈A

⎡⎢⎢⎢⎢⎢⎢⎣

(µ ±B ±BA)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶λ1

a†
αaα + (µ ±B ∓BA)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶λ2

b†
α+n1bα+n1

⎤⎥⎥⎥⎥⎥⎥⎦

. (B.3)

With the Fourier transformation cα = 1
√

N
∑k eikαck from eq. (5.14) we get

H
↑/↓

corr =
1

N(A) ∑k,k′
∑
α∈A

[λ1e
−ikαa†

ke
ik′αak′ + λ2e

−ik(α+n1)b†
ke
ik′(α+n1)bk′] (B.4)

= ∑
k,k′

1
N(A) ∑α∈A

eiα(k
′
−k) [λ1a

†
kak′ + λ2e

−ikn1b†
ke
ik′n1bk′] (B.5)

= ∑
k,k′

1
N(A) ∑α∈A

eiα(k
′
−k) [λ1a

†
kak′ + λ2e

i(k′−k)n1b†
kbk′] . (B.6)

With the relation 1
N(A) ∑α∈A eiα(k

′
−k) = δk,k′ from eq. (5.17) this simplifies further to

H
↑/↓

corr =∑
k

[λ1a
†
kak + λ2b

†
kbk] . (B.7)
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AND EXTERNAL MAGNETIC AND ANTI-MAGNETIC FIELDS

Including the hopping term from eq. (5.19), we get the full Hamiltonian

H
↑/↓

band =∑
k

(a†
k b†

k
)( λ1 −κ∑n eikn
−κ∑n e−ikn λ2

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Hk

(ak
bk
) . (B.8)

The characteristic polynomial of Hk is

det(Hk −Ek1) = (λ1 −Ek) (λ2 −Ek) − κ2 (∑
n

eikn)(∑
m

e−ikm) (B.9)

= E2
k − (λ1 + λ2)Ek + λ1λ2 − κ2 (∑

n

eikn)(∑
m

e−ikm) (B.10)

Thus, the eigenvalues of Hk are

Ek =
λ1 + λ2

2 ±

¿
ÁÁÀ(λ1 − λ2

2 )
2
+ κ2 (∑

n

eikn)(∑
m

e−ikm). (B.11)

Inserting the definitions of λ1 and λ2 we get the band energies

E↑k = µ +B ±

¿
ÁÁÀBA

2 + κ2 (∑
n

eikn)(∑
m

e−ikm) (B.12)

E↓k = µ −B ±

¿
ÁÁÀBA

2 + κ2 (∑
n

eikn)(∑
m

e−ikm). (B.13)

As in the derivation of eq. (5.23), the final solution of the energy for the honeycomb
lattice can be obtained by inserting the relation [386]

(∑
n

eikn)(∑
m

e−ikm) = 3 + 2 cos(
√

3aky) + 4 cos(3a
2 kx) cos(

√
3a
2 ky). (B.14)
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Glossary

AFMI antiferromagnetic Mott insulator. A system in a phase with antiferromagnetic
(AF) ordering and a band gap caused by the electron-electron interaction which
makes the system a Mott insulator (MI). An AFMI phase occurs in the
honeycomb Hubbard model for strong couplings. 97, 110, 114

ALS alternating least squares. A method to optimize a tensor network state (TNS).
All tensors are kept fixed but one which is optimized. Through sweeping all
tensors get updated this way. 59, 60, 62–65, 67, 69, 115

aTTN augmented tree tensor network. A tree tensor network (TTN) with an
additional layer of augmentation tensors between the physical legs and the first
layer of the tree tensor network (TTN). This allows for a larger entanglement
entropy which fulfills the area law also in more than one spatial dimensions.
116

bMPS boundary matrix product state. A technique to contract a projected entan-
gled pair state (PEPS) with open boundary conditions (obc) in two spatial
dimension approximetly. The boundary of the lattice is approximated by a
matrix product state (MPS) with periodic boundary conditions (pbc). See sec-
tion 4.4 for details. 18, 37, 41, 46, 48, 56–66, 70–79, 81, 82, 84, 99–101, 111,
113, 115, 116, 127, 128

DMRG densitiy matrix renormalization group. A variational algorithm for finding
ground states, especially for one dimensional systems. The formalism uses a
matrix product state (MPS) approximation of the state. 3, 6, 12, 87

ED exact diagonalization. Calculation of spectra and states by diagonalizing the
Hamilton matrix. 2, 8, 87, 91, 95, 100, 107–111, 113, 114

FU full update. A global truncation procedure to reduce the bond dimension.
See section 4.4. 17, 28, 41, 49, 50, 56, 57, 62–67, 70, 71, 74–79, 82, 111, 112,
115, 116

HEP high energy physics. Theory of elementary paritcles, the basic constituents
of the universe, and their interactions. In particular the standard model
of elementary particles, a successful and well tested theory to describe the
fundamentals of the universe. 3–5, 116, 125
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Glossary

iMPS infinite matrix product state. A matrix product state (MPS) in the infinite
volume limit with repeating unit cells. 15

iPEPS infinite projected entangled pair state. A projected entangled pair state
(PEPS) in the infinite volume limit with repeating unit cells. 7, 12, 15, 16, 18,
50, 77, 86, 112

LGT lattice gauge theory. A formulation of gauge theories on a discrete lattice. The
discretization is taken in such a way that the limit of an inifintely-small lattice
spacing recovers the continuous theory one is interested in. This is particularly
helpful in the non-perturbative regime of quantum chromodynamics (QCD)
and provides a numerical method as well as a regularization of the theory. 15,
97

MC Monte Carlo. A group of methods where observables are calculated by a
statistical evaluation of configurations. The configurations are generated
according to a probability distribution proportional to e−S. See section 2.2 for
more details. 9–11, 18, 87, 97, 124

MCMC Markov chain Monte Carlo. A Monte Carlo (MC) method which uses the
previous configuration to generate a new one. An accept-reject step ensures
that the generated configurations are distributed in the right way for large
samples. However, the configurations are not independent of each other. 2–4,
6–11, 16, 17, 86, 87, 90, 100, 105, 108–111, 113, 114, 117

MERA multi-scale entanglement renormalization ansatz. A tensor network state
(TNS) with an entanglement entropy suitable for critical systems, including
logarithmic corrections to the area law. Can be constructed in one or more
dimensions. 4, 14, 18, 22

MPS matrix product state. A tensor network state (TNS) with an entanglement
entropy which is constant in volume. Thus, the ansatz is especially suitable for
ground states of gapped Hamiltonians in one spatial dimension. 4, 5, 12, 14,
15, 18, 21, 22, 24, 37, 41, 46, 48, 56–58, 60, 61, 73, 99, 111, 113, 123, 124

obc open boundary conditions. 14, 15, 29, 57, 91, 94, 95, 100, 107, 116, 123

pbc periodic boundary conditions. 25, 57–59, 91–95, 123

PEPS projected entangled pair state. A tensor network state (TNS) in two or more
dimensions where every physical degree of freedom is linked to its neighbouring
sites by a tensor. Captures the entanglement structure of non-critical systems.
iii, 4, 5, 7, 8, 12–18, 21–25, 28, 29, 33, 39, 41–45, 48–52, 55–62, 64–68, 71–79,
81–85, 87, 95, 96, 98, 100, 101, 104, 105, 110, 113–117, 123, 124

124



Glossary

QCD quantum chromodynamics. Quantum field theory (QFT) of the strong inter-
action in high energy physics (HEP). Corresponds to the part of the standard
model that describes quarks and gluons and their interactions. 3–5, 116, 124

QED quantum electrodynamics. Fundamental theory of the interaction between
light and matter in high energy physics (HEP). 4, 5

QFT quantum field theory. Can be obtained by a canonical quantization of a
classical field theory. 15, 125

QR decompositon Decomposition M = QR of a matrix M into a column orthonor-
mal matrix Q and an upper triangular matrix R. 40, 52, 53, 65, 70

SRG second renormalization group. A method to truncate a tensor network (TN).
It is a generalization of simple update (SU) which takes into account the rest
of the tensor network. The truncation of the bond dimension is done according
to the size of the singular values. This allows for a dynamical splitting of the
parity sectors of the truncated link. The method was originally invented in the
context of tensor renormalization. 62, 63, 67, 69, 115, 116

SU simple update. A local truncation procedure to reduce the bond dimension.
See section 4.3. 28, 41, 49–52, 56, 61, 63, 64, 67, 69, 74–79, 81–83, 100, 104,
108, 115, 125

SVD singular value decomposition. Decomposition M = USV of a matrix M into a
column orthonormal matrix U , a diagonal matrix S with real, non-negative
elements (the singular values) and a row orthonormal matrix V . 37, 39, 40, 50,
51, 53, 54, 61, 64–66, 68, 69, 74

TN tensor network. A contraction of several tensors. See section 2.2 for details. iii,
2–9, 11–13, 15–19, 25, 27–33, 35, 37, 41, 44, 47–50, 53, 57–62, 65, 66, 71, 73,
76, 86, 87, 89, 97, 105, 111–117, 125, 127, 128

TNS tensor network state. A tensor network (TN) which is used as an ansatz for
a physical state. 2–4, 6, 7, 9, 11–16, 18, 19, 21–25, 27–31, 35, 37, 41, 43, 51,
52, 56, 57, 63, 71, 80, 82, 86, 87, 90, 91, 95–97, 109, 110, 112, 113, 116, 117,
123–125

TRG tensor renormalization group. The first method that uses a tensor renormal-
ization or entanglement renormalization to calculate partition funcitons. 17,
87, 107

TTN tree tensor network. A tensor network state (TNS) where each layer combines
two links of the previous layer to one link in the next layer. This ansatz can
be used in very efficient algorithms because expectation values correspond to
exactly contractable tensor networks. The entanglement entropy is a constant
for a cut through the uppermost tensor. 4, 14, 15, 22, 56, 87, 123
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Glossary

VQE variational quantum eigensolver. An optimization method for finding the
ground state of a Hamiltonian with a gate based quantum computer. The
parameters of the ansatz are optimized on a classical computer while the energy
is measured with the use of a quantum device. 117

126



Mathematical and physical symbols

χ bMPS bond dimension internal bond dimension of a bMPS. 17, 41, 48, 57,
59–62, 64, 66, 71–76, 78, 99, 100, 102, 103, 106–109, 115, 116, 128

S action the space-time integral of the Lagrange density. 9–11, 124

c annihilation operator annihilates a fermion, while a† creates a fermion. 26–28,
43, 89–91, 94, 95, 97–99, 121

D bond dimension of the internal indices of a tensor network (TN). The dimen-
sions can vary for different indices and are typically upper bound by a maximal
bond dimension Dmax. Often, D and Dmax are used similarly where no distinc-
tion is needed. 2, 12–17, 21–25, 30, 31, 37, 39–41, 45, 48–51, 54–57, 59, 62, 63,
65, 67–69, 72–76, 79, 80, 82–84, 95, 96, 100–112, 114–116, 123, 125, 127, 128

µ chemical potential in the Hubbard Hamiltonian. 3, 73, 79, 83, 89, 90, 93, 94,
96, 99–109, 111, 114, 121, 122

cc. complex conjugate of the term previous to this symbol. 66

∗ conjugate M∗ = Re(M) − iIm(M). 61, 68, 69, 127

† conjugate transpose (M †)i,j =M∗

j,i. 28, 39, 59–62, 66, 68, 70, 75, 127, 128

κ coupling strength of the hopping term in the Hubbard Hamiltonian. 73, 79, 84,
89, 91–93, 95–97, 99–106, 108, 109, 114

E energy Energy. Expectation value of Hamiltonian. 46–48, 55, 73, 77–81, 84,
92–95, 101–104, 108–110

e Euler’s number e = ∑∞k=0 1
k! ≈ 2.718. 9–11, 42–45, 77, 80, 81, 91, 92, 105, 121,

122, 124

∆ex excitation gap the difference between the ground state energy and the energy
of the first excited state in the same sector. Vanishes for degenerate states.
See section 4.1.3 for more details. 44, 81, 82, 104, 108

B external magnetic field in the Hubbard Hamiltonian. 46, 73, 79, 83, 89, 90,
93–96, 99, 101–109, 114, 121, 122

127



Mathematical and physical symbols

∣∣⋅∣∣F Frobenius norm ∣∣M ∣∣F =
√

tr (MM †). 39, 50, 81

H Hamiltonian defines the energy and time evolution of a physical system. 10,
42–45, 47, 77, 80, 89, 91, 92, 94, 96, 99, 121, 122, 126–129

h hopping term of the Hubbard Hamiltonian. 89, 99, 114, 127

1 identity operator/matrix. 1x = x for all x. 28, 39, 98, 122, 128

δt imaginary time in an imaginary time evolution used to find the groundstate of
a Hamiltonian. Corresponds to the step size of the evolution. 41, 43–50, 55,
77, 78, 80, 81, 104, 108, 115

−1 inverse of a matrix M : M ⋅M−1 = 1. 61, 70

⊗ Kronecker product If A and B are tensors with n and m indices respectively,
then A⊗B is a tensor with n+m indices: (A⊗B)a1,a2,...an,b1,b2,...bm

= Aa1,a2,...an ⋅
Bb1,b2,...bn . 13, 98

q local charge operator in the Hubbard Hamiltonian. 80, 89, 96, 98, 99

M magnetization operator in the Hubbard Hamiltonian. 73, 89–91, 96, 98, 99,
101, 103

Dmax maximal bond dimension of the internal indices of a tensor network (TN).
The number of entries of each internal index are upper bound by this value.
Often, D and Dmax are used similarly where no distinction is needed. 13, 45,
51, 54, 64, 96, 127, 128

∆I norm standard deviation is the standard deviation of the norm measured
on all links and/or sites of the lattice. This is a measure of the accuracy of
the truncation due to the finite bMPS bond dimension. See eq. (4.50) for a
definition. 72–74, 82, 101, 103, 111, 115

U onsite interaction strength of the Hubbard Hamiltonian. 73, 79, 84, 86, 89,
91, 94–97, 99–106, 108–111, 114

p parity defined for each value of an index i with p(i) = 1 for even parity and
p(i) = −1 for odd parity. The parity corresponds to an even or odd number of
fermions. 28, 30, 31, 34, 40, 53, 55, 65

N particle number in a many-body system or number of sites in a lattice. 1, 2,
13, 15, 16, 20, 21, 24, 26, 35, 42, 56, 57, 74–76, 90–94, 100, 121, 129

n particle number operator in the Hubbard Hamiltonian. It measures the devi-
ation from half filling: n = N − V . 73, 89–91, 96, 98, 99, 101, 103–105, 107,
114

128



σ Pauli matrix σx = (0 1
1 0), σ

y = (0 −i
i 0 ), σ

z = (1 0
0 −1). 43

d physical dimension of the local Hilbert space. 13, 15, 42, 50, 74, 75, 80, 98

∣ψ⟩ quantum state an arbitrary (many-body) quantum state in bra-ket notation.
13, 20, 42, 63–65, 77

sgn signum provides a negative sign only on one of the two sublattices A and B,

see fig. 3.1. sgn(x) =
⎧⎪⎪⎨⎪⎪⎩

+1 if x ∈ A
−1 if x ∈ B

. 89, 90, 98, 121, 129

∆sp single particle gap the smallest energy difference between the ground state
and the state with one additional electron or hole. See section 4.1.3 for more
details. 44, 81, 82, 96, 104, 107, 108

BA staggered external magnetic field in the Hubbard Hamiltonian. 89, 90, 93,
94, 96, 99, 121, 122

MA staggered magnetization operator in the Hubbard Hamiltonian. 73, 89, 90,
94, 96, 98, 99

T transpose (MT )i,j =Mj,i. 93

V volume or number of lattice sites of the physical system. 19, 73, 96, 108, 114,
129

SvN von Neumann entanglement entropy measure of entanglement in a sys-
tem, see section 2.3. 19, 20, 22, 23, 96
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