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Abstract

Differential-algebraic and partial differential-algebraic equations have become vastly
successful as models of constrained dynamical systems. In mathematical modeling,
one often wishes to capture different aspects of a situation like conservation of physics,
convective transport, or diffusion. These aspects are reflected in the model’s system
of equations as different operators. Operator splitting has been a successful strategy
to deal with such complicated problems.

The application of operator splitting methods to ordinary differential equations (ODEs)
is well established. However, for differential-algebraic equations (DAEs) and partial
differential-algebraic equations (PDAEs), it is subjected to many restrictions due to
the presence of constraints and the index property. The spatial discretization reduces
PDAEs and directs our focus to the concept of DAEs. In constrained dynamical
problems as electrical circuits or energy transport networks, DAEs arise. In order to
perform a smooth transfer of the operator splitting from ODEs to DAEs, it is im-
portant to have a suitable decoupled structure for the desired differential-algebraic
system.

In this thesis, we consider a model which couples partial differential equations for
electromagnetic devices -modeled by Maxwell’s equations- with differential-algebraic
equations describing the basic circuit elements. After spatially discretizing the clas-
sical formulation of Maxwell’s equations using the finite integration technique, we
formulate the resulting coupled system as a differential-algebraic equation. By in-
terpreting the electromagnetic device as a capacitance-like element, the index of the
entire coupled field-circuit system can be specified using the topological properties of
the circuit and does not exceed the value of two. To perform an appropriate decou-
pling, we use the branch oriented loop-cutset approach for circuit modeling. It follows
that we are able to construct a suitable operator decomposition such that we obtain
a natural topologically decoupled port-Hamiltonian DAE structure.

We propose an operator splitting approach for the decoupled circuit and coupled
field-circuit DAEs using the Lie-Trotter and Strang splitting algorithms and ana-
lyze its numerical properties. Furthermore, we exploit the Hamiltonian behavior of
the system’s inherent ordinary differential equation by the utilization of explicit and
energy-preserving time integration methods. Based on the convergence analysis of
the ODE operator splitting method, we derive convergence results for the proposed
approach that depend on the index of the system and thus on its topological structure.
Finally, we perform numerical tests of circuit systems, as well as field-circuit coupled
systems, to underline the mathematical model and to demonstrate the convergence
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results for the proposed DAE operator splitting.
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Zusammenfassung

Differential-algebraische und partielle Differential-algebraische Gleichungen haben
sich als Modelle dynamischer Systeme mit Nebenbedingungen sehr bewährt. Bei der
mathematischen Modellierung möchte man oft verschiedene Aspekte wie die Erhal-
tung der Physik, den konvektiven Transport oder die Diffusion erfassen. Diese As-
pekte spiegeln sich im Modell-Gleichungssystem als verschiedene Operatoren wider.
Das Operator-Splitting ist eine erfolgreiche Strategie, um solche komplizierten Prob-
leme zu lösen.

Die Anwendung von Operator-Splitting-Methoden auf gewöhnliche Differentialgle-
ichungen (ODEs) ist gut etabliert. Für Differential-algebraische Gleichungen (DAEs)
und partielle Differential-algebraische Gleichungen (PDAEs) unterliegt sie jedoch vie-
len Einschränkungen aufgrund des Vorhandenseins von Nebenbedingungen und der
Indexeigenschaft. Die räumliche Diskretisierung reduziert PDAEs und lenkt unseren
Fokus auf das Konzept der DAEs. Bei dynamischen Problemen mit Nebenbedingungen
wie elektrischen Schaltungen oder Energietransportnetzen treten DAEs auf. Um eine
reibungslose Übertragung des Operator-Splittings von ODEs auf DAEs durchzuführen,
ist es wichtig, eine geeignete entkoppelte Struktur für das gewünschte Differential-
algebraische System zu haben.

In dieser Arbeit betrachten wir ein Modell, das partielle Differentialgleichungen für
elektromagnetische Bauelemente - modelliert durch die Maxwell-Gleichungen - mit Dif-
ferential-algebraischen Gleichungen koppelt, die die elementaren Schaltungselemente
beschreiben. Nach der räumlichen Diskretisierung der klassischen Formulierung der
Maxwell-Gleichungen mit Hilfe der finiten Integrationstechnik formulieren wir das
resultierende gekoppelte System als Differential-algebraische Gleichung. Durch die In-
terpretation des elektromagnetischen Bauelements als kapazitives Element kann der
Index des gesamten gekoppelten Feld-Schaltungssystems anhand der topologischen
Eigenschaften der Schaltung angegeben werden und ist nicht größer als zwei. Um
eine geeignete Entkopplung zu bekommen, verwenden wir den zweigorientierten Loop-
Cutset-Ansatz für die Schaltungsmodellierung. Daraus folgt, dass wir in der Lage sind,
eine geeignete Operatorzerlegung so zu konstruieren, dass wir eine natürliche topolo-
gisch entkoppelte Port-Hamiltonsche DAE-Struktur erhalten.

Wir schlagen einen Operator-Splitting-Ansatz für die Schaltungs-DAEs und gekoppel-
ten Feld-Schaltungs-DAEs in entkoppelter Form unter Verwendung der Lie-Trotter-
und Strang-Splitting-Algorithmen vor und analysieren seine numerischen Eigenschaften.
Darüber hinaus nutzen wir das Hamiltonsche Verhalten der inhärenten gewöhnlichen
Differentialgleichung durch die Verwendung expliziter und energieerhaltender Zeitin-
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tegrationsmethoden. Basierend auf der Konvergenzanalyse von Operator-Splitting-
Verfahren für ODEs entwickeln wir Konvergenzergebnisse für den vorgeschlagenen
Ansatz ab, die vom Index des Systems und damit von seiner topologischen Struk-
tur abhängen. Schließlich führen wir numerische Tests von Schaltungssystemen sowie
gekoppelten Feld-Schaltungs-Systemen durch, um das mathematische Modell zu illus-
trieren und die Konvergenzergebnisse für das vorgeschlagene DAE-Operator-Splitting
zu demonstrieren.
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Abstract (Italiano)

Le equazioni algebriche differenziali e algebriche alle derivate parziali hanno avuto
un enorme successo come modelli di sistemi dinamici vincolati. Nella modellazione
matematica, spesso si desidera catturare diversi aspetti di una situazione come le leggi
di conservazione della fisica, il trasporto convettivo o la diffusione. Queste aspetti si
riflettono nel sistema di equazioni del modello come operatori diversi. La tecnica
dell’Operator Splitting si è rivelata una strategia di successo per affrontare problemi
così complicati.

L’applicazione dei metodi di Operator Splitting alle equazioni differenziali ordinarie
(ODE) è ormai una tecnologia ben consolidata. Tuttavia, per equazioni algebriche
differenziali (DAE) e algebriche differenziali parziali (PDAE), l’approccio è soggetto a
molte restrizioni dovute alla presenza di vincoli e alla proprietà di indice. La discretiz-
zazione spaziale riduce le PDAE e indirizza la nostra attenzione al concetto di DAE. Le
DAE emergono in problemi dinamici vincolati come circuiti elettrici o reti di trasporto
di energia. Al fine di generalizzare agevolmente la tecnica dell’Operator Splitting dalle
ODE alle DAE, è importante avere una struttura disaccoppiata adeguata per il sis-
tema algebrico differenziale desiderato.

In questa tesi, consideriamo un modello che accoppia equazioni differenziali alle derivate
parziali per dispositivi elettromagnetici -modellati dalle equazioni di Maxwell- con
equazioni algebriche differenziali che descrivono gli elementi base del circuito. Dopo
aver discretizzato spazialmente la formulazione classica delle equazioni di Maxwell
usando la tecnica di integrazione finita, formuliamo il sistema accoppiato risultante
come una equazione algebrica differenziale. Interpretando il dispositivo elettromag-
netico come un elemento capacitivo, l’indice dell’intero sistema di circuito e campo
accoppiato può essere specificato utilizzando le proprietà topologiche del circuito e
non supera il valore di due. Per eseguire un disaccoppiamento appropriato, utilizzi-
amo l’approccio loop-cutset per la modellazione dei circuiti. In tal modo siamo in
grado di costruire una opportuna decomposizione dell’operatore tale da ottenere una
naturale struttura disaccoppiata port-Hamiltonian DAE.

Proponiamo un approccio di suddivisione dell’operatore per i DAE a circuito dis-
accoppiato e a circuito di campo accoppiato utilizzando gli algoritmi di divisione
Lie-Trotter e Strang e per analizzare le proprietà numeriche di questi sistemi. In-
oltre, sfruttiamo il comportamento hamiltoniano del sistema di equazioni differenziali
ordinarie mediante l’utilizzo di metodi di integrazione temporale con esatta conser-
vazione dell’energia. Poggiando sull’analisi di convergenza del metodo di suddivisione
dell’operatore ODE, deriviamo i risultati di convergenza per l’approccio proposto che
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dipendono dall’indice del sistema e quindi dalla sua struttura topologica. Infine, es-
eguiamo prove numeriche di sistemi circuitali, nonchè sistemi accoppiati a circuito di
campo, per testare il modello matematico e dimostrare i risultati di convergenza per
la proposta Operator Splitting DAE.
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ΠΕΡΙΛΗΨΗ
Οι  διαφορικές-αλγεβρικές  και  μερικές  διαφορικές-αλγεβρικές  εξισώσεις  έχουν  γίνει
εξαιρετικά  επιτυχημένες  ως  μοντέλα  δυναμικών  συστημάτων  με  περιορισμούς.  Στη
μαθηματική μοντελοποίηση, κάποιος συχνά επιθυμεί να συλλάβει διαφορετικές πτυχές μιας
κατάστασης όπως η διατήρηση φυσικών ποσοτήτων, η μεταφορά μεταφοράς ή η διάχυση. Οι
πτυχές  αυτές  αντικατοπτρίζονται  στο  σύστημα εξισώσεων του μοντέλου ως διαφορετικοί
τελεστές.  Ο  διαχωρισμός  τελεστών  έχει  ήταν  μια  επιτυχημένη  στρατηγική  για  την
αντιμετώπιση τέτοιων περίπλοκων προβλημάτων.

Η εφαρμογή  μεθόδων  διαχωρισμού  τελεστών  σε  συνήθεις  διαφορικές  εξισώσεις  (ODEs)
είναι καλά καθιερωμένη. Ωστόσο, οι διαφορικές-αλγεβρικές εξισώσεις (DAEs) και μερικές
διαφορικές-αλγεβρικές εξισώσεις (PDAEs), υπόκεινται σε πολλούς περιορισμούς λόγω και
της  ιδιότητας  δέκτη.  Η  χωρική  διακριτοποίηση  μειώνει  τις  PDAEς  και  κατευθύνει  την
εστίασή μας στις DAEs. Σε περιορισμένα δυναμικά προβλήματα όπως ηλεκτρικά κυκλώματα
ή  δίκτυα  μεταφοράς  ενέργειας,   εμφανίζονται  DAEς.  Προκειμένου  να  πραγματοποιηθεί
ομαλή μεταφορά του διαχωρισμού τελεστών από ODE σε DAE, είναι σημαντικό να έχουμε
μια κατάλληλη αποσυνδεδεμένη δομή για το επιθυμητό διαφορικό-αλγεβρικό σύστημα.

Σε αυτή τη διατριβή, εξετάζουμε ένα μοντέλο που συνδυάζει μερικές διαφορικές εξισώσεις
για ηλεκτρομαγνητικά συστήματα -μοντελοποιημένες από τις  εξισώσεις  του Maxwell-  με
διαφορικές-αλγεβρικές εξισώσεις που περιγράφουν τα βασικά στοιχεία κυκλώματος. Μετά
τη  χωρική  διακριτοποίηση  της  κλασικής  διατύπωσης  των  εξισώσεων  του  Maxwell
χρησιμοποιώντας  με  την  τεχνική  της  πεπερασμένης  ολοκλήρωσης,  διατυπώνουμε  το
συζευγμένο σύστημα που προκύπτει  ως  διαφορική-αλγεβρική  εξίσωση.  Ερμηνεύοντας  το
ηλεκτρομαγνητικό  σύστημα  ως  στοιχείο  χωρητικότηταs,  o  δείκτης  ολόκληρου  του
συζευγμένου συστήματος  κυκλώματος  πεδίου μπορεί  να  καθοριστεί  χρησιμοποιώντας  τις
τοπολογικές ιδιότητες του κυκλώματος και δεν υπερβαίνει την τιμή  δύο. Για να εκτελέσουμε
την κατάλληλη αποσύνδεση, χρησιμοποιούμε τη μέθοδο προσανατολισμένης διακλάδωσης
υποσυνόλου βρόγχου για μοντελοποίηση του κυκλώματος. Από αυτό προκύπτει ότι είμαστε
σε  θέση  να  κατασκευάσουμε  ένα  κατάλληλο  αποσυνδεδεμένο  τελεστή  έτσι  ώστε  να
λαμβάνουμε μια φυσικά τοπολογική αποσυνδεδεμένη DAE Χαμιλτονιανής δομής.  

Προτείνουμε μια προσέγγιση διαχωρισμού τελεστή  για το αποσυνδεδεμένο κύκλωμα και το
συζευγμένο κύκλωμα πεδίου DAE χρησιμοποιώντας  τους  αλγόριθμους διαχωρισμού Lie-
Trotter και Strang και αναλύομε τις αριθμητικές του ιδιότητες. Επιπλέον, εκμεταλλευόμαστε
την  Hamiltonian  συμπεριφορά  της  εγγενούς  συνηθισμένης   διαφορικής  εξίσωσης  με  τη
χρήση  άμεσων  και  διατηρήσιμων  ενέργειας  μεθόδων  για   ολοκλήρωση  ως  προς  χρόνο.
Βασιζόμενοι  στην  ανάλυση σύγκλισης της ODE μεθόδου διαχωρισμού τελεστή, εξάγουμε
αποτελέσματα  για  την  προτεινόμενη  προσέγγιση  που  εξαρτούνται  από  τον  δείκτη  του
συστήματος  και  επομένως  από  την  τοπολογική  του  δομή.  Τέλος,  εκτελούμε  αριθμητικές
δοκιμές  σε  συστήματα  κυκλώματος,  καθώς  και  σε  συζευγμένα  συστήματα  κυκλώματος
πεδίου,  για να επιβεβαιώσουμε το μαθηματικό μοντέλο και να δείξουμε τα αποτελέσματα
σύγκλισης για το προτεινόμενο διαχωρισμό τελεστή της DAE.
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Chapter 1

Introduction

With the rapid elevation in computing power in recent years, mathematical mod-
eling has permeated virtually every engineering and physical problem. And since
the modeled phenomena are becoming increasingly complicated, so do their model-
ing equations. In the field of constrained dynamics, differential-algebraic and partial
differential-algebraic equations were introduced and intensively considered. Differential-
algebraic equations (DAEs) arise in a variety of applications. The most famous appli-
cations are vehicle system dynamics, chemical reactions subject to invariants, simu-
lation of electrical circuits, and the semi-discretization of partial differential-algebraic
equations (PDAEs) [5, 6, 18, 21, 22]. On this account, the analysis and numerical
treatment of DAEs play an important role in modern mathematics.

In 1981, C. W. Gear et al. with their famous paper [145], initiated a discussion on
the nature of DAEs as mathematical objects after they have been considered similar
to regular ODEs for a long time. This, in turn, highlighted many problems and ques-
tions. Mainly, how can DAEs be characterized? Can they be treated numerically as
regular ODEs? And then how can appropriate numerical methods be constructed?
Fundamentally, DAEs are coupled systems of ordinary differential equations and al-
gebraic equations. They can be understood as singular ODEs. Moreover, the concept
of the index has been introduced to quantify the level of structural complexity, and
therefore the numerical difficulty that is involved in solving a given DAE [11, 16].
It must be stressed that numerical methods applicable for DAEs of a given index
might be useless for DAEs of a higher index [149]. In theoretical contexts, a process
called index reduction can be performed by successive differentiation to lowering the
system’s index. Several index concepts were discussed in the literature, for instance,
the differentiation, the tractability, and the dissection index concepts. Besides, they
provide a way of decoupling the DAE, i.e. how to separate the inherent ODE from its
algebraic dependencies.

The modern theory of the numerical solution of ordinary differential equations devel-
oped since the beginning of the 20th century, starting with Adams, Runge, and Kutta.
Nowadays, the theory is thoroughly understood, and software development has reached
a stage where robust methods are available for a wide range of problems. Contrary to
the numerical theory for differential-algebraic equations that have not been explored
to the same extent. Implicit integration methods like backward differentiation formula
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(BDF), Runge-Kutta method, and multi-step methods using β-blocking are studied
in detail for DAEs [146, 147, 148, 149]. Further, projection methods were introduced
to handle DAE problems of high index [150]. However, some numerical methods may
fail when applied to DAEs, such as Euler explicit method, while they are successful for
ODEs, see [11, 12, 13]. This relies on the structural nature of the differential-algebraic
equations where some components of the solution are determined by the hidden con-
straints and they may require a higher smoothness of the solution. For numerical
methods that solve DAEs as a whole system, two constructive approaches are shown
in Figure 1.1. The commutativity of discretization and the decoupling process guar-
antees a good behavior of the numerical method. Even though the numerical method
is applied directly to the DAE, it behaves as if it were integrating the regular inherent
ODE.

Figure 1.1: Constructive approaches for the DAEs’ numerical solution.

In general, the methodology of transferring numerical methods for ODEs directly to
DAEs is often adapted and leads to satisfactory results concerning the quantitative
behavior of the numerical solution. Another known class of numerical strategies in
the field of ordinary and partial differential equations (ODEs and PDEs) is the oper-
ator splitting method (OSM). To realize the importance and benefits of this method,
one needs a deeper understanding of how the model equations are constructed. The
different aspects of real-world problems are represented with mathematically various
operators, those can be convection, diffusion or reaction operator, or differentiation
in different spatial directions. Scientists are therefore encountered with new and com-
plex systems of equations motivating them to develop efficient solution methods. In
most cases, a good method is either hard to find or difficult to implement. Operator
splitting techniques allow to split a complex problem into a sequence of simpler sub-
problems and treat each part of the original operator independently. In other words,
the entire evolution operator is written as a sum of evolution operators, and the over-
all numerical method is produced by selecting an appropriate numerical scheme for
each sub-problem and assembling the schemes together by operator splitting. This
can hence lead to very efficient methods. The two best known are the Lie-Trotter and
the Strang splitting algorithms [131, 132, 133].

Since the early 1950s, many researchers have encountered operator splitting methods
and other related techniques. In 1955, Peaceman and Rachford [151] developed a
method for solving the heat equation with finite difference approximations, which was
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modified by Douglas and Rachford [152] and is now known as the alternating direc-
tion implicit method (ADI). Temam [153] analyzed the OSM for inhomogeneous PDE
problems, and he discussed both the case where time and space are left continuous and
the case where time and space are discretized. Furthermore, a theoretical framework
for OSMs of first and second order for non-linear PDEs is provided in [108] which also
includes the convergence results for convection-diffusion problems. Operator splitting
technique for inhomogeneous abstract Cauchy problem in Banach spaces is formulated
in [105], while the homogeneous case is highlighted in [111] with further discussion on
higher order methods using Zassenhaus product formula. Last but not least, opera-
tor splitting methods have been also considered in the context of semigroups, see for
instance [154]. More contributions can be found in [155, 156, 157, 158].

To this end, operator splitting methods for ordinary and partial differential equations
are well established and extensively analyzed. In the context of operator splitting, cou-
pled systems of ordinary or partial differential equations with algebraic equations were
not considered in the literature. The question here is: which constructive approach
should be followed to transfer operator splitting from ODEs to DAEs? A straight-
forward transfer of the method is not trivial because of the imposed limitations by
the DAE’s structure. In DAEs, the presence of constraints enforces the adaptation of
the operator splitting to the inherent ODE. More precisely, the chosen constructive
approach should start with a decoupling of the differential-algebraic system into its
different parts. In addition, the overall DAE index might change if the DAE is split
as a whole (i.e. not decoupled). This thesis is devoted to the splitting of differential-
algebraic equations. In particular, DAEs originating from electrical circuit modeling
and those resulting from the spatial discretization of PDAEs for coupled field-circuit
models.

As already mentioned, decoupling is the desired step to extend splitting methods from
ODEs to DAEs. From an analytical perspective, DAE decoupling can be achieved,
for instance, by the matrix chain strategy using tractability or dissection index con-
cepts [11, 16]. However, splitting schemes for engineering and physical problems often
take advantage of some systemic properties such as the skew-symmetric behavior, the
stiff behavior, or conservation of energy. As a result, the use of index concepts is
not always the best choice for decoupling in practice, even though, they are sufficient
for theoretical analysis. In this treatise, we will use the branch-oriented loop-cutset
modeling approach to perform topological decoupling for circuit DAEs [38, 41].

To ensure an efficient and proper mathematical understanding of the circuit simula-
tion applications used here, this thesis also focuses on different modeling approaches
for circuit and coupled field-circuit DAEs. The related differentiation and dissection
indices are analyzed, and topologically dependent results are discussed.

Circuit Modeling: The increasing interest in the field of circuit simulations is due
to numerous factors. In order to compute the circuit response to given excitations,
e.g., the currents and voltage drops, a complete analysis of the circuit has to be per-
formed. As a result, many efforts have been made to find a suitable modeling approach
that reflects the circuit’s behavior, including node analysis, loop analysis, and cutset
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analysis. The most commonly used modeling approach in circuit simulation is the
modified nodal analysis (MNA) in which the electrical components are modeled by
lumped elements including capacitors, inductors, resistors, voltage sources, and cur-
rent sources, see e.g. [37, 38, 39, 40]. Moreover, the tree-based modeling approach
using loop and cutset analysis is a flexible tool in computer-aided analysis for active
circuits [35, 41]. The resulting circuit model’s equations from either approach form a
system of differential-algebraic equations. The stability of the solution of such systems
is strongly related to the DAE index [45]. Generally, the index is not greater than
two and the equations, that cause perturbation to the system, contribute in a linear
way, refer to [45, 46]. Because of the close connection of electrical circuits with graph
theory, topological interpretations frequently occur in circuit network analysis. This
can be seen, for instance, in the index analysis [45, 46], as well as in the convergence
analysis of numerical schemes like the waveform relaxation method [159, 160, 161].

Coupled Field-Circuit Modeling: In modeling electrical behavior, each physical
element is replaced by a model consisting of equivalent circuit elements. By equivalent
we mean that the system behavior is preserved. Such a strong requirement can be
difficult to realize with models describing complex physical phenomena like the one
occurring in electromagnetic (EM) devices. In this case, the field model is sufficiently
described by a set of PDEs, namely Maxwell’s equations [71, 75]. When an intercon-
nection between an EM device and a lumped circuit is made, the term "field-circuit
coupling" is commonly used [144, 162], and the resulting coupled system is a PDAE.
Typically, the PDEs are spatially discretized and the final coupled system is described
by a DAE. A variety of spatial discretizations have been studied, such as the finite-
volume method [163], the cell method [164], and the finite-element method [165, 166],
to name a few. In this work we present the finite integration technique (FIT), intro-
duced by T. Weiland [88], for spatial discretization.

Depending on the application and the desired numerical scheme, one can consider the
classical MEs or an alternative formulation, see [76, 77, 78, 79, 101, 144]. To give some
examples, S. Baumanns considered the potential formulation of MEs and deduced in-
dex results for the coupled field-circuit DAE system that depend on the chosen gauge
condition [15]. Potential formulations are also studied in [17], and the numerical simu-
lations for the resultant coupled DAE are done using the waveform relaxation method.
Here we take the classical E-H formulation of MEs in modeling the field behavior.
The differential-algebraic equation in our application and the latter two mentioned
works have a properly stated leading term structure and their indices do not exceed
the value of 2, despite the chosen formulations and modeling approaches.

Outline: This thesis is structured as follows: Chapter 2 introduces differential-
algebraic equations and how they differ from ODEs, underlines the notion of cou-
pled systems as well as the class of linear port-Hamiltonian DAEs, and introduces
the differentiation and dissection index concepts for later analysis. In Chapter 3, we
consider electrical circuit modeling. First, we describe the MNA approach, followed
by a topological interpretation for the dissection index. Based on index results and
graph theory, we construct a proper tree associated with the circuit network, and we
discuss the branch oriented loop-cutset modeling approach for linear circuits. We then
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present the topological decoupling of circuit DAEs of indices 1 and 2. Chapter 4 is
devoted to a detailed analysis of the coupled field-circuit system. We introduce the
EM field device modeled by the classical formulation of MEs and discretized using the
finite integration technique. We then derive two coupling forms based on Maxwell’s
grid equations. The first approach uses the MNA to describe network equations, while
the second is based on branch oriented loop-cutset technique. The second formulation
leads to a topologically decoupled DAE and is suitable for splitting methods in Chap-
ter 5. Besides, we interpret the EM device under investigation as a capacitance-like
element, and we accordingly deduce a differentiation index result. The operator split-
ting method for network DAEs is explained in Chapter 5, in particular for circuit and
coupled field-circuit DAEs given in Chapters 3 and 4, respectively. The proposed algo-
rithms are based on Lie-Trotter and Strang splitting approaches for ODEs. We discuss
the properties of the obtained sub-problems focusing on the Hamiltonian behavior of
the inherent ODE. Furthermore, we consider the numerical properties and we show
the relation between the convergence of the proposed scheme and the DAE index, and
hence the network’s topology. In Chapter 6, we demonstrate numerical examples to
verify the theoretical results obtained in the previous chapters. We simulate a refined
model to emphasize the efficiency of the decoupled DAE for coupled models. Further,
we use circuit examples to show the convergence of operator splitting techniques. We
conclude with a summary and outlook in Chapter 7.
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Chapter 2

Differential-Algebraic Equations

Going back in time, Kirchhoff [1] and Lagrange [2] have introduced differential
equations with constraints to model electrical circuits and mechanical systems. Be-
tween 1989 and 1996, differential-algebraic equations (DAEs) had become a popular
topic and attracted more and more researchers. Due to their attractiveness in the last
three decades, DAEs were encountered in numerous applications like electrical circuits,
chemical reactions, multibody dynamics, cardiovascular systems, and fluid dynamics
[4, 5, 7, 8, 27]. Besides direct modeling, DAEs can result from the semi-discretization
of partial differential-algebraic equations (PDAEs), for instance, the coupled field-
circuit system in Chapter 4.

DAEs differ in many ways from ordinary differential equations (ODEs). They can be
understood as constrained ODEs. Special DAE forms like Hessenberg forms (semi-
explicit DAEs) have received a bulk of attention on account of their frequent oc-
currence in applications. In such forms, differential and algebraic variables can be
identified and treated appropriately, see e.g. [4].

Real-world problems are systematically very complicated. This complexity is reflected
in mathematical modeling. Mostly differential-algebraic equations occur because of
simplifications of the real problems. In electrical networks, for instance, Kirchhoff’s
current law results in algebraic relationships. Most electrical networks may be de-
scribed by implicit ODEs, f(x′(t), x(t), t) = 0, where the partial Jacobin f ′y(y, x, t) is
singular, see further [15, 17].

Unlike ODEs, DAEs are known to be ill-posed in the sense of Hadamard. This ill-
posedness introduces difficulties in the numerical solving stage. Besides the possibility
of the presence of hidden constraints, some DAEs require higher smoothness of the so-
lution. Accordingly, several numerical methods have failed to be extended from ODEs
to DAEs [12, 13]. The choice of a feasible numerical method for the solution of a
differential-algebraic model requires knowledge about its solvability and index as well
as consistent initial conditions. Moreover, an approach to reduce the required solution
smoothness is given by means of the properly stated derivative terms description, see
[11].

Dealing with DAE challenges was and still is widely considered by researchers in differ-
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ent concepts. One of the main characteristics that identify the structural complexity
of the DAE, and consequently its numerical difficulty, is called the index. In simple
words, the DAE index is a tool to measure how far a DAE is from becoming an ODE.
Index concepts have been introduced in the literature, of which the differentiability
index is the best known. [3, 6]. The tractability index [9, 11], the strangeness index
[8], and the dissection index [16] are practical concepts as they provide a decoupling
procedure.

Similar to DAEs, partial differential-algebraic equations (PDAEs) consist of coupled
partial differential equations and differential-algebraic equations [19, 20]. PDAEs oc-
cur in numerous applications in scientific areas, for instance, in the field of Navier-
Stokes equations, in chemical engineering, in the theory of elastic multiboby systems
and coupled field-circuit systems [23, 24, 25, 26]. In characterizing PDAEs, one can
distinguish between a differential spatial index and a uniform differential time index,
see [30]. A common method for solving PDAEs, whose independent variables are time
and space, is semi-discretization. This reduces the system to a DAE by removing the
spatial variables using a discretization method like the finite volume method, see e.g.
[31]. Accordingly, we turn our attention to the analysis of DAEs.

In this chapter, we introduce differential-algebraic equations (DAEs), special forms,
basic tools, and notations for their analysis. In the beginning, we go briefly through
the index concept, clarifying challenges that occur when dealing with DAE systems.
Then we introduce the concept of coupled systems to cope with coupled field-circuit
systems in Chapter 4. Finally, the formulation of linear port-Hamiltonian DAEs is
given, as a part of our system’s structural analysis in the next Chapters.

2.1 Preliminaries
This section introduces basic definitions to understand the relation between ODEs

and DAEs as given in [11], as well as DAE special forms arising in applications, in
particular in circuit simulations.

Definition 2.1.1 (implicit ODE).
Let I ⊂ R and Dx, Dx′ ⊂ Rn be open subsets. We call an implicit ODE, an equation
of the form

f(x′(t), x(t), t) = 0 (2.1)

with a continuous function f ∈ C(Dx′×Dx×I,Rn), and continuous partial derivatives
∂
∂y
f(y, x, t) and ∂

∂x
f(y, x, t). If

∂

∂y
f(y, x, t)

is nonsingular for all (y, x, t) ∈ Dx′ ×Dx × I, we call (2.1) a regular implicit ODE.

Differential-algebraic equations are implicit ODEs that are not regular.

Definition 2.1.2 (DAE in standard form).
Let I ⊂ R and Dx, Dx′ ⊂ Rn be open subsets. Let f ∈ C(Dx′ × Dx × I,Rn) be
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continuous such that the partial derivatives ∂
∂y
f(y, x, t) and ∂

∂x
f(y, x, t) are continuous

with ∂
∂y
f(y, x, t) being singular for all (y, x, t) ∈ Dx′ ×Dx × I. We call

f(x′(t), x(t), t) = 0 (2.2)

a DAE in standard form.
A continuously differentiable function x∗ satisfying pointwise equation (2.2) on an
interval I∗ ⊂ I with values x∗(t) in Dx is called a solution. The value x0 ∈ Dx
is said to be a consistent initial value, if equation (2.2) with the initial condition
x(t0) = x0, t0 ∈ I possesses a solution.

Definition 2.1.3 (DAE with nonlinear derivative term, [11]).
Let I ⊂ R and Dx ⊂ Rn be open subsets. Let f ∈ C(Rm × Dx × I,Rn) be continu-
ous such that the partial derivatives ∂

∂y
f(y, x, t) and ∂

∂x
f(y, x, t) are continuous with

∂
∂y
f(y, x, t) being singular for all (y, x, t) ∈ Rm ×Dx × I. We call

f(d′(x(t), t), x(t), t) = 0, x(t0) = x0 (2.3)

with d ∈ C1(Dx × I,Rm) a DAE with nonlinear derivative term.

To better understand the properties of DAEs, consider the following simple exam-
ple.

Example 2.1.
For a given function q, consider the simple DAE

y′(t)− z(t) = 0,

y(t) = q(t).

Clearly, this system has a unique solution y = q(t), z = q′(t) and no initial or bound-
ary conditions are needed. If an arbitrary initial condition is imposed, it might be
inconsistent with the DAE. Contrary to ODEs, this example shows that for DAEs, the
solution can depend on the derivative of the inhomogeneous part. In other words, the
right-hand-side q may require higher smoothness.

Observe that in the previous example only y has to be differentiable, which means
that a part of the solution does not require high smoothness. This observation was
annotated by the concept of properly stated derivative term.

Definition 2.1.4 (properly stated derivative term, [11]).
The DAE (2.3) has on D× I a properly stated derivative term, if ker ∂

∂y
f(y, x, t) and

im ∂
∂x
d(x, t) are C1-subspaces in Rm, and the transversality condition

ker
∂

∂y
f(y, x, t)⊕ im

∂

∂x
d(x, t) = Rm, ∀(y, x, t) ∈ Rm ×D × I (2.4)

holds.

Besides the reduction of smoothness requirements, a second advantage of a DAE
with properly stated leading term, is a remarkable improvement in the performance
of numerical methods. Observe for instance Example 2.2 from [34].
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Example 2.2.
Let t ∈ I ⊂ R and λ ∈ R, consider the DAE in its standard form

x′1(t) + λtx′2(t) + (1 + λ)x2(t) = 0, (2.5)
x1(t) + λtx2(t) = e−t. (2.6)

System (2.5)-(2.6) has the smooth solutions

x1(t) = e−t − λte−t, x2(t) = e−t

For λ < 0.5, the DAE (2.5)-(2.6) is numerically unstable [34]. Rewriting the system
(2.5)-(2.6) to an equivalent DAE with properly stated leading term

x′1(t) + (λtx2(t))′ + x2(t) = 0, (2.7)
x1(t) + λtx2(t) = e−t. (2.8)

We solve both systems (2.5)-(2.6) and (2.7)-(2.8) using Euler implicit method for λ =
−0.52 and time step h = 0.5, see Figure 2.1.

Definition 2.1.5 (semi-properly stated derivative term, [16]).
The DAE (2.3) has on D×I a semi-properly stated derivative term, if ker ∂

∂y
f(y, x, t)

and im ∂
∂x
d(x, t) are C1-subspaces in Rm, and the condition

im
∂

∂y
f(y, x, t) = im

∂

∂y
f(y, x, t)

∂

∂x
d(x, t), ∀(y, x, t) ∈ Rm ×D × I (2.9)

holds.

Remark 2.1.1.
For a DAE in standard form (2.2) we have d(x, t) = x, hence we get ∂

∂x
d(x, t) = I

and therefore condition (2.9) holds.

The coming analysis in this thesis will be focused on electrical circuits with linear
time-invariant components, resulting in linear DAE systems with constant coefficients.
In general electrical circuit simulations, DAEs with nonlinear derivative terms are used
and analyzed, see e.g. [10].

Definition 2.1.6 (linear DAE with constant coefficients).
Let I ⊂ R and D ⊂ Rn. A linear DAE with constant coefficients is given by

Ax′(t) + Bx(t) = q(t), (2.10)

with A, B ∈ Rn×n and x ∈ C1(I,D), where A is singular and q : I −→ Rn is at least
continuous on I.

Definition 2.1.7.
Given any ordered pair {A,B} of matrices A,B ∈ Rn×n. The matrix pencil (λA+B) is
said to be regular if there is a constant λ ∈ R so that the det(λA+B) 6≡ 0. Otherwise,
the matrix pencil is said to be singular.

10
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Figure 2.1: Numerical solution of the DAE systems (2.5)-(2.6) and (2.7)-(2.8) for
λ = −0.52 and h = 0.05

Both the ordered matrix pair {A,B} and the DAE (2.10) are said to be regular if
the accompanying matrix pencil is regular. Indeed, the regularity of a matrix pencil
is essential for the unique solvability of the DAE (2.10), see [11].
From a numerical point of view, the non-invertiblity of the matrix A in the DAE
(2.10) prevents the direct application of explicit integration methods like forward
Euler method. Nevertheless, implicit integration methods like Runge-Kutta and the
backward differentiation formulas (BDF) are still, under some restrictions, applicable
[11]. The following lemma explains this idea.

Lemma 2.1.1.
If the matrix pair {A,B} is regular, then 1

h
A+B is nonsingular for sufficiently small

h > 0.

Proof. Consider the polynomial p(λ) := det(λA + B). If the det(λA + B) 6≡ 0 then
there is only a finite number of roots of p(λ). Let λ0 be the root with the largest
absolute value, then 1

h
A+B is nonsingular for all 0 < h < 1

|λ0| .

We also introduce the following form of DAEs.

Definition 2.1.8 (Hessenberg index-1).
Let I ⊂ R, Dx ⊂ Rnx and Dy ⊂ Rny be open subsets. Consider the following system

11
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of equations

x′ = f(t, x, y), (2.11)
0 = g(t, x, y) (2.12)

with f ∈ C(Dx×Dy ×I,Rnx), g ∈ C(Dx×Dy ×I,Rny) and the partial derivatives of
f and g with respect to x and y are continuous. Let further ∂

∂y
g be nonsingular for all

t and for all x and y. System (2.11) is a semi-explicit DAE, referred to as Hessenberg
index-1 form.
After solving for y in the algebraic equations, substituting y into the differential equa-
tion yields the so-called inherent ODE in x.

Such special DAE forms are encountered in practice, making the system easier to
understand and analyze, see further [6] for higher index problems.

It is important to note that an incomplete system of partial differential equations
that is closed with a set of algebraic equations is called a partial differential-algebraic
equation (PDAE). The relationship between a PDAE and a partial differential equation
(PDE) is analogous to the relationship between a DAE and an ordinary differential
equation.

Definition 2.1.9 (linear PDAE).
Let t ∈ I = [t0, T ] ⊂ R, x ∈ Ω = (−l, l) ⊂ R and A,B,C ∈ Rn×n. A and B are
assumed to be nonzero matrices. An equation of the form

Aut(t, x) + Buxx(t, x) + Cu(t, x) = f(t, x)

with u, f : Ī × Ω̄→ Rn, where at least one of the matrices A or B is singular, is called
a linear partial differential-algebraic equation.

Note that the two special cases A = 0 or B = 0 lead to an ODE or a DAE. The
encountered PDAE system in this treatise will be considered as a semi-discretized
DAE.

2.2 Index Concepts for DAEs
The index is a non-negative integer that provides information about the mathemat-

ical structure in the analysis and the numerical solution of the DAE. The higher the
index is, the more difficulties are expected for the DAE numerical solution. Different
index definitions can be found in literature, the Kronecker index for linear DAEs with
constant coefficients, the differentiation index, the perturbation, geometric, tractabil-
ity, and strangeness indexes [9, 11, 8, 16]. Besides the necessity of these concepts
in solving DAEs using numerical time integration, some of them like the strangeness
index and the dissection index provide decoupling for the DAE into inherent ODE and
algebraic constraints.

In what follows, we briefly introduce some well-known index concepts, namely the
differentiation index and the dissection index [3, 6, 16].

12



Chapter 2 – Differential-Algebraic Equations

Definition 2.2.1 (differentiation index).
The DAE (2.2) has differentiation index-k if f ∈ Ck(Dx′ × Dx × I,Rn) and k is the
minimal number of analytical differentiations with respect to t needed to determine an
ODE for x′(t) as a continuous function in x and t by algebraic manipulations only.

Remark 2.2.1.
The calculation of the differentiation index depends on the rearrangement of the sys-
tem’s unknowns. Hence, the calculated index-k is just an upper bound for the exact
differentiation index of the system.

Example 2.3.
Consider the DAE system

x′1 = x3

0 = x2(1− x2)

0 = x1x2 + x3(1− x2)− t

The second equation has two solutions, x2 = 0 and x2 = 1. Assuming that x2 is
continuous, then x2 does not switch between 0 and 1. If x2 = 0 then the system is
semi-explicit and has index-1. Whereas, if x2 = 1, the system has index-2 and unlike
the index-1 case, no initial value for x1 is required.

Another index concept is the dissection index developed by L. Jansen in [16]. It
combines the strangeness index concept [8] and the tractability index concept [11]
using the matrix chain strategy, here, kernel splitting pairs are used for this purpose.
The dissection index concept is defined on the class of semi-properly derivative term
DAEs. We will introduce the linear version of the matrix chain for decoupling DAEs
of the form (2.10). For the nonlinear case, see [16].

Definition 2.2.2 (kernel splitting pair).
A pair of matrices {P,Q} is called a kernel splitting pair of a given matrix M if
imQ = kerM and the concatenation

[
Q P

]
is nonsingular.

Lemma 2.2.1 ([49]).
Let {P,Q} be a kernel splitting pair of a matrix M with full row rank. Then, MP is
nonsingular.

Proof. This follows directly from the definition and full row rank of M
[
Q P

]
=[

0 MP
]
.

Consider the DAE (2.10), for which the property (2.9) is satisfied. The matrix
chain, associated with the dissection index, is initialized by choosing kernel splitting
pairs {P,Q} and {V,W} of A and A> respectively, and is given by

G1 := V >AP, BV
x1

:= V >BP, BV
y1

:= V >BQ,

BW
x1

:= W>BP, BW
y1

:= W>BQ.

The next sequence of matrices, for i ≥ 1, is constructed by choosing the kernel splitting
pairs

13
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• {Pyi , Qyi} and {Vyi ,Wyi} of BW
yi

and its transpose respectively

• {Pxi , Qxi} and {Vxi ,Wxi} of W>
yi
BW
xi

and (GiQxi)
> respectively

yielding

Gi+1 := V >xiGiQxi

BV
xi+1

:= V >xiB
V
xi
Qxi − V >xiBV

yi
Pyi(V

>
yi
BW
yi
Pyi)

−1V >yi B
W
xi
Qxi

BW
xi+1

:= W>
xi
BV
xi
Qxi −W>

xi
BV
yi
Pyi(V

>
yi
BW
yi
Pyi)

−1V >yi B
W
xi
Qxi

BV
yi+1

:= V >xiB
V
yi
Qyi

BW
yi+1

:= W>
xi
BV
yi
Qyi

We keep formulating this sequence for i ≥ 1 up to an integer µ ∈ N, whose stopping
criteria is indicated in the Definition 2.2.3 and the variables of concern are recursively
defined for i = 1, · · · , µ by

x = Px1 +Qy1, xi−1 = Pxi−1
x̃i +Qxi−1

xi, yi−1 = Pyi−1
ỹi +Qyi−1

yi

Definition 2.2.3 (dissection index, [16]).
Consider the DAE (2.10) and let µ ∈ N. We assume that all kernel splitting pairs
exist and have constant rank on their domains. Defining the characteristic values ri
of the DAE to be r0 := rankA and ri := ri−1 + rankBW

yi
for i = 1, · · · , µ. Then the

DAE (2.10) is said to be regular with dissection index µ if µ is the smallest integer
such that rµ = n.

Lemma 2.2.2 ([16]).
The DAE (2.10) has dissection index µ if and only if the following are full-filled

• It has dissection index larger than µ− 1.

• The matrix (W ∗
y )>Gµ−1Qxµ−1 is nonsingular where {V ∗y ,W ∗

y } is the kernel split-
ting pair of (BV

yµ−1
Qyµ−1)

>.

2.3 Coupled Systems
The term “coupled systems” appears in many scientific fields: engineering, com-

putational fluid dynamics, geophysics, mathematical biology, and electrical circuit
analysis, to name a few. Often these models arise from different physical phenomena
with separable models which then means separable systems. Coupling a bunch of
systems indicates that they are linked. In other words, the different systems interact
with each other. From a mathematical point of view, a coupled system is a collection
of two or more subsystems sharing their vector of unknowns or a part of it. As a
result, more complicated mathematical systems were obtained and many were ana-
lyzed and numerically treated in the literature, see for instance [69]. An example of a
numerical method is operator splitting which is one of the commonly used schemes in
solving fluid-structure interaction problems, see [70]. The purpose of this brief section
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is to give a general definition of a coupled system that will be encountered later in
field-circuit coupling.

Let I ⊂ R, D = D1× · · · ×Dr ⊂ Rn1+···+nr , r ≥ 2. Let fi ∈ C(Rmi ×D×I,Rni) with
existing partial derivatives with respect to the first two arguments and consider the r
subsystems

fi
( d
dt
di(x, t), x, t

)
= 0, i = 1, · · · , r (2.13)

where di ∈ C1(D × I,Rmi). Denote the complementary parts of the unknown vector
as follows

xi ∈ Di and x̄i = (x1, · · · , xi−1, xi+1, · · · , xn) ∈ D̄i.
Definition 2.3.1 (coupled system [17]).
We call (2.13) a coupled system if for any i = 1, · · · , r, the i-th equation of the form

fi
( d
dt
di(xi, t; x̄i), x, t; x̄i

)
= 0

has a solution xi, that is a continuous function on I with values in Di so that
di(xi(·), ·; x̄i(·)) is continuously differentiable and xi solves the equations pointwise on
I.

Note that a subsystem (2.13) can be an implicit ODE (2.1) or a DAE with nonlinear
derivative term (2.3), and is often equipped with an initial condition x(t0) = x0 =
(x0,1, · · · , x0,r) ∈ D that is assumed to be consistent. We additionally provide the
definition of the additive coupled system which will be sufficient for our later analysis.

Definition 2.3.2 (additive coupled [17]).
We call (2.13) an additive coupled system if its subsystems, for i = 1, · · · , r, satisfy
the form

fi
( d
dt
di(xi, t), xi, t

)
= ci

( d
dt
d̄i(x̄i, t), x̄i, t

)
(2.14)

with fi ∈ C(Rmi × Di × I,Rki) and ci ∈ C(Rli × D̄i × I,Rki) having both partial
derivatives of the first two arguments. Further, di ∈ C1(Di×I,Rmi) and d̄i ∈ C1(D̄i×
I,Rli).

Example 2.4. Consider the two systems

d

dt
u1(t)− u2(t) = q1(t)

u1(t) = q2(t)
and d

dt
v(t) = r(t)

for a given function q2, and under the connections q1 := v and r := u2. Then for the
variables x1 = (u1, u2) and x2 = (v) in notation of (2.13), an additive coupled system
is given by

d

dt
u1(t)− u2(t) = v(t)

u1(t) = q2(t)

d

dt
v(t) = u2(t)
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2.4 Port-Hamiltonian DAEs
In the following, we introduce the class of linear port-Hamiltonian DAE (pHDAE)

systems used in this thesis. The system class we give in this section is linear form
of the port-Hamiltonian differential-algebraic equations introduced by Mehrmann and
Morandin in [29]. Port-Hamiltonian systems appear in network modeling of geometri-
cal mechanics, physical systems, control theory, and much more [28]. A wide range of
mathematical systems that arise from different fields of applications, including fluid
dynamics, electromagnetic dynamics, and chemical reactions, have in common that
they are based on physical laws like the conservation of energy. Here comes the im-
portance of port-Hamiltonian formulation in reflecting this conservation.
Port-Hamiltonian system’s structure provides an extension of classical Hamiltonian
systems (Appendix A.2) by including energy dissipation. It guarantees important
properties such as passivity and stability [29, 32]. Although this work is not dedi-
cated to port-Hamiltonian DAE systems, remarking such a system’s property opens
up prospects for future research. We will later show that the decoupled circuit model
in Chapter 3 as well as the field-circuit model in Chapter 4 fit into this framework.
More details about the analysis and properties of port-Hamiltonian systems may be
found in [28, 33].

Definition 2.4.1 (pHDAE, [29]).
Let I ⊂ R be the time interval and D ⊂ Rn. A port-Hamiltonian differential-algebraic
equation (pHDAE) is a system of the form

Ex′(t) = (J −R)z(x(t)) + (B − P )u(t), (2.15)
y = (B + P )>z(x(t)) + (S −N)u(t) (2.16)

associated with a Hamiltonian function H ∈ C(I × D,R), where x(t) ∈ D and z ∈
C(I × D,Rl), u(t), y(t) ∈ Rm are the input and output, E ∈ Rl×n is the flow matrix,
J,R ∈ Rl×l are the structure and dissipation matrices, B,P ∈ Rl×m are the port
matrices and S,N ∈ Rm×m are the feed-through matrices. Together with the properties:

1. The extended structure and dissipation matrices Γ,W ∈ R(l+m)×(l+m), defined as

Γ :=

[
J B
−B> N

]
, W :=

[
R P
P> S

]

satisfy Γ = −Γ> and W is symmetric positive semi-definite.

2. The gradient of the Hamiltonian satisfies ∂xH = E>z and ∂tH = 0.

The following theorem highlights one of the useful properties of the pHDAE, which
is passivity, or in other words, the energy can not be created within the system.

Theorem 2.4.1 ([29]).
Consider the pHDAE (2.15). The energy balance equation is given by

d

dt
H(t, x(t)) = −

(
z
t

)>
W

(
z
t

)
+ u>y, (2.17)
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and consequently the following dissipation inequality holds

d

dt
H(t, x(t)) ≤ y>(t)u(t). (2.18)

Proof. The pHDAE (2.15) can be written as
[
Ex′

0

]
= (Γ−W )

[
z
u

]
+

[
y
0

]

Thus,

d

dt
H(t, x(t)) = ∂tH + ∂xH>x′ = z>Ex′ =

[
z
u

]> [
Ex′

0

]

=

[
z
u

]>(
(Γ−W )

[
z
u

]
−
[
y
0

])
= −

[
z
u

]>
W

[
z
u

]
+ u>y

By the positive semi-definiteness of W , we get (2.18).

2.5 Conclusion
In this chapter, the basics for DAE analysis are provided, pointing out the chal-

lenges that occur in this field. We have shown structural difficulties that arise due
to the coupling of differential and algebraic equations, see Example 2.1. Regard-
ing differentiability and consistent initialization of problems, we introduced properly
stated derivative terms for DAEs and presented their effect on numerical methods in
Example 2.2. Moreover, among a wide range of index concepts defined in the litera-
ture, we introduced the differentiation index and the dissection index concepts. For
later analysis of decoupled circuit DAEs and coupled field-circuit systems, we defined
port-Hamiltonian DAEs, as well as coupled systems.
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Chapter 3

Linear Electrical Networks

In our daily lives, we have become accustomed to getting everything at the flick
of a switch or touch of a button. The presence of electrical networks in almost ev-
ery electronic device, despite its complexity, made a world without electricity beyond
our imagination. An electrical network is a collective term for different components
such as capacitors, resistors, coils, and batteries modeled by capacitances, resistances,
inductances, voltage sources, and more. A special type of network is the linear elec-
trical network, consisting only of voltage and current sources, linear lumped elements
having linear characteristic functions, and linear distributed elements (transmission
lines), see [41, Chapter 2].

In order to improve the electrical circuit’s design efficiency, provide an insight into
their behavior and reduce the cost of new products’ development, numerical simula-
tions are used as a tool for these predictions. As a consequence, a suitable model for
numerical simulation is needed. Here comes the major problem in electrical circuit
analysis, which is how to set up the network equations that obey the physical be-
havior and are simple enough so that the simulation time remains reasonably small.
In the context of dynamical systems, much attention has been directed to the for-
mulation of state-space models that are based on explicit ODEs and which in turn
have allowed for the application of many analytical and numerical tools. The sys-
tematic approach to state-space circuit modeling goes back to Bashkow, Bryant, and
other researchers [54, 55, 56]. This topic has attracted interest since then, see further
[57, 58, 59, 60]. However, the state-space approach for circuit modeling has some lim-
itations as for some circuit configurations, a state-space description might not exist.
These limitations have led to the formulation of circuit models that are framed in the
differential-algebraic context [61, 62].

In network simulation, the circuit elements are restricted to basic elements, namely
capacitors, resistors, inductors, voltage and current sources. The electric behavior of
the circuit is represented by a directed graph that exhibits the interconnections be-
tween the circuit components [35]. The equations governing circuit dynamics combine
graph-theoretic relations described by Kirchhoff’s laws with the constitutive relations
that characterize the circuit components [46, 44]. As will be detailed in this chapter,
Kirchhoff’s laws give linear algebraic relations between circuit voltages and currents,
while the constitutive relations include differential equations. This mixed nature of
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equations results in a DAE formalism in circuit modeling [41, 38].

A difference between model families is made by the set of variables that they use.
Among are the nodal methods that mainly use node potentials in addition to some
branch variables. This family includes techniques like node tableau analysis, aug-
mented nodal analysis, and modified nodal analysis [65, 66, 37]. Modern schemes
used to set up network equations are based on differential-algebraic formalism. This
is the case of the modified nodal analysis (MNA) [37, 64], used in different circuit
simulation programs such as SPICE [63]. Besides the numerical understanding of the
underlying DAEs, they were also understood from an analytical point of view, in par-
ticular, the relationship between the circuit’s topology and the DAE index, see [46, 67]
for deeper insight.

In the late 1950’s, Bashkow has introduced the concept of proper trees and built
upon circuit modeling that is related to the topological properties of its associated
graph [54]. This modeling family is the branch-oriented method [53]. It is character-
ized by the use of branch voltages instead of node potentials as variables. And this
means a greater degree of freedom compared to MNA since the number of nodes in
a circuit network is usually less than the number of branches. Such systems combine
loop-cutset equations (i.e. Kirchhoff laws in terms of fundamental loop and cutset
matrices) [38, 41] with the constitutive element equations resulting in a DAE system.
Roughly speaking, DAE theory defines a framework to accommodate general circuit
models. Further, it has reached a stage in which efficient mathematical tools can be
exploited to tackle these problems. As for the preparation of operator splitting in
Chapter 5, we have used branch oriented loop-cutset modeling to obtain a decoupled
system that is suitable for our application [50].

This chapter is structured as follows. First, we clarify the relation between electrical
circuits and graph theory, which then allows us to define characterization matrices.
We then briefly introduce the MNA approach and related index analysis. Followed
by this, we introduce a branch-oriented method for tree-based circuit modeling. In
preparation for Chapter 5, we provide a decoupled representation of the electrical
circuit DAE using topological decoupling.

3.1 Matrix Representation and Graphs
A graph is a mathematical representation of a network that consists of a set of

branches whose ends are called nodes, and it is said to be a directed graph if all its
branches are equipped with an orientation. Among the variety of applications, graph
theory clearly plays a role in electrical engineering [35]. An electrical circuit can be
topologically interpreted as an oriented graph G = (N ,B) where N denotes the set of
nodes and B is the set of branches.
The circuits treated in this thesis are proper electrical circuits, that is, the oriented
graph G = (N ,B) matches the following criteria:

• G is connected,
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• Each node of N connects at least two branches of B,

• Each branch of B connects two different nodes, in other words, G has no self-
loops.

Before we introduce circuit modeling, we start with basic definitions and theorems
that are essential for matrix representation and characterization of circuit structures.

Definition 3.1.1 (loop).
A subgraph Gl of a connected graph G is called a loop if Gl is connected and each node
of Gl connects exactly two branches of Gl.

Definition 3.1.2 (tree).
A subgraph Gt of a connected graph G is called a tree if it meets the following require-
ments

• Gt is connected,

• Gt contains all nodes of G,

• Gt has no loops.

We call twigs, the branches that belong to the tree, and the branches that does not
belong to the tree are called links. See Figure 3.1a for a loop sketch.

Definition 3.1.3 (cutset).
A set of branches Gc of a connected graph G is called a cutset if

• removing all branches of Gc from G leads to an unconnected graph,

• adding, afterwards, any branch of Gc leads again to a connected graph.

See Figure 3.1b for a cutset sketch.

(a) Example of loops in a graph. (b) Example of cutsets in a graph.

Figure 3.1: Sketch of loop and cutset examples.

When describing electrical circuits by graphs, one considers the circuit nodes to
be the graph nodes. For two-terminal circuit elements, each element defines a branch
in B, see Figure 3.2. However, when considering multi-terminal elements including
transformers and transistors, the circuit network is understood as a hypergraph. A
hypergraph H = (N , E) with a set of nodes N and a set of hyperedges E generalizes
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the graph concept [36], mentioning that hyperedges can connect more than two nodes.
In order to have a feasible graph representation of the electric circuit, we reduce the
hypergraph H to an oriented graph by choosing one of the nodes to be the reference
node and allowing to connect, by an edge, the other non-reference nodes of the hy-
pergraph. These edges equipped with an orientation will form the set of branches B
of G, see Figure 3.3.

Figure 3.2: A two-terminal element represented by two nodes n1, n2 ∈ N and one
branch b1 ∈ B.

Figure 3.3: A multi-terminal element represented by the nodes n0, n1, n2, n3, n4 ∈ N
and the branches b1, b2, b3, b4 ∈ B.

As preparation for matrix representation and modeling of circuits, we define the
incidence matrix which allows us to store the structure of the graph. We first choose
the ground node to be the circuit’s reference node. From the set of n nodes N , we
associate the reference node to be the n-th node.

Definition 3.1.4 (incidence matrix).
Let the graph G = (N ,B) be the electric circuit representation with n ∈ N nodes and
b ∈ N branches

1. The full incidence matrix Aa ∈ {−1, 0, 1}n×b is defined by

(Aa)i,j :=





1 if the branch j leaves node i
−1 if the branch j enters node i
0 otherwise

For the circuit graph being connected, the rows of Aa are linearly dependent,
relying on this, we define the reduced incidence matrix.

2. The reduced incidence matrix A ∈ {−1, 0, 1}(n−1)×b is obtained from Aa after the
elimination of the n-th row, i.e. the row that corresponds to the reference node.
In the rest of this work, we will be simply referring to A as the incidence matrix.
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A deeper insight into graph theory makes it possible for the following properties
to hold:

• The (reduced) incidence matrix A has always a full row rank.

• The circuit’s loops correspond to linearly dependent columns of A, and the
cutsets correspond to linearly dependent rows of A.

• A nonsingular submatrix of A -with the same number of rows as A- correspond
to a tree.

See Appendix A.3 for more details and proofs.

We now introduce some additional notations that are of importance for the analysis
of the topological properties of electrical circuits.

Definition 3.1.5.
Let X and Y be disjoint branch types

1. An XY -cutset/-loop/-tree is a cutset/loop/tree that consists of branches of types
X and Y only.

2. A + sign after a branch type indicates that the considered sets include at least
one branch of that specific type.

For example, an XY +-cutset is a cutset consisting of X and Y with at least one
Y -type branch.

For a connected graph G = (N ,B), let X, Y and Z be disjoint branch types with
corresponding branch subsets BX , BY and BZ ⊂ B, respectively, such that BZ =
B\(BX ∪ BY ). Further, denote by AX , AY and AZ the incidence matrices of the
networks represented by the subgraphs (N ,BX), (N ,BY ) and (N ,BZ) respectively.

Theorem 3.1.1 (Theorem 3.4 in [17]).
G has an XY -cutset if and only if there exists x such that A>Zx = 0 and A>Xx 6= 0.

Proof. =⇒) Let Bc ⊂ BX ∪ BY form an XY +-cutset of G. The cutset divides N
into two nonempty subsets N1 and N2. The elements of Bc are branches of
G that connect N1 nodes with N2 nodes. Let, without loss of generality, the
reference node be the last counted node (n-th node) and belongs to N2. We
define x ∈ Rn−1 by

xi :=

{
1 if node i belongs to N1

0 if node i belongs to N2

We additionally introduce xn := 0. Consider any bz ∈ BZ , a branch that connects
two nodes i1 and i2. It follows that the nodes i1 and i2 either belong both to
N1 or both to N2, which yields xi1 = xi2 . By definition of the incidence matrix,
we obtain A>Zx = 0. Consider now any Y -type branch by from Bc. It connects
a node i1 ∈ N1 with a node i2 ∈ N2, that implies xi1 = 1 and xi2 = 0. For the
corresponding column ay of AY we obtain a>y x = ±1, hence, A>Y x 6= 0.
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⇐=) Let x ∈ Rn−1 such that A>Zx = 0 and A>Xx 6= 0. From A>Xx 6= 0, we can find a
column ay of AY such that a>y 6= 0. We denote the branch corresponding to ay
by by ∈ B connecting nodes i1 and i2. Since a>y 6= 0 then xi1 6= 0 or xi2 6= 0.
Now we form a subset N1 ⊂ N such that: a node j ∈ N belongs to N1 if and
only if xj = xi1 . Define N2 := N\N1, then the node i2 and the ground node
belong to N2.

Let Bc ⊂ B be the set of branches that connects nodes from N1 with nodes from
N2. By construction, Bc forms a cutset of G with by ∈ Bc. On the other hand,
A>Zx = 0 implies that a>z x = 0 where az is a column of AZ that correspond to
the branch bz ∈ BZ . The branch bz connects two nodes j1 and j2. In general,
we have a>z = ±(xj1 − xj2) which gives xj1 = xj2 . Therefore, the nodes j1 and
j2 belong either both to N1 or both to N2. That means, bz 6∈ Bc and we obtain
Bc is an XY +-cutset.

Corollary 3.1.1.
Let {QZ , PZ} be a kernel splitting pair of A>Z , that means imQZ = kerA>Z and[
QZ PZ

]
is nonsingular. Then, G has an XY +-cutset if and only if Q>ZAY 6= 0.

Proof. Q>ZAY 6= 0 is equivalent to A>XQZ 6= 0. This is equivalent to the existence of
an x ∈ imQZ such that A>Xx 6= 0. Moreover, A>Zx = 0 if and only if x ∈ imQZ . From
Theorem 3.1.1, we deduce the result.

Remark 3.1.1.
The expression Q>ZAX = 0 is equivalent to the existence of Z-paths between end nodes
of X-type branches, refer to [46]. For example, for the considered electrical circuits,
the nodes of a current source branches are connected by CV R-paths if there is no
LI+-cutset.

The last lemma in this section is from [17].

Lemma 3.1.1.
Let the columns of QX and QY form basis of the kernels of A>X and A>XQX , respectively,
that is imQX = kerA>X and imQY = kerA>XQX . Further, let the columns of QXY

be the basis of the kernel of the concatenated matrix
[
AX AY

]>. Then kerQ>XY =
kerQ>YQ

>
X .

3.2 Circuit Modeling
Circuit modeling is the starting point in circuit simulations. One of the main

goals in this treatise, as we will see in the coming chapters, is to apply the operator
splitting method to the circuit DAE model. Accordingly, our focus is to find the
most appropriate decoupling of the circuit DAEs that can be exploited for a suitable
operator splitting. This is fulfilled by port-Hamiltonian modeling that we derive from
loop and cutset equations by a topological decoupling [50].
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This section is divided into four subsections. The first subsection 3.2.1 introduces
briefly the circuit modeling using the modified nodal analysis (MNA) approach [37].
The purpose of giving an overview of the MNA approach is to capture the topological
characteristics of the circuit network through the index analysis of the obtained DAE.
The second subsection 3.2.2 is devoted to the branch oriented loop-cutset modeling
[38, 41], on which a splitting approach is applied, see Chapter 5. In subsections 3.2.3
and 3.2.4, we shed the light on the cases of index-1 and index-2 linear circuit DAEs.
To get started, we provide the basic material for circuit modeling.

Circuit variables

Let G = (N ,B) be the electrical circuit’s graph representation with n ∈ N nodes
and b ∈ N branches and let A ∈ R(n−1)×b be the associated incidence matrix. The
circuit’s ground node is selected to be the graph’s reference node. Over a time interval
I := [t0, T ] ⊂ R, we define the following vector functions

i,v : I −→ Rb and e : I −→ Rn−1 (3.1)

that represent the branch currents, branch voltages and node potentials, respectively.
Note that the node potential vector e is reduced by the graph’s reference node. Ad-
ditionally, the node potentials lead to a system that is smaller in size compared to
the one obtained with the edge voltages as variables. Indeed, the network graph usu-
ally contains less nodes than edges. For readability, we exclude the time argument of
unknown quantities in the rest of the chapter.

Basic electric elements and constitutive equations

The components used to build the electrical circuit of interest are resistors (R),
capacitors (C), inductors (L), voltage sources (V) and current sources (I). These two-
terminal elements are usually referred to as lumped circuit elements, and the circuit
they form is called the lumped circuit, see further [41]. For two-terminal lumped
elements, the current through the element and the voltage across it are well-defined
quantities. The constitutive element equations describe the physical behavior of each
network element. They provide the relation between branch voltages and currents.
Any circuit element, a resistor, capacitor or an inductor, can be classified in four ways,
whether it is linear or nonlinear and whether it is time-varying or time-invariant [41].
From here on, we focus on linear time-invariant elements.

Resistors generate voltage drops which lead to the reduction of the electrical current
flow. A linear time-invariant resistor is a resistor that satisfies Ohm’s law and the
constitutive equation is given by

vR = RiR or iR = GvR (3.2)

where iR,vR : I −→ RbR are the resistive currents and voltages, respectively, and
bR ∈ N is the number of resistors. The diagonal matrices R ∈ RbR×bR and G ∈ RbR×bR

stores the resistances and conductances, respectively, and we have R = G−1.
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Capacitors store energy in their electric field, and the constitutive equation of linear
time-invariant capacitor is of the form

iC = C
d

dt
vC (3.3)

where iC ,vC : I −→ RbC are the capacitive currents and voltages, respectively, and
bC ∈ N is the number of capacitors. The diagonal matrix C ∈ RbC×bC contains the
values of the capacitances measured in Farad. Moreover, the energy EC stored in the
capacitors is given by

EC =
1

2
v>CCvC (3.4)

A third element to mention is the inductor, it stores energy in its magnetic field. The
constitutive equation of linear time-invariant inductor is given by

vL = L
d

dt
iL (3.5)

where iL,vL : I −→ RbL are the inductive currents and voltages, respectively, and
bL ∈ N is the number of inductors. The diagonal matrix L ∈ RbL×bL stores the
inductances. Besides, the energy EL stored in the inductors satisfy the following
equation

EL =
1

2
i>LLiL (3.6)

The current and voltage source functions are collected in is : I −→ RbI and vs : I −→
RbV with bI and bV being respectively the number of current and voltage sources. Table
3.1 collects the used elements, their constitutive equations and symbols.

name constitutive equation symbol

current source iI = is(t)

inductor vL = L d
dt
iL(t)

resistor vR = RiR

voltage source vV = vs(t)

capacitor iC = C d
dt
vC(t)

Table 3.1: Basic two-terminal circuit elements with their constitutive element equa-
tions and symbols.
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3.2.1 Modified Nodal Analysis

The modified nodal analysis (MNA) method, developed by C. Ho et al. [37], is an
extension of classical nodal analysis that takes into consideration the branch currents
besides the node potentials as degrees of freedom of the system [37, 44]. As a result of
branch currents inclusion, the incorporation of a wider range of circuit elements, such
as inductors and current sources, was made possible. Furthermore, the MNA is one
of the most frequently used approaches on which modern electrical circuit simulations
are based [44]. In what follows we briefly introduce the MNA approach for circuit
equations formulation, starting with stating Kirchhoff’s circuit laws.

Kirchhoff’s circuit laws

Kirchhoff’s laws are two equalities that quantify how current flows through a circuit
and how voltage varies around a loop in a circuit. Together with the constitutive
element equations, they form the desired system.

1. Kirchhoff’s current law (KCL) states that the algebraic sum of all branch cur-
rents entering or leaving any node is zero, Figure 3.4a.

2. Kirchhoff’s voltage law (KVL) states that the algebraic sum of all branch volt-
ages around any loop is zero, Figure 3.4b.

(a) Kirchhoff’s current law (b) Kirchhoff’s voltage law

Figure 3.4: Representation of Kirchhoff’s circuit laws.

In formulating the circuit equations by using MNA for a given network, we first start
with choosing a reference node with potential e0 = 0 called the ground node and we
define A to be the reduced incidence matrix that describes the circuit’s topology. As
already mentioned, i,v : I −→ Rb and e : I −→ Rn−1 are the branch currents, branch
voltages and node potentials without the ground node. We then use the incidence
matrix A to express Kirchhoff’s current and voltage laws as follows [46]

Ai = 0 (3.7)
A>e = v (3.8)

By considering circuits consisting of resistors (R), capacitors (C), inductors (L), volt-
age sources (V), and current sources (I), we sort the currents and the columns of the
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incidence matrix A according to element types

i = [iC , iR, iL, iV , iI ]

A =
(
AC AR AL AV AI

)

Finally, the linear system of equations of the MNA is obtained from (3.7)-(3.8) together
with the constitutive equations (3.2), (3.3) and (3.5), and we have the following system
of DAEs

ACCA
>
Ce
′ + ARGA

>
Re+ ALiL + AV iV + AIis(t) = 0 (3.9a)

Li′L − A>Le = 0 (3.9b)
A>V e− vs(t) = 0 (3.9c)

The system (3.9) is a linear DAE with constant coefficients -due to the consideration
of linear time-invariant circuit components- of the form (2.10) where

A =



ACCA

>
C 0 0

0 L 0
0 0 0


 , B =



ARGA

>
R AL AV

−A>L 0 0
−A>V 0 0


 , (3.10)

and

x =



e
iL
iV


 , q(t) = −



AIis(t)

0
vs(t)


 . (3.11)

Remark 3.2.1.

(i) For the formulation of the general quasi-linear circuit DAE system, see [11, 46,
47].

(ii) In the model we consider, we assume independent voltage and current sources
only. For results with a class of controlled sources, refer to [46].

In order to ensure the existence and uniqueness of solutions of the DAE system
(3.9) equipped with a consistent initial condition, it is necessary to establish some
physical assumptions about the topological structure of the circuit and to state the
constitutive element relations [48]. Regardless of the used approach in formulating
the circuit’s equations, the following standard assumptions will be considered.

Assumption 3.2.1 (well posedness).

1. Consistency: The electrical circuit contains neither V -loops nor I-cutsets, pre-
venting it from having a shortcut, which mathematically is equivalent to

kerAV = {0} and ker (AcI)
> = {0}

where AcI is the complement of AI .

2. Passivity: The resistors, capacitors and inductors in the electrical circuit have
passive behavior, they consume energy, i.e. the matrices R,C and L are positive
definite.
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3. Smoothness: The source functions is and vs are twice continuously differentiable.

Remark 3.2.2.
Note that according to the definition of a tree, there can not exist any loop just con-
sisting of twigs. Similarly, the links do not include any cutset, since the set of twigs
connects the whole graph and therefore the removal of any set of links will not discon-
nect the graph. More precisely, this can be stated by the following lemma.

Lemma 3.2.1 ([53]).
Let G = (N ,B) be a connected graph and X, Y ⊂ B be two disjoint subsets of branches.
Then there exists a tree which contains all edges from X and no edge from Y if and
only if there is neither X-loops nor Y -cutsets.

To give an example: assuming the circuit to be consistent, allows by Lemma 3.2.1
to choose a tree with the restriction that voltage sources correspond to twigs and
current sources are located within the links.

Remark 3.2.3.
From the mathematical point of view, the consistency assumption is required. Due to
KCL and KVL, the circuit equations would have either no solution or infinite many
solutions if consistency is not satisfied, see the example below.

Example 3.1 (shortcut).
Consider the circuit in Figure 3.5 with a V -loop, the MNA equations give

iV 1 + iV 2 +GvR = 0

e = vs1(t)

e = vs2(t)

Observe that the system has infinitely many solutions if and only if vs1 = vs2, otherwise
a solution does not exist.

Figure 3.5: Example of a circuit with V -loop.

Example 3.2 (RC circuit).
Consider the electrical circuit given in Figure 3.6. Following the shown orientation,
we obtain the incidence matrix

A =
[
AC AR AV

]
=

[
−1 −1 0 1
0 0 1 −1

]
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For the variable vector (e1, e2, iV ), the MNA circuit equations given by the DAE (3.9),
read

Ce′1 +G1e1 + iV = 0

G2e2 − iV = 0

(e1 − e2)− vs(t) = 0

with C is the capacitance, G1 and G2 are the conductances and vc is the source func-
tion.

Figure 3.6: RC electrical circuit.

Index Analysis

In the following, we analyze the dissection index of the DAE (3.9) resulting from
the MNA for linear electrical circuits. Recall that the circuits under study consist
only of resistors, capacitors, inductors, voltage sources, and current sources and that
Assumption 3.2.1 is satisfied. Besides the dissection index concept, the differentiation
index and the tractability index concepts are also studied in [46]. The results show
that different concepts lead to the same index in case of circuit DAEs obtained by
applying MNA. As stated in Section 2.2, the dissection index concept is based on
the construction of a matrix chain using kernel splitting pairs. For this purpose, we
introduce the chain’s first kernel splitting pair {P,Q} of the matrix A. The matrices
A and B are given by the form (3.10). Let

P =



PC 0
0 I
0 0


 , Q =



QC 0
0 0
0 I




where {PC , QC} is the kernel splitting pair associated with A>C . Observe that A is a
symmetric matrix, i.e. A = A>, then we consider the same splitting pair {P,Q} for
A and its transpose. Hence, we obtain

G1 = P>AP =

[
P>C ACCA

>
CPC 0

0 L

]

BV
x1

= P>BP =

[
P>C ARGA

>
RPC P>C AL

−A>LPC 0

]
, BV

y1
= P>BQ =

[
P>C ARGA

>
RQC P>C AV

−A>LQC 0

]
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BW
x1

= Q>BP =

[
Q>CARGA

>
RPC Q>CAL

−A>V PC 0

]
, BW

y1
= Q>BQ =

[
Q>CARGA

>
RQC Q>CAV

−A>VQC 0

]

We continue the chain by introducing more pairs of matrices. Let {PV , QV } be the
kernel splitting pair of A>VQC . Further, we define {VV ,WV } and {PR, QR} to be the
the kernel splitting pairs associated with Q>CAV and A>RQCQV , respectively. We have

A>VQCQV = 0, Q>CAVWV = 0, A>RQCQVQR = 0.

The next basis for BW
y1

is then given by

Qy1 = Wy1 =

[
QVQR 0

0 WV

]

yielding

Q>y1B
V
y1

>
=

[
0 −Q>RQ>VQ>CAL

W>
V A

>
V PC 0

]

and
W>
y1
BW
x1

=

[
0 Q>RQ

>
VQ
>
CAL

−W>
V A

>
V PC 0

]

Further matrices are not to be calculated at this step as we make use of Lemma 2.2.2.
We are now able to determine the dissection index of system (3.9).

Theorem 3.2.1.
The DAE (3.9) yield by the MNA is, for consistent initial conditions, uniquely solvable
and

(i) is an ODE, if there is no voltage source and between two different nodes there
exists a path of capacitances.

(ii) is a DAE of dissection index-1 if: first, there is at least one voltage source or a
non-capacitive cutset; second, there exist no CV +-loop and no LI-cutset.

(iii) is a DAE of dissection index-2, otherwise.

Proof.

(i) The topological conditions of the ODE case imply that AV has no columns and
that A>C has a full column rank, according to Theorem A.3.3. Based on these
assumptions, the third column and row block of A vanish and we obtain

A =

[
ACCA

>
C 0

0 L

]

Since A>C has a full column rank and due to the positive definitness of the diagonal
matrices C and L, the block matrix A is nonsingular.
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(ii) For the index-1 case, the topological conditions are equivalent to Q>CAV having
full column rank, see Lemma A.3.1, and

[
AC AR AV

]
having full row rank,

by Theorem A.3.4. Furthermore, the latter condition is equivalent to Q>VQ>CAR
having full row rank. Let (u, v) ∈ kerBW

y1
, then

Q>CARGA
>
RQCu+Q>CAV v = 0

−A>VQCu = 0

From the second equation follows u ∈ kerA>VQC meaning that there exists z
such that u = QV z. Left multiplying the first equation with Q>V gives

Q>VQ
>
CARGA>RQCQV z = 0 ⇐⇒ z = 0

as G is symmetric positive positive definite and Q>VQ
>
CAR has a full row rank.

Therefore, u = 0. Since Q>CAV has a full column rank then Q>CAV v = 0 gives
v = 0. We conclude that BW

y1
is non-singular, which yields the index-1 condition.

(iii) By Lemma 2.2.2, in order to check that the index does not exceed 2, we have to
prove that W ∗

y
>G1Qx1 is nonsingular, where W ∗

y and Qx1 are the basis functions
of the kernels associated with Q>y1B

V
y1

> and W>
y1
BW
x1
, respectively. This condition

is equivalent to
W ∗
y
>G1Qx1z = 0 =⇒ z = 0

As Qx1z ∈ im Qx1 it is by construction also in kerW>
y1
BW
x1
. Hence, we have to

show that from

W ∗
yG1u = 0 and W>

y1
BW
x1
u = 0 =⇒ u = 0 (3.12)

Since kerW ∗
y
> = imBV

y1
Qy1 and im Qx1 = kerW>

y1
BW
x1
, the statement (3.12) is

equivalent to

G1u ∈ imBV
y1
Qy1 and W>

y1
BW
x1
u = 0 =⇒ u = 0 (3.13)

accordingly, we will proceed as follows:

• Let G1u ∈ imBV
y1
Qy1 with u = (u1, u2), then there exist (y1, y2) such that

P>C ACCA
>
CPCu1 = P>C AVWV y2 (3.14a)
Lu2 = −A>LQCQVQRy1 (3.14b)

and assume that W>
y1
BW
x1
u = 0, that is

Q>RQ
>
VQ
>
CALu2 = 0 (3.15a)

−W>
V A

>
V PCu1 = 0 (3.15b)

• Using (3.15a), and since L is symmetric positive definite, then (3.14b) im-
plies that u2 = 0.

• The multiplication of equation (3.14a) by u>1 implies by equality (3.15b)
that u1 = 0 since P>C ACCA>CPC is a positive definite matrix.

Therefore, u = 0 and the statement (ii) is valid. Hence, index-2 is not exceeded.
Moreover, the DAE (3.9) equipped with a consistent initial condition has a unique
solution, refer to A.1.
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3.2.2 Branch Oriented Loop-Cutset Modeling

Instead of standard circuit modeling using the modified nodal analysis, we consider
the branch oriented loop-cutset modeling [38, 41]. Preparing for operator splitting in
Chapter 5, this circuit model allows us to split the operators in a natural way exploiting
physical properties. This sections is build upon what we have presented in [50, Section
2].

For a given circuit graph G = (B,N ) with n nodes and b branches, select any tree and
remove all its links, Figure 3.7. Then replace each link once at a time, it will form a
loop that is called a fundamental loop, see Figure 3.8. We select an orientation of the
fundamental loop to coincide with that of the link completing it. On the other hand,
a fundamental cutset with reference to a tree is a cutset formed with one tree branch
and remaining links, Figure 3.9. The orientation of a fundamental cutset is the same
of that of the tree branch.

Figure 3.7: An oriented graph (left) and a corresponding tree (right).

Figure 3.8: Fundamental loops formed by replacing the links separately.

Definition 3.2.1 (fundamental loop matrix).
The fundamental loop matrix B ∈ Rb−(n−1)×b is defined by its entries

bij =





1, if the branch j has the same orientation of fundamental loop i
−1, if the branch j has the opposite orientation of fundamental loop i
0, otherwise

Let us partition the matrix B into two submatricies, Bt and Bl, so that the columns
of the first submatrix Bt correspond to the twigs and the columns of the second
submatrix Bl correspond to the links. That is

B =
twigs links

[ ]Bt Bl fundamental loops
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Bt is a (b− (n− 1))× (n− 1) matrix and Bl is a square (b− (n− 1))× (b− (n− 1))
matrix. Note that we always have

Bl = I

where I is the identity matrix. This is due to the definition of the fundamental loop,
one link in each fundamental loop, and due to the convention regarding the orientation.
Thus we can write

B =
[
Bt I

]
(3.16)

and since the identity matrix here is of order (b− (n−1)), then B has a full row rank:
rank B = b− (n− 1).

Lemma 3.2.2 (loop equations, KVL [38]).
Let v be the vector of branch voltages in an electrical network and B be the fundamental
loop matrix associated with the graph of the network, then we have

Bv = 0 (3.17)

Proof. Based on Definition 3.2.1 of the fundamental loop matrix and according to
KVL, in each loop of a network and at each instant of time, the algebraic sum of
branch voltages equals zero. Hence, it also applies in particular to the fundamental
loops of the network. Therefore,

Bv = 0

is another representation of Kirchhoff’s voltage law.

Definition 3.2.2 (fundamental cutset matrix).
The fundamental cutset matrix Q ∈ R(n−1)×b is defined by its entries

qij =





1, if the branch j has the same orientation of fundamental cutset i
−1, if the branch j has the opposite orientation of fundamental cutset i
0, otherwise

Figure 3.9: Bold branches correspond to twigs, dashed branches correspond to links,
and red dashed lines identify the fundamental cutsets.
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By partitioning the matrix Q into two submatrices, Qt and Ql, so that the columns
of Qt and Ql correspond to twigs and links respectively, we write

Q =
twigs links

[ ]Qt Ql fundamental cutsets

Qt is an (n−1)×(n−1) matrix and Ql is an (n−1)×(b−(n−1)) matrix. Again, since
there is only one twig in each fundamental cutset and due to the chosen orientation,
we have

Q =
[
I Ql

]
(3.18)

Here, the identity matrix is of order (n−1) and Q has a full row rank: rank Q = n−1.

Theorem 3.2.2 (orthogonality relation [35]).
For a given connected graph G, if the columns of the fundamental loop and cutset
matrices B and Q are arranged in the same order, the orthogonality relation between
B and Q is given by

QB> = 0 (3.19)

consequently,
B>t = −Ql (3.20)

Proof. The matrices Q and B> have the form

Q =

1 · · · l · · · m · · · b





1
...
i
...

n-1

B> =

1 · · · j · · · b-(n-1)





1
...
l
...
m
...
b

where each row of Q corresponds to a fundamental cutset and each column corresponds
to a branch, whereas the rows and columns of B correspond to fundamental loops and
branches respectively.

An entry in the matrix that results from the matrix product QB> is due to the product
between elements in the i-th row of Q and the j-th column of B>. Observe that we
have a partial nonzero only if there are nonzero entries in a generic column l of Q and
in the corresponding row l of B>. In other words, if a branch l is in cutset i and also
in loop j. We claim that if a cutset has any branches in common with a loop, then it
must have an even number. To clarify this, we refer to Figure 3.10.

In Figure 3.10, the cutset i splits the graph into two subgraphs S1 and S2. The branch
l is in cutset i and loop j. We want to follow loop j, starting from a point and returning
back to it. Let us start from point X (the end of l in S1) and continue along l until
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Figure 3.10: A cutset i has an even number of branches in common with loop j.

point Y (the end of l in S2). In order to close the loop and return back to X, we have
to traverse again the cutset i. This means that we are using another branch, say m,
that belongs to cutset i and loop j. If we are not yet at X and we need to traverse
again from S1 to S2, then we have to find our way back to S1, which means that an
additional pair of branches is in common between the cutset i and loop j. We perform
this until we close the loop and we are back at X. Then cutset i has an even number
of branches in common with loop j. Taking into account the orientations of loop j
and cutset i and by considering two common generic branches l and m, one can have
the following four situations:

1. Branches l and m have the same orientation of cutset i, then the i-th row of Q
and the j-th column of B> are

1 · · · l · · · m · · · b

[ ]· · · 1 · · · 1 · · · i

j





1
...

...
1 l
...

...
−1 m
...

...
b

2. Branches l and m have opposite orientation of cutset i

1 · · · l · · · m · · · b

[ ]· · · −1 · · · −1 · · · i

j





1
...

...
−1 l
...

...
1 m
...

...
b
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3. Branch l has the same orientation of cutset i, while m opposes it

1 · · · l · · · m · · · b

[ ]· · · 1 · · · −1 · · · i

j





1
...

...
1 l
...

...
1 m
...

...
b

4. The orientation of branch l opposes that of cutset i, while the orientation of
branch m coincides with it

1 · · · l · · · m · · · b

[ ]· · · −1 · · · 1 · · · i

j





1
...

...
−1 l
...

...
−1 m
...

...
b

Then the resultant element of the multiplication of row i of Q and column j of B is
zero. Therefore, all elements in matrix QB> are zero. As a consequence

QB> =
[
I Ql

] [B>t
I

]
= 0

Hence the relation (3.20) is verified.

Remark 3.2.4.
The previous result, Theorem 3.2.2, holds true for every loop and cutset, in particular
for the fundamental loops and fundamental cutsets, see [35].

Lemma 3.2.3 (cutset equations, KCL [38]).
Let i be the vector of branch currents in an electrical network and Q be the fundamental
cutset matrix associated with the graph of the network, then we have

Qi = 0 (3.21)

Proof. First we will admit that
AB> = 0

37



Chapter 3 – Linear Electrical Networks

where A is the reduced incidence matrix of the network’s graph, see Theorem A.3.5.
By partitioning the columns of the matrices A and B into twigs and links associated
parts and arranging them in the same order, we can write

[
At Al

] [B>t
I

]
= 0

then,
AtB

>
t + Al = 0

And since At is a nonsingular matrix, by Corollary A.3.1, then

B>t = −A−1
t Al

Now using the orthogonality relation (3.20), we obtain

Ql = A−1
t Al

hence,
Q =

[
I A−1

t Al
]

= A−1
t

[
At Al

]
= A−1

t A

This means that the rows of matrix Q can be written as a linear combination of the
rows of A. Consequently, for the system of equations Ai = 0 being the representation
of the KCL equations then we have Qi = 0 also a representation of Kirchhoff’s current
law equations.

Remark 3.2.5.
The relationship (3.21) shows that the concept of “cutset” includes the concept of
“node”. Intuitively speaking, KCL can be stated as follows: “For all time t, the al-
gebraic sum of the currents associated with any cutset is equal to zero”, see [38].
Indeed, any cutset partitions the set of nodes into two subsets and by writing the KCL
equations for each node in such a subset and adding the results, we obtain the cutset
equation.

Example 3.3.
Consider a simple network graph in Figure 3.11, where cutset (τ) partitions the set of
nodes into two disjoint subsets {n1, n2, n3} and {n4, n5, n6}.

Figure 3.11: A simple network graph.

The cutset equation associated to (τ) is given by

i1 + i2 − i3 = 0 (3.22)
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Applying KCL to the nodes n1, n2 and n3 yields

i1 + i6 = 0 (3.23a)
i2 + i7 − i6 = 0 (3.23b)
−i3 − i7 = 0 (3.23c)

Adding equations (3.23) gives: i1 + i2 − i3 = 0. Similarly, applying KCL to the nodes
n4, n5 and n6 yields

−i1 − i4 = 0 (3.24a)
i4 − i2 − i5 = 0 (3.24b)

i3 + i5 = 0 (3.24c)

Adding equations (3.24) gives again the cutset equation (3.22).

To proceed with branch oriented loop-cutset decoupling for electric networks, we
use the second form of KVL (3.17) and KCL (3.21) equations. By decoupling we
mean that the obtained modeled system will be decoupled into an ODE and algebraic
equations, we will sometimes be referring to it by topological decoupling. Similar to the
re-arrangement of the columns of the fundamental loop matrix B and the fundamental
cutset matrix Q, we rearrange the voltage and current vectors such that

v =

[
vt
vl

]
and i =

[
it
il

]

where vt and it are the twig branch voltages and currents and vl and il are the link
branch voltages and currents, respectively. Therefore, using the orthogonality relation
(3.20), KVL (3.17) and KCL (3.21) equations can be written as follows

it = −Qlil (3.25a)
vl = Q>l vt (3.25b)

Similar to MNA, the loop-cutset equations (3.25) together with constitutive element
equations (3.2), (3.3) and (3.5) give a mathematical relation between voltages and
currents. From here on, we will be using the equations (3.25) for the topological
decoupling of the electrical circuit. In what follows, we proceed with the modeling
approach for linear circuit DAEs of index-1 in port-Hamiltonian form, that we have
introduced in [50] as a basis for the desired splitting technique in Chapter 5. We then
present a generalization for linear circuit DAEs of index-2.

3.2.3 Decoupling Linear Circuit DAEs of Index-1

For electrical circuits under consideration, we assume that the Assumption 3.2.1
is satisfied. In our approach, we use the conductive description for all resistances
that belong to the tree and the resistive description for all resistances that does not
belong to the tree. As stated in Theorem 3.2.1, an index-1 circuit DAE models a
circuit network that does neither have LI-cutset nor a CV -loop. Based on these
topological conditions, the results of Lemma 3.2.1 and Theorems A.3.2 and A.3.3
allow the construction of a proper tree as follows [53, 54]:
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1. All capacitive elements and voltage sources belong to the tree.

2. All inductive elements and current sources do not belong to the tree.

3. Split resistors in such a way that all G-resistances belong to the tree and all
R-resistances do not belong to the tree.

Remark 3.2.6.
We refer to the resistors whose currents are determined in terms of the voltages by the
equation iG = GvG by G-resistances and to the resistors whose voltages are determined
in terms of the current by the equation vR = RiR by R-resistances.

According to the proposed tree, we introduce a partition of the twig and link voltage
and current vectors

vt =



vC
vG
vV


 , vl =



vL
vR
vI


 , it =



iC
iG
iV


 , il =



iL
iR
iI


 .

We also split up the columns of the submatrix Ql of Q with reference to the different
circuit elements we have on twigs and links

Ql =



QCL QCR QCI

QGL QGR QGI

QV L QV R QV I




Each row in Ql represents a twig, and consequently a fundamental cutset, and each
column in Ql represents a link, and consequently a fundamental loop. The right
subscript X of the above submatrix QXY indicates an X-type element located within
the twigs with X ∈ {C,G, V }, while the left subscript Y corresponds to a Y -type link
element with Y ∈ {L,R, I}.
The loop and cutset equations (3.25) have the form



iC
iG
iV


 = −Ql



iL
iR
iI


 ,



vl
vR
vI


 = Q>l



vC
vG
vV


 .

Inserting the element constitutive equations we get

Cv′C +QCLiL +QCRiR +QCIis(t) = 0 (3.26a)
GvG +QGLiL +QGRiR +QGIis(t) = 0 (3.26b)
iV +QV LiL +QV RiR +QV Iis(t) = 0 (3.26c)

and

Li′L −Q>CLvC −Q>GLvG −Q>V Lvs(t) = 0 (3.27a)
RiR −Q>CRvC −Q>GRvG −Q>V Rvs(t) = 0 (3.27b)

vI −Q>CIvC −Q>GIvG −Q>V Ivs(t) = 0 (3.27c)

40



Chapter 3 – Linear Electrical Networks

Then reordering the equations (3.26)-(3.27), we obtain a DAE system of the port-
Hamiltonian form

Dx′(t) + Jx(t) +My(t) = rx(t) (3.28a)
−M>x(t) + Sy(t) = ry(t) (3.28b)

z(t) +Kxx(t) +Kyy(t) = rz(t) (3.28c)

with x =

[
iL
vC

]
, y =

[
iR
vG

]
, z =

[
vI
iV

]
,

D =

[
L 0
0 C

]
, J =

[
0 −Q>CL

QCL 0

]
, M =

[
0 −Q>GL

QCR 0

]
, S =

[
R −Q>GR
QGR G

]

and
Kx =

[
0 −Q>CI

QV L 0

]
, Ky =

[
0 −Q>GI

QV R 0

]
, rx =

[
Q>V Lvs
−QCIis

]
,

ry =

[
Q>V Rvs
−QGIis

]
, rz =

[
Q>V Ivs
−QV Iis

]

Notice that D is nonsingular and J is skew-symmetric. Observe that

S = S1 + S2 :=

[
R 0
0 G

]
+

[
0 −Q>GR

QGR 0

]

with the positive definite diagonal matrix S1 and the skew-symmetric matrix S2. Con-
sequently, S is a nonsingular matrix. Furthermore, we see that system (3.28) is a
port-Hamiltonian DAE in the sense of Definition 2.4.1. To avoid confusion, we use
the bar notation to refer to the variables and matrices in Definition 2.4.1. For that
we choose

x̄ := (x, y), z̄(x̄) := x̄, ȳ := −z and ū := (is, vs)

Ē :=

[
D 0
0 0

]
, J̄ := −

[
J M
−M> S2

]
, R̄ :=

[
0 0
0 S1

]

B̄ :=

[
K>x
K>y

]
, N̄ :=

[
0 Q>V I

−QV I 0

]
, and H(x̄) =

1

2
x̄>Ēx̄.

Further, observe that Γ̄ :=

[
J̄ B̄
−B̄> N̄

]
is skew- symmetric and W̄ :=

[
R̄ 0
0 0

]
is

symmetric positive semi-definite.

It is clear that the system (3.28) is an index-1 DAE. More precisely, system (3.28a)-
(3.28b) can be regarded as a reduced index-1 DAE system of Hessenberg form and
the equation (3.28c) can be interpreted as an output equation for z.

Example 3.4.
We consider here an RLC circuit in Figure 3.12 as an example of an index-1 circuit,
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since there is a voltage source and neither CV -loop nor LI-cutset. Using the tree in
Figure 3.12, we get for the circuit DAE system (3.28) the matrices

D =




L1 0 0 0 0 0
0 L2 0 0 0 0
0 0 L3 0 0 0
0 0 0 C1 0 0
0 0 0 0 C2 0
0 0 0 0 0 C3



, J =




0 0 0 1 1 1
0 0 0 0 −1 0
0 0 0 0 0 −1
−1 0 0 0 0 0
−1 1 0 0 0 0
−1 0 1 0 0 0



,

M =




1 0
0 1
0 −1
0 0
0 0
0 0



, rx =




−vs
0
0
0
0
0



, S =

[
G1 0
0 G2

]
,

Kx =
[
−1 0 0 0 0 0

]
, Ky = 0, ry =

[
0
0

]
, rz = 0

where the associated fundamental loop matrix B is given by

B =
[
Bt I

]
=
[
BC BG BV I

]
=




1 1 1 1 0 1 1 0 0
0 −1 0 0 1 0 0 1 0
0 0 −1 0 −1 0 0 0 1




Figure 3.12: Benchmark RLC-circuit. The green branches form the tree considered
for the model equations.

3.2.4 Decoupling Linear Circuit DAEs of Index-2

Let us now extend the topological decoupling approach to index-2 case, this will
be a generalization as the circuit’s DAE index does not exceed 2, see Theorem 3.2.1.
Again, the considered circuit consists of basic lumped elements C,R,L,V and I and
satisfies Assumption 3.2.1. A circuit network with either a CV -loop or an LI-cutset
is modeled by an index-2 DAE, when MNA is used. Here, we will consider the case of
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having both, a CV -loop and an LI-cutset. Based on this graph’s topological structure
and the results of Lemma 3.2.1 and the Theorems A.3.2 and A.3.3, we can construct
a tree as follows:

1. All voltage sources belong to the tree and all current sources do not belong to
the tree.

2. Split resistors in such a way that all G-resistances belong to the tree and all
R-resistances do not belong to the tree.

3. Split capacitors such that a capacitor is placed on a link if it belongs to a CV -
loop. This means that as much as possible capacitors correspond to twigs.

4. Split inductors such that an inductor is placed on a twig if it belongs to an
LI-cutset. That is as much as possible inductors correspond to links.

Proposition 3.2.1.
All branch voltages can be expressed in terms of the twig voltages, and all the branch
currents can be expressed in terms of the link currents.

Proof. For a particular tree, we partition the branch current vector i with respect to
the twigs and links

i =

[
it
il

]

then we can write
Qi =

[
I Ql

] [it
il

]
= 0

and therefore
it = −Qlil (3.29)

where it and il are the vectors of twig and link currents respectively. For the same
tree, we partition the branch voltage vector v with respect to the twigs and links

v =

[
vt
vl

]

allowing us to write

Bv =
[
Bt I

] [vt
vl

]
=
[
−Ql I

] [vt
vl

]
= 0

implying that
vl = QT

l vt (3.30)

where vt and vl are the vectors of twig and link voltages respectively. Using the
expressions (3.30) and (3.29), we can write the vectors i and v as follows

i =

[
it
il

]
=

[
−Qlil
il

]
=

[
B>t
I

]
il = B>il (3.31)

v =

[
vt
vl

]
=

[
vt

Q>l vl

]
=

[
I
Q>l

]
vt = Q>vt (3.32)
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Hence, by (3.31)-(3.32), it is possible to express all branch currents in terms of the
link currents and all branch voltages in terms of twig voltages.

Remark 3.2.7.
The expressions (3.31) and (3.32) allow for a reduction the system’s dimension. Roughly
speaking, it is sufficient to solve for the link current and twig voltage variables instead
of the complete current and voltage vectors i and v. The remaining currents and
voltages can be linearly determined by (3.29) and (3.30).

Remark 3.2.8.
Besides avoiding circuit shortcuts and its topological consequence of having all voltage
sources on twigs and all current sources on links, we can also confirm this by observing
that the value of the voltage across V is known, so we want to preserve the source
function vs(t) in the equation as it can not be determined by other voltages. Therefore,
the branch corresponding to V must be a twig. Similarly applies to the current source
function is(t).

Now let us introduce a partition of the twig and link voltage and current vectors
as follows:

vt =




vV
vCt
vRt
vLt


 , it =




iV
iCt
iRt
iLt


 , vl =




vCl
vRl
vLl
vI


 , il =




iCl
iRl
iLl
iI




where vCt, vRt and vLt are twig voltage vectors of the capacitors, resistors and induc-
tors respectively. The vector iV refers to the currents across voltage sources, iCt is the
vector of the currents across the capacitors placed on twigs, etc., vCl is the vector of
voltages through capacitors placed on links, etc. and iCl is the vector of the currents
across the capacitors placed on links. Our dynamical variables will be vCt and iLl,
where vCl and iLt can be obtained from the linearity relations (3.29) and (3.30).

Before applying Kirchhoff’s law, we will split up the columns of the matrix Ql accord-
ing to the different elements we have on links. Recalling that Ql is a submatrix of the
fundamental cutset matrix Q.

Ql =
[
QC QR QL QI

]
=




QV C QV R QV L QV I

QCC QCR QCL QCI

0 QGR QGL QGI

0 0 QLL QLI


 (3.33)

In the matrix Ql above, each row represents a twig, and consequently a fundamental
cutset, and each column represents a link, and consequently a fundamental loop. In
the submatrices QXY with subscripts X ∈ {V,C,G, L} and Y ∈ {C,R, L, I}, the
subscript X refers to an X-type element on a twig, while the subscript Y refers to a
Y -type element on a link.
We always have two zero submatrices in the first column. It is because if there is a
capacitor link, it will belong to a CV -loop, i.e., a loop that does not contain inductors
or current sources (if there is no CV -loop, there is no need to place a capacitor on
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a link). Similarly, in the last row there are always two zero submatrices. Because if
there is an inductor on a twig, it will belong to an LI-cutset. Otherwise, we can place
inductors on links.

Constitutive equations of the passive elements

To provide a clear description and as long as we have used twig and link parti-
tions for the vector variables and matrices under consideration, we associate the same
partition for the characteristic equations of the lumped elements.

(i) Equations of capacitors

iCt = Ct
d

dt
vCt (3.34a)

iCl = Cl
d

dt
vCl (3.34b)

where Ct and Cl are diagonal square matrices containing the values of capaci-
tances of the capacitors placed on twigs and links, respectively. Their dimensions
are determined by the number of capacitive twigs and capacitive links, respec-
tively.

(ii) Equations of inductors

vLt = Lt
d

dt
iLt (3.35a)

vLl = Ll
d

dt
iLl (3.35b)

where Lt and Ll are diagonal square matrices containing the values of inductances
of the inductors placed on twigs and links, respectively. Their dimensions are
determined by the number of inductive twigs and links.

(iii) Equations of resistors

vRt = RtiRt or iRt = GtvRt (3.36a)
vRl = RliRl or iRl = GlvRl (3.36b)

where Rt and Rl are diagonal square matrices containing the values of resistances
of resistors placed on twigs and links, respectively, and the diagonal entries of
Gt = R−1

t and Gl = R−1
l are the conductances.

KCL and KVL equations

In the next step, the determination of the circuit’s model equations relies on Kirch-
hoff’s laws (3.25) (also referred to by loop-cutset equations) and the constitutive ele-
ment equations (3.34), (3.35) and (3.36). From equation (3.25a) we have

−




QV C QV R QV L QV I

QCC QCR QCL QCI

0 QGR QGL QGI

0 0 QLL QLI







iCl
iRl
iLl
iI


 =




iV
iCt
iRt
iLt
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hence,

iV = −QV CiCl −QV RiRl −QV LiLl −QV IiI (3.37a)
iCt = −QCCiCl −QCRiRl −QCLiLl −QCIiI (3.37b)
iRt = −QGRiRl −QGLiLl −QGIiI (3.37c)
iLt = −QLLiLl −QLIiI (3.37d)

and from equation (3.25b) we have



Q>V C Q>CC 0 0
Q>V R Q>CR Q>GR 0
Q>V L Q>CL Q>GL Q>LL
Q>V I Q>CI Q>GI Q>LI







vV
vCt
vRt
vLt


 =




vCl
vRl
vLl
vI




hence,

vCl = Q>V CvV +Q>CCvCt (3.38a)
vRl = Q>V RvV +Q>CRvCt +Q>GRvRt (3.38b)
vLl = Q>V LvV +Q>CLvCt +Q>GLvRt +Q>LLvLt (3.38c)
vI = Q>V IvV +Q>CIvCt +Q>GIvRt +Q>LIvLt (3.38d)

Step 1: We want to eliminate the variables vCl, iCt and iCl. First, we replace the
capacitor constitutive equation in equation (3.37b), we get

Ct
d

dt
vCt = −QCCCl

d

dt
vCl −QCRiRl −QCLiLl −QCIiI (3.39)

assuming that the vector variables v and i are continuously differentiable, we differen-
tiate equation (3.38a) and substitute it in equation (3.39). We rearrange the equation
and obtain
(
Ct +QCCClQ

>
CC

)
v′Ct +QCRiRl +QCLiLl = −QCIis(t)−QCCClQ

>
V Cv

′
s(t) (3.40)

Note that the matrix
(
Ct + QCCClQ

>
CC

)
is nonsingular since the matrices Ct and Cl

are positive definite.

Step 2: To eliminate the variables vLl, vLt and iLt, we start with replacing the inductor
constitutive equation in equation (3.38c), we get

Ll
d

dt
iLl = Q>V LvV +Q>CLvCt +Q>GLvRt +Q>LLLt

d

dt
iLt (3.41)

We differentiate equation (3.37d) and substitute it in equation (3.41) and after rear-
ranging we obtain

(
Ll +Q>LLLtQLL

)
i′Ll −Q>CLvCt −Q>GLvRt = Q>V Lvs(t)−Q>LLLtQLIi

′
s(t) (3.42)

Note that the matrix
(
Ll + Q>LLLtQLL

)
is nonsingular since the matrices Lt and Ll

are positive definite.
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Step 3: Substituting the resistor constitutive equations (3.36) in equations (3.37c)
and (3.38b) results in

GtvRt +QGRiRl +QGLiLl = −QGIis(t) (3.43)
RliRl −Q>CRvCt −Q>GRvRt = QT

V Rvs(t) (3.44)

Step 4: In order to eliminate the variables iCl and vLt from equations (3.37a) and
(3.38d) respectively, we utilize the equations (3.38a) and (3.37d). The resulting equa-
tions are

iV +QV CClQ
>
CCv

′
Ct +QV RiRl +QV LiLl = −QV IiI −QV CClQ

>
V Cv

′
s(t) (3.45)

vI −Q>CIvCt −Q>GIvRt +Q>LILtQLLi
′
Ll = Q>V IvV −Q>LILtQLIi

′
s(t) (3.46)

The final circuit DAE system in matrix form is the reordering of the equations (3.40),
(3.42), (3.43), (3.44), (4.45) and (4.46) and is given by

Dx′(t) + Jx(t) +My(t) = rx(t) (3.47a)
−M>x(t) + Sy(t) = ry(t) (3.47b)

z(t) +Kx′(t) +Kxx(t) +Kyy(t) = rz(t) (3.47c)

with x =

[
iLl
vCt

]
, y =

[
iRl
vRt

]
, z =

[
vI
iV

]
,

D =

[
Ll +Q>LLLtQLL 0

0 Ct +QCCClQ
>
CC

]
, J =

[
0 −Q>CL

QCL 0

]
, M =

[
0 −Q>GL

QCR 0

]
,

S =

[
Rl −Q>GR
QGR Gt

]
, K =

[
Q>LILtQLL 0

0 QV CClQ
>
CC

]
, Kx =

[
0 −Q>CI

QV L 0

]
,

Ky =

[
0 −Q>GI

QV R 0

]
, rx =

[
Q>V Lvs −Q>LLLtQLIi

′
s

−QCIis −QCCClQ
>
V Cv

′
s

]
, ry =

[
Q>V Rvs
−QGIis

]
,

and
rz =

[
Q>V Ivs −Q>LILtQLIi

′
s

−QV Iis −QV CClQ
>
V Cv

′
s

]
.

As noted before, the matrices D and S are nonsingular and the matrix J is skew-
symmetric. One can also observe that system (3.47) has differentiation index 2, since
two times differentiations are needed in order to get an explicit ODE, knowing that
the source functions are regular enough. Indeed, by exploiting the invertability of the
matrices D and S, we can write

d

dt
x = f1(x, t) (3.48)

with f1 being a continuous function. And differentiating (3.47b) with respect to time,
allows us to find a continuous function f2 such that

d

dt
y = S−1ry(t) +M> d

dt
x = S−1ry(t) +M>f1(x, t) = f2(x, t) (3.49)
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A time differentiation of (3.47c) yields

d

dt
z = rz(t)−K

d2

dt2
x−Kx

d

dt
x−Ky

d

dt
y

= rz(t)−K
d2

dt2
x−Kxf1(x, t)−Kyf2(x, t)

To proceed we need to differentiate (3.47a) with respect to t, finding a continuous
function f3 such that

d2

dt2
x = D−1

(
rx(t)− J

d

dt
x−M d

dt
y

)

= D−1
(
rx(t)− Jf1(x, t)−Mf2(x, t)

)
= f3(x, t)

Therefore, there exists a continuous function f4 such that

d

dt
z = f4(x, t) (3.50)

Consequently, the equations (3.48), (3.49) and (3.50) represent an explicit ordinary
differential equation system. This means that the differentiation index of the circuit
system (3.47) is at most 2.

Remark 3.2.9.
For circuits with neither CV +-loops nor LI-cutsets, the possibility to construct a tree
containing all C-elements and does not contain L-elements, implies that the submatri-
ces QV C, QCC, QLL and QLI are all zeros. Consequently, the system (3.47) coincides
with system (3.28) which is of index 1.

In general, an electrical circuit modeled by the MNA is of index 2 if there is a
CV +-loop or an LI-cutset as observed in Theorem 3.2.1. While for the circuit DAE
(3.47) determined by loop and cutset formulations, it is not necessary to obtain an
index-2 system in the presence of a CV +-loop or an LI-cutset. This is justified in the
following theorem.

Theorem 3.2.3.
The DAE (3.47) yield by loop and cutset formulations is, for consistent initial condi-
tions, uniquely solvable and

(i) is a DAE of index-1 if the following 2 statements hold

(a) there is no CV +-loop or any fundamental loop associated to a (link) capac-
itor does not contain other (twig) capacitors

(b) there is no LI-cutset or any fundamental cutset associated to an inductor
does not contain other (link) inductors

(ii) Otherwise, the DAE is of differentiation index-2.
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Proof. The topological conditions of the index-1 case are equivalent to

(QV C = 0 or Q>CC = 0) and (QLL = 0 or Q>LI = 0)

Therefore, it is sufficient to show that

1. If QV C 6= 0 and Q>CC 6= 0 then QV CClQ
>
CC 6= 0.

2. If QLL 6= 0 and Q>LI 6= 0 then Q>LIClQLL 6= 0.

If statement 1 or 2 is satisfied then the matrix K is a nonzero matrix and the DAE
(3.47) is of index-2. The proof of the statements 1 and 2 is analogous, we will prove
only one of them.

In order to show that statement 1 is true, we proceed as follows. Assume that
the circuit contains a CV +-loop, then QV C 6= 0, which is not sufficient to have
QV CClQ

>
CC 6= 0.

• If QCC = 0 then QV CClQ
>
CC = 0. Therefore, matrix K in system (3.47) is a

zero matrix and an index-1 system is obtained. Having QCC = 0 means that
the fundamental loop associated to a capacitor link does not contain (twig)
capacitors, see Example 3.5.

• If QCC 6= 0, we can show that QV CClQ
>
CC 6= 0. Let the circuit contains m ∈

N voltage sources and a number of capacitors of which t ∈ N capacitors are
associated to twigs and l ∈ N are on links.

We will first assume that there is a capacitor, labaled 1, belongs to a CV -loop
with n ≤ m voltage sources and k ≤ t capacitors such that these voltage sources
and capacitors do not belong to a fundamental loop associated with another
capacitor. Then QV C and Q>CC can be written

QV C =

1 2 · · · l





±1 0 · · · 0 1
...

...
...

...
±1 0 · · · 0 n

0 ∗ · · · ∗ n+1
...

...
...

...
0 ∗ · · · ∗ m

, Q>CC =

1 · · · k k+1 · · · t





±1 · · · ±1 0 · · · 0 1

∗ · · · · · · · · · · · · ∗ 2
...

...
...

∗ · · · · · · · · · · · · ∗ l

Recalling that Cl is a diagonal positive definite matrix, then QV CClQ
>
CC 6= 0.

Now suppose that there is another capacitor, labeled 2, on a link whose asso-
ciated fundamental loop contains at least a voltage source and a capacitor in
common with the fundamental loop associated with the first labeled capacitor.
Suppose, without loss of generality, that the first labeled V and C have the same
orientation.

If the first and the second labeled capacitors have the same orientation, then
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QV C and Q>CC can be arranged as follows

QV C =

1 2 3 · · · l





1 1 0 · · · 0 1

±1 ∗ 0 · · · 0 2
...

...
...

...
...

±1 ∗ 0 · · · 0 n

0 0 ∗ · · · ∗ n+1
...

...
...

...
...

0 0 ∗ · · · ∗ m

, Q>CC =

1 2 · · · k k+1 · · · t





±1 ±1 · · · ±1 0 · · · 0 1

±1 ∗ · · · ∗ ∗ · · · ∗ 2

∗ ∗ · · · ∗ ∗ · · · ∗ 3
...

...
...

...
...

...
∗ ∗ · · · ∗ ∗ · · · ∗ l

and if the first and the second labeled capacitors have opposite orientation, then
QV C and Q>CC can be arranged as follows

QV C =

1 2 3 · · · l





1 −1 0 · · · 0 1

±1 ∗ 0 · · · 0 2
...

...
...

...
...

±1 ∗ 0 · · · 0 n

0 0 ∗ · · · ∗ n+1
...

...
...

...
...

0 0 ∗ · · · ∗ m

, Q>CC =

1 2 · · · k k+1 · · · t





±1 ±1 · · · ±1 0 · · · 0 1

∓1 ∗ · · · ∗ ∗ · · · ∗ 2

∗ ∗ · · · ∗ ∗ · · · ∗ 3
...

...
...

...
...

...
∗ ∗ · · · ∗ ∗ · · · ∗ l

It follows that QV CClQ
>
CC 6= 0. (observe the multiplication of the first row of

QV C and the first column of Q>CC , which is nonzero).

Example 3.5.

vs

e1

L

e2

C2

C1

Figure 3.13: Electrical circuit with CV-loop. The green branches form the tree con-
sidered.

The circuit in Figure 3.13 is of index-2 according to the MNA model because there is
a voltage source and a CV -loop. The equations determined by the MNA are given the
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DAE system

C1e
′
1 + C2(e′1 − e′2) + iV = 0

C2(e′1 − e′2) + iL = 0

Li′L − e2 = 0

−e1 = vs(t)

On the other hand, using the tree in Figure 3.13, we get for the circuit DAE system
(3.47) the fundamental cutset matrix

Q =

[
QV C QV L

QCC QCL

]
=

[
−1 −1
0 −1

]
.

We note that QCC = 0 gives K = 0 in system (3.47). The loop-cutset equations are
given the index-1 DAE

C2v
′
C2
− iL = 0

Li′L + vC2 + vs(t) = 0

C2v
′
C2
− C1v

′
s(t) = iV

3.3 Conclusion
In this chapter we introduced the MNA modeling approach for electrical circuits,

so that we can have a closer insight into the relation between graph theory, the circuit’s
structure and its DAE index. The topological interpretation of the circuit’s DAE is
the key point of tree-based modeling. Followed by this we introduced the topological
decoupling of circuit DAEs of indices 1 and 2 in loop-cutset formulation. For index-1
case, system (3.28), we were able to construct a suitable decomposition of the matrices
so that a natural port-Hamiltonian DAE structure is visible and that will be later
exploited for a convergent splitting approach that is explicit and energy preserving
in the dynamic part, Chapter 5. After that we discussed from a topological point of
view, the differentiation index of the linear circuit DAE modeled by branch oriented
loop-cutset formulation. Finally, we showed in Theorem 3.2.3 that the presence of
either a CV -loop or an LI-cutset is not a sufficient condition to imply an index-2
DAE.
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Chapter 4

Coupled Electromagnetic
Field-Circuit Modeling

The manufacturing of electromagnetic (EM) devices is a rapidly developing field,
and this led to smaller chip sizes while operating in high frequencies. Therefore,
equivalent circuits are no longer efficient to generate such electromagnetic and semi-
conductor device models. For the circuit computer-aided design to keep pace with
the progress in technology, it was needed to combine circuit simulation directly with
device simulation. This strategy involves coupling the electrical network’s system
of equations to a refined model described by a sufficiently accurate discretization of
Maxwell’s equations. In this way, the physical behavior of the EM device is provided.

It is common in electrical engineering to couple circuit and device simulation [42],
whereas in mathematics it is a recent research field. Several modeling approaches
were proposed, mainly focused on modified nodal analysis (MNA) as an electrical
network modeling approach. The overall coupled system is a differential-algebraic
equation, whose index has been analyzed in literature with different distributed ele-
ments like semiconductors [103] and lossy transmission lines [104]. The broad range
of strategies in handling field-circuit coupled problems have opened wide prospects
concerning theoretical and numerical analysis [95, 96, 97, 98].

Our goal is to propose a new modeling approach for the field-circuit coupled sys-
tem that is suitable for operator splitting methods. The electromagnetic devices are
described by the classical formulation of Maxwell’s equations (MEs) and spatially
discretized by the finite integration technique (FIT). Regarding the circuit network
equations, we make use of the branch oriented loop-cutset approach. In order to
achieve this, we restricted ourselves to some topological assumptions.

This Chapter is organized as follows. First, we briefly introduce the differential and
integral forms of MEs, their basic properties, and the material constitutive relations.
We append that with the interface and boundary conditions for the finite domain
under consideration. We then introduce the spatial discretization of the model equa-
tions using the FIT. Additionally, we provide a platform for the coupled modeling by
defining excitations. After that, we couple an electrical circuit modeled using MNA
to the field equations and we analyze the dissection index of the resulting DAE sys-
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tem. Followed by this, we show that the EM device modeled with E-H formulation
defines a capacitance-like element and a consequent differential index result is drawn.
We conclude this chapter by introducing a topological decoupled field-circuit coupled
model in which the circuit network equations are derived from loop-cutset equations.

4.1 Electromagnetic Devices
Devices that are driven by the interaction between electric and magnetic fields

are known as electromagnetic (EM) devices. Nowadays, electromagnetic devices form
an essential part of our life, integrated into medical imaging, radars, mobile phones,
credit cards, and much more. This rapid technological development and its conse-
quences, which are manifested, for instance, in small chip sizes and high frequencies,
has motivated the replacement of laboratory testing by numerical simulations that
characterize the EM device performance properly.

The macroscopic electromagnetic phenomena is described by Maxwell’s equations
(MEs) [71, 72], which are a set of four coupled partial differential equations. This
means that the coupled DAE system arises, originates from the semi-discretization
of a partial differential-algebraic system (PDAE) system. In addition to the classical
E-H formulation of MEs, several equivalent formulations were developed, taking into
account the particular application and the numerical schemes of interest. For example,
the A-ϕ formulation [73, 74, 75], the T -Ω formulation [76] and the E-ϕ formulation
[79]. In this work, we are interested in the classical E-H formulation that will be
introduced in this section.

4.1.1 Maxwell’s Classical Equations

Maxwell’s equations are a set of four equations that describe how electric and mag-
netic fields propagate, interact and how they are influenced by objects. In 1864, James
Clerk Maxwell took a set of known experimental laws, Faraday’s law, Ampère’s law,
and Gauss’s law, and unified them into a coherent set of equations known as Maxwell’s
equations, Table 4.1.

Gauss’s law for magnetism (4.2) states the absence of magnetic monopoles, while the
second homogeneous equation, that is Maxwell-Faraday’s equation (4.3), describes the
fact that a spatially varying electric field always accompanies a time-varying magnetic
field. Gauss’s law (4.1) and Maxwell-Ampère’s law (4.4) are referred to as inhomo-
geneous MEs. Gauss’s law relates the distribution of electric charges to the resulting
electric field.

The electromagnetic quantities are described by vector valued functions of space
Ω ⊂ R3 and time I ⊂ R. These quantities are the electric and magnetic flux densities
D,B : Ω× I −→ R3 and the electric and magnetic fields E,H : Ω× I −→ R3. The
continuous functions ρ : Ω × I −→ R and J : Ω × I −→ R3 are the electric charge
densities and the electric current densities, respectively. The quantities’ SI units are
collected in Table 4.3. The set of MEs given in Table 4.1 is written in the differen-
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tial form. An equivalent integral form, provided in Table 4.2, can be derived by the
application of Gauss’s and Stokes’ theorems.

Name Differential form

Gauss’s law (GL) ∇ ·D(x, t) = ρ(x, t) (4.1)

Gauss’s law for magnetism (GLM) ∇ ·B(x, t) = 0 (4.2)

Maxwell-Faraday’s law (MF) ∇×E(x, t) = − ∂

∂t
B(x, t) (4.3)

Maxwell-Ampère’s law (MA) ∇×H(x, t) = J(x, t) +
∂

∂t
D(x, t) (4.4)

Table 4.1: Maxwell’s equations in differential vector valued formulation.

Name Differential form

GL
¨
∂V

D(s, t) · ds =

˚
V

ρ(x, t) dx (4.5)

GLM
‹
∂V

B(s, t) · ds = 0 (4.6)

MF
˛
∂S

E(l, t) · dl = −
¨
S

B(s, t) · ds (4.7)

MA
˛
∂S

H(l, t) · dl =

¨
S

(
J(s, t) +

∂

∂t
D(s, t)

)
· ds (4.8)

Table 4.2: Maxwell’s equations in integral formulation.

We denote by Jt : Ω×I −→ R3 the total current density flowing through a spatial
point at specific time, to be defined as the summation of the so-called displacement
current density Jd := ∂

∂t
D(x, t) and the electric current density J . The total current

density is given by

Jt(x, t) :=
∂

∂t
D(x, t) + J(x, t)

Observe that, due to the identity ∇ · ∇× ≡ 0, the total current through a closed
surface ∂Ω is zero. Indeed,ˆ

∂Ω

Jt(s, t) ds =

ˆ
∂Ω

∇×H(s, t) ds =

ˆ
Ω

∇ · ∇ ×H(x, t) dx = 0 (4.9)

Similar to many dynamical applications, MEs are written in curl and divergence
language. The used differential operator are given in Table 4.4 below.

A relationship between the conduction current density and the charge density is
given by the current continuity equation

∇ · J(x, t) +
∂

∂t
ρ(x, t) = 0 (4.10)
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quantity notation SI unit
magnetic flux density B [T ] = [V s/m2]
electric flux density D [C/m2]

electric field E [V/m]
magnetic field H [A/m]

conduction current density J [A/m2]
electric charge density ρ [C/m3]

Table 4.3: Electromagnetic quantities and their units

Differential operator notation
partial time derivative ∂

∂t

gradient ∇
divergence ∇·

curl ∇×

Table 4.4: Differential operators

The current continuity equation (4.10) represents an essential feature of Maxwell’s
equations, that is the conservation of electric charges. This equation can be obtained
by applying time derivative and divergence on (4.1) and (4.4), see further [74, 75].

Remark 4.1.1.
Kirchhoff’s circuit laws can be derived from Maxwell’s equations under certain assump-
tions. More precisely, they are obtained from the integration of Maxwell-Faraday’s law
and the application of the divergence operator to Maxwell-Ampère’s law, assuming that
the magnetic flux and the total charge change negligibly with time, see e.g. [44].

4.1.2 The Constitutive Relations

Maxwell’s equations (4.1)-(4.4) as already presented are not yet complete, there are
more unknowns than equations. MEs are completed by three constitutive equations
that relate E and H to D, B and J . The resultant system is then referred to as the
classical E-H formulation. The constitutive relations depend on the material prop-
erties in the domain where EM field is settled. These properties are the permittivity
ε : Ω −→ R3×3, the permeability µ : Ω −→ R3×3 and the conductivity σ : Ω −→ R3×3.

The constitutive relations in the presence of linear material read:

D(x, t) = ε(x)E(x, t), B(x, t) = µ(x)H(x, t), Jc(x, t) = σ(x)E(x, t) (4.11)

where Jc : Ω × I −→ R3 is the conduction current density. From here on, we drop
the space and time arguments for readability.

The current density J in (4.4) can be split into

J = Jc + Js

where Js : Ω× I −→ R3 is the electric source current density [144].
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Assumption 4.1.1 (material properties).
The permittivity ε and the permeability µ are symmetric positive definite, and the
conductivity σ is symmetric positive semi-definite.

Remark 4.1.2.
The relations (4.11) can correspond to linear, inhomogeneous and isotropic materials.
In the case of more complicated mediums, these relations are needed to be extended.
For nonlinear material, for example, the equations depend on the field quantities, see
[80].

Classification of Electromagnetic Problems

Before concluding this subsection, we briefly distinguish between three common
simplifications of MEs that have an impact on the solution, see further [81]. These
simplifications are:

(i) Static field: The time dependence in the EM quantities are neglected, this means
∂
∂t
D = 0 and ∂

∂t
B = 0.

(ii) Magnetoquasistatic (MQS): The variation of the electric flux density with respect
to time is negligible, i.e. ∂

∂t
D = 0.

(iii) Electroquasistatic (EQS): The variation of the magnetic flux density with respect
to time is negligible, i.e. ∂

∂t
B = 0.

In this thesis, we focus on the full set of MEs, that is, no simplifications are taken into
consideration.

4.1.3 Interface and Boundary Conditions

Generally, the electromagnetic fields described by Maxwell’s equations (4.1)-(4.4)
are defined over infinite domains and for all time t ∈ R. For the sake of numerical
simulations, we need to restrict ourselves to finite open, bounded and connected do-
main Ω ⊂ R3 with a connected boundary ∂Ω and to a time interval I = [t0, T ]. By
assuming that the device is surrounded by an idealistic material, that is sufficiently
far away from the device, we will be dealing with an artificially bounded problem and
artificial boundary conditions will arise.

Maxwell’s equations hold in regions with smooth constitutive relations. If a surface
S is separating two homogeneous media, discontinuities will occur in the material
functions ε, µ, and σ and therefore in the constitutive relations. In this section, we
describe the behavior of the electromagnetic fields at the interface of two materials
and the boundary of the domain of consideration.

Interface Conditions

We consider two different materials 1 and 2 occupying the disjoint regions Ω1 and
Ω2 with Γ = ∂Ω1 ∩ ∂Ω2 being the interface, that is, the internal boundary between
them. denote by nΓ the interface unit normal vector, assumed to be exterior to Ω1.
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The interface conditions are obtained by applying Gauss’s and Stokes’s theorems to
MEs in infinitesimal region at Γ:

(D|Ω2 −D|Ω1) · nΓ = ρs (4.12a)
(B|Ω2 −B|Ω1) · nΓ = 0 (4.12b)

(E|Ω2 −E|Ω1)× nΓ = 0 (4.12c)
(H|Ω2 −H|Ω1)× nΓ = Js (4.12d)

with ρs is the surface charge density and Js is the surface current density. For detailed
derivation of the identities (4.12), refer to [74, 75]. The conditions (4.12) indicate that
the normal component of B and the tangential component of E are continuous across
the interface Γ. Further, the normal component ofD is continuous if there is no surface
charge on the interface and the tangential component of H is continuous across the
interface if there is no surface current. A visualization of the interface is graphically
represented in Figure 4.1.

Figure 4.1: Interface condition visualization. The subscripts 1 and 2 indicate quanti-
ties restricted to the regions Ω1 and Ω2, n and τ refer to the normal and the tangential
components, respectively. (figure reference [17]).

Spatial Boundary Conditions

For solving electromagnetic problems and obtaining a unique solution, it is nec-
essary to have at least one Dirichlet boundary part among ∂Ω, see [86]. One can
mainly distinguish between the physical boundary ∂Ωphy and the artificial boundary
∂Ωart with ∂Ω = ∂Ωphy ∪ ∂Ωart. The physical boundary is the region represented
by a finite number of contacts where an EM device usually communicates with the
outer environment. This communication can be realized by incorporating additional
excitations, for instance, these will be in this work given by the known source current
density Js. Whereas the artificial boundary is on which the electromagnetic influence
becomes negligible and thus can be excluded from computation.

In the literature, there are many possibilities to describe the artificial boundaries, for
example, the open boundary, the periodic boundary, the electric boundary, and the
magnetic boundary conditions, [82, 83, 84, 85]. In the following, we will provide the
electric boundary condition and the magnetic boundary condition. Both conditions
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can be deduced from the interface relations (4.12), read further [17].

Let n be the outer unit normal on ∂Ωart, two main types of boundary conditions (BCs)
are:

(i) Electric boundary condition (EBC): It is the case when assuming a perfectly
electrically conducting (PEC) medium at the boundary (σ → ∞). If this type
of BCs is applied, the tangential component of the electric field vanishes at the
boundary, yielding

E × n = 0, on ∂Ωart × I (4.13a)
B · n = 0, on ∂Ωart × I (4.13b)

(ii) Magnetic boundary condition (MBC): It is the case when assuming a perfectly
magnetically permeable medium at the boundary (µ → ∞). If this type of
BCs is applied, the tangential component of the magnetic field vanishes at the
boundary, yielding

H × n = 0, on ∂Ωart × I (4.14a)
D · n = 0, on ∂Ωart × I (4.14b)

The choice of suitable boundary conditions that mimic the physical behavior of a dy-
namical system is essential in problem-solving. Otherwise, the solution might diverge
or converge to the wrong solution. The mathematical distinction between BCs de-
pends on the variables chosen to describe the problem. For example, in an E-based
formulation, EBC correspond to Dirichlet conditions and MBC to Neumann condi-
tions. While in an H-based formulation MBC correspond to Dirichlet conditions and
EBC to Neumann conditions. It follows that in our system of consideration, E-H
formulation, there is no advantage of a condition over the other, thus we will restrict
ourselves to PEC medium.

Besides the spatial BCs, also initial conditions have to be set at the starting time
point t0 for the considered vector fields. The initial conditions are selected to be a
possible solution of the PDE to guarantee consistency.

4.2 Finite Integration Technique
This section introduces a spatial discretization method for solving Maxwell’s equa-

tions in their integral form. This discretization method is called the finite integration
technique (FIT) and was originally formulated and developed in 1977 by Thomas
Weiland [88]. Similar to the finite difference time domain (FDTD) method [90], the
FIT makes use of staggered grid. On the other hand, FDTD method is applied to
the differential form of MEs. Over the years, FIT allows to achieve computationally
fast implementations in simulating the electromagnetic phenomena in 3 dimensional
complex structured domains, see further [94].
In what follows, we will consider the simplest case of 3D orthogonal Cartesian mesh.
Nevertheless, the FIT covers other types of meshing such as triangular meshes, sub-
gridding techniques and non-orthogonal meshes [92, 93, 91].
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4.2.1 Spatial Discretization

The starting point in the FIT is the discretization of the closed domain Ω ⊂ R3 into
a finite number of three-dimensional volumes so that the intersection of two different
volumes is either empty or a two-dimensional facet, a one-dimensional link or a zero-
dimensional mesh point. This decomposition yields a cell complex written as a set
G = P ∪ L ∪ F ∪ V with mesh points P = {P (i) | i ∈ NP}, links L = {L(i) | i ∈ NL},
facets F = {F (i) | i ∈ NF} and volumes V = {V (i) | i ∈ NV} where NP , NL, NF and
NV are the associated index sets. We refer to the cell complex objects P (·), L(·), F (·)
and V (·) as p-cells, for p = 0, 1, 2, 3, according to their geometrical dimension. To be
more specific, we are considering here a rectilinear grid in Cartesian coordinates and
the cell complex G reads

G = {V (ix, iy, iz) |V (ix, iy, iz) = [xix , xix+1]× [yiy , yiy+1]× [ziz , ziz+1],

ix = 1, · · ·Nx − 1, iy = 1, · · ·Ny − 1, iz = 1, · · ·Nz − 1}

where Nx, Ny and Nz are the total numbers of grid mesh points in x-, y- and z-
direction, respectively. The total number of mesh points is then N = NxNyNz.

A geometrical representation of the p-cells is shown in Figure 4.2.

Figure 4.2: Sketch of p-cells: There is P (·) for mesh points, V (·) for volumes, L(x, ·),
L(y, ·), L(z, ·) for links and F (x, ·), F (y, ·), F (z, ·) for facets orthogonal to the x-, y-
and z-axis, respectively. (figure reference [17]).

The FIT makes use of two cell complexes for Ω which are dual to each other. In other
words, the computational meshes are staggered, see Figure 4.3.

Definition 4.2.1 (Dual cell complex).
For the same domain Ω, let G = P ∪ L ∪ F ∪ V and

∼G=
∼P ∪ ∼L ∪ ∼F ∪ ∼V be two cell

complexes, then
∼G is said to be a dual cell complex to the primal cell complex G if each

p-cell of G is related to exactly one (3− p)-cell of ∼G as follows:

(i) Each primal mesh point P (i) ∈ P is contained in exactly one dual volume
∼
V

(j) ∈∼V

(ii) Each primal link L(i) ∈ L intersects exactly one inner dual facet
∼
F (j) ∈∼F

(iii) Each primal facet F (i) ∈ F is intersected by exactly one inner dual link
∼
L (j) ∈∼L
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(iv) Each primal volume V (i) ∈ V contains exactly one inner dual mesh point
∼
P

(j) ∈∼P
The dual index sets N∼

P
, N∼

L
, N∼

F
and N∼

V
are chosen such that above conditions hold

for i = j.

Figure 4.3: Allocation of primary and dual cells.

Remark 4.2.1.
With Definition 4.2.1, it is ensured that there is a one-to-one relation between mesh
points and links of G and volumes and facets of

∼G and vice versa.

Regarding the orientation of the links and facets, it is given as follows: the front
mesh point of the link L(w, i) in w-direction is P (i). A facet’s F (w, i) normal vector
point in w-direction and a volume V (i) points outward, see Figure 4.4. Note that the
index i may contain triplets for the sake of construction in three dimensions.

Figure 4.4: Orientation of the p-cells of cell complex G. (figure reference [17]).

Assumption 4.2.1 (orthogonal staggered).
The primal and dual cell complexes G and

∼G are chosen such that the primal links
are orthogonal to their dual facets, and vice versa. Further, the primal and dual
counterparts have the same orientation.
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Remark 4.2.2.
The FIT for rectilinear staggered meshes on a finite domain of brick shape constructed
here avoids ghost cells, as explained in [17]. The implementations carried out in
Chapter 6 are based on this criteria.

4.2.2 Maxwell’s Grid Equations

In order to obtain the desired discretized electromagnetic problem, the integral
form of Maxwell’s equations and the constitutive relations are mapped to the cell
complexes G and

∼G. For this purpose, new integral state quantities, i.e. electromag-
netic quantities integrated over p-cells, are introduced as variables of the FIT. These
quantities result from the integration of the classical electromagnetic quantities, those
are the fields and fluxes, over either volumes, surfaces or contours. For detailed deriva-
tion we refer to [17] and [88].

In the following step of FIT, a one-to-one relation of the primal and dual cells is set
up by separating the dual boundary’s p-cells from the considered operators and quan-
tities. According to the chosen orientation, we define the mesh quantities as follows:

>ei(t) :=

ˆ
L(i)

E(l, t) · dl, ∀L(i) ∈ L (4.15a)

>>
bi(t) :=

¨
F (i)

B(s, t) · ds, ∀F (i) ∈ F (4.15b)

>
hi(t) :=

ˆ
L̃(i)

H(l, t) · dl, ∀ ∼L (i) ∈∼L (4.15c)

>>
di(t) :=

¨
F̃ (i)

D(s, t) · ds, ∀ ∼F (i) ∈∼F (4.15d)

>>
ji(t) :=

¨
F̃ (i)

J(s, t) · ds, ∀ ∼F (i) ∈∼F (4.15e)

>>>qi(t) :=

˚
Ṽ (i)

ρ(r, t) dr, ∀ ∼V (i) ∈∼V (4.15f)

with >e : I −→ RNL the electric mesh voltages and
>>
b : I −→ RNF the magnetic

mesh fluxes. The quantities >e and
>>
b are both assigned to the p-cells of the same cell

complex, here it is the primal cell G. This is due to the relation between E and B by
Maxwell-Faraday’s law (4.3). Further,

>
h : I −→ RNF are the magnetic mesh voltages,

>>
d : I −→ RNL the electric mesh fluxes,

>>
j : I −→ RNL the electric mesh currents

and
>>>q : I −→ RNL the distribution of charges. The later quantities are related by

Maxwell-Ampère’s law (4.4) and are assigned to the p-cells of
∼G. The integral state

quantities are tagged by arcs according to the underlying geometry.

Furthermore, we define the discrete curl operators C ∈ {−1, 0, 1}NF×NL and
∼
C∈ {−1, 0, 1}NL×NF and the discrete divergence operators S ∈ {−1, 0, 1}NV×NF and
∼
S∈ {−1, 0, 1}NP×NL on the primal and dual mesh, respectively.
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Note that due to the identity ∇ · ∇× ≡ 0, we have

SC = 0,
∼
S

∼
C= 0 (4.16)

Additionally, due to the duality of the cell complexes and one-to-one relation, we
obtain the following property

C> =
∼
C (4.17)

Identities (4.16) and (4.17) are shown, for instance, in [83, 89].

With the introduced mesh quantities (4.15) and the discrete operators, Maxwell’s grid
equations (MGE) are given by

∼
S

>>
d =

>>>q (4.18a)

S
>>
b = 0 (4.18b)

C>e = − ∂

∂t

>>
b (4.18c)

∼
C

>
h =

>>
j +

∂

∂t

>>
d (4.18d)

As well as a semi-discrete version of the current continuity equation (4.10) is obtained:

∼
S

>>
j +

d

dt

>>>q = 0 (4.19)

which indicates the conservation of charges by the spatially discretized Maxwell’s
equation. The conservation equation (4.19) can be derived independently from MEs,
based on the physical property it identifies. Therefore, by assuming that the charges
are conserved, equations (4.18a) and (4.18b) follows from (4.19) and the discrete
operator properties (4.16).

Until this point, Maxwell’s grid equations do not include any approximation error.
However, MGEs have to be completed with spatially discretized constitutive relations,
established by means of material matrices [88]

>>
d = Mε

>e,
>>
b = Mµ

>
h,

>>
jc = Mσ

>e (4.20)

with
>>
jc : I −→ RNL the conductive current density. The material matricesMε,Mµ and

Mσ represent the permittivity, permeability and conductivity, respectively. Depending
on the homogenization of the materials and the p-cells’ geometry, the relations (4.20)
introduce now a discretization error [88].

Besides the constitutive grid relations (4.20), boundary conditions still need to be
incorporated. In this work, we focus on PEC boundaries. Thus, a spatially discretized
version of these boundaries are required. We first introduce the reduced index sets

N bound
P := {i ∈ NP |P (i) ⊂ ∂Ω},
N bound
L := {i ∈ NL |L(i) ⊂ ∂Ω},
N bound
F := {i ∈ NF |F (i) ⊂ ∂Ω},

N int
P := NP\N bound

P

N int
L := NL\N bound

L

N int
F := NF\N bound

F
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The spatially discretized boundary conditions are then given by

>ei = 0 ∀i ∈ N bound
L (4.21a)

>>
di = Mε

>ei = 0 ∀i ∈ N bound
L (4.21b)

>>
jc,i = 0 ∀i ∈ N bound

L (4.21c)
>
hi = 0 ∀i ∈ N bound

F (4.21d)
>>
bi = Mµ

>
hi = 0 ∀i ∈ N bound

F (4.21e)

Motivated by these boundary conditions, we introduce the following reduced discrete
operators, material matrices and integral quantities

∼
S

red
:= (

∼
Sij)i∈N int

P ,j∈N int
L
,

>>
d

red
:= (

>>
di)i∈N int

L

∼
C

red
:= (

∼
Cij)i∈N int

L ,j∈N int
F
,

>>
j
red

:= (
>>
ji)i∈N int

L

Cred := (Cij)i∈N int
F ,j∈N int

L
,

>
h

red
:= (

>
hi)i∈N int

F

M red
ε := (Mεij)i∈N int

L ,j∈N int
L
, >ered := (>ei)i∈N int

L

M red
σ := (Mσij)i∈N int

L ,j∈N int
L
,

>>
b

red
:= (

>>
bi)i∈N int

F

M red
µ := (Mµij)i∈N int

F ,j∈N int
F
,

that allow to eliminate all corresponding entries that vanish. Hence, we obtain

Cred>ered = − ∂

∂t

>>
b

red
,

∼
S

red >>
d

red
=

>>>q
red
,

∼
C

red >
h

red
=

>>
j
red

+
∂

∂t

>>
d

red
, Sred

>>
b

red
= 0

equipped with the constitutive grid equations

>>
d

red
= M red

ε
>ered,

>>
b

red
= M red

µ

>
h

red
,

>>
j
red

c = M red
σ

>ered

From here on, we omit the subscript (·)red for the sake of readability.

Modeling excitations

Besides the boundary grid conditions (4.21), the connection between the electro-
magnetic device and the external environment is to be taken into consideration when
simulating on a bounded domain. Indeed we have

>>
ji =

>>
js,i for some i ∈ N bound

P (4.22)

with the source current density
>>
js : I −→ RN int

L serving as some excitation. Note that
the range of

>>
js is RN

int
L , and according to the geometrical structure of the grid, we can

associate an internal link to the corresponding boundary mesh point. Therefore, the
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indexing in (4.22) can be defined.

Incorporating the boundary conditions and excitations, we end up MGEs system of
the form [101]

Mµ
>
h
′
+C>e = 0 (4.23a)

Mε
>e′ −C>>

h +Mσ
>e−

>>
js = 0 (4.23b)

We sum up what we have as follows: The Maxwell’s grid equations (4.23) model the
electromagnetic phenomena for which

• The matrices satisfy Assumption 4.1.1,

• The three-dimensional domain Ω is connected, bounded and surrounded by per-
fectly conducting material,

• Spatial discretization is carried using FIT with Assumption 4.2.1.

Material matrices’ properties:

(i) The permittivity and permeability matrices Mε and Mµ are symmetric positive
definite.

(ii) The conductivity matrix Mσ is symmetric positive semi-definite.

The material matrices’ properties have been used as standard assumptions in [15, 17,
82], and are of importance in numerical analysis.

Electromagnetic energy

The total energy stored in electromagnetic fields is given by

Wtotal = WE +WM =
1

2

ˆ
V

E(x, t) ·D(x, t) dx+
1

2

ˆ
V

H(x, t) · B(x, t) dx

=
1

2

ˆ
V

(
εE2(x, t) + µH2(x, t)

)
dx

where WE and WM are the electric and magnetic field energies, respectively. Analo-
gous to the spatial discretization of Maxwell’s equations using the finite integration
technique, the electric and magnetic field energies are spatially discretized and the
total discrete electromagnetic energy is obtained

Wtotal =
1

2
>e>Mε

>e +
1

2

>
h
>
Mµ

>
h (4.24)

It is sufficient here to have the energy formula (4.24). Derivation and further conser-
vation analysis are performed, for instance, in [102].
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4.3 Coupled Modeling
Coupling approaches for electrical circuits and electromagnetic (EM) field models

attracted researchers and electrical engineers as the lumped circuit models became in-
sufficient under some conditions. This happens when field models are needed to treat
some devices, for instance, to resolve nonlinear wave propagation effects or frequency-
dependent current distributions. Coupled models have made the testing of EM field
devices more accurate and realistic. The field-circuit coupled problems have been
widely considered in different approaches, among which are magnetoquasistatics and
electroquasistatics, where the field equations are spatially discretized using finite el-
ements, finite differences, or finite integration technique (FIT), see [95, 96, 97, 98].
The modeling of coupled electrical circuits using MNA with full-wave MEs in A-ϕ
formulation was considered in [15] and [17].

In this section we consider the modeling and analysis of coupled electrical circuits
with the classical MEs in E-H formulation which are spatially discretized using FIT.
Additionally, the electrical circuits are modeled using both, the MNA and the branch
oriented loop-cutset approaches. The reason for the first choice, the MNA, is for a
convenient index analysis that harmonies with our tree-based modeling. Whereas, the
choice of the second modeling approach, on which we focus in this treatise, is to obtain
a topologically decoupled system suitable for operator splitting. Regarding the index
analysis, we make use of the dissection index concept as well as the differentiation
index concept by showing that an EM device modeled using E-H formulation can be
considered as a capacitance-like element.

The approach we present for field-circuit coupling differs from the topological method
used in [98], the latter uses signal flow graph to couple lumped parameters to A-ϕ for-
mulation discretized with the finite element method (FEM) and it retains symmetry.
The here presented approach exploits the skew-symmetry property of both, electric
and magnetic parts.

For the sake of simplicity, we assume that there is only one EM device. We consider
an electrical circuit that consists of standard lumped elements satisfying Assumption
3.2.1 and an electromagnetic device E. The electric circuit can be viewed as a hy-
pergraph H = (N , E) with set of nodes N and set of hyperedges E which is reduced
to an oriented graph G = (N ,B), as defined in Section 3.1. Denoting by AE the EM
device branch relations, iE the branch currents and vE the branch voltages, the linear
circuit equations modeled using MNA can be written as

ACCA
>
Ce
′ + ARGA

>
Re+ ALiL + AV iV + AEiE + AIis(t) = 0 (4.25a)

Li′L − A>Le = 0 (4.25b)
A>V e− vs(t) = 0 (4.25c)

Further, the EM device is modeled by Maxwell’s grid equations (4.23). Before we
introduce the topological decoupling of the field-circuit coupled, we will bring the
systems (4.23) and (4.25) together and discuss the resultant system’s index.
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4.3.1 Coupling Branches, Voltages and Currents

Despite the used approach in modeling the electrical circuit’s equations and in order
to perform a coupling that maintains the physical statement, we first ensure that the
charges are conserved. On one hand, the identity (4.9) indicates that the total flow of
charges through the boundary ∂Ω is zero. On the other hand, for Kirchhoff’s laws to
be applicable, some parts of ∂Ω are to be attached to electrical circuit’s nodes. For
branch coupling, the EM device is assumed to be connected to the electrical circuit,
satisfying Assumption 4.3.1 and follows the approach in [17].

Assumption 4.3.1.

(i) The boundary ∂Ω of the EM device consists of mE + 1 disjoint nonempty parts
Γj ⊂ ∂Ω, for j = 0, · · · ,mE. Each of these parts is connected to exactly one
circuit node, which among is the ground node that is associated with the boundary
part Γ0.

(ii) Each contact region Γj contains at least one primal boundary mesh point P (i)
with i ∈ N bound

P , that is incident to the primal link L(k) with k ∈ N int
L .

(iii) For all P (i) belonging to the contact region Γj holds i ∈ N bound
P and ∂

∼
V (i)∩Ω ⊂

Γ̄j.

We further note that the boundary parts Γj can be disconnected. The nodes that
are connected to Γj’s are referred to as the EM device’s terminals. In particular, the
reference terminal is the node attached to Γ0. By embedding the ground node in the
set of terminals in Assumption 4.3.1, we can define the incidence matrix of the EM
device AE ∈ {0, 1}(n−1)×mE , where (n−1) is the total number of circuit nodes but the
ground node, as follows

(AE)i,j :=

{
1 if node i is a non-reference terminal of branch j / i is connected to Γj

0 otherwise

And consequently, the branch voltages vE : I −→ RmE are determined by the expres-
sion vE = A>Ee.

The next step in coupling the zero-dimensional circuit’s equations with the three-
dimensional system of field equations is to couple voltages and currents. In other
words, to distribute the circuit voltages and currents on the field’s domain Ω. For this
purpose, we first define the discrete gradient operator G ∈ {−1, 0, 1}NL×NP on the
primal cell complex G, and we denote by GΓ ∈ {−1, 0, 1}N int

L ×N
bound
P the operator that

maps the boundary mesh points onto the interior mesh links. Further, we define the
following matrix

Λ ∈ {0, 1}Nbound
P ×mE , (Λ)i,j :=

{
1 if mesh point P(i) belongs to Γj

0 otherwise

Then by considering the matrix GΓΛ which in turn maps the exterior mesh nodes mE

onto the interior mesh links, we can express the electric mesh voltages >e by

>e =
1

α
GΓΛvE (4.26)
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where α is the number of mesh links in the direction between contacts. This parameter
is necessary for a correct physical distribution. See for example Figure 4.5, in which
the region contacts are shown in green. The two green regions are connected to the
circuit nodes and in this case α = 4.

Figure 4.5: Aluminium bar model. The primal cell complex is shown.

An important property of the matrix GΓΛ is given in the lemma below.

Lemma 4.3.1 ([17]).
The matrix GΓΛ has a full column rank, knowing that Assumption 4.3.1 is satisfied.

Proof. Each contact region Γj, j = 1, · · · ,mE, contains at least one boundary mesh
point that does not belong to other contact region and therefore Λ has full column
rank and maximal one nonzero entry on each row. By the construction of GΓ, the
rows that belong to primal links such that they have an incident primal boundary
mesh point, contain exactly one nonzero entry, otherwise, the row is zero. Now by As-
sumption 4.3.1, each column of Λ has a nontrivial entry that hits the correspondence
nontrivial entry in the rows of GΓ resulting in a nontrivial column in GΓΛ. Since the
boundary regions do not share the same primal boundary mesh points, then for any
column in Λ, the same nonzero entries in GΓ will not hit again and consequently the
resulting columns of GΓΛ have nonzero entries in different rows only. Hence, GΓΛ
has a full column rank.

Lemma 4.3.1 allows us to rewrite equation (4.26):
1

α
vE = X>s

>e (4.27)

where the matrix Xs ∈ RN int
L ×mE is defined such that its transpose given by

X>s =
[
(GΓΛ)>(GΓΛ)

]−1
(GΓΛ)>

maps the interior mesh links onto the exterior mesh nodes mE. Furthermore, we can
similarly model the excitations by expressing the source current density as

>>
js = XsiE (4.28)

68



Chapter 4 – Coupled Electromagnetic Field-Circuit Modeling

By incorporating equations (4.27) and (4.28) into the EM device’s model equations
(4.23) and the MNA model (4.25), we obtain the coupled system

ACCA
>
Ce
′ + ARGA

>
Re+ ALiL + AV iV + AEiE + AIis(t) = 0 (4.29a)

Li′L − A>Le = 0 (4.29b)
vs(t)− A>V e = 0 (4.29c)

Mµ
>
h
′
+C>e = 0 (4.29d)

Mε
>e′ −C>>

h +Mσ
>e−XsiE = 0 (4.29e)

−A>Ee+ αX>s
>e = 0 (4.29f)

The field-circuit coupled system (4.29) is a linear DAE with constant coefficients of
the form (2.10) where

A =




ACCA
>
C 0 0 0 0 0

0 L 0 0 0 0
0 0 0 0 0 0
0 0 0 Mµ 0 0
0 0 0 0 Mε 0
0 0 0 0 0 0



, B =




ARGA
>
R AL AV 0 0 AE

−A>L 0 0 0 0 0
−A>V 0 0 0 0 0

0 0 0 0 C 0
0 0 0 −C> Mσ −Xs

−A>E 0 0 0 αX>s 0



,

(4.30)
and

x =




e
iL
iV
>
h
>e
iE



, q(t) = −




AIis(t)
0

vs(t)
0
0
0




Dissection Index Analysis

In what follows we analyze, based on the circuit network’s topological structure,
the dissection index of the coupled DAE (4.29). Recall that the here considered
circuit consists of resistors, capacitors, inductors, voltage sources, current sources and
an electromagnetic device where Assumptions 3.2.1 and 4.1.1 hold. A similar analysis
was performed in [17], in which the A-ϕ formulation of Maxwell’s equations is used in
field modeling, and the results obtained differ from what we will have in the topological
sense.

Theorem 4.3.1.
Equipped with a consistent initial condition, the coupled DAE (4.29) is uniquely solv-
able and

(i) it is a DAE of index 1 if: first there is at least one voltage source, or a non-
capacitive cutset; second, there exists no C(V E)+-loops and no LI-cutsets.

(ii) otherwise, it is a DAE having at most dissection index 2.
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Proof. For A and B being the matrices given in (4.30), let {P,Q} be the chain’s first
splitting kernel pair of A given by

P =




PC 0 0 0
0 I 0 0
0 0 0 0
0 0 I 0
0 0 0 I
0 0 0 0



, Q =




QC 0 0
0 0 0
0 I 0
0 0 0
0 0 0
0 0 I




where {PC , QC} is the kernel splitting pair associated with A>C . Observe that A is a
symmetric matrix, we consider the same splitting pair {P,Q} for A and its transpose.
Hence, we obtain

G1 = P>AP =




P>C ACCA
>
C 0 0 0 0 0

0 L 0 0 0 0
0 0 0 Mµ 0 0
0 0 0 0 Mε 0


P =




P>C ACCA>CPC 0 0 0
0 L 0 0
0 0 Mµ 0
0 0 0 Mε




BV
x1

= P>BP =




P>C ARGA
>
R P>C AL P>C AV 0 0 P>C AE

−A>L 0 0 0 0 0
0 0 0 0 C 0
0 0 0 −C> Mσ −Xs


P

=




P>C ARGA
>
RPC P>C AL 0 0

−A>LPC 0 0 0
0 0 0 C
0 0 −C> Mσ


 ,

BV
y1

= P>BQ =




P>C ARGA
>
R P>C AL P>C AV 0 0 P>C AE

−A>L 0 0 0 0 0
0 0 0 0 C 0
0 0 0 −C> Mσ −Xs


Q

=




P>C ARGA
>
RQC P>C AV P>C AE

−A>LQC 0 0
0 0 0
0 0 −Xs


 ,

BW
x1

= Q>BP =



Q>CARGA

>
RPC Q>CAL 0 0

−A>V PC 0 0 0
−A>EPC 0 0 αX>s


 ,

and

BW
y1

= Q>BQ =



Q>CARGA

>
RQC Q>CAV Q>CAE

−A>VQC 0 0
−A>EQC 0 0


 .
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Furthermore, let AV E = [AV AE] and rewrite BW
y1

as follows

BW
y1

=

[
Q>CARGA

>
RQC Q>CAV E

−A>V EQC 0

]

and define {PV E, QV E} to be the splitting kernel pair associated with A>V EQC , i.e.

imQV E = kerA>V EQC

(i) The topological conditions for the index-1 case are equivalent to Q>CAV E having
full column rank, see Lemma A.3.1, and

[
AC AR AV AE

]
having full row

rank, by Theorem A.3.4. Furthermore, the latter condition is equivalent to
Q>V EQ

>
CAR having full row rank. Let (u, v) ∈ kerBW

y1
, that is

Q>CARGA
>
RQCu+Q>CAV Ev = 0

−A>V EQCu = 0

From the second equation follows u ∈ kerA>V EQC meaning that there exists z
such that u = QV Ez. The first equation hence yields, after left-multiplying with
Q>V E

Q>V EQ
>
CARGA

>
RQCQV Ez = 0⇐⇒ z = 0

as G is positive definite and Q>V EQ
>
CAR has a full row rank. Therefore, u = 0.

Since Q>CAV E has a full column rank then Q>CAV Ev = 0 gives v = 0. We conclude
that BW

y1
is non-singular, which yields the index-1 condition.

(ii) At this stage, we need to construct the basis functions for BW
y1
. define {VV ,WV }

and {VE,WE} to be the kernel pair associated with Q>CAV and Q>CAE respec-
tively.

Q>CAVWV = 0, Q>CAEWE = 0

The next basis functions for BW
y1

are given by

Qy1 = Wy1 =



QVQEQR 0 0

0 WV 0
0 0 WE




yielding

Q>y1B
V
y1

>
=




0 −Q>RQ>EQ>VQ>CAL 0 0
W>
V A

>
V PC 0 0 0

W>
EA

>
EPC 0 0 −W>

EX
>
s




and

W>
y1
BW
x1

=




0 Q>RQ
>
EQ
>
VQ
>
CAL 0 0

−W>
V A

>
V PC 0 0 0

−W>
EA

>
EPC 0 0 αW>

EX
>
s




In order to check that the index does not exceed 2, we have to prove that
W ∗
y
>G1Qx1 is nonsingular, where W ∗

y and Qx1 are the basis functions of the
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kernels associated with Q>y1B
V
y1

> and W>
y1
BW
x1
, respectively. This condition is

equivalent to
W ∗
y
>G1Qx1z = 0 =⇒ z = 0

As Qx1z ∈ im Qx1 it is by construction also in kerW>
y1
BW
x1
. Hence, we have to

show that from

W ∗
yG1u = 0 and W>

y1
BW
x1
u = 0 =⇒u = 0

Since kerW ∗
y
> = imBV

y1
Qy1 and im Qx1 = kerW>

y1
BW
x1
, the latter statement is

equivalent to

G1u ∈ imBV
y1
Qy1 and W>

y1
BW
x1
u = 0 =⇒u = 0 (4.31)

which we are going to show in the following:

• Let G1u ∈ imBV
y1
Qy1 with u = (u1, u2, u3, u4), then there exist (y1, y2) such

that

P>C ACCA
>
CPCu1 = P>C AVWV y2 + P>C AEWEy3 (4.32a)
Lu2 = −A>LQCQVQEQRy1 (4.32b)

Mµu3 = 0 (4.32c)
Mεu4 = −XsWEy3 (4.32d)

and assume that W>
y1
BW
x1
u = 0, i.e.

Q>RQ
>
EQ
>
VQ
>
CALu2 = 0 (4.33a)

−W>
V A

>
V PCu1 = 0 (4.33b)

−W>
EA

>
EPCu1 + αW>

EX
>
s u4 = 0 (4.33c)

• Using (4.33a), and since L is symmetric positive definite, then (4.32b) im-
plies that u2 = 0. Moreover, Mµ is a positive definite diagonal matrix, then
u3 = 0.

• The multiplication of (4.32a) by u>1 gives

u>1 P
>
C ACCA

>
CPCu1 = u>1 P

>
C AEWEy3

= αu>4 XsWEy3

= −αu>4 Mεu4

therefore u1 = 0 and u4 = 0 since P>C ACCA>CPC andMε are positive definite
matrices.

Therefore, u = 0 and the statement (4.31) is valid. Hence, index-2 is not ex-
ceeded.

Note that system (4.29) is an ODE if there is neither an EM device E nor a voltage
source V and if there is a spanning tree in the circuit consisting only of capacitors, see
Theorem 3.2.1. It is obvious that in the absence of the EM device, systems (4.29) and
(3.9) coincide. In other versions for the field-circuit coupled system, an ODE might
be obtained under some restrictions, read further [17].
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4.3.2 Electromagnetic Device as a Capacitance-Like Element

As presented in the previous section, a semi-discretized system of partial differ-
ential equations (Maxwell’s equations) coupled to the system of equations describing
the circuit yields a system of differential-algebraic equations. Besides, we have shown
the relation between the DAE dissection index and the topological characteristics of
the circuit’s underlying graph. In this section we deal with the differentiation index of
the field-circuit coupled system, which we deduce by showing that the field modeling
using E-H formulation leads to a capacitance-like element. Intuitively speaking, the
refined model for the EM device under investigation influences the index similar to a
capacitor.

To give a brief overview, generalized circuit elements, i.e. resistance-like, inductance-
like and capacitance-like elements, were introduced to provide a representation for
complex elements that structurally behave like resistances, inductances and capac-
itances and which may for instance contain additional internal degrees of freedom
[100]. As an example, an EM device described by T -Ω formulation is interpreted
as an inductance-like element in [99]. Introducing generalized circuit elements is
advantageous since they allow to give index statements about DAE systems under
consideration with no need to analyse the overall coupled system.

Definition 4.3.1 (capacitance-like element, [99]).
A capacitance-like element is described by

fλ

(
d

dt
mλ(xλ, iλ, vλ, t), xλ, iλ, vλ, t

)
= 0

where there is at most one differentiation d
dt

needed to obtain a model description of
the form

d

dt
xλ = χλ(

d

dt
iλ, xλ, iλ, vλ, t)

d

dt
vλ = gλ(xλ, iλ, vλ, t)

Moreover, it is called a strongly capacitance-like element if, additionally, the function

Fλ(i
′
λ, xλ, iλ, vλ, t) := ∂xλgλ(xλ, iλ, vλ, t)χλ(i

′
λ, xλ, iλ, vλ, t) + ∂iλgλ(xλ, iλ, vλ, t)i

′
λ

is continuous and strongly monotone with respect to i′λ.

We are using the subscript λ to denote the generalized elements; capacitance-
like element in our case. A circuit that consists of resistors, capacitors, inductors,
voltage sources, current sources and a strongly capacitance-like element λ and satisfy
Assumption 3.2.1, is modeled by the DAE system

ACCA
>
Ce
′ + ARGA

>
Re+ ALiL + AV iV + Aλiλ + AIis(t) = 0 (4.34a)

Li′L − A>Le = 0 (4.34b)
A>V e− vs(t) = 0 (4.34c)

fλ

(
d

dt
mλ(xλ, iλ, vλ, t), xλ, iλ, vλ, t

)
= 0 (4.34d)
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Theorem 4.3.2 (circuit differentiation index, [99]).
Given a strongly capacitance-like element λ coupled to a circuit fulfilling Assumption
3.2.1, then the system (4.34)

(i) is a DAE of index-1 if there are neither LI-cutsets nor CV λ-loops,

(ii) otherwise, it is a DAE of index-2.

Proposition 4.3.1 (E-H capacitance-like element).
The system of equations

Mµ
>
h
′
+C>e = 0 (4.35a)

Mε
>e′ −C>>

h +Mσ
>e−XsiE = 0 (4.35b)

−A>Ee+ αX>s
>e = 0 (4.35c)

of the E-H formulation is a strongly capacitance-like element.

Proof. Recall that the material matrices Mµ and Mε are nonsingular. From (4.35a),
we have

d

dt

>
h = −M−1

µ C
>e

From (4.35b) and by differentiating (4.35c) once, one can extract

d

dt
vE = A>E

d

dt
e = αX>s

d

dt
>e = αX>s M

−1
ε

(
C>

>
h−Mσ

>e +XsiE
)

where the variables in Definition 4.3.1 read

xλ :=
>
h, vλ := vE, iλ := iE

Furthermore, the function

Fλ := −αX>s M−1
ε C

>M−1
µ C

>e + αX>s M
−1
ε Xsi

′
E

is continuous and strongly monotone with respect to i′E since X>s M−1
ε Xs is positive

definite (M−1
ε is symmetric positive definite and Xs has full column rank), refer to

Definition A.4.2.

As a consequence of Proposition 4.3.1 and Theorem 4.3.2, the field-circuit coupled
system’s (4.29) differentiation index harmonies with its dissection index stated in
Theorem 4.3.1.

Theorem 4.3.3 (coupled system’s differentiation index).
Given an EM device modeled by the system of equations (4.35) and coupled to a circuit
fulfilling Assumption 3.2.1, then the system (4.29)

(i) is a DAE of index-1 if there are neither LI-cutsets nor CV E-loops,

(ii) otherwise, it is a DAE of index-2.

Proof. The proof follows directly from Theorem 4.3.2.
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4.3.3 Topological Decoupling and Coupled System Formula-
tion

In an attempt to make the model of the coupled field-circuit system more con-
venient to be solved using operator splitting methods, our choice differs from the
utilization of the modified nodal analysis in describing circuit equations. To get con-
vergence of the operator splitting for DAEs, it is important to have and exploit a
suitable decoupled structure for the desired DAE system. Here, we rely on the branch
oriented loop-cutset modeling, similar to what is presented in Section 3.2.2 with the
additional branches associated to the EM device. Besides, the field’s behavior is de-
termined by the classical E-H formulation of Maxwell’s equations that is spatially
discretized using FIT. The reason behind this choice in modeling is, first, the exploita-
tion of the skew-symmetric structure of the operators and how it influences the choice
of the integration method, e.g. a conservation of the stored energy is tackled in index-
1 case. Second, the topological decoupling of the index-2 DAE arising in field-circuit
coupling is smoother and does not require matrix chains construction.

We recall that in this chapter an EM device is attached to the circuit network in ad-
dition to the classical lumped elements and for which the Assumptions 3.2.1 and 4.1.1
are satisfied. Motivated by the statement of Theorem 4.3.1, we focus in this work on
topological conditions given in the following assumption.

Assumption 4.3.2.
We assume that the circuit network has no CV E-loops, while CV -loops and LI-cutsets
are allowed.

For the given circuit graph G = (N ,B) fulfilling Assumption 4.3.2, we denote by
Q the fundamental cutset matrix, see Definition 3.2.2. Again, we use the conductive
description for all resistances that belong to the tree and the resistive description for
all resistances that does not belong to the tree. Based on the topological conditions
in Assumption 4.3.2 and the results of Lemma 3.2.1 and Theorems A.3.2 and A.3.3,
we propose the construction of a tree as follows:

1. All voltage sources and the electromagnetic device belong to the tree.

2. All current sources do not belong to the tree.

3. Split resistors in such a way that all G-resistances belong to the tree and all
R-resistances do not belong to the tree.

4. Split capacitors such that a maximum number of capacitor is placed on twigs (if
there is a link capacitor then it belongs to a CV -loop).

5. Split inductors such that a maximum number of inductors is placed on links (if
there is a twig inductor then it belongs to an LI-cutset).
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Consequently, the submatrix Ql of Q can be written

Ql =
[
QC QR QL QI

]
=




QV C QV R QV L QV I

QCC QCR QCL QCI

0 QER QEL QEI

0 QGR QGL QGI

0 0 QLL QLI




The rows and columns of Ql correspond to twigs and links, respectively. In the sub-
matrices QXY with subscripts X ∈ {V,C,E,G, L} and Y ∈ {C,R, L, I}, the subscript
X refers to an X-type element on a twig, while the subscript Y refers to a Y -type
element on a link.
We always have three zero submatrices in the first column since if there is a capacitor
link, it will belong to a CV -loop, i.e., a loop that does not contain R, L, or E branches.
Further, in the last row there are always two zero submatrices, because if there is an
inductor on a twig, it will belong to an LI-cutset. Otherwise, we can place inductors
on links.

Remark 4.3.1.
The first statement in Assumption 4.3.1 can be generalized such that the ground node
is not among the EM device’s terminals.

We now introduce a partition of the twig and link voltage and current vectors as
follows:

vt =




vV
vCt
vE
vRt
vLt



, it =




iV
iCt
iE
iRt
iLt



, vl =




vCl
vRl
vLl
vI


 , il =




iCl
iRl
iLl
iI


 (4.36)

where vCt, vE, vRt and vLt are twig voltage vectors of the capacitors, electromagnetic
device, resistors and inductors respectively. The vector iV refers to the currents across
voltage sources, iCt is the vector of the currents across the capacitors placed on twigs,
etc., vCl is the vector of voltages through capacitors placed on links, etc. and iCl
is the vector of the currents across the capacitors placed on links. By considering
the vector variables (4.36) and to keep the same partition, we use the constitutive
relations (3.34), (3.35) and (3.36). Calling back Proposition 3.2.1, to assert that twig
voltages and link currents are sufficient to express all branch voltages and currents.
Accordingly, the dynamical variables are vCt and iLl.

In the next step, we bring together the loop-cutset equations (3.25) and the constitu-
tive relations (3.34), (3.35) and (3.36) to express the circuit’s model equations. From
equation (3.25a) we have

−




QV C QV R QV L QV I

QCC QCR QCL QCI

0 QER QEL QEI

0 QGR QGL QGI

0 0 QLL QLI







iCl
iRl
iLl
iI


 =




iV
iCt
iE
iRt
iLt
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hence,

iV = −QV CiCl −QV RiRl −QV LiLl −QV IiI (4.37a)
iCt = −QCCiCl −QCRiRl −QCLiLl −QCIiI (4.37b)
iE = −QERiRl −QELiLl −QEIiI (4.37c)
iRt = −QGRiRl −QGLiLl −QGIiI (4.37d)
iLt = −QLLiLl −QLIiI (4.37e)

and from equation (3.25b) we have




Q>V C Q>CC 0 0 0
Q>V R Q>CR Q>ER Q>GR 0
Q>V L Q>CL Q>EL Q>GL Q>LL
Q>V I Q>CI Q>EI Q>GI Q>LI







vV
vCt
vE
vRt
vLt




=




vCl
vRl
vLl
vI




hence,

vCl = Q>V CvV +Q>CCvCt (4.38a)
vRl = Q>V RvV +Q>CRvCt +Q>ERvE +Q>GRvRt (4.38b)
vLl = Q>V LvV +Q>CLvCt +Q>ELvE +Q>GLvRt +Q>LLvLt (4.38c)
vI = Q>V IvV +Q>CIvCt +Q>EIvE +Q>GIvRt +Q>LIvLt (4.38d)

Step 1: We want to eliminate the variables vCl, iCt and iCl. First, we replace the
capacitor constitutive equation in equation (4.37b), we get

Ct
d

dt
vCt = −QCCCl

d

dt
vCl −QCRiRl −QCLiLl −QCIiI (4.39)

Assuming that the vector variables v and i are continuously differentiable, we differen-
tiate equation (4.38a) and substitute it in equation (4.39). We rearrange the equation
and obtain
(
Ct +QCCClQ

>
CC

)
v′Ct +QCRiRl +QCLiLl = −QCIis(t)−QCCClQ

>
V Cv

′
s(t) (4.40)

Note that the matrix
(
Ct + QCCClQ

>
CC

)
is nonsingular since the matrices Ct and Cl

are positive definite.

Step 2: To eliminate the variables vLl, vLt and iLt, we start with replacing the inductor
constitutive equation in equation (4.38c), we get

Ll
d

dt
iLl = Q>V LvV +Q>CLvCt +Q>ELvE +Q>GLvRt +Q>LLLt

d

dt
iLt (4.41)

We differentiate equation (4.37e) and substitute it in equation (4.41) and after rear-
ranging we obtain
(
Ll+Q

>
LLLtQLL

)
i′Ll−Q>CLvCt−Q>ELvE−Q>GLvRt = Q>V Lvs(t)−Q>LLLtQLIi

′
s(t) (4.42)
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Note that the matrix
(
Ll + Q>LLLtQLL

)
is nonsingular since the matrices Lt and Ll

are positive definite.

Step 3: Substituting the resistor constitutive equations (3.36) in equations (4.37d)
and (4.38b) results in

GtvRt +QGRiRl +QGLiLl = −QGIis(t) (4.43)
RliRl −Q>CRvCt −Q>ERvE −Q>GRvRt = QT

V Rvs(t) (4.44)

Additionally, the E branch currents are given by (4.37c).
Step 4: In order to eliminate the variables iCl and vLt from equations (4.37a) and
(4.38d), respectively, we utilize the equations (4.38a) and (4.37e). The resulting equa-
tions are

iV +QV CClQ
>
CCv

′
Ct +QV RiRl +QV LiLl = −QV IiI −QV CClQ

>
V Cv

′
s(t) (4.45)

vI −Q>CIvCt −Q>EIvE −Q>GIvRt +Q>LILtQLLi
′
Ll = Q>V IvV −Q>LILtQLIi

′
s(t) (4.46)

Together with Maxwell’s equations

Mµ
>
h
′
+C>e = 0 (4.47a)

Mε
>e′ −C>>

h +Mσ
>e−XsiE = 0 (4.47b)

−A>Ee+ αX>s
>e = 0 (4.47c)

we obtain an additive coupled DAE system (see Definition 2.3.2) in its matrix form

Dx′(t) + Jx(t) +My(t) = rx(t) (4.48a)
−M>x(t) + Sy(t) = ry(t) (4.48b)

z(t) +Kx′(t) +Kxx(t) +Kyy(t) = rz(t) (4.48c)

with x =




vCt
iLl
>
h
>e


 , y =




iRl
vRt
vE
iE


 , z =

[
iV
vI

]

D =




Ct +QCCClQ
>
CC 0 0 0

0 Ll +Q>LLLtQLL 0 0
0 0 Mµ 0
0 0 0 Mε


 , J =




0 QCL 0 0
−Q>CL 0 0 0

0 0 0 C
0 0 −C> Mσ


 ,

M =




QCR 0 0 0
0 −Q>GL −Q>EL 0
0 0 0 0
0 0 0 Xs


 , S =




Rl −Q>GR −Q>ER 0
QGR Gt 0 0
QER 0 0 I

0 0 − 1
α
I 0


 ,

K =

[
QV CClQ

>
CC 0 0 0

0 Q>LILtQLL 0 0

]
, Kx =

[
0 QV L 0 0

−Q>CI 0 0 0

]
,

Ky =

[
QV R 0 0 0

0 −Q>GI −Q>EI 0

]
, rz =

[
−QV Iis −QV CClQ

>
V Cv

′
s

QT
V Ivs −Q>LILtQLIi

′
s

]
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and

rx =




−QCIis −QCCClQ
>
V Cv

′
s

Q>V Lvs −Q>LLLtQLIi
′
s

0
0


 , ry =




Q>V Rvs
−QGIis
−QEIis

0




By examining system (4.48), we find that the matrices D and S are nonsingular, the
matrix J can be written as the sum of a symmetric and skew-symmetric matrices, and
the overall system is a DAE with differentiation index 2 since two times differentia-
tions are needed in order to get an explicit ODE knowing that the source functions
are regular enough. This is an expected index statement related to the topological
assumptions we have.

If we additionally assume that there are neither CV E-loops nor LI-cutsets then the
network graph’s tree can be constructed with all capacitors being on twigs and all
inductors being on links and therefore we have QV C = QCC = 0 and QLL = QLI = 0.
Hence, the coupled DAE system is an index-1 system and takes the form

Dx′(t) + Jx(t) +My(t) = rx(t) (4.49a)
−M>x(t) + Sy(t) = ry(t) (4.49b)

z(t) +Kxx(t) +Kyy(t) = rz(t) (4.49c)

with x =




vC
iL
>
h
>e


 , y =




iRl
vRt
vE
iE


 , z =

[
iV
vI

]

D =




C 0 0 0
0 L 0 0
0 0 Mµ 0
0 0 0 Mε


 , J =




0 QCL 0 0
−Q>CL 0 0 0

0 0 0 C
0 0 −C> Mσ


 , rx =




−QCIis
Q>V Lvs

0
0


 ,

M =




QCR 0 0 0
0 −Q>GL −Q>EL 0
0 0 0 0
0 0 0 Xs


 , S =




Rl −Q>GR −Q>ER 0
QGR Gt 0 0
QER 0 0 I

0 0 − 1
α
I 0


 , ry =




Q>V Rvs
−QGIis
−QEIis

0




Kx =

[
0 QV L 0 0

−Q>CI 0 0 0

]
, Ky =

[
QV R 0 0 0

0 −Q>GI −Q>EI 0

]
, rz =

[
−QV Iis
QT
V Ivs

]

According to Definition 2.4.1, system (4.49) is a port-Hamiltonian DAE whose vari-
ables and coefficients with bar notation read

x̄ := (x, y), z̄(x̄) := x̄, ȳ := −z and ū := (vs, is)

Ē :=

[
D̄ 0
0 0

]
, J̄ := −

[
J2 M̄
−M̄> S2

]
, R̄ :=

[
J1 0
0 S1

]

B̄ :=

[
K>x
K>y

]
, N̄ :=

[
0 −QV I

Q>V I 0

]
, and H(x̄) =

1

2
x̄>Ēx̄
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where

D̄ =




C 0 0 0
0 L 0 0
0 0 αMµ 0
0 0 0 αMε


 , M̄ =




QCR 0 0 0
0 −Q>GL −Q>EL 0
0 0 0 0
0 0 0 αXs


 ,

J1 =




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 αMσ


 , J2 =




0 QCL 0 0
−Q>CL 0 0 0

0 0 0 αC
0 0 −αC> 0


 ,

S1 =




Rl 0 0 0
0 Gt 0 0
0 0 0 0
0 0 0 0


 , S2 =




0 −Q>GR −Q>ER 0
QGR 0 0 0
QER 0 0 I

0 0 −I 0




Further, observe that Γ̄ :=

[
J̄ B̄
−B̄> N̄

]
is skew-symmetric and W̄ :=

[
R̄ 0
0 0

]
is sym-

metric positive semi-definite.

Regarding the solvability of (4.49), the invertibility of S allows to express y in terms of
x, thus equation (4.49a) is the inherent ODE for x and consequently y is determined
from (4.49b). Finally, the output equation (4.49c) allows to solve for z.

Now, for our coupled field-circuit system (4.48), we show the preservation of the index
results by the following theorem.

Theorem 4.3.4.
Under the assumptions for which the coupled field-circuit DAE (4.48) is determined,
the DAE (4.48) yield by loop and cutset formulations is, for consistent initial condi-
tions, uniquely solvable and

(i) is a DAE of index-1 if the following 2 statements hold

(a) there is no CV -loop or any fundamental loop associated to a (link) capacitor
does not contain other (twig) capacitors

(b) there is no LI-cutset or any fundamental cutset associated to an inductor
does not contain other (link) inductors

(ii) Otherwise, the DAE is of differentiation index-2.

Proof. The proof is similar to that of Theorem 3.2.3.

4.4 Conclusion
In this chapter, we started by introducing some fundamentals of classical elec-

tromagnetism by defining Maxwell’s equations, the material constitutive relations as
well as interface and boundary conditions. We then performed a spatial discretization
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using the finite integration technique (FIT) ending up with Maxwell’s grid equations
(4.23). In Section 4.3, we showed the coupling of voltages and currents as a prepa-
ration to incorporate the EM device model into an electrical circuit modeled by two
different approaches.

For the field-circuit coupling, we first proceeded with an electrical circuit modeled by
the MNA resulting in a DAE system (4.29) for which we derived a topological index
result using the dissection index concept. Followed by this, we have shown that an
electromagnetic device modeled with the classical E-H formulation fits into the con-
cept of generalized elements [100] as a capacitance-like element. As a consequence, we
deduced a differentiation index result for the coupled system (4.29) that agrees with
the dissection index. Finally, based on the topological index result and the choice
of an appropriate tree, we were able to model the field-circuit coupled system by
incorporating the field equations into an electrical circuit modeled using the branch
oriented loop-cutset approach. Our obtained decoupled system (4.48) in loop-cutset
formulation is a suitable preparation for the applications in Chapters 5 and 6.
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Chapter 5

Operator Splitting Methods

Operator splitting is an impressive method for numerical investigation of com-
plex models. The idea of operator splitting methods is based on the splitting of a
complex problem into a sequence of simpler sub-problems. Usually, one exploits some
structural properties of the separated operators belonging to the sub-problems, for ex-
ample, the linear behavior, the symmetric behavior, or the stiff behavior that allows
the application of efficient integration methods to the sub-problems, see for instance
[128, 129, 130]. By doing so, a splitting error is definitely generated and the order
of this error can be estimated theoretically [108, 111]. However, splitting procedures
are associated with different numerical methods for solving the sub-problems, which
also give rise to an additional error. This justifies the necessity of a careful choice of
numerical integration methods.

The development of the operator splitting methods (OSM) goes back to the 1960s
when at first the classical OSM were used in the solution of partial differential equa-
tions. These methods are the multiplicative Lie-Trotter and Strang operator splittings
[131, 132, 133] and the symmetrically weighted splitting [134]. Operator splitting al-
gorithms have evolved over the years to handle a wide range of mathematical models,
gain higher order decomposition schemes and reduce the splitting error. Among these
modifications, the non-iterative, iterative, and additive splitting methods were in-
troduced, see [114, 135, 136]. Splitting methods are designed for numerous fields of
applications such as rigid body dynamics [137], computational fluid dynamics [138],
multiscale problems [139, 140], and solving transport equations [141, 142].

In short, operator splitting was successfully used for ordinary and partial differential
equations (ODEs and PDEs). However, in constrained dynamical problems such as
electrical circuits or energy transport networks where differential-algebraic equations
(DAEs) arise [11], operator splitting method would usually fail. The constraints pre-
vent a simple transfer of operator splitting from ODEs to DAEs. This becomes obvious
when comparing the simple problems

u′ = Au = A1u+ A2u and Ax = A1x+ A2x = b.

Solving u′ = A1u and afterwards using its solution as an initial condition to solve
u′ = A2u yields an approximate solution of u′ = Au, while solving Ax = b in the
same manner, does not make sense. Here, a multiplicative decomposition for A, that

83



Chapter 5 – Operator Splitting Methods

is Ax = A1A2x, would be appropriate to solve Ax = b by A1y = b and afterwards
A2x = y. It shows us that there is no simple extension of operator splitting for ODEs
to DAEs. Besides, One still have the question about the index of the DAE subsys-
tems. Basically, an increment in the subsystem’s index is preferred to be avoided.
Accordingly, we have to adapt the operator splitting for DAEs to the different nature
of inherent DAE parts.

A closely related method to operator splitting that was applied to ODEs, PDEs, and
index-1 DAEs is the extrapolated implicit-explicit time stepping scheme, refer to [143].
This method is effective for multiphysics multiscale problems in which explicit time
discretizations are applied to slow processes while implicit methods are more efficient
for fast processes. By examining different physical and engineering models that were
solved using OSM, we notice that an appropriate decomposition of the operators is
required [108]. In problems like convection-diffusion-reaction equations, the system is
naturally decomposed. Nevertheless, the decomposition may also be a result of some
deeper understanding of the equation, as it is the case for the DAE systems of our
interest.

An important criterion that a splitting method must meet in order to solve physical
and engineering problems is the conservation of physics, e.g., symplecticity, energy
conservation, irreversibility, mass conservation, etc. The splitting approach proposed
in this chapter for the linear topologically decoupled circuit DAEs as well as coupled
field-circuit DAEs is designed to make use of the conservation of energy. In partic-
ular, for the index-1 DAE of consideration, a suitable decomposition of the matrices
is achieved so that a natural port-Hamiltonian DAE structure is visible and can be
exploited for a convergent splitting approach that is explicit and energy preserving in
the dynamic part. Generally, the whole system that we are dealing with is a port-
Hamiltonian system that we split into Hamiltonian and dissipative operators, which
in turn enables a separate approximation with highly efficient methods in each case.

This chapter is structured as follows. First, we introduce the classical splitting meth-
ods for inhomogeneous linear ODEs. We present the algorithms of Lie-Trotter and
Strang splitting methods, their order, and a general convergence result that devel-
ops out of consistency and stability. We then briefly present the idea of higher order
operator splittings. This is followed by recalling the linear circuit DAE modeled by
loop-cutset equations, as described in Chapter 3 and the linear coupled field-circuit
DAE described in Chapter 4. The DAE systems are appropriately decomposed and a
splitting approach is suggested. Lastly, we analyze the convergence of the proposed
method depending on its order and the DAE index.

5.1 Operator Splitting Methods for Linear ODEs
The purpose of this section is to introduce the commonly used algorithms of opera-

tor splitting methods (OSM). Starting from a general case, we consider a homogeneous
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linear abstract Cauchy problem
d

dt
u(t) +A(u) = 0, u(0) = u0 (5.1)

for t ∈ I = [0, T ], where A : X −→ X is a bounded linear operator in a Banach space
X. The operator A is written as a sum of more elementary operators

A = A1 + · · ·+Al (5.2)

In realistic applications, such decomposition arises naturally or may require additional
steps to be elicited as for DAE’s inherent ODE. The operators can correspond to var-
ious physical phenomena like convection and diffusion or to differentiation in different
spatial directions, see examples in [108]. The idea of OSM is based on the splitting of
a complex problem into a sequence of simpler sub-problems, e.g., to successively solve

d

dt
uj(t) +Aj(uj) = 0, uj(0) = u0, j = 1, · · · , l (5.3)

We denote by uj(t) = Sjt u0 the solution of (5.3) at time t. We choose a small time
step h = tn+1 − tn, 0 < h < T , where tn = nh, n = 0, · · · , N − 1, t0 = 0 and tN = T .

The sub-operators are applied sequentially in order to construct an approximate so-
lution of (5.1) which can be mathematically expressed as

u(tn) = (S lh · · · S1
h)nu0 (5.4)

that is expected to converge to the true solution

u(t) = lim
n→∞

(S lh · · · S1
h)nu0

In this treatise, we focus on inhomogeneous system of ordinary differential equations
given by

u′(t) = Au(t) + r(t), u(0) = u0 (5.5)
where A is an m ×m matrix, that is assumed to be decomposed as the sum of two
m×m matrices A1 and A2. The source function r is C1 over time interval I and the
initial condition u0 is bounded.

Remark 5.1.1.
Generally, the function r can be also decomposed as a summation r = r1 + r2. We will
be considering r1 = 0 and r2 = r as it will be the case for DAE splitting in Section
5.2. Generalization follows similarly, see [105].

The existence and uniqueness of the solution of (5.5) is guaranteed by Theorem
A.4.1 and is determined by the method of variation of constants. The solution of (5.5)
reads

u(t) = etAu0 +

ˆ t

0

e(t−s)Ar(s) ds (5.6)

Define by

F(t, τ) =

ˆ t

τ

e(t−s)(A)r(s) ds (5.7)

The solution (5.6) can be rewritten

u(t) = et(A1+A2)u0 + F(t, 0) (5.8)
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Definition 5.1.1 (logarithmic norm, [109]).
For A ∈ Rm×m, we define the logarithmic norm of A by:

µ(A) := max{µ |µ an eigenvalue of (A+ A>)/2}

and the following property holds for all t ≥ 0

∥∥eAt
∥∥ ≤ eµ(A)t (5.9)

5.1.1 First Order Splitting: Lie-Trotter Splitting

Lie-Trotter splitting is a first order operator splitting method which solves two or
more sub-problems sequentially on sub-intervals [tn, tn+1]. The different sub-problems
are related to each other via the initial conditions as indicated in the following algo-
rithm

1. Initialize u2(t0) := u0 and n = 0.

2. Solve on [tn, tn+1] the first subsystem

u′1(t) = A1u1(t), u1(tn) = u2(tn) (5.10)

3. Solve on [tn, tn+1] the second subsystem

u′2(t) = A2u2(t) + r(t), u2(tn) = u1(tn+1) (5.11)

4. Set n = n+ 1 and go to 2. unless tn is the final time point.

The approximated split solution at t = tn+1 is defined by un+1 = u2(tn+1).
By defining

F1(t, τ) =

ˆ t

τ

e(t−s)A2r(s) ds (5.12)

A single step of the Lie-Trotter splitting method can be expressed in the form

un+1 = ehA2ehA1un +

ˆ tn+1

tn

e(tn+1−s)A2r(s) ds = ehA2ehA1un + F1(tn+1, tn) (5.13)

By recurrence, we can formulate un+1 in terms of u0 as:

un+1 =
(
ehA2ehA1

)n+1
u0 +

n∑

j=0

(
ehA2ehA1

)j
ˆ tn−j+1

tn−j

e(tn−j+1−s)A2r(s) ds (5.14)

5.1.2 Second Order Splitting: Strang Splitting

It is possible to make the splitting algorithm second order accurate by a small
modification applied to Lie-Trotter splitting. The idea is to solve the first sub-problem
for a half time step, then we solve the second sub-problem for a full-time step and
finally we return back to the first sub-problem and solve it for a half time step, see
Figure 5.1. This algorithm is called Strang splitting and it follows the steps
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1. Initialize u3(t0) := u0 and n = 0.

2. Solve on [tn, tn+ 1
2
] the first subsystem

u′1(t) = A1u1(t), u1(tn) = u3(tn) (5.15)

3. Solve on [tn, tn+1] the second subsystem

u′2(t) = A2u2(t) + r(t), u2(tn) = u1(tn+ 1
2
) (5.16)

4. Solve on [tn+ 1
2
, tn+1] the first subsystem

u′3(t) = A1u3(t), u3(tn+ 1
2
) = u2(tn+1) (5.17)

5. Set n = n+ 1 and go to 2. unless tn is the final time point.

The approximated split solution at t = tn+1 is defined by un+1 = u3(tn+1). Again, for
F1 given in (5.12), a single step of the Strang splitting method can be expressed in
the form

un+1 = e
h
2
A1ehA2e

h
2
A1un + e

h
2
A1

ˆ tn+1

tn

e(tn+1−s)A2r(s) ds

= e
h
2
A1ehA2e

h
2
A1un + e

h
2
A1F1(tn+1, tn) (5.18)

By recurrence, we can formulate un+1 in terms of u0 as:

un+1 =
(
e
h
2
A1ehA2e

h
2
A1
)n+1

u0 +
n∑

j=0

(
e
h
2
A1ehA2e

h
2
A1
)j
e
h
2
A1

ˆ tn−j+1

tn−j

e(tn−j+1−s)A2r(s) ds

(5.19)

Figure 5.1: Visualization of splitting methods: Lie-Trotter splitting (left), Strang
splitting (right).
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5.1.3 Consistency and Stability

We will show that the operator splitting method for approximating u(t) is conver-
gent as a result from its consistency and stability.

Definition 5.1.2 (local truncation error, [14]).
The local truncation error is defined as the difference between the exact solution u(tn+k)
and its approximation un+k

|u(tn+k)− un+k|,
when applying a numerical method.

Definition 5.1.3 (consistency).
A numerical method is said to be consistent on I = [0, T ] if

lim
h→0

sup
0≤tn≤T−h

‖τh(tn)‖
h

= 0 (5.20)

where τh is the local truncation error. Moreover, the method is said to be consistent
of order p > 0 if

sup
0≤tn≤T−h

‖τh(tn)‖
h

= O(hp) (5.21)

Definition 5.1.4 (stability).
A numerical method is said to be stable if the numerical solution remains uniformly
bounded.

Theorem 5.1.1.
The Lie-Trotter splitting algorithm for approximating the solution of the inhomoge-
neous system (5.5) is consistent of order 1.

Proof. The truncation error of Lie-Trotter splitting applied to a system of the form
(5.5) can be written as

τh(tn) = eh(A1+A2)u(tn) + F(tn+1, tn)−
(
ehA2ehA1u(tn) + F1(tn+1, tn)

)

In order to check the consistency, we perform a Taylor series expansion for both, the
original solution u and the approximated solution u2 obtained from the algorithm in
Section 5.1.1. We have

u(h) = u0 + h
d

dt
u(t0) +

h2

2!

d2

dt2
u(t0) +O(h3)

= u0 + h
[
A1u0 + A2u0 + r(t0)

]
+
h2

2

[
A1u

′(t0) + A2u
′(t0) + r′(t0)

]
+O(h3)

= u0 + h
[
(A1 + A2)u0 + r(t0)

]
+
h2

2
(A1 + A2)2u0 +

h2

2

[
(A1 + A2)r(t0) + r′(t0)

]

+O(h3)
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A similar Taylor expansion is made for the solution u1 of the first sub-problem (5.10).
We get

u1(h) = u0 + h
d

dt
u1(t0) +

h2

2!

d2

dt2
u1(t0) +O(h3)

= u0 + hA1u0 +
h2

2
A1u0 +O(h3)

We now express the solution u2 of the second sub-problem (5.11) with u1(t0 + h) =
u1(h) being the initial condition. We obtain

u2(h) = u2(t0) + h
d

dt
u2(t0) +

h2

2!

d2

dt2
u2(t0) +O(h3)

= u1(h) + hA2u1(h) + hr(t0) +
h2

2

[
A2

2u1(h) + A2r(t0) + r′(t0)
]

+O(h3)

= u0 + hA1u0 +
h2

2!
A2

1u0 + hA2(u0 + hA1u0) + hr(t0)

+
h2

2

[
A2

2u0 + A2r(t0) + r′(t0)
]

+O(h3)

giving

u2(h) = u0 + h(A1 + A2)u0 + hr(t0) +
h2

2
(A2

1 + A2
2 + 2A1A2)u0

+
h2

2

[
A2r(t0) + r′(t0)

]
+O(h3)

Then
u(h)− u2(h)

h
=
h

2

[
[A2, A1]u0 + A1r(t0)

]
+O(h2)

where [A1, A2] = A1A2 − A2A1 defines the commutator of A1 and A2. Therefore, the
Lie-Trotter splitting is a first order method.

Theorem 5.1.2.
The Strang splitting algorithm for approximating the solution of the inhomogeneous
system (5.5) is consistent of order 2.

Proof. Analogous to the proof of Theorem 5.1.1, we perform Taylor series expansion
for both, the original solution u and the approximated solution u3 obtained from the
algorithm in Section 5.1.2. For the solution u1 of the first sub-problem (5.15) over a
half time step, we have

u1(h/2) = u0 +
h

2
A1u0 +

h2

8
A2

1u0 +O(h3)

and for the solution u2 of the second sub-problem (5.16), using u1(h/2) as an initial
condition, we get

u2(h) = u1(h/2) + hu′2(t0) +
h2

2
u′′2(h) +O(h3) (5.22)
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Notice that

u′2(t0) = A2u2(t0) + r(t0) = A2u1(h/2) + r(t0)

=⇒ hu′2(t0) = hA2u0 + h r(t0) +
h2

2
A2A1u0 +O(h3)

and

u′′2(t0) = A2u
′
2(t0) + r′(t0) = A2

2u1(h/2) + A2r(t0) + r′(t0)

=⇒ h2

2
u′′2(t0) =

h2

2
A2

2u0 +
h2

2

[
A2r(t0) + r′(t0)

]
+O(h3)

Hence, (5.22) becomes

u2(h) = u0 +
h

2
A1u0 +

h2

8
A2

1u0 + hA2u0 +
h2

2
A2A1u0 + h r(t0) +

h2

2
A2

2u0

+
h2

2
A2r(t0) +

h2

2
r′(t0) +O(h3)

Now returning back to the first sub-problem (5.17), we find

u3(h) = u3(h/2) +
h

2
u′3(h/2) +

h2

8
u′′3(h/2) +O(h3)

= u2(h) +
h

2
u′3(h/2) +

h2

8
u′′3(h/2) +O(h3) (5.23)

In particular we have

u′3(h/2) = A1u3(h/2) = A1u2(h)

=⇒ h

2
u′3(h/2) =

h

2
A1

[
u0 +

h

2
A1u0 + hA2u0 + h r(t0)

]
+O(h3)

=
h

2
A1u0 +

h2

4
A2

1u0 +
h2

2
A1A2u0 +

h2

2
A1r(t0) +O(h3)

and

u′′3(h/2) = A2
1u3(h/2) = A2

1u2(h)

=⇒ h2

8
u′′3(h/2) =

h2

8
A2

1u0 +O(h3)

Hence, (5.23) becomes

u3(h) = u0 + (A1 + A2)u0 + h r(t0) +
h2

2

[
A2

1 + A2
2 + A1A2 + A2A1

]
u0

+
h2

2

[
(A1 + A2)r(t0) + r′(t0)

]
+O(h3)

Then
u(h)− u3(h)

h
= O(h2)

and therefore the Strang splitting is consistent of 2nd order.
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Another characteristic of a numerical integration method for differential equations
is the stability and it can be understood as follows: the numerical solution obtained
from a stable numerical method does not tend to infinity when the exact solution
is bounded. The verification of the stability of OSM is not entirely trivial. This
has been treated in different contexts, for example, the linear stability for splitting
methods applied to ODEs is analyzed in [110], and the stability of OSM for PDEs is
comprehensively considered in [108].

By taking the norm of un obtained from (5.14), and plugging in the inequality (5.9),
we get the estimation

‖un‖ ≤
∥∥[ehA2ehA1 ]n

∥∥ ‖u0‖+
n−1∑

j=0

∥∥[ehA2ehA1 ]j
∥∥
ˆ tn−j+1

tn−j

∥∥e(tn−j+1−s)A2r(s)
∥∥ ds

≤
∥∥ehA2

∥∥n ∥∥ehA1
∥∥n ‖u0‖+

n−1∑

j=0

∥∥[ehA2ehA1 ]j
∥∥
ˆ tn−j+1

tn−j

∥∥e(tn−j+1−s)A2r(s)
∥∥ ds

≤ [ehµ(A2)]n[ehµ(A1)]n ‖u0‖+
n−1∑

j=0

∥∥[ehA2ehA1 ]j
∥∥
ˆ tn−j+1

tn−j

∥∥e(tn−j+1−s)A2r(s)
∥∥ ds

≤ eTµ(A2)eTµ(A1) ‖u0‖+KT ‖r‖h
n−1∑

j=0

∥∥[ehA2ehA1 ]j
∥∥

with KT being a constant depending on T . The right hand side is bounded, and hence
Lie-Trotter splitting algorithm is stable, if there is a constant CT such that

∥∥[ehA2ehA1 ]j
∥∥ ≤ CT ∀j = 0, 1, · · · , N − 1 (5.24)

Indeed,
∥∥[ehA2ehA1 ]j

∥∥ ≤
∥∥ehA2

∥∥j ∥∥ehA1
∥∥j

≤ [ehµ(A2)]j[ehµ(A1)]j

≤ eTµ(A2)eTµ(A1) = CT

Similarly follows the stability of Strang splitting algorithm for the stability bound
∥∥∥[e

h
2
A1ehA2e

h
2
A1 ]j
∥∥∥ ≤ CT ∀j = 0, 1, · · · , N − 1 (5.25)

We note that the constant CT depends on T and is not necessary the same in each
occurrence.

We have the following convergence results, that are proved in [105] for a more general
case in which the system’s operator is an infinitesimal generator of a C0-semigroup.
Furthermore, we take into account the possibility to improve the order of consistency
of both, the Lie-Trotter splitting and the Strang splitting as will be introduced in
Section 5.1.4.

Theorem 5.1.3 (convergence of Lie-Trotter splitting).
Let I = [0, T ] and 0 < h < T be a time step. Let u(t) and un be given by (5.6)
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and (5.14), respectively, with r ∈ C1(I,Rm). Let ũ0 be the initial condition of the
Lie-Trotter splitting algorithm such that limh→0 ‖u0 − ũ0‖ = 0, then if the method is
stable and consistent on I,

lim
h→0
‖u(t)− un‖ = 0 whenever lim

h→0
tn = t

Moreover, if the method is of order p > 0, we have

sup
0≤n≤T/h

‖u(tn)− un‖ = O(hp)

for u0 and ũ0 satisfying ‖u0 − ũ0‖ = O(hp).

Proof. Let 0 ≤ t ≤ T and 0 < · · · < tn < tn+1 < · · · < T be time discretization such
that tn = nh → t as h → 0. The local truncation error of the Lie-Trotter splitting
algorithm at time step tn−1 = (n− 1)h is given by

τh(tn−1) = eh(A1+A2)u(tn−1) + F(tn, tn−1)−
[
ehA2ehA1u(tn−1) + F1(tn, tn−1)

]
(5.26)

Expression (5.26) yields

τh(tn−1) + ehA2ehA1
[
u(tn−1)− un−1

]
= eh(A1+A2)u(tn−1) + F(tn, tn−1)

− ehA2ehA1un−1 −F1(tn, tn−1)

and therefore

u(tn)− un = τh(tn−1) + ehA2ehA1
[
u(tn−1)− un−1

]

= τh(tn−1) + ehA2ehA1
[
τh(tn−2) + ehA2ehA1

(
u(tn−2)− un−2

)]

...

=
(
ehA2ehA1

)n
(u0 − ũ0) +

n−1∑

j=0

(
ehA2ehA1

)j
τh(tn−j−1)

Taking the norm and applying the stability bound (5.24), we have for h < h1

‖u(tn)− un‖ ≤ CT ‖u0 − ũ0‖+ CTh

n−1∑

j=0

h−1 ‖τh(tn−j−1)‖ (5.27)

where CT is a constant depending on T . From the consistency requirement (5.20), for
any ε > 0 we can find h2 > 0 such that each summand in (5.27) is bounded by ε for
h < h2. Hence for h < min{h1, h2}, the sum is bounded by nhε ≤ Tε and we have

‖u(tn)− un‖ ≤ CT ‖u0 − ũ0‖+ CTTε

Now since tn → t as h → 0, we can find by the continuity of u an h3 > 0 such that
‖u(t)− u(tn)‖ < ε for any h < h3. It follows that

‖u(t)− un‖ ≤ CT ‖u0 − ũ0‖+ (CTT + 1)ε
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holds for any h < min{h1, h2, h3} and consequently the convergence is obtained know-
ing that ‖u0 − ũ0‖ → 0 as h→ 0.

If the consistency order of the method is p > 0 and ‖u0 − ũ0‖ = O(hp), then it follows
directly from (5.27) that

sup
0≤n≤T/h

‖u(tn)− un‖ ≤ CTC1h
p + CTTC2h

p = O(hp)

with C1 and C2 being two constants independent of h.

Theorem 5.1.4 (convergence of Strang splitting).
Let I = [0, T ] and 0 < h < T be a time step. Let u(t) and un be given by (5.6) and
(5.19), respectively, with r ∈ C1(I,Rm). Let ũ0 be the initial condition of the Strang
splitting algorithm such that limh→0 ‖u0 − ũ0‖ = 0, then if the method is stable and
consistent on I,

lim
h→0
‖u(t)− un‖ = 0 whenever lim

h→0
tn = t

Moreover, if the method is of order p > 0, we have

sup
0≤n≤T/h

‖u(tn)− un‖ = O(hp)

for u0 and ũ0 satisfying ‖u0 − ũ0‖ = O(hp).

Proof. The following demonstration is similar to that carried for Theorem 5.1.3. Let
0 ≤ t ≤ T and 0 < · · · < tn < tn+1 < · · · < T be time discretization such that
tn = nh→ t as h→ 0. The local truncation error of the Strang splitting algorithm at
time step tn−1 = (n− 1)h is given by

τh(tn−1) = eh(A1+A2)u(tn−1) + F(tn, tn−1)−
[
e
h
2
A1ehA2e

h
2
A1u(tn−1) + e

h
2
A1F1(tn, tn−1)

]

(5.28)
expression (5.28) yields

τh(tn−1) + e
h
2
A1ehA2e

h
2
A1
[
u(tn−1)− un−1

]
= eh(A1+A2)u(tn−1) + F(tn, tn−1)

− eh2A1ehA2e
h
2
A1un−1 − e

h
2
A1F1(tn, tn−1)

and therefore

u(tn)− un =
(
e
h
2
A1ehA2e

h
2
A1
)n

(u0 − ũ0) +
n−1∑

j=0

(
e
h
2
A1ehA2e

h
2
A1
)j
τh(tn−j−1)

Taking the norm and applying the stability bound (5.25), we have for h < h1

‖u(tn)− un‖ ≤ CT ‖u0 − ũ0‖+ CTh

n−1∑

j=0

h−1 ‖τh(tn−j−1)‖ (5.29)

From the consistency requirement (5.20), for any ε > 0 we can find h2 > 0 such that
each summand in (5.29) is bounded by ε for h < h2. Hence for h < min{h1, h2}, the
sum is bounded by nhε ≤ Tε and we have

‖u(tn)− un‖ ≤ CT ‖u0 − ũ0‖+ CTTε
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Since tn → t as h → 0, we can find by the continuity of u an h3 > 0 such that
‖u(t)− u(tn)‖ < ε for any h < h3. It follows that

‖u(t)− un‖ ≤ CT ‖u0 − ũ0‖+ (CTT + 1)ε

holds for any h < min{h1, h2, h3} and consequently the convergence is obtained know-
ing that ‖u0 − ũ0‖ → 0 as h→ 0.

If the consistency order of the method is p, here p ≥ 2, and ‖u0 − ũ0‖ = O(hp), then
it follows from (5.29) that

sup
0≤n≤T/h

‖u(tn)− un‖ ≤ CTC1h
p + CTTC2h

p = O(hp)

with C1 and C2 being two constants independent of h.

In literature, the Lie-Trotter and Strang splitting methods are usually referred
to as multiplicative operator splitting methods. Another class of OSM are the so-
called additive operator splitting (AOS) methods. For a linear homogeneous abstract
Cauchy problem and after time discretization, a first order additive operator splitting
equivalent to Lie-Trotter splitting reads

u(tn) ≈
[

1

2
(e2hA1 + e2hA2)

]n
u0

whereas a second-order additive splitting reads

u(tn) ≈
[

1

2
(ehA1ehA2 + ehA2ehA1)

]n
u0

Although the AOS methods are generally less accurate than multiplicative splittings,
they have gained preference in a number of applications like image processing for
many reasons [108]. First, in the presence of nonlinear operators, the result of an
AOS is independent of the order in which the operators are applied. Secondly, since
the operators are applied independently, AOS takes advantage of parallel processing.
For further readings refer to [114].

Remark 5.1.2.
Regarding the order of convergence of the overall operator splitting procedure, it is
equal to the minimum between the order of the splitting technique itself, i.e., of Lie-
Trotter, Strang or higher order algorithms, and the order of the numerical discretiza-
tion scheme applied to each sub-problem.

5.1.4 Higher Order Operator Splitting

This section introduces a modification for the splitting algorithm in order to im-
prove accuracy for better performance. This can be done by accelerating the sub-
problems via weighted polynomials [111]. The analytical construction of higher order
operator splitting methods was performed with the help of Baker-Campbell-Hausdorff
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formula [106] and allowed to express the product of the exponential of two non-
commuting operators A1 and A2 by

e(A1+A2)t = eA1teA2t

∞∏

n=2

eDnt (5.30)

which is known as Zassenhaus product [107]. The Zassenhaus exponents Dn can be
obtained in terms of nested commutators, see e.g. [112, 113]. The here considered
Zassenhaus exponents are found using the formal power series expansion of the expo-
nential function and comparison technique, see [111] for details. Hence for (5.30) we
get

D2 = −1

2
[A1, A2] (5.31)

and
D3 =

1

6
[A1, [A1, A2]]− 1

3
[A2, [A2, A1]] (5.32)

Otherwise, for a product expression of the form

e(A1+A2)t = eA1
t
2 eA2teA1

t
2

∞∏

n=3

eDnt (5.33)

we obtain the exponent

D3 =
1

24
[A1, [A1, A2]]− 1

12
[A2, [A2, A1]] (5.34)

The Lie-Trotter and Strang splitting algorithms have been shown to be consistent of
orders 1 and 2, respectively. The order of these methods may be increased by the
following theorems.

Theorem 5.1.5.
We solve the inhomogeneous problem (5.5) over the time interval I = [0, T ]. The
consistency of the Lie-Trotter splitting can be improved to a 2nd order by modifying
the initial condition to ũ0 = u0 + h2D2u0 + h2

2
A1r(t0).

Proof. We follow the steps of the proof of Theorem 5.1.1. The local truncation error
is

u(h)− u2(h)

h
= O(h2) (5.35)

Observe that for a homogeneous problem, i.e. r(t) = 0, a modification of Lie-
Trotter can be achieved by multiplying the initial condition with the weight w2 =
I + D2h

2; D2 determined by (5.31). The homogeneous case is considered in [111],
with additional proposed schemes of order p ≥ 3 OSMs.

Theorem 5.1.6 (higher order Strang splitting, [111]).
We solve the homogeneous problem (5.5) over the time interval I = [0, T ] with r(t) = 0
for all t ∈ I. The consistency of the Strang splitting can be improved to a 3rd order
by multiplying the initial condition with the weight w3 = I +D3h

3, D3 determined by
(5.34).
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5.2 Operator Splitting for DAEs
Regarding the fact that multiplicative splittings make no sense for solving con-

straints, we propose a splitting approach for DAEs based on the inherent ODE. Since
the effectiveness of OSM can be better explained with applications instead of gener-
ality, we have chosen to deal with circuit DAEs and coupled field-circuit DAEs. To
achieve this, we recall the desired DAE systems thoroughly discussed in Chapters 3
and 4, and present the splitting approach and the subsystems’ properties.

5.2.1 Splitting Linear Circuit DAEs

To get started we consider an electrical circuit modeled using loop-cutset equations,
as introduced in Chapter 3, which consists of standard elements and fulfills Assumption
3.2.1. Then, the circuit equations are given by

Dx′(t) + Jx(t) +My(t) = rx(t) (5.36a)
−M>x(t) + Sy(t) = ry(t) (5.36b)

z(t) +Kx′(t) +Kxx(t) +Kyy(t) = rz(t) (5.36c)

with x =

[
iLl
vCt

]
, y =

[
iRl
vRt

]
, z =

[
vI
iV

]
,

D =

[
Ll +Q>LLLtQLL 0

0 Ct +QCCClQ
>
CC

]
, J =

[
0 −Q>CL

QCL 0

]
, M =

[
0 −Q>GL

QCR 0

]
,

S =

[
Rl −Q>GR
QGR Gt

]
, K =

[
Q>LILtQLL 0

0 QV CClQ
>
CC

]
, Kx =

[
0 −Q>CI

QV L 0

]
,

Ky =

[
0 −Q>GI

QV R 0

]
, rx =

[
Q>V Lvs −Q>LLLtQLIi

′
s

−QCIis −QCCClQ
>
V Cv

′
s

]
, ry =

[
Q>V Rvs
−QGIis

]
,

and
rz =

[
Q>V Ivs −Q>LILtQLIi

′
s

−QV Iis −QV CClQ
>
V Cv

′
s

]
.

We recall that the matrices D and S are nonsingular and as a consequence, equation
(5.36a) can be reformulated as the DAE system’s inherent ODE. Hence, equations
(5.36a) and (5.36b) are sufficient for the determination of the unknown vector variables
x and y, while equation (5.36c) can be interpreted as an output equation for z. To
this end, we consider only the reduced DAE system (5.36a)-(5.36b). We rewrite the
DAE system (5.36a)-(5.36b) equivalently as

Dx′ + Jx+MS−1M>x = rx(t)−MS−1ry(t) (5.37a)
y = S−1

(
ry(t) +M>x

)
. (5.37b)

We split (5.37a), using Lie-Trotter splitting, into the subsystems

Dx′(t) + Jx(t) = 0 (5.38)
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and
Dx′(t) +MS−1M>x(t) = rx(t)−MS−1ry(t) (5.39)

Next, we reformulate (5.39) with (5.37b) back as DAE and obtain the following split-
ting approach (SADAE1) for circuit DAEs

1. Initialize x2(t0) := x0, y(t0) := y0 and n = 0.

2. Solve on [tn, tn+1] the first subsystem

Dx′1 + Jx1 = 0, x1(tn) = x2(tn) (5.40)

3. Solve on [tn, tn+1] the second subsystem

Dx′2(t) +My(t) = rx(t), x2(tn) = x1(tn+1) (5.41)
−MTx2(t) + Sy(t) = ry(t). (5.42)

4. Set n = n+ 1 and go to 2. unless tn is the final time point.

Subsystem Properties

The first subsystem (5.40) is in fact a Hamiltonian ODE system with the Hamil-
tonian

H(x) =
1

2
x>Dx =

1

2
i>Ll(Ll +Q>LLLtQLL)iLl +

1

2
v>Ct(Ct +QCCClQ

>
CC)vCt (5.43)

=: H(iLl, vCt)

where
d

dt
H(x) = x>Dx′ = −x>Jx = 0

since J is skew-symmetric. Observe that if the circuit has neither CV -loops nor LI-
cutsets then according to the tree construction described in Section 3.2.3, QCC =
QLL = 0 and therefore the Hamiltonian H has the form

H(x) =
1

2
x>Dx =

1

2
i>LLiL +

1

2
v>CCvC =: H(iL, vC) (5.44)

describing the total energy stored in the inductors and capacitors. Obviously, H is a
quadratic form. Consequently, we can apply symplectic numerical methods to (5.40).
They have the advantage to preserve the total energy H stored in the capacitors and
inductors [115].

The second subsystem (5.41)-(5.42) leads to non-symmetric but positive definite
linear systems after time discretization that allows the exploitation of suitable iterative
methods [117]. If we, for instance, rewrite subsystem (5.41)-(5.42)

ÂX ′ + B̂X = R(t), X = (x, y), (5.45)

By using Euler implicit method for time integration, we get a saddle point linear
system (Appendix A.6)

(Â+ hB̂)Xn+1 = hR(tn+1) + ÂXn (5.46)
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with the saddle point matrix

(Â+ hB̂) =

[
D hM

hM> −hS

]
(5.47)

where D is symmetric positive definite and S is positive definite. The Schur comple-
ment S = −[hS + h2M>D−1M ] of D in matrix (5.47) is then nonsingular. System
(5.46) can be equivalently written
[

I 0
−hM>D−1 I

] [
D hM

hM> −hS

] [
xn+1

yn+1

]
=

[
I 0

−hM>D−1 I

](
h

[
rx
−ry

]
+

[
D 0
0 0

] [
xn
yn

])

then
[
D hM
0 S

] [
xn+1

yn+1

]
= h

[
rx(tn+1)

−ry(tn+1)− hM>D−1rx(tn+1)

]
+

[
D 0

−hM> 0

] [
xn
yn

]

Therefore, a block back-substitution leads to two reduced systems for yn and xn that
can be solved with direct or iterative methods. An overview of the algorithms for
linear systems, in particular for saddle point problems, is provided in Appendix A.6.

Analogously, we can perform Strang splitting approach (SADAE2) to solve system
(5.36)

1. Initialize x3(t0) := x0, y(t0) := y0 and n = 0.

2. Solve on [tn, tn+ 1
2
] the first subsystem

Dx′1 + Jx1 = 0, x1(tn) = x3(tn) (5.48)

3. Solve on [tn, tn+1] the second subsystem

Dx′2(t) +My(t) = rx(t), x2(tn) = x1(tn+ 1
2
) (5.49)

−MTx2(t) + Sy(t) = ry(t), (5.50)

4. Solve on [tn+ 1
2
, tn+1] the third subsystem

Dx′3 + Jx3 = 0. x3(tn+ 1
2
) = x2(tn+1) (5.51)

5. Set n = n+ 1 and go to 2. unless tn is the final time point.

Up to this point, the variables included in the algorithms are the link currents iLl
through inductors, the twig voltages vCt through capacitors and the link currents
iRl and twig voltages vRt across the resistors. Yet, the current source voltages vI
and voltage source currents iV are to be computed. These values are expressed by
the output variable z. If index-1 topological conditions stated in Theorem 3.2.3 are
satisfied then z is determined by

z +Kxx+Kyy = rz(t), rz =

[
Q>V Ivs
−QV Iis

]
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where x and y are now known. Otherwise, z satisfies the equation

z +Kx′ +Kxx+Kyy = rz(t)

We notice the dependency of z on x′, the first order time derivative of x, as well. The
variable x is referred to as index-2 variable. Using finite differences to approximate z
is appropriate. On the other hand, the invertibilty of D allows us to write

z = KD−1(Jx+My)−Kxx−Kyy + rz(t)−D−1Krx(t)

Note that the computation of inverse matrices is to be avoided in simulations and
then solving linear systems is required. However, if the matrix D is a diagonal matrix
then its inverse is known.

5.2.2 Splitting Linear Coupled Field-Circuit DAEs

In the previous section, we have shown the application of the operator splitting
method to linear circuit DAEs. To that spot, a zero-dimensional system of equations
was considered. To be more precise, the classical electric circuit behaviour is not rep-
resented by a 3D space domain, but by a directed graph in which the interconnections
between different components are settled. By dealing with coupled field-circuit sys-
tems, we are extending the work to be applied for a higher-dimensional case. Such cou-
pling is, from a mathematical point of view, a coupling of zero-dimensional functions
to three-dimensional PDE obtained in Maxwell’s formulation. Moreover, this also rep-
resents an extension for the OSM for DAEs to partial differential-algebraic equations
(PDAEs). Indeed, PDAEs are usually numerically treated after semi-discretization
from which a DAE arises.

Consider an electrical circuit modeled using loop-cutset equations, as introduced in
Chapter 4, which consists of standard elements and an additional electromagnetic
device. Furthermore, let Assumptions 3.2.1, 4.1.1 and 4.3.2 be satisfied. The EM
device’s model equations are given by Maxwell’s grid equations. Then the coupled
field-circuit system, as modeled in Chapter 4, is given by the index-2 DAE

Dx′(t) + Jx(t) +My(t) = rx(t) (5.52a)
−M>x(t) + Sy(t) = ry(t) (5.52b)

z(t) +Kx′(t) +Kxx(t) +Kyy(t) = rz(t) (5.52c)

with x =




vCt
iLl
>
h
>e


 , y =




iRl
vRt
vE
iE


 , z =

[
iV
vI

]

D =




Ct +QCCClQ
>
CC 0 0 0

0 Ll +Q>LLLtQLL 0 0
0 0 Mµ 0
0 0 0 Mε


 , J =




0 QCL 0 0
−Q>CL 0 0 0

0 0 0 C
0 0 −C> Mσ


 ,
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M =




QCR 0 0 0
0 −Q>GL −Q>EL 0
0 0 0 0
0 0 0 Xs


 , S =




Rl −Q>GR −Q>ER 0
QGR Gt 0 0
QER 0 0 I

0 0 − 1
α
I 0


 ,

K =

[
QV CClQ

>
CC 0 0 0

0 Q>LILtQLL 0 0

]
, Kx =

[
0 QV L 0 0

−Q>CI 0 0 0

]
,

Ky =

[
QV R 0 0 0

0 −Q>GI −Q>EI 0

]
, rz =

[
−QV Iis −QV CClQ

>
V Cv

′
s

QT
V Ivs −Q>LILtQLIi

′
s

]

and

rx =




−QCIis −QCCClQ
>
V Cv

′
s

Q>V Lvs −Q>LLLtQLIi
′
s

0
0


 , ry =




Q>V Rvs
−QGIis
−QEIis

0


 .

Similar to the discussion in Section 5.2.1, the matrices D and S are nonsingular and
as a consequence, equation (5.52a) can be reformulated as the DAE system’s inherent
ODE. Hence, equations (5.52a) and (5.52b) are sufficient for the determination of
the unknown vector variables x and y, while equation (5.52c) can be interpreted as an
output equation for z. To this end, we consider only the reduced DAE system (5.52a)-
(5.52b). We first decompose the matrix J into a summation of a skew-symmetric and
symmetric matrices

J = J1 + J2 =




0 QCL 0 0
−Q>CL 0 0 0

0 0 0 C
0 0 −C> 0


+




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 Mσ




We then rewrite the DAE system (5.52a)-(5.52b) equivalently as

Dx′ + (J1 + J2)x+MS−1M>x = rx(t)−MS−1ry(t) (5.53a)
y = S−1

(
ry(t) +M>x

)
. (5.53b)

and we split (5.53a) into the subsystems

Dx′(t) + J1x(t) = 0 (5.54)

and
Dx′(t) + J2x(t) +MS−1M>x(t) = rx(t)−MS−1ry(t) (5.55)

After formulating (5.55) with (5.53b) back as a DAE, we can proceed with either
Lie-Trotter splitting or Strang splitting algorithms.

Lie-Trotter splitting algorithm:

1. Initialize x2(t0) := x0, y(t0) := y0 and n = 0.

2. Solve on [tn, tn+1] the first subsystem

Dx′1(t) + J1x1(t) = 0, x1(tn) = x2(tn) (5.56)
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3. Solve on [tn, tn+1] the second subsystem

Dx′2(t) + J2x2(t) +My(t) = rx(t), x2(tn) = x1(tn+1) (5.57)
−MTx2(t) + Sy(t) = ry(t). (5.58)

4. Set n = n+ 1 and go to 2. unless tn is the final time point.
Strang splitting algorithm:

1. Initialize x3(t0) := x0, y(t0) := y0 and n = 0.

2. Solve on [tn, tn+ 1
2
] the first subsystem

Dx′1(t) + J1x1(t) = 0, x1(tn) = x3(tn) (5.59)

3. Solve on [tn, tn+1] the second subsystem

Dx′2(t) + J2x2(t) +My(t) = rx(t), x2(tn) = x1(tn+ 1
2
) (5.60)

−MTx2(t) + Sy(t) = ry(t), (5.61)

4. Solve on [tn+ 1
2
, tn+1] the third subsystem

Dx′3(t) + J1x3(t) = 0. x3(tn+ 1
2
) = x2(tn+1) (5.62)

5. Set n = n+ 1 and go to 2. unless tn is the final time point.

Subsystem Properties

We observe that the first subsystem (5.56) is a Hamiltonian ODE system with the
Hamiltonian

H(x) =
1

2
x>Dx =

1

2
v>Ct(Ct +QCCClQ

>
CC)vCt +

1

2
i>Ll(Ll +Q>LLLtQLL)iLl (5.63)

+
1

2

>
h
>
Mµ

>
h +

1

2
>e>Mε

>e =: H(vCt, iLl,
>
h,>e)

where
d

dt
H(x) = x>Dx′ = −x>J1x = 0

since J1 is skew-symmetric.

If we additionally have no CV E-loops nor LI-cutsets then QV C = QCC = 0 and
QLL = QLI = 0. Unlike Assumption 4.3.2, this condition means that CV -loops are
not allowed. Consequently, the Hamiltonian H becomes

H(x) =
1

2
x>Dx =

1

2
v>CCvC +

1

2
i>LLiL +

1

2

>
h
>
Mµ

>
h +

1

2
>e>Mε

>e

= EC + EL +Wtotal

describing the total energy stored in the inductors, capacitors and the electromagnetic
device, see equations (3.4), (3.6) and (4.24). Convenient time integration methods to
solve the first subsystem (5.56) or (5.59) are symplectic methods, such as the sym-
plectic Euler scheme and the Störmer-Verlet scheme [115].

The continuation of the analysis, whether for the second subsystem or the determina-
tion of the output variable, is similar to the discussion we had in Section 5.2.1 for the
splitting of linear circuit DAEs.
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5.2.3 Convergence Analysis

In order to verify the convergence of DAE operator splitting method, one has to
rely on the convergence of the ODE operator splitting method that we have already
been intensely through in Section 5.1. As we have seen in Theorems 5.1.3 and 5.1.4,
the convergence of the ODE operator splitting method results from consistency and
stability. We analyse the convergence of Lie-Trotter (SADAE1) splitting approach as
well as Strang (SADAE2) splitting approach applied to decoupled DAEs of the form

Dx′(t) + Jx(t) +My(t) = rx(t) (5.64a)
−M>x(t) + Sy(t) = ry(t) (5.64b)

z(t) +Kx′(t) +Kxx(t) +Kyy(t) = rz(t) (5.64c)

with D and S being invertible. System (5.64) can either be the circuit or the coupled
field-circuit model DAE, and it has a maximum index of 2.

Remark 5.2.1.
The structure of the matrices, for instance, the skew-symmetry of J , is not of an
interest at this stage. We are covering both cases, the circuit DAE system (5.36) and
the coupled field-circuit DAE system (5.52).

Remark 5.2.2.
Note that the index of the reduced system (5.64a)-(5.64b) is 1, on the occasion that
the index of the whole DAE system (5.64) can be 1 or 2. The DAE system (5.64) can
also be of zero index (the term “index-0” is sometimes used to describe ODEs).

Theorem 5.2.1 (SADAE1 convergence).
Let the time step size h be sufficiently small, the initial currents and voltages as well
as the source functions of current and voltage sources be bounded. Let (x(t), y(t), z(t))
and (xn, yn, zn) be the exact and the approximated solutions by (SADAE1) of the DAE
system (5.64), respectively. Then

(i) The approximated solution variables xn and yn converge to the exact solutions x
and y of the reduced system (5.64a)-(5.64b) with order 1.

(ii) The order of convergence of zn to z is 1 if the index of the DAE (5.64) is 1.
Otherwise, the convergence of zn is not guaranteed.

Proof. The Lie-Trotter splitting approach for DAEs (SADAE1) is consistent of order
p = 1. We can directly conclude from Theorem 5.1.3, by choosing

A := −D−1J, B := −D−1MS−1M> and r := −D−1(rx −MS−1ry),

that
lim
h→0
‖x(t)− xn‖ = 0 whenever lim

h→0
tn = t

and
sup

0≤n≤T/h
‖x(tn)− xn‖ = O(h)
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For t ∈ I such that limh→0 tn = t, it follows form (5.37b) that

lim
h→0
‖y(t)− yn‖ = 0

and we have
sup

0≤n≤T/h
‖y(tn)− yn‖ = O(h)

Hence, statement (i) holds. For an index 1 circuit or coupled field-circuit DAE, the
topological conditions, under which the network graph’s associated tree is constructed,
gives a zero matrix K. That is, equation (5.64c) becomes

z(t) +Kxx(t) +Kyy(t) = rz(t)

we then deduce
lim
h→0
‖z(t)− zn‖ = 0 whenever lim

h→0
tn = t

and
sup

0≤n≤T/h
‖z(tn)− zn‖ = O(h)

Otherwise, the coefficient matrix K of x′ is nonzero. In analyzing the algebraic com-
ponent z, the differentiation operator d

dt
is replaced by the difference operator, and

this involves a factor of 1
h
in the corresponding numerical approximation, which means

convergence order reduction by 1. Accordingly, statement (ii) holds.

Theorem 5.2.2 (SADAE2 convergence).
Let the time step size h be sufficiently small, the initial currents and voltages as well
as the source functions of current and voltage sources be bounded. Let (x(t), y(t), z(t))
and (xn, yn, zn) be the exact and the approximated solutions by (SADAE2) of the DAE
system (5.64), respectively. Then

(i) The approximated solution variables xn and yn converge to the exact solutions x
and y of the reduced system (5.64a)-(5.64b) with order 2.

(ii) The order of convergence of zn to z is 2 if the index of the DAE (5.64) is 1.
Otherwise, the convergence order is 1.

Proof. The Strang splitting approach for DAEs (SADAE2) is consistent of order p = 2.
We can directly conclude from Theorem 5.1.4, by choosing

A := −D−1J, B := −D−1MS−1M> and r := −D−1(rx −MS−1ry),

that
lim
h→0
‖x(t)− xn‖ = 0 whenever lim

h→0
tn = t

and
sup

0≤n≤T/h
‖x(tn)− xn‖ = O(h2)

For t ∈ I such that limh→0 tn = t, it follows form (5.53b) that

lim
h→0
‖y(t)− yn‖ = 0
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and we have
sup

0≤n≤T/h
‖y(tn)− yn‖ = O(h2)

Hence, statement (i) holds. For an index 1 case, equation (5.64c) becomes

z(t) +Kxx(t) +Kyy(t) = rz(t)

we then deduce
lim
h→0
‖z(t)− zn‖ = 0 whenever lim

h→0
tn = t

and
sup

0≤n≤T/h
‖z(tn)− zn‖ = O(h2)

Otherwise, the coefficient matrix K of x′ is nonzero. In analyzing the algebraic com-
ponent z, the differentiation operator d

dt
is replaced by the difference operator, and

this involves a factor of 1
h
in the corresponding numerical approximation, which means

convergence order reduction by 1. Thus, the order of convergence of zn is reduced to
1 and statement (ii) holds true.

Corollary 5.2.1 (general convergence).
Under the same conditions of Theorems 5.2.1 and 5.2.2, if a higher order operator
splitting method, as described in Section 5.1.4, of order p ≥ 2 is applied, then

(i) The approximated solution variables xn and yn converge to the exact solutions x
and y of the reduced system (5.64a)-(5.64b) with order p.

(ii) The order of convergence of zn to z is p if the index of the DAE (5.64) is 1.
Otherwise, the convergence order is p− 1.

5.3 Conclusion
This chapter was devoted to operator splitting methods. We first introduced OSM

for inhomogeneous linear ODEs, on which an extension to DAEs is based. That was
detailed by defining operator splitting algorithms of different orders and examining
their numerical properties. We then proposed a splitting approach for linear circuit
and linear coupled field-circuit DAEs based on inherent ODEs and analyzed the sub-
systems’ properties. We obtained an operator decomposition for which we were able
to benefit from symplectic integration methods. We finally concluded with analyzing
the convergence of the proposed algorithm that showed order reduction in the con-
vergence of the algebraic components. The dependency of the order of convergence
on the DAE index implies its dependency on the topological structure of the circuit
network’s graph.

104





Chapter 6

Numerical Simulations

In this chapter we use basic circuit examples in order to demonstrate the operator
splitting approach for DAEs in Chapter 5. In addition, we verify the topologically-
decoupled coupled field-circuit model we obtained in Chapter 4 by comparing to equiv-
alent circuits.

The simulation software is written in Python and uses PyDAESI package for solv-
ing DAEs, developed by the group of Prof. Dr. Caren Tischendorf. It uses back-
ward differentiation formulas and Runge-Kutta method for time integration of index-
2 differential-algebraic equations with a properly stated leading term. For circuit
simulations we use the ECS (Electric Circuit Simulator) package, developed by Dr.
Christian Strohm. This package is based on the modified nodal analysis as a modeling
tool. Simulations that contain operator splitting decomposition with simple elements
and electromagnetic devices, and which use loop-cutset formulations for system mod-
eling, are self-written.

An overview on the used time integration techniques is provided in Appendix A.5.

6.1 Circuit Problems
Example 6.1 (index-1 circuit).
The example given here uses a small RLC circuit that operates in a GHz regime as often
used in chip design. The purpose is to verify the convergence of Lie-Trotter splitting
approach (SADAE1) and Strang splitting approach (SADAE2) given in Section 5.2.1.

vs

R1
C1

L1

C2

C3

L2

R2

L3

e1 e2 e3 e4

e6

e0

e5

C1 = 10−12F, C2 = 5 · 10−13F, C3 = 10−12F
L1 = 5 · 10−7H, L2 = 5 · 10−7H, L3 = 5 · 10−7H
R1 = 0.02 Ω, R2 = 0.02 Ω, vs(t) = sin(109 t)

Figure 6.1: Benchmark RLC-circuit. The green branches form the tree considered for
the model equations.
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Using the tree in Figure 6.1, we get for the circuit DAE system (5.36a)-(5.36b) the
matrices

D =




L1 0 0 0 0 0
0 L2 0 0 0 0
0 0 L3 0 0 0
0 0 0 C1 0 0
0 0 0 0 C2 0
0 0 0 0 0 C3



, M =




1 0
0 1
0 −1
0 0
0 0
0 0




J =




0 0 0 1 1 1
0 0 0 0 −1 0
0 0 0 0 0 −1
−1 0 0 0 0 0
−1 1 0 0 0 0
−1 0 1 0 0 0



, rx =




−vs
0
0
0
0
0




and

S =

[
G1 0
0 G2

]
, Kx =

[
−1 0 0 0 0 0

]
, Ky = 0, ry =

[
0
0

]
, rz = 0.

Note that the circuit in Figure 6.1 is an index-1 circuit since there is a voltage source
connected and there is neither CV -loops nor LI-cutsets. First, implementations are
done according to SADAE1 algorithm. For comparison, we consider the following
three variants of numerical simulation of the circuit:

1. Solve the system (5.36) by implicit Euler method.

2. Solve the first subsystem (5.40) and the second subsystem (5.41)-(5.42) by im-
plicit Euler method

3. Solve the first subsystem (5.40) by symplectic Euler and the second subsystem
(5.41)-(5.42) by implicit Euler method

Figure 6.2: Reference solution for inductive currents for circuit in Figure 6.1 (left).
Error for numerical solution of iL1 of the three simulation variants with time step size
h = 10−11 (right).

In Figure 6.2 we see the reference solution computed by time step size h = 10−13 and
the error between the numerical solution for the three simulation variants with time
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step size h = 10−11 and the reference solution. The results show that the solution of
the DAE splitting approach (variant 2) is almost the same as for the non-split solution
(variant 1). It means that the error caused by splitting is neglectable in comparison
with the numerical discretization error. The use of the DAE splitting approach with
the symplectic Euler method (variant 3) gives the best results and is even faster than
the other variants since the symplectic Euler method for the first subsystem (5.40) is
an explicit method.

Next, Strang splitting algorithm (SADAE2) is followed and compared to (SADAE1).
We solve the first and the third subsystems (5.48) and (5.51) by symplectic Euler and
the second subsystem (5.49)-(5.50) by implicit Euler method.

Figure 6.3: Reference solution for capacitive voltages for circuit in Figure 6.1 (left).
Error for numerical solution of the inductive current iL3 with time step size h = 10−11

(right).

Figure 6.4: Error for numerical solution of the capacitive voltages vC1 (left) and vC2

(right) with time step size h = 10−11 (right).

We note that in this example, no improvements from Strang splitting are observed,
and concerning the order of convergence of the compared algorithms we can say that
they are both of order 1 since the first order BDF method (Euler implicit) is used, see
Remark 5.1.2. On the contrary, we are generating additional error by integrating three
subsystems. This is clear in Figures 6.3 and 6.4, a comparison between Lie-Trotter
and Strang splittings is shown where symplectic Euler method is used to solve the
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homogeneous Hamiltonian ODE subsystems.

In order to improve the accuracy of the Strang splitting algorithm (SADAE2), we use
the second order Störmer-Verlet scheme, which is an explicit symplectic scheme, to
solve the first and the third subsystems (5.48) and (5.51). And we use the second
order Runge-Kutta method to solve the second subsystem (5.49)-(5.50). The results
are shown in Figure 6.5. We observe a slight increasing in the generated error by
Störmer-Verlet scheme on larger time intervals that might be caused by the resistors
but not completely studied so far.

Figure 6.5: Error for numerical solution of the inductive current iL1 (left) and resistive
voltage vR1 (right) with time step size h = 10−11 (right).

Example 6.2 (index-2 circuit).
We consider an index-2 circuit given in Figure 6.6 with a CV -loop operating in a
GHz regime. In this example we focus on the order of convergence of SADAE1 and
SADAE2 algorithms using first and second order time integration methods.

vs

C1 C2

C 

R

L1

L2

C1 = 10−12F, C2 = 5 · 10−13F, C3 = 10−12F
L1 = 5 · 10−7H, L2 = 5 · 10−7H, R = 0.02 Ω

vs(t) = sin(109 t)

Figure 6.6: An index-2 circuit with CV -loop. The green branches form the tree
considered for the model equations.

Using the tree in Figure 6.6, the submatrix Ql of the fundamental cutset matrix Q is
given by

Ql =



QV C QV L

QCC QCL

QGC QGL


 =




−1 0 0
−1 1 0
−1 0 1
0 −1 1
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and we get for the circuit DAE system (5.36a)-(5.36b) the matrices

D =




L1 0 0 0
0 L2 0 0
0 0 C1 + C2 C1

0 0 C1 C1 + C3


 , J =




0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0


 , M =




1
−1
0
0


 ,

rx =




0
0

−C1v
′
s

−C1v
′
s


 , x =




iL1

iL2

vC2

vC3


 , K =

[
0 0 C1 C1

]
, y = vG, z = iv,

and
S = G = R−1, Kx = 0, Ky = 0, ry = 0, rz = −C1v

′
s

In Figure 6.7, we see the reference solution computed by time step h = 10−13

using first order BDF method. The implementation in this case is done using the
ECS package based on the modified nodal analysis (voltages are computed using the
node potentials). We then consider the following implementation variants of numerical
simulation of the circuit:
Variant 1: We use Lie-Trotter splitting approach (SADAE1) and solve the first
subsystem (5.40) and the second subsystem (5.41)-(5.42) by second order Runge-
Kutta method [14].
Variant 2: We use Strang splitting approach (SADAE2) and solve the first subsystem
(5.48), the second subsystem (5.49)-(5.50), and the third subsystem (5.51) by second
order Runge-Kutta method [14].
Note that the second subsystem DAE is of index 1 and therefore it can be integrated
by an implicit Runge-Kutta method [6]. The used second order Runge-Kutta method
in this chapter is the trapezoidal rule, see A.5.2.
The variable z = iV given here by the equation

z(t) = rz(t)−Kx′(t) = rz(t)− C1v
′
C2

(t)− C1v
′
C3

(t)

can be computed using the finite difference method to approximate the derivatives v′C2

and v′C3
, at a time point tn+1 with h = tn+1 − tn, as follows

v′C2
(tn+1) ≈ vC2(tn+1)− vC2(tn)

h
and v′C3

(tn+1) ≈ vC3(tn+1)− vC3(tn)

h

According to Remark 5.1.2, the numerical scheme given by variant 1 is expected to
be a first order convergent scheme, while variant 2 is of second order. To estimate
the order of convergence for both implementation variants, we pick time step sizes
h1 = 10−11 and h2 = 10−12 and calculate the absolute error of the variables.

Figures 6.8, 6.9 and 6.11 show the absolute error of the inductive current iL1 , the
capacitive voltage vC2 and the current through the voltage source iV computed with
different implementation variants, variant 1 and variant 2, and with different time
step sizes h1 and h2.

Observing Figure 6.8, we note that when implementing Lie-Trotter splitting approach
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Figure 6.7: Reference solution for currents iL1 , iL2 and iV , and voltages vC2 , vC3 and
vG for circuit in Figure 6.6.

(variant 1) by taking the time step size h1, the absolute error of iL1 is in the range of
10−5. While it is in the range of 10−6 when choosing the time step size h2. On the
other hand, the implementation of Strang splitting approach (variant 2) gives an error
in the range of 10−7 for step size h1, while it is in the range of 10−9 when choosing
the time step size h2. Similar observations are shown in Figure 6.9 for the capacitive
voltage variable vC2 . We recall that by implementing variant 1 and variant 2, we are
determining the variable x and y, see Section 5.2.1. We deduce that, by using second
order Runge-Kutta method in time discretization, Lie-Trotter and Strang splitting
approaches are convergent of orders 1 and 2, respectively. See also figures 6.10a and
6.10b for the relevant plots of the errors in the x-variable components iL1 and vC2 for
which we have taken different time steps between 10−13 and 10−11.

In the second step comes the computation of z = iV . And by observing Figures 6.11
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Figure 6.8: The absolute error of the inductive current iL1 computed with different
implementation variants and with different time step sizes.

Figure 6.9: The absolute error of the capacitive voltage vC2 computed with different
implementation variants and with different time step sizes.

and 6.12b, we notice that the approximated value of z converges with order 1 in both
implementation variants. Even though, Theorem 5.2.1 indicates that the convergence
of the output variable z is not guaranteed when applying a first order operator splitting
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(a) Solution Variant 1 (b) Solution Variant 2

Figure 6.10: Order of convergence of some of the x-component variables.

Figure 6.11: The absolute error of the current through the voltage source iV computed
with different implementation variants and with different time step sizes.

(a) Error of vG (b) Error of iV

Figure 6.12: Order of convergence of y-component (left) and z-component variables
(right).
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algorithm to an index-2 DAE, the here obtained result shows a first order convergence
for z. With Strang splitting approach, this order reduction is justified by Theorem
5.2.2 due to the estimation using finite difference.

In Figure 6.12a, we can see that the order of convergence of vG -which is a y-component
variable- is 2 when Variant 2 is implemented. The slight deviation of the line is due
to round-off errors.

6.2 Coupled Field-Circuit Problems
In this part we consider some coupled field-circuit systems. The simulations were

done using either ESC package or the operator splitting technique introduced in Sec-
tion 5.2.2. The first Section 6.2.1 verifies the refined model’s system of equations that
are constructed based on loop-cutset equations. The second Section 6.2.2 is devoted
to the operator splitting method.

Material properties used in this chapter are given in Table 6.1. The physical constants

material permittivity ε conductivity σ permeability µ
aluminum 9.5 · ε0 3.33 · 107 µ0

nickel-chrome ε0 891265.5971 µ0

oxide 3.9 · ε0 0 µ0

Table 6.1: Properties of used materials.

ε0 and µ0 shown in Table 6.1 are the permittivity and the permeability of free space,
respectively.

6.2.1 Topologically Decoupled Model

We consider an EM device consisting of a 3×3×802µm aluminium bar surrounded
by oxide and discretized by the FIT. Two mesh-size discretizations are used. By α we
indicate the positive constant defined in (4.26). The resistance R of a metal bar can
be determined by the relation

R =
l

A σ

where l is the bar’s length and A is the cross-sectional area.

Example 6.3.
Consider the coupled field-circuit problem in Figure 6.13a with α = 8. In Figure
6.13b, the EM device is replaced by a resistor with resistance R2 = 2.6765 Ω. We
choose L = 5 × 10−7 H, C = 10−13 F , R1 = 0.002 Ω and the supply voltage source
vs(t) = sin (ft) with the frequency f .

The quantities’ dimensions are (vC , iL,
>
h,>e, iR, vE, iE) : I → R1+1+273+116+1+1+1.

In Figure 6.13a, the device is inserted in the circuit via the boundary parts that
are attached to e3 and the circuit’s ground. Note that due to the Dirichlet conditions,
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(a) Circuit with EM device

vs

L

e1 e2

R2

e3

R1

C

e0

(b) Equivalent circuit

Figure 6.13: Circuit with 2-terminal EM device.

(a) Some outputs from refined model 6.13a (b) Some outputs from equivalent circuit 6.13b

Figure 6.14: Circuit simulations with frequency f = 1 Hz.

the complementary boundary can be considered as being connected to the circuit’s
ground. The results are given in Figures 6.14 and 6.15.

The simulations of the circuit in Figure 6.13b are carried out using backward differ-
entiation formula of order 1 and spsolve1 as a linear solver. Circuit in Figure 6.13a is
modeled using the system (4.48). Given the orientation in the figure, we construct a
tree where the inductor L and the resistor R1 are associated to links. The submatrix
Ql of the fundamental cutset matrix Q is then

Ql =



QV L QV R

QCL QCR

QEL QER


 =



−1 0
−1 1
0 −1




and the simulations are done using implicit Euler method and solve2 as a linear solver.
For f = 1 Hz the results of both circuits are equal as shown in Figure 6.14. This does
not hold true for high frequencies, due to the increase in effective resistance of the
device caused by the skin effect, see Figure 6.15.

1python linear solver from scipy package
2python linear solver from numpy package
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(a) Some outputs from refined model 6.13a (b) Some outputs from equivalent circuit 6.13b

Figure 6.15: Circuit simulations with frequency f = 1018 Hz.

Example 6.4.
Consider the coupled field-circuit problem in Figure 6.16a, with α = 4 where the EM
device consists of a 3× 3× 802µm nickel-chrome bar surrounded by oxide. We choose
C = 10−13 F , R1 = R2 = 0.002 Ω and vs1(t) = vs2(t) = sin (ft) with f = 109 Hz. In
Figure 6.16b, the EM device is replaced by two resistors with resistances R3 = R4 =
100 Ω.

(a) Circuit with EM device

vs1

R1

R3

R4

R2

e1 e2 e4

e5e0

vs2

C

e3

(b) Equivalent circuit

Figure 6.16: Circuit with 3-terminal EM device.

The simulations are done using backward differentiation formula (BDF) of order 1
with a constant time step h = 10−11 on the time interval I = [0, 5× 10−8] and spsolve
for solving linear systems. Additionally, simulations for circuit in Figure 6.16b utilize
the MNA as a modeling tool, while for the refined model in Figure 6.16a we used the
proposed coupled model of loop-cutset equations and Maxwell’s grid equations, i.e. the
decoupled DAE system (4.48). Some of the simulation outputs are shown in Figures
6.17 and 6.18. Again, for the frequency f = 109 Hz, the results of both circuits are
equal.

The results we obtained in Examples 6.3 and 6.4 confirm that the decoupled DAE
system (4.48) as introduced in Chapter 4 represents a model for the coupled field-
circuit problem.
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Figure 6.17: Simulation outputs: node potential e5 in the refined model Figure 6.16a
and the equivalent circuit Figure 6.16b.

Figure 6.18: Simulation outputs: current iE1 through the EM device in the refined
model Figure 6.16a and in the current iR3 through R3 in the equivalent circuit Figure
6.16b.

6.2.2 Operator Splitting

We aim in this section to check the convergence of operator splitting methods for
coupled systems. Both Lie-Trotter and Strang splitting algorithms, as given in Section
5.2.2, are implemented. We consider the coupled field-circuit problem in Figure 6.19
operating in a GHz regime, with

C1 = 10−12 F, C2 = 5 · 10−13 F, C3 = 10−12 F
L1 = 5 · 10−7 H, L2 = 5 · 10−7 H, L3 = 5 · 10−7 H
R1 = 0.02 Ω, R2 = 0.02 Ω, vs(t) = sin(109 t)

Using the tree in Figure 6.19, we get for the DAE system (5.52a)-(5.52b) the matrices
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Figure 6.19: Benchmark RLC-circuit with an EM device: The green branches form
the tree considered for the model equations

Q>V L =



−1
0
0


 , Q>EL =



−1
0
0


 , Q>CL =



−1 −1 −1
0 1 0
0 0 1


 , Q>GL =



−1 0
0 −1
0 1




rx =
[
0 0 0 −vs 0 · · · 0

]>
, ry =

[
0 0 0 0

]>

The quantities’ dimensions are (vCt, iLl,
>
h,>e) : I → R3+3+141+52 and (iRl, vRt, vE, iE) :

I → R4.
Note that the circuit in Figure 6.19 is an index-1 circuit since there is neither CV E-
loop nor LI-cutset. For comparison, we consider the following variants of numerical
simulation:

1. Implicit: Solve the system (5.52) by implicit Euler method.

2. Lie-Trotter-Implicit: Solve the first subsystem (5.56) and the second subsystem
(5.57)-(5.58) by implicit Euler method.

3. Strang-Implicit: Solve the first subsystem (5.59), the second subsystem (5.60)-
(5.61) and the third subsystem (5.62) by implicit Euler method.

4. Lie-Trotter-Symplectic: Solve the first subsystem (5.56) by symplectic Euler and
the second subsystem (5.57)-(5.58) by implicit Euler method.

In Figures 6.20, 6.21 and 6.22 we see the reference solution computed by time step size
h = 10−14 and the error between the numerical solution for the four simulation vari-
ants with time step size h = 10−12 and the reference solution. The results in Figures
6.20, 6.21 and 6.22 show that the solution of the DAE Lie-Trotter splitting approach
(variant 2) is almost the same as for the non-split solution (variant 1). It means
that the error caused by splitting is neglectable in comparison with the numerical dis-
cretization error. Moreover, almost similar results are obtained by the implementation
of the Strang splitting approach (variant 3).

In Figures 6.20, 6.21 and 6.22, the use of the DAE splitting approach with the sym-
plectic Euler method (variant 4) gives the best and most accurate results and is even
faster than the other variants since the symplectic Euler method for the first subsystem
in each variant is an explicit method.
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Figure 6.20: Reference solution for EM device voltage vE for circuit in Figure 6.19
(left) and the error for numerical solution with time step size h = 10−12 (right).

Figure 6.21: Reference solution for a magnetic mesh voltage
>
h60 for circuit in Figure

6.19 (left) and the error for numerical solution with time step size h = 10−12 (right).

6.3 Conclusion
In this chapter we focused on the simulation of operator splitting approach for

circuit and coupled field-circuit problems. We first examined a simple RLC circuit
of index 1 to verify the convergence of splitting methods for circuit DAEs. The im-
plemented symplectic method gives the best results by capturing the Hamiltonian
behaviour. We then considered an example of an index-2 circuit and applied Lie-
Trotter and Strang splitting approaches using second order Runge-Kutta method for
time integration. The obtained results verify the order of convergence of the overall
algorithm as pointed out in Remark 5.1.2. Further, the results verify the statements
in Theorem 5.2.2 by showing a reduction in the order of convergence when approxi-
mating the output z variable.
In the second section, we dealt with refined model equations obtained from FIT im-
plementations using ECS package. We validated our model, that results form the
coupling of loop-cutset formulations with Maxwell’s grid equations in Chapter 4, by
observing the expected resistance behaviour of the device for low frequency case.
We then checked the convergence of Lie-Trotter and Strang splitting approaches for
coupled DAEs by considering an RLC circuit with an EM device and tested several
implementation variants.
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Figure 6.22: Reference solution for an electric mesh voltage >e185 for circuit in Figure
6.19 (left) and the error for numerical solution with time step size h = 10−12 (right).
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Chapter 7

Conclusion and Outlook

Summary

In this thesis, we started an approach in the process of understanding operator
splitting methods for partial differential-algebraic systems. Some of such investigations
ended with quite interesting results, and the others are still to be considered. In partic-
ular, this work concentrated on studying differential-algebraic systems (DAEs) arising
in electrical circuit simulations, comprehending the physical and graph-theoretical
concept of these models and linking them to the well-known splitting techniques for
ordinary differential equations (ODEs).

The main goal was to extend the operator splitting method from ODEs to DAEs, and
that was achieved by a topological decoupling of the considered DAEs. Throughout
this thesis, two applications were discussed, the linear electrical networks and the cou-
pled electromagnetic field-circuit systems. The modeling of both systems ended up
with a differential-algebraic system of equations and the numerical analysis of these
DAEs has shown that their index does not exceed the value of 2. Furthermore, the
close connection between electrical circuits and graph theory allowed topological in-
terpretations to appear in the index analysis, the circuit DAE decoupling approach,
and the convergence analysis of numerical methods.

To be more precise, for electrical circuits consisting of linear lumped elements, we first
considered the modified nodal analysis as a modeling approach that results in a DAE
describing the circuit network’s behavior and understood the dissection index of the
resulting DAE system and how it is related to the topological structure of the net-
work’s associated graph, see Chapter 3. Based on the index results, we modeled the
circuit using the branch oriented loop-cutset approach (loop and cutset formulation)
and obtained a topologically decoupled DAE system into its inherent ODE and alge-
braic equations. Followed by the topological decoupling of circuit DAEs of index-1,
we were able to construct a suitable decomposition of the matrices so that a natural
port-Hamiltonian DAE structure is reached. We then extended our approach to the
index-2 case, to have a generalization for a topologically decoupled circuit DAE, which
also has a port-Hamiltonian structure.

Concerning the coupled field-circuit systems, we were concerned with determining a
suitable decomposition of the coupled field-circuit DAE system, so that the opera-
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tor splitting method is applicable. More precisely, we wanted to reach an appropri-
ate decoupling of the system under consideration. The model considered in Chapter
4 couples partial differential equations for electromagnetic devices with differential-
algebraic equations describing the basic circuit elements. At this stage, the circuit
behavior is modeled using the modified nodal analysis, and the field behavior is mod-
eled by Maxwell’s equations (MEs). After spatially discretizing the classical E-H
formulation of Maxwell’s equations using the finite integration technique, we formu-
lated the resulting coupled system as a differential-algebraic equation. We analyzed
the index of the resulting DAE using two different concepts: the differentiation and
the dissection index concepts. Here, the differentiation index is determined using the
notion of generalized elements, introduced in [100]. The topological interpretation for
both concepts coincides and does not exceed 2. Again, to perform an appropriate
decoupling, we used the branch oriented loop-cutset approach for circuit modeling.

In short, the presented modeling and splitting approach for coupled field-circuit DAEs
in this thesis have the advantage that the skew-symmetric dynamical part of high di-
mension (that preserves energy) can be solved efficiently with an explicit symplectic
scheme and afterwards corrected by solving the symmetric dissipative part by an A-
stable implicit scheme. The simulation results show that the splitting approach is
faster and more accurate than a standard implicit (BDF) scheme for the coupled
field-circuit system.

In Chapter 5, we stated the operator splitting approach for the topologically decou-
pled DAE systems derived in Chapters 3 and 4, and we exploited symplectic numerical
schemes for Hamiltonian inherent ODEs. The conceptual foundation for the proposed
splitting method was laid by the well-known Lie-Trotter and Strang splitting ap-
proaches. Further, we derived convergence results for the approach we proposed, that
depend on the index of the system and thus on its topological structure. This thesis
finishes with some numerical simulations in Chapter 6, demonstrating the convergence
results and the modeling approach of the coupled system.

Outlook

As a first step in proceeding, we will be generalizing our work to the non-linear case
as a complement to what is discussed here, and this will incorporate additional circuit
elements like diodes, transistors, and transformers. Another approach of interest is
the application of additive operator splitting methods that treat each sub-problem
independently and take advantage of parallel processing.

The future interest will be in the spirit of extending the knowledge on what has been
discussed and studied till now. In particular, by considering further physical and en-
gineering applications where DAE systems occur. Many questions still arise on the
decoupling procedure of different DAE networks (water networks, gas networks, etc.)
that preserves physical properties as a core in operator splitting techniques. In fluid
dynamics, in particular, contributions can be added by benefiting from the analy-
sis of the operator differential-algebraic system arising and its variational formulation
in the frame of saddle point problems, see [167, 168]. On the other hand, and for
more specific cases, one can take advantage of the port-Hamiltonian formulation of
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the Navier-Stokes equations for ideal fluids [169], reactive flows [170], or viscous isen-
tropic flows [171], and therefore, work on structure-preserving numerical methods and
discretizations.

Another point worth mentioning concerns the strategy followed for operator splitting
methods for the coupled field-circuit DAE. We note that the first step, as explained
in Chapter 5, is to perform a spatial discretization and then adapt the method to the
inherent ODE after decoupling the DAE. In the literature, where operator splitting
methods are extensively discussed for either parabolic, elliptic-parabolic, hyperbolic
PDEs, or mixed hyperbolic-parabolic [108, 173, 174, 175, 176, 177, 178], spatial dis-
cretization is preceded by operator splitting. This motivates us to consider splitting
methods for PDAEs from a different perspective. The idea suggests the direct applica-
tion of the splitting technique to the PDE describing linear wave system, originating,
for instance, from the modeling of power or gas networks. Discretization methods are
carried out for each sub-problem separately. By doing so, different analytical concepts
are to be taken into account: unbounded operators, C0-semigroups, inf-sup stability,
boundedness, etc.

To have a closer insight into partial differential equations on networks, we refer to
[172]. The propagation of pressure waves in a network of pipes can be modeled as
a coupled system of hyperbolic partial differential equations. On each edge e of the
network (representing a pipe), a one-dimensional linear wave system with damping
has the form

∂tp
e(t, x) + ae(x)pe(t, x) + ∂xm

e(t, x) = ge(t, x) (7.1a)
ε∂tm

e(t, x) + ∂xp
e(t, x) + de(x)me(t, x) = f e(t, x) (7.1b)

with appropriate boundary conditions and given initial values for pe(0) and me(0).
The variables pe and me model the potential and the flow of the system on a single
edge e, respectively. The parameters ae and de include damping to the system, and
ge and f e are source terms.

For a network as shown in Figure 7.1, the conservation and balance laws require
additional coupling conditions that reflect physical properties. Hence, the overall
system combines the PDEs (7.1) with explicitly stated constraints resulting in a partial
differential-algebraic equation.

Figure 7.1: Example of a network of pipes, represented by a graph with vertices
V = {v1, v2, v3, v4, v5, v6} and edges E = {e1, e2, e3, e4, e5, e6}.

Note that the PDE (7.1) is hyperbolic for ε > 0 and parabolic for ε = 0. This system
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is not restricted to pipe networks (e.g. water networks or gas networks). It also allows
to model electro-magnetic-energy propagation along a network of transmission lines
[172, 179] and is one of the examples to which operator splitting methods for PDAEs
can be extended.

Further discussions to follow are about the implementation of the 2nd subproblem in
our splitting algorithm. A time integration applied to the formmer system (e.g. using
Implicit Euler) yields to saddle point linear systems. Such systems can be efficiently
solved using iterative methods like the Uzawa’s method and Krylov subspace methods.
Besides, there exists preconditioners like the he so-called "exact" versions of block-
diagonal or block-triangular preconditioners for saddle point matrices form which one
can expect the that the Krylov subspace method will terminate within a small number
of steps (in 2 or 3 iterations), see [182].
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Appendix A

Mathematical Tools

This chapter is devoted to additional details, definitions and explanations relevant
to a better understanding of the previous main chapters. The results presented here
come from different mathematical areas.

A.1 Solvability of Linear DAEs
The type of equations we are dealing with, whether they arise from circuit or

field-circuit simulations, is a linear DAE system with constant coefficients of the form

Ax′(t) + Bx(t) = q(t) (A.1a)
x(t0) = x0 (A.1b)

with A,B ∈ Rn×n, A is nonsingular, t ∈ I := [t0, T ] ⊂ R, x0 is a consistent initial
condition and q : I −→ Rn is at least continuous in I. Note that DAE (A.1a) has
a properly stated leading term. We want to find a solution x ∈ C1(I,Rn) of system
(A.1).

Theorem A.1.1.
If q ∈ C(I,Rn), then the index-1 IVP (A.1) has a unique solution x ∈ C1(I,Rn).
Furthermore, there exists a constant C > 0 such that

max
t0≤t≤T

‖x(t)‖+ max
t0≤t≤T

‖x′(t)‖ ≤ C(‖x0‖+ max
t0≤t≤T

‖q(t)‖) (A.2)

Proof. Let {P,Q} and {V,W} be the splitting kernel pairs of A and its transpose
respectively. The variable x can be uniquely written such that x = Px1 + Qy1. The
DAE (A.1a) becomes

APx′1(t) + BPx1(t) + BQy1(t) = q(t) (A.3)

Now we multiply equation (A.3) once by V > and by W>, so that we have

V >APx′1 + V >BPx1 + V >BQy1 = V >q(t)

W>BPx1 +W>BQy1 = W>q(t)
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which can be rewritten as

G1x
′
1 +BV

x1
x1 +BV

y1
y1 = V >q(t) (A.4)

BW
x1
x1 +BW

y1
y1 = W>q(t) (A.5)

with

G1 := V >AP, BV
x1

:= V >BP, BV
y1

:= V >BQ (A.6)

BW
x1

:= W>BP, BW
y1

:= W>BQ (A.7)

The matrix G1 is nonsingular by construction. Due to index-1 assumption, the matrix
BW
y1

is nonsingular (refer to Lemma 2.2.2) which means that

y1 = (BW
y1

)−1[W>q(t)− BW
x1
x1] (A.8)

and by inserting (A.8) in equation (A.4), we can solve the inherent ODE

G1x
′
1 + [BV

x1
− BV

y1
(BW

y1
)−1BW

x1
]x1 = [V > − BV

y1
(BW

y1
)−1W>]q(t)

and uniquely determine x1 ∈ C1(I,Rn) then consequently we obtain y1 ∈ C1(I,Rn).
It follows from Gronwall’s lemma [51] that there exists a constant C > 0 such that

max
t0≤t≤T

‖x1(t)‖+ max
t0≤t≤T

‖x′1(t)‖ ≤ C(‖x1(t0)‖+ max
t0≤t≤T

‖q(t)‖) (A.9)

The IVP (A.1) has a unique solution x ∈ C1(I,Rn) determined by

x = Px1 +Q(BW
y1

)−1[W>q(t)− BW
x1
x1] (A.10)

and the estimation (A.2) follows from (A.9) and (A.10).

Remark A.1.1. By supposing that x0 = 0 in (A.1b), we get x1(t0) = y1(t0) = 0.
Otherwise, we can perform a change of variable z = x− x0.

Remark A.1.2. Similar and more generalized results for linear DAEs solvability with
the right-hand side q ∈ L2(I,Rn) are given in [52].

Regrading the solvability of index-2 linear DAEs of the form (A.1), it can be shown
that system (A.1) admits a unique continuously differentiable solution, see [87]. This
in fact follows from the possibility to split the linear index-2 system into 3 parts:

(i) inherent explicit ODE,

(ii) a part describing the inherent differentiation problem,

(iii) and a purely algebraic part.

This splitting can be achieved either by the construction of the next matrix chain of
(A.6)-(A.7) based on kernel splitting pairs, see [15], or by the formulation of projector-
based matrix chain, see further [11, 87].
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A.2 Hamiltonian Systems
Definition A.2.1 (Hamiltonian system).
A Hamiltonian system is a system of differential equations of the form

p′(t) = −Hq(p(t), q(t)) (A.11a)
q′(t) = Hp(p(t), q(t)) (A.11b)

with a given function H : R2k −→ R for which

Hp(p, q) =
∂

∂p
H(p, q), Hq(p, q) =

∂

∂q
H(p, q)

The function H(p, q) is called a Hamiltonian function.

We call (p, q) = (p(·), q(·)) a solution of the Hamiltonian system (A.11) if p and q
are differentiable functions mapping a time interval I to Rk and satisfy (A.11) ∀t ∈ I.
One of the important properties of a Hamiltonian dynamical system is energy preser-
vation, given by the following theorem.

Theorem A.2.1.
If p(·) and q(·) are solutions of the Hamiltonian system (A.11), then the Hamiltonian
function H(p(t), q(t)) is constant, i.e. independent of time.

Proof. It results from

d

dt
H(p(t), q(t)) = Hp(p(t), q(t)) · p′(t) +Hq(p(t), q(t)) · q′(t)

= q′(t) · p′(t)− p′(t) · q′(t) = 0

Another characteristic property for Hamiltonian systems is the symplecticity of the
flow [115] (area preservation) and it has motivated researchers to search for numerical
methods that share this property. These methods are known as symplectic integrators,
see [115].

A.3 Graph Theory
Definition A.3.1 (path).
Let G = (N ,B) be a graph. A set of branches {b1, · · · , bn} of a G is called a path
between two nodes j and k, if the branches satisfy the following:

(i) Successive branches bi and bi+1 have always one common node,

(ii) Each node belongs to maximal two branches of the set,

(iii) The nodes j and k belong to exactly one branch of the set.
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Definition A.3.2 (connected graph).
A graph G is said to be connected, if there is at least one path between any two nodes
of the graph.

Theorem A.3.1.
The incidence matrix A of a connected graph with n nodes has a full row rank.

Proof. This proof is given in [42]. Without loss of generality, let the reference node be
the n-th node. And let ak denote the k-th row of A, k = 1, · · · , n− 1. Suppose that
the rows ak are linearly dependent, then ∃λ1, · · · , λn−1 such that

n−1∑

k=1

λkak = 0

We numerate the nodes such that λk 6= 0 for all ≤ k ≤ n0 and λk = 0 for all
n0 + 1 ≤ k ≤ n − 1. Because of the linear dependency, we have n0 ≥ 1 and then we
can write

n0∑

k=1

λkak = 0 and A =

(
Au
Al

)
=




a1

· · ·
an0

an0+1

· · ·
an−1




The submatrix Au has at least one column with not only zero entries. Otherwise the
nodes {1, · · · , n0} and {n0 + 1, · · · , n} would not be connected. We rearrange the
columns of Au such that the first b0 (b0 ≥ 1) columns contain at least one 1 or one −1
and all other columns have zero entries only. This yields

Au =
(
Aul Aur

)
=
(
∗ 0

)

Aul and Aur have b0 and b−b0 columns respectively where b is the number of branches
of the network. Since each column of Aul contains maximal one 1 and maximal one
−1 and

n0∑

k=1

λkakj = 0

holds for all j = 1, · · · , b (therefore, for all j = 1, · · · , b0), then we deduce that each
column of Aul contains exactly one 1 and one −1. This implies

A =

( )
∗ 0 n0

0 ∗ n-1-n0

This means that the nodes {1, · · · , n0} and {n0 + 1, · · · , n} are not connected, which
is a contradiction.
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Theorem A.3.2 (loops).
A subset Gl of a connected graph G = (N ,B) with l branches has loops if and only if
the columns of the incidence matrix A corresponding to these l branches are linearly
dependent. This is equivalent to write: G has an X-loop if and only if kerAX 6= 0,
where AX is the incidence matrix of a subgraph with branches of X-type and the same
node set N .

Proof. This proof is given in [42].

=⇒) Let b1, · · · , br be branches of G that form a loop and let a1, · · · , ar be the columns
of A corresponding to these branches. Define

cj =

{
1 if the branch j has the same orientation of the loop
−1 if the branch j has the opposite orientation of the loop

for all j = 1, · · · , r. Since each branch of Gl connects exactly two nodes of Gl ,
each row of the matrix (

c1a1 c2a2 · · · crar
)

contains exactly one 1 and one −1. This gives
r∑

i=1

ciai = 0

and therefore the columns a1, · · · , ar are linearly dependent.

⇐=) Let the subgraph Gl has l branches. Let, without loss of generality, the first
l columns of A correspond to these branches be linearly dependent. If Gl is
not connected, then it consists of a finite number of connected subgraphs Gli,
i = 1, · · · , r. The subgraphs can be sorted as follows

Aa =







A1 0 · · · 0 ∗
0 A2 · · · 0 ∗
...

... . . . ... ∗
0 0 · · · Ar ∗

where the arranged columns of Aa correspond to the subgraphs Gli, i = 1, · · · , r.
Consequently, we can find at least one i0 ∈ {1, · · · , r} such that the columns of
Ali0 are linearly dependent. let k be the number of nodes of Gli0 . If Gli0 does
not contain a loop, then Gli0 would be a tree with k − 1 branches. Then the
associated incidence matrix Ali0 of Gli0 would have k − 1 linearly independent
columns, which is a contradiction. And it follows that Gli0 contains at least one
loop.

Theorem A.3.3.
Let A be the reduced incidence matrix of a connected graph with n nodes. Then A has
n− 1 linearly independent columns if and only if the branches of these columns form
a tree.
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Corollary A.3.1.
If the columns of A are partitioned into A := (At, Al) such that the columns of At
correspond to a tree branches, then At is nonsingular.

Theorem A.3.4 (cutsets).
Let G = (N ,B) be a connected graph and let BX ( B be a set consists of X-type
branches. Denote by AX and AY the incidence matrices of the subgraphs obtained by
the same node set N and branch sets BX and B\BX respectively. Then, G has an
X-cutset if and only if kerA>Y 6= 0.

Proof. See Lemma A.6 in [17].

Lemma A.3.1 ([17]).
For a connected graph G = (N ,B), let X and Y be disjoint branch types with cor-
responding branch subsets BX and BY ⊂ B, respectively. Further, denote by AX and
AY the incidence matrices of the network represented by the subgraphs (N ,BX) and
(N ,BY ) respectively. Let QX be a basis of the kernel of A>X , i.e. imQX = kerA>X .
Then the matrix Q>XAY has full column rank if and only if there is no XY +-loop.

Proof. =⇒) Assume G has anXY -loop. It follows from Theorem A.3.2 that ker
[
AX AY

]
6=

{0}. Then there exists a nonzero (x, y) such that

AXx+ AY y = 0

Left multiplying the latter expression by Q>X gives Q>XAY y = 0. As y 6= 0, it
follows that Q>XAY has no full column rank.

⇐=) Assume that Q>XAY has no full column rank, then there exists y 6= 0 such that
Q>XAY y = 0. This implies that AY y ∈ kerQ>X . By definition, kerQ>X = imAX .
Thus, there exists an x such that

AXx+ AY y = 0.

Even if x might be zero, e.g. when AY itself has no full column rank and y is
chosen such that AY y = 0, it still holds y 6= 0. Therefore, there exists XY -loop
with at least one Y -type branch.

Lemma A.3.2 ([17]).
Let G = (N ,B) be a graph. Assume BXi ⊂ B, for i = 1, · · · , n, to be branch subsets for
n ∈ N branch types Xi, respectively, and type Z refers to the complementary branch
subset BZ = B\(∪ni=1BXi). Denote by AXi the incidence matrices of the subgraphs
(N ,BXi), respectively. With this given, let QX1 be the basis of the kernel of A>X1

.
Successively, let QXk , for k = 2, · · · , n− 1, be a basis of the kernel of A>Xk

∏k−1
i=1 QXi.

Then, the matrix Q>Xn−1
· · ·Q>X1

AXn has full column rank if and only if there is no
Z-cutset.

Proof. =⇒) Assume that Q>Xn−1
· · ·Q>X1

AXn has a full row rank. Then ∃yn 6= 0 such
that

A>Xn

n−1∏

i=1

QXiyn = 0.
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As by definition all QXi have full column rank, then

yk :=
n−1∏

i=k

QXiyn = QXkyk+1,

for k = n− 1, n− 2, · · · , 1, are non-trivial and so is y1. Then

A>Xky1 = A>XkQX1QX2 · · ·QXk−1
yk = 0, ∀k

since yk ∈ imQXk = kerA>XkQX1QX2 · · ·QXk−1
. Therefore,

[
AX1 AX2 · · · AXn

]

has no full column rank and consequently there is a Z-cutset according to The-
orem A.3.4.

⇐=) Assume that G has a Z-cutset. From Theorem A.3.4 we deduce that there exists
a nonzero y such that

A>Xiy = 0, ∀i = 1, · · · , n

As y ∈ kerA>X1
= imQX1 and QX1 has, by definition, a full column rank.

Therefore, there exists a nonzero y1 such that y = QX1y1. That gives

0 = A>X2
y = A>X2

QX1y1

then y1 ∈ kerA>X2
QX1 = imQX2 . Again, since QX2 has full column rank, we can

find a nonzero y2 such that y1 = QX2y2. This gives us

0 = A>X3
y = A>X3

QX1QX2y2.

Continuing in this manner, we successively derive a nonzero yn−1 such that

0 = AXn

k−1∏

i=1

QXiyn−1.

Hence, the matrix Q>Xn−1
· · ·Q>X1

AXn can not have a full row rank.

Theorem A.3.5.
For a connected graph G = (N ,B) with n ∈ N nodes and b ∈ N branches. If the
columns of the incidence matrix A and the fundamental loop matrix B are arranged
in the same order, then the next formula holds

AB> = 0.
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Proof. A more general proof is provided in [35]. The matrices A and B> can be written
in the form

A =

1 · · · l · · · m · · · b





1
...
i
...

n-1

B> =

1 · · · j · · · b-(n-1)





1
...
l
...
m
...
b

where each row of A corresponds to a node and each column corresponds to a branch,
whereas the rows and columns of B correspond to fundamental loops and branches,
respectively.

An entry in the matrix that results from the matrix product AB> is due to the
product between elements in the i-th row of A and the j-th column of B>. The
following situations occur

1. Node i is not one of the nodes of loop j. Then no branch in loop j is incident
at node i. But in the i-th row of A there are nonzero entries only for branches
connected to node i. And in the j-th column of B> there are nonzero entries
only for branches that belong to loop j. That is, corresponding to any nonzero
entry in row i of A there will be a zero entry in column j of B> and therefore
the product i× j is zero.

2. Node i is one of the nodes of loop j. Consider two branches l and m that belong
to loop j and are incident at node i, the following situations are possible:

(i) Branch l has the same orientation of loop j, while branch m opposes it,
Figure A.1a, then the i-th row of A and the j-th column of B> are

1 · · · l · · · m · · · b

[ ]· · · −1 · · · −1 · · · i

j





1
...

...
1 l
...

...
−1 m
...

...
b

(ii) Branch l has opposite orientation of loop j, while branch m coincides with
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(a) (b)

(c) (d)

Figure A.1: Orientation of two branches and a loop.

it, Figure A.1b

1 · · · l · · · m · · · b

[ ]· · · 1 · · · 1 · · · i

j





1
...

...
−1 l
...

...
1 m
...

...
b

(iii) The branches l and m have the same orientation of loop j, Figure A.1c

1 · · · l · · · m · · · b

[ ]· · · −1 · · · 1 · · · i

j





1
...

...
1 l
...

...
1 m
...

...
b
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(iv) The branches l and m have opposite orientation of loop j, Figure A.1d

1 · · · l · · · m · · · b

[ ]· · · 1 · · · −1 · · · i

j





1
...

...
−1 l
...

...
−1 m
...

...
b

There are also other nonzero entries in row i of A corresponding to other branches
incident at node i but these branches can not be in loop j, so the corresponding
entries in the j-th column of B> are zeros. Then the multiplication of the i-th
row of A and the j-th column of B> will be zero, hence, AB> = 0.

A.4 Functional Analysis
Definition A.4.1.
A function f : Rn×Rm −→ Rn is called Lipschitz continuous with respect to x if and
only if there exists a constant L > 0 such that

||f(x, y)− f(x̄, y)|| ≤ L||x− x̄||, ∀x, x̄ ∈ Rn and ∀y ∈ Rm

Definition A.4.2. A function f : Rn × Rm −→ Rn is called strongly monotone with
respect to x if and only if there exists a constant c > 0 such that

〈f(x, y)− f(x̄, y), x− x̄〉 ≥ c||x− x̄||2, ∀x, x̄ ∈ Rn and ∀y ∈ Rm

Theorem A.4.1 (Cauchy-Lipschitz).
Consider the initial value problem:

x′(t) = f(t, x(t)), x(t0) = x0 (A.12)

Suppose that f is continuous in time t and locally Lipschitz in x (i.e. the Lipschitz
constant can be taken independent of t) then for some value ε > 0, the initial value
problem (A.12) has a unique solution x(t) on the interval [t0 − ε, t0 + ε].

A.5 Time Discretization
This appendix section collects commonly used time discretization methods that

we have mentioned in advance in Chapter 5 and used in implementations in Chapter
6. The theoretical results we present here follow [13, 14, 115, 116].

137



Chapter A – Mathematical Tools

A.5.1 Numerical methods for ODEs

Generally, we deal with time-dependent systems that can either be systems of
ODEs or DAEs. However, as the classical theory of time integration methods is
originally formulated for ODEs, we will consider first the initial value problem (IVP)

x′ = f(t, x) (A.13a)
x(t0) = x0 (A.13b)

for t ∈ I = [t0, T ], x : I → Rn, and x0 the initial condition. In the classical ODE
theory, the initial value problem (A.13) has a unique solution if the function f(x, t) is
Lipschitz continuous with respect to x for all t ∈ I [181].

In the numerical solving of the IVP (A.13), we first divide the time interval into N +1
sub-intervals [ti, ti+1], i = 0, · · · , N of constant size h = ti+1− ti and then numerically
approximate the solution at the given points by {x0, · · · , xN} using a time integration
method.

Remark A.5.1.
Note that here we consider a constant time step size h. In general, it is not necessary
to fix the size of the sub-intervals [ti, ti+1]. The time step size hi+1 = ti+1− ti can vary
depending on the local requirement of the differential equation at time ti+1. Such adap-
tive time step sizes are important to save computational cost in practical applications.
More details can be found in [14].

In the theoretical analysis of different time integration techniques, the concepts
of stability and consistency are considered. In [14], it is proven that a stable and
consistent one- or multi-step method is convergent.
Now we will consider a number of implicit numerical schemes applied to solve the IVP
(A.13) without analysing their numerical properties. For the consistency, stability and
convergence analysis, we refer to [13, 14, 115].

• Implicit Euler scheme:
The implicit Euler method is a one-step numerical method. It converges for all
h ≥ 0 and thus has no restriction on the time step size.

1

h
(xi+1 − xi) = f(ti+1, xi+1)

• Backward differentiation formula (BDF):
The backward differentiation formula is an implicit and linear multi-step method.
For an initial value problem (A.13), the k-step BDF reads

1

h

k∑

j=0

αi+1,jxi+1−j = f(ti+1, xi+1)

where the coefficients αi+1,j are derived from a polynomial interpolation of the
ODE (A.13) solution through the interpolation points ti+1−k, · · · ti+1. It is known
that BDF-1 and BDF-2 are of orders 1 and 2, respectively, and they are both
A-stable. For k = 3, 4, 5, 6, BDF-k are A(α)-stable while for k ≥ 7 the method
is unstable, see [13, 14] for more explanation.
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• Runge-Kutta method [116]:
For an initial value problem (A.13), an s-stage Runge-Kutta method is a one
step method of the form

xi+1 = xi + h
s∑

j=1

cjkj

where

k1 = f(ti, xi)

k2 = f(ti + α2h, xi + hβ21k1(ti, xi))

k3 = f(ti + α3h, xi + h(β31k1(ti, xi) + β32k2(ti, xi)))

...

ks = f(ti + αsh, xi + h
s−1∑

j=1

βsjkj)

Each particular method is specified by the integer s, and the coefficients αi, βij
and ci, for 1 ≤ j < i ≤ s, that are usually arranged in the so-called Butcher
tableau. For s = 1, we note that Runge-Kutta method is equivalent to explicit
Euler method and is of first order.
A frequently used scheme is the second order Runge-Kutta (RK2, s = 2) that is
conditionally stable [14] and approximates xi+1 by

xi+1 = xi + hf(ti +
h

2
, xi +

h

2
f(ti, xi))

Detailed explanation for determining the order of the local and global error and
the discussing the stability of Runge-Kutta methods is found, for instance, in
[14].

• Symplectic methods [115]:
These methods are commonly used in simulating Hamiltonian ODEs of the form:

du

dt
= f(u, v) (A.14a)

dv

dt
= g(u, v) (A.14b)

with the Hamiltonian H(u, v) such that

f(u, v) =
∂H
∂v

and g(u, v) = −∂H
∂u

Symplectic Euler is a symplectic method of order 1 that approximates the solu-
tion of (A.14) by

ui+1 = ui + hf(ui+1, vi)

vi+1 = vi + hg(ui+1, vi)
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If the Hamiltonian H has the form H(u, v) = T (u)+U(v), then the ODE (A.14)
can be written

du

dt
= f(v) (A.15a)

dv

dt
= g(u) (A.15b)

Störmer-Verlet scheme is a symplectic method of order 2 that approximates the
solution of (A.15) by

ui+ 1
2

= ui +
h

2
f(vi)

vi+1 = vi + hg(ui+ 1
2
)

ui+1 = ui+ 1
2

+
h

2
f(vi+1)

which is an explicit one-step method.

A.5.2 Numerical methods for DAEs

We have previously mentioned in the main chapters that the application of the
classical time integration methods for ODEs to DAEs might not be straightforward
[6]. Furthermore, the convergence results of the different schemes are not immediately
applicable. Accordingly, the initialization, the DAE index, and the possibility of
the presence of hidden constraints are to be considered. In this section, we give
generalization of BDF method, used in simulations in Chapter 6, applied to quasilinear
DAE initial value problem of the form

A(x, t)
d

dt
x+ b(x, t) = 0 (A.16a)

x(t0) = x0 (A.16b)

for t ∈ I and consistent initial condition x0.

• Backward differentiation formula:
The generalisation of the BDF-k formula explained in Section A.5.1 to the DAE
(A.16) reads [11]

A(xi+1, ti+1)
1

ti+1 − ti

k∑

j=0

αi+1,jxi+1−j + b(xi+1, ti+1) = 0

where the coefficients αi+1,j are derived from a polynomial interpolation of the
DAE (A.16) solution through the interpolation points ti+1−k, · · · ti+1.

Most of the convergence results for such methods on DAEs are given for constant
step size. The variation in step size may yield to accuracy problems, for example,
in implicit Euler case in [6]. BDF-k methods, for k < 7 with constant step
size, have convergence order O(hk) for IVP (A.16). Refer to [6] for detailed
convergence order results or fixed step size BDF-k methods applied to DAEs of
special structure.
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• Trapezoidal rule:
Consider the quasilinear DAE IVP (A.16) with constant matrix A, the trape-
zoidal rule at time ti+1 reads

A(xi+1 − xi) +
h

2

(
b(xi, ti) + b(xi+1, ti+1)

)
= 0

The generalization of the trapezoidal rule to the DAE (A.16) with constant
matrix A results from the ε-embedding methods. The trapezoidal rule belongs
to the family of implicit Runge-Kutta methods and it converges with order O(h2)
when applied to index-1 quasilinear DAE with constant matrix A, provided that
the initial conditions are consistent, see [13]. For index-2 case, convergence
results are available for specific structure like DAE in Hessenberg form, refer to
[?].

Remark A.5.2. For the generalization of Runge-Kutta methods and their numerical
analysis, we refer to [13] and [116].

A.6 Saddle Point Problems
Saddle point problems are a class of linear systems that occur in many areas

of computational science and engineering, e.g., in computational fluid dynamics [119],
constrained optimization [120], electrical circuits and networks [41] and linear elasticity
[121].

Definition A.6.1 (saddle point problem, [118]).
A linear system of the form

[
A B>1
B2 −C

] [
x
y

]
=

[
f
g

]
or Au = b (A.17)

where A ∈ Rn×n, B1, B2 ∈ Rm×n and C ∈ Rm×m with n ≥ m, is called a saddle point
problem if the blocks A,B1, B2 and C satisfy one or more of the following conditions

C1 A is symmetric

C2 The symmetric part of A, H ≡ 1
2
(A+ A>), is positive semi-definite

C3 B1 = B2 = B

C4 C is symmetric and positive semi-definite

C5 C = 0 (zero matrix)

The matrix A is known as the saddle point matrix.

One of the important visualizations is that a saddle point matrix A admits a block
triangular factorization if A is nonsingular:

A =

[
A B>1
B2 −C

]
=

[
I 0

B2A
−1 I

] [
A 0
0 S

] [
I A−1B>1
0 I

]
(A.18)
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where S = −(C + B2A
−1B>1 ) is the Schur complement of A in A. Several character-

istics of A can be derived based on the factorization (A.18). Analyzing the properties
of a saddle point matrix is usually subjected to some restrictions on the matrices
A,B1, B2 and C. Properties such as invertibility, conditioning and spectral properties
can be found in [118]. See further [122] for differential-algebraic equations in saddle
point form.

Overview of solution algorithms, [118]

Due to the wide spread of saddle point problems, not only in scientific computa-
tions, but also in economics and finance [126, 127], several numerical algorithms come
into play. One can distinguish between segregated and coupled methods. In contrast
to coupled methods that deal with the system as a whole, segregated methods make
use of reduced systems to solve for x and y separately. We will give a brief overview
of the conditions under which each method can be applied.

1. Schur complement reduction: assume that A and A are nonsingular, then
so is the Schur complement S of A in A. We can equivalently write system
(A.17) as:

[
I 0

−B2A
−1 I

] [
A B>1
B2 −C

] [
x
y

]
=

[
I 0

−B2A
−1 I

] [
f
g

]
,

then, [
A B>1
0 S

] [
x
y

]
=

[
f

g − B2A
−1f

]
.

Solving the block upper triangular system by block back-substitution leads to
two reduced systems for y and x. These systems can be solved either directly
or iteratively. Cholesky factorization and conjugate gradient methods are rec-
ommended when A and −S are symmetric positive definite. Schur complement
reduction method is attractive if m is small and the linear system with coefficient
matrix A can be solved efficiently.

2. Null space methods: Applied when B1 = B2 = B has full rank, C = 0
and ker (H) ∩ ker (B) = {0}, where H is the symmetric part of A. It is also a
segregated method.

3. Coupled direct solvers: Based on triangular factorization of the saddle point
matrix A and applied when A is symmetric. As far as we know from the existent
literature, there is no specialized direct solvers for non-symmetric saddle point
problems [118]. Here, i.e. for symmetric A, LU and LDL> decompositions can
be exploited.

4. Uzawa’s method [123]: The Uzawa iteration is an algorithm for solving sad-
dle point problems, usually used for the case where A is invertible, B1 = B2 = B
and C = 0. This iterative method can be viewed as a combination of apply-
ing known iterative methods, such as gradient descent method and conjugate
gradient method, to a saddle point problem after being reduced using Schur
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complement. Uzawa’s method is popular in fluid dynamics and solving steady
Stokes problem [119, 124, 125].

5. Iterative methods like Krylov subspace solvers and GMRES (generalized min-
imal residual method) are generally applicable in solving linear systems [180].
These methods use matrix-matrix or matrix-vector multiplications and usually
come with preconditioning methods. Besides, they are sensitive to ill-conditioned
problems and therefore their convergence is not guaranteed. GMRES, in partic-
ular, are suitable for non-symmetric systems.
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