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Zusammenfassung

Diese Dissertation behandelt arithmetische Eigenschaften von Familien algebraischer
Varietäten und deren speziellen Untervarietäten.
Im ersten Kapitel definieren wir sogenannte absolut spezielle Untervarietäten mithilfe
von Delignes Begriff der absoluten Hodgeklassen. Ausgehend von der Vermutung, dass
alle Hodgeklassen absolute Hodgeklassen sind, erwarten wir, dass alle speziellen
Untervarietäten absolut speziell sind. Wir beweisen diese Erwartung für
Untervarietäten, die eine bestimmte Monodromiebedingung erfüllen.
Das zweite Kapitel führt eine `-adische Version von speziellen Untervarietäten ein, die
wir `-Galois spezielle Untervarietäten nennen. Wir studieren bewiesene und vermutete
Eigenschaften dieser Untervarietäten und deren Zusammenhang zur Strukur des
`-Galois exzeptionellen Locus und zur Mumford-Tate Vermutung.
Im dritten Kapitel beweisen wir eine Rapoport-Zink Uniformisierung für den
Modulraum der primitiv polarisierten K3 Flächen und kubischen Vierfaltigkeiten mit
supersingulärer Reduktion. In beiden Fällen ist der Modulraum uniformisiert von
einer explizit definierten rigid analytischen Untervarietät einer lokalen Shimura
Varietät von orthogonalem Typ.





Abstract

This thesis studies arithmetic aspects of families of algebraic varieties and their special
subvarieties.
In the first part, we use Deligne’s framework of absolute Hodge classes to define a
notion of absolutely special subvarieties. The conjecture that all Hodge classes are
absolute Hodge predicts that every special subvariety is absolutely special. We prove
this prediction for subvarieties satisfying a certain monodromy condition.
The second part introduces an `-adic analog of special subvarieties that we call
`-Galois special subvarieties. We study the properties of these subvarieties and discuss
how known and unknown properties of `-Galois special subvarieties are related to the
structure of the `-Galois exceptional locus and to the Mumford-Tate conjecture.
In the third chapter, we prove a Rapoport-Zink type uniformization result for the
moduli space of polarized K3 surfaces and cubic fourfolds. We show that in both
cases, the tube over the supersingular locus of the moduli space is uniformized by an
explicitly described rigid analytic open subvariety of a local Shimura variety of
orthogonal type.
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Introduction

Algebraic varieties are geometric objects defined by polynomial equations. The study
of the cohomology of algebraic varieties is an important and active research topic in
mathematics. Even though the definition of these varieties is completely algebraic, the
tools used to analyze their cohomology do not only come from algebraic geometry, but
involve techniques from various fields such as algebraic topology, differential geometry,
arithmetic geometry and number theory. The fact that it touches and relates all these
different fields places the cohomology of algebraic varieties in a central position in
modern mathematics.

When studying algebraic varieties, it is a fundamental observation that their coho-
mology is not merely a vector space, but often carries more structure. The nature of
these structures on the cohomology is as diverse as the different areas of mathematics
they stem from. They range from objects of transcendental origin such as complex
Hodge structures over their analogs in p-adic Hodge theory all the way to arithmetic
objects like `-adic Galois representations of global fields. In general, in view of their
very different flavour, the relations between these structures remain very mysterious.
This is the topic of deep unsolved conjectures such as the Hodge, Tate or Mumford-Tate
conjectures.

The main focus of this thesis lies on the study of the behaviour of the aforementioned
structures in families of algebraic varieties. As we vary the point in the base of the
family, the variation of the additional structures reflects the properties of the fibers. The
manifestation of this concept in Hodge theory is called a variation of Hodge structure.
Mapping a point of the base to the Hodge structure on the cohomology of the fiber at
that particular point defines a period map from the base to a period domain, which
can be understood as a moduli space of Hodge structures. Since Hodge structures live
within the realm of linear algebra, they are much easier to understand than the varieties
themselves. The transcendental origin of the Hodge structure is reflected in the fact that
this period map is not algebraic, but only complex analytic. One of the main questions
of this thesis concerns the interplay between the transcendental nature of the complex
period map and the arithmetic properties of the family. Similarly, there exist p-adic
analytic period maps describing the variation of p-adic analogs of Hodge structures.

Exceptional loci attempt to describe which fibers of a family are easier to understand
than the others when viewed through the lens of a given cohomology theory. The Hodge
theoretic incarnation of this concept is the Hodge locus, and its irreducible components,
the special subvarieties, are among the central objects of the thesis. A main emphasis
of this thesis lies on the study of arithmetic properties of special subvarieties and their
motivic and `-adic analogs.

Let us briefly describe the structure of this introduction. We begin by a reminder
on the different cohomology theories of smooth projective complex varieties and the
formulation of the Hodge, Tate and Mumford-Tate conjecture. We recall how the the-

1



ory of motives for absolute Hodge cycles attempts to mediate between the different
cohomology theories. This is the content of Section 0.1. In Section 0.2 we discuss vari-
ational aspects for families of varieties. We define variations of Hodge structure and
`-adic étale local systems as realizations of these families in Hodge theory and étale
cohomology, and recall how period maps describe the behaviour of cohomology in a
family. Finally, in Section 0.3 we survey what is known about exceptional loci in three
different incarnations: Hodge theoretic, `-adic and motivic.

0.1 Motives and their realizations

To a smooth projective variety X over C one can assign various cohomology groups:

(i) Betti cohomology Hn
B(X,Q) := Hn

sing(X(C),Q);

(ii) étale cohomology Hn
ét(X,Q`) := lim←−rH

n
ét(X,Z/`rZ)⊗Z` Q`;

(iii) de Rham cohomology Hn
dR(X/C) := Hn(X,Ω•X/C).

There are natural comparison isomorphisms

Hn
B(X,Q)⊗Q Q`

∼= Hn
ét(X,Q`) and Hn

B(X,Q)⊗Q C ∼= Hn
dR(X/C)

between these vector spaces (cf. [AGV71], Exposé XI; [Gro66]).
The starting point of Hodge theory is the observation that Hn

B(X,Q) is not merely
a Q-vector space, but carries more structure.

Definition 0.1.1. A pure Q-Hodge structure of weight n is a finite dimensional Q-
vector space V together with a decomposition of C-vector spaces

V ⊗Q C =
⊕
p+q=n

V p,q

such that V p,q = V q,p.

In general, by a pure Q-Hodge structure we mean a finite direct sum of pure Q-
Hodge structures of different weight in the sense of the above definition. A Z-Hodge
structure is a finite free Z-module VZ together with a Q-Hodge structure on VZ ⊗Z Q.

The Hodge decomposition

Hn
B(X,Q)⊗Q C =

⊕
p+q=n

Hp,q(X)

makes Hn
B(X,Q) into a Q-Hodge structure of weight n. The pieces Hp,q(X) have an

interpretation in terms of Dolbeault cohomology: Hp,q(X) ∼= Hq(X,Ωp
X/C).

A Q-Hodge structure of weight n is completely determined by the Q-vector space V
together with the Hodge filtration F • of V ⊗Q C defined by F p =

⊕
i≥p V

i,n−i. In the
geometric case, the Hodge filtration on Hn

B(X,Q)⊗Q C ∼= Hn
dR(X/C) is induced by the

stupid filtration on the de Rham complex Ω•X/C.
The étale cohomology ofX also carries more structure. The variety X can be defined

over a finitely generated subfield K ⊂ C, and then the absolute Galois group Gal(K̄/K)
acts on Hn

ét(XK̄ ,Q`) by functoriality. Here K̄ denotes the algebraic closure of K inside
C.
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We want to emphasize that these two additional structures are of very different
nature. The Hodge structure comes from the interplay between singular cohomology of
the underlying complex manifold X(C) and the theory of differential forms. In contrast
to that, the Galois action on étale cohomology is an arithmetic object, living in the
world of `-adic Galois representations.

We denote by Q(n) the Hodge structure of weight −2n with underlying vector space
V := (2πi)nQ and decomposition VC = V −n,−n. For a Hodge structure W of weight
m, the Tate twist W (n) := W ⊗Q Q(n) is a Hodge structure of weight m − 2n. For a
Galois representation W we denote by W (n) the Tate twist defined by tensoring with
the n-th power of the cyclotomic character.

The additional datum of a Hodge structure or a Galois representation singles out
certain distinguished cohomology classes.

Definition 0.1.2. (i) A Hodge class of H2n
B (X,Q)(n) is a class α ∈ H2n

B (X,Q)(n)
that lies in the (0, 0)-piece of the Hodge decomposition.

(ii) A Tate class of H2n
ét (XK̄ ,Q`)(n) is a class α ∈ H2n

ét (XK̄ ,Q`)(n) which is fixed by
a finite index subgroup of Gal(K̄/K).

Remark 0.1.3. The fact that we consider finite index subgroups of Gal(K̄/K) makes
the definition of Tate classes independent of the choice of the finitely generated field of
definition K ⊂ C.

The following two wide open conjectures stress the significance of the additional
structure on cohomology.

Conjecture 0.1.4 (Hodge conjecture). The Hodge classes of H2n
B (X,Q)(n) are pre-

cisely the classes of Q-linear combinations of algebraic cycles on XK̄ of codimension
n.

Conjecture 0.1.5 (Tate conjecture). The Tate classes of H2n
ét (XK̄ ,Q`)(n) are precisely

the classes of Q`-linear combinations of algebraic cycles on XK̄ of codimension n.

These two conjectures suggest that both the Hodge structure as well as the `-adic
Galois representation contain profound geometric information about the variety X,
namely they can detect the classes of algebraic cycles. We remark that for the Tate
conjecture it is essential to consider a finitely generated field K.

0.1.1 The Mumford-Tate conjecture

It is often beneficial to reformulate the information provided by these structures in
a group-theoretic way. Tannakian categories are the natural framework for such a
formulation.

Pure Hodge structures form a Q-linear Tannakian category Q − HS with fiber
functor the forgetful functor to the category VectQ of Q-vector spaces. For a pure
Hodge structure V , we define the Mumford-Tate group GV of V to be the Tannaka
group of the Tannakian subcategory 〈V 〉⊗ generated by V . In the case that V admits
a polarization, which we will always assume, the group GV is a connected reductive
group over Q.

Remark 0.1.6. A Hodge structure on V can also be interpreted as a morphism h of real
algebraic groups from the Deligne torus S = ResC/RGm to GL(VR). In this formulation,
the Mumford-Tate group is the smallest algebraic Q-subgroup of GL(V ) whose real
points contain the image of h.
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For an alternative description, denote by V ⊗ :=
⊕

i,j≥0 V
⊗i ⊗ (V ∨)⊗j the direct

sum of all tensor constructions formed out of V and its dual Hodge structure V ∨. Let
H ⊂ V ⊗ denote the set of Hodge classes. Then GV is the subgroup of GL(V ) defined
by fixing the tensors in H. Recall that according to our definition, Hodge classes only
exist in weight zero. This is not a problem since V ⊗ has many summands of weight
zero, even if V is not itself of weight zero. We will often fix a degree n and denote
the Mumford-Tate group of the Q-Hodge structure Hn

B(X,Q) (or its primitive part
Hn
B(X,Q)prim) simply by GX .
On the `-adic side, we define RepQ`Gal(K̄/K) to be the Tannakian category of con-

tinuous `-adic Gal(K̄/K)-representations with the natural forgetful functor to VectQ` .
We let G`,X denote the identity component of the Tannaka group of the Tannakian
subcategory 〈Hn

ét(XK̄ ,Q`)〉⊗ generated by the Galois representation on the étale coho-
mology of XK̄ . We call G`,X the `-adic algebraic Galois group of X. More concretely,
if ρ : Gal(K̄/K) → GL(Hn

ét(XK̄ ,Q`)) denotes the Galois representation, G`,X is the
identity component of the Zariski closure of the image of ρ.

Remark 0.1.7. (i) Taking the identity component makes the definition of the group
G`,X independent of the choice of the finitely generated field of definition K, as
remarked in ([Moo17a], Remarks 2.2.2).

(ii) The group G`,X is sometimes called the algebraic monodromy group, but we use
a different terminology to distinguish it from the algebraic monodromy group of a
family of varieties.

We warn the reader that it is not known in general whether the group G`,X is reduc-
tive. This is equivalent to the conjectural semisimplicity of the Galois representation
which is sometimes stated as part of the Tate conjecture (and in fact implied by it, see
[Moo19]).

Conjecture 0.1.8 (Mumford-Tate conjecture). The isomorphism GL(Hn
B(X,Q)) ⊗Q

Q`
∼= GL(Hn

ét(XK̄ ,Q`)) induced by Artin’s comparison isomorphism identifies the groups

GX ⊗Q` = G`,X .

Together, the Hodge conjecture and the Tate conjecture imply the Mumford-Tate
conjecture, since these conjectures predict that both groups should coincide with the
group fixing the classes of algebraic cycles on XK̄ . Intuitively, the Mumford-Tate con-
jecture states that the Hodge structure and the `-adic Galois representation contain
the same information, except for a base change to Q`. The fact that the groups GX
and G`,X come from very different origins is the cause of the importance as well as the
difficulty of the conjecture.

0.1.2 Motives for absolute Hodge cycles

Given the very heterogeneous nature of the different cohomology theories and their
additional structure, one hopes for a theory that unifies and can mediate between the
various cohomology theories. In light of the Hodge and Tate conjecture, it is natural
to expect that algebraic cycles should play a central role in this theory. Such a the-
ory, where algebraic cycles act as morphisms in a certain category, was envisioned by
Grothendieck under the name of motives. However, in order to prove that this cate-
gory of motives has the desired properties, one runs into delicate questions on algebraic
cycles, Grothendieck’s standard conjectures, most of which are still unsolved today.
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Nevertheless, there have been definitions of rather well-functioning replacements for
Grothendieck’s category of motives, in which one replaces algebraic cycles by closely
related, but better behaved concepts such as absolute Hodge cycles (Deligne in [Del82])
or motivated cycles (André in [And96b]). We will follow Deligne’s approach of motives
for absolute Hodge cycles, which we will now recall.

For a smooth projective variety X over C, conjugation by an automorphism σ ∈
Aut(C/Q) defines a new smooth projective variety Xσ = X ×C,σ SpecC.

The automorphism σ induces isomorphisms between the algebraically defined coho-
mology theories

σ∗dR : H2n
dR(X/C)(n)

∼→ H2n
dR(Xσ/C)(n)

and
σ∗ét : H2n

ét (X,Af )(n)
∼→ H2n

ét (Xσ,Af )(n).

Definition 0.1.9 ([Del82], §2). A Hodge class α ∈ H2n
B (X,Q)(n) is called absolute

Hodge if for every σ ∈ Aut(C/Q), the conjugated de Rham and étale components

σ∗dR(αdR) ∈ H2n
dR(Xσ/C)(n)

and
σ∗ét(αét) ∈ H2n

ét (Xσ,Af )(n)

are induced by a single Hodge class in H2n
B (Xσ,Q)(n).

Remark 0.1.10.

(i) Since conjugation by σ ∈ Aut(C/Q) maps algebraic cycles on X to algebraic cycles
on Xσ, every algebraic cycle gives rise to an absolute Hodge class.

(ii) Suppose X is defined over a subfield K ⊂ C. Then Gal(K̄/K) acts on the set
CnAH(XC) of absolute Hodge classes through a finite quotient ([Del82], Proposition
2.9). In particular, the étale component αét ∈ H2n

ét (XK̄ ,Af )(n) of an absolute
Hodge class α ∈ H2n

B (X,Q)(n) is fixed by a finite index subgroup of Gal(K̄/K),
and is thus a Tate class. We denote by CnAH,K(X) the set of absolute Hodge classes
fixed by Gal(K̄/K).

Replacing algebraic cycles by absolute Hodge cycles, Deligne formulated the follow-
ing weaker version of the Hodge conjecture.

Conjecture 0.1.11 (Hodge classes are absolute Hodge, [Del82]). Every Hodge class
α ∈ H2n

B (X,Q)(n) is absolute Hodge.

We remind the reader of the definition of motives for absolute Hodge cycles. For a
more detailed discussion we refer to [DM82]. For smooth projective varieties X and Y
over a field K ⊂ C, we define the absolute Hodge correspondences of degree r to be

CorrAH(X,Y ) := Cr+nAH,K(X × Y ) ⊂ H2r+2n
B (XC × YC,Q)(r + n)

if X is of pure dimension n, and in general by the direct sum

CorrAH(X,Y ) :=
⊕
i

CorrAH(Xi, Y )

over the irreducible components Xi of X.
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Consider the category with an object h(X) for every smooth projective variety X
over K, and morphisms

Hom(h(X), h(Y )) := Cor0
AH,K(X,Y ).

The category MAH
K of motives for absolute Hodge cycles is constructed out of this

category by taking the pseudo-abelian envelope and inverting the Lefschetz motive.
More concretely, a motive has the form h(X, e, n), where X is a smooth projective
variety over K, the element e ∈ Cor0

AH,K(X,X) is an idempotent absolute Hodge
correspondence and n ∈ Z. Morphisms in MAH

K are given by

Hom(h(X, e, n), h(Y, f,m)) = f ◦ Corm−nAH,K ◦ e.

Intuitively, a motive is a part of the cohomology of a smooth projective variety cut out
by an idempotent absolute Hodge correspondence, and then modified by a Tate twist.

After suitably modifying the commutativity constraint, the category MAH
K is a Q-

linear semisimple Tannakian category with fiber functor

$B : MAH
K → VectQ;

h(X, e, n) 7→ e(H∗B(XC,Q))(n).

This Betti fiber functor naturally factors through the category of pure Q-Hodge
structures, giving a functor

HB : MAH
K → Q−HS. (1)

Assuming the standard conjectures, the Hodge conjecture is equivalent to the fully
faithfulness of the realization functor from Grothendieck motives over C to Q-Hodge
structures ([And04], Proposition 7.2.1.3). Similarly, Conjecture 0.1.11 that all Hodge
classes are absolute Hodge is equivalent to the fully faithfulness of the functor (1) in the
case K = C. In particular, a motive should be completely determined by its associated
Q-Hodge structure, which is purely a linear algebra object.
Remark 0.1.12. By our convention, we consider K as a subfield of C via a chosen
embedding K ⊂ C. In general, there is a Betti fiber functor $σ

B for every embedding
σ : K ↪→ C.

For a smooth projective variety X, we write h(X) := h(X, id, 0). Since the Künneth
components of X ×X are absolute Hodge classes, there is a decomposition

h(X) =
⊕
n≥0

hn(X)

in the category MAH
K .

Similarly, for a closed subvariety X ⊂ Pm, one can make use of the fact that the Lef-
schetz operator is absolute Hodge to define a motive hn(X)prim whose Betti realization
is primitive cohomology Hn

B(XC,Q)prim.
Let us discuss the `-adic realization. The process of assigning to a smooth projective

variety X over K its étale cohomology H∗ét(XK̄ ,Q`) extends to a functor

$` : MAH
K ⊗Q Q` → VectQ` .

The observation that absolute Hodge classes are Tate classes (Remark 0.1.10(ii)) shows
that it factors through a functor

H` : MAH
K ⊗Q Q` → RepQ`Gal(K̄/K).

6



If K is finitely generated over Q, we expect the functor H` to be fully faithful. We can
interpret this by saying that conjecturally, the representation of the Galois group of a
finitely generated field uniquely determines a motive, something which is not at all true
for arbitrary fields.

The Tannakian formalism is available for the category of motives for absolute Hodge
cycles. Given a motive M ∈ MAH

C , we look at the smallest Tannakian subcategory
〈M〉⊗ of MAH

C containing M , and define the absolute Mumford-Tate group of M as the
Tannaka group of this subcategory with respect to the restriction of the fiber functor
$B to 〈M〉⊗. Since the category of motives is semisimple, GAHM is a reductive group
over Q (cf. [DM82], Theorem 6.7(h)). It is however not known to be connected.

Remark 0.1.13. The group GAHM is often called the motivic Galois group of M . We use
the different terminology to emphasize the fact that we are working with motives for
absolute Hodge cycles.

When a degree n is fixed, we will simply write GAHX for the absolute Mumford-Tate
group of the motive hn(X) or hn(X)prim for a smooth projective variety X over C,
if it is clear from the context which motive we consider. In this case, we can give a
more explicit description of the group GAHX . Let AH ⊂ Hn

B(X,Q)⊗ denote the set of
absolute Hodge classes. Then GAHX is the subgroup of GL(Hn

B(X,Q)) defined by fixing
the tensors in AH.

Since every absolute Hodge class is both a Hodge and a Tate class, the inclusions
GX ⊂ GAHX and G`,X ⊂ GAHX ⊗Q Q` hold true.

Using the framework of absolute Hodge classes, the Mumford-Tate conjecture follows
from the conjunction of the following two conjectures:

Conjecture 0.1.14 (Hodge classes are absolute Hodge). For every smooth projective
variety X over C, we have the equality GX = GAHX .

Conjecture 0.1.15 (Absolute Mumford-Tate conjecture). For every smooth projective
variety X over C, we have the equality G`,X = GAHX ⊗Q Q`.

These conjectures have the advantage that in both cases we already know one of
the inclusions, whereas none of the inclusions in the statement of the Mumford-Tate
conjecture is known in general. Notice that Conjecture 0.1.14 is simply a reformulation
of Conjecture 0.1.11.

0.1.3 Known results

By work of Deligne, Hodge classes on abelian varieties are known to be absolute Hodge
([Del82], Theorem 2.11). Consequently, Conjecture 0.1.14 is known for abelian vari-
eties, and more generally for abelian motives, i.e. motives that lie in the Tannakian
subcategory generated by motives of abelian varieties (and Artin motives). Interesting
examples of abelian motives include the h2 of a K3 surface (cf. [DM82], Proposition
6.26) and most higher dimensional hyperkähler varieties, as well as Fermat hypersur-
faces. However, the majority of varieties do not have abelian motive. For instance,
except for small dimension and degree, the motive of a very general projective hyper-
surface is not abelian. Outside of the case of abelian motives, essentially nothing is
known concerning Conjecture 0.1.14.

The absolute Mumford-Tate conjecture is open in general even for abelian varieties,
but there are a number of results in the case of abelian motive. Serre proved that
the Mumford-Tate conjecture holds for elliptic curves [Ser72], and for abelian varieties
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of odd dimension with trivial endomorphism ring. It also holds for simple abelian
varieties of prime dimension [Tan87]. Moonen and Zarhin proved that the Mumford-
Tate conjecture holds for abelian varieties of dimension ≤ 5, with the exception of
examples with an isogeny factor of dimension four and trivial endomorphism algebra
[MZ99]. Vasiu has shown that the Mumford-Tate conjecture holds for the abelian
variety A if the adjoint Mumford-Tate group GadA contains no simple factors from a
certain list [Vas08]. Moreover, André proved that the Mumford-Tate conjecture holds
for the h2 of K3 surfaces and many hyperkähler varieties [And96a]. For a more recent
result concerning the full motive of hyperkähler varieties, see [Flo21].

Finally, we mention the result [Moo17b] studying the Mumford-Tate conjecture for
the h2 of varieties with Hodge number h2,0 = 1.

0.2 Families of varieties and period maps

Instead of working with a single variety, it is often helpful to study a family of varieties.
One important reason for this is that working with a family allows the use of monodromy
methods, which provide a powerful tool for the study of absolute Hodge classes.

0.2.1 Families of algebraic varieties

Let f : X → S be a smooth projective morphism between irreducible smooth quasi-
projective algebraic varieties over C. In the relative setting, the Hodge theoretic real-
ization of this family is a Z-variation of Hodge structure.

Definition 0.2.1. A Z-variation of Hodge structure on S is a tuple (VZ,V,∇, F •)
consisting of

(i) a Z-local system VZ on the complex manifold San;

(ii) an algebraic vector bundle V with connection ∇ : V → V ⊗OS Ω1
S whose analytifi-

cation (Van,∇an) is isomorphic to VZ ⊗Z OSan with the holomorphic connection
defined by VZ;

(iii) a decreasing filtration F • of V by algebraic subbundles satisfying the Griffiths
transversality condition ∇F p ⊂ F p−1 ⊗OS Ω1

S;

such that for each point s ∈ S(C), the fiber VZ,s together with the filtration F •s on
Vs = VZ,s ⊗Z C forms a pure Z-Hodge structure.

Given an integer n ≥ 0, the morphism f defines a Z-variation of Hodge structure
by taking the Z-local system to be VZ := Rnf∗ZXan , the algebraic vector bundle to be
V := Rnf∗Ω

•
X/S with its Gauss-Manin connection, and F • the Hodge filtration on V .

We will often simply write VZ for the tuple (VZ,V,∇, F •), and V := VZ ⊗Z Q for the
induced Q-variation of Hodge structure. For each point s ∈ S(C), the fiber Vs together
with the Hodge filtration F •s of Vs = Vs ⊗Q C naturally identifies with the Q-Hodge
structure Hn

B(Xs,Q) of the fiber Xs over s. Hence the Q-variation of Hodge structure
V can be thought of as a family of Hodge structures varying over the base S, which
pointwise interpolates the Hodge structures on the cohomology of the fibers of f . Often,
we will not study the full cohomology, but the subvariation given by its primitive part.
In addition, these variations of Hodge structure, like all variations considered in this
thesis, have the property of being polarizable.
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If f : X → S is defined over a finitely generated subfield K ⊂ C, we get an `-adic
étale local system

L = Rnf∗Q`Xét

over SK as an `-adic realization. After choosing a base point x̄ ∈ S(K̄), we denote
by ρ : πét1 (SK , x̄) → GL(Lx̄) the corresponding monodromy representation of the étale
fundamental group of SK . For every point s̄ ∈ S(C), the fiber Ls̄ of the local system
can be identified with the étale cohomology Hn

ét(Xs̄,Q`) of the fiber Xs̄. If s ∈ S(L) for
a finitely generated extension L of K, and s̄ ∈ S(L) is a geometric point of S lying over
s, then there is an action of Gal(L̄/L) on Ls̄ which coincides with the Galois action
on Hn

ét(Xs̄,Q`). To summarize, the local system L can be viewed as a family of Galois
representations which interpolates the étale cohomology of the fibers of f : X → S.

For every point s ∈ S(C), the fiber Xs is a smooth projective variety over C, and
we have defined various groups describing its Hodge theoretic, motivic and `-adic prop-
erties: the Mumford-Tate group GXs , the absolute Mumford-Tate group GAHXs , and the
`-adic algebraic Galois group G`,Xs . It is natural to ask the following question:

Question 0.2.2. How do these groups vary as we let s vary through S(C)?

To this end, it turns out to be useful to assign group-theoretic information not
only to the points of S, but more generally to all closed irreducible complex algebraic
subvarieties Z ⊂ S. Choose a point z ∈ Z(C).

Definition 0.2.3. (i) The generic Mumford-Tate group GZ of Z is defined to be the
subgroup GZ ⊂ GL(Vz) fixing all generic Hodge tensors over Z, i.e. all global
sections of V⊗ over a finite étale cover of Z which are Hodge classes at every
complex point of Z.

(ii) The generic absolute Mumford-Tate group GAHZ of Z is defined to be the subgroup
GAHZ ⊂ GL(Vz) fixing all generic absolute Hodge tensors over Z, i.e. all global
sections of V⊗ over a finite étale cover of Z which are absolute Hodge classes at
every complex point of Z.

(iii) The generic `-adic algebraic Galois group G`,Z of Z is defined to be the identity
component of the Zariski closure of the image of the monodromy representation

ρZ : πét1 (ZL, z)→ GL(Lz)

restricted to ZL, where L is a finitely generated field of definition for Z.

(iv) The algebraic monodromy group HZ is the identity component of the Zariski clo-
sure of the image of the topological monodromy representation

ρtopZ : πtop1 (Zan, z)→ GL(Vz)

corresponding to the restriction of the Q-local system V to Z.

We remark that if Z = {z} is a point, the definition recovers the groups Gz = GXz ,
GAHz = GAHXz and G`,z = G`,Xz that we had previously defined for the variety Xz. Thus
we see that these groups contain a lot more information than the algebraic monodromy
group, which is just trivial in the case of a point.

The following important principle due to Deligne shows that absolute Hodge classes
behave well in families.
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Theorem 0.2.4 (Principle B; [Del82], Theorem 2.12). Let ξ be a global section of V⊗
over S such that ξs is an absolute Hodge class for some point s ∈ S(C). Then ξt is an
absolute Hodge class for every t ∈ S(C).

Often Principle B allows us to reduce the question of determining whether a Hodge
class on a fiber of f : X → S is absolute Hodge to the same question on a different
fiber, where it might be easier to prove. It also shows that in the definition of the
generic absolute Mumford-Tate group, it is enough to require that the global section is
an absolute Hodge class at one point of Z.

0.2.2 Period maps

The information provided by the variation of Hodge structure V can be conveniently
encoded (at least after possibly replacing S by a finite étale cover) by a complex analytic
period map

Φ : San → X := Γ\D.

Here D is a homogeneous space for the group GS(R) that can be thought of as a
parameter space for Hodge structures of the appropriate type with Mumford-Tate group
contained in GS , and Γ ⊂ GS(R) is a discrete subgroup containing the image of the
monodromy representation of the local system V. More precisely, D is a connected
component of a GS(R)-orbit of a Hodge cocharacter hS : S → GS,R. The target X =
Γ\D of the period map is a purely group-theoretical object called a Hodge variety in
[Kli17].

This period map has been of crucial importance in Hodge theory since its introduc-
tion by Griffiths, but has gained even more attention through recent developments in
Hodge theory. Let us mention here the establishing of tameness properties of the period
map in terms of o-minimal geometry [BKT20], the study of functional transcendence
statements such as the Ax-Schanuel theorem (cf. [BT19]), and the latest results on
typical and atypical intersections [BKU21] that will play an important role later.

Unfortunately, in general the space Γ\D is merely a complex analytic space, and the
period map merely a complex analytic map, and hence is not well-suited for studying
arithmetic properties. A notable exception is the case where the variation V comes
from a family of abelian varieties, or more generally a family of varieties whose motives
are of abelian type. In this case, D is a hermitian symmetric space and the quotient
Γ\D is a connected component of a Shimura variety, and thus has the structure of a
quasi-projective algebraic variety defined over a number field ([Del79], 2.7.21). By a
result of Borel, in this setting the period map Φ is also algebraic (cf. [Bor72]). For
S = Ag the moduli space of principally polarized abelian varieties of dimension g, the
period map is even an isomorphism, giving a purely group-theoretical description of the
moduli space in terms of a uniformization

Ag ∼= Γ\D.

Another important example for a family of abelian motives is the moduli space M2d of
polarized K3 surfaces of degree 2d. The Torelli theorem for K3 surfaces states that the
period map

Φ : M2d,C → Γ\D

is an open immersion of algebraic varieties (cf. [PŠ71]), and the image can be explicitly
described ([Huy16], Remark 6.3.7). We will provide more details on the K3 case later,
see Section 0.6.
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In the general case, Griffiths transversality imposes severe restrictions on the image
of the period map, so that outside of the case of families of abelian motives, it will be
very far from being surjective.

In trying to study arithmetic properties of families of varieties, one could expect
a more arithmetic version of the period map to play a similar role as the complex
period map for the Hodge theoretic study. There exist p-adic variants of the complex
period map, but they come with different caveats. For example, there is an analog
of complex uniformization for Shimura varieties which are moduli spaces of abelian
motives. However, in general this so-called Rapoport-Zink uniformization does not
provide a uniformization of the entire Shimura variety. Instead, one first introduces a
stratification of the special fiber S of an integral model S of the Shimura variety, the
so-called Newton stratification. The uniformization describes the rigid analytic tube
Shb over the basic stratum S

b, the unique closed stratum in the special fiber. As
shown by Rapoport-Zink [RZ96], and generalized by Kim and Shen ([Kim18], [She20])
there is a uniformization

Shb ∼=
∐
g

Γg\M

by a finite disjoint union of quotients of a local Shimura variety M (cf. [SW20])
parametrizing modifications of G-torsors on the Fargues-Fontaine curve, which can be
thought of as p-adic analogs of Hodge structures (cf. [Far18], §5). The groups Γg are
discrete subgroups of a p-adic Lie group Jb(Qp) acting on the local Shimura variety
M. Apart from the basic locus, there are also uniformization results for other isogeny
strata. The reason for the obstruction to the existence of a globally defined p-adic
uniformization seems to be the fact that in this case the "monodromy groups" Γg are
groups of self-isogenies of abelian varieties with extra structure (or of abelian motives),
and these groups vary a lot between the different isogeny strata. Indeed, in the absence
of (crystalline) monodromy, for example on p-adic residue disks, p-adic period maps
exist more generally, and [LV20] gives an example of their utility for the arithmetic
study of families of varieties. In Section 0.6 we construct a p-adic period map for the
moduli space of polarized K3 surfaces with supersingular reduction, and compute its
image to obtain a p-adic uniformization of this part of the moduli space.

An important exception to the above discussion is the Hodge-Tate period map,
introduced in [Sch15] and [CS17], which is globally defined. However, this period map
has the property that it has large fibers, which can be positive dimensional even in the
case of Shimura varieties. Hence, while it led to spectacular advances in the Langlands
program, it seems less suitable for studying families of motives, as it looses too much
information.

0.3 Exceptional loci and special subvarieties

For a smooth projective family f : X → S defined over a finitely generated field K ⊂ C,
the following vaguely formulated question is of great interest:

Question 0.3.1. For which points s ∈ S(C) is the fiber Xs "simpler" than the "generic"
fiber?
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More concretely, we define the following three subsets as different incarnations of
this question:

(i) the Hodge locus HLS = {s ∈ S(C) |Gs ( GS};

(ii) the absolute Hodge locus AHLS = {s ∈ S(C) |GAHs ( GAHS };

(iii) the `-Galois exceptional locus `−GalLS = {s ∈ S(C) |G`,s ( G`,S}.

By definition, the Hodge locus HLS is the locus of points s ∈ S(C) such that the
Hodge structure of the fiber Xs allows more Hodge tensors than there are generically
over S. Similarly, the absolute Hodge locus is the locus of points whose fibers admit
more absolute Hodge tensors than the generic ones over S. The `-Galois exceptional
locus is the locus of points s ∈ S(C) such that the Galois representation corresponding
to the cohomology of the fiber Xs has smaller image than the Galois representation
at the generic point of S, in the sense that the image will be contained in a proper
algebraic subgroup of G`,S . Intuitively, this should translate to the fact that there are
more Tate tensors at the point s than there are generically, but again the fact that we
do not know G`,s to be reductive prevents us from making this precise.

Deligne’s conjecture 0.1.14 that Hodge classes are absolute Hodge and the absolute
Mumford-Tate conjecture 0.1.15 predict that all three loci should in fact be equal. More
precisely, assuming the Hodge and Tate conjecture, these loci are equal to the set of
points s ∈ S(C) where exceptional algebraic cycles occur in the fiber Xs (or some power
of it). As observed by Weil, imposing the existence of an exceptional algebraic cycle
corresponds to an algebraic condition in the base S, and therefore the above loci should
form a countable union of closed algebraic subvarieties of S. In addition, as the family
f : X → S is defined over K, these subvarieties should be defined over the algebraic
closure K̄, and their union should be stable under the action of Gal(K̄/K). Let us give
two examples to illustrate the situation.

Example A. Let S = Y0(1) be the modular curve, and E → S the universal elliptic
curve. Really, this universal elliptic curve exists only after passing to a finite étale cover
of S by adding level structures, but we will ignore this issue here. In this case the
generic Mumford-Tate group is GS = GL2, and Gs is properly contained in GL2 if and
only if the corresponding elliptic curve has complex multiplication, in which case Gs is
a torus splitting over an imaginary quadratic field. We conclude that HLS is the set
of CM points of the modular curve, indeed a countable union of algebraic subvarieties
defined over number fields. Since the relevant conjectures are known for elliptic curves,
we have HLS = AHLS = `−GalLS .

More generally, if S = Ag is the Siegel modular variety, then it is known that HLS is
a countable union of algebraic subvarieties defined over Q̄. In addition, Deligne’s result
for Hodge classes on abelian varieties shows that HLS = AHLS . However, except for
small g it is not known whether `−GalLS = AHLS .

Example B. Assume n ≥ 3, d ≥ 5, (n, d) 6= (4, 5) and let S = Md,n be the moduli
space of smooth projective hypersurfaces of degree d in Pn+1 over Q. Again, we should
really consider a finite étale cover in order to have a fine moduli space and a universal
family f : X → S. We want to consider the middle primitive cohomology Hn

prim. One
can show that GS is either a special orthogonal or symplectic group, but little is known
about the structure of the three loci and their relation to each other.

Using the general fact that we have inclusions Gs ⊂ GAHs and G`,s ⊂ GAHs ⊗Q` one
can show that AHLS is contained both in HLS and ` − GalLS . In the following, we
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want to discuss what is known about the three loci HLS , ` − GalLS and AHLS , and
the above Example B will often serve as an illustrative example.

Due to the different origins of the groups Gs, G`,s and GAHs , the obstacles for proving
the desired properties are very different for the various loci. For example, as one might
expect, the loci AHLS and `−GalLS are much more tractable for arithmetic questions,
whereas complex analytic methods and the period map play an important role in the
study of the Hodge locus HLS .

0.3.1 The Hodge locus

The most important tool in the study of the Hodge locus is the period map

Φ : San → X := Γ\D.

Recall that D is a connected component of a GS(R)-orbit of a Hodge cocharacter hS :
S→ GS,R. More generally, a pair (G,DG) consisting of a reductive group G over Q and
a connected component DG of a G(R)-conjugacy class of some h : S → GR is called
a (connected) Hodge datum ([Kli17], 3.1). A morphism of Hodge data (G,DG) →
(G′,DG′) is a morphism of groups G → G′ over Q mapping DG to DG′ . The image
of DG in D for such a morphism of Hodge data (G,DG) → (GS ,D) is called a special
subvariety of D, and its projection to the quotient Γ\D that we will denote by XG

a special subvariety of the Hodge variety X. The special subvariety XG is a closed
analytic subvariety of X. Note however that XG does not only depend on the group G,
but also on the morphism of Hodge data.

For any point s ∈ S(C) with Gs ( GS , there is a morphism of Hodge data
(Gs,DGs)→ (GS ,D) such that Φ(s) lands in the corresponding special subvariety XGs .
Consequently, the Hodge locus HLS is the union of the preimages under Φ of the strict
special subvarieties of the Hodge variety X = Γ\D.

Theorem 0.3.2 ([CDK95], [BKT20]). The preimage Φ−1(XG) of a special subvariety
XG ⊂ X is a finite union of irreducible algebraic subvarieties of S.

The irreducible components of Φ−1(XG) are called special subvarieties of S. Thus
the Hodge locus is the union of all strict special subvarieties of S.

The preimage of XG under Φ is clearly a closed analytic subvariety of S, and can
be thought of as cut out by the condition that certain tensors defined by G are Hodge
tensors. The previous theorem is a celebrated result of Cattani-Deligne-Kaplan, who
showed that this is in fact an algebraic condition, as predicted by the Hodge conjecture.
More recently, a new proof was given in [BKT20], where the strategy is to establish
that the period map (and therefore also Φ−1(XG)) is "tame", namely definable in an o-
minimal structure. Using a result of Peterzil-Starchenko (cf. [PS09]), one can conclude
that a closed analytic subvariety of S which is definable is in fact algebraic. Since there
are only countably many special subvarieties of X, one can conclude:

Corollary 0.3.3. The Hodge locus HLS is a countable union of closed algebraic sub-
varieties of S.

It follows from Theorem 0.3.2 that we have the following equivalent definition of
special subvarieties:

Definition 0.3.4 ([KO21], Definition 1.2). A special subvariety of S is a closed ir-
reducible algebraic subvariety Z ⊂ S which is maximal among the closed irreducible
algebraic subvarieties Y ⊂ S with the property that the generic Mumford-Tate group GY
of Y equals GZ .
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In view of the previous discussion, the question remains whether special subvarieties
are defined over K̄. Saito-Schnell proved in [SS16] that this is indeed the case once the
special subvariety in question contains a single K̄-point. There is also a result of Voisin
under very strong assumptions on the variation V (cf. [Voi06], Theorem 0.6). In general,
such arithmetic questions about special subvarieties seem very hard to answer due to
the transcendental nature of the period map.

Recently, Klingler, Otwinowska and Urbanik proved a general result for special
subvarieties subject to the following monodromy condition:

Definition 0.3.5 ([KOU20], Definition 1.10). A closed irreducible algebraic subvariety
Z ⊂ S is called weakly non-factor if it is not contained in a closed irreducible algebraic
subvariety Y ⊂ S such that HZ is a strict normal subgroup of HY .

Theorem 0.3.6 ([KOU20], Theorem 1.12). Let Z ⊂ S be a special subvariety which
is weakly non-factor. Then Z is defined over K̄ and its Gal(K̄/K)-conjugates are also
special subvarieties.

Weakly non-factor subvarieties arise quite naturally, as the following example shows:

Corollary 0.3.7 ([KOU20], Corollary 1.13). Suppose that GadS is simple. Then every
maximal special subvariety of positive period dimension is defined over K̄, and its Galois
conjugates are special.

Here an irreducible closed subvariety Z ⊂ S is called of positive period dimension if
HZ 6= 1, which is equivalent to saying that the period map Φ does not contract Z to a
point. If the period map happens to be an immersion, as it is the case in Example B,
this is equivalent to Z being positive dimensional.

If we denote by HLpos the Hodge locus of positive period dimension, i.e. the union
of all strict special subvarieties of positive period dimension, it follows that under the
simpleness assumption on the adjoint generic Mumford-Tate group, HLpos is defined
over K̄ and stable under Gal(K̄/K). For example, this applies to Example B above,
since in this case GadS is simple. However, as the proof in [KOU20] crucially uses
monodromy methods, the strategy cannot be applied to obtain the same statement for
the full Hodge locus. In fact, they prove that the question concerning fields of definition
of special subvarieties can be reduced to the case of special points ([KOU20], Corollary
1.14).

We proceed to survey the recent work on the distribution of the Hodge locus. Using
the period map, one can understand the special subvarieties of S as intersections of the
group-theoretically defined special subvarieties of Γ\D with the image Φ(San) of the
period map. For the structure of the Hodge locus, it turns out to be essential whether
these intersections are typical or atypical.

Definition 0.3.8 ([BKU21], Definition 1.8). A special subvariety Z ⊂ S is called atyp-
ical if

codimΓ\D Φ(Zan) < codimΓ\D Φ(San) + codimΓ\D ΓZ\DZ .

Otherwise, it is called typical.

Here ΓZ\DZ is the special subvariety of Γ\D attached to the morphism of Hodge
data defined by the inclusion GZ ⊂ GS .
Remark 0.3.9. In fact, one has to modify this definition slightly in case the image of Z
is contained in the singular locus of Φ(San) ([BKU21], Definition 4.2).
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The distinction between typical and atypical special subvarieties already occurred
in important conjectures for Shimura varieties such as the André-Oort and Zilber-Pink
conjectures, and was introduced for general variations of Hodge structure by Klingler
in [Kli17]. We want to shortly discuss the recent advances in this area obtained in
[BKU21].

Denote by HLatyp (resp. HLtyp) the union of all strict atypical (resp. typical)
special subvarieties of S. ([BKU21], Theorem 2.10) shows that if HLtyp is non-empty,
then the Hodge locus is dense in S, even for the analytic topology. Quite to the contrary,
the atypical Hodge locus HLatyp is always conjectured to be a finite union of irreducible
closed algebraic subvarieties ([BKU21], Conjecture 1.10). The level of the variation of
Hodge structure V is, roughly speaking, the maximal number k such that the Hodge
structure on the Lie algebra of the adjoint generic Mumford-Tate group GadS has a non-
trivial part of type (−k, k). Thus, the level is one for families of abelian varieties or
K3 surfaces, whereas we expect it to be two for a sufficiently general family of surfaces.
Baldi-Klingler-Ullmo prove that strict typical special subvarieties exist only in the cases
of level one or two, whereas for higher level, all strict special subvarieties are atypical.

Theorem 0.3.10 ([BKU21], Theorem 2.3). If V is of level ≥ 3, then HLtyp = ∅, and
thus HL = HLatyp.

They proceed to prove the positive dimensional part of the conjecture on atypical
intersections.

Theorem 0.3.11 ([BKU21], Theorem 2.1 and Theorem 2.6). Suppose that GadS is sim-
ple.

(i) The union HLpos,atyp of all atypical special subvarieties of positive period dimen-
sion is a finite union of atypical special subvarieties of S.

(ii) Consequently, for V of level at least three, the Hodge locus HLpos of positive period
dimension is a finite union of special subvarieties of S.

In Example B we chose (n, d) in such a way that the level of V is ≥ 3, so that the
Hodge locus of positive period dimension is in fact a closed algebraic subvariety of S,
known to be defined over Q by Corollary 0.3.7. In contrast to that, in Example A the
variation V is of level one and all its special subvarieties are typical, as is the case for
all Shimura varieties. Thus the Hodge locus is dense in this example.

Once again, as for the issue of fields of definition, the case of special points in general
variations seems to be unapproachable by current methods. For instance, it remains
a famous open question whether the set of CM points on the mirror quintic family of
Calabi-Yau threefolds is finite (since CM points are atypical in this case, this would be
implied by the conjecture ([BKU21], Conjecture 1.10) on atypical intersections).

For a more detailed survey of these recent developments, we refer to Klingler’s ICM
article [Kli21].

0.3.2 The `-Galois exceptional locus

The absence of a suitable globally defined `-adic variant of the period map makes the
study of the `-Galois exceptional locus ` − GalLS of quite a different nature than the
one of the Hodge locus. We shall limit ourselves to the presentation of a few results
from the literature, which concern the points of `−GalLS defined over finite extensions
of K. Firstly, it follows from a result of Serre that for sufficiently large d, there are
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infinitely many `-Galois generic points (meaning points outside of ` − GalLS) defined
over extensions of degree less or equal to d ([Ser97], 10.6). Notice that for the Hodge
locus, being a countable union of algebraic subvarieties, it is not clear a priori whether
there exist any points defined over K̄ outside of HLS . In the special case that S is
a curve, there is the following remarkable and much stronger result of Cadoret and
Tamagawa:

Theorem 0.3.12 ([CT13], Theorem 1.1). Suppose the base S is a smooth, geometrically
connected curve over K. Then for all d ≥ 1, the set Exc≤d of points in `−GalLS defined
over extensions of K of degree ≤ d is finite.

Note that it is essential to bound the degree of the field extension in the theorem,
as shown by the density of CM points in the modular curve (Example A).

As can be seen from the previous section, such finiteness statements for points on
a curve seem to be out of reach by the current Hodge theoretic methods, which only
apply well to subvarieties of positive period dimension. On the other hand, it seems
unclear how to generalize Theorem 0.3.12 to bases of higher dimension.

0.3.3 The absolute Hodge locus

Replacing absolute Hodge cycles by his notion of motivated cycles, André proved in
([And96b], Théorème 5.2) that the exceptional locus for motivated cycles is a countable
union of closed algebraic subvarieties defined over K̄. We will see that the same can
be shown for the absolute Hodge locus (cf. Section 0.4). Morally, the results on the
absolute Hodge locus are easier to obtain than the ones for HLS and `−GalLS , since
the notion of absolute Hodge cycle allows the usage of methods of Hodge theory and
arithmetic at the same time, as it encodes information from both fields.
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Summary of results

The main aim of this thesis is to study arithmetic properties of families of algebraic
varieties and period maps, with an emphasis on families outside of the well-studied case
of Shimura varieties. It consists of three parts describing three different facets of this
story: motivic, `-adic and p-adic. The concept of special subvarieties plays a central
role in this investigation, and unifies all parts of this thesis.

In the first part, we will define the notion of absolutely special subvarieties as a
"motivic" analog of the notion of special subvarieties in the framework of motives for
absolute Hodge cycles. We will justify the results [KOU20] of Klingler-Otwinowska-
Urbanik on the fields of definition of special subvarieties by showing that the special
subvarieties they consider are absolutely special, that is, special in a motivic sense, and
give new examples.

The second part investigates an `-adic analog of special subvarieties that we call
`-Galois special subvarieties, studies their properties and their relation to special sub-
varieties. We will see that in certain cases, this makes the tools from Hodge theory
described in Section 0.3.1 available for obtaining results on the structure of the `-Galois
exceptional locus, and how known and conjectural properties of `-Galois special subva-
rieties are related to the Mumford-Tate conjecture.

Finally, we give a new example of p-adic uniformization in the case of the moduli
space of polarized K3 surfaces and cubic fourfolds. As discussed above, there is no p-adic
uniformization of the entire moduli space, but only of the tube over the supersingular
locus in the reduction. We show that this tube is uniformized by an explicit open
subvariety in a local Shimura variety of orthogonal type. Special subvarieties are used
to describe the complement of the image of the period map in an orthogonal type
Shimura variety, and transfer this description to the p-adic setting.

0.4 Absolutely special subvarieties and absolute Hodge cy-
cles

If one believes in the philosophy of motives, special subvarieties should be a Hodge
theoretic incarnation of a more general motivic phenomenon. This motivic formulation
should be able to explain the properties of special subvarieties which are difficult to grasp
from the perspective of Hodge theory, such as their conjectural arithmetic properties.

It turns out that Definition 0.3.4 is the definition that can be transferred best to
the framework of motives for absolute Hodge cycles, simply by replacing the generic
Mumford-Tate group GZ by the generic absolute Mumford-Tate group GAHZ .

Definition 0.4.1 (Definition 1.0.4). A closed irreducible algebraic subvariety Z ⊂ S
is called absolutely special if it is maximal among the closed irreducible algebraic sub-
varieties Y ⊂ S with the property that the generic absolute Mumford-Tate group GAHY
equals GAHZ .
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Remark 0.4.2. In fact, to stay in a purely Hodge theoretic context, in Chapter 1 of
this thesis we will use a notion of dR-absolute Hodge cycle that only incorporates the
de Rham and not the étale components (cf. Definition 1.2.4). We will ignore this
distinction in this summary.

Using Deligne’s Principle B for absolute Hodge cycles ([Del82], Theorem 2.12), one
can show that every absolutely special subvariety is a special subvariety.

In addition, since absolute Hodge classes satisfy an invariance property under the
action of Aut(C/Q), for every such automorphism σ ∈ Aut(C/K) the conjugated sub-
variety Zσ ⊂ S is also absolutely special. Together with the observation that there are
only countably many special subvarieties, this implies that an absolutely special subva-
riety is defined over K̄, and all its Gal(K̄/K)-conjugates are again absolutely special.
This confirms the expectation that the motivic nature of the absolute Mumford-Tate
group GAHZ ensures that absolutely special subvarieties enjoy all the good arithmetic
properties that are conjectured to hold for all special subvarieties.

Of course, Deligne’s conjecture that all Hodge classes are absolute Hodge immedi-
ately implies:

Conjecture 0.4.3 (Conjecture 1.0.5). Any special subvariety Z ⊂ S is absolutely spe-
cial.

We prove this conjecture for the kind of subvarieties considered in [KOU20], see
Definition 0.3.5.

Theorem 0.4.4 (Theorem 1.0.7). Let Z ⊂ S be a special subvariety which is weakly
non-factor. Then Z is absolutely special.

Corollary 0.4.5 (Corollary 1.0.8). Suppose that the adjoint group GadS is simple. Let
Z ⊂ S be a maximal strict special subvariety of positive period dimension. Then Z is
absolutely special.

In particular, this implies the result of [KOU20] that these special subvarieties are
defined over K̄ and their Galois conjugates are special. It should be mentioned that
Theorem 0.4.4 grew out of the author’s attempt to understand whether there is a motivic
explanation for ([KOU20], Theorem 1.12). In light of Theorem 0.4.4, it can be said that
the reason for the special subvarieties considered in [KOU20] to be defined over K̄ is
that they are special in a motivic sense, namely in the sense of Definition 0.4.1.

We give more examples of absolutely special subvarieties:

Theorem 0.4.6 (Theorem 1.0.11). Suppose that GadS is simple and the variation of
Hodge structure V is of level ≥ 2. If Z ⊂ S is a maximal atypical special subvariety of
positive period dimension, then Z is absolutely special.

Theorem 0.3.10 shows that this gives new information compared to Corollary 0.4.5
only in level two, where the typical Hodge locus can be non-empty. For most examples
of level one, such as families of abelian varieties or K3 surfaces, it is known by Deligne’s
work that Hodge classes are absolute Hodge.

Similarly as the Hodge locus is the union of all strict special subvarieties, the absolute
Hodge locus AHLS is the union of all strict absolutely special subvarieties. If we denote
by AHLpos the union of all strict absolutely special subvarieties of positive period
dimension, it follows from Corollary 0.4.5 that:

Corollary 0.4.7. If GadS is simple, then HLpos = AHLpos.
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Again, this applies to the situation of Example B, hence telling us that the desired
equality of loci holds on their positive parts. Once more, the question whether special
points are absolutely special seems completely out of reach.

Recall that special subvarieties of S where initially defined as irreducible components
of preimages of special subvarieties in the Hodge variety under the period map. For
a closed irreducible subvariety Z ⊂ S, we can associate to the inclusion GAHZ ⊂ GAHS
an inclusion of Hodge data (GAHZ ,DAHZ ) ↪→ (GAHS ,DAH), and thus a special subvariety
XAH
Z ⊂ XAH := Γ\DAH . Then we have the following characterization of absolutely

special subvarieties using the period map:

Proposition 0.4.8 (Proposition 1.3.6). The subvariety Z is absolutely special if and
only if it is an analytic irreducible component of the preimage Φ−1(XAH

Z ) of XAH
Z under

the period map.

Thus, in terms of local equations, an absolutely special subvariety Z is really cut
out by the absolute Hodge tensors fixed by GAHZ .

It is natural to ask how strong Conjecture 0.4.3 is in comparison to the question
whether all generic Hodge tensors on Z are absolute Hodge, i.e. GZ = GAHZ . We prove
the following:

Proposition 0.4.9 (Proposition 1.0.9). Let Z ⊂ S be an absolutely special subvariety.
Then there does not exist a closed irreducible algebraic subvariety Y ⊂ S containing Z
such that

GZ ( GY ⊂ GAHZ .

Hence while we cannot prove that the group GZ is as large as predicted by the
conjecture that Hodge classes are absolute Hodge, namely equal to GAHZ , there is no
larger subgroup of GAHZ that can be realized as the generic Mumford-Tate group of a
subvariety containing Z. Thus, rather than being a group-theoretical condition, being
absolutely special is really a condition about subvarieties in the base S.

We expect therefore that Conjecture 0.4.3 is particularly strong in situations where
the geometry of the base S is tightly related to the group-theoretic properties of the
Hodge variety, that is, for typical intersections.

Theorem 0.4.10 (Theorem 1.0.10). Suppose that GS = GAHS . If Z is an absolutely
special subvariety which is typical, then the special subvarieties of the Hodge variety
X = Γ\D associated with GZ and GAHZ have the same dimension.

Unfortunately, Theorem 0.3.10 tells us that typical special subvarieties do not occur
in the most interesting case of level greater or equal to three. In this general case, we
can only bound the difference of dimensions using the so-called Hodge codimension of
Z (cf. Theorem 1.0.10).

In addition to functional transcendence, one also studies arithmetic transcendence
properties of the period map Φ : San → Γ\D. If the family f : X → S is defined over
Q̄, there is the notion of Q̄-bialgebraic subvarieties. These are subvarieties defined over
Q̄ in the base S which are also in a suitable sense the preimage under Φ of an algebraic
variety defined over Q̄ in the target of the period map. It is conjectured ([Kli21], 4.1)
that the Q̄-bialgebraic subvarieties of S are exactly the special subvarieties. While this
is known to be true for Shimura varieties of abelian type, neither of the implications is
known in general. We give a first partial result for general variations of Hodge structure.

Theorem 0.4.11 (Theorem 1.0.12). Suppose GadS is simple. Then a maximal strict
Q̄-bialgebraic subvariety Z ⊂ S of positive period dimension is absolutely special.
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We remark that in general this question is closely related to the Grothendieck period
conjecture. As a last part, we show that many of the conjectures discussed in this section
can be reduced to the case of special points (cf. Theorem 1.0.15).

0.5 `-Galois special subvarieties and the Mumford-Tate con-
jecture

Considering the importance of special subvarieties for the understanding of the Hodge
locus, we would like to introduce an `-adic version of this concept. Intuitively, this
should amount to looking at subvarieties defined by the existence of certain Tate tensors.
Due to the lack of the existence of an `-adic period map, the initial definition of special
subvarieties using the period map cannot be transferred to this setting. Instead, we will
modify Definition 0.3.4 to define `-adic analogs of special subvarieties.

Definition 0.5.1 (Definition 2.0.7). A closed irreducible algebraic subvariety Z ⊂ S is
called `-Galois special if it is maximal among the closed irreducible algebraic subvarieties
Y ⊂ S with the property that the generic `-adic algebraic Galois group G`,Y equals G`,Z .

It follows directly from this definition that the `-Galois exceptional locus `−GalLS is
the union of all strict `-Galois special subvarieties of S. A priori, this is not a particularly
meaningful information since every subset of S(C) can be written as a union of algebraic
subvarieties. However, we prove the following:

Theorem 0.5.2 (Corollary 2.2.6). Any `-Galois special subvariety Z ⊂ S is defined
over K̄, and its Gal(K̄/K)-conjugates are again `-Galois special subvarieties.

The main argument here is that we can identify G`,Z with the identity component
of the Zariski closure of the image of the Galois representation at the generic point of
Z, and thus the group G`,Z does not change when we pass from a subvariety Z to its
K̄-Zariski closure.

Theorem 0.5.3 (Theorem 2.0.13). The `-Galois exceptional locus `−GalLS is a count-
able union of closed algebraic subvarieties defined over K̄, and stable under the action
of Gal(K̄/K).

It is certainly obvious from the definition that `−GalLS is stable under Aut(C/K),
but the fact that it is a countable union of algebraic subvarieties seems to be a lot
less trivial without the notion of `-Galois special subvarieties. We emphasize that the
countability of the `-Galois special subvarieties comes from the countability of K̄, while
the countability of the special subvarieties follows from the observation that the set of
possible Hodge classes is countable.

We turn to the question of equality of the exceptional loci. The Mumford-Tate
conjecture implies that the `-Galois special subvarieties of S are precisely the special
subvarieties of S. We prove this conjecture in a special case.

Theorem 0.5.4 (Theorem 2.0.11). For a weakly non-factor subvariety Z ⊂ S, the
following are equivalent:

(i) the subvariety Z is special;

(ii) the subvariety Z is absolutely special;

(iii) the subvariety Z is `-Galois special for all `.
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Define the `-Galois exceptional locus ` − GalLpos of positive period dimension to
be the union of all strict `-Galois special subvarieties of S which are of positive period
dimension.

Corollary 0.5.5 (Theorem 2.0.14). Suppose GderS is simple. Then

HLpos = AHLpos = `−GalLpos.

Hence the desired equality of the various loci holds for their positive parts. Corollary
0.5.5 allows us to use methods from Hodge theory to study the locus `−GalLpos. For
instance, Theorem 0.3.11 shows:

Corollary 0.5.6 (Corollary 2.3.6). Suppose that GderS is simple and the level of the
variation of Hodge structure V is greater or equal to three. Then `−GalLpos is a finite
union of `-Galois special subvarieties.

Applied to the situation of Example B, this enables us to prove that the absolute
Mumford-Tate conjecture 0.1.15 holds for many smooth projective hypersurfaces defined
over finitely generated transcendental extensions of Q.

Theorem 0.5.7 (Theorem 2.0.15). Suppose that n ≥ 3, d ≥ 5 and (n, d) 6= (4, 5).
There exists a dense open subvariety U ⊂ Md,n defined over Q such that the absolute
Mumford-Tate conjecture 0.1.15 for Hn

prim holds for all points x ∈ U(C) \ U(Q̄).

Remark 0.5.8. The Theorem holds in greater generality, the crucial assumptions are the
simpleness of GderS , the fact that the level of V is greater or equal to three, and a local
Torelli property of the period map (compare Theorem 2.3.9(ii)).

The subvariety U in Theorem 0.5.7 is precisely the complement of ` − GalLpos,
which is an algebraic subvariety by Corollary 0.5.6. We remark that we cannot prove
the analogous result for the Mumford-Tate conjecture or the conjecture that Hodge
classes are absolute Hodge, since we do not know whether the special points are defined
over Q̄. Thus we can only say that these conjectures hold for all but countably many
points x ∈ U(C).

It is a guiding principle of the previous discussion that we have some understanding
of `-Galois special subvarieties of positive period dimension, whereas the case of `-Galois
special points remains very mysterious. Indeed, we prove that the issue of identifying
the `-Galois special points in the moduli space Ag is equivalent to the Mumford-Tate
conjecture for principally polarized abelian varieties of dimension g.

Theorem 0.5.9 (Theorem 2.0.16). The following are equivalent:

(i) The Mumford-Tate conjecture holds for all (principally polarized) abelian varieties
of dimension g;

(ii) Every `-Galois special subvariety of Ag is special;

(iii) Every `-Galois special point x ∈ Ag(Q̄) is a CM point.

We want to emphasize that while the Mumford-Tate conjecture usually concerns
the interplay between Hodge structures and `-adic Galois representations, in part (iii)
of Theorem 0.5.9 the Hodge theory is completely out of the picture. For example,
by Faltings’ result on endomorphisms of abelian varieties (cf. [Fal83]), one can also
characterize the CM points of Ag as the points x ∈ Ag(Q̄) such that G`,x is a torus.
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Unfortunately, it is not purely a question on `-adic Galois representations either,
but rather about the interplay of `-adic Galois representations and the Zariski topology
of Ag. The appearance of the Zariski topology comes from the fact that we defined the
`-Galois special subvarieties as the maximal algebraic subvarieties with a given generic
`-adic algebraic Galois group. The interplay between the Zariski topology and Hodge
theory is well understood by the theorem [CDK95] of Cattani-Deligne-Kaplan. It is
this theorem which lies at the heart of the equivalence of the two definitions of special
subvarieties, as it shows that the special subvarieties as defined using the period map
are actually algebraic.

We therefore formulate a conjectural more explicit description of `-Galois special
subvarieties. Due to the non-existence of a global `-adic period map, this conjecture
only describes the complete local ring ÔZ,x of an `-Galois special subvariety Z at a point
x ∈ Z(Q̄). We restrict ourselves to the case where f : X → S is a family of abelian
varieties defined over Q̄ (mainly to ensure that G`,Z is reductive).

There is a local period map
Φ̂x : Ŝx → F̂y

to the completion of a flag variety F at a point y ∈ F(Q̄) recording the infinitesimal
variation of the Hodge filtration around x. We define a flag variety F`,Z ⊂ F attached to
a de Rham incarnation of the group G`,Z defined via Fontaine’s `-adic BdR-comparison
isomorphism.

Conjecture 0.5.10 (Conjecture 2.0.18). If Z ⊂ S is an `-Galois special subvariety,
then Ẑx is an irreducible component of the preimage Φ̂−1

x ( ̂(F`,Z)y) of the completion of
F`,Z under the period map.

The conjecture says that in terms of local equations, an `-Galois special subvariety Z
is defined by requiring that the de Rham tensors corresponding to the étale tensors fixed
by G`,Z under Fontaine’s isomorphism stay in the zeroth piece of the Hodge filtration.
Since special subvarieties have such a local description, Conjecture 0.5.10 is implied by
the Mumford-Tate conjecture.

Conversely, we prove:

Theorem 0.5.11 (Theorem 2.0.20). Conjecture 0.5.10 for S = Ag implies the Mumford-
Tate conjecture for principally polarized abelian varieties of dimension g.

The proof uses that the local period map Φ̂x is an isomorphism for S = Ag, and
thus the dimension of an `-Galois special subvariety Z coincides with the dimension of
the flag variety F`,Z . We prove that this dimension is zero exactly if G`,Z is a torus,
which implies the Mumford-Tate conjecture for abelian varieties by Theorem 0.5.9.

0.6 p-adic uniformization of the moduli space of polarized
K3 surfaces

In the third part of the thesis, we give a new example for p-adic uniformization of
moduli spaces, in the case of polarized K3 surfaces and cubic fourfolds. Due to the
fact that the motive of these varieties is of abelian type (cf. [And92], Théorème 7.1),
this uniformization will be closely related to the one for a Shimura variety of abelian
type. However, there are some new features showing up compared to previous p-adic
uniformization results, so that this example can be viewed as a first instance outside of
the case of Shimura varieties.
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We choose a prime number p such that p - 2d and an integer n = qr ≥ 3 which is
the power of a prime number q 6= p. Let M2d,n,Z(p)

denote the moduli space of polarized
K3 surfaces of degree 2d over Z(p) with level-n structure. To illustrate the analogy of
the p-adic situation with the complex one, we recall the complex uniformization of the
moduli space of polarized K3 surfaces. Since we are in the case of a family of abelian
motives, the complex period map

ΦC : M2d,n,C → Gn(Z)\D

is a morphism of algebraic varieties to a Shimura variety Shn,C = Gn(Z)\D of abelian
type. The period domain D is a moduli space of Hodge structures of the type occur-
ring from the primitive cohomology H2

B(X,Q)prim of a complex polarized K3 surface
X. Such a Hodge structure is completely determined by the one-dimensional subspace
H2,0(X) ⊂ H2

B(X,C)prim and therefore

D = {x ∈ P(Λd ⊗ C)|〈x, x〉 = 0, 〈x, x〉 > 0} ⊂ P(Λd ⊗ C)

is an open analytic subvariety of the algebraic variety parametrizing isotropic lines in
the complexification Λd,C := Λd ⊗ C of the primitive K3 lattice. The lattice Λd is the
orthogonal complement of a class λ of square 2d in the K3 lattice Λ := E8(−1)⊕2⊕U⊕3.
Mapping a polarized K3 surface X with a level-n structure to the line H0,2(X) ⊂
H2
B(X,C)prim gives a point of D which is well-defined up to the action of the congruence

subgroup Gn(Z) ⊂ G(Z) = {g ∈ SO(Λ) | gλ = λ} consisting of the elements that reduce
to the identity modulo n. The image in the quotient Gn(Z)\D is thus well-defined, and
this quotient is a Shimura variety attached to the orthogonal group G := SO(Λd,Q) of
signature (2, 19).

By the global Torelli theorem for K3 surfaces [PŠ71], the period map ΦC is an open
immersion. In order to get a uniformization of M2d,n,C, one must therefore describe the
image of the period map. Denoting by ∆(Λd) := {δ ∈ Λd | δ2 = −2} the set of roots of
the primitive K3 lattice Λd, it makes sense to talk about the divisor

δ⊥ ⊂ P(Λd,C)

for each δ ∈ ∆(Λd). The complement D◦ := D \
⋃
δ∈∆(Λd) δ

⊥ of these divisors as δ runs
through the roots of Λd is the complement of what is called an arithmetic arrangement
of hyperplanes. The period map induces an isomorphism

M2d,n,C ∼= Gn(Z)\D◦

(cf. [Huy16], Remark 6.3.7). The quotient on the right hand side is well-defined as the
δ⊥ are permuted under the action of G(Z). Note however that the action of G(R) on D
does not preserve the open subspace D◦, and it is not a Hermitian symmetric domain.

The Hodge structures corresponding to points in the complement D \ D◦ admit an
integral class of square −2 in

H2,0(X)⊥ = H1,1(X)prim ⊂ H2
B(X,C)prim.

By the Lefschetz (1, 1)-theorem, this corresponds to the existence of a line bundle of
square −2 orthogonal to the polarization, which contradicts the ampleness of the po-
larization. One can show that the existence of such a (−2)-class is the only obstruction
for a point in D to be the Hodge theoretic realization of a polarized K3 surface.
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Contrary to the case of general period maps, in the K3 case the period map is
algebraic, and even fits into an arithmetic framework. Namely, the Shimura variety
Shn,C which is the target of the period map is naturally defined over Q, and under
our assumptions on p it admits an integral canonical model Sn defined over Z(p) (cf.
[Kis10]). One can show that the period map ΦC descents to a morphism over Q, and
extends to an open immersion

ϕ : M2d,n,Z(p)
↪→ Sn

over Z(p) (cf. [Riz10]; [MP15], Corollary 4.15). This suggests that the p-adic uni-
formization for the moduli space of polarized K3 surfaces should be closely related to
the uniformization of the Shimura variety Sn. As indicated in Section 0.2.2, we cannot
expect to have a p-adic uniformization of the whole moduli space. Instead, we look at
the supersingular locus M2d,ss,n ⊂ M2d,n,F̄p in the reduction. Recall that a K3 surface
X over F̄p is called supersingular if its Neron-Severi group has the maximal possible
rank 22 (cf. [Shi79], [Art74]). In this case, the group NS(X) generates the entire coho-
mology, and the lattice NS(X) can be used as a replacement for the integral structure
on the cohomology, and thus for the lattice Λ in the complex case.

Denote by M ss
2d,n,Q̆p

the rigid analytic space over Q̆p, the fraction field of the ring

of Witt vectors W := W (F̄p), which is the tube over the supersingular locus M2d,ss,n.
It is defined as the rigid analytic generic fiber of the completion of M2d,n,W along the
supersingular locus. We get a rigid analytic period map

ϕrig : M ss
2d,n,Q̆p

↪→ Iφ(Q)\M×G(Apf )/Kp
n

by composing the map induced by ϕ with the Rapoport-Zink uniformization for the
tube over the basic locus of the Shimura variety Sn. The rigid analytic space M is
a local Shimura variety for the group GQp in the sense of [SW20]. It can be viewed
as a moduli space of modifications of G-bundles on the Fargues-Fontaine curve (cf.
[SW20], Proposition 23.3.1), an object introduced by Fargues and Fontaine unifying
many important constructions in p-adic Hodge theory. As described in ([Far18], §5),
one can think of these modifications as a form of p-adic Hodge structures. In analogy
to the action of G(R) on D, there is a p-adic Lie group Jb(Qp) acting onM. The group
Iφ(Q) is a discrete subgroup of Jb(Qp) × G(Apf ). In our case, Iφ(Q) = SO(Nd,Q) can
be interpreted as the special orthogonal group of the primitive part of the Neron-Severi
group Nd,Q := NS(X)Q,prim of a polarized supersingular K3 surface X over F̄p.

On the special fiber, there is an open immersion of perfect schemes

ϕ : M
perf
2d,ss,n ↪→ Iφ(Q)\XG

µ (b)×G(Apf )/Kp
n (2)

over F̄p. Here XG
µ (b) is an affine Deligne-Lusztig variety for the group GQp , that can

also be described in purely group-theoretic terms. This variety XG
µ (b) is related toM

through a continuous specialization map sp : M → XG
µ (b). We remark that the right

hand side of (2) can be written as a disjoint union
∐
g Γg\XG

µ (b), where g runs through
a set of representatives of the finite double coset Iφ(Q)\G(Apf )/Kp

n. Similarly,

Iφ(Q)\M×G(Apf )/Kp
n =

∐
g

Γg\M.

In order to give a p-adic uniformization for M ss
2d,n,Q̆p

, we describe the image of the
period map (2) in combinatorial terms.
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In analogy to the complex case, we first define a set of roots

∆g ⊂ ∆(Nd,Q) := {δ ∈ Nd,Q | δ2 = −2}.

Attached to δ ∈ ∆g we have a suitably defined subset Zδ ⊂ XG
µ (b)(F̄p). We define an

open subvariety X◦g ⊂ XG
µ (b) with F̄p-points

X◦g (F̄p) = XG
µ (b)(F̄p) \

⋃
δ∈∆g

Zδ.

Let M◦g := sp−1(X◦g ) denote the open rigid analytic subvariety of M defined as the
preimage of X◦g under the specialization map.

Theorem 0.6.1 (Theorem 3.0.2). Assume p > 18d+4. The moduli space of primitively
polarized K3 surfaces of degree 2d with supersingular reduction admits a Rapoport-Zink
type uniformization

M ss
2d,n,Q̆p

∼=
∐
g

Γg\M◦g. (3)

The image of a polarized supersingular K3 surface over F̄p lies in the complement
of X◦g ⊂ XG

µ (b) if and only if there exists a class of square −2 in its integral Neron-
Severi group which is orthogonal to the polarization. Again, this is impossible since it
contradicts the ampleness of the polarization.

Let us point out the differences of the p-adic uniformization (3) in comparison to the
usual Rapoport-Zink uniformization for Shimura varieties ([RZ96], [Kim18], [She20]).
Firstly, it is interesting to observe that the group Jb(Qp) acting onM does not preserve
the subspace M◦g, and thus M◦g only carries an action of the discrete subgroup Γg ⊂
Jb(Qp), and not of the full p-adic Lie group Jb(Qp). Secondly, in the finite disjoint
union (3), the spacesM◦g vary with g. This comes from the fact that the image of the
period map for polarized K3 surfaces inside the Shimura variety of orthogonal type is
not stable under Hecke correspondences.

We give a similar p-adic uniformization result for the moduli space of cubic fourfolds
with supersingular reduction, cf. Theorem 3.0.4.
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Chapter 1

Absolutely special subvarieties and
absolute Hodge cycles

Abstract

We introduce the notion of dR-absolutely special subvarieties in absolute variations of
Hodge structure as special subvarieties cut out by (de Rham-)absolute Hodge cycles
and conjecture that all special subvarieties are dR-absolutely special. This is implied
by Deligne’s conjecture that all Hodge cycles are absolute Hodge cycles, but is a much
weaker conjecture. We prove our conjecture for subvarieties satisfying a simple mon-
odromy condition introduced in [KOU20]. We study applications to typical respectively
atypical intersections and Q̄-bialgebraic subvarieties. Finally, we show that Deligne’s
conjecture as well as ours can be reduced to the case of special points.

Introduction

Let f : X → S be a smooth projective morphism of smooth (irreducible) quasi-
projective algebraic varieties over C. For any integer k ≥ 0 the k-th primitive cohomol-
ogy of this family gives rise to a polarizable Q-variation of Hodge structure (V,V,∇, F •),
where V = Rkprimf

an
∗ Q is a Q-local system on San, (V = Rkprimf∗Ω

•
X/S ,∇) is the associ-

ated algebraic vector bundle with flat connection and F • is the Hodge filtration of the
family. We will usually drop the additional data from the notation and simply denote
the variation of Hodge structure by V. Let Z ⊂ S be a closed irreducible subvariety.
After choosing a point s ∈ Z(C), one defines the generic Mumford-Tate group GZ of
Z as the subgroup of GL(Vs) defined by the condition that it fixes all generic Hodge
tensors on Z (a different choice of s defines a conjugated subgroup).

The variation V gives rise to interesting algebraic subvarieties of S, the so-called
special subvarieties of S.

Definition 1.0.1 ([KO21], Definition 1.2). A closed irreducible subvariety Z ⊂ S is
called special for V if it is maximal among the closed irreducible algebraic subvarieties
of S having the same generic Mumford-Tate group as Z.

Thus special subvarieties are varieties which are cut out by Hodge cycles. Although
the definition of Hodge cycles is purely analytic, the Hodge conjecture asserts that
all Hodge cycles come from algebraic cycles. We therefore expect that Hodge cycles,
seen as classes in the algebraic vector bundle V , are preserved under algebraic field
automorphisms of C. This motivates the definition of absolute Hodge cycles by Deligne.
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For any automorphism σ ∈ Aut(C/Q) we can form the conjugate Sσ := S ⊗C,σ C. The
projection defines a map σ−1 : S ⊗C,σ C→ S. Similarly as above, from the conjugated
family fσ : Xσ → Sσ we obtain a variation of Hodge structure (Vσ,Vσ,∇σ, F •,σ).
The fact that de Rham cohomology can be defined algebraically provides comparison
isomorphisms

ισ : (Vσ,∇σ, F •,σ) ∼= σ−1∗(V,∇, F •)
of the algebraic filtered vector bundles with connection over Sσ. We call a collection
of variations of Hodge structure (Vσ)σ satisfying the above comparison an absolute
variation of Hodge structure. An absolute variation of Hodge structure over S is called
of geometric origin if it arises from a smooth projective family f : X → S as above.
When given an absolute variation of Hodge structure, following Deligne, one can define
a notion of dR-absolute Hodge tensor as a Hodge tensor α ∈ V⊗s such that, for any
σ ∈ Aut(C/Q), the σ-conjugate of the de Rham component of α comes from a Hodge
tensor in (Vσsσ)⊗ via the comparison isomorphism ισ.
Remark 1.0.2. The notion of absolute Hodge cycle introduced in Deligne’s work [Del82]
is stronger than the version we use here, in the sense that his notion includes a condition
on the `-adic components of Hodge cycles as well. Here we only consider de Rham
absolute Hodge cycles in the terminology of ([Voi06], Definition 0.1). In the following,
we will write dR-absolute Hodge for this notion.

For a subvariety Z ⊂ S we define the generic dR-absolute Mumford-Tate group
GAHZ to be the subgroup of GL(Vs) defined by the condition that it fixes all generic
dR-absolute Hodge tensors over Z.

Since the Hodge conjecture asserts that all Hodge cycles come from algebraic cycles,
and an automorphism σ ∈ Aut(C/Q) maps algebraic cycles to algebraic cycles, the
Hodge conjecture implies that all Hodge cycles are dR-absolute Hodge.

Conjecture 1.0.3 ([Del82]). All Hodge cycles are dR-absolute Hodge, i.e. GZ = GAHZ .

Suppose the family f : X → S is defined over a number field K. Then the filtered
vector bundle with connection (V,∇, F •) is also defined over K. In this case, we call
the absolute variation a Q̄-absolute variation. It is evident from the definition that the
de Rham comparison induces a canonical isomorphism

GAHZ ⊗Q C ∼= GAHZσ ⊗Q C

of group schemes over Q. Therefore, assuming Conjecture 1.0.3, if Z ⊂ S is special
then Zσ ⊂ Sσ is also a special subvariety for every σ. Hence Deligne’s conjecture 1.0.3
together with the fact that there are only countably many special subvarieties implies
that special subvarieties are defined over Q̄ and all of their finitely many Gal(Q̄/K)-
conjugates are again special.

Still, Deligne’s conjecture is much stronger: as explained in ([Voi06], Lemma 1.4),
it is equivalent to the statement that the locus of Hodge classes in the algebraic vector
bundle V is defined over Q̄ and its Galois conjugates are also contained in the locus of
Hodge classes. We will now formulate a much weaker conjecture which still implies the
definability of special subvarieties over Q̄.

The group-theoretic nature of Definition 1.0.1 invites us to make a variant of it,
replacing the generic Mumford-Tate group by the generic dR-absolute Mumford-Tate
group.

Definition 1.0.4 (see Definition 1.3.1). A closed irreducible algebraic subvariety Z
is called dR-absolutely special if it is maximal among the closed irreducible algebraic
subvarieties of S with generic dR-absolute Mumford-Tate group GAHZ .
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In particular, we can think of dR-absolutely special subvarieties as subvarieties cut
out by dR-absolute Hodge cycles (this is literally true, see the interpretation in terms
of period maps in Proposition 1.3.6).

Note that dR-absolutely special subvarieties satisfy all the good arithmetic prop-
erties that are conjectured to hold for all special subvarieties: they are defined over
number fields, and their Galois translates are again special subvarieties.

Deligne’s conjecture 1.0.3 immediately implies

Conjecture 1.0.5. If Z ⊂ S is a special subvariety, then Z is dR-absolutely special.

Except for Deligne’s proof in the case of (families of) abelian varieties ([Del82],
Theorem 2.11), Conjecture 1.0.3 seems completely out of reach, and we have very little
knowledge about the existence of dR-absolute Hodge cycles in general variations. Con-
sidering that, it is perhaps surprising that we can prove Conjecture 1.0.5 in a number
of cases. We do so for subvarieties which satisfy a simple monodromy condition intro-
duced in [KOU20]. For a closed irreducible subvariety Z ⊂ S we define the algebraic
monodromy group HZ as the connected component of the identity of the Zariski closure
of the image of the monodromy representation ρZ : π1(Zan, s)→ GL(Vs) corresponding
to the restriction of the local system V to Zan.

Definition 1.0.6 ([KOU20], Definition 1.10). A closed irreducible subvariety Z ⊂ S is
called weakly non-factor if it is not contained in a closed irreducible Y ⊂ S such that
HZ is a strict normal subgroup of HY .

Theorem 1.0.7 (see Corollary 1.3.10). Assume Z ⊂ S is a special subvariety which is
weakly non-factor. Then Z is dR-absolutely special.

This justifies the result ([KOU20], Theorem 1.12) that weakly non-factor special
subvarieties are defined over Q̄ and their Galois conjugates are special. Examples of
weakly non-factor special subvarieties were given in ([KOU20], Corollary 1.13). An
irreducible subvariety Z is called of positive period dimension if HZ 6= 1, or equivalently,
the image of Z under the period map is not a point.

Corollary 1.0.8 (see Corollary 1.3.12). Suppose that the adjoint group GadS is simple.
Let Z ⊂ S be a strict special subvariety which is of positive period dimension and
maximal for these properties. Then Z is dR-absolutely special.

One might wonder about the difference between Conjecture 1.0.5 and Deligne’s
conjecture that Hodge classes are dR-absolute Hodge. We want to emphasize the idea
that Conjecture 1.0.5 is a more geometric statement than Conjecture 1.0.3. While
Deligne’s conjecture predicts that there is no group G with GZ ( G ⊂ GAHZ , Conjecture
1.0.5 only implies a corresponding geometric statement, namely that no such group G
can arise as the generic Mumford-Tate group of a closed irreducible algebraic subvariety
Y containing Z.

Proposition 1.0.9 (see Proposition 1.3.3). Let Z be dR-absolutely special. Then there
does not exist a closed irreducible algebraic subvariety Y ⊃ Z with the property

GZ ( GY ⊂ GAHZ .

The above philosophy suggests that Conjecture 1.0.5 is particularly strong in situa-
tions where the geometry of Z is very closely related to the group-theoretic properties of
the period domain. These cases are known in Hodge theory as typical intersections (cf.
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[BKU21], Definition 1.4). In Definition 1.4.4 we introduce an integer δAH(Z), called
the absolute Hodge defect of Z, which measures the difference of the dimensions of
the Mumford-Tate domains attached to GZ and GAHZ . Conjecture 1.0.3 predicts that
δAH(Z) = 0 for all subvarieties Z. We show in Theorem 1.4.5 that the absolute Hodge
defect can be bounded in terms of the Hodge codimension of S and Z as introduced in
([BKU21], Definition 4.1). This shows that the closer Z is to being a typical intersection,
the stronger Conjecture 1.0.5 becomes in relation to Conjecture 1.0.3.

Theorem 1.0.10 (see Theorem 1.4.5). Assume that GS = GAHS , i.e. all generic Hodge
cycles on S are dR-absolute Hodge. Let Z be a dR-absolutely special subvariety. Then

δAH(Z) ≤ Hcd(S)−Hcd(Z).

In particular, if Z is a typical special subvariety then δAH(Z) = 0.

Let us give a few applications of dR-absolutely special subvarieties. First we use a
recent result of Baldi-Klingler-Ullmo (cf. [BKU21], Proposition 2.4) to give new exam-
ples of dR-absolutely special subvarieties. The level of a variation of Hodge structure
V as defined in ([BKU21], Definition 3.13) is a measure for the length of the Hodge
filtration on the Lie algebra of the adjoint generic Mumford-Tate group.

Theorem 1.0.11 (see Theorem 1.4.9). Suppose GadS is simple and the level of V is
greater or equal to two. Then any maximal atypical special subvariety Z ⊂ S of positive
period dimension is dR-absolutely special.

As a generalization of ([UY11], Theorem 1.4) one conjectures (cf. [Kli21], 4.1) that
Q̄-bialgebraic subvarieties in a Q̄-absolute variation of Hodge structure of geometric
origin are special (see Definition 1.4.15 for a definition of Q̄-bialgebraic subvarieties).
We prove that this is indeed the case for maximal Q̄-bialgebraic subvarieties of positive
period dimension in case the adjoint group of GS is simple.

Theorem 1.0.12 (see Theorem 1.4.18). Suppose GadS is simple. Let Z ⊂ S be a
strict maximal Q̄-bialgebraic subvariety of positive period dimension. Then Z is a dR-
absolutely special subvariety (and in particular a special subvariety).

We define a class of motivic variations of Hodge structure as those absolute variations
which look as if they come from geometry.

Definition 1.0.13. An absolute variation of Hodge structure (Vσ)σ on S is called a
motivic variation of Hodge structure if there exists a dense open subvariety U ⊂ S such
that for all points x ∈ U(C), the collection of Hodge structures (Vσxσ)σ together with their
comparison isomorphisms is the realization of a motive for dR-absolute Hodge cycles. A
Q̄-absolute variation of Hodge structure with this property is called Q̄-motivic variation
of Hodge structure.

Remark 1.0.14. We refer to ([DM82], §6) for the construction of the category of motives
for absolute Hodge cycles. Again, we consider a variant of it, using only dR-absolute
Hodge cycles. Every absolute variation of geometric origin is an example of such a
motivic variation.

It is reasonable to expect that Deligne’s Conjecture 1.0.3, and therefore also Con-
jecture 1.0.5 should hold for subvarieties in Q̄-motivic variations. As a final application,
we use monodromy arguments to show that these conjectures for Q̄-absolute variations
of geometric origin can be reduced to the case of special points in Q̄-motivic variations.
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Theorem 1.0.15 (see Theorem 1.4.22).

(i) Suppose Deligne’s conjecture 1.0.3 holds for special points in Q̄-motivic variations.
Then it holds for all subvarieties in Q̄-absolute variations of geometric origin.

(ii) Suppose that Conjecture 1.0.5 holds for special points in Q̄-motivic variations.
Then it holds for all special subvarieties in Q̄-absolute variations of geometric
origin.

(iii) Suppose that special points in Q̄-motivic variations are defined over Q̄ and all their
Galois conjugates are special. Then the same holds for all special subvarieties in
Q̄-absolute variations of geometric origin.

(iv) Suppose that all Q̄-bialgebraic points in Q̄-motivic variations are dR-absolutely
special. Then all Q̄-bialgebraic subvarieties in Q̄-absolute variations of geometric
origin are dR-absolutely special.

Remark 1.0.16. The part of Theorem 1.0.15(iii) concerning definability over Q̄ was
already proven in ([KOU20], Corollary 1.14), but the part on Galois conjugates was left
open, cf. ([KOU20], Remark 3.5).

Notations. All varieties are assumed to be reduced. Unless stated otherwise, by a
subvariety Z of a complex algebraic variety S we mean a closed irreducible complex
algebraic subvariety. If S is defined over a number field K ⊂ C and Z is defined over an
extension L ofK, we denote by ZL the associated L-variety. If a distinction is necessary,
we will refer to Z considered as a complex variety by ZC = ZL ⊗L C. Throughout this
thesis, by a Hodge cycle we mean a (0, 0)-cycle.

1.1 Variations of Hodge structure and special subvarieties

In this section we recall fundamental facts from Hodge theory that will be used through-
out the chapter. Let S be a smooth irreducible quasi-projective algebraic variety over
C, and VZ a (pure, polarizable) Z-variation of Hodge structure on S. Denote by
V := VZ ⊗Z Q the associated Q-variation of Hodge structure.

1.1.1 Hodge varieties and special subvarieties

At any point s ∈ S(C) the fiber Vs carries a polarizable Hodge structure. For every
m,n ≥ 0 we define the tensor Hodge structure V⊗(m,n)

s := V⊗ms ⊗ V∨⊗ns and V⊗s :=⊕
m,n≥0 V

⊗(m,n)
s .

To a closed irreducible algebraic subvariety Z ⊂ S one can attach an important
Hodge-theoretic invariant: its generic Mumford-Tate group with respect to the variation
V. After choosing a point s ∈ Z(C), let HZ ⊂ V⊗s be the subspace of those v ∈ V⊗s
satisfying the condition that every parallel transport of v is a Hodge cycle at every point
of Z.

Definition 1.1.1. The generic Mumford-Tate group GZ of Z is defined to be the sub-
group of GL(Vs) fixing the tensors in HZ .

Remark 1.1.2. (i) A priori, our definition of GZ depends on the choice of s ∈ Z(C).
However, as we vary the point s, the associated groups form a local system of
algebraic groups over Z, which shows that the group GZ is independent of the
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choice of s up to monodromy. In fact, for s ∈ Z(C) away from a countable union
of closed algebraic subvarieties we can identify GZ with the Mumford-Tate group
of the Hodge structure Vs. From this we see that GZ is a connected reductive
group over Q.

(ii) The generic Mumford-Tate group GZ is often defined by restricting to the smooth
locus of Z. We show in Remark 1.1.5 that our definition gives the same group.

An important feature of variations of Hodge structure is the fact that they have a
geometric interpretation in terms of period maps: to the variation of Hodge structure
V one can naturally attach a holomorphic period map

Φ : San → Γ\D

with target a so-called Hodge variety. We now recall the most important aspects of this
notion.

Definition 1.1.3 ([Kli17], 3.1).

(i) A (connected) Hodge datum is a pair (G,D) consisting of a reductive group G
over Q and a connected component D of the G(R)-conjugacy class of a Hodge
cocharacter h : S→ GR satisfying the following conditions:

(a) the weight homomorphism w : Gm,R ⊂ S h→ GR is defined over Q and factors
through the center of G,

(b) the involution induced by h(i) is a Cartan involution of GadR .

(ii) A morphism of Hodge data (G,D) → (G′,D′) is a morphism of reductive groups
G→ G′ such that D maps to D′.

Definition 1.1.4 ([Kli17], 3.3).

(i) A (connected) Hodge variety attached to the Hodge datum (G,D) is a quotient
Γ\D of D by an arithmetic subgroup Γ ⊂ G(Q). It is naturally a complex analytic
space, and becomes a complex manifold after possibly replacing Γ by a finite index
subgroup.

(ii) A morphism of Hodge varieties Γ\D → Γ′\D′ is a morphism induced by a mor-
phism of Hodge data (G,D)→ (G′,D′) under which Γ gets mapped to Γ′.

(iii) A special subvariety of a Hodge variety Γ\D is the image of a morphism of Hodge
varieties.

From a variation of Hodge structure V, one can construct (after possibly replacing
S by a finite étale cover) a period map

Φ : San → X := Γ\D,

where (GS ,D) is the generic Hodge datum on S.
Let Z ⊂ S be a closed irreducible subvariety. The inclusion GZ ⊂ GS gives rise to a

morphism of Hodge data (GZ ,DZ)→ (GS ,D), and the image XZ is a special subvariety
of X. Then Φ(Zan) ⊂ XZ and XZ is the smallest special subvariety of X containing
Φ(Zan).
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Remark 1.1.5. We can now justify our definition of the generic Mumford-Tate group in
the following way: Let GZsm be the generic Mumford-Tate group in restriction to the
smooth locus Zsm of Z and XZsm the associated special subvariety of X. Then

Φ(Zsm,an) ⊂ XZsm

and since the smooth locus is dense in Zan (even for the analytic topology) and XZsm

is a closed analytic subspace of X, we get

Φ(Zan) ⊂ XZsm .

From this we see that every generic Hodge tensor on Zsm extends to Z, i.e. GZ = GZsm .

The subvarieties of S which are maximal with a given generic Mumford-Tate group
are of particular Hodge-theoretic importance.

Definition 1.1.6 ([KO21], Definition 1.2). A closed irreducible algebraic subvariety
Z ⊂ S is called special for V if it is maximal among the closed irreducible algebraic
subvarieties of S having the same generic Mumford-Tate group as Z.

A famous result of Cattani-Deligne-Kaplan (and recently reproved using o-minimal
methods by Bakker-Klingler-Tsimerman in [BKT20]) describes the special subvarieties
of S using the period map.

Theorem 1.1.7 ([CDK95], Corollary 1.3). The special subvarieties of S are precisely
the irreducible components of the preimages of special subvarieties in X under the period
map.

1.1.2 Monodromy

When we forget about the Hodge filtration and just consider the underlying local system
of the variation, we enter the world of monodromy.

Definition 1.1.8. The algebraic monodromy group HZ of Z is defined to be the identity
component of the Zariski closure of the image of the monodromy representation ρZ :
π1(Zan, s)→ GL(Vs).

Note that our subvariety Z ⊂ S will often be singular, and that usually the funda-
mental group of a singular analytic space is not particularly well-behaved. In our case
however, we will use that Z is a closed subvariety of the smooth variety S and the local
system V moreover supports a variation of Hodge structure. In this situation we see
that in the definition of the algebraic monodromy group HZ we may always replace Z
by its smooth locus.

Lemma 1.1.9. Let Z ⊂ S be a closed irreducible subvariety and let Zsm be the smooth
locus of Z. Then HZ = HZsm , i.e. every global section of some V⊗(m,n) over a finite
étale cover of Zsm extends uniquely to a global section over a finite étale cover of Z.

Proof. Let
ι : XGZ := ΓZ\DZ → X = Γ\D

denote the morphism of Hodge varieties induced from the morphism of Hodge data
(GZ ,DZ)→ (GS ,D). By ([And92], Theorem 1) the group HZsm is a normal subgroup
of GZsm = GZ . The projection to the quotient gives rise to a morphism of Hodge data

(GZ ,DZ)→ (GZ/HZsm ,DZ),
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and we denote the associated morphism of Hodge varieties by

π : XGZ = ΓZ\DZ → XGZ/HZsm := ΓZ\DZ .

After possibly replacing Zsm by a finite étale cover, we get a period map Φ′ :
Zsm,an → XGZ . By ([KO21], Lemma 4.12) the projection of Φ′(Zsm,an) to the quotient
Hodge variety

XGZ/HZsm = ΓZ\DZ
is a single point y. Denoting by

XHZsm ,y = π−1({y})

the preimage of y in XGZ , the smooth locus of Z is thus contained in the preim-
age of ι(XHZsm ,y) under Φ. Now since Zsm is dense in Z, we deduce that also Z ⊂
Φ−1(ι(XHZsm ,y)).

Since Z is irreducible, under the lifted period map

Φ̃ : S̃ → D (1.1)

for the universal cover S̃ of S, the universal cover Z̃ is mapped to DZ and its projection
to DZ is a single point ỹ ∈ DZ . The lifted period map (1.1) is π1(San, s)-equivariant.
This shows that up to a finite subgroup, the image of the monodromy representation
ρZ : π1(Zan, s)→ GL(Vs) is contained in GZ(Q), and the projection

π1(Zan, s)→ GZ(Q)� GZ(Q)/HZsm(Q) (1.2)

is contained in the stabilizer of the point ỹ. Since this stabilizer is a compact real Lie
group, we conclude that the image of (1.2) is finite. Therefore a finite index subgroup
of ρZ(π1(Zan, s)) is contained in HZsm , which shows that HZ = HZsm .

The following Theorem is a well-known result due to André (in the smooth case,
but we can easily reduce to that case using Lemma 1.1.9 and Remark 1.1.5):

Proposition 1.1.10 ([And92], Theorem 1). The algebraic monodromy group HZ is a
normal subgroup of the derived group of the generic Mumford-Tate group GZ .

Just like the generic Mumford-Tate group, the algebraic monodromy group of a vari-
ation of Hodge structure has an interpretation in terms of period maps. The description
in the proof of Lemma 1.1.9 motivates the following definition.

Definition 1.1.11. Let X ι← X1
π→ X2 be a diagram of morphisms of Hodge varieties

and x2 ∈ X2. An irreducible component of a variety of the form ι(π−1({x2})) is called
a weakly special subvariety of X.

Definition 1.1.12. A closed irreducible algebraic subvariety Z ⊂ S is called weakly
special for V if it is maximal among the closed irreducible algebraic subvarieties of S
having the same algebraic monodromy group as Z.

Weakly special subvarieties admit an interpretation via the period map.

Theorem 1.1.13 ([KO21], Corollary 4.14). The weakly special subvarieties of S are
precisely the irreducible components of the preimages of weakly special subvarieties in X
under the period map.
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We will frequently use the Theorem of the fixed part. The following is a slight
generalization of ([Sch73], Corollary 7.23) to the non-smooth case.

Theorem 1.1.14 ([Sch73], Corollary 7.23). Let ξ be a global section of V⊗(m,n) over
a finite étale cover Z ′ of a closed irreducible subvariety Z ⊂ S such that ξs is a Hodge
class for some point s ∈ Z ′(C). Then ξt is Hodge for every point t ∈ Z ′(C).

Proof. By the Theorem of the fixed part applied to a suitable finite étale cover of the
smooth locus of Z, we see as in ([KO21], Lemma 4.12) that the period map restricted
to Zsm factors as

Φ : Zsm,an → ι(XHZ ,y) ⊂ ι(XGZ )

where XHZ ,y := π−1({y}) and ι : XGZ → X and π : XGZ → XGZ/HZ are morphisms of
Hodge varieties. As above, since Zsm is dense in Z, the image of Z under the period
map is also contained in ι(XHZ ,y). In particular, up to replacing Z by some finite étale
cover we can form the period map

Φ′ : Zan → XGZ → XGZ/HZ (1.3)

and the above inclusion shows that it is constant. Consider the natural representation of
GZ/HZ on (V⊗(m,n)

s )HZ . Under this representation, the period map (1.3) corresponds to
the subvariation of Hodge structure (V⊗(m,n)

∣∣
Z

)HZ over Z, which is therefore constant.
Hence every global section that is a Hodge class at one point is a Hodge class everywhere.

The following Lemma is a geometric application of the Theorem of the fixed part.

Lemma 1.1.15. If Z ⊂ Y are two closed irreducible subvarieties satisfying HY ⊂ GZ ,
then GZ = GY .

Proof. Let s ∈ Z(C). Since GZ is reductive, it is enough to show that every fixed tensor
v ∈ V⊗s of GZ is also fixed by GY . The condition HY ⊂ GZ shows that after possibly
replacing Y by a finite étale cover, there is a global section on Y extending v. Since v
is Hodge at the point s ∈ Z(C), the Theorem of the fixed part (Theorem 1.1.14) allows
us to conclude that this global section is a generic Hodge tensor over Y . So GY fixes v,
as desired.

As can be easily seen from the description using the period map, every special
subvariety is weakly special. We show how Lemma 1.1.15 can be applied to give a more
direct argument.

Lemma 1.1.16. Any special subvariety is weakly special.

Proof. Suppose Z is special and Y ⊃ Z is a closed irreducible subvariety of S which
satisfies HY = HZ ⊂ GZ . By Lemma 1.1.15 we get GZ = GY which implies Z = Y
since Z is special. Hence Z is weakly special.

1.1.3 Fields of definition of weakly special subvarieties

Suppose S is defined over Q̄. In this section, we prove that weakly special subvarieties
of S are defined over Q̄ once they contain a Q̄-point. This recovers and generalizes a
result of Saito-Schnell ([SS16]) for special subvarieties. Surprisingly, as in their paper,
we merely require the base S to be defined over Q̄, there is no condition on the variation
V.
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Choose a Q̄-point s ∈ S(Q̄) and a prime number `. The monodromy representation
π1(SanC , s) → GL(VZ,s ⊗ Z`) corresponding to the (analytic) Z`-local system VZ ⊗ Z`
factors through the étale fundamental group, giving rise to a continuous representation

ρ` : πét1 (SQ̄, s)
∼= πét1 (SC, s)→ GL(VZ,s ⊗ Z`),

hence to an étale Q`-local system V` on SQ̄. Here the isomorphism πét1 (SQ̄, s)
∼=

πét1 (SC, s) comes from the fact that the étale fundamental group of a smooth (quasi-
projective) variety is invariant under base change of algebraically closed fields ([GR03]
Exposé VIII, Proposition 4.6).

For a closed irreducible complex subvariety Z ⊂ S, choose a point s ∈ Z(C) and
define H`,Z to be the identity component of the Zariski closure of the image of πét1 (Z, s)
in GL(V`,s).

Proposition 1.1.17. The comparison isomorphism V`,s ∼= Vs⊗Q` induces an isomor-
phism H`,Z

∼= HZ ⊗Q`.

Proof. We recall the argument from ([Moo17a], Lemma 4.3.4). The étale fundamental
group πét1 (Z, s) is the profinite completion of π1(Zan, s) (cf. [GR03] Exposé V, Corollary
5.2). It is enough to show that ρ`(πét1 (Z, s)) ⊂ HZ ⊗Q`. This follows from the fact that
the image of π1(Zan, s) is dense in ρ`(πét1 (Z, s)) for the `-adic topology, so a fortiori for
the Zariski topology.

Lemma 1.1.18. We have a natural isomorphism HZσ ⊗ Q`
∼= HZ ⊗ Q` for any σ ∈

Aut(C/Q̄).

Proof. Following the above Proposition 1.1.17, it is enough to prove H`,Z
∼= H`,Zσ . The

projection σ−1 : Zσ = Z ⊗C,σ C ∼= Z is an isomorphism of abstract schemes (but not of
varieties over C) and induces the following diagram

πét1 (Z, s) // πét1 (SC, s) // GL(V`,s)

πét1 (Zσ, sσ) //

∼=

OO

πét1 (SC, s
σ) //

∼=

OO

GL(V`,sσ) .

∼=

OO

Now the fact that the local system V` is defined over Q̄ translates into the commutativity
of the right hand square of the diagram. It follows easily that the entire diagram
commutes. As a consequence, there is a natural isomorphism between the Zariski closure
of the image of πét1 (Z, s) in GL(V`,s) and the Zariski closure of the image of πét1 (Zσ, sσ)
in GL(V`,sσ).

Lemma 1.1.19. If Z is weakly special for V, then Zσ is weakly special for V for any
σ ∈ Aut(C/Q̄).

Proof. Let Y ⊃ Zσ be closed irreducible such that HY = HZσ . From Lemma 1.1.18 we
see that the subvariety Y σ−1 containing Z satisfies H

Y σ−1 ⊗Q` = HZ ⊗Q`. This forces
H
Y σ−1 = HZ . Now the fact that Z is weakly special implies that Z = Y σ−1 , hence

Zσ = Y . We conclude that Zσ is weakly special.

In contrast to the case of special subvarieties, we cannot expect weakly special
subvarieties to be defined over Q̄ in general. For example, if the period map does not
contract positive dimensional subvarieties to a point, every point s ∈ S(C) is weakly
special. However, we now show that they are defined over Q̄ once they contain a single
Q̄-point:
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Theorem 1.1.20. Let Z be a weakly special subvariety of S containing a Q̄-point. Then
Z is defined over Q̄.

Proof. We need to show that the set {Zσ}σ∈Aut(C/Q̄) of conjugates of Z is countable.
For z a Q̄-point contained in Z, we have z ∈ Zσ(C) for all σ. Note that all Zσ are again
weakly special by Lemma 1.1.19. By the characterization of weakly special subvarieties
in Proposition 1.1.13, for every σ there is a diagram of morphisms of Hodge varieties
X

ισ← Xσ
1
πσ→ Xσ

2 and a point xσ ∈ Xσ
2 such that Zσ is one of the finitely many irreducible

components of the preimage of ισ(π−1
σ ({xσ})) under the period map. In particular, Zσ

is determined (up to choosing one of finitely many irreducible components) by the
diagram of Hodge morphisms and the point xσ. There are only countably many choices
for the diagram of Hodge morphisms, and we need to show that for a given diagram
(ι, π) there are only countably many choices for ι(π−1({xσ})). Since z ∈ Zσ(C) for all
σ, the ι(π−1({xσ})) all contain a common point. By noting that the π−1({xσ}) are
pairwise disjoint as xσ varies, and the group Γ ⊂ GS(Q) is countable, one sees that this
leaves only countably many choices for ι(π−1({xσ})).

As a corollary we obtain a new proof of the following result, proven in ([SS16],
Theorem 1):

Corollary 1.1.21. Let Z be a special subvariety of S containing a Q̄-point. Then Z is
defined over Q̄.

1.2 Absolute variations of Hodge structure

Let S be a smooth irreducible quasi-projective complex algebraic subvariety. For every
σ ∈ Aut(C/Q) we can form the conjugate Sσ = S ⊗C,σ C. We use the notation σ−1 for
the projection σ−1 : Sσ = S⊗C,σC→ S. In this section we define an absolute variation
of Hodge structure on S as a collection of variations of Hodge structure Vσ on each
Aut(C/Q)-conjugate of S with certain compatibilities.

Definition 1.2.1. An absolute variation of Hodge structure is the datum of a Z-
variation of Hodge structure (VσZ,Vσ,∇σ, F •,σ) on Sσ for each σ ∈ Aut(C/Q) together
with an isomorphism

ισ : (Vσ,∇σ, F •,σ) ∼= σ−1∗(V id,∇id, F •,id) (1.4)

of the associated filtered algebraic vector bundles with connection. A polarization of the
absolute variation of Hodge structure is a polarization ασ on VσZ for each σ ∈ Aut(C/Q)
such that the polarizations correspond to each other under the isomorphism ισ.

From now on, all absolute variations are assumed to be polarizable. We will often
forget the Z-structure and write (Vσ)σ for the associated collection of Q-variations of
Hodge structure, which we also call an absolute variation of Hodge structure. Note
however that we require that all our Q-variations admit a Z-structure. We use the
notation (V,V,∇, F •) := (Vid,V id,∇id, F •,id).
Remark 1.2.2. Given a Z-variation of Hodge structure VZ, using Deligne’s canonical
extension (cf. [Del70]) one can show that the holomorphic vector bundle (Van =
VZ ⊗Z OSan ,∇an) together with the holomorphic connection defined by V arises as the
analytification of an algebraic vector bundle with regular algebraic connection (V,∇).
Moreover, making use of Schmidt’s nilpotent orbit theorem, one can see that the Hodge
filtration arises from an algebraic filtration on V ([Sch73], 4.13). Therefore the compar-
ison isomorphism (1.4) makes sense for general variations of Hodge structure.
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Example 1.2.3. Let f : X → S be a smooth projective morphism of irreducible smooth
quasi-projective algebraic varieties over C. For any automorphism σ ∈ Aut(C/Q) we
consider the base change fσ : Xσ → Sσ. The collection of variations of Hodge structure
Vσ := Rkprimf

σ,an
∗ Q on Sσ is an absolute variation of Hodge structure on S.

Suppose that S is defined over a subfield K ⊂ C and V , ∇ and F • are all defined
over K. In this case, an absolute variation of Hodge structure satisfying Vσ = V for all
σ ∈ Aut(C/K) is called a K-absolute variation. For example, if K is a number field,
we only need to specify Vσ for the finitely many σ ∈ Gal(K/Q). If the morphism f is
defined over K, then Example 1.2.3 produces a K-absolute variation.

We call an absolute variation of Hodge structure on a point an absolute Hodge
structure. It is a collection of Q-Hodge structures V σ together with isomorphisms
ισ : V σ ⊗ C ∼= V ⊗ C respecting the filtration. Absolute Hodge structures naturally
form a Tannakian category where the morphisms are morphisms of Hodge structures
which are dR-absolute Hodge in the sense of the definition in the next section.

1.2.1 dR-absolute Hodge cycles

In this section we recall a slightly weaker version considered in [Voi06] of Deligne’s notion
of absolute Hodge cycle. Choose a point s ∈ S(C). For every tensor α ∈ V⊗(m,n)

s , the
comparison V⊗(m,n)

s ⊗ C ∼= V⊗(m,n)
s defines a de Rham tensor αdR ∈ V

⊗(m,n)
s .

When given an absolute variation of Hodge structure (Vσ)σ on S, conjugation by
any element σ ∈ Aut(C/Q) gives a conjugated de Rham tensor ασdR ∈ (Vσsσ)⊗(m,n).

Definition 1.2.4 ([Voi06], Definition 0.1). The tensor α ∈ V⊗(m,n)
s is called dR-

absolute Hodge if for every σ ∈ Aut(C/Q) the conjugate ασdR ∈ (Vσsσ)⊗(m,n) is induced
by a Hodge tensor in (Vσsσ)⊗(m,n).

A powerful tool in the study of absolute Hodge classes is Deligne’s Principle B (cf.
[Del82], Theorem 2.12).

Theorem 1.2.5. Let ξ be a global section of V⊗(m,n) over a finite étale cover Z ′ of a
closed irreducible subvariety Z ⊂ S such that ξs is dR-absolute Hodge for some point
s ∈ Z ′(C). Then ξt is dR-absolute Hodge for every point t ∈ Z ′(C).

Proof. To the global section ξ over Z ′ we can attach a flat section ξdR of V⊗(m,n)
∣∣
Z′
.

Conjugation by σ ∈ Aut(C/Q) produces a global section ξσdR of the vector bundle
(Vσ)⊗(m,n)

∣∣
Z′σ

. Since the connection is also algebraic, ∇σξσdR = 0. Hence ξσdR is a flat
section and applying the Riemann-Hilbert correspondence to the restriction ξσdR|Z′σ,sm
to Z ′σ,sm gives a global section of the C-local system (VσC)⊗(m,n)

∣∣
Z′σ,sm

over the smooth
locus of Z ′σ. By Lemma 1.1.9, this global section uniquely extends to a global section ξσ

on Z ′σ. The associated flat section of (Vσ)⊗(m,n)
∣∣
Z′σ

is ξσdR because this is true over the
dense open subset Z ′σ,sm. By assumption, ξσsσ is a Hodge cycle, so by Theorem 1.1.14
the fiber ξσtσ is a Hodge cycle for every t ∈ Z ′(C). We conclude that ξt is dR-absolute
Hodge for every t ∈ Z ′(C).

Let AHZ ⊂ V⊗s denote the subset of all tensors v ∈ V⊗s such that the translates of
v by parallel transport are dR-absolute Hodge at every point t ∈ Z(C).

Definition 1.2.6. We define the generic dR-absolute Mumford-Tate group GAHZ to be
the subgroup of GL(Vs) fixing all tensors in AHZ .
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Remark 1.2.7. If Z = {s} is a point, then we may define GAHZ as the Tannakian
group of the subcategory generated by the absolute Hodge structure (Vσsσ)σ and its
dual inside the category of absolute Hodge structures. To see this, note that since
the absolute Hodge structure is polarized the Tannakian group is a (possibly non-
connected) reductive group and therefore characterized by the tensors it fixes. Since
these are exactly the dR-absolute Hodge tensors, we recover the above definition. In
the geometric situation of Example 1.2.3, the group GAHs is then the motivic Galois
group of Hk

prim(Xs) in terms of motives for dR-absolute Hodge cycles (cf. [DM82], §6
for the variant which uses the stronger notion of absolute Hodge cycles).

Since every dR-absolute Hodge cycle is in particular a Hodge cycle we see that we
have the inclusion GZ ⊂ GAHZ .

We make crucial use of the following Lemma, which is a geometric incarnation of
Deligne’s Principle B:

Lemma 1.2.8. Suppose Z ⊂ Y are closed irreducible subvarieties that satisfy HY ⊂
GAHZ . Then GAHZ = GAHY .

Proof. We show that GAHY ⊂ GAHZ , the other inclusion being clear. Let s ∈ Z(C). The
condition HY ⊂ GAHZ translates into AHZ ⊂ (V⊗s )HY . Now every element of v ∈ AHZ
is fixed by HY and is dR-absolute Hodge at the point s ∈ Z(C). We apply Theorem
1.2.5 to show that v extends to a global section over a finite étale cover Y ′ of Y which
is dR-absolute Hodge at every point of Y ′, and so AHZ ⊂ AHY .

Proposition 1.2.9. The group GAHZ is a (possibly non-connected) reductive group. The
algebraic monodromy group HZ is a normal subgroup of GAHZ .

Proof. Again, the argument in the proof of Theorem 1.2.5 shows that GAHZ does not
change when we replace Z by its smooth locus and we may therefore assume that Z
is smooth. We claim that there exists a point s ∈ Z(C) with GAHs = GAHZ . In fact,
if we choose any Hodge generic point s, then HZ ⊂ Gs ⊂ GAHs and the above Lemma
1.2.8 gives GAHs = GAHZ . Now the reductivity follows from Remark 1.2.7. Following the
proof of ([And92], Theorem 1), in order to show that HZ E GAHZ it is enough to show

that
(
V⊗(m,n)
s

)HZ
⊂ V⊗(m,n)

s carries an action of GAHZ = GAHs . This follows from the

fact that the collection
((

(Vσsσ)⊗(m,n)
)HZσ)

σ
forms a sub-absolute Hodge structure of(

(Vσsσ)⊗(m,n)
)
σ
and is therefore preserved by GAHs .

1.3 dR-absolutely special subvarieties

In this section we introduce the notion of dR-absolutely special subvariety, study its
properties and prove that weakly non-factor special subvarieties are dR-absolutely spe-
cial.

1.3.1 Definition and first properties

Let (Vσ)σ be an absolute variation of Hodge structure on a smooth irreducible quasi-
projective complex algebraic variety S and Z ⊂ S a closed irreducible subvariety. Since
we do not know whether GZ = GAHZ , it is natural to define a notion of dR-absolutely
special subvariety simply by replacing GZ in Definition 1.1.6 by GAHZ .
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Definition 1.3.1. A closed irreducible algebraic subvariety Z ⊂ S is called dR-absolutely
special if it is maximal among the closed irreducible algebraic subvarieties of S with
generic dR-absolute Mumford-Tate group GAHZ .

We mention a few properties of dR-absolutely special subvarieties:

Proposition 1.3.2. Let Z be a dR-absolutely special subvariety.

(i) Z is special.

(ii) Zσ ⊂ Sσ is dR-absolutely special for all σ ∈ Aut(C/Q).

(iii) If S is defined over a finite extension K of Q and the variation is K-absolute, then
Z is defined over Q̄ and all its Gal(Q̄/K)-conjugates are special.

Proof. Suppose that Y ⊃ Z is closed irreducible such that GY = GZ . It follows that
HY ⊂ GZ ⊂ GAHZ , and therefore GAHY = GAHZ by Lemma 1.2.8. We conclude that
Z = Y because Z is dR-absolutely special. This shows that Z is special. Assertion (ii)
follows from the fact that we have a natural isomorphism GAHZ ⊗ C ∼= GAHZσ ⊗ C. By
the fact that there are only countably many special subvarieties of S for V, this implies
(iii).

Note that dR-absolutely special subvarieties have the good arithmetic properties
that conjecturally hold for special subvarieties.

Deligne’s conjecture that Hodge classes are dR-absolute Hodge states that we have
an equality of groups GZ = GAHZ . For dR-absolutely special subvarieties we can at least
show that there does not exist any closed irreducible subvariety Y ⊃ Z whose generic
Mumford-Tate group contradicts this equality.

Proposition 1.3.3. Let Z be dR-absolutely special. Then there does not exists a closed
irreducible subvariety Y ⊃ Z with the property

GZ ( GY ⊂ GAHZ .

Proof. Let Y ⊃ Z be a closed irreducible subvariety with GY ⊂ GAHZ . It follows that
HY ⊂ GAHZ , and therefore Lemma 1.2.8 implies GAHY = GAHZ . We conclude that Z = Y
because Z is dR-absolutely special.

For the next Proposition, suppose that S is defined over Q̄ and the variation is a
Q̄-absolute variation.

Proposition 1.3.4. Let Z be a closed irreducible subvariety and Y := Z
Zar,Q̄ the

smallest Q̄-subvariety containing Z. Then HZ is a normal subgroup of HY , GY and
GAHY .

Proof. Let W ⊃ Z be a maximal subvariety with GAHW = GAHZ . Then W is dR-
absolutely special and therefore defined over Q̄ by Proposition 1.3.2. In particular,
Y ⊂ W and thus GAHY = GAHZ . It follows from Proposition 1.2.9 that HZ is a normal
subgroup of GAHY . Now the inclusions HZ ⊂ HY ⊂ GY ⊂ GAHY show that HZ is also
normal in HY and GY .

Remark 1.3.5. The normality of HZ in HY was observed in the course of the proof of
([KOU20], Proposition 3.2).
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1.3.2 dR-absolutely special subvarieties and period maps

Let Z ⊂ S be a closed irreducible subvariety. Denote by (GAHZ ,DAHZ ) and (GAHS ,DAHS )
the Hodge data defined by GAHZ and GAHS . We want to describe the dR-absolutely
special subvarieties of S in terms of the period map

Φ : San → Γ\DAHS .

The inclusion GAHZ ⊂ GAHS induces a morphism of Hodge varieties

ι : ΓAHZ \DAHZ → Γ\DAHS .

Here ΓAHZ := Γ ∩GAHZ (Q).

Proposition 1.3.6. The subvariety Z is dR-absolutely special if and only if Z is a
(complex analytic) irreducible component of Φ−1(ι(ΓAHZ \DAHZ )).

Proof. Clearly the restriction of the period map Φ to any subvariety Y ⊃ Z with
GY ⊂ GAHY = GAHZ factors through ι(ΓAHZ \DAHZ ). Conversely, let W be a complex
analytic irreducible component of Φ−1(ι(ΓAHZ \DAHZ )) containing Z. It follows from
([BKT20], Theorem 1.6) that W is algebraic, and it satisfies GW ⊂ GAHZ . Applying
Lemma 1.2.8, we see that GAHW = GAHZ . As Z is dR-absolutely special this gives
Z = W .

Note that Φ−1(ι(ΓAHZ \DAHZ )) may have several (but finitely many) irreducible com-
ponents and therefore Z is not necessarily contained in a unique smallest dR-absolutely
special subvariety. Still, Z is contained in a unique irreducible component of an inter-
section of irreducible components of Φ−1(ι(ΓAHZ \DAHZ )). Components of this form will
be called dR-absolutely special intersections.

Corollary 1.3.7. Every subvariety Z is contained in a unique smallest dR-absolutely
special intersection, called the dR-absolutely special closure of Z.

1.3.3 Weakly non-factor subvarieties

Weakly non-factor subvarieties are a class of subvarieties that satisfy a certain mon-
odromy condition introduced in ([KOU20], Definition 1.10). Their significance for the
arithmetic properties of special subvarieties was already established in [KOU20]. In this
section, we prove a slight strengthening of their result: any special subvariety which is
weakly non-factor is in fact dR-absolutely special.

Definition 1.3.8 ([KOU20], Definition 1.10). A closed irreducible subvariety Z ⊂ S is
called weakly non-factor if it is not contained in a closed irreducible Y ⊂ S such that
HZ is a strict normal subgroup of HY .

Theorem 1.3.9. Assume Z ⊂ S is weakly special and weakly non-factor. Then Z is
dR-absolutely special.

Proof. Assume Y ⊃ Z is a closed irreducible subvariety such that GAHY = GAHZ . By
Proposition 1.2.9, the groupsHZ andHY are both normal in GAHY = GAHZ , and therefore
HZ is a normal subgroup of HY . The fact that Z is weakly non-factor now implies
HZ = HY . We conclude that Z = Y since Z is weakly special. Thus Z is dR-absolutely
special.
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As a consequence we see that Conjecture 1.0.5 holds true for weakly non-factor
subvarieties.

Corollary 1.3.10. Assume Z ⊂ S is a special subvariety which is weakly non-factor.
Then Z is dR-absolutely special.

Suppose S is defined over Q̄ and the variation (Vσ)σ is Q̄-absolute. In this case,
Corollary 1.3.10 and Proposition 1.3.2 imply that a special, weakly non-factor subvariety
is defined over Q̄ and all its Galois conjugates are special. This was already proven in
[KOU20].

Write GadS = G1 ×G2 × ...×Gn as a product of simple factors. This gives rise to a
product decomposition of the Hodge variety

Γ\D = Γ1\D1 × Γ2\D2 × ...× Γn\Dn. (1.5)

Corollary 1.3.11. Let Z ⊂ S be a maximal strict special subvariety with the property
that the projection of Φ(Zan) to each simple factor Γi\Di is positive dimensional. Then
Z is dR-absolutely special.

Proof. We prove that Z is weakly non-factor to apply Theorem 1.3.9. Let Y ⊃ Z be
such that HZ is a strict normal subgroup of HY . Then as Z is a maximal strict special
subvariety we have the equality GY = GS . It follows that HY EHS and the fact that the
projection is positive dimensional on each simple factor implies that HY = HS . Thus
HZ is a proper normal subgroup of HS . This contradicts the fact that the projection
of Z to each simple factor is positive dimensional.

If GadS is simple, this reduces to the following example taken from ([KOU20], Corol-
lary 1.13). An irreducible subvariety Z ⊂ S is called of positive period dimension if
Φ(Zan) is not a point, or equivalently, if the algebraic monodromy group HZ is non-
trivial.

Corollary 1.3.12. Suppose that GadS is simple. Let Z ⊂ S be a strict special subvariety
which is of positive period dimension, and maximal for these properties. Then Z is
dR-absolutely special.

Remark 1.3.13. Instead of the adjoint group GadS one can also assume that the derived
group GderS is simple. Since GderS is an extension of GadS by a finite group, the simpleness
of GderS is equivalent to that of GadS . As in [KOU20], we use the adjoint group because
it appears naturally in the decomposition (1.5).

Denote by HLpos the Hodge locus of positive period dimension, which is defined as
the union of all strict special subvarieties of S which are of positive period dimension
([KO21], Definition 1.4). Then the Corollary shows that if GadS is simple, then HLpos
is a countable union of dR-absolutely special subvarieties. In particular, HLpos is cut
out by dR-absolute Hodge cycles.

1.4 Applications

We give applications to several arithmetic questions in Hodge theory. As before, we
let (Vσ)σ be an absolute variation of Hodge structure on a smooth irreducible quasi-
projective complex algebraic variety S.
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1.4.1 dR-absolutely special subvarieties and typical intersections

The property that all generic Hodge cycles on a special subvariety Z are dR-absolute
Hodge (i.e. GZ = GAHZ ) implies that Z is dR-absolutely special, but the converse does
not hold. For instance, note that for the examples of dR-absolutely special subvarieties
given by Corollary 1.3.12, we cannot determine the group GAHZ . In this section we
will see that for a dR-absolutely special subvariety we can give an upper bound for the
"difference" between GZ and GAHZ in terms of the Hodge codimension. The strength of
this bound depends on how close Z is to being a typical intersection.

Definition 1.4.1 ([BKU21], Definition 4.1). Let Z ⊂ S be a closed irreducible subvari-
ety. The Hodge codimension of Z is defined to be

Hcd(Z) := dim ΓZ\DZ − dim Φ(Zan),

where ΓZ\DZ is the Hodge variety for the generic Mumford-Tate group GZ of Z.

Definition 1.4.2 ([BKU21], Definition 4.2). A closed irreducible subvariety Z ⊂ S is
called atypical if

Hcd(S) > Hcd(Z).

Otherwise, Z is called typical.

Note that if Z is special, the non-strict inequality Hcd(S) ≥ Hcd(Z) always holds.

Remark 1.4.3. Strictly speaking, one has to modify Definition 1.4.2 slightly to take
possible singularities of the image Φ(San) of the period mapping into account, compare
([BKU21], Definition 4.2).

Definition 1.4.4. For a closed irreducible subvariety Z, we define the absolute Hodge
defect to be

δAH(Z) := dim ΓAHZ \DAHZ − dim ΓZ\DZ .

Theorem 1.4.5. Let Z be a dR-absolutely special subvariety and assume that GAHS =
GS, i.e. all generic Hodge cycles on S are dR-absolute Hodge. Then

δAH(Z) ≤ Hcd(S)−Hcd(Z).

Proof. It follows the description of dR-absolutely special subvarieties in Proposition
1.3.6 that

dim Γ\DS − dim Φ(San) ≥ dim ΓAHZ \DAHZ − dim Φ(Zan).

We get

δAH(Z) = dim ΓAHZ \DAHZ − dim ΓZ\DZ
≤ (dim Γ\DS − dim Φ(San))− (dim ΓZ\DZ − dim Φ(Zan))

= Hcd(S)−Hcd(Z).

Remark 1.4.6. In general, without assuming that all Hodge cycles on S are dR-absolute
Hodge, we get the inequality

δAH(Z)− δAH(S) ≤ Hcd(S)−Hcd(Z).
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Corollary 1.4.7. Assume that GS = GAHS . Let Z be a dR-absolutely special subvariety
which is a typical intersection. Then δAH(Z) = 0.

If S is a Shimura variety, then every special subvariety is a typical intersection.
In general, the question whether special subvarieties are typical or atypical is closely
related to the level of the variation of Hodge structure as defined in [BKU21]. For
every Hodge generic point x ∈ S(C), the representation S→ GS,R of the Deligne torus
defining the Hodge structure at the point x induces a Q-Hodge structure of weight zero
on the Lie algebra gS , and the adjoint Lie algebra gadS can be viewed as a sub-Hodge
structure by identifying it with the derived Lie algebra gderS := [gS , gS ]. There is a
compatibility between the Hodge structure and the Lie algebra structure, and gadS is
called a Q-Hodge Lie algebra in ([BKU21], Definition 3.8).

Definition 1.4.8 ([BKU21], Definition 3.12 and Definition 3.13).

(i) The level of an irreducible real Hodge structure V of weight zero is the largest
integer k such that V k,−k 6= 0 in the decomposition VC = ⊕k∈ZV k,−k. We define
the level of an irreducible Q-Hodge structure V of weight zero as the maximum of
the levels of the irreducible factors of VR, and the level of a Q-Hodge structure of
weight zero as the minimum of the levels of its irreducible Q-factors.

(ii) The level of the variation of Hodge structure V is defined to be the level of the
Q-Hodge structure gadS .

One can show that the level is independent of the choice of the Hodge generic point
x ([BKU21], 3.6).

For Shimura varieties, the variation V has level one. For variations of Hodge struc-
ture of level ≥ 3 however, it was proved in ([BKU21], Theorem 2.3) that all strict special
subvarieties are atypical.

1.4.2 Maximal atypical special subvarieties

Under suitable assumptions, maximal atypical special subvarieties of positive period
dimension are dR-absolutely special.

Theorem 1.4.9. Suppose GadS is simple and the level of V is greater or equal to
two. Then any maximal atypical special subvariety of positive period dimension is dR-
absolutely special.

Proof. If the level of V is greater or equal to three, it follows from ([BKU21], Theorem
2.3) that all strict special subvarieties are atypical. Hence in this case the statement
follows from Corollary 1.3.12. It remains to handle the case of level two. Suppose Z ⊂ S
is a maximal atypical special subvariety of positive period dimension. If Y ) Z is a dR-
absolutely special subvariety with GAHY = GAHZ , then Y is a typical special subvariety.
By ([BKU21], Proposition 2.4), the adjoint generic Mumford-Tate group GadY is simple,
and thus also the normal subgroup HY . Since HZ E GAHZ = GAHY , the group HZ is a
normal subgroup of HY . Now the fact that Z is of positive period dimension implies
HZ = HY , which is a contradiction because Z is weakly special.

Remark 1.4.10. In the case that V is of level one, the target of the period map is a
Shimura variety, so using Deligne’s result ([Del82], Theorem 2.11) that Hodge classes
on abelian varieties are absolute Hodge one can prove in many cases that special sub-
varieties are dR-absolutely special.
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1.4.3 Q̄-bialgebraic subvarieties

Let S be an irreducible smooth quasi-projective complex algebraic variety.

Definition 1.4.11 ([KUY18], Definition 4.1). A bialgebraic structure on S is a pair(
D : S̃ → X̌an, h : π1(San)→ Aut(X̌)

)
where

• π : S̃ → San denotes the universal cover of San,

• X̌ is a complex algebraic variety,

• h : π1(San)→ Aut(X̌) is a group homomorphism to the algebraic automorphisms
of X̌,

• D is a holomorphic map which is h-equivariant.

For bialgebraic structures we define a notion of bialgebraic subvarieties.

Definition 1.4.12 ([KUY18], Definition 4.2 and 4.3).

(i) A closed irreducible analytic subvariety W ⊂ S̃ is called an irreducible algebraic
subvariety of S̃ if W is an analytic irreducible component of D−1(W̄ ), where W̄
is a closed algebraic subvariety of X̌.

(ii) A closed irreducible algebraic subvariety Z ⊂ S is called bialgebraic if one (equiv.
any) irreducible analytic component of π−1(Z) is an algebraic subvariety of S̃ in
the above sense.

Consider a variation of Hodge structure V on S. If Φ̃ : S̃ → DS denotes the
lifted period map and ι : DS ⊂ ĎS the embedding of DS into its compact dual, let
D = ι ◦ Φ̃ : S̃ → ĎanS denote the composition. Then(

D : S̃ → ĎanS , h : π1(San)→ Aut(ĎS)
)

is a bialgebraic structure. Here h is given by the natural map π1(San)→ GS(C).

Proposition 1.4.13 ([Kli17], Proposition 7.4). The bialgebraic subvarieties of S for
this bialgebraic structure are exactly the weakly special subvarieties.

In order to detect special subvarieties by the bialgebraic formalism, we need a more
refined definition of bialgebraicity that takes arithmetic properties into account.

Definition 1.4.14 ([KUY18], 4.11). A bialgebraic structure(
D : S̃ → X̌an, h : π1(San)→ Aut(X̌)

)
is called Q̄-bialgebraic if the following holds:

(i) The base variety S is defined over Q̄.

(ii) The variety X̌ is defined over Q̄ and the homomorphism h takes values in the
automorphisms of X̌ over Q̄.
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Definition 1.4.15 ([KUY18]). A closed irreducible subvariety Z ⊂ S is called Q̄-
bialgebraic if it is defined over Q̄ and an (resp. any) analytic irreducible component of
π−1(Z) is an analytic irreducible component of D−1(W̄ ) for a Q̄-subvariety W̄ of X̌.

Let S be defined over Q̄ and (Vσ)σ a Q̄-absolute variation on S. Then, as the
compact dual ĎS = GS,C/P can be defined over Q̄, the period map Φ̃ : S̃ → ĎS defines
a Q̄-bialgebraic structure.

Proposition 1.4.16. Any dR-absolutely special subvariety is Q̄-bialgebraic.

Proof. If Z ⊂ S is dR-absolutely special, then Z is defined over Q̄. Moreover, since Z is
special, π−1(Z) will be a union of irreducible components of the preimage of the compact
dual ĎZ = GZ,C/PZ ⊂ ĎS of DZ . As this inclusion is induced by the inclusion GZ ⊂ GS
of algebraic groups over Q and the cocharacter defining the parabolic subgroup PZ can
be defined over Q̄ (cf. [Mil05], Lemma 12.1), the subvariety ĎZ is defined over Q̄.

As a generalization of ([UY11], Theorem 1.4) one conjectures the following:

Conjecture 1.4.17. The Q̄-bialgebraic subvarieties of S are exactly the dR-absolutely
special subvarieties.

We prove this conjecture for maximal subvarieties of positive period dimension when
the adjoint group of GS is simple.

Theorem 1.4.18. Suppose GadS is simple. Let Z ⊂ S be a strict maximal Q̄-bialgebraic
subvariety of positive period dimension. Then Z is a dR-absolutely special subvariety
(and in particular a special subvariety).

Proof. Let Y ⊃ Z be a dR-absolutely special subvariety such that GAHY = GAHZ . By
Proposition 1.4.16, the variety Y is Q̄-bialgebraic. By the maximality, either Y = Z or
Y = S. We have to exclude the latter case. Suppose Y = S, then HZ EGAHZ = GAHS .
It follows that HZ EHS . As HS is simple, this forces HZ = HS since Z is of positive
period dimension. But Z is weakly special by Proposition 1.4.13, so this would mean
that Z = S which is a contradiction to the fact that Z is a strict subvariety.

1.4.4 Reduction to the case of points

Corollary 1.3.11 suggests that in some sense special points are the hardest case for
Conjectures 1.0.3 and 1.0.5. In this section we prove that both can in fact be reduced
to the case of special points.

Let (Vσ)σ be a Q̄-absolute variation of Hodge structure on S of geometric origin.
For a closed irreducible subvariety Z ⊂ S we denote by Y the union of all dR-absolutely
special subvarieties of S containing Z with generic dR-absolute Mumford-Tate group
GAHZ . These are only finitely many by Proposition 1.3.6. We claim that Zσ is special in
Sσ for Vσ if and only if Zσ is special in Y σ for Vσ|Y σ . Indeed, if W ⊃ Zσ is such that
GW = GZσ , then Lemma 1.2.8 shows that GAHW = GAHZσ and henceW is contained in Y σ.
Replacing S by Y , we may therefore assume that GAHS = GAHZ . It follows that HZ is a
normal subgroup of HS , GS and GAHS . As HZ is the stabilizer of finitely many tensors
in V⊗s for some s ∈ Z(C), there exists a finite collection of integers (ai, bi)i≤n such
the variation of Hodge structure V′ :=

⊕
i≤n(V⊗(ai,bi))HZ has algebraic monodromy

HS/HZ , generic Mumford-Tate group GS/HZ and generic dR-absolute Mumford-Tate
group GAHS /HZ . Indeed, for this to be the case we need to ensure that GAHS /HZ acts
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faithfully on the fiber V′s, which is guaranteed if V′s contains the finitely many tensors
defining HZ .

The collection (V′σ)σ defined by

V′σ :=
⊕
i≤n

(
(Vσ)⊗(ai,bi)

)HZσ
forms an absolute variation on S.

After replacing S by a desingularization S̃ → S, we may assume that S is smooth.
The period map attached to V′ is

Φ′ : San → Γ′\D′,

where Γ′\D′ is a Hodge variety associated with the quotient GS/HZ . Let S̄ be a smooth
compactification of S over Q̄ by a normal crossings divisor. Denoting by S̃ ⊂ S̄ the
subset where the local monodromy is finite, by ([CMSP17], Corollary 13.7.6) the period
map Φ′ extends to a proper map

Φ̃′ : S̃an → Γ′\D′.

Hence again replacing S by S̃ we may assume that the period map Φ′ is proper. By
[BBT19] there is a factorization Φ′ = Ψ ◦ f , where f : S → B is a proper surjective
map of algebraic varieties with connected fibers and Ψ : Ban → Γ′\D′ is a quasi-finite
period map.

Proposition 1.4.19. For every σ ∈ Aut(C/Q), the period map

Φ′σ : Sσ,an → Γ′σ\D′σ

corresponding to the variation of Hodge structure V′σ also factors as

Φ′σ = Ψσ ◦ fσ,

where fσ : Sσ → Bσ is the σ-conjugate of f : S → B and Ψσ : Bσ,an → Γ′σ\D′σ is a
quasi-finite period map. In particular, there exists a variation of Hodge structure V′σB
on Bσ such that V′σ = fσ,∗V′σB.

Proof. The first map f : S → B in the Stein factorization of Φ′ is characterized by the
fact that the kernel S×B S is the connected component of the diagonal of the kernel of
the period map Φ′ : San → Γ′\D′. Thus it suffices to prove that for every σ, the kernel
Sσ ×Bσ Sσ equals the connected component of the diagonal of the kernel of the period
map Φ′σ : Sσ,an → Γ′σ\D′σ. This follows from the fact that the Hodge cycle defining this
kernel is dR-absolute Hodge (as it is the identity, and hence dR-absolute Hodge on the
diagonal).

Proposition 1.4.20. The map f : S → B can be defined over Q̄, and the collection
(V′σB)σ forms a Q̄-motivic variation of Hodge structure on B.

Proof. We claim that V ′σB = fσ∗ V ′
σ, where V ′σB and V ′σ are the associated algebraic vec-

tor bundles. Following the argument in ([KOU20], Lemma 3.4), the projection formula
gives

fσ∗ V ′
σ

= fσ∗ (fσ,∗V ′σB ⊗OSσ OSσ) = V ′σB ⊗OBσ f
σ
∗OSσ = V ′σB, (1.6)
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and similarly for the filtration and the connection. Here we use that by the Stein fac-
torization fσ∗OSσ = OBσ . Now the comparison isomorphisms for the absolute variation
of Hodge structure (V′σB)σ follow from those for V′σ by applying fσ∗ . We prove that
the absolute variation in question is a Q̄-motivic variation. By construction, there is a
dense open subvariety U ⊂ S such that for each point x ∈ U(C), the collection (Vσxσ)σ
comes from a motive for dR-absolute Hodge cycles. Since f is proper, the image of S\U
under f is closed subvariety of B, and we claim that for b = f(x) ∈ B(C) chosen away
from this image, the collection (V′σB,bσ)σ comes from a motive for dR-absolute Hodge
cycles. As V′ = f∗V′B, we have

V′B,b = V′x =
⊕
i≤n

(
V⊗(ai,bi)
x

)HZ
.

From the normality of HZ in GAHS we see that the variation of Hodge structure V′
on S is the kernel of an idempotent operator on

⊕
i≤nV⊗(ai,bi) which is dR-absolute

Hodge. In particular, if (Vσxσ)σ comes from a motive for dR-absolute Hodge cycles, then
(V′σB,bσ)σ = (V′σxσ)σ is the realization of a motive lying in the Tannakian subcategory
generated by this motive. We claim that the filtered algebraic vector bundle with
connection (V ′,∇′, F ′,•) on S is defined over Q̄. Indeed, the de Rham component of the
idempotent dR-absolute Hodge operator on

⊕
i≤nV⊗(ai,bi) defining V′ is defined over

Q̄, and its kernel is V ′. By the remark following ([BBT19], Theorem 1.1), the morphism
f : S → B is defined over Q̄. Using (1.6) we conclude that (V′σB)σ is a Q̄-motivic
variation.

For every closed subvariety W of S, the image W ′ := f(W ) is a closed subvariety of
B. Then W is a special subvariety of S for V′ if and only if W ′ is a special subvariety
of B. We denote by G′W the generic Mumford-Tate group of W with respect to the
variation of Hodge structure V′ and by G′AHW the generic dR-absolute Mumford-Tate
group of W with respect to the absolute variation (V′σ)σ.

Proposition 1.4.21. For every closed irreducible subvariety W ⊂ S, we have

GAHW ′ = G′
AH
W .

Proof. By definition, the variation of Hodge structure V′ is constant on the fibers of
f : S → B. Since these fibers are connected it follows that also the absolute variation
of Hodge structure is constant, which proves the proposition.

Theorem 1.4.22. (i) Suppose Deligne’s conjecture 1.0.3 holds for special points in
Q̄-motivic variations. Then it holds for all subvarieties in Q̄-absolute variations
of geometric origin.

(ii) Suppose that Conjecture 1.0.5 holds for special points in Q̄-motivic variations.
Then it holds for all special subvarieties in Q̄-absolute variations of geometric
origin.

(iii) Suppose that special points in Q̄-motivic variations are defined over Q̄ and all their
Galois conjugates are special. Then the same holds for all special subvarieties in
Q̄-absolute variations of geometric origin.

(iv) Suppose that all Q̄-bialgebraic points in Q̄-motivic variations are dR-absolutely
special. Then all Q̄-bialgebraic subvarieties in Q̄-absolute variations of geometric
origin are dR-absolutely special.
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Proof. Let (Vσ)σ be a Q̄-variation on S of geometric origin. For a subvariety Z ⊂ S, we
construct a morphism f : S → B over Q̄ and a Q̄-motivic variation (V′σB)σ as described
above. By construction, the image of Z under the period map Φ′ is a point. As the
map Ψ is quasi-finite, we see that x = f(Z) is a point of B. We show that the various
conjectures for Z can be reduced to the ones for the point x ∈ B(C).

(i) Let Z ⊂ S be a closed irreducible subvariety. If Y is a special subvariety containing
Z with GY = GZ , then Lemma 1.2.8 shows that GAHY = GAHZ . Hence we may
assume that Z is special. By assumption, Deligne’s conjecture holds for the special
point x in the Q̄-motivic variation (V′σB)σ on B. Thus we have the equality
Gx = GAHx . Proposition 1.4.21 now implies that G′Z = G′AHZ . It follows that

GZ = HZ ·G′Z = HZ ·G′
AH
Z = GAHZ .

(ii) Let Z ⊂ S be a special subvariety. We have to prove that if the special point
x ∈ B(C) is dR-absolutely special for (V′σB)σ, then Z is dR-absolutely special for
(Vσ)σ. Indeed, if Z ⊂W ⊂ S is such that GAHZ = GAHW then setting W ′ := f(W )
we obtain GAHW ′ = GAHx . We may assume that W is special. As x is dR-absolutely
special by assumption, we get W ′ = {x}. Since W was assumed to be special, it
is thus an irreducible component of f−1({x}), as is Z. We conclude that W = Z
and Z is dR-absolutely special.

(iii) Let Z ⊂ S be a special subvariety. By assumption, the special point x = f(Z) is
defined over Q̄ and its Galois conjugates xσ ∈ Bσ are special points. Since f is
defined over Q̄, so is Z. Similarly, Zσ is an irreducible component of (fσ)−1(xσ)
and since xσ is special it follows from Proposition 1.4.19 that Zσ ⊂ Sσ is a special
subvariety.

(iv) It follows from the factorization of the period map for V′ that if Z ⊂ S is Q̄-
bialgebraic, then x ∈ B(Q̄) is a Q̄-bialgebraic point. By assumption, x is dR-
absolutely special. Arguing as in (ii), we see that Z ⊂ S is dR-absolutely special.

Remark 1.4.23. The first part of Theorem 1.4.22(iii) was already proven in [KOU20].
We emphasize that we follow the same strategy, except that their proof uses an argument
where one is forced to change the Q̄-structure on V in order to prove that V ′ is defined
over Q̄. By doing so, one also changes the notion of dR-absolute Hodge cycles. As
a consequence, their proof does not allow the conclusion for Galois conjugates in the
second part of Theorem 1.4.22(iii), let alone a proof of the other parts of Theorem
1.4.22. The formalism of dR-absolutely special subvarieties allows us to show that V ′ is
defined over Q̄ without affecting the Q̄-structure.
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Chapter 2

`-Galois special subvarieties and the
Mumford-Tate conjecture

Abstract

We introduce `-Galois special subvarieties as an `-adic analog of the Hodge-theoretic
notion of a special subvariety. The Mumford-Tate conjecture predicts that both notions
are equivalent. We study some properties of these subvarieties and prove this equiv-
alence for subvarieties satisfying a simple monodromy condition. As applications, we
show that the `-Galois exceptional locus is a countable union of algebraic subvarieties
and, if the derived group of the generic Mumford-Tate group of a family is simple,
its part of positive period dimension coincides with the Hodge locus of positive pe-
riod dimension. We use this to prove that for n and d sufficiently large, the absolute
Mumford-Tate conjecture in degree n holds on a dense open subset of the moduli space
of smooth projective hypersurfaces of degree d in Pn+1, with the exception of hypersur-
faces defined over number fields. Finally, we show that the Mumford-Tate conjecture
for abelian varieties is equivalent to a conjecture about the local structure of `-Galois
special subvarieties in Ag.

Introduction

The Mumford-Tate conjecture concerns the comparison of two additional structures on
the cohomology of algebraic varieties. Let K ⊂ C be a field finitely generated over Q
and X → Spec K a smooth projective algebraic variety.

(i) Betti cohomology Hk
B(X,Q) := Hk

sing(X(C),Q) carries a Q-Hodge structure.

(ii) The `-adic étale cohomology Hk
ét(XK̄ ,Q`) carries an action of the absolute Galois

group of K, giving rise to a continuous Galois representation

ρX : Gal(K̄/K)→ GL(Hk
ét(XK̄ ,Q`)).

The Mumford-Tate conjecture states that these additional structures convey essen-
tially the same information. It is best formulated in terms of two groups naturally
associated with the two structures. We let GX denote the Mumford-Tate group of
Hk
B(X,Q), a reductive group over Q which is defined as the Tannakian group of the

subcategory tensorially generated by Hk
B(X,Q) (and its dual) inside the Tannakian cat-

egory of Q-Hodge structures. For the `-adic realization, we denote by G`,X the `-adic
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algebraic Galois group of X, defined as the connected component of the identity of the
Zariski closure of the image of ρX in GL(Hk

ét(XK̄ ,Q`)).

Conjecture 2.0.1 (Mumford-Tate conjecture). For every smooth projective variety X
over K, we have the equality G`,X = GX ⊗Q Q`.

There exist a number of partial results on the Mumford-Tate conjecture in the
case where X is an abelian variety or more generally, a variety whose motive is of
abelian type. We refer to ([Moo17a], 2.4 and 4.4) for a discussion of known cases of
the conjecture. In general however it is still open even for abelian varieties, let alone
outside of the case of abelian motives.

Due to the very different nature of the groups GX and G`,X , one often defines a
third group GAHX with the property that GX ⊂ GAHX and G`,X ⊂ GAHX ⊗Q Q`. We call
the group GAHX the absolute Mumford-Tate group of X, it is the motivic Galois group
of the motive hk(X) in terms of motives for absolute Hodge cycles (cf. [DM82], §6).

The Mumford-Tate conjecture then follows from the conjunction of the following
two conjectures:

Conjecture 2.0.2 (Hodge cycles are absolute Hodge). For every smooth projective
variety X over C, we have the equality GX = GAHX .

Conjecture 2.0.3 (absolute Mumford-Tate conjecture). For every smooth projective
variety X over K, we have the equality G`,X = GAHX ⊗Q Q`.

`-Galois special subvarieties

Instead of working with a single variety X, it turns out to be beneficial to work with
a family of varieties. Let f : X → S be a smooth projective morphism of smooth
irreducible quasi-projective algebraic varieties defined over K. For any integer k ≥ 0
the k-th cohomology of this family together with the embedding K ⊂ C gives rise to
a polarizable Q-variation of Hodge structure (V,V,∇, F •), where V = RkfC,∗QXan is a
Q-local system on San, (V = Rkf∗Ω

•
X/S ,∇) the corresponding algebraic vector bundle

with flat connection and F • is the Hodge filtration of the family. Similarly, the étale
cohomology of the family gives rise to an étale Q`-local system L = Rkf∗Q`Xét

on S

defined over K. After choosing a point s̄ ∈ S(K̄), we denote by ρ` : πét1 (SK , s̄) →
GL(Ls̄) the associated arithmetic monodromy representation. In fact, instead of the
full cohomology, we will often only consider its primitive part.

Any closed irreducible complex subvariety Z ⊂ S can be defined over a finitely
generated extension L of K, we choose a geometric point z̄ ∈ Z(L̄). We define the
generic Mumford-Tate group GZ as the subgroup of GL(Vz̄) fixing all generic Hodge
tensors over Z. Similarly, we define the generic absolute Mumford-Tate group GAHZ
to be the subgroup of GL(Vz̄) fixing all generic absolute Hodge tensors over Z. In
addition, we define the generic `-adic algebraic Galois group G`,Z to be the connected
component of the identity of the Zariski closure of the image of the restricted arithmetic
monodromy representation ρ`,Z : πét1 (ZL, z̄)→ GL(Lz̄). One checks that the definition
of G`,Z does not depend on the choice of the field L. Note that if Z = {z} is a point
and X is the fiber of f over z, we recover the three groups GX , GAHX and G`,X defined
in the beginning.

Since every absolute Hodge tensor is at the same time a Hodge tensor and a Tate
tensor, we have the inclusions GZ ⊂ GAHZ and G`,Z ⊂ GAHZ ⊗ Q`. As we shall see in
Section 2.1.5, Conjectures 2.0.2 and 2.0.3 imply that both inclusions should be equalities.
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Conjecture 2.0.4. For any subvariety Z ⊂ S, we have GAHZ = GZ .

Conjecture 2.0.5. For any subvariety Z ⊂ S, we have G`,Z = GAHZ ⊗Q Q`.

A great benefit of working in families is that we get natural algebraic subvarieties of
the base S which are defined by imposing the existence of certain generic Hodge cycles.

Definition 2.0.6 ([KO21], Definition 1.2). A closed irreducible complex subvariety Z ⊂
S is called special if it is maximal among the closed irreducible complex subvarieties Y
of S whose generic Mumford-Tate group GY equals GZ .

The above Conjectures 2.0.4 and 2.0.5 suggest to define the following variants of
special subvarieties:

Definition 2.0.7 (see Definitions 2.2.1 and 2.2.2).

(i) A closed irreducible complex subvariety Z ⊂ S is called absolutely special if it is
maximal among the closed irreducible complex subvarieties Y of S whose generic
absolute Mumford-Tate group GAHY equals GAHZ .

(ii) A closed irreducible complex subvariety Z ⊂ S is called `-Galois special if it is
maximal among the closed irreducible complex subvarieties Y of S whose generic
`-adic algebraic Galois group G`,Y equals G`,Z .

A variant of the notion of absolutely special subvarieties which only incorporates the
de Rham and not the étale components of absolute Hodge cycles was introduced and
studied in Chapter 1. However, in this part of the thesis we use the stronger notion of
absolute Hodge cycles to ensure that every absolutely special subvariety is both special
and `-Galois special (Proposition 2.2.3). Conjectures 2.0.4 and 2.0.5 predict that in fact
all three notions are equivalent. We are thus led to formulate the following conjectures.

Conjecture 2.0.8. Any special subvariety is absolutely special.

Conjecture 2.0.9. Any `-Galois special subvariety is absolutely special.

For general families very little is known concerning Conjectures 2.0.4 and 2.0.5. In
this part of the thesis, we prove Conjectures 2.0.8 and 2.0.9 for subvarieties satisfying
a simple monodromy condition introduced in [KOU20].

We define the algebraic monodromy group HZ of a closed irreducible subvariety
Z ⊂ S to be the connected component of the identity of the Zariski closure of the image
of the topological monodromy representation ρZ : π1(Zan, z̄)→ GL(Vz̄) corresponding
to the restriction of the local system V to Z.

Definition 2.0.10 ([KOU20], Definition 1.10). A closed irreducible subvariety Z ⊂ S
is called weakly non-factor if it is not contained in a closed irreducible Y ⊂ S such that
HZ is a strict normal subgroup of HY .

Theorem 2.0.11 (see Theorem 2.2.14). For a weakly non-factor subvariety Z, the
following are equivalent:

(i) the subvariety Z is special;

(ii) the subvariety Z is `-Galois special for all primes `;

(iii) the subvariety Z is absolutely special.

The proof of Theorem 2.0.11 uses monodromy methods, and does not give informa-
tion on the relation of the groups GZ , GAHZ and G`,Z to each other. In particular, the
strategy of the proof cannot be extended to prove Conjectures 2.0.4 or 2.0.5.
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Exceptional loci

Recall that a point s ∈ S(C) is called Hodge generic if Gs = GS , and `-Galois generic if
G`,s = G`,S . One often studies the complement of the set of Hodge respectively `-Galois
generic points as the locus where we expect exceptional Hodge respectively Tate tensors
to occur.

Definition 2.0.12. We define the Hodge locus HL of S to be the set of s ∈ S(C) such
that Gs ( GS. Similarly, we define the absolute Hodge locus AHL (respectively the
`-Galois exceptional locus `−GalL) to be the set of all s ∈ S(C) such that GAHs ( GAHS
(respectively G`,s ( G`,S).

It is easy to see that the loci HL (resp. AHL, ` − GalL) are exactly the union
of all strict special (resp. absolutely special, `-Galois special) subvarieties of S. A
fundamental result in Hodge theory due to Cattani-Deligne-Kaplan [CDK95] shows that
there are only countably many special subvarieties of S, and thus the Hodge locus is a
countable union of closed algebraic subvarieties, as predicted by the Hodge conjecture.

One easily checks that absolutely special subvarieties are defined over finite exten-
sions ofK and the collection of absolutely special subvarieties is stable under Gal(K̄/K).
Note however that this is unknown in general for special subvarieties, with notable ex-
ception the results in [KOU20]. We will see in Corollary 2.2.6 that the same holds for
`-Galois special subvarieties, thus proving the following `-adic analog of the theorem on
the algebraicity of Hodge loci:

Theorem 2.0.13 (see Theorem 2.3.3). The `-Galois exceptional locus ` − GalL is a
countable union of closed algebraic subvarieties of S defined over K̄, and stable under
the action of Gal(K̄/K).

This statement is implied by the Tate conjecture, since it implies that ` − GalL is
dominated by a countable union of relative Hilbert schemes using an argument similar
to the one in ([Voi06], 1.1).

According to Conjecture 2.0.4 and Conjecture 2.0.5, all three loci HL, AHL and
` − GalL should coincide. We will prove that this equality of loci holds true if one
restricts to the "positive dimensional" part of these loci and the derived group GderS is
simple.

We say that a closed irreducible subvariety Z ⊂ S is of positive period dimension
if HZ 6= 1. This is equivalent to saying that the image of Z under the complex period
map is not a point. Denote by HLpos (resp. AHLpos, ` − GalLpos) the union of all
strict special (resp. strict absolutely special, strict `-Galois special) subvarieties Z of S
which are of positive period dimension.

Theorem 2.0.14 (see Theorem 2.3.4). Suppose that GderS is simple. Then

HLpos = AHLpos = `−GalLpos.

The Theorem can be used to transfer recent results on the Hodge locus of positive
period dimension (cf. [KO21], [BKU21]) to the `-Galois exceptional locus of positive
period dimension. For example, using [BKU21] we give a criterion for `−GalLpos to be
a finite union of `-Galois special subvarieties (Corollary 2.3.6). Note that it also follows
from the Theorem that ` − GalLpos is independent of `, something which is not at all
clear for the full `-Galois exceptional locus.

Theorem 2.0.14 demonstrates that we have good control over the special or `-Galois
special subvarieties of positive period dimension (at least when GderS is simple), whereas
we are not able to say anything about special points or `-Galois special points.
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Applications to the Mumford-Tate conjecture

Using the results [BKU21] of Baldi-Klingler-Ullmo on the structure of the Hodge locus
of positive period dimension, we prove that the absolute Mumford-Tate conjecture 2.0.3
holds for many projective hypersurfaces defined over transcendental extensions of Q. We
denote byMd,n the moduli space of smooth hypersurfaces of degree d in Pn+1.

Theorem 2.0.15 (see Corollary 2.3.11). Assume that n ≥ 3, d ≥ 5, and (n, d) 6= (4, 5).
There is a dense open Q-subvariety U ⊂ Md,n such that the absolute Mumford-Tate
conjecture for Hn

prim holds for all x ∈ U(C) \ U(Q̄).

Finally, we describe the relation of the concept of `-Galois special subvarieties to the
Mumford-Tate conjecture for abelian varieties. For families of abelian varieties, Deligne
has shown in ([Del82], Theorem 2.11) that Conjecture 2.0.4 holds for all subvarieties
Z ⊂ S. In this case, all special subvarieties are absolutely special and the Mumford-Tate
conjecture is equivalent to the absolute Mumford-Tate conjecture. In contrast to this,
the Mumford-Tate conjecture for abelian varieties, while proven in a number of cases,
is still open in general. The existence of CM points in special subvarieties together with
the fact that the Mumford-Tate conjecture is known for CM abelian varieties ([Poh68])
shows that in this case, Conjecture 2.0.9 is in fact equivalent to Conjecture 2.0.5, and
thus to the Mumford-Tate conjecture. We use monodromy arguments to show that
Conjecture 2.0.9 can be reduced to the zero-dimensional case, i.e. to `-Galois special
points.

Theorem 2.0.16 (see Theorem 2.3.12). The following are equivalent:

(i) The Mumford-Tate conjecture 2.0.1 holds for all (principally polarized) abelian
varieties of dimension g;

(ii) Every `-Galois special subvariety of Ag is special;

(iii) Every `-Galois special point x ∈ Ag(Q̄) is a CM point.

As an application of Theorem 2.0.11 in the case of Shimura varieties we prove the
following:

Corollary 2.0.17 (see Corollary 2.3.13). Let Sh be a connected component of a Shimura
variety of Hodge type such that GderSh is simple. Let Z ⊂ Sh be a strict `-Galois special
subvariety which is positive dimensional and maximal for these properties. Then G`,Z =
GZ ⊗Q` and any `-Galois generic point of Z satisfies the Mumford-Tate conjecture.

The definition of `-Galois special subvarieties is somewhat indirect, as the maximal
algebraic subvarieties with a given property. To phrase more explicitly what we expect
about the structure of these subvarieties, we want to give a conjectural description of
the complete local ring ÔZ,x of an `-Galois special subvariety Z at a point x ∈ Z(Q̄),
in the special case of a family of abelian varieties f : X → S over Q̄. For special sub-
varieties, such a local description follows from the theorem of Cattani-Deligne-Kaplan
(cf. [CDK95]).

The infinitesimal variation of the Hodge filtration around the point x can be de-
scribed by a formal period map

Φ̂x : Ŝx → F̂y

defined over Q̄ to the completion of a flag variety F at a point y.
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Using Fontaine’s de Rham comparison isomorphism, we introduce a de Rham in-
carnation G`−dR,Z of the group G`,Z , which gives a flag variety F`,Z ⊂ F defined over
Q̄`. By construction, the restriction of Φ̂x to the closed formal subscheme Ẑx factors
through the completion ̂(F`,Z)y of F`,Z at y.

Conjecture 2.0.18 (see Conjecture 2.4.6). If Z ⊂ S is an `-Galois special subvariety,
then Ẑx is an irreducible component of the pullback Φ̂−1

x ( ̂(F`,Z)y) of ̂(F`,Z)y under the
period map.

Remark 2.0.19. Intuitively, the conjecture says that locally around x, the subvariety
Z is defined by the condition that the de Rham tensors fixed by G`−dR,Z stay in the
zeroth step of the Hodge filtration. In other words, we expect that the locus in Ŝx cut
out by the Tate tensors defined by G`,Z , a priori just a closed formal subvariety, is in
fact the germ of an algebraic subvariety of S, namely the `-Galois special subvariety Z.

Note that this conjecture is implied by the Mumford-Tate conjecture, using the
mentioned local description of special subvarieties. We prove the converse:

Theorem 2.0.20 (see Theorem 2.4.10). Conjecture 2.0.18 for S = Ag implies the
Mumford-Tate conjecture for principally polarized abelian varieties of dimension g.

The proof uses that Conjecture 2.0.18 allows us to identify the dimension of an `-
Galois special subvariety Z ⊂ Ag with the dimension of the flag variety F`,Z , and that
one can show that the dimension of this flag variety is zero exactly if the group G`,Z is
a torus. The Mumford-Tate conjecture for abelian varieties then follows using Theorem
2.0.16.

Notations. We assume all varieties to be reduced. For S an irreducible variety over a
field K ⊂ C, by a subvariety Z ⊂ S we mean a closed irreducible complex subvariety.
If Z is defined over an extension L of K, we denote the associated L-variety by ZL. If
a distinction is necessary, we will denote by ZC = ZL ⊗L C the corresponding complex
variety. Throughout this thesis, by a Hodge cycle we mean a cycle of type (0, 0).

2.1 Families of varieties and their realizations

Let f : X → S be a smooth projective morphism between smooth irreducible quasi-
projective complex algebraic varieties. In this section we recall the tools from Hodge
theory, absolute Hodge cycles and `-adic local systems that we will use for studying the
cohomology of this family of varieties.

2.1.1 Variation of Hodge structure

After fixing a degree k ≥ 0, the Hodge theoretic realization of the family f is a (pure,
polarizable) Z-variation of Hodge structure (VZ,V,∇, F •) on S, where VZ = Rkprimf

an
∗ Z

is the local system attached to the primitive k-th cohomology, (V = Rkprimf∗ΩX/S ,∇)
the associated algebraic vector bundle with flat connection and F • is the Hodge filtration
of the vector bundle V . We denote the associated Q-variation of Hodge structure by
V := VZ ⊗Z Q.

For every point s ∈ S(C), the fiber Vs is a polarizable Q-Hodge structure. Given
m,n ≥ 0, we define the tensor Hodge structure V⊗(m,n)

s := V⊗ms ⊗ V∨⊗ns and V⊗s :=⊕
m,n≥0 V

⊗(m,n)
s .
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For an irreducible closed algebraic subvariety Z ⊂ S we define its generic Mumford-
Tate group with respect to the variation V as the group fixing all generic Hodge tensors
over Z. More precisely, after choosing a point z ∈ Z(C), we let HZ ⊂ V⊗z denote the
subspace of v ∈ V⊗z which extend to a global section of V⊗ over a finite étale cover Z ′

of Z such that the fiber of this global section is a Hodge class at every point t ∈ Z ′(C).

Definition 2.1.1. We define the generic Mumford-Tate group GZ of Z to be the sub-
group of GL(Vz) fixing the tensors in HZ .

It is well-known that GZ is a connected reductive group over Q. We will often use
the following formulation of the theorem of the fixed part ([Sch73], Corollary 7.23):

Theorem 2.1.2. Let ξ be a global section of V⊗(m,n) over a finite étale cover Z ′ of
a closed irreducible subvariety Z of S such that ξs is a Hodge cycle for some point
s ∈ Z ′(C). Then ξt is Hodge for every point t ∈ Z ′(C).

Note that the theorem above is usually just stated for a smooth base Z, but one
can reduce to that case using the period map (cf. Chapter 1, Theorem 1.1.14).

2.1.2 Absolute Hodge cycles

In this section we recall Deligne’s notion of absolute Hodge cycle (cf. [Del82]).
Let X be a smooth projective algebraic variety over C. For any automorphism

σ ∈ Aut(C/Q), we define the conjugated variety Xσ := X ×C,σ SpecC.
The natural map Xσ → X induces isomorphisms

σ∗dR : H2n
dR(X/C)(n)

∼→ H2n
dR(Xσ/C)(n)

and
σ∗ét : H2n

ét (X,Af )(n)
∼→ H2n

ét (Xσ,Af )(n).

Using the natural de Rham and étale comparison isomorphisms, a Hodge class v ∈
H2n
B (X,Q)(n) gives rise to a de Rham component vdR ∈ H2n

dR(X/C)(n) and an étale
component vét ∈ H2n

ét (X,Af )(n).

Definition 2.1.3 ([Del82], §2). A Hodge class v ∈ H2n
B (X,Q)(n) is called absolute

Hodge if for every σ ∈ Aut(C/Q), the conjugated de Rham and étale components

σ∗dR(vdR) ∈ H2n
dR(Xσ/C)(n)

and
σ∗ét(vét) ∈ H2n

ét (Xσ,Af )(n)

are the de Rham and étale components of a single Hodge class in H2n
B (Xσ,Q)(n).

Consider a closed irreducible subvariety Z ⊂ S and a point z ∈ Z(C). We define
AH⊗(m,n)

Z ⊂ V⊗(m,n)
z to be the subset of all v ∈ V⊗(m,n)

z which extend to a global section
of V⊗(m,n) over a finite étale cover Z ′ of Z such that the fiber of this global section is
an absolute Hodge class at every point t ∈ Z ′(C). Set AHZ :=

⊕
m,n≥0AH

⊗(m,n)
Z .

Definition 2.1.4. We define the generic absolute Mumford-Tate group GAHZ to be the
subgroup of GL(Vz) fixing all tensors in AHZ .

Note that the absolute Hodge classes of V⊗(m,n)
z can be interpreted as absolute

Hodge classes on some power of the fiber Xz.
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Remark 2.1.5. In the case that Z = {z} is a point, the group GAHz is the motivic
Galois group of the motive for absolute Hodge cycles attached to the k-th primitive
cohomology of the fiber Xz, cf. ([DM82], Proposition 6.22). Indeed, the motivic Galois
group is the (possibly non-connected) reductive group characterized by the fact that it
fixes the absolute Hodge tensors in all tensor constructions built out of Hk

prim(Xz) and
its dual. Hence we recover exactly the above definition of GAHz .

Clearly, every absolute Hodge class is a Hodge class. It follows that we have the
inclusion AHZ ⊂ HZ and therefore GZ ⊂ GAHZ .

The analog of the theorem of fixed part for absolute Hodge classes is Deligne’s
Principle B (cf. [Del82], Theorem 2.12):

Theorem 2.1.6. Let ξ be a global section of V over a finite étale cover Z ′ of a closed
irreducible subvariety Z of S such that ξs is absolute Hodge for some point s ∈ Z ′(C).
Then ξt is absolute Hodge for every point t ∈ Z ′(C).

Again, this theorem is usually phrased with Z smooth, but we can reduce to that
case using Theorem 2.1.2 as in (Chapter 1, Theorem 1.2.5).

2.1.3 `-adic realization

Suppose that S = SK ⊗K C and X = XK ⊗K C are defined over a field K ⊂ C finitely
generated over Q such that f comes from a family fK : XK → SK defined over K. Let
L be the arithmetic étale `-adic local system on SK defined by L := RkprimfK,∗Q`. After
fixing a point s ∈ S(K̄), we denote the corresponding monodromy representation of the
étale fundamental group by

ρ` : πét1 (SK , s)→ GL(Ls).

We use the notation L for the `-adic étale local system on SK̄ defined by restricting
this monodromy representation to πét1 (SK̄ , s). If Z ⊂ S is an irreducible closed complex
algebraic subvariety, then Z may be defined over a finitely generated field extension L
of K. For a point z ∈ Z(L̄), the restriction of the local system L on SK to ZL gives
rise to a representation

ρ`,Z : πét1 (ZL, z)→ GL(Lz). (2.1)

Lemma 2.1.7. The identity component of the Zariski closure of the image of (2.1) is
independent of the choice of the field L.

Proof. We recall the argument from ([Moo17a], Remark 2.2.2). Suppose L′/L is a
finitely generated field extension, and let E := L′ ∩ L̄. Then E is a finite extension of
L. Note that

πét1 (ZL′)� πét1 (ZE) ⊂ πét1 (ZL).

As a consequence, the Zariski closure of the image of πét1 (ZL′) is a finite index subgroup
of the Zariski closure of the image of πét1 (ZL).

Definition 2.1.8. The generic `-adic algebraic Galois group G`,Z of Z is the identity
component of the Zariski closure in GL(Lz) of the image of the arithmetic monodromy
representation

ρ`,Z : πét1 (ZL, z)→ GL(Lz), (2.2)

where L is a field of definition of Z which is finitely generated over K.
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Here we use the same terminology as in ([Moo17a], 4.2). We warn the reader that
it is not known in general whether G`,Z is a reductive group. This is essentially the
statement of the semisimplicity conjecture, which is known only in specific cases, such
as families of abelian varieties by the work of Faltings in [Fal83].

Proposition 2.1.9. For every σ ∈ Aut(C/K) there exists a natural isomorphism
G`,Zσ ∼= G`,Z .

Proof. If Z is defined over a field L finitely generated over K, the subvariety Zσ is de-
fined over the finitely generated field extension σ(L) ofK, and σ defines an isomorphism
of K-schemes Zσσ(L)

∼→ ZL. The diagram

πét1 (Zσσ(L), z
σ) //

∼=
��

πét1 (SK , z
σ) //

∼=
��

GL(Lzσ)

∼=
��

πét1 (ZL, z) // πét1 (SK , z) // GL(Lz)

commutes because the local system L is defined over K. Thus under the isomorphism
Lzσ ∼= Lz induced by σ the images of the above representations coincide, hence so do
their Zariski closures.

2.1.4 Monodromy

A powerful tool relating the Hodge theoretic and `-adic realizations is the notion of
monodromy. Let Z ⊂ S be a closed irreducible subvariety and z ∈ Z(C).

Definition 2.1.10. The algebraic monodromy group HZ of Z is defined to be the
identity component of the Zariski closure of the image of the monodromy representation
ρZ : π1(ZanC , z)→ GL(Vz) corresponding to the restriction of V to Z.

Remark 2.1.11. The algebraic monodromy group is often defined by restricting to the
smooth locus Zsm of Z. Using Hodge theory, one can show that HZsm = HZ , i.e. both
definitions agree (cf. Chapter 1, Lemma 1.1.9).

Let L be a field of definition for Z which is finitely generated over K.

Definition 2.1.12. The geometric `-adic algebraic monodromy group H`,Z of Z is
defined to be the identity component of the Zariski closure of the image of the monodromy
representation ρ`,Z : πét1 (ZL̄, z)→ GL(Lz) attached to the restriction of the `-adic local
system L to ZL̄.

Note that the common geometric origin of the local systems gives an identification
V⊗Q Q`

∼= ν∗L under the morphism of topoi

(ν∗, ν∗) : SanC → SC,ét ∼= SK̄,ét.

As a consequence, the following proposition relates the algebraic monodromy group and
the geometric `-adic algebraic monodromy group. This also shows that Definition 2.1.12
is again independent of the choice of the field L.

Proposition 2.1.13 ([Moo17a], Lemma 4.3.4). The `-adic comparison isomorphism
Vz ⊗Q Q`

∼= Lz induces an isomorphism

HZ ⊗Q Q`
∼= H`,Z .
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Proof. By definition, H`,Z is the identity component of the Zariski closure of the image
of the monodromy representation ρ`,Z : πét1 (ZL̄, z) → GL(Lz). Since the natural map
πét1 (ZC, z) � πét1 (ZL̄, z) is surjective, it is also the identity component of the Zariski
closure of the monodromy representation ρ`,ZC : πét1 (ZC, z) → GL(Lz). We now recall
the argument given in ([Moo17a], Lemma 4.3.4). We have a commutative diagram

π1(ZanC , z)
ρZ //

��

GL(Vz ⊗Q`)

∼=
��

πét1 (ZC, z)
ρ`,ZC // GL(Lz) .

It suffices to show that ρ`,ZC(πét1 (ZC, z)) ⊂ HZ ⊗ Q`. The étale fundamental group
πét1 (ZC, z) is the profinite completion of π1(ZanC , z) ([GR03] Exposé V, Corollary 5.2).
We see that ρZ(π1(ZanC , z)) is dense in ρ`,ZC(πét1 (ZC, z)) for the `-adic topology, and
therefore also for the Zariski topology.

Proposition 2.1.14.

(i) The algebraic monodromy group HZ is a normal subgroup of the derived group of
the generic Mumford-Tate group GZ , and of the generic absolute Mumford-Tate
group GAHZ .

(ii) The geometric `-adic algebraic monodromy group H`,Z is a normal subgroup of the
generic `-adic algebraic Galois group G`,Z .

Proof. Arguing as in (Chapter 1, Proposition 1.2.9), we may restrict to the smooth locus
of Z, and therefore assume that Z is smooth. The first part is ([And92], Theorem 1),
and the corresponding analog for absolute Hodge cycles follows from Deligne’s Principle
B ([Del82], Theorem 2.12). We now come to the `-adic part (ii). Suppose that Z is
defined over a field L finitely generated over K. Choose a geometric point z̄ ∈ Z(L̄).
The short exact sequence

1→ πét1 (ZL̄, z̄)→ πét1 (ZL, z̄)→ Gal(L̄/L)→ 1

shows that H`,Z is a normal subgroup of G`,Z .

The following Lemma is a geometric formulation of two fundamental principles in
Hodge theory: the theorem of the fixed part (cf. Theorem 2.1.2) and Deligne’s Principle
B (cf. Theorem 2.1.6).

Lemma 2.1.15. Let Z and Y be closed irreducible subvarieties of S.

(i) Suppose Z ⊂ Y and HY ⊂ GZ , then GZ = GY .

(ii) Suppose Z ⊂ Y and HY ⊂ GAHZ , then GAHZ = GAHY .

(iii) Suppose Z ⊂ Y and H`,Y ⊂ G`,Z , then G`,Z = G`,Y .

Proof. (i) We show that GY ⊂ GZ , the other inclusion being clear. Let z ∈ Z(C) and
suppose v ∈ V⊗z is fixed by GZ . Then up to replacing Y by a finite étale cover,
the condition HY ⊂ GZ will ensure that v extends to a global section on Y . But
v is Hodge at the point z ∈ Z(C), hence is a generic Hodge tensor over Y by the
Theorem of the fixed part (Theorem 2.1.2). We conclude that GY fixes v.
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(ii) Similarly, if v ∈ V⊗z is fixed by GAHZ , up to replacing Y by a finite étale cover the
condition HY ⊂ GAHZ shows that v extends to a global section on Y . We know
that it is absolute Hodge at the point z ∈ Z(C). Now we use Deligne’s Principle
B (Theorem 2.1.6) to conclude that a global section which is absolute Hodge at
one point is absolute Hodge everywhere, hence fixed by GAHY .

(iii) We may choose a finitely generated field extension L of K such that Z and Y are
both defined over L and there exists an L-rational point z ∈ Z(L). Denote by z̄
a geometric point lying over z. The point z induces a splitting of the homotopy
short exact sequence

1→ πét1 (ZL̄, z̄)→ πét1 (ZL, z̄)→ Gal(L̄/L)→ 1,

giving a description

πét1 (ZL, z̄) = πét1 (ZL̄, z̄) o Gal(L̄/L)

as a semi-direct product. This shows that G`,Z is generated by H`,Z and G`,z, the
identity component of the Zariski closure of the image of the Galois representation
attached to the point z. Similarly, G`,Y is generated by H`,Y and G`,z. From this
we see that H`,Y ⊂ G`,Z implies G`,Z = G`,Y .

Proposition 2.1.16. We have the inclusion G`,Z ⊂ GAHZ ⊗Q`.

Proof. This is an adaptation of the argument given in ([Del82], Proposition 2.9(b)).
Let L be a field of definition of Z which is finitely generated over K. Up to replacing
L by a finite extension, we may assume the existence of a point z ∈ Z(L). Then
Gal(L̄/L) acts on the fiber Lz̄ over a geometric point z̄ ∈ Z(L̄) lying over z. We claim
that AH⊗(m,n)

Z ⊂ L⊗(m,n)
z̄ is preserved by Gal(L̄/L). Indeed, any element in Gal(L̄/L)

can be extended to an automorphism in Aut(C/Q), and these preserve AH⊗(m,n)
Z by

definition. Now the profinite group Gal(L̄/L) acts continuously on the finite dimensional
Q-vector space AH⊗(m,n)

Z and thus acts through a finite quotient. After again replacing
L by a finite extension we may assume that Gal(L̄/L) acts trivially. This shows that
the identity component G`,z of the Zariski closure of the Galois representation attached
to the point z is contained in GAHZ ⊗ Q`, as the latter is defined as the group fixing
the elements in AHZ . Since we know from Proposition 2.1.13 that H`,Z ⊂ GAHZ ⊗ Q`,
arguing as in the proof of Lemma 2.1.15(iii) we can show that GAHZ ⊗ Q` contains
G`,Z .

2.1.5 Relation to the usual Mumford-Tate conjecture

We briefly describe the relation of Conjecture 2.0.5 to the usual absolute Mumford-Tate
conjecture 2.0.3. Let Z ⊂ S be a closed irreducible subvariety.

Definition 2.1.17. A point z ∈ Z(C) is called `-Galois generic if G`,z = G`,Z .

Lemma 2.1.18. Let Z be defined over a field L finitely generated over K. If Zsm

denotes the smooth locus of Z, we have G`,Zsm = G`,Z . As a consequence, if Z is
positive dimensional, there is a number d ≥ 0 such that there are infinitely many `-
Galois generic points of Z defined over extensions of degree ≤ d over L.
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Proof. Using methods from Hodge theory one can show that HZ = HZsm (cf. Chapter
1, Lemma 1.1.9), hence also H`,Z = H`,Zsm by the arguments in the proof of Proposition
2.1.13. Arguing as in the proof of Lemma 2.1.15(iii) it follows that G`,Zsm = G`,Z . For
the smooth part it is known (cf. [Ser97], Section 10.6) that there are infinitely many
points defined over extensions of bounded degree such that G`,z = G`,Zsm = G`,Z .

We can now show that Conjectures 2.0.4 and 2.0.5 are in fact equivalent to the usual
conjectures 2.0.2 and 2.0.3 over a point. Namely, for a given subvariety Z ⊂ S, we may
choose an `-Galois generic point z ∈ Z(C). Then H`,Z ⊂ G`,Z = G`,z ⊂ GAHz ⊗Q` and
by Lemma 2.1.15 we have GAHz = GAHZ . Assuming that Conjecture 2.0.5 holds true for
the point z, we obtain the desired equality

G`,Z = G`,z = GAHz ⊗Q` = GAHZ ⊗Q`.

The argument for Conjecture 2.0.4 is similar.

2.2 `-Galois special subvarieties

In this section we recall the notion of special subvariety as a subvariety which is maximal
with a given generic Mumford-Tate group. Motivated by Conjectures 2.0.4 and 2.0.5
we introduce a notion of absolutely special and `-Galois special subvarieties, replacing
the generic Mumford-Tate group by the generic absolute Mumford-Tate group and the
generic `-adic algebraic Galois group.

2.2.1 Definition

We define special, absolutely special and `-Galois special subvarieties and prove their
first properties.

Definition 2.2.1 ([KO21], Definition 1.2; Chapter 1, Definition 1.0.4).

(i) A closed irreducible subvariety Z ⊂ S is called special if it is maximal among the
closed irreducible subvarieties of S having the same generic Mumford-Tate group
as Z.

(ii) A closed irreducible subvariety Z ⊂ S is called absolutely special if it is maximal
among the closed irreducible subvarieties of S having the same generic absolute
Mumford-Tate group as Z.

A closely related variant of the definition of absolutely special subvarieties, called
dR-absolutely special subvarieties, was given in (Chapter 1, Definition 1.0.4).

We define the following `-adic incarnation of special subvarieties.

Definition 2.2.2. A closed irreducible subvariety Z ⊂ S is called `-Galois special if
it is maximal among the closed irreducible subvarieties Y of S whose generic `-adic
algebraic Galois group G`,Y equals G`,Z .

In other words, Z ⊂ S is `-Galois special if there does not exist a closed irreducible
subvariety Y of S containing Z strictly with G`,Y = G`,Z .

We prove that an absolutely special subvariety is both special and `-Galois special
for all primes `.
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Proposition 2.2.3. Let Z be an absolutely special subvariety.

(i) Z is both special and `-Galois special.

(ii) Zσ is absolutely special for all σ ∈ Aut(C/K).

(iii) Z is defined over K̄ and all its Galois conjugates are special.

Proof. For (i), let us prove that Z is `-Galois special. The proof for special is similar
(cf. Chapter 1, Proposition 1.3.2). Suppose there exists a closed irreducible subvariety
Y ⊃ Z such that G`,Z = G`,Y . It follows that

H`,Y ⊂ G`,Y = G`,Z ⊂ GAHZ ⊗Q`.

Using Proposition 2.1.13 this in turn shows that HY ⊂ GAHZ . Lemma 2.1.15 then says
that GAHY = GAHZ . As Z is absolutely special this implies Y = Z. Hence Z is `-Galois
special. Since the action of Aut(C/K) on `-adic étale cohomology maps absolute Hodge
classes to absolute Hodge classes, there is a natural isomorphism GAHZ ⊗Q`

∼= GAHZσ ⊗Q`.
This proves (ii). Now (iii) follows from (i) and the fact that there are only countably
many special subvarieties.

It follows from Conjectures 2.0.4 and 2.0.5 that the notions of special, `-Galois
special and absolutely special subvarieties should all be equivalent. The fact that we
can only prove that absolutely special implies special and `-Galois special corresponds
to the caveat that we only know the two inclusions GZ ⊂ GAHZ and G`,Z ⊂ GAHZ ⊗QQ`.

2.2.2 Fields of definition of `-Galois special subvarieties

We prove that `-Galois special subvarieties are defined over K̄, and their Galois conju-
gates are again `-Galois special.

Proposition 2.2.4. If Z ⊂ S is an `-Galois special subvariety then for every σ ∈
Aut(C/K), the conjugate Zσ ⊂ S is an `-Galois special subvariety.

Proof. Consider a closed irreducible subvariety Y ⊃ Zσ that satisfies G`,Y = G`,Zσ .
Proposition 2.1.9 shows that for the conjugates Y σ−1 ⊃ Z we have the equalityG

`,Y σ−1 =

G`,Z . Since Z is assumed to be `-Galois special, it follows that Y σ−1
= Z. This proves

that Y = Zσ and Zσ is `-Galois special.

However, Conjecture 2.0.9 predicts more, namely that all `-Galois special subvari-
eties are defined over finite extensions of K.

Proposition 2.2.5. Let Z ⊂ S be a closed irreducible subvariety and let Y denote the
smallest closed K̄-subvariety of S containing Z. Then G`,Z = G`,Y .

Proof. By Lemma 2.1.18 we may replace Y by its smooth locus Y sm and Z by the
smooth locus of Z ∩ Y sm. Here we note that the last intersection is non-empty by the
assumption that Y is the smallest closed K̄-subvariety containing Z. We may therefore
assume that Z and Y are both smooth. Choose a finite extension E of K such that Y
is defined over E and irreducible as an E-scheme, and choose a field of definition L of
Z which is finitely generated over E. By the fact that Z is K̄-Zariski dense in Y , the
generic point ηZ of ZL maps to the generic point ηY of YE . Choose geometric points η̄Y
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and η̄Z lying over ηY respectively ηZ . Since ZL and YE are smooth integral schemes, by
([GR03] Exposé V, Proposition 8.2) there is a surjection of étale fundamental groups

Gal(κ(ηZ)/κ(ηZ)) = πét1 (ηZ , η̄Z)� πét1 (ZL, η̄Z)

and
Gal(κ(ηY )/κ(ηY )) = πét1 (ηY , η̄Y )� πét1 (YE , η̄Y ).

Hence G`,Z can be identified with the identity component of the Zariski closure of the
image of Gal(κ(ηZ)/κ(ηZ)), and similarly for G`,Y . Since κ(ηZ) and κ(ηY ) are finitely
generated fields, the argument in ([Moo17a], Remark 2.2.2(i)) shows that

Gal(κ(ηZ)/κ(ηZ))→ Gal(κ(ηY )/κ(ηY ))

is a surjection onto a finite index subgroup. This proves that G`,Z = G`,Y .

Corollary 2.2.6. Let Z ⊂ S be an `-Galois special subvariety. Then Z is defined over
K̄ and all Gal(K̄/K)-conjugates of Z are again `-Galois special.

2.2.3 Weakly special subvarieties

We recall the definition of weakly special subvarieties, defined using the algebraic mon-
odromy group HZ .

Definition 2.2.7 ([KO21], Corollary 4.14). A closed irreducible subvariety Z ⊂ S is
called weakly special if it is maximal among the closed irreducible subvarieties of S
having the same algebraic monodromy group as Z.

The relevance of this definition for us is that the class of weakly special subvarieties
contains all the previously defined subvarieties.

Lemma 2.2.8. Any special, absolutely special or `-Galois special subvariety is weakly
special.

Proof. Let Z be a special (resp. absolutely special, `-Galois special) subvariety. Let Y
be a closed irreducible subvariety of S such that Z ⊂ Y and HY = HZ . By Lemma
2.1.15 this implies GZ = GY (resp. GAHZ = GAHY , G`,Z = G`,Y ). Since Z is special
(resp. absolutely special, `-Galois special) we conclude that Y = Z. This proves that
Z is weakly special.

Note that this allows us, in principle at least, to study aspects of the geometry of
`-Galois special subvarieties using methods from Hodge theory. For example, weakly
special subvarieties have a nice description using the period map. Namely, they can
be understood as irreducible components of preimages under the period map of certain
group-theoretically defined subspaces of the period domain.

Let
Φ : San → X := Γ\D

be the period map attached to the variation of Hodge structure V. Here D is the
GS(R)-orbit of a Hodge cocharacter h : S→ GS,R and Γ ⊂ GS(Q) is a subgroup which
contains the image of the monodromy representation. The pair (GS ,D) is called a
Hodge datum in ([KO21], Section 4) and the quotient X = Γ\D a Hodge variety. A
morphism of Hodge data from (G′,D′) to (G,D) is a group homomorphism ι : G′ → G
such that ι(D′) ⊂ D. Provided that ι(Γ′) ⊂ Γ, it induces a morphism of Hodge varieties
X ′ = Γ′\D′ → X.
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Definition 2.2.9 ([KO21], Definition 4.1). Let X ι← X1
π→ X2 be a diagram of mor-

phisms of Hodge varieties and x2 ∈ X2. An irreducible component of ι(π−1({x2})) is
called a weakly special subvariety of the Hodge variety X.

Theorem 2.2.10 ([KO21], Corollary 4.14). The weakly special subvarieties of S are
precisely the irreducible components of the preimages of weakly special subvarieties in X
under the period map.

Example 2.2.11. We illustrate the situation with the description of weakly special subva-
rieties of Shimura varieties, cf. ([KUY18], Theorem 3.1). Let S := ShG be a connected
Shimura variety attached to a (connected) Shimura datum (G,D). The special subvari-
eties of ShG are given by the irreducible components of images of sub-Shimura varieties
ShG′ associated with sub-Shimura data (G′,D′). The weakly special subvarieties can
be described as follows: Given such a sub-Shimura datum (G′,D′), let H be a normal
subgroup of G′. The quotient Shimura datum (G′/H,D′) gives rise to a morphism
of Shimura varieties π : ShG′ → ShG′/H . For any point x ∈ ShG′/H(C), the image of
π−1({x}) in ShG is a weakly special subvariety, and all weakly special subvarieties are of
this form. In the Shimura variety case, the weakly special subvarieties were described by
Moonen in ([Moo98], §3) and identified with the totally geodesic subvarieties ([Moo98],
Theorem 4.3).

2.2.4 Weakly non-factor subvarieties

In this section we prove the equivalence of the notions of special, absolutely special and
`-Galois special subvarieties for the so-called weakly non-factor subvarieties introduced
in [KOU20]. The main point is that in this case all three notions are equivalent to being
weakly special, a notion which relies purely on monodromy.

We recall the notion of weakly non-factor subvarieties as defined in [KOU20].

Definition 2.2.12 ([KOU20], Definition 1.10). A closed irreducible subvariety Z ⊂ S
is called weakly non-factor if it is not contained in a closed irreducible subvariety Y ⊂ S
such that HZ is a strict normal subgroup of HY .

Proposition 2.2.13. Assume Z ⊂ S is weakly special and weakly non-factor. Then Z
is absolutely special.

Proof. Assume Y ⊂ S is a closed irreducible subvariety containing Z such that GAHY =
GAHZ . As the monodromy groups HZ andHY are both normal subgroups of the common
generic absolute Mumford-Tate group GAHY = GAHZ , the group HZ is a normal subgroup
of HY . But Z is weakly non-factor by assumption, so HZ = HY . Since Z is weakly
special it follows that we have the equality Z = Y .

The same proof was used in (Chapter 1, Theorem 1.3.9) to conclude that a weakly
special and weakly non-factor subvariety is dR-absolutely special.

Theorem 2.2.14. For a weakly non-factor subvariety Z, the following are equivalent:

(i) Z is weakly special;

(ii) Z is special;

(iii) Z is `-Galois special;

(iv) Z is absolutely special.
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Proof. We already know that (iv) =⇒ (i), (ii), (iii) and (ii), (iii) =⇒ (i). Therefore
it is enough to prove (i) =⇒ (iv). This is precisely Proposition 2.2.13.

We give some examples of weakly non-factor subvarieties that were already consid-
ered in ([KOU20], Corollary 1.13).

Definition 2.2.15. A closed irreducible subvariety Z ⊂ S is called of positive period
dimension if HZ 6= 1.

The subvariety Z is of positive period dimension if and only if its image under the
complex period map is not a point.

Corollary 2.2.16. Suppose that the derived group GderS is simple. Let Z ⊂ S be a
strict special subvariety which is of positive period dimension, and maximal for these
properties. Then Z is absolutely special.

Indeed, such a subvariety is weakly non-factor by ([KOU20], proof of Corollary 1.13).

Corollary 2.2.17. Suppose that GderS is simple. Let Z ⊂ S be a strict `-Galois special
subvariety which is of positive period dimension, and maximal for these properties. Then
Z is absolutely special.

Proof. As Z is `-Galois special, in view of Theorem 2.2.14 it suffices to show that Z is
weakly non-factor. Let Y ⊃ Z be a closed irreducible subvariety such that HZ is a strict
normal subgroup of HY . By the maximality of Z, we have the equality G`,Y = G`,S .
Thus H`,Y is a normal subgroup of G`,S , and therefore also of H`,S . By Proposition
2.1.13 we know that HY is a normal subgroup of HS , which is simple by Proposition
2.1.14. As HZ is non-trivial, it follows that HZ = HY = HS , which contradicts the
assumption that HZ is a strict normal subgroup of HY . Therefore Z is weakly non-
factor, as desired.

2.3 Applications to the Mumford-Tate conjecture

We give a few instances of the interaction of the concept of `-Galois special subvarieties
with the Mumford-Tate conjecture. First we show that the `-Galois exceptional locus
is a countable union of algebraic subvarieties defined over K̄, and its part of positive
period dimension coincides with the Hodge locus of positive period dimension provided
that GderS is simple. Together with the results of [BKU21], we use this to prove that
the absolute Mumford-Tate conjecture holds for many smooth projective hypersurfaces
defined over finitely generated transcendental extensions of Q. Secondly, we outline
how the question of determining the `-Galois special points in the moduli space of
(principally polarized) abelian varieties is equivalent to the Mumford-Tate conjecture
for abelian varieties.

2.3.1 Exceptional loci of positive period dimension

We begin by defining the following exceptional loci:

Definition 2.3.1.

(i) The Hodge locus HL of S is the set of s ∈ S(C) such that Gs ( GS.

(ii) The absolute Hodge locus AHL is the set of all s ∈ S(C) such that GAHs ( GAHS .

(iii) The `-Galois exceptional locus ` − GalL is the set of all s ∈ S(C) such that
G`,s ( G`,S.
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Proposition 2.3.2. The Hodge locus HL (resp. AHL, ` − GalL) is the union of all
strict special (resp. strict absolutely special, strict `-Galois special) subvarieties of S.

Proof. We prove the claim for ` − GalL. Let s ∈ ` − GalL. Choose a maximal closed
irreducible subvariety Z ⊂ S containing s which satisfies G`,Z = G`,s. Then Z is an
`-Galois special subvariety by the very definition.

Theorem 2.3.3. The `-Galois exceptional locus `−GalL is a countable union of closed
algebraic subvarieties of S defined over K̄, and stable under the action of Gal(K̄/K).

Proof. By Proposition 2.3.2, the locus ` − GalL is the union of all `-Galois special
subvarieties, which are closed algebraic subvarieties defined over K̄ by Corollary 2.2.6.
The same Corollary also shows that the union is stable under the action of the absolute
Galois group of K. The Theorem follows from the fact that there are only countably
many closed algebraic subvarieties of S defined over the countable field K̄.

Proposition 2.2.3 shows that AHL ⊂ HL and AHL ⊂ `−GalL. The absolute Hodge
conjecture and the absolute Mumford-Tate conjecture imply that these inclusions are in
fact equalities. We prove that this is indeed the case when we restrict to the "positive
dimensional" part of these loci and the derived group GderS is simple.

Denote by HLpos (resp. AHLpos, `−GalLpos) the union of all strict special (resp.
strict absolutely special, strict `-Galois special) subvarieties Z of S which are of positive
period dimension.

Theorem 2.3.4. Suppose that GderS is simple. Then

HLpos = AHLpos = `−GalLpos.

Proof. Proposition 2.2.3 tells us that AHLpos is contained in both ` − GalLpos and
HLpos. Now let Z be a strict special subvariety that is maximal and of positive period
dimension. Then Corollary 2.2.16 implies that Z is in fact absolutely special. We
conclude that HLpos ⊂ AHLpos. Similarly, a maximal strict `-Galois special subvariety
of positive period dimension is absolutely special (Corollary 2.2.17). This shows the
inclusion `−GalLpos ⊂ AHLpos.

As a consequence, we see that in the situation of Theorem 2.3.4 the `-Galois excep-
tional locus `−GalLpos of positive period dimension is independent of ` as predicted by
the Mumford-Tate conjecture, but this is not at all clear for the full `-Galois exceptional
locus.

Remark 2.3.5. Denote by WSpos the union of all strict weakly special subvarieties of
S of positive period dimension. Then one sees that assuming the simpleness of GderS ,
the above loci are also equal to WSpos. The equality HLpos = WSpos is already used
crucially in [KO21].

Theorem 2.3.4 allows us to transfer results on the Hodge locus HLpos of positive
period dimension to the `-Galois exceptional locus of positive period dimension. For
example, by ([KO21], Theorem 1.5) the subset HLpos is either Zariski-dense or a finite
union of special subvarieties. These special subvarieties are maximal, and hence abso-
lutely special by Corollary 2.2.16. We obtain that `−GalLpos is either Zariski-dense or
a finite union of `-Galois special subvarieties.

The level of the variation of Hodge structure V as defined in ([BKU21], Definition
3.13) is the maximal number m such that the Hodge structure of weight zero on the
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Lie algebra of the adjoint generic Mumford-Tate group GadS has non-trivial (−m,m)-
part. In fact, if this Hodge structure is not irreducible then one needs a slightly refined
definition that can be found in ([BKU21], Definition 3.12). Baldi-Klingler-Ullmo proved
that if GderS is simple and the level of V is greater or equal to three, then the Hodge
locus HLpos of positive period dimension is a finite union of special subvarieties. Using
this, we obtain the following Corollary to Theorem 2.3.4:

Corollary 2.3.6. Suppose that GderS is simple and the level of the variation of Hodge
structure V is greater or equal to three. Then `−GalLpos is a finite union of `-Galois
special subvarieties.

2.3.2 Absolute Mumford-Tate conjecture for projective hypersurfaces

We show how the results on the `-Galois exceptional locus can be applied in suitable
situations to prove that many members of a family satisfy the (absolute) Mumford-Tate
conjecture.

Definition 2.3.7. We say that the variation of Hodge structure V satisfies the Torelli
property if every closed irreducible subvariety Z ⊂ S with HZ = 1 is a point.

Remark 2.3.8. The Torelli property can be rephrased as saying that the complex period
map does not contract a positive dimensional subvariety to a point. In particular, it
is satisfied if the period map satisfies an infinitesimal Torelli theorem, since the period
map is an immersion in this case.

Theorem 2.3.9.

(i) Suppose G`,S = GS ⊗ Q`. Then the Mumford-Tate conjecture holds for a very
general complex point of S, i.e. away from a countable union of closed algebraic
subvarieties.

(ii) Suppose that G`,S = GAHS ⊗Q`, and the derived group GderS is simple. We assume
furthermore that the level of the variation of Hodge structure V is at least 3, and
that it satisfies the Torelli property. Then there exists a dense open K-subvariety
U ⊂ S such that the absolute Mumford-Tate conjecture holds true for every x ∈
U(C) \ U(K̄).

Proof. (i) By the Theorem of Cattani-Deligne-Kaplan (cf. [CDK95]) and Theorem
2.3.3, both the Hodge locus and the `-Galois exceptional locus form a countable
union of closed algebraic subvarieties of S. For any x ∈ S(C) \ (HL ∪ `−GalL)
we have the equality

G`,x = G`,S = GS ⊗Q` = Gx ⊗Q`.

(ii) Under the assumption that GderS is simple, it follows from Corollary 2.3.6 that
the `-Galois exceptional locus `−GalLpos of positive period dimension is a strict
closed algebraic subvariety of S provided that the variation V has level ≥ 3. It
is moreover defined over K by Corollary 2.2.6. If we let U ⊂ S be the dense
open K-subvariety defined as the complement of `−GalLpos, it follows from the
Torelli property that every point x ∈ U(C) which is not `-Galois generic in S is an
`-Galois special point, and thus defined over K̄ by Corollary 2.2.6. Consequently
every x ∈ U(C) \ U(K̄) satisfies

G`,x = G`,S = GAHS ⊗Q`.

The inclusions G`,x ⊂ GAHx ⊗Q` ⊂ GAHS ⊗Q` force the equality G`,x = GAHx ⊗Q`.
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Remark 2.3.10.

(i) More precisely, Theorem 2.3.9(ii) proves that all points x ∈ U(C) \ U(K̄) are `-
Galois generic in S. This it not too surprising since it is conjectured ([BKU21],
Conjecture 2.5) that the Hodge locus is an algebraic subvariety of S once the level
is greater or equal to three. In particular, the Hodge generic points (and thus
conjecturally also the `-Galois generic points) should form a dense open subset of
S.

(ii) Replacing the first condition in Theorem 2.3.9(ii) by the condition G`,S = GS⊗Q`,
the same argument shows that the Mumford-Tate conjecture holds for all but
countably many points x ∈ U(C). We can not argue that these countably many
points are defined over K̄ because of our lack of knowledge about the fields of
definition of special points.

(iii) Arguing as in ([Moo17a], Theorem 4.3.8), the assumption G`,S = GAHS ⊗ Q` (re-
spectively G`,S = GS⊗Q`) is satisfied once the absolute Mumford-Tate conjecture
(respectively the Mumford-Tate conjecture) holds for a single point s ∈ S(C). In
other words, the above theorem shows that if these conjectures hold for one point,
they hold for many points.

We give an example to illustrate the scope of the preceding Theorem. Denote by
Md,n the moduli space of smooth projective hypersurfaces of degree d in Pn+1. More
precisely, we should add a level structure in order to obtain a fine moduli space defined
over Q, but we will ignore this issue here.

Corollary 2.3.11. Assume that n ≥ 3, d ≥ 5, and (n, d) 6= (4, 5). There is a dense
open Q-subvariety U ⊂Md,n such that the absolute Mumford-Tate conjecture for Hn

prim

holds for all x ∈ U(C) \ U(Q̄).

Proof. We show that the assumptions of Theorem 2.3.9(ii) are satisfied. We argue as in
([BKU21], 7.2): As soon as n ≥ 3, d ≥ 5 and (n, d) 6= (4, 5), the level of the variation of
Hodge structure V is greater or equal to three. Let Gd,n denote the identity component
of the automorphism group of the primitive cohomology Hn

prim of a smooth projective
hypersurface preserving the cup product. A big monodromy result of Beauville ([Bea86],
Theorem 2 and 4) shows that HS = Gd,n. As GAHS ⊂ Gd,n, and GS and G`,S both
contain HS , we conclude that GS = GAHS and G`,S = GAHS ⊗Q Q`. In addition, GderS =
Gd,n is simple. The Torelli property follows from the fact the period map for Md,n

satisfies the infinitesimal Torelli theorem by a result of Griffiths, see ([Fle86], Theorem
3.1) for the more general case of complete intersections.

2.3.3 `-Galois special points and the Mumford-Tate conjecture for
abelian varieties

In this section, we consider the case where f : X → Sh is the universal family of abelian
varieties over a Shimura variety Sh of Hodge type, and V = R1fan∗ Q. Deligne showed
that every Hodge cycle on an abelian variety is absolute Hodge ([Del82], Theorem 2.11).
Consequently we know that GZ = GAHZ for every subvariety Z ⊂ Sh, and every special
subvariety of Sh is absolutely special and hence also `-Galois special. Moreover, the
proof of the Tate conjecture for abelian varieties due to Faltings in [Fal83] shows that
G`,Z is a reductive group. We use the existence of CM points to show that Conjecture
2.0.9 (`-Galois special subvarieties are special) implies the Mumford-Tate conjecture in
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this case. We will then prove that one can reduce this conjecture to `-Galois special
subvarieties of dimension zero, that is, to `-Galois special points.

Theorem 2.3.12. The following are equivalent:

(i) The Mumford-Tate conjecture 2.0.1 holds for all (principally polarized) abelian
varieties of dimension g;

(ii) Every `-Galois special subvariety of Ag is special;

(iii) Every `-Galois special point x ∈ Ag(Q̄) is a CM point.

Proof. Clearly, (i) implies all other conditions since it implies that `-Galois special
subvarieties are special. Let x ∈ Ag(C). Take Z to be an `-Galois special subvariety
containing x with G`,Z = G`,x, so that x is `-Galois generic in Z. Assuming (ii),
Z is a special subvariety and thus contains a CM point. Using that the Mumford-
Tate conjecture is known for CM abelian varieties ([Poh68]), the result ([Moo17a], Cor.
4.3.15) shows that the `-Galois generic point x ∈ Z(C) satisfies the Mumford-Tate
conjecture. Hence (ii) =⇒ (i). We now show that (iii) =⇒ (ii). Any `-Galois
special subvariety Z is weakly special by Lemma 2.2.8. It follows from the description
in Example 2.2.11 that there is a morphism of Shimura varieties π : ShGZ → ShGZ/HZ
such that

Z = π−1({y})

for a point y ∈ ShGZ/HZ (Q̄). Denote by pr : GZ ⊗Q Q` → (GZ/HZ) ⊗Q Q` the
projection. Then

G`,Z = pr−1(G`,y).

We claim that y is an `-Galois special point. Suppose there exists a positive dimensional
closed irreducible subvariety Y ⊂ ShGZ/HZ containing y with G`,Y = G`,y. In particular
H`,Y ⊂ G`,y. Consider the subvariety W := π−1(Y ). Then Z ⊂W and

H`,W = pr−1(H`,Y ) ⊂ G`,Z .

By Lemma 2.1.15, we obtain the equality G`,W = G`,Z . This contradicts the assumption
that Z is `-Galois special and thus proves that y is an `-Galois special point. Now (iii)
asserts that y is a CM point. We conclude that Z = π−1({y}) is a special subvariety.

Note that the formulation of (iii) does not require Hodge theory anymore. For
example, by Falting’s Theorem on endomorphisms of abelian varieties [Fal83], x ∈
Ag(Q̄) is a CM point if and only if G`,x is a torus (see also [Moo17a], 2.4.4.).

Let Sh ⊂ Ag be a Shimura variety of Hodge type with GderSh simple. Corollary 2.2.17
states that part (ii) in the above theorem holds true for maximal positive dimensional
strict `-Galois special subvarieties in Sh. Due to the existence of CM points we get:

Corollary 2.3.13. Assume that GderSh is simple. Let Z ⊂ Sh be a strict `-Galois special
subvariety which is positive dimensional and maximal for these properties. Then G`,Z =
GZ ⊗ Q`. Consequently, any `-Galois generic point of Z satisfies the Mumford-Tate
conjecture.

Even though we cannot prove that all `-Galois special points are CM points, we
know that there are a lot of points which are not `-Galois special. For instance, take
any positive dimensional subvariety of Ag and any `-Galois generic point thereof. For
such points, the Mumford-Tate conjecture holds in the special case that the derived
group of the Mumford-Tate group is simple:
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Proposition 2.3.14. Let x ∈ Ag(C) such that Gderx is simple and such that x is not
an `-Galois special point. Then G`,x = Gx ⊗ Q`, i.e. x satisfies the Mumford-Tate
conjecture.

Proof. As x is not an `-Galois special point, there exists a closed irreducible positive
dimensional subvariety Z containing x with G`,Z = G`,x. We may assume that Z is
weakly special, this does not change G`,Z by Lemma 2.1.15. Let ShGx ⊂ Ag be the
connected component containing x of the Shimura variety with generic Mumford-Tate
group Gx. We have the inclusion

H`,Z ⊂ G`,Z = G`,x ⊂ Gx ⊗Q`.

This shows that HZ ⊂ Gx, and therefore GZ = Gx by Lemma 2.1.15. This proves that
Z ⊂ ShGx . By the fact that Gderx is simple and HZ is non-trivial, we get the equality
HZ = Gderx . Hence Z is an irreducible component of ShGx as Z is weakly special. Using
the existence of CM points in special subvarieties of Shimura varieties and ([Moo17a],
Cor. 4.3.15) we conclude that

G`,x = G`,Z = Gx ⊗Q`.

Together with Corollary 2.2.6 this shows the following:

Corollary 2.3.15. Let A be a principally polarized complex abelian variety such that A
is not defined over a number field. Suppose that the derived Mumford-Tate group GderA
is simple. Then A satisfies the Mumford-Tate conjecture: G`,A = GA ⊗Q`.

2.4 Local structure of `-Galois special subvarieties

We recall how the Theorem of Cattani-Deligne-Kaplan [CDK95] can be used to deter-
mine the local structure of a special subvariety, and formulate an analogous conjecture
for the local structure of an `-Galois special subvariety (in the case of a family of
abelian varieties). Roughly speaking, this conjecture says that forcing the existence of
Tate cycles should cut out an algebraic subvariety of the base. We then prove that
this conjecture implies the Mumford-Tate conjecture for (principally polarized) abelian
varieties.

2.4.1 Local structure of special subvarieties

The characterization of special subvarieties as in Definition 2.0.6 is a bit ad hoc since
we are forcing the algebraicity into the definition: it is not obvious that it is reasonable
to look at maximal algebraic subvarieties with a given property if this property is not
closely related to algebraicity.

In fact, special subvarieties were initially defined in a different way, and the obser-
vation that both definitions coincide relies on a deep result of Cattani-Deligne-Kaplan
in [CDK95], as we will now recall.

Let Φ : San → X := Γ\D be the complex analytic period map attached to the
variation of Hodge structure V. The target X is the quotient of a complex analytic
space D which is a connected component of the GS(R)-orbit of a Hodge cocharacter
h : S→ GS,R by a discrete subgroup Γ ⊂ GS(R) containing the image of the monodromy
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representation ρ : π1(San, s)→ GS(Q). Here we allow ourselves to replace S by a finite
étale cover.

Given a closed irreducible algebraic subvariety Z ⊂ S with generic Mumford-Tate
group GZ , one defines a closed analytic subspace DZ ⊂ D as a connected component of
the GZ(R)-orbit of the Hodge cocharacter hx : S → GZ,R corresponding to any Hodge
generic point x ∈ Z(C).

If XZ denotes the image of DZ in Γ\D, then the period map restricted to Z factors
through XZ , that is

Z ⊂ Φ−1(XZ).

Note that Φ−1(XZ) is the closed analytic subspace of S defined by forcing the tensors
fixed by GZ to be Hodge tensors. A fundamental result of Cattani-Deligne-Kaplan
shows that this is in fact an algebraic subvariety:

Theorem 2.4.1 ([CDK95], see also [BKT20]). The preimage Φ−1(XZ) ⊂ S is a closed
algebraic subvariety of S.

In particular, Z ⊂ S is special in the sense of Definition 2.0.6 if and only if Z is an
irreducible component of Φ−1(XZ). Thus special subvarieties are subvarieties cut out
by certain Hodge tensors.

The concrete description using the period map gives a way of determining the com-
plete local ring ÔZ,x at a point x ∈ Z(C).

After composing h : S→ GS,R and hx : S→ GZ,R with

m : Gm,C → SC,
t 7→ (t, 1)

we obtain cocharacters µ : Gm,C → GS,C, and µx : Gm,C → GZ,C. We define the
flag varieties F := F(GS , µ) = GS,C/Pµ and FZ := F(GZ , µx) = GZ,C/Pµx . By
construction, the Mumford-Tate domains D ⊂ F and DZ ⊂ FZ are open analytic
subspaces. The completion of the period map Φ at x gives rise to a morphism of formal
schemes

Φ̂x : Ŝx → D̂y = F̂y
to the completion of the flag variety F at a point y ∈ F(C). The restriction of the
algebraic vector bundle with connection (V,∇) is trivial over Ŝx, cf. ([Kat70], Proposi-
tion 8.9), and the period map Φ̂x just records the infinitesimal variation of the Hodge
filtration on this trivial vector bundle.

The restricted period map

Φ̂x : Ẑx → (̂DZ)y = (̂FZ)y ⊂ F̂y

factors through the completion of the smaller flag variety FZ .
The following corollary follows from Theorem 2.4.1.

Corollary 2.4.2. If Z is a special subvariety, the completion Ẑx is an irreducible com-
ponent of the preimage Φ̂−1

x ((̂FZ)y) of (̂FZ)y under the period map.

Remark 2.4.3. Here of course an irreducible component of a formal scheme Spf R is not
defined using the underlying topological space, but using the minimal prime ideals of
R.

Intuitively, this means the following: the Hodge tensors fixed by GZ give rise to de
Rham tensors tα,dR ∈ V⊗x , and the local equations defining Z around the point x are
given by the condition that the tα,dR stay in F 0, the zeroth piece of the Hodge filtration.
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2.4.2 Conjecture on the local structure of `-Galois special subvarieties

We restrict ourselves to the case of a family of abelian varieties f : X → S defined over
a number field. It follows from Faltings’ work [Fal83] that the groups G`,Z are reductive
for all Z ⊂ S. For an `-Galois special subvariety Z ⊂ S we want to use Fontaine’s BdR-
comparison in `-adic Hodge theory to formulate a conjecture describing the complete
local ring ÔZ,x at a point x ∈ Z(Q̄). This conjecture is the analog of Corollary 2.4.2 for
`-Galois special subvarieties and may thus be viewed as an `-adic analog of the theorem
of Cattani-Deligne-Kaplan on the algebraicity of Hodge loci, in the case of families of
abelian varieties. We first use `-adic Hodge theory to show that the local period map
for an `-Galois special subvariety Z factors naturally through a flag variety attached to
the group G`,Z , or rather, a de Rham incarnation of this group.

Suppose that Z ⊂ S is an `-Galois special subvariety defined over a number field K
and let v be a place of K above `. Let x ∈ Zsm(K) be a point with a geometric point
x̄ ∈ Zsm(K̄) lying over x. We denote by (tα,x)α the collection of tensors tα,x ∈ L⊗x̄
which are fixed by the reductive group G`,Z . For the local study we may replace Z
by a finite étale cover and therefore assume that the tensors (tα,x)α extend to global
sections (tα)α of L|⊗ZK . Here we also allow ourselves to replace K by a finite extension.
By ([Sch13], Theorem 1.10) we have an `-adic comparison isomorphism of sheaves

L⊗Q` OBdR,Sv
∼→ V ⊗OSv OBdR,Sv

on the pro-étale site of the rigid analytic space Sanv , which is compatible with the con-
nection and the filtration on both sides. Here Sv := S⊗KKv, and (OBdR,Sv ,∇, F il•) is
the structural de Rham period sheaf defined in ([Sch13], Definition 6.8). After restrict-
ing this comparison to the smooth locus Zsmv , the tensors (tα)α give rise to de Rham
tensors tα,`−dR in H0(Zsmv , V|⊗Zsmv ) which are horizontal for ∇ and lie in the F 0-part
of the Hodge filtration. At the point x ∈ Zsm(Kv) we thus obtain de Rham tensors
tα,`−dR,x ∈ V⊗x . By construction, the tα,`−dR,x correspond to the Galois-invariant étale
tensors tα,x ∈ L⊗x̄ via the `-adic comparison

Vx = (Lx̄ ⊗Q` BdR)Gal(K̄v/Kv).

Definition 2.4.4. We define G`−dR,Z to be the Kv-subgroup of GL(Vx) defined by fixing
the tensors tα,`−dR,x.

Remark 2.4.5. We have defined the group G`−dR,Z in such a way that the isomorphism

GL(Lx̄)⊗Q` BdR
∼= GL(Vx)⊗Kv BdR

induced by Fontaine’s BdR-comparison restricts to an isomorphism G`,Z ⊗Q` BdR
∼=

G`−dR,Z ⊗Kv BdR.

The groupG`−dR,Z also has a Tannakian description. Denote by ρx : Gal(K̄v/Kv)→
G`,Z(Q`) ⊂ GL(Lx̄) the Galois representation attached to the point x ∈ Z(Kv). Pre-
composing a representation of the group G`,Z with ρx gives a functor

RepQ` G`,Z → RepdRQ` Gal(K̄v/Kv)

to the category of continuous `-adic Galois representations of Gal(K̄v/Kv) which are de
Rham in the sense of Fontaine [Fon82]. Here we use the fact that every representation of
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G`,Z is isomorphic to a subquotient of some L⊗(m,n)
x̄ , and therefore the image under the

above functor is a de Rham Galois representation. Composing with Fontaine’s functor

DdR : RepdRQ` Gal(K̄v/Kv) → VectKv ,

(V, ρ) 7→ (V ⊗Q` BdR)Gal(K̄v/Kv)

gives a functor
RepQ`G`,Z → VectKv

which factors through a Kv-linear Tannakian category obtained from RepQ`G`,Z by
tensoring the morphisms with Kv and possibly adding the kernels of new idempotents
introduced by this scalar extension. Then one can interpret the group G`−dR,Z as the
Tannaka group of this Kv-linear Tannakian category with respect to the above fiber
functor to Kv-vector spaces.

By definition of the groupG`,Z , the monodromy representation ρ`,Zsmv : πét1 (Zsmv , x̄)→
GL(Lx̄) has image in G`,Z(Q`), and thus gives rise to a tensor functor

RepQ`G`,Z → Q` − LocSysdRZsmv (2.3)

to the category of Q`-local systems on the pro-étale site of Zsmv which are de Rham
in the sense of ([Sch13], Definition 8.3). Again, we use that subquotients of the local
systems L|⊗(m,n)

Zsmv
are de Rham by ([Sch13], Theorem 8.8(ii)).

There is a relative Fontaine functor

DdR : Q` − LocSysdRZsmv → FMICZsm,anv
,

M 7→ ν∗(M⊗Q
`
OBdR,Zsmv )

to the category of filtered vector bundles with integrable connection on the rigid space
Zsm,anv (cf. [LZ17], 3.2). Here ν : Zsmv,proét → Zsm,anv denotes the natural projection of
sites from the pro-étale site to the analytic site. Composing (2.3) with this functor, we
obtain a tensor functor

RepQ`G`,Z → FMICZsmv

which factors through the Kv-linear category RepKvG`−dR,Z , giving a tensor functor

RepKvG`−dR,Z → FMICZsmv . (2.4)

As before, the infinitesimal variation of the Hodge filtration induces a natural period
map

Φ̂x : Ŝv,x → F̂y
to the completion of a flag variety F := GL(Vx)/P at a point y ∈ F(Kv).

By ([SR72], IV, 2.4) there exists a cocharacter µx : Gm,Kv → G`−dR,Z splitting the
Hodge filtration on Vx. We denote by F`,Z := G`−dR,Z/Pµx the flag variety for the
group G`−dR,Z and the parabolic Pµx defined by the cocharacter µx.

The functor (2.4) equips the restriction of the filtered vector bundle with connection
(V,∇, F •) to Zsmv with a G`−dR,Z-structure, and hence the restriction of Φ̂x to Ẑsmv,x
factors through the completion of the flag variety F`,Z :

Φ̂x : Ẑsmv,x → ̂(F`,Z)y ⊂ F̂y.

This shows that the restriction of Φ̂x to Ẑv,x factors through ̂(F`,Z)y.
We are ready to formulate the `-adic analog of Corollary 2.4.2 as a conjecture.
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Conjecture 2.4.6 (Local structure of `-Galois special subvarieties). If Z ⊂ S is an
`-Galois special subvariety, Ẑv,x is an irreducible component of the preimage

Φ̂−1
x ( ̂(F`,Z)y)

of ̂(F`,Z)y under the period map.

The conjecture states that an `-Galois special subvariety Z of S is locally cut out
by the condition that the de Rham tensors tα,`−dR fixed by G`−dR,Z stay in the zeroth
piece of the Hodge filtration.
Remark 2.4.7. It seems difficult to formulate a similar conjecture for more general
families, as the group G`,Z is not known to be reductive.

Let us finish with the remark that Conjecture 2.4.6 follows from the Mumford-
Tate conjecture. Indeed, assuming the Mumford-Tate conjecture, every `-Galois special
subvariety Z is special and G`,Z = GZ ⊗ Q`. By a result of Blasius (cf. Lemma 2.4.8
below), this shows that G`−dR,Z is defined overK and the complex comparison identifies
GZ⊗QC = G`−dR,Z⊗KC. The desired local structure then follows from Corollary 2.4.2.

2.4.3 Conjecture on the local structure and the Mumford-Tate con-
jecture for abelian varieties

In this section we show that Conjecture 2.4.6 on the local structure of `-Galois spe-
cial subvarieties for the Siegel modular varieties S = Ag implies the Mumford-Tate
conjecture for principally polarized abelian varieties. We hope that this can serve as
a motivation for the relevance of studying an analog of the algebraicity theorem of
Cattani-Deligne-Kaplan in an `-adic setting.

Let K ⊂ C be a number field and v a place of K dividing `. A point x ∈ Ag(K) cor-
responds to a principally polarized abelian variety A over K. We denote by VB =
H1
B(AC,Q) the Betti cohomology of A, and similarly VdR/K = H1

dR(A/K), Vét =
H1
ét(AK̄ ,Q`). Let Gx be the Mumford-Tate group of A. By Deligne’s result ([Del82],

Theorem 2.11) that Hodge cycles on abelian varieties are absolute Hodge, after possibly
replacing K by a finite extension, the subgroup Gx ⊗ C ⊂ GL(VB) ⊗ C ∼= GL(VdR/C)
descents to a K-subgroup GdR,x ⊂ GL(VdR/K).

We need the following Lemma which easily follows from work of Blasius [Bla94].

Lemma 2.4.8. Under Fontaine’s `-adic BdR-comparison isomorphism Vét ⊗Q` BdR
∼=

VdR/K ⊗K BdR the subgroups

Gx,Q` ⊗Q` BdR = GdR,x ⊗K BdR

are identified.

Proof. Being reductive, Gx is the fixator of a collection of Hodge tensors tα ∈ V ⊗B
(cf. [Del82], Proposition 3.1(c)). The de Rham components tα,dR ∈ V ⊗dR/C descent
to K (again after allowing a finite extension of K) and define the subgroup GdR,x ⊂
GL(VdR/K). A result of Blasius ([Bla94], Theorem 0.3) asserts that the `-adic compar-
ison isomorphism Vét ⊗Q` BdR

∼= VdR/K ⊗K BdR maps the étale components tα,ét to
tα,dR, which proves the claim.

Lemma 2.4.9. Let µ : Gm,Kv → GL(VdR/Kv) be any cocharacter splitting the Hodge
filtration F • on VdR/Kv . Furthermore, let G ⊂ GL(VB) be a reductive Q-subgroup such
that the group G⊗QC ⊂ GL(VdR/C) descents to a K-subgroup GdR ⊂ GL(VdR/K). If µ
factors through GdR ⊗K Kv, then the Mumford-Tate group Gx of VB is contained in G.
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Proof. By ([Del82], Proposition 3.1(c)), the reductive group G is characterized by the
tensors tα ∈ V ⊗B that it fixes. The corresponding de Rham tensors tα,dR ∈ V ⊗dR/C are C-
linear combinations of tensors in V ⊗dR/K fixed by the group GdR. Since µ factors through
GdR ⊗K Kv, the tα are Q-tensors whose de Rham components lie in F 0 ⊂ V ⊗dR/C, and
thus are Hodge tensors. We conclude that the tα are fixed by the Mumford-Tate group
of VB, which is thus contained in G.

Theorem 2.4.10. Suppose Conjecture 2.4.6 holds true for S = Ag. Then every `-Galois
special point of Ag is a CM point. In light of Theorem 2.3.12, this shows that Conjecture
2.4.6 for this case implies the Mumford-Tate conjecture for principally polarized abelian
varieties.

Proof. Let x ∈ Ag(K) be an `-Galois special point, G`−dR,x the group defined in Defini-
tion 2.4.4, and let µ : Gm,Kv → G`−dR,x be a cocharacter splitting the Hodge filtration
on VdR/Kv . In the case of Ag, the local period map is an isomorphism

Φ̂x : Âg,x
∼→ F̂y

which identifies the completion of Ag at x with the completion of a flag variety attached
to the group GSp2g at a point y. Conjecture 2.4.6 predicts that

{x} = Φ̂−1
x ((̂F`,x)y).

As Φ̂x is an isomorphism it follows that dimF`,x = 0. This shows that Pµ = G`−dR,x
and thus the cocharacter µ factors through the center Z(G`−dR,x) of G`−dR,x. It is
known ([Vas08], Theorem 1.3.1 or [UY13], Corollary 2.11) that

Z(Gx)◦ ⊗Q` = Z(G`,x)◦,

i.e. the Mumford-Tate conjecture holds for the identity component of the center. We
thus have an identification

Z(GdR,x)◦ ⊗K BdR = Z(Gx)◦ ⊗Q BdR = Z(G`,x)◦ ⊗Q` BdR = Z(G`−dR,x)◦ ⊗Kv BdR,

where we use Lemma 2.4.8 for the first equality. Hence Z(GdR,x)◦⊗KKv = Z(G`−dR,x)◦.
In particular, the cocharacter µ : Gm,Kv → GL(VdR/Kv) factors through Z(GdR,x) ⊗K
Kv. Applying Lemma 2.4.9 to the reductive Q-subgroup Z(Gx) ⊂ GL(VB) we conclude
that Gx = Z(Gx) is a torus, and thus x ∈ Ag(K) is a CM point.
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Chapter 3

Rapoport-Zink uniformization for
the moduli space of polarized K3
surfaces with supersingular
reduction

Abstract

We compute the image of the p-adic period map for polarized K3 surfaces with su-
persingular reduction. This gives rise to a Rapoport-Zink type uniformization of their
moduli space by an explicit open rigid analytic subvariety of a local Shimura variety of
orthogonal type. In contrast to the case of Rapoport-Zink uniformization of Shimura
varieties and in analogy to the complex case, the uniformizing domain does not carry
an action of a p-adic Lie group, but only of a discrete subgroup. We briefly sketch how
the same arguments can be applied to obtain a uniformization for the moduli space of
cubic fourfolds with supersingular reduction.

Introduction: Uniformization of moduli spaces

In this part of the thesis, we want to give new examples of p-adic uniformization for
moduli spaces of algebraic varieties, in the case of polarized K3 surfaces and cubic
fourfolds.

Shimura varieties of abelian type

We first recall the theory for Shimura varieties of Hodge type and abelian type, which are
moduli spaces of abelian varieties (or more generally of abelian motives) with additional
structure (cf. [Mil94]). The complex analytification of such a Shimura variety Sh has
a uniformization as a double quotient

ShanC = G(Q)\D ×G(Af )/K, (3.1)

where D is a hermitian symmetric domain which is the G(R)-conjugacy class of a mi-
nuscule Hodge cocharacter h : S→ GR for a reductive group G over Q, and K ⊂ G(Af )
is a compact open subgroup. The complex uniformization (3.1) can also be written as
a disjoint union

ShanC =
∐
g

Γg\D,
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where g runs through a set of representatives of the finite double coset G(Q)\G(Af )/K.
Note that the uniformization provides a purely group-theoretical description of the
complex moduli space.

On the other hand, one is also interested in the arithmetic study of such a moduli
space. Namely, the moduli problem for Sh is naturally defined over a number field E,
the so-called reflex field of Sh, and for abelian type Shimura varieties with hyperspecial
level at p one can even define an integral canonical model S over OE,(v), where v is a
prime of E lying over the rational prime p. We refer the reader to the work of Kisin
[Kis10] for a construction of integral canonical models of Shimura varieties of abelian
type with hyperspecial level at p.

In this situation, there is an analog of the complex uniformization in the p-adic set-
ting, known as Rapoport-Zink uniformization. Due to the more complicated structure
of the moduli space in the p-adic case, there does not exist a uniformization of the
entire moduli space; one first has to stratify the special fiber S = S ⊗ F̄p according
to the Newton slopes of the isocrystal, and consider the rigid analytic tube over the
unique closed stratum, the so-called basic locus S

b. This tube Shb is an open rigid an-
alytic subvariety of Shrig

Ĕv
(where Ĕv denotes the completion of the maximal unramified

extension of Ev), and there is a uniformization

Shb ∼= Iφ(Q)\M×G(Apf )/Kp. (3.2)

HereM is a so-called local Shimura variety (cf. [SW20]) with an action of a p-adic Lie
group Jb(Qp), and Iφ(Q) ⊂ Jb(Qp) ×G(Apf ) is a discrete subgroup. One can write the
right hand side of (3.2) as a finite disjoint union∐

g

Γg\M,

where g runs through a set of representatives of the double coset Iφ(Q)\G(Apf )/Kp. For
Shimura varieties of PEL type, this uniformization was introduced by Rapoport-Zink in
the book [RZ96], and later generalized to Shimura varieties of Hodge type (respectively
abelian type) by Wansu Kim (respectively Xu Shen), cf. [Kim18] and [She20]. The local
Shimura variety M can be defined as a moduli space of modifications of G-torsors on
the Fargues-Fontaine curve ([SW20], Proposition 23.3.1), and thus the uniformization
gives an interpretation of the rigid open subvariety Shb of the p-adic moduli space in
terms of group theory.

Moduli spaces of K3 surfaces

In this part of the thesis, we study a Rapoport-Zink uniformization result for the moduli
space of primitively polarized K3 surfaces, giving a similar group-theoretic description
involving an explicit open subvariety of a local Shimura variety of orthogonal type.
The motive of a K3 surface is of abelian type, i.e. it lies in the subcategory of André
motives generated by abelian varieties and Artin motives (cf. [And96b], Théorème 7.1).
Therefore, even though the moduli space of polarized K3 surfaces is not itself a Shimura
variety, it is still very closely related to a Shimura variety of abelian type, as we will
now recall.

Let n = qr be a power of a prime q 6= p. For n large enough and 2d not divisible
by p, the moduli space of primitively polarized K3 surfaces of degree 2d with a level-n
structure (cf. Definition 3.1.6) will be representable by a smooth scheme M2d,n,Z(p)

over
Z(p).
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Denote by Λ := E8(−1)⊕2⊕U⊕3 the K3 lattice, and λ ∈ Λ an element with λ2 = 2d.
We will write Λd := 〈λ〉⊥ for the complement of λ. The analytic subspace

D = {x ∈ P(Λd ⊗ C)|〈x, x〉 = 0, 〈x, x〉 > 0} ⊂ P(Λd ⊗ C)

is a Hermitian symmetric domain that can be viewed as the moduli space of Hodge
structures of K3 type. We define the arithmetic group Gn(Z) to be the subgroup of
G(Z) := {g ∈ SO(Λ) | gλ = λ} of elements that reduce to the identity modulo n. For
n ≥ 3, complex Hodge theory provides us with a period map

Φ : M2d,n,C → Gn(Z)\D

mapping a K3 surface to the Hodge structure on its second cohomology. The right hand
side is in fact a Shimura variety Shn,C attached to the reductive group G := SO(Λd,Q)
of signature (2, 19). By the Torelli theorem for K3 surfaces (cf. [PŠ71]), the period
map Φ is an open immersion that identifies M2d,n,C with an algebraic open subvariety
of Shn,C. One can explicitly determine the image of Φ as follows. Denote by ∆(Λd) :=
{δ ∈ Λd | δ2 = −2} the set of roots of the lattice Λd. For δ ∈ ∆(Λd) we can define the
hypersurface δ⊥ ⊂ P(Λd ⊗ C). The open analytic subspace

D◦ = D \
⋃

δ∈∆(Λd)

δ⊥

is the complement in D of what is called an arithmetic arrangement of hyperplanes.
Then the period map Φ induces a uniformization

M2d,n,C ∼= Gn(Z)\D◦.

It is important to remark that in contrast to the Hermitian symmetric domain D, the
open subspace D◦ is not stable under the action of the real Lie group G(R), but only
under the discrete subgroup G(Z).

The main purpose of this part of the thesis is to establish a similar explicit p-adic
uniformization for the moduli space of primitively polarized K3 surfaces with supersin-
gular reduction. The Shimura variety Shn,C = Gn(Z)\D is naturally defined over the
reflex field E = Q. It was first observed by Rizov ([Riz10], Theorem 3.9.1) that the
period map Φ descents to an open immersion of algebraic varieties

Φ : M2d,n,Q ↪→ Shn,Q

over Q. Provided that p - 2d and n = qr for a prime q 6= p, as we will assume throughout
this chapter, the Shimura variety Shn,Q has an integral canonical model Sn over Z(p)

as defined in [Kis10], and the period map extends to an open immersion

ϕ : M2d,n,Z(p)
↪→ Sn

of schemes over Z(p). This integral extension of the period map was already used
crucially by Madapusi-Pera in his proof of the Tate conjecture for K3 surfaces in odd
characteristic [MP15]. Together with the uniformization (3.2) for the tube over the
basic locus of Sn, it gives rise to a period map of rigid analytic spaces

ϕ : M ss
2d,n,Q̆p

↪→ Iφ(Q)\M×G(Apf )/Kp
n =

∐
g

Γg\M (3.3)
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for the rigid analytic tube M ss
2d,n,Q̆p

over the supersingular locus M2d,ss,n ⊂ M2d,n,F̄p .
HereM is a local Shimura variety attached to the reductive group GQp = SO(Λd,Qp),
and Iφ is the group of "quasi-isogenies" of a polarized supersingular K3 surface (X,L)
over F̄p, i.e. the special orthogonal group SO(Nd,Q) attached to Nd,Q = 〈L〉⊥ ⊂
NS(X)Q. For a detailed discussion of quasi-isogenies of K3 surfaces over F̄p we refer the
reader to [Yan20]. In order to obtain a Rapoport-Zink uniformization for M ss

2d,n,Q̆p
, we

compute the image of the period map (3.3). Recall that there is a Jb(Qp)-equivariant
continuous specialization map

sp : |M| → |X|

to an affine Deligne-Lusztig variety X associated with GQp . On the reduction, we have
a period map of perfect schemes over F̄p

ϕ : M
perf
2d,ss,n ↪→ Iφ(Q)\X ×G(Apf )/Kp

n =
∐
g

Γg\X. (3.4)

For g a representative of an element of Iφ(Q)\G(Apf )/Kp, we define a set of roots

∆g ⊂ ∆(Nd,Q) := {δ ∈ Nd,Q | δ2 = −2}

such that the natural action of Iφ(Q) on ∆(Nd,Q) restricts to an action of Γg on ∆g.
For δ ∈ ∆(Nd,Q) we introduce in Definition 3.5.6 a subset Zδ ⊂ X(F̄p) and let

X◦g (F̄p) := X(F̄p) \
⋃
δ∈∆g

Zδ,

which is the set of F̄p-points of an open subscheme X◦g ⊂ X. The action of Γg on X
permutes the Zδ, and thus Γg acts on X◦g .

Theorem 3.0.1 (cf. Corollary 3.5.7). Assume p > 18d + 4. The period map (3.4)
induces a uniformization

M
perf
2d,n,ss

∼=
∐
g

Γg\X◦g .

Note that Theorem 3.0.1 gives a purely group-theoretic description of the underlying
topological space of the supersingular locus M2d,n,ss.

Setting M◦g := sp−1(X◦g ), an open rigid analytic subspace of M, we obtain the
desired Rapoport-Zink uniformization:

Theorem 3.0.2 (cf. Theorem 3.5.9). Assume p > 18d + 4. The moduli space of
primitively polarized K3 surfaces of degree 2d with supersingular reduction admits a
Rapoport-Zink type uniformization

M ss
2d,n,Q̆p

∼=
∐
g

Γg\M◦g.

Remark 3.0.3. (i) Similarly to the complex case, the open subspaceM◦g is not stable
under the action of the p-adic Lie group Jb(Qp), but only under the discrete
subgroup Γg ⊂ Jb(Qp).

(ii) As opposed to the Rapoport-Zink uniformization in the case of Shimura varieties
of abelian type, in the disjoint union

∐
g Γg\M◦g not only the group Γg, but also

the uniformizing spaceM◦g depends on g.
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Moduli spaces of cubic fourfolds

We briefly sketch how the same methods can be applied to obtain a Rapoport-Zink uni-
formization of the moduli space of smooth cubic fourfolds with supersingular reduction.

In this case, the lattice Λ is the cohomology lattice corresponding to the H4 of a
cubic fourfold, and Λ0 := 〈λ〉⊥ ⊂ Λ the orthogonal complement of the square of the
class of a hyperplane section. The complex period map

Φ : Mcf,n,C → Gn(Z)\D

goes to a quotient of a homogeneous space D for the group G(R) of signature (2, 20),
where G := SO(Λ0,Q). Voisin showed in [Voi86] that this period map is an open
immersion. As in ([Laz10], Definition 2.16) one defines a set of roots ∆(Λ0) and a set
of long roots ∆long(Λ0) of Λ0.

We set
D6 =

⋃
δ∈∆(Λ0)

δ⊥ ⊂ D

and
D2 =

⋃
δ∈∆long(Λ0)

δ⊥ ⊂ D,

and define D◦ := D \ (D6 ∪ D2).
Then as conjectured by Hassett in ([Has00], §4.3), Laza and Loojenga in [Laz10]

and [Loo09] computed that the image of the period map is precisely D◦, giving an
isomorphism

Mcf,n,C
∼→ Gn(Z)\D◦.

As in the K3 case, there is a p-adic period map for the tube over the supersingular
locus

M ss
cf,n,Q̆p

↪→ Iφ(Q)\M×G(Apf )/Kp
n =

∐
g

Γg\M,

where M is a local Shimura variety attached to the special orthogonal group GQp =
SO(Λ0,Qp). Here Iφ is the group Iφ = SO(CH2

0,Q), where for a supersingular cubic
fourfold X over F̄p we denote by CH2

0,Q := 〈h2〉⊥ ⊂ CH2
Q := CH2(X)Q the complement

of the square of a hyperplane section in the (rational) Chow group of codimension two.
For g ∈ G(Apf ), we introduce the Z[1

p ]-lattice CH2
0,g := CH2

0,Q ∩ gΛ0,Ẑp , which
depends only on the class of g in the double coset Iφ(Q)\G(Apf )/Kp

n. We define a set
of roots ∆(CH2

0,g) and a set of long roots ∆long(CH
2
0,g).

As above, for δ ∈ CH2
0,g there is the definition of a subset Zδ ⊂ X(F̄p). We define

Z6,g :=
⋃

δ∈∆(CH2
0,g)

Zδ and Z2,g :=
⋃

δ∈∆long(CH2
0,g)

Zδ

and the open subset
X◦g (F̄p) := X(F̄p) \ (Z6,g ∪ Z2,g).

Denote by M◦g := sp−1(X◦g ) the open rigid analytic subvariety of the local Shimura
varietyM defined as the preimage of X◦g under the specialization map.
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Theorem 3.0.4 (cf. Theorem 3.6.5). For almost all p, the moduli space of smooth
cubic fourfolds with supersingular reduction admits a uniformization

M ss
cf,n,Q̆p

∼=
∐
g

Γg\M◦g

of rigid spaces over Q̆p, as well as of perfect schemes

M
perf
cf,ss,n

∼=
∐
g

Γg\X◦g

over F̄p.

3.1 Moduli spaces of K3 surfaces

We survey basic facts on K3 surfaces and their cohomology in characteristic 0 and p. In
addition, we recall how to define fine moduli spaces of polarized K3 surfaces with level
structure. Relevant references are [Huy16], [MP15] and [Lie16].

3.1.1 K3 surfaces and their cohomology

Let k be a field.

Definition 3.1.1. A K3 surface over k is a smooth projective surface X over k such
that Ω2

X
∼= OX and H1(X,OX) = 0. A polarization (resp. quasi-polarization) of X is

a line bundle ξ ∈ Pic(X) which is ample (resp. big and nef). The polarization (resp.
quasi-polarization) ξ is called primitive if it is not a non-trivial multiple of some element
in Pic(X).

In this thesis, we will assume all (quasi-)polarizations to be primitive.
The even, unimodular lattice Λ := E8(−1)⊕2 ⊕ U⊕3 of signature (3, 19) is called

the K3 lattice. Given a complex algebraic K3 surface X, there exists an isometry
between the second Betti cohomology group H2

B(X,Z) together with its intersection
form and the K3 lattice Λ (cf. [Huy16], Proposition 1.3.5). Similarly, for a K3 surface
X over an arbitrary algebraically closed field of characteristic different from `, the étale
cohomology groups H2

ét(X,Z`) are free of rank 22, and together with their intersection
form are isometric to the lattice ΛZ` := Λ⊗Z`. If X is a K3 surface over a perfect field
k of positive characteristic, then the crystalline cohomology H2

cris(X/W (k)) is free of
rank 22 and isometric to ΛW (k) := Λ⊗W (k).

Let λ := e1 + df1 where (e1, f1) denotes a basis of the first copy of the hyperbolic
lattice U in Λ, so that λ2 = 2d. For ξ a polarization of a complex K3 surface X of degree
2d, there exists an isometry between the lattices H2

B(X,Z) and Λ mapping the Chern
class cB(ξ) ∈ H2

B(X,Z) to λ (cf. [Huy16], Corollary 14.1.10), and similarly for étale and
crystalline cohomology. We denote by Λd := 〈λ〉⊥ ⊂ Λ the orthogonal complement of λ.
Hence Λd ∼= P 2

B(X,Z), where we use the notation P 2
B(X,Z) := 〈cB(ξ)〉⊥ ⊂ H2

B(X,Z)
for the primitive cohomology, and similarly for P 2

ét(X,Z`) and P 2
cris(X/W (k)).

Define G to be the reductive group over Q given by SO(Λd,Q). Then GR can be
identified with the special orthogonal group SO2,19. A natural integral model for G is
the group scheme G over Z with generic fiber GQ = G whose R-points are given by

G(R) = {g ∈ SO(Λ⊗R) | gλ = λ}. (3.5)
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It is important to remark that this is not just the Z-group scheme SO(Λd), the reason
being that it is not always possible to extend a self-isometry of Λd to one of Λ which fixes
λ. We will also need the corresponding orthogonal group O := O(Λd,Q) with integral
model

O(R) = {g ∈ O(Λ⊗R) | gλ = λ}. (3.6)

3.1.2 Moduli spaces

In order to define moduli spaces, we need the following relative version of K3 surfaces
over a general base scheme.

Definition 3.1.2 ([MP15], 2.1). We define a K3 surface over a scheme S to be a smooth
proper morphism of algebraic spaces f : X → S such that the fiber over any geometric
point s → S is a K3 surface in the sense of Definition 3.1.1. A primitive polarization
(resp. primitive quasi-polarization) of f : X → S is a global section ξ ∈ PicX/S(S)
such that for every geometric point s→ S the fiber ξs is a primitive polarization (resp.
primitive quasi-polarization).

Remark 3.1.3. We check the condition to be a primitive polarization on geometric points,
since a polarization which is primitive over an arbitrary field could fail to be primitive
over a finite extension.

Denote byM2d the moduli problem that attaches to each Z[1
2 ]-scheme S the groupoid

of pairs (f : X → S, ξ) consisting of a K3 surface f : X → S and a primitive polarization
ξ of degree 2d. Similarly, we denote by M∗2d the moduli problem attaching to each Z[1

2 ]-
scheme S the groupoid of K3 surfaces over S together with a primitive quasi-polarization
of degree 2d.

Proposition 3.1.4 ([Riz06]; [MP15], Proposition 2.2). Both M2d and M∗2d are Deligne-
Mumford stacks of finite type over Z[1

2 ], and M2d is separated. The natural map M2d →
M∗2d is an open immersion and the complement is of pure (relative) codimension one.

Remark 3.1.5. The stack M∗2d is not separated, cf. ([Huy16], 5.1.4).

For every prime `, the relative étale cohomology of the universal object f : X→M2d

gives rise to an `-adic étale local system

H` := R2f∗Z`,X(1)

of rank 22 over M2d,Z[ 1
2`

], where (1) denotes a Tate twist. Furthermore, there is a perfect
Poincaré pairing

〈−,−〉 : H` ×H` → Z`.

The Chern class of the universal polarization L gives rise to a global section c`(L) of
H` which satisfies

〈c`(L), c`(L)〉 = 2d.

Choose a prime number p ≥ 3. We can form the Ẑp-local system HẐp :=
∏
`6=pH` over

M2d,Z(p)
. The Chern classes c`(L) assemble into a Chern class cẐp(L) in HẐp .

We let Ip be the étale sheaf over M2d,Z(p)
whose sections over any scheme T →

M2d,Z(p)
are given by

Ip(T ) =
{
η : Λ⊗ ẐpT

∼→ HẐp,T such that η(λ) = cẐp(L)
}
,
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i.e. the sheaf of isometries between HẐp,T and the constant sheaf attached to the K3
lattice ΛẐp . The sheaf Ip has a natural right action by the constant sheaf of groups
O(Ẑp) as defined in (3.6) in Section 3.1.1. For a number n coprime to p we define the
congruence subgroup

On(Ẑp) :=
{
g ∈ O(Ẑp)| g ≡ 1 mod n

}
.

A section η ∈ H0(T, Ip/On(Ẑp)) is called a level-n structure over T .

Definition 3.1.6 ([MP15], 2.10). We define the stack M2d,n,Z(p)
as the relative moduli

problem over M2d,Z(p)
that attaches to T → M2d,Z(p)

the set of level-n structures over
T .

Proposition 3.1.7 ([Riz06]; [MP15], Proposition 2.11). The stack M2d,n,Z(p)
is finite

étale over M2d,Z(p)
. For n large enough, it admits a fine moduli space M2d,n,Z(p)

which
is a scheme over Z(p). Moreover, it is smooth if p - 2d.

Here the fact that M2d,n,Z(p)
is representable by a scheme (and not merely an alge-

braic space) follows a posteriori from the existence of an open immersion into an integral
canonical model of a Shimura variety ([MP15], Corollary 4.15).

Remark 3.1.8. In [MP15], compare also ([Tae18], 5.1), the author defines a 2:1 étale
cover of M2d,Z(p)

by choosing an orientation, i.e. a trivialization of the determinant

det(Λ⊗ Ẑp) ∼= det(HẐp)

which over M2d,C is induced by a trivialization det(Λ) ∼= det(HB) of the determinant
of Betti cohomology. One should then define oriented level structures which respect the
choice of the orientation ([Tae18], Definition 5.11). We will assume from now on that
n = qr ≥ 3 is a power of a prime number q 6= p. In this special case, the trivialization
det(Λ⊗Z/nZ) ∼= det(HZ/nZ) given by the universal level-n structure over M2d,n,Z(p)

as
above lifts uniquely to an orientation det(Λ⊗Ẑp) ∼= det(HẐp) overM2d,n,Z(p)

. Restricting
to the case where n = qr therefore removes the necessity of choosing an orientation,
and resolves the issue raised in ([Tae18], Remark 5.12).

Similarly, one defines finite étale covers M∗2d,n,Z(p)
of the stack M∗2d,Z(p)

of quasi-
polarized K3 surfaces, which are representable by algebraic spaces M∗2d,n,Z(p)

for n suf-
ficiently large ([MP15], Proposition 2.11).

For n large enough, we have the usual cohomological realizations of the universal
polarized K3 surface f : X → M2d,n,Z(p)

. The relative Betti cohomology gives rise to a
pure Z-variation of Hodge structure

HB := R2fanC,∗ZXanC
(1)

of weight zero onM2d,n,C. We denote by (HdR,∇) the associated algebraic vector bundle
with flat connection, which is actually defined over M2d,n,Z(p)

. We use the notation
PB := 〈cB(L)〉⊥ ⊂ HB for the sub-variation corresponding to primitive cohomology.
Similarly, for ` 6= p we write P` := 〈c`(L)〉⊥ ⊂ H` for the primitive part of the `-adic
étale local system over M2d,n,Z(p)

. The restricted Poincaré pairing

〈−,−〉 : P` × P` → Z`

is perfect for ` - d.
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3.1.3 K3 surfaces in positive characteristic

For X a smooth projective variety over F̄p, crystalline cohomology has the additional
feature of a Frobenius operator coming from the absolute Frobenius on X, equipping
Hk
cris(X/W ) with the structure of an F -crystal. Here we denote by W := W (F̄p) the

ring of Witt vectors of F̄p, with its Frobenius σ and field of fractions Q̆p. We will now
recall basic facts about F -crystals and study those arising from the second cohomology
of a K3 surface. References are [Lie16] and [Kot85], [Kot97].

Definition 3.1.9 ([Lie16], Definition 3.1). An (F -)crystal is a pair (M,ϕM ) consisting
of a finite free W -module M together with an injective σ-linear endomorphism ϕM :
M →M . An (F -)isocrystal is a pair (V, ϕV ) where V is a finite dimensional Q̆p-vector
space together with a σ-linear automorphism ϕV : V → V .

Let r, s be two coprime integers with s > 0 and α := r/s ∈ Q. We can define an
F -isocrystal (Vα, ϕα) in the following way. Set Vα := Q̆s

p and let ϕα = bασ, where bα is
given by the matrix 

0 1
0 1

. . . . . .
0 1

pr 0

 .

We have the following well-known classification result for F -isocrystals.

Theorem 3.1.10 (Dieudonné-Manin, cf. [Man63]). The category of F -isocrystals is
semisimple, with simple objects isomorphic to (Vα, ϕα) for α ∈ Q.

In particular, every F -isocrystal (V, ϕV ) decomposes as a direct sum

(V, ϕV ) ∼=
⊕
α∈Q

(Vα, ϕα)nα .

The rational numbers α ∈ Q which show up in this decomposition (i.e. nα 6= 0) are
called the Newton slopes of (V, ϕV ), and the nα the corresponding multiplicities.

For an F -isocrystal (V, ϕV ) of rank n, one can visualize the Newton slopes by drawing
its Newton polygon. Ordering the Newton slopes in an increasing fashion

α1 < α2 < · · · ,

the Newton polygon is the piecewise linear function [0, n]→ R with the following slopes:

slope α1 if 0 ≤ t < nα1 ;
slope α2 if nα1 ≤ t < nα2 ;

· · ·

There is a group-theoretic description of the set of isomorphism classes of F -isocrystals
in terms of the Kottwitz set.

Definition 3.1.11 ([Kot85], 1.7). For a reductive group G over Qp, we define the
Kottwitz set B(G) as the quotient

B(G) := G(Q̆p)/ ∼,

where we introduce the equivalence relation b ∼ b′ if b′ = gbσ(g)−1 for some g ∈ G(Q̆p).
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For any element b ∈ GLn(Q̆p), we can define an F -isocrystal (Vb, ϕb) by setting
Vb := Q̆n

p and ϕb := bσ. One can check that the isocrystals constructed in this way
are isomorphic exactly if b ∼ b′. As a consequence, there is a bijection between the set
of isomorphism classes of F -isocrystals of rank n and the elements in the Kottwitz set
B(GLn). More generally, we refer to the elements of B(G) as G-isocrystals.

The Kottwitz set B(G) has two important invariants, the Newton map and the
Kottwitz map. The Newton map ν : B(G) → N (G) goes from the Kottwitz set to the
Newton chamber

N (G) :=
(

Hom(DQ̄p , GQ̄p)/G(Q̄p)− conjugation
)Gal(Q̄p/Qp)

,

the set of G(Q̄p)-conjugacy classes fixed by the absolute Galois group of Qp of mor-
phisms from the slope pro-torus D with character group Q to GQ̄p . The set N (G) can
be identified with the set X∗(T )+

Q of rational positive cocharacters of the maximal un-
ramified torus T of a quasi-split inner form of G. Via this description, N (G) is equipped
with an order ≥, where v2 ≥ v1 if and only if v2−v1 ∈ Q≥0Φ+

0 for Φ+
0 the set of positive

roots of T . For G = GLn, the element νb ∈ N (G) corresponds to the collection of
Newton slopes of the isocrystal (Vb, ϕb) via the identification X∗(T )Q = Qn. In general,
the Newton map can be defined using the Tannakian formalism, cf. ([Kot85], 4.2).

The other map is the Kottwitz map κ : B(G)→ π1(G)Gal(Q̄p/Qp). We will not recall
it here, but the interested reader can find a definition in ([Kot97], 4.9 and 7.5). The
map B(G)

ν×κ→ N (G)× π1(G)Gal(Q̄p/Qp) is injective, i.e. an element of B(G) is uniquely
characterized by its images under the Newton and Kottwitz maps (cf. [Kot97], 4.13).

A conjugacy class of cocharacters µ : Gm,Q̄p → GQ̄p induces an element µ� ∈ N (G),
as well as an element µ] ∈ π1(G)Gal(Q̄p/Qp). For G = GLn, such a conjugacy class is
given by a collection of distinct integers µ1 < . . . < µi with multiplicities mµ1 , . . . ,mµi .
The Hodge polygon of µ is defined as the polygon with slopes µi and multiplicities mµi ,
similarly as above.

Definition 3.1.12 ([Kot97], 6.2). We define the admissible set

B(G,µ) := {b ∈ B(G)|[νb] ≤ µ�, κ(b) = µ]}.

Remark 3.1.13. For G = GLn, this is precisely the set of b ∈ B(G) such that the Newton
polygon of (Vb, ϕb) lies on or above the Hodge polygon of µ and both have the same
endpoint.

We study the isocrystals arising from the second cohomology of a quasi-polarized
K3 surface (X, ξ) over F̄p. The crystalline cohomology H2

cris(X/W ) is a free W -module
of rank 22 equipped with a Frobenius ϕ which becomes an isomorphism after inverting
p. We consider the F -isocrystal

I(X) := P 2
cris(X/W )[

1

p
](1) = 〈ccris(ξ)〉⊥ ⊂ H2

cris(X/W )[
1

p
](1),

where (1) again denotes a Tate twist. Via the choice of an isometry P 2
cris(X/W )[1

p ] ∼=
Λd,Q̆p , the isocrystal I(X) corresponds to an element of B(GL(Λd,Qp)). The fact that
the intersection pairing

I(X)⊗ I(X)→ Q̆p

is a morphism of F -isocrystals and the determinant det(I(X)) is of slope 0 shows that
the isocrystal lies in the Kottwitz set B(G) for G = SO(Λd,Qp).
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Let µ : Gm,Qp → G be the cocharacter

µ : Gm,Qp → G,

t 7→


t

1
. . .

1
t−1


recording the Hodge numbers (1, 19, 1) of the primitive second cohomology of a quasi-
polarized K3 surface. A classical result of Berthelot-Ogus ([BO78]; see also the survey
[Lie16], Theorem 3.8) asserts that the Newton polygon of I(X) lies above or on the
Hodge polygon of µ, and both have the same endpoint. This shows that the G-isocrystal
attached to I(X) lies in fact in B(G,µ).

Conversely, one can show that in fact all elements of B(G,µ) arise from a quasi-
polarized K3 surface over F̄p, see [EvdG15].

One can check that the possible Newton slopes of the isocrystals coming from ele-
ments in B(G,µ) are the ones given by

−1

h
, · · · ,−1

h︸ ︷︷ ︸
h

, 0, · · · , 0︸ ︷︷ ︸
21−2h

,
1

h
, · · · , 1

h︸ ︷︷ ︸
h

for h ∈ {1, · · · , 10,∞}, where the case h =∞ corresponds to the isoclinic isocrystal of
slope 0. We denote the corresponding elements of B(G,µ) by bh for h ∈ {1, · · · , 10,∞}.

Definition 3.1.14. A K3 surface X whose associated G-isocrystal is bh is called of
height h ∈ {1, · · · , 10,∞}. A K3 surface of infinite height is called supersingular.

Note that νb∞ ≤ νb10 ≤ · · · ≤ νb1 in terms of the order in N (G). This induces a
natural height stratification by closed subvarieties

M2d,n,F̄p = M1 ⊃ · · · ⊃M10 ⊃M2d,ss,n,

where for 1 ≤ h ≤ 10, the subvariety Mh is the subspace of K3 surfaces of height ≥ h,
andM2d,ss,n is the supersingular locus. The height stratification was first introduced by
Artin in [Art74]. The supersingular locus is a 9-dimensional closed algebraic subvariety
(cf. [Ogu83], Theorem 2.7).

From now on, we assume p ≥ 3. It follows from the integral Tate conjecture ([MP15],
Theorem 1) and ([Ogu79], Corollary 1.6) that the Neron-Severi group NS(X) of a
supersingular K3 surface X has maximal rank 22, and the Neron-Severi group generates
the entire cohomology:

NS(X)⊗ Z` ∼= H2
ét(X,Z`); (3.7)

NS(X)⊗ Zp ∼= H2
cris(X/W )ϕ=p. (3.8)

The statement in ([MP15], Theorem 1) is just the rational version of the Tate conjecture,
but it is known that for divisors, this version of the conjecture implies the integral Tate
conjecture (cf. [Tat95]).

Proposition 3.1.15. For X a supersingular K3 surface over F̄p let

NS(X)Q ↪→
∏
` 6=p

H2
ét(X,Q`)×H2

cris(X/W )[
1

p
]
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denote the diagonal embedding. Then

NS(X) = NS(X)Q ∩
∏
` 6=p

H2
ét(X,Z`)×H2

cris(X/W ).

Proof. It follows from (3.7) and (3.8) that

NS(X)⊗ Z(`) = NS(X)Q ∩H2
ét(X,Z`)

for ` 6= p and
NS(X)⊗ Z(p) = NS(X)Q ∩H2

cris(X/W ).

This proves the proposition since NS(X) is torsion-free.

3.2 Shimura varieties of orthogonal type

In this section we study the period map for the moduli space of polarized K3 surfaces
towards a Shimura variety of orthogonal type. References are [PŠ71], [Del71], [Riz10].

3.2.1 The complex period map

The Hodge diamond of a complex K3 surface X has the form

1
0 0

1 20 1
0 0

1

.

In particular, the Hodge structure

H2
B(X,C) = H0,2(X)⊕H1,1(X)⊕H2,0(X)

is completely determined by the one-dimensional subspace H2,0(X) ⊂ H2
B(X,C). Name-

ly, given H2,0(X), we can recover H0,2(X) = H2,0(X) and H1,1(X) = (H2,0(X))⊥. The
complex analytic subspace

D = {x ∈ P(Λd ⊗ C)|〈x, x〉 = 0, 〈x, x〉 > 0} ⊂ P(Λd ⊗ C)

can thus be viewed as the complex period domain of Hodge structures of the type
arising from polarized K3 surfaces of degree 2d. Recall that we defined the Q-group
G := SO(Λd,Q). The group G(R) acts transitively on D. Therefore the manifold D can
also be viewed as the G(R)-orbit of a Hodge cocharacter h : S→ GR.

Defining the congruence subgroup

On(Z) := {g ∈ O(Z)| g ≡ 1 mod n} , (3.9)

the monodromy representation ρ : π1(Man
2d,n,C) → O(Z) corresponding to the local

system HB on M2d,n,C factors through On(Z).
A fundamental result in Hodge theory is the Torelli theorem for K3 surfaces due to

Pjateckii-Shapiro and Shafarevic.
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Theorem 3.2.1 ([PŠ71]). The complex period map

Φ : Man
2d,n,C → On(Z)\D (3.10)

is an open immersion.

One can show that without level structure the stack M2d,C admits a coarse moduli
space M2d,C and a period map

Φ : Man
2d,C ↪→ O(Z)\D.

Let us recall the explicit description of this period map on complex points. For a
complex point x ∈ M2d,C(C) corresponding to a polarized complex K3 surface (X, ξ),
we choose a marking of (X, ξ), i.e. an isometry ι : Λ

∼→ H2
B(X,Z) mapping λ to cB(ξ).

Via the marking ι, the one-dimensional subspace H2,0(X) ⊂ H2
B(X,Q) ⊗ C defines a

one-dimensional subspace ι−1(H2,0(X)) ⊂ Λd ⊗ C. The image of x in D with respect
to the marking ι is defined to be the corresponding point in D ⊂ P(Λd,C). Changing
the marking translates into a left action of O(Z) on D, and therefore after taking the
quotient by this action, this gives a well-defined point Φ(x) ∈ O(Z)\D.

The injectivity of the period map thus translates into the following theorem:

Theorem 3.2.2 ([PŠ71]). Let (X, ξ) and (X ′, ξ′) be two polarized K3 surfaces over
C and let ι : H2

B(X ′,Z)
∼→ H2

B(X,Z) be an isometry mapping cB(ξ′) to cB(ξ) and
compatible with the Hodge structures. Then there exists a unique isomorphism f : X

∼→
X ′ inducing ι.

3.2.2 Shimura varieties of orthogonal type

It is important to note that for n ≥ 3 the target of the period map (3.10) is in fact
a Shimura variety. Indeed, the pair (G,D) forms a Shimura datum in the sense of
([Del71], 1.5). For a compact open subgroup K ⊂ G(Af ), the associated Shimura
variety is defined as the double quotient

ShK,C := G(Q)\D ×G(Af )/K. (3.11)

We will mainly work with congruence subgroups, i.e. subgroups of the form

Kn := ker(G(Ẑ)→ G(Z/nZ)),

and denote the corresponding Shimura variety by Shn,C := ShKn,C.
Using strong approximation for the Spin cover of G, one can show that

Shn,C = Gn(Z)\D,

observing that Gn(Z) = Kn ∩G(Q).
As soon as n ≥ 3, the congruence condition in (3.9) forces the determinant to be 1,

and hence the groups On(Z) = Gn(Z) are equal. In particular, for n ≥ 3 the target of
the period map Φ in the previous section is the Shimura variety Shn,C.

By the general theory of Shimura varieties, Shn,C is a quasi-projective algebraic
variety and has a canonical model Shn,Q defined over Q.

A classical result of Borel ([Bor72], Theorem 3.10) shows that the period map Φ :
M2d,n,C → Shn,C is a morphism of complex algebraic varieties.

Assume now that n = qr ≥ 3 is the power of a prime number q (cf. Remark 3.1.8).
The following result due to Rizov states that the period map in fact descents to a
morphism over Q.
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Theorem 3.2.3 ([Riz10], Theorem 3.9.1; [MP15], Corollary 4.4). The period map Φ
descents to an open immersion

ΦQ : M2d,n,Q ↪→ Shn,Q (3.12)

of algebraic varieties over Q.

The proof in [Riz10] uses the fact that one can control the behaviour of the period
map on the Zariski dense set of CM points. A different approach (cf. [MP15], Corollary
4.4) consists of showing that the period map is defined by a correspondence which is
absolute Hodge.

The natural representation Gn(Z) → GL(Λd) defines a Z-variation of Hodge struc-
ture V on Shn,C, and the associated `-adic étale components V` descent to the canonical
model Shn,Q. Similarly, the algebraic vector bundle with connection (VdR,∇) associ-
ated with V descents to Shn,Q. The period map (3.12) is defined in such a way that the
variation of Hodge structure PB on M2d,n,C is just the pullback Φ∗V of the variation of
Hodge structure V on Shn,C, and similarly P` = Φ∗QV` for all `.

3.2.3 The GSpin cover

The orthogonal Shimura variety considered in the previous section has a natural cover
by a Shimura variety of Hodge type associated to the group of spinor similitudes of the
lattice Λd,Q. To define this group, denote by

CL(Λd,Q) :=

(⊕
n

Λ⊗nd,Q

)
/(v ⊗ v − 〈v, v〉)

the Clifford algebra of the lattice Λd,Q. It comes equipped with a Z/2Z-grading, giving
a decomposition CL(Λd,Q) = CL(Λd,Q)+ ⊕ CL(Λd,Q)−.

Definition 3.2.4. We define G̃ to be the group of spinor similitudes of the lattice Λd,Q,
i.e. the algebraic group over Q defined by the functor that sends a Q-algebra R to

G̃(R) := GSpin(Λd,Q)(R) = {g ∈ (CL(Λd,Q)+ ⊗Q R)× | gΛd,Rg
−1 ⊂ Λd,R}.

The action of G̃ on Λd,Q by conjugation induces a short exact sequence

1→ Gm → G̃
ad→ G→ 1,

which identifies G with the adjoint group of G̃.
The datum (G̃,D) forms a Shimura datum. For a compact open subgroup K̃ ⊂

G̃(Af ) we denote the associated Shimura variety by

S̃hK̃,C := G̃(Q)\D × G̃(Af )/K̃. (3.13)

Again, this Shimura variety has a canonical model S̃hK̃,Q over Q. For any K̃ such that
K̃ad ⊂ K, the morphism G̃→ G gives rise to a morphism of Shimura varieties

ad : S̃hK̃,Q → ShK,Q.

We define
G̃(Ẑ) := G̃(Af ) ∩ CL(Λd,Ẑ)×,
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introduce the congruence subgroups

K̃n := {g ∈ G̃(Ẑ)| g ≡ 1 mod n}

and write S̃hn,Q := S̃hK̃n,Q. One can check (compare [MP16], Lemma 2.6) that K̃ad
n ⊂

Kn, and thus we get a morphism of Shimura varieties

ad : S̃hn,Q → Shn,Q,

which is a finite étale cover (cf. [MP15], 3.4).
It is well-known (compare [MP16], 3.5) that the Shimura variety S̃hK̃,Q is of Hodge

type, i.e. there exists a symplectic form on the Clifford algebra CL(Λd,Q) such that the
action of G̃ on CL(Λd,Q) factors through the corresponding general symplectic group
GSp, defining an embedding of Hodge data (G̃,D) ⊂ (GSp,H) into a Siegel Shimura
datum. For any compact open subgroup K̃ ⊂ G̃(Af ), there is a compact open subgroup
K̄ ⊂ GSp(Af ) such that the induced morphism of Shimura varieties

S̃hK̃,Q ↪→ Sh(GSp,H)K̄,Q

is a closed immersion of the GSpin Shimura variety into a Siegel modular variety (cf.
[Del71], Proposition 1.15).

Via its moduli description, the Siegel modular variety Sh(GSp,H)K̄ carries a univer-
sal family of abelian varieties. By restriction, the Shimura variety S̃hK̃,Q will also carry

a family of abelian varieties f : A→ S̃hK̃,Q with certain Hodge tensors, as we will now
explain.

The representation G̃→ GL(CL(Λd,Q)) and the lattice CL(Λd) define a Z-variation
of Hodge structure Ṽ over S̃hK̃,C which can naturally be identified with the variation
of Hodge structure R1fanC,∗Z arising from the family of abelian varieties f . Similarly,
we get `-adic étale local systems Ṽ` which descent to S̃hK̃,Q and are identified with
R1fét,∗Z`.

Hodge type Shimura varieties usually carry additional generic Hodge tensors coming
from the tensors fixed by the reductive group defining the Shimura datum. In our
case, one can show that there is a natural idempotent operator on CL(Λd)

⊗(1,1) :=
CL(Λd) ⊗ CL(Λd)

∨ fixed by G̃ (cf. [MP16], 3.4). This gives rise to an idempotent
operator π on Ṽ⊗(1,1) = Ṽ ⊗ Ṽ∨ which is absolute Hodge, and thus to idempotent
operators π` on Ṽ⊗(1,1)

` .
We denote by LB = imπ ⊂ Ṽ⊗(1,1) the sub-local system given by the image of this

operator, and similarly L` = imπ` ⊂ Ṽ⊗(1,1)
` . One can show ([MP15], 3.4) that there is

a natural identification
LB = ad∗CV,

and similarly, L` = ad∗V`.
We end the section with a brief reminder of the Kuga-Satake construction from

a Hodge theoretic point of view. As suggested by the period map Φ and the above
discussion of Shimura varieties, there is a closed relation between K3 surfaces and
abelian varieties. Namely, for a point x ∈ M2d,n(C) corresponding to a polarized K3
surface (X, ξ), the image Φ(x) ∈ Shn(C) has a lift Φ̃(x) ∈ S̃hn(C) to the GSpin Shimura
variety. The fiber over Φ̃(x) of the universal abelian variety A defines a complex abelian
variety A that is called the Kuga-Satake abelian variety of X. It does not depend on
the choice of the level-n structure.
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We have the following description of the morphism of real algebraic groups ρA :
S → GL(H1

B(A,R)) defining the Hodge structure on H1
B(A,Q). Denote by ρX : S →

SO(P 2
B(X,R)) the representation of the Deligne torus corresponding to the Hodge struc-

ture P 2
B(X,Q)(1) of weight zero (the Tate twist is essential here). There exists a lift

S ρ̃X //

ρX
&&

GSpin(P 2
B(X,R))

ad
��

SO(P 2
B(X,R)),

(3.14)

which via the natural action of GSpin(P 2
B(X,R)) defines a Hodge structure on the

Clifford algebra H1
B(A,Q) = CL(P 2

B(X,Q)). The lift in (3.14) becomes unique after
requiring that this Hodge structure is of weight one (cf. [Huy16], Remark 4.2.1).

3.3 Rapoport-Zink uniformization of Shimura varieties of
abelian type

We survey the theory [Kis10] of integral canonical models for abelian type Shimura
varieties at hyperspecial level, and their relation to local Shimura varieties as defined
in [SW20] via the Rapoport-Zink uniformization established in [She20].

3.3.1 Integral canonical models

Let (G,D) be a Shimura datum of abelian type, cf. ([Mil94], Definition 3.2). For a
compact open subgroup K ⊂ G(Af ) we denote by

Sh(G,D)K = G(Q)\D ×G(Af )/K

the Shimura variety corresponding to the Shimura datum (G,D) and the level K. It is
well-known (see [Del79], 2.7.21) that Sh(G,D)K has the structure of a quasi-projective
algebraic variety defined over a number field E, called the reflex field of the Shimura
datum (G,D). Assume that Kp is a hyperspecial subgroup of G(Qp), i.e. that there
exists a reductive group G over Zp with generic fiber GQp such that Kp = G(Zp). We
look at the pro-scheme

Sh(G,D)Kp := lim←−
Kp

Sh(G,D)KpKp (3.15)

where Kp runs through the compact open subgroups of G(Apf ).
Let O denote the ring of integers of E and O(v) the localization at a prime v dividing

p. Langlands suggested that the system in (3.15) extends to a pro-system S (G,D)KpKp

of smooth schemes over the ring of integers O(v).
Milne formulated the following extension property in order to uniquely characterize

this extension.

Definition 3.3.1 ([Kis10], 2.3.7; [Mil92], Definition 2.5). The pro-scheme S (G,D)Kp
is said to satisfy the extension property if the following criterion holds: For every
regular and formally smooth O(v)-scheme R with generic fiber R, any morphism R →
Sh(G,D)Kp over E extends to R → S (G,D)Kp . An integral canonical model for
Sh(G,D)Kp is a smooth model of Sh(G,D)Kp over O(v) which satisfies the extension
property.
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Kisin proved the existence of integral canonical models in great generality.

Theorem 3.3.2 ([Kis10]). Suppose that p > 2. Let (G,D) be a Shimura datum of
abelian type and Kp a hyperspecial subgroup of G(Qp). Let O denote the ring of integers
of the reflex field E and O(v) the localization at a prime v | p. Then there exists a unique
pro-system S (G,D)KpKp over O(v) such that the pro-scheme

S (G,D)Kp := lim←−
Kp

S (G,D)KpKp

is an integral canonical model of Sh(G,D)Kp .

We turn back to the Shimura variety considered in Section 3.2.2, where G is the
special orthogonal group SO(Λd,Q). For p - 2d, the group Kp = G(Zp) as defined in
(3.5) in Section 3.1.1 is a hyperspecial subgroup of G(Qp). Assuming in addition that
p - n, Theorem 3.3.2 provides us with an integral canonical model Sn over Z(p) of the
Shimura variety Shn,Q defined in (3.11). Similarly, for p - 2d and p - n, the GSpin
Shimura variety S̃hn,Q considered in (3.13) admits an integral canonical model S̃n over
Z(p).

By construction, the universal abelian scheme A over S̃hn extends to a universal
abelian scheme f : A → S̃n. Similarly, the `-adic étale local systems Ṽ` for ` 6= p
extend to S̃n. In characteristic p, there is a new feature: the F -crystal

Ṽcris := R1f∗,crisOA/W

over S̃n,F̄p . Here f : A → S̃n,F̄p denotes the base change of f to F̄p.
Since S̃n is normal, the idempotent operator π` on Ṽ⊗(1,1)

` over S̃hn extends to an
operator over S̃n. In addition, there is a natural F -invariant idempotent operator πcris
on the crystal Ṽ⊗(1,1)

cris (cf. [MP16], 4.14).
As a consequence, if F is an algebraically closed field of characteristic p and x ∈

S̃n(F ), the operators π` and πcris define distinguished subspaces

L`,x := im(π`,x) ⊂ End(H1
ét(Ax,Z`))

for ` 6= p, and
Lcris,x := im(πcris,x) ⊂ End(H1

cris(Ax/W (F ))).

Following Remark 3.1.8, assume now that n = qr is sufficiently large and the power
of a prime number q 6= p. The integral canonical model can be used to extend the
period map for the moduli space of polarized K3 surfaces over Z(p).

Proposition 3.3.3 ([Riz10]; [MP15], Corollary 4.15). For p - 2d, the period map ΦQ :
M2d,n,Q ↪→ Shn,Q extends to an open immersion

ϕ : M2d,n,Z(p)
↪→ Sn

over Z(p).

This follows from the extension property of Sn together with the fact thatM2d,n,Z(p)

is smooth if p - 2d.
Madapusi-Pera shows that one can even define a period map over Z[1

2 ] (cf. [MP15],
Proposition 4.7).
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3.3.2 Local Shimura varieties

We recall the notion of a local Shimura variety as a local analog of a Shimura variety,
following the definition in [SW20].

Let Perf F̄p denote the category of perfectoid spaces over F̄p, cf. ([SW20], Definition
7.1.2). For a perfectoid space T in Perf F̄p we denote by XFF,T the associated relative
Fargues-Fontaine curve over T , see ([SW20], Definition 15.2.6).

Let G be a reductive group over Qp.

Proposition 3.3.4 ([SW20], Theorem 22.5.2). There is an equivalence of categories
between the category of G-torsors on the relative Fargues-Fontaine curve XFF,T which
are trivial at each geometric point of T and the category of pro-étale G(Qp)-torsors on
T .

Here G(Qp) denotes the pro-étale sheaf on Perf F̄p attached to the locally profinite
group G(Qp).

Definition 3.3.5 ([SW20], Definition 24.1.1).

(i) A local Shimura datum is a triple (G, b, µ) consisting of a reductive group G over
Qp, the G(Q̄p)-conjugacy class of a minuscule cocharacter µ : Gm,Q̄p → GQ̄p and
b ∈ B(G,µ).

(ii) A morphism of local Shimura data from (G, b, µ) to (G′, b′, µ′) is a morphism
of reductive groups G → G′ over Qp that maps the conjugacy class of µ to the
conjugacy class of µ′ and b to b′.

The reflex field of the local Shimura datum is the field of definition E of the conjugacy
class of µ.

There is a natural way to associate a G-torsor Eb overXFF,T to an element b ∈ B(G),
see ([Far18], Theorem 4.1).

Definition 3.3.6 ([SW20], Proposition 23.3.1). Let (G, b, µ) be a local Shimura datum
and K ⊂ G(Qp) a compact open subgroup. Define the functor Sht(G, b, µ)K on PerfF̄p
by sending T ∈ PerfF̄p to the set of quadruples (T ], E1, α,P) where

• T ] is an untilt of T ;

• E1 is a G-torsor on XFF,T which is trivial at every geometric point of T ;

• α is an isomorphism of G-torsors

α : E1|XFF,T \T ]
∼= Eb|XFF,T \T ]

which is meromorphic along T ] and bounded by µ;

• P is a pro-étale K-torsor on T such that P×KG(Qp) is the pro-étale G(Qp)-torsor
corresponding to E1 under Proposition 3.3.4.

Scholze shows in ([SW20], Remark 23.3.4) that Sht(G, b, µ)K is a diamond over
(Spa Ĕ)�, where Ĕ denotes the maximal unramified extension of E.

Note that Sht(G, b, µ)K has a natural action of the group

Jb(Qp) = {g ∈ G(Q̆p) |σ(g)−1bg = b}.
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Let F(G,µ) = GĔ/Pµ be the flag variety associated with the pair (G,µ), i.e.

Pµ = {g ∈ GĔ | lim
t→∞

µ(t)gµ(t)−1 exists}.

In ([SW20], 24.1) one can find the construction of an étale period map

πGM : Sht(G, b, µ)K → F(G,µ)�,

where the target is the diamond corresponding to the smooth rigid space F(G,µ) over
Ĕ. In view of ([SW20], Theorem 10.4.2), it follows that Sht(G, b, µ)K = M(G, b, µ)�K
is the diamond of a unique smooth rigid spaceM(G, b, µ)K . Here we view rigid spaces
over Ĕ as adic spaces which are locally of finite type over Ĕ.

A morphism of local Shimura data from (G, b, µ) to (G′, b′, µ′) that maps K to K ′

induces a morphism of rigid spacesM(G, b, µ)K →M(G′, b′, µ′)K′ .
Now we suppose that the group K is hyperspecial, i.e. that there exists a reductive

model G of G over Zp such K = G(Zp). In this case one can show that necessarily
Ĕ = Q̆p. The affine Deligne-Lusztig set associated with the local Shimura datum
(G, b, µ) is the set

XG
µ (b) = {g ∈ G(Q̆p)/G(W ) | g−1bσ(g) ∈ G(W )µ(p)G(W )}.

The work of Zhu [Zhu17] and Bhatt-Scholze [BS17] shows that XG
µ (b) can be interpreted

as the set of F̄p-points of a perfect scheme XG
µ (b) over F̄p, called an affine Deligne-

Lusztig variety, equipped with an action of Jb(Qp). Similarly as above, a morphism of
local Shimura data from (G, b, µ) to (G′, b′, µ′) induces a morphism XG

µ (b) → XG′
µ′ (b

′).
There is a Jb(Qp)-equivariant continuous specialization map of topological spaces

sp : |M(G, b, µ)K | →
∣∣XG

µ (b)
∣∣ .

In the case of a local Shimura datum (G, b, µ) of abelian type and a hyperspecial
subgroupK ⊂ G(Qp), Shen shows that there exists a (generalized) Rapoport-Zink space
M̆ overW that such that the rigid generic fiber of M̆ isM(G, b, µ)K and the perfection
of the special fiber is XG

µ (b).

Theorem 3.3.7 ([She20], Theorem 1.1). Suppose that the local Shimura datum (G, b, µ)
is of abelian type and the subgroup K ⊂ G(Qp) is hyperspecial. There exists a unique
formal scheme M̆ = M̆(G, b, µ) which is formally smooth and locally formally of finite
type over Spf W such that

(i) M̆rig
η =M(G, b, µ)K ;

(ii) M̆perf
F̄p

= XG
µ (b);

and the map sp : |M(G, b, µ)K | →
∣∣XG

µ (b)
∣∣ can be identified with the specialization map

for the formal scheme M̆.

Here the perfection of a scheme Y over Fp is defined as the limit Y perf := lim←−Frob
Y

over the Frobenius map.
We now turn to the situation of the orthogonal type Shimura variety considered in

Section 3.2.2. Let G = SO(Λd,Qp) and

µ : Gm,Qp → G,

t 7→


t

1
. . .

1
t−1

 .

95



Then the flag variety attached to (G,µ) is

F = F(G,µ) = {x ∈ P(Λd ⊗Qp)|〈x, x〉 = 0} ⊂ P(Λd ⊗Qp).

Note that F ⊂ P(Λd,Q) can in fact be defined over Q.
If b ∈ B(G,µ) is the unique basic element, then a result of Chen-Fargues-Shen

[CFS21] asserts that the image of M(G, b, µ)K in F(G,µ) is given by the rigid open
subspace F(G, b, µ)wa with Cp-points

F(G, b, µ)wa(Cp) = F(Cp) \ F(Qp),

the weakly admissible locus. Note the similarity to the complex period domain D ⊂
F(C), which can be identified with a union of connected components of the analytic
open subspace F(C) \ F(R).

3.3.3 Rapoport-Zink uniformization

We discuss the link between the local Shimura varieties in the previous section and
global Shimura varieties. The guiding principle is that the completion of the integral
canonical model of the Shimura variety along the basic locus will be uniformized by a
local Shimura variety. This can be viewed as a p-adic analog of complex uniformization.

Let ShK := Sh(G,D)K be a Shimura variety of abelian type with Kp hyperspecial,
and let SK be the integral canonical model of ShK given by Theorem 3.3.2. Denote
by SK = SK ⊗ F̄p the special fiber of SK . Recall ([She20], Theorem 6.2) that there
exists a Newton stratification

SK =
∐

b∈B(G,µ)

S
b
K

such that the Zariski closure of S
b
K in SK is

∐
b′≤b S

b′

K . In particular, if b ∈ B(G,µ)

is the basic element, then S
b
K is closed. We remind the reader that to an F̄p-point

x ∈ SK(F̄p) one can associate a G-isocrystal Ix, and then the point x belongs to S
b
K

if and only if the isomorphism class of Ix corresponds to b ∈ B(G,µ). The Langlands-
Rapoport conjecture, for Shimura varieties of abelian type now a theorem of Kisin
([Kis17], Theorem 4.6.7), asserts that we can decompose the set of F̄p-points of S

b
K

further into a disjoint union

S
b
K(F̄p) =

∐
[φ],b(φ)=b

S (φ).

Here φ : Q → G runs through the set of admissible representations of the Langlands-
Rapoport gerbe (cf. [Kis17], 3.3), [φ] is the associated equivalence class, and b(φ)
the element of B(G,µ) attached to φ. If SK is of Hodge type, then the set SK(φ)
corresponds to the isogeny class of an abelian variety over F̄p with certain `-adic and
crystalline tensors defined by the group G.

In general, for the basic element b ∈ B(G,µ) there is a unique representation φ

(up to equivalence) such that b(φ) = b, and thus S
b
K = S (φ). We can now begin

to formulate the Rapoport-Zink uniformization for the basic locus. Let ̂SK,W /S
b
K

denote the formal scheme over Spf W that is the completion of SK over W along
the closed subscheme S

b
K . Let ShbK ⊂ Shrig

Q̆p
be the associated rigid generic fiber,
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which is the tube over the closed subscheme S
b
K . The global Shimura datum (G,D)

and the element b ∈ B(G,µ) give a local Shimura datum (GQp , b, µ), and we denote
by M := M(G, b, µ)Kp the associated local Shimura variety. Similarly, we denote by
X := XG

µ (b) the corresponding affine Deligne-Lusztig variety.

Theorem 3.3.8 ([She20], Corollary 6.14 ). Assume Kp hyperspecial and b ∈ B(G,µ)
basic. We have isomorphisms

ShbK
∼→ Iφ(Q)\M×G(Apf )/Kp,

and
S

b,perf
K

∼→ Iφ(Q)\X ×G(Apf )/Kp.

Here Iφ denotes the group of automorphisms of the representation φ : Q → G, i.e.
the algebraic group over Q with points in a Q-algebra R given by

Iφ(R) = {g ∈ G(R⊗Q Q̄) | conjg ◦ φ = φ}.

The right hand side of the first isomorphism in Theorem 3.3.8 can be written as a
finite disjoint union

Iφ(Q)\M×G(Apf )/Kp =
∐
g

Γg\M,

where Γg = Iφ(Q) ∩ gKpg−1 and g runs through a set of representatives of the double
coset Iφ(Q)\G(Apf )/Kp.

Remark 3.3.9. For Shimura varieties of PEL type this uniformization was established
in the book of Rapoport and Zink (cf. [RZ96], Theorem 6.36), and then generalized to
Shimura varieties of Hodge type by Kim [Kim18] and Shen [She20]. One can formulate
similar uniformization results for suitably defined completions along the other strata
S (φ), and even on the level of formal schemes, see ([She20], Theorem 6.7).

We will be interested in the case where (G,D) is the orthogonal type Shimura datum,
and (G̃,D) is the GSpin cover. In this case, for p - 2d and p - n, by construction of the
uniformization in [She20] we have a commuting diagram

S̃h
b̃

n

∼= //

��

Iφ̃(Q)\M̃ × G̃(Apf )/K̃p
n

��

Shbn
∼= // Iφ(Q)\M×G(Apf )/Kp

n,

and similarly for the perfection of S
b
n.

3.4 The p-adic period map

We use Rapoport-Zink uniformization to construct a p-adic period map for the moduli
space of polarized K3 surfaces with supersingular reduction. For the rest of this thesis,
we assume p - 2d, that n = qr is the power of a prime number q 6= p and n is sufficiently
large, see Remark 3.1.8.
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3.4.1 The Kuga-Satake construction in positive characteristic

As observed by Madapusi-Pera [MP15] (see also [Riz10]), the period map

ϕ : M2d,n,Z(p)
→ Sn

over Z(p) provides a possibility to generalize the classical Kuga-Satake construction to
positive characteristic. Namely, given an algebraically closed field F of characteristic
p ≥ 3 and a point x ∈ M2d,n,Z(p)

(F ) corresponding to a polarized K3 surface (X, ξ)

of degree 2d over F with a level structure [η], we can choose a lift ϕ̃(x) ∈ S̃n(F ) of
the image ϕ(x). The moduli interpretation of S̃n provides us with an abelian variety
A over F (with an action of the Clifford algebra CL(Λd)) that we will call a Kuga-
Satake abelian variety attached to (X, ξ). As described in Section 3.3.1, it comes with
distinguished subspaces L`,A ⊂ End(H1

ét(A,Z`)) and Lcris,A ⊂ End(H1
cris(A/W (F ))).

The following properties of the Kuga-Satake abelian variety were established and cru-
cially used in Madapusi-Pera’s work on the Tate conjecture for K3 surfaces over finitely
generated fields of characteristic p ≥ 3. We recall them here for the reader’s convenience.

Theorem 3.4.1 ([MP15], Theorem 4.17). Let (X, ξ) be a polarized K3 surface over F
of degree 2d and A a Kuga-Satake abelian variety attached to (X, ξ).

(i) There exists an isomorphism of Z`-modules

H1
ét(A,Z`) ∼= CL(P 2

ét(X,Z`)),

as well as an isomorphism of W (F )-modules

H1
cris(A/W (F )) ∼= CL(P 2

cris(X/W (F ))).

(ii) The natural action by left translation on the Clifford algebra in (i) induces an
embedding

P 2
ét(X,Z`) ⊂ End(H1

ét(A,Z`))

which identifies P 2
ét(X,Z`) with the distinguished subspace

L`,A ⊂ End(H1
ét(A,Z`)).

Similarly, the F -equivariant embedding

P 2
cris(X/W (F ))(1) ⊂ End(H1

cris(A/W (F )))

identifies P 2
cris(X/W (F ))(1) with the distinguished subspace

Lcris,A ⊂ End(H1
cris(A/W (F ))).

(iii) Let L(A) ⊂ End(A) be the subspace of special endomorphisms, i.e. endomor-
phisms whose cohomological realization lies in P 2

ét(X,Z`) under the embedding in
(ii) for all ` 6= p, as well as in P 2

cris(X/W (F ))(1). Then we have a natural iden-
tification

NS(X) ⊃ 〈ξ〉⊥ ∼= L(A).

One can extend the Kuga-Satake construction to quasi-polarized K3 surfaces, and
the analog of Theorem 3.4.1 holds, see ([Yan20], Proposition 3.11).
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Remark 3.4.2. Note that for f ∈ L(A) the composition f ◦f ∈ End(A) is in fact a scalar,
equipping L(A) with a quadratic form. The identification in (iii) is even an isometry.

We provide an alternative viewpoint on the Kuga-Satake construction in the case
F = F̄p . As discussed above, using the Langlands-Rapoport conjecture for Shimura
varieties of abelian type ([Kis17], Theorem 4.6.7) we can attach to the point ϕ(x) ∈
Sn(F̄p) a representation φ : Q→ G of the Langlands-Rapoport gerbe Q. Similarly, the
lift ϕ̃(x) ∈ S̃n(F̄p) gives rise to a representation φ̃ : Q→ G̃, making the diagram

Q
φ̃

//

φ
��

G̃

��

G

commute. The analogy with the diagram (3.14) justifies calling this lift a Kuga-Satake
abelian variety. Via the conjectural interpretation of the gerbe Q as the fundamental
gerbe of the category of motives over F̄p (cf. [Mil92], Theorem 3.25), the Kuga-Satake
construction should correspond to lifting the G-motive corresponding to the K3 surface
(X, ξ) to a G̃-motive over F̄p, which via the natural action of G̃ on CL(Λd,Q) gives the
motive of the Kuga-Satake abelian variety. The process of attaching a Kuga-Satake
abelian variety to a K3 surface should thus be a motivic construction, which justifies
the statement on algebraic cycles in Theorem 3.4.1(iii).

3.4.2 Isogenies of K3 surfaces

Let x ∈ M2d,ss,n(F̄p) be a point and (X, ξ) the associated supersingular K3 surface
with level structure. Denote by φ : Q → G the representation of the Langlands-
Rapoport gerbe corresponding to the point ϕ(x) ∈ Sn(F̄p). In this section we compute
the automorphism group Iφ of φ appearing in the Rapoport-Zink uniformization in
Theorem 3.3.8 concretely in terms of the polarized K3 surface (X, ξ).

Recall that for a representation φ : Q → G, we denote by Iφ the algebraic group
over Q with points in a Q-algebra R given by

Iφ(R) = {g ∈ G(R⊗Q Q̄) | conjg ◦ φ = φ}.

Now let φ̃ : Q→ G̃ be the representation of the Langlands-Rapoport gerbe attached
to a lift ϕ̃(x) ∈ S̃n(F̄p), and A the associated Kuga-Satake abelian variety over F̄p with
distinguished subspaces Lcris,A ⊂ End(H1

cris(A/W )) and L`,A ⊂ End(H1
ét(A,Z`)) for

` 6= p.
Fix isometries Λd,Ẑp

∼= P 2
ét(X, Ẑp) and Λd,Qp

∼= (P 2
cris(X/W )[1

p ])ϕ=p, inducing iso-
morphismsH1

ét(A, Ẑp) ∼= CL(Λd,Ẑp) andH
1
cris(A/W )[1

p ] ∼= CL(Λd,Q̆p) by Theorem 3.4.1.
If we denote by Nd = 〈ξ〉⊥ ⊂ NS(X) the primitive part of the Neron-Severi lattice of
X, the Chern class induces isometries

Nd,Ẑp
∼= Λd,Ẑp , Nd,Qp

∼= Λd,Qp . (3.16)

As the element b(φ) ∈ B(G,µ) corresponding to φ is basic, we have Iφ,Apf = GApf
and

Iφ,Qp = Jb.

Proposition 3.4.3. There is an isomorphism of groups

Iφ ∼= SO(Nd,Q)
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compatible with the isomorphisms GApf
∼= SO(Nd,Apf

) and Jb ∼= SO(Nd,Qp) provided by
the isometries in (3.16).

Proof. It follows from the definition of the automorphism group that the short exact
sequence

1→ Gm,Q → G̃
ad→ G→ 1

induces a short exact sequence

1→ Gm,Q → Iφ̃ → Iφ → 1.

We first construct a morphism Iφ̃ → SO(Nd,Q).
Denoting by Aut0(A) the Q-group scheme of units in End0(A) := End(A) ⊗ Q, it

is shown in [Kis17] that Iφ̃ is the largest closed Q-subgroup of Aut0(A) which maps
to G̃Q` = GSpin(P 2

ét(X,Q`)) for all ` 6= p, and to G̃Q̆p = GSpin(P 2
cris(X/W )[1

p ]).
In particular, the action of Iφ̃ by conjugation preserves the subspaces L`,A ⊗Z` Q` ⊂
End(H1

ét(A,Q`)) for all ` 6= p and the subspace Lcris,A[1
p ] ⊂ End(H1

cris(A/W )[1
p ]). By

Theorem 3.4.1(iii) we have an identification SO(Nd,Q) = SO(L(A)Q), where L(A) ⊂
End(A) denotes the set of special endomorphisms. There is a natural map

Aut0(A)→ Aut(End0(A)), g 7→ conjg

and we need to show that the restriction to the subgroup Iφ̃ ⊂ Aut0(A) maps to
SO(L(A)Q). For this, recall that L(A) ⊂ End(A) is the subset of endomorphisms
whose `-adic realizations lie in L`,A for all ` 6= p and whose crystalline realization lies in
Lcris,A. Since Iφ̃ preserves the subspaces L`,A ⊗Z` Q` and Lcris,A[1

p ] we get the desired
map to Aut(L(A)Q). We see that it in fact maps to SO(L(A)Q) since

conjg(f) ◦ conjg(f) = conjg(f ◦ f) = f ◦ f,

where the last equality holds since f ◦ f is a scalar. In particular we get a sequence

1→ Gm,Q → Iφ̃ → SO(Nd,Q)→ 1, (3.17)

which after tensoring with Q` for any ` 6= p becomes the short exact sequence

1→ Gm,Q` → G̃Q` → GQ` → 1. (3.18)

We conclude that (3.17) is a short exact sequence, hence we get an isomorphism Iφ ∼=
SO(Nd,Q). The compatibility assertions follow from the sequence (3.18) for all ` 6= p
and the analogous sequence at p.

Since Nd,R is negative definite, the real group SO(Nd,R) is compact. Therefore
the image Iφ(Q) ⊂ Jb(Qp) × G(Apf ) is a discrete subgroup. As a consequence, for
a compact open Kp ⊂ G(Apf ), the intersection Iφ(Q) ∩ Kp ⊂ Jb(Qp) is a discrete
subgroup. We emphasize that by ([Ogu79], Theorem 7.4.1) the isomorphism class of
the lattice NS(X)Q does not depend on the choice of the supersingular K3 surface X.

For a general x ∈ M2d,n,Z(p)
(F̄p) with associated Langlands-Rapoport parameter φ,

one can use the results of [Yan20] to show that under the assumption that p > 18d+ 4,
the group Iφ is the group of self-isogenies of the corresponding polarized K3 surface
(X, ξ) in the sense of ([Yan20], Definition 1.1).
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3.4.3 The p-adic period map

In this section we define a p-adic period map for the completion of M2d,n,W along the
supersingular locus. The starting point of the construction is the integral period map
ϕ : M2d,n,W ↪→ Sn,W defined in Proposition 3.3.3. Under this period map, the basic
locus S

b
n ⊂ S n pulls back to the supersingular locus

M2d,ss,n ⊂M2d,n := M2d,n,F̄p .

To see this, note that for y ∈M2d,n(F̄p) corresponding to a polarized K3 surface (X, ξ)
over F̄p, the G-isocrystal attached to the point ϕ(y) ∈ S n(F̄p) is precisely the G-
isocrystal P 2

cris(X/W )[1
p ](1) as studied in Section 3.1.3. We refer to ([MP15], Lemma

4.9) for a proof of this fact.
Denote by M̆2d,ss,n,W := M̂2d,n,W /M2d,ss,n

the formal scheme over Spf W which is
the completion of M2d,n,W along the supersingular locus. We denote by M ss

2d,n,Q̆p
the

rigid analytic generic fiber of this formal scheme. The completion of ϕ induces a period
map

ϕ̆ : M̆2d,ss,n,W ↪→ ̂Sn,W /S
b
n

of formal schemes overW , which is still an open immersion. Together with the Rapoport-
Zink uniformization of the Shimura variety Sn this gives rise to a rigid analytic period
map

ϕrig : (M̆2d,ss,n,W )rigη ↪→ Shbn
∼→ Iφ(Q)\M×G(Apf )/Kp

n

as well as to a period map of perfect schemes

ϕ : M
perf
2d,ss,n ↪→ S

b,perf
n

∼→ Iφ(Q)\XG
µ (b)×G(Apf )/Kp

n (3.19)

over F̄p.
We now provide a direct description of the period map

ϕ : M
perf
2d,ss,n ↪→ Iφ(Q)\XG

µ (b)×G(Apf )/Kp
n (3.20)

on the level of F̄p-points. We first fix an auxiliary supersingular polarized K3 surface
(X,L) and set N := NS(X). Denoting by λ ∈ N the class of the line bundle L, set Nd :=
〈λ〉⊥ ⊂ N . The choice of isometries ΛẐp

∼= H2
ét(X, Ẑp) and ΛQp

∼= (H2
cris(X/W )[1

p ])ϕ=p

mapping λ to cẐp(L) (respectively ccris(L)) allows us to identify

NẐp
∼= ΛẐp , NQp

∼= ΛQp (3.21)

in a way which preserves λ. For (X, ξ, ηOn(Ẑp)) a polarized supersingular K3 surface
of degree 2d over F̄p with a level structure η : ΛẐp

∼→ H2
ét(X, Ẑp) mapping λ to cẐp(ξ),

we define its image under the p-adic period map as follows. Choose an isometry ρ :
NS(X)Q

∼→ NQ mapping ξ to λ, as well as an isometry h : ΛW
∼→ H2

cris(X/W ) mapping
λ to ccris(ξ). The composition ρQ̆p ◦ hQ̆p defines an isometry

ΛQ̆p

hQ̆p−→ H2
cris(X/W )[

1

p
] ∼= NS(X)Q̆p

ρQ̆p−→ NQ̆p
∼= ΛQ̆p

that preserves λ. Since O(W ) contains a reflection of determinant −1, one can choose
h in such a way that ρQ̆p ◦ hQ̆p ∈ G(Q̆p). A different choice of h amounts to changing
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the element in G(Q̆p) by an element of G(W ), and therefore the corresponding element
in XG

µ (b) is independent of the choice of h. Similarly, the composition ρApf ◦ ηApf gives
an isometry

ΛApf

ηAp
f−→ H2

ét(X,A
p
f ) ∼= NS(X)Apf

ρAp
f−→ NApf

∼= ΛApf

preserving λ. By our assumption that n is the power of a prime number, the group
On(Z`) contains a reflection of determinant −1 for all but one `. Replacing η with a
different element of the coset ηOn(Ẑp) therefore allows us to change the determinant at
all places except for the prime dividing n. This shows that we may choose η and ρ in
such a way that ρApf ◦ ηApf ∈ G(Apf ). We define the image of (X, ξ, ηOn(Ẑp)) to be the
class of the pair (ρQ̆p ◦ hQ̆p , ρApf ◦ ηApf ) in the double quotient

Iφ(Q)\XG
µ (b)×G(Apf )/Kp

n.

We claim that this construction is independent of all choices. Namely, a different
isogeny ρ′ : NS(X)Q → NQ is of the form ρ′ = q ◦ ρ for q ∈ O(Nd,Q). Similarly,
a different choice of η amounts to replacing it by η′ = η ◦ k for some k ∈ On(Ẑp).
Recall that we restricted ourselves to choices such that ρ′Apf

◦ η′Apf ∈ G(Apf ). As a

consequence, det(q) ·det(k) = 1. Since n ≥ 3, the element k ∈ On(Ẑp) has a component
k` ∈ On(Z`) of determinant 1. It follows that det(q) = det(k) = 1. We conclude that
q ∈ Iφ(Q) = SO(Nd,Q) and k ∈ Kp

n, and hence the corresponding element in the double
quotient

Iφ(Q)\XG
µ (b)×G(Apf )/Kp

n

is independent of all choices.

Remark 3.4.4.

(i) We only study the period map on the perfection of the reduction, since in this
case the target of the period map is a Deligne-Lusztig variety, which has a nice
group-theoretic description.

(ii) Strictly speaking, we did not show that the class of ρQ̆p ◦ hQ̆p ∈ G(Q̆p) lies in
XG
µ (b). This can be seen either from the classical fact that the Hodge polygon of

the crystal P 2
cris(X/W )(1) coincides with the Hodge polygon of µ (Mazur, Ogus,

Nygaard; cf. the survey [Lie16], Theorem 3.8), or from the description below which
shows that ρQ̆p◦hQ̆p arises from an element in XG̃

µ̃ (b̃) via the map G̃(Q̆p)→ G(Q̆p).

We sketch how to justify that the morphism defined in this direct manner coin-
cides with the construction in (3.19) using the integral period map and Rapoport-Zink
uniformization.

Claim 3.4.5. The period map constructed in (3.19) coincides with the above direct
description.

Proof. We recall that we have a commutative diagram

S̃n,
b̃,perf

F̄p
∼ //

��

Iφ̃(Q)\XG̃
µ̃ (b̃)× G̃(Apf )/K̃p

n

��

M
perf
2d,ss,n

� � // S
b,perf
n

∼ // Iφ(Q)\XG
µ (b)×G(Apf )/Kp

n.
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Lift the F̄p-point of S
b
n corresponding to the auxiliary polarized K3 surface (X,L)

to an F̄p-point of S̃n,
b̃

F̄p , and denote by A the associated abelian variety with dis-
tinguished subspaces L`,A ⊂ End(H1

ét(A,Z`)) and Lcris,A ⊂ End(H1
cris(A/W )). Let

y ∈M2d,ss,n(F̄p) correspond to a polarized K3 surface (X, ξ, ηOn(Ẑp)) with level struc-

ture. A lift ϕ̃(y) ∈ S̃n,
b̃

F̄p(F̄p) of the image ϕ(y) ∈ S
b
n(F̄p) gives a Kuga-Satake abelian

variety A with level structure η̃K̃p
n and distinguished subspaces L`,A ⊂ End(H1

ét(A,Z`))
and Lcris,A ⊂ End(H1

cris(A/W )).
From the description of the Rapoport-Zink uniformization in the Hodge type case,

the image of ϕ̃(y) in
Iφ̃(Q)\XG̃

µ̃ (b̃)× G̃(Apf )/K̃p
n

is constructed as follows: one first chooses a GSpin-isogeny ρ̃ ∈ Hom(A, A)⊗Q in the
sense of ([Yan20], Definition 3.3). By the definition of a GSpin-isogeny, the realizations
ρ̃Q` ∈ Isom(H1

ét(A,Q`), H
1
ét(A,Q`)) and ρ̃Q̆p ∈ Isom(H1

cris(A/W )[1
p ], H1

cris(A/W )[1
p ])

match up the subspaces L`,A⊗Z`Q` and L`,A⊗Z`Q`, respectively Lcris,A[1
p ] and Lcris,A[1

p ].
It follows from Theorem 3.4.1(iii) that ρ̃ induces an isometry ρ : NS(X)Q

∼→ NQ
mapping ξ to λ (compare also [Yan20], Proposition 5.2).

We obtain an isometry

CL(Λd,Apf
)
η̃Ap
f−→ H1

ét(A,A
p
f )

ρ̃Ap
f−→ H1

ét(A,A
p
f ) ∼= CL(Λd,Apf

)

which is an element of G̃(Apf ) and in particular preserves the subspace Λd,Apf
. Similarly,

after choosing an appropriate h̃ : CL(Λd,W ) ∼= H1
cris(A/W ) matching up the subspaces

Λd,W and Lcris,A, we get

CL(Λd,Q̆p)
h̃Q̆p−→ H1

cris(A/W )[
1

p
]
ρ̃Q̆p−→ H1

cris(A/W )[
1

p
] ∼= CL(Λd,Q̆p)

which we can view as an element of G̃(Q̆p). Then h̃ induces an isometry h : ΛW
∼→

H2
cris(X/W ) mapping λ to ccris(ξ) using Theorem 3.4.1(ii). The image of ϕ̃(y) in

Iφ̃(Q)\XG̃
µ̃ (b̃)× G̃(Apf )/K̃p

n

is then the class of the pair (ρ̃Q̆p ◦ h̃Q̆p , ρ̃Apf ◦ η̃Apf ). Via the natural map G̃ → G and
using Theorem 3.4.1 it follows that the image in Iφ(Q)\XG

µ (b)×G(Apf )/Kp
n is precisely

the class of the pair (ρQ̆p ◦ hQ̆p , ρApf ◦ ηApf ), as desired.

The description on F̄p-points translates the injectivity of the period map into the
following statement:

Theorem 3.4.6 ([Ogu83], Theorem II). Let (X, ξ) and (X ′, ξ′) be two polarized K3
surfaces over F̄p and ι : NS(X ′)

∼→ NS(X) an isometry mapping ξ′ to ξ, which extends
to a diagram

NS(X ′)
ι //

��

NS(X)

��

H2
cris(X

′/W )
∼ // H2

cris(X/W ),

where the lower map is an isomorphism of F -crystals. Then ι is induced by a unique
isomorphism of K3 surfaces f : X

∼→ X ′.
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The injectivity of the p-adic period map can thus be interpreted as a geometric
version of the crystalline Torelli theorem of Ogus.

3.5 The image of the period map

We recall the computation of the image of the complex period map for polarized K3
surfaces as in ([Huy16], Remark 6.3.7) and compute the image of the p-adic period map
in a similar fashion.

3.5.1 The image of the complex period map

We remind the reader of the computation of the image of the complex period map for
polarized K3 surfaces. Relevant references are [Kul77] and [Huy16]. Recall that in
Section 3.1.2 we defined a moduli space M∗2d,n,C of quasi-polarized K3 surfaces of degree
2d with level-n structure. There is a natural extension

Φ∗ : M∗2d,n,C → Gn(Z)\D

of the complex period map Φ to M∗2d,n,C, which is shown to be surjective in [Kul77].
Note however that contrary to Φ, the extended period map Φ∗ is not an open immersion
anymore. Kulikov‘s result shows that in order to compute the image of M2d,n,C it is
enough to establish a Hodge theoretic criterion to distinguish between polarizations
and quasi-polarizations of complex K3 surfaces, and use it to exhibit which points of
Gn(Z)\D correspond to polarized as opposed to merely quasi-polarized K3 surfaces.

The starting point will be the following Proposition from [Huy16].

Proposition 3.5.1. Let (X, ξ) be a quasi-polarized K3 surface over an algebraically
closed field F . Then ξ is ample (and hence a polarization) if and only if 〈ξ, γ〉 6= 0 for
any class γ ∈ NS(X) with γ2 = −2.

Proof. Suppose that 〈ξ, γ〉 = 0 for a class with γ2 = −2. By Riemann-Roch, γ is of the
form ±[C] for a (−2)-curve C on X. Since 〈[C], ξ〉 = 0, this shows that ξ cannot be
ample. Conversely, if ξ is a quasi-polarization, i.e. big and nef, then ξ is ample unless
there exists a (−2)-curve C on X with 〈[C], ξ〉 = 0, see ([Huy16], Corollary 8.1.7).

For a complex K3 surface X the Lefschetz (1,1)-theorem asserts that

NS(X) = H2
B(X,Z) ∩H1,1(X) = H2

B(X,Z) ∩H2,0(X)⊥.

In view of Proposition 3.5.1 this gives a purely Hodge theoretic way to distinguish be-
tween polarized and quasi-polarized K3 surfaces: a quasi-polarization ξ is a polarization
if and only if there does not exist a γ ∈ H2(X,Z) of square −2 such that 〈γ, cB(ξ)〉 = 0
and H2,0(X) ⊥ γ. Given an isometry ι : Λ

∼→ H2
B(X,Z) mapping λ to cB(ξ), it fol-

lows that ξ is a polarization if and only if the corresponding point in D does not lie in
δ⊥ ⊂ P(Λd,C) for any δ ∈ ∆(Λd), where ∆(Λd) = {δ ∈ Λd | δ2 = −2} denotes the set of
roots of the lattice Λd.

Define D◦ ⊂ D as the complement of
⋃
δ∈∆(Λd) δ

⊥. The above discussion shows the
following uniformization of the moduli space of polarized K3 surfaces.

Theorem 3.5.2 ([Huy16], Remark 6.3.7). The period map Φ gives a uniformization

M2d,n,C
∼→ Gn(Z)\D◦.
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We remark that this gives an explicit description of the moduli space M2d,n,C of
polarized complex K3 surfaces of degree 2d purely in terms of linear algebra. Note that
D◦ can be viewed as a moduli space of polarized K3 surfaces (X, ξ) together with a
marking ι : Λ

∼→ H2
B(X,Z) mapping λ to cB(ξ).

3.5.2 The image of the p-adic period map

In this section we compute the image of the p-adic period map

ϕ : M
perf
2d,ss,n ↪→ Iφ(Q)\XG

µ (b)×G(Apf )/Kp
n. (3.22)

Definition 3.5.3. The set of roots of Nd,Q is the set ∆(Nd,Q) := {δ ∈ Nd,Q|δ2 = −2}.

The action of Iφ(Q) on Nd,Q preserves the subset ∆(Nd,Q).
For every δ ∈ ∆(Nd,Q) we define a subset Cδ of XG

µ (b)(F̄p) × G(Apf ) as the set of
pairs (x, g) such that x−1(δ) ∈ Λd,W and g−1(δ) ∈ Λd,Ẑp . Here we view δ ∈ Nd,Q as an
element of Λd,Apf

and ΛQ̆p via the identifications in (3.21).
Clearly, this set is stable under the action of Kp

n. Under the left action of q ∈ Iφ(Q),
the subset Cδ is mapped to Cq−1δ. Hence we can look at the double quotient

C := Iφ(Q)\
⋃

δ∈∆(Nd,Q)

Cδ/K
p
n, (3.23)

which as we will now see is the set of F̄p-points of a closed subscheme of

Iφ(Q)\XG
µ (b)×G(Apf )/Kp

n.

Theorem 3.5.4. Suppose p > 18d+ 4. The set of F̄p-points of the image of the period
map (3.22) is the complement of the subset C.

Proof. By ([Mat14], Theorem 4.1) the period map

M∗,perf2d,ss,n → Iφ(Q)\XG
µ (b)×G(Apf )/Kp

n

is surjective provided that p > 18d + 4. Consequently, given a point [x, g] of the right
hand side, there exists a quasi-polarized K3 surface (X, ξ, ηOn(Ẑp)) over F̄p mapping
to [x, g]. We need to show that ξ is in fact a polarization if and only if [x, g] /∈ C.

By construction, after choosing suitable isometries ρ : NS(X)Q
∼→ NQ and h :

ΛW
∼→ H2

cris(X/W ), the pair [x, g] is given by x = ρQ̆p ◦ hQ̆p and g = ρApf
◦ ηApf .

Claim 3.5.5. With this choice of ρ, the pair (x, g) ∈ XG
µ (b)(F̄p)×G(Apf ) lies in Cδ if

and only if ρ−1(δ) ∈ NS(X).

Proof of Claim. It is obvious that ρ−1(δ) ∈ NS(X)Q. The pair (x, g) belongs to Cδ
if and only if the defining conditions x−1(δ) ∈ Λd,W and g−1(δ) ∈ Λd,Ẑp hold, which
translate to

ρ−1

Q̆p
(δ) ∈ P 2

cris(X/W ) ⊂ P 2
cris(X/W )[

1

p
],

ρ−1
Apf

(δ) ∈ P 2
ét(X, Ẑp) ⊂ P 2

ét(X,A
p
f ).

It follows from Proposition 3.1.15 that this is the case if and only if ρ−1(δ) ∈ NS(X).
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Since γ = ρ−1(δ) ∈ NS(X)Q is a class with γ2 = −2 and 〈γ, ξ〉 = 0, the Theorem
follows from Proposition 3.5.1.

Recall that
Iφ(Q)\XG

µ (b)×G(Apf )/Kp
n =

∐
g

Γg\XG
µ (b),

where g runs through a set of representatives of the double quotient Iφ(Q)\G(Apf )/Kp
n.

We reformulate the description of the image of the p-adic period map as an open
subset of this disjoint union.

Definition 3.5.6. For δ ∈ ∆(Nd,Q), let Zδ ⊂ XG
µ (b)(F̄p) be the subset consisting of

those x ∈ G(Q̆p) such that x−1(δ) ∈ Λd,W .

Denote by
Nd,g := Nd,Q ∩ g(Λd,Ẑp),

a Z[1
p ]-lattice which does not depend on the choice of the representative g of an element

of Iφ(Q)\G(Apf )/Kp
n. Define X◦g (F̄p) to be the subset

X◦g (F̄p) = XG
µ (b)(F̄p) \

⋃
δ∈∆(Nd,g)

Zδ,

where ∆(Nd,g) := ∆(Nd,Q) ∩Nd,g.
We can identify the complement of C with the disjoint union∐

g

Γg\X◦g (F̄p).

Note that Theorem 3.5.4 shows that each term in this disjoint union is the set of F̄p-
points of an open subscheme Γg\X◦g ⊂ Γg\XG

µ (b), and therefore also X◦g ⊂ XG
µ (b) is an

open subscheme.

Corollary 3.5.7. Suppose p > 18d+ 4. The period map induces an isomorphism

M
perf
2d,ss,n

∼=
∐
g

Γg\X◦g .

Remark 3.5.8. The above discussion shows that X◦g (F̄p) can be naturally identified with
the set of polarized K3 surfaces (X, ξ) of degree 2d over F̄p together with an isometry
ι : NS(X)[1

p ]
∼→ Ng mapping ξ to λ, where Ng = NQ ∩ g(ΛẐp).

3.5.3 p-adic uniformization of the K3 moduli space

In this section we come to the rigid analytic uniformization of the generic fiber of
M̆2d,ss,n,W . This amounts to computing the image of the period map

M ss
2d,n,Q̆p

:= (M̆2d,ss,n,W )rigη ↪→
∐
g

Γg\M. (3.24)

Recall that there is a continuous specialization map sp : |M| →
∣∣XG

µ (b)
∣∣ from the

local Shimura variety to the affine Deligne-Lusztig variety. We defineM◦g := sp−1(X◦g )
to be the tube over the open subset X◦g , which is a quasi-compact open rigid subvariety
ofM.
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Theorem 3.5.9. Suppose p > 18d+4. The period map (3.24) induces a uniformization

M ss
2d,n,Q̆p

∼=
∐
g

Γg\M◦g (3.25)

of rigid spaces over Q̆p.

Proof. We also denote by sp :
∣∣Shb∣∣ → ∣∣∣S b

n

∣∣∣ be the specialization map for the formal

scheme ̂Sn,W /S
b
n
over Spf W . Since M̆2d,ss,n,W is a formal open subscheme, we have

(M̆2d,ss,n,W )rigη = sp−1(
∣∣M2d,ss,n

∣∣).
The Rapoport-Zink uniformization of the basic stratum in the special fiber of the
Shimura variety Sn,W induces an identification of topological spaces

∣∣∣S b
n

∣∣∣ =

∣∣∣∣∣∐
g

Γg\XG
µ (b)

∣∣∣∣∣
and Corollary 3.5.7 shows that the period map identifies the open subspaces

∣∣M2d,ss,n

∣∣ =

∣∣∣∣∣∐
g

Γg\X◦g

∣∣∣∣∣ .
We conclude that

(M̆2d,ss,n,W )rigη = sp−1(

∣∣∣∣∣∐
g

Γg\X◦g

∣∣∣∣∣) =
∐
g

Γg\M◦g.

Remark 3.5.10. Without giving an explicit description of the uniformizing space N , it
is claimed in ([She20], Corollary 8.12) that there is a uniformization

M ss
2d,n,Q̆p

∼=
∐
g

Γg\N .

While one could expect the existence of such a uniformization from the case of Shimura
varieties, it turns out to be the case that for the moduli space of polarized K3 surfaces,
in the disjoint union (3.25) the uniformizing domain M◦g varies with g. Furthermore,
it is claimed in ([She20], 8.5) that N is stable under the action of the p-adic Lie group
Jb(Qp). Instead, we actually see that the spaces M◦g are only stable under the action
of the discrete subgroup Γg ⊂ Jb(Qp). This is analogous to the observation that the
complex uniformizing domain D◦ is only stable under the discrete group G(Z) ⊂ G(R),
and not under the full real Lie group G(R).

3.5.4 Special subvarieties and the image of the period map

We give a slightly different viewpoint on the results of the previous sections by interpre-
ting the image of the K3 period map as the complement of a union of special subvarieties.
This is in line with ([Ach20], Remark 5.4).
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For δ ∈ ∆(Λd), denote by Gδ = {g ∈ G | gδ = δ} the subgroup of G fixing δ. Then
(Gδ, δ

⊥ ∩ D) is a sub-Shimura datum and we denote by

Shδ,n,Q → Shn,Q (3.26)

the induced morphism of Shimura varieties. For n large enough, this morphism is a
closed immersion, see ([Del71], Proposition 1.15), and thus we can interpret Shδ,n,Q
as a closed subvariety of Shn,Q which only depends on the class of δ in ∆(Λd)/Gn(Z).
Theorem 3.5.2 shows that the image of the K3 period map is precisely the complement
of the union of the closed subvarieties Shδ,n,Q as δ runs through a set of representatives
for the (finite) set ∆(Λd)/Gn(Z).

We want to use the theory of integral canonical models of Shimura varieties to
extend this picture over Z[ 1

N ] for N large enough. Namely, for almost all primes p, the
group Kδ,p := G(Zp) ∩ Gδ(Qp) is a hyperspecial subgroup, so that there is an integral
canonical model Sδ,n,Z[ 1

N
] such that the closed immersion (3.26) extends to a closed

immersion
Sδ,n,Z[ 1

N
] ↪→ Sn,Z[ 1

N
]

for N sufficiently large.

Proposition 3.5.11. For sufficiently large N , the image of the open immersion ϕ :
M2d,n,Z[ 1

N
] ↪→ Sn,Z[ 1

N
] is the complement of the union of the closed subschemes Sδ,n,Z[ 1

N
]

as δ runs through the finite set ∆(Λd)/Gn(Z).

Proof. For N sufficiently large, both Sn,Z[ 1
N

] \M2d,n,Z[ 1
N

] and
⋃
δ Sδ,n,Z[ 1

N
] are closed

subschemes which are flat over Z[ 1
N ]. The proposition then follows from the fact that

their generic fibers can be identified using Theorem 3.5.2.

Rapoport-Zink uniformization for the Shimura variety Sδ,n,Z[ 1
N

] gives rise to a com-
mutative diagram

S
b,perf
δ,n

� � //

∼=
��

S
b,perf
n

∼=
��

Iφδ(Q)\Xδ ×Gδ(Apf )/Kp
δ

� � // Iφ(Q)\X ×G(Apf )/Kp
n.

(3.27)

Claim 3.5.12. The union of the images of the lower map in (3.27) as δ runs through
∆(Λd)/Gn(Z) has as F̄p-points precisely the closed subset

C := Iφ(Q)\
⋃

δ∈∆(Nd,Q)

Cδ/K
p
n

as defined in (3.23).

Proof of Claim. The element δ ∈ Λd gives rise to a generic Hodge cycle over Shδ,n,C,
i.e. a global section δ ∈ H0(Shδ,n,C,V|Shδ,n,C) which is a Hodge cycle at every point.
Denoting by S̃hδ,n,C the preimage of Shδ,n,C in S̃hn,C, the element δ corresponds to a
generic Hodge cycle in Ṽ⊗(1,1), and thus to a section δ ∈ End(A)(S̃hδ,n,Q) over S̃hδ,n,Q of
the endomorphisms of the universal abelian scheme f : A→ Shn,Q. By a Néron model
property, it extends to a section δ ∈ End(A)(S̃δ,n) over S̃δ,n of the endomorphisms of
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the universal abelian scheme A → S̃n. Here S̃δ,n denotes the preimage of Sδ,n in S̃n.

Let y ∈ S
b
δ,n(F̄p) with a lift ỹ ∈ S̃n,

b̃

F̄p(F̄p) and denote by Aỹ the abelian variety over
F̄p which is the fiber of the universal abelian scheme A over ỹ. Then δỹ ∈ End(Aỹ)
is a special endomorphism, i.e. its cohomological realizations lie in the distinguished
subspaces L`,ỹ ⊂ End(H1

ét(Aỹ,Z`)) respectively Lcris,ỹ ⊂ End(H1
cris(Aỹ/W )). Denoting

by A a Kuga-Satake abelian variety of the auxiliary polarized supersingular K3 surface
(X,L) as in Section 3.4.3, we can choose a GSpin-isogeny between A and Aỹ. Under
the GSpin-isogeny, δỹ corresponds to an element δ̄ ∈ L(A)Q = Nd,Q. The image of
Xδ × Gδ(Apf ) → X × G(Apf ) is given by the set of pairs (x, g) such that x−1(δ) ∈
G(W ).δ ⊂ Λd,W and g−1(δ) = δ ∈ Λd,Ẑp . We conclude that this image lies in Cδ, as
claimed.

Conversely, if y ∈ S
b
n(F̄p) is a point that lies in the image of Cδ in

Iφ(Q)\X ×G(Apf )/Kp
n,

there is a lift ỹ ∈ S̃n,
b̃

F̄p(F̄p) and a GSpin-isogeny ρ between Aỹ and A such that ρ−1(δ)

lies in L(Aỹ) ⊂ End(Aỹ). It is shown in ([MP16], Corollary 8.15) that the deformation
space of y together with the special endomorphism ρ−1(δ) admits a flat component,
and thus there is a field F of characteristic 0 and a point Y ∈ Shn,Q(F ) lifting y such
that the special endomorphism ρ−1(δ) lifts to δ ∈ L(AY ), where AY is the Kuga-Satake
abelian variety at Y . For any embedding σ : F ↪→ C, the special endomorphism δ
gives rise to a Hodge class δ ∈ P 2

B(Aσ(Y ),Z) ∼= Λd with δ2 = −2, and by construction
σ(Y ) ∈ Shδ,n,Q(C). As Shδ,n,Q is defined over Q, we conclude that Y ∈ Shδ,n,Q(F ), and
thus y ∈ S

b
δ,n(F̄p), since Sδ,n is the closure of Shδ,n,Q in Sn (for N large enough).

3.6 Cubic fourfolds

We briefly sketch how the same ideas can be applied to obtain a Rapoport-Zink type
uniformization for the moduli space of smooth cubic fourfolds with supersingular re-
duction.

Similarly as above, one can introduce a moduli space Mcf,n,Z[ 1
2

] with level structure,
cf. ([MP15], 5.13). The lattice Λ is now the integral cohomology lattice of a cubic
fourfold, which is a self-dual lattice of signature (21, 2). Let λ ∈ Λ denote the square of
the class of a hyperplane section, so that λ2 = 3, and define Λ0 := 〈λ〉⊥ ⊂ Λ to be the
orthogonal complement. For a precise description of these lattices, we refer the reader
to ([Has00], Proposition 2.1.2). For n ≥ 3 there is a complex analytic period map

Φ : Mcf,n,C → Gn(Z)\D,

where
D = {x ∈ P(Λ0 ⊗ C)|〈x, x〉 = 0, 〈x, x〉 < 0} ⊂ P(Λ0 ⊗ C)

and Gn(Z) is the subgroup of G(Z) := {g ∈ SO(Λ) | gλ = λ} of elements that reduce
to the identity modulo n. By Voisin’s Torelli theorem for cubic fourfolds [Voi86], this
period map is an open immersion. Again, for n ≥ 3 the target of the period map is a
Shimura variety Shn,C attached to the group G := SO(Λ0,Q) of signature (20, 2). By
an argument of André (cf. [And96a], §6) the period map descents to a morphism of
algebraic varieties ΦQ : Mcf,n,Q → Shn,Q.
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Furthermore, assuming that n is a power of a prime number and using again the
theory of integral canonical models, we get an integral extension

ϕ :Mcf,n,Z(p)
↪→ Sn,Z(p)

which is an open immersion for n large enough, cf. ([MP15], 5.13). We assume every-
where that p > 3 and p - n. Rapoport-Zink uniformization provides us with a p-adic
period map for the tube over the supersingular locus

M ss
cf,n,Q̆p

:= (M̆cf,ss,n,W )rigη ↪→ Iφ(Q)\M×G(Apf )/Kp
n

The arguments in the proof of Proposition 3.4.3 can be adapted, replacing Theorem 3.4.1
by its corresponding analog ([MP15], Theorem 5.14(2)), to show that Iφ = SO(CH2

0,Q).
Here X is a supersingular cubic fourfold over F̄p, and

CH2
0,Q := 〈h2〉⊥ ⊂ CH2

Q := CH2(X)Q

is the complement of the square of a hyperplane section.

3.6.1 The image of the period map: special cubic fourfolds

As conjectured by Hassett in ([Has00], §4.3) and proved by Laza and Loojenga in [Laz10]
and [Loo09], the image of the period map can be explicitly described as the complement
of an arithmetic arrangement of hyperplanes, corresponding to the Hodge structures of
so-called special cubic fourfolds of discriminant 2 and 6.

To define special cubic fourfolds, we start with a saturated, positive definite sub-
lattice K ⊂ Λ of rank two containing λ. We will write K0 := K ∩ Λ0. We let

DK = {x ∈ D |K0 ⊂ x⊥} ⊂ D,

this is a hyperplane in D, cf. ([Has00], §3.1). Denote by CK the image of DK in
Gn(Z)\D, which clearly only depends on the orbit of K under Gn(Z). Hassett shows
in ([Has00], Proposition 3.2.4) that the orbit of K (and thus also CK) only depends on
the discriminant of the lattice K. We may thus write Cd for the divisor CK with K ⊂ Λ
any saturated positive definite rank two lattice of discriminant d. We denote by Dd the
union of all DK , where K runs through the saturated positive definite rank two lattices
of discriminant d, and thus Cd = Gn(Z)\Dd.

Set D◦ := D \ (D2 ∪D6). Then the result on the image of the period map for cubic
fourfolds reads as follows:

Theorem 3.6.1 ([Laz10], Theorem 1.1; [Loo09]). The period map induces an isomor-
phism

Mcf,n,C
∼→ Gn(Z)\D◦.

In other words, as predicted by Hassett, the period map misses precisely the hyper-
plane arrangements D2 and D6.

Definition 3.6.2 ([Laz10], Definition 2.16).

(i) An element δ ∈ Λ0 such that δ2 = 2 is called a root. We denote by ∆(Λ0) the set
of roots of the lattice Λ0.

(ii) An element δ ∈ Λ0 such that δ2 = 6 and 〈δ,Λ0〉 ≡ 0 mod 3 is called a long root.
Denote by ∆long(Λ0) the set of longs roots of Λ0.
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By ([Laz10], Proposition 2.15), we have

D6 =
⋃

δ∈∆(Λ0)

δ⊥ ⊂ D,

and
D2 =

⋃
δ∈∆long(Λ0)

δ⊥ ⊂ D.

Note that again Gn(Z)\D◦ is the complement of a union of special subvarieties of
Shn,C corresponding to the sub-Shimura data attached to the group

Gδ := {g ∈ G | gδ = δ}

for an element δ ∈ ∆(Λ0) or δ ∈ ∆long(Λ0).

3.6.2 The image of the p-adic period map

As before, let X denote a supersingular smooth cubic fourfold over F̄p, and choose
isometries H4

ét(X, Ẑp) ∼= ΛẐp and (H4
cris(X/W )[1

p ])ϕ=p2 ∼= ΛQp mapping the Chern class
of h2 to λ. For g ∈ G(Apf ) we introduce the lattice

CH2
0,g := CH2

0,Q ∩ gΛ0,Ẑp ,

a Z[1
p ]-lattice which depends only on the class of g in the double coset Iφ(Q)\G(Apf )/Kp

n.

Definition 3.6.3.

(i) An element δ ∈ CH2
0,g such that δ2 = 2 is called a root. We denote by ∆(CH2

0,g)

the set of roots of the lattice CH2
0,g.

(ii) An element δ ∈ CH2
0,g such that δ2 = 6 and 〈g−1δ,Λ0,Ẑp〉 ≡ 0 mod 3 is called a

long root. Denote by ∆long(CH
2
0,g) the set of long roots of CH2

0,g.

Note that the expression 〈g−1δ,Λ0,Ẑp〉 ≡ 0 mod 3 makes sense as g−1δ ∈ Λ0,Ẑp .

Definition 3.6.4. For δ ∈ ∆(CH2
0,Q), let Zδ ⊂ XG

µ (b)(F̄p) be the subset of those
x ∈ G(Q̆p) such that x−1(δ) ∈ Λ0,W .

In analogy to the complex case we define

Z6,g :=
⋃

δ∈∆(CH2
0,g)

Zδ and Z2,g :=
⋃

δ∈∆long(CH2
0,g)

Zδ.

As before, the subset

X◦g (F̄p) := XG
µ (b)(F̄p) \ (Z6,g ∪ Z2,g)

can be seen as the set of F̄p-points of an open subscheme X◦g of XG
µ (b), and we set

M◦g := sp−1(X◦g ).
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Theorem 3.6.5. For almost all p, the moduli space of smooth cubic fourfolds with
supersingular reduction admits a uniformization

M ss
cf,n,Q̆p

∼=
∐
g

Γg\M◦g

of rigid spaces over Q̆p, as well as of perfect schemes

Mperf
cf,ss,n,F̄p

∼=
∐
g

Γg\X◦g

over F̄p.

Sketch of proof. All arguments given in Section 3.5.4 can be applied accordingly: for
almost all primes p, the moduli space Mcf,ss,n,Z(p)

will coincide with the complement
in Sn,Z(p)

of a union of sub-Shimura varieties S2 and S6. Applying Rapoport-Zink
uniformization to S2 and S6 and tracing through the Hodge cycles defined by δ ∈
∆(Λ0) or δ ∈ ∆long(Λ0), we find that the corresponding crystalline and étale elements
come from a root or a long root in CH2

0,Q, by identifying them with special endomor-
phisms and using ([MP15], Theorem 5.14(2)). Conversely, any element δ ∈ ∆(CH0,g)
or δ ∈ ∆long(CH0,g) lifts to characteristic 0 using ([MP16], Corollary 8.15).
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