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processes based on high-frequency observations

D I S S E R T A T I O N

zur Erlangung des akademischen Grades

Dr. rer. nat.

im Fach Mathematik

eingereicht an der

Mathematisch-Naturwissenschaftlichen Fakultät
der Humboldt-Universität zu Berlin

von
MSc. Aikaterini Papagiannouli

Präsidentin der Humboldt-Universität zu Berlin
Prof. Dr.-Ing. Dr. Sabine Kunst

Dekan der Mathematisch-Naturwissenschaftlichen Fakultät
Prof. Dr. Elmar Kulke

Gutachter:
1. Prof. Dr. Markus Reiß
2. Prof. Dr. Jakob Shöl
3. Prof. Dr. Michael Neumann

Tag der mündlichen Prüfung: 11/05/2021



“The world in a single drop.
The great and incredible life I discover in it.

How can I call the small small and the great great
when both are so boundless?”

–From The unwomanly face of war by Svetlana Aleksievic



Abstract

In this thesis, we consider the problem of nonparametric estimation for the
continuous part of the covariation of a multi-dimensional Lévy process from
high-frequency observations. This continuous part of covariation is also called
covariance.

The first part modifies the high-frequency estimation method, proposed by
Jacod and Reiß, to cover estimation of the covariance of multi-dimensional Lévy
processes. The covariance estimator is shown to be optimal in the minimax-
sense. Moreover, the co-jump index activity is proved to be bounded from
below by the harmonic mean of the jump activity indices of the components.

In the second part, we address the problem of the adaptive estimation. Start-
ing from an asymptotically minimax family of estimators for the covariance, we
derive a data-driven estimator. Lepskĭı’s method is applied to adapt the covari-
ance to the unknown co-jump index activity of the jump part.

Faced with an adaptation problem, we need to secure an estimation for the
characteristic function of the multi-dimensional Lévy process so that it does not
depend on a semiparametric assumption and, at the same time, does not decay
fast. For this reason, a truncated estimator for the empirical characteristic func-
tion is constructed based on Neumann’s method. The presence of the truncated
empirical characteristic function in the denominator leads to a situation similar
to the deconvolution problem, i.e., an irregular behavior of the stochastic error.
This U-shaped stochastic error does not permit us to apply Lepskĭı’s principle.
To counteract this problem, we establish a strategy to obtain an oracle start
of Lepskĭı’s method, according to which a monotonically increasing stochastic
error is constructed. This enables us to apply a balancing principle and build
an adaptive estimator for the covariance which obtains near-optimal rates.
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Zusammenfassung

Gegenstand dieser Dissertation ist die non-parametrische Schätzung der Kovari-
anz in multi-dimensionalen Lévy-Prozessen auf der Basis von Hochfrequenzbeobach-
tungen.

Im ersten Teil der Arbeit wird eine modifizierte Version der von Jacod
und Reiß vorgeschlagenen Methode der Hochfrequenzbeobachtung für die Er-
mittlung der Kovarianz multi-dimensionaler Lévy-Prozesse gegeben. Es wird
gezeigt, dass der Kovarianzschätzer optimal im Minimaxsinn ist. Darüber hin-
aus demonstrieren wir, dass die Indexaktivität der co-jumps durch das har-
monische Mittel der Sprungaktivitätsinzidenzen der Komponenten von unten
beschränkt wird.

Der zweite Teil behandelt das Problem der adaptiven Schätzung. Ausgehend
von einer Familie asymptotischer Minimax-Schätzer der Kovarianz, erhalten
wir einen datenbasierten Schätzer. Wir wenden Lepskĭı’s Methode an, um die
Kovarianz an die unbekannte Aktivität des co-jumps Indexes des Sprungteils
anzupassen.

Da wir es mit einem Adaptierungsproblem zu tun haben, müssen wir eine
Schätzung der charakteristischen Funktion des multi-dimensionalen Lévy-Prozesses
konstruieren, damit die charakteristische Funktion weder von einer semiparametrischen
Annahme abhängt noch schnell abfällt. Aus diesem Grund wird auf Basis von
Neumanns Methode ein trunkierter Schätzer für die empirische charakteristische
Funktion konstruiert. Die Anwesenheit der trunkierten, empirischen charak-
teristischen Funktion im Zähler führt jedoch zu einer Situation, die auch bei
der Deconvolution auftritt, d.h. einem irregulären Verhalten des stochastischen
Fehlers. Dieser U-förmige stochastische Fehler verhindert die Anwendung von
Lepskĭı’s Grundsatz. Um diesem Problem, entgegenzuwirken, entwickeln wir
eine Strategie, welche zu einem Orakelstart von Lepskĭı’s Methode führt, mit
deren Hilfe ein monoton steigender stochastischer Fehler konstruiert wird. Dies
erlaubt uns, ein Balancing Principle einzuführen und einen adaptiven Schätzer
für die Kovarianz zu erhalten, der fast-optimale Raten erzeugt.
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Chapter 1

Introduction

Over the last decade, jump processes have become increasingly popular. For one,
this is due to their large range of application, which extends from biology and
physics to finance and economics. What is more, we have recently arrived at a
more refined understanding of jump processes in probability theory. Although
semimartingales are often employed to provide a more general framework for
jump processes, we can also derive theoretical results for semimartingales from
an approximating sequence of Lévy processes, which are semimartingales with
constant and independent characteristics, on short time intervals. Easy to apply,
Lévy processes have attracted increasing interest in recent years.

The Poisson process and the Brownian motion are fundamental examples of
Lévy processes. They can even be considered the building blocks for other, more
complex Lévy processes. Every Lévy process is a superposition of a Brownian
motion and a (perhaps infinite) number of independent Poisson processes of
different jump size. The celebrated Lévy-Khinchine formula offers an essential
tool for our understanding of Lévy processes and in particular their statisti-
cal inference. Our observation model is a Lévy process X = (Xt)t≥0 ∈ Rd.
Here we concentrate on equidistant observations X0,X1, . . . ,Xn∆ at a time
distance ∆ > 0. We assume throughout that X is square integrable such that
the Lévy-Khinchine formula in terms of the characteristic triplet (b, C, F ) can
be described by

E
[
ei⟨u,X∆⟩] = e∆Ψ(u), u ∈ Rd (1.0.1)

with

Ψ(u) := i⟨u,b⟩ − ⟨Cu,u⟩
2

+

∫
Rd

(ei⟨u,x⟩ − 1− i⟨u,x⟩1|x|≤1)F (dx), (1.0.2)

where b ∈ Rd is the drift, C is the covariance matrix, and F ∈ P(Rd) is the
Lévy measure.

One important task is thus to provide statistical inference for Lévy processes.
The problem of estimating the Lévy-Khinchine characteristic triplet centers on
the time distance ∆ between two consecutive observations. We shall adopt an
asymptotic point of view and let n→ ∞ such that all quantities may be indexed
by n. There exist two fundamentally different approaches to the estimation
problem.

If we assume high-frequency observations, then ∆n = T/n for some fixed
T > 0 decreases to 0 as n → ∞. Furthermore, a large increment X(n−1)∆n

−
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Xn∆n
indicates that a jump occurred between times (n− 1)∆n and n∆n. The

jumps and the Brownian motion part of the Lévy process can be observed
directly. Based on this insight and the continuous-time observation analogue,
nonparametric inference for Lévy processes has been considered in the literature
by Barndorff-Nielsen and Shephard [2006], Comte and Genon-Catalot [2009],
Jacod [2012], Aı̈t-Sahalia and Jacod [2014], Bibinger and Winkelmann [2015],
and Belomestny and Trabs [2018].

Alternatively, we can let the time horizon of the observations T = n∆n grow
to infinity. Such observations are called low-frequency. In this case, we cannot
observe the diffusion part and the jump part directly. We cannot be sure to what
extent the increment X(n−1)∆n

−Xn∆n is due to one or several jumps or just
due to the Brownian motion part of the Lévy process. In this case, we may face
a deconvolution-type inverse problem studied by Neumann and Hössjer [1997],
Neumann and Reiß [2009], and Comte and Genon-Catalot [2010].

When proposing a Lévy model X, one of the main challenges is the appro-
priate choice of the characteristic triplet (b, C, F ). Moreover, it can happen
that there is a need to infer the triplet without any predefined conditions, for
example when testing some assumptions concerning the triplet. This type of
problem is called nonparametric. The nonparametric estimation of the charac-
teristic triplet for one-dimensional Lévy processes started with the seminal work
of Belomestny and Reiß [2006] and has since then drawn a lot of attention, e.g.
from Figueroa-Lopez and Houdré [2004], Belomestny [2010], Comte and Genon-
Catalot [2011], Belomestny and Reiß [2015], Nickl et al. [2016] and Duval and
Mariucci [2017]. Although nonparametric estimation lacks assumptions, it is
crucial to know about the activity of small jumps in X. To obtain such knowl-
edge we may assume regularity conditions regarding the Lévy measure.

In this thesis, we consider the following nonparametric problem: Given high
frequency observations X0,X1∆n , . . . ,Xn∆n , our goal is to infer the continuous
part of the Lévy process X, i.e., to infer C12 form the covariance matrix C
of the characteristic triplet (b, C, F ). Even though we are primarily concerned
with the continuous part of X, the jump part still plays a crucial role in the
estimation, as we shall see in the following.

1.1.0 Literature review

A large number of papers have been devoted to the nonparametric estimation of
integrated variance on the basis of discrete observations in a high-frequency set-
ting for one-dimensional Itô semimartingales, e.g. Barndorff-Nielsen and Shep-
hard [2004], Zhang et al. [2005], Mancini [2009], Jacod and Todorov [2014],
Jacod and Reiß [2014]. For one, this is due to its great potential for application
in financial markets. On the other hand, nonparametric estimation is a source
of intriguing challenges for mathematical statistics.

1.1.1 Variation estimation

Let X be a one-dimensional Itô semimartingale with a continuous and discontin-
uous part. We observeX on a time grid ti = iT/n, where i = 1, . . . , n and T = 1,
i.e., a high-frequency setting. In what follows, the process is observed under a
high-frequency regime, unless stated otherwise. Since X is a semimartingale,
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the realized variance RV =
∑n

i=1(∆
n
i X)2, where ∆n

i X = Xi/n − X(i−1)/n,
converges in probability to the quadratic variation

[X]t =

∫ 1

0

σ2
sds︸ ︷︷ ︸

IV

+
∑
s≤1

(∆Xs)
2,

where ∆Xs = Xs −Xs− denotes the jump size at time s. There are two known
methods to consistently estimate the integrated variation (IV). These methods
filter out the jumps.

1. Truncated realized variation: One chooses a sequence τn of positive trun-
cation levels, typically of the form τn = 1/nh for some h ∈ (0, 1/2), and
considers as an estimator for IV:

Ĉn
TRV =

n∑
i=1

(∆n
i X)21{|∆n

i X|≤τn}. (1.1.1)

2. Multi-power variations: One chooses an integer k ≥ 2 and considers as an
estimator for IV :

Ĉn
MV =

1

mk
2/k

n−k−1∑
i=1

k−1∏
j=0

|∆n
i+jX|2/k, (1.1.2)

where mp = E(|U |p) is the p-th absolute moment of a standard normal
variable U .

The first method was introduced by Mancini [2001], the second one by Barndorff-
Nielsen and Shephard [2004]. Since Lévy processes are Itô semimartingales with
constant and independent characteristics, let X = (Xt)t≥0 be a one-dimensional
Lévy process observed at time t ∈ [0, 1]. Then X has a Lévy-Itô decomposition
of the form

Xt =

∫ t

0

bds+

∫ t

0

dWt +

∫ t

0

∫
|x|≤1

x(µ− µ̃)(ds, dx)︸ ︷︷ ︸
small jumps

+

∫ t

0

∫
|x|>1

xµ(ds, dx)︸ ︷︷ ︸
big jumps

,

where W is a Brownian motion with variance σ2, and µ, µ̃ are the jump mea-
sure and its compensator, respectively. The compensator takes the form µ̃ =
dsF (dx), where F is the Lévy measure of X. The Blumenthal-Getoor (BG)
index of X, defined as

r∗ := inf

{
r ≥ 0 :

∫
|x|≤1

|x|rF (dx) < +∞
}

≤ 2, (1.1.3)

measures the degree of activity of the small jumps. We say that X is of finite
variation if r∗ < 1 and of infinite variation if r∗ ≥ 1. σ2 is the integrated volatil-
ity or variance of X. The above-mentioned methods estimate the integrated
variance at rate n−1/2 upon the assumption that the BG index is smaller than
one. The rate of convergence n−1/2 is optimal in a minimax sense. However,
assuming infinite variation jumps - that is, BG index bigger than one - raises the
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question of the rate of convergence. Jacod and Todorov [2014] designed meth-
ods for the estimation of variance in case of a one-dimensional semimartingale
at a rate n−1/2 upon the assumption of infinite variation jumps. However, these
methods do not provide rates in a minimax sense in case the BG index is bigger
than one. Mancini [2011] proved that the truncated estimator Ĉn

TRV converges
exactly at the rate n(r−2)u, with u ∈ (0, 1/2) and r ≤ 2, which are almost opti-
mal. Subsequently, Jacod and Reiß [2014] designed a new spectral estimator for
one-dimensional semimartingales which achieves the rate (n log n)(r−2)/2 when
r ≥ 1. In the case of a one-dimensional Lévy process, this rate (n log n)(r−2)/2

is optimal in a minimax sense.

1.1.2 Covariation estimation

While the recovery of variance has been widely studied, the covariation becomes
more complicated in the two-dimensional context X = (X(1), X(2)), even in the
case of a Lévy process, see for example Bibinger et al. [2014], Mancini [2017],
Belomestny and Trabs [2018]. For models that incorporate jumps, the realized
covariation RC =

∑n
i=1 ∆

n
i X

(1)∆n
i X

(2) converges in probability to the global
quadratic covariation

[X(1), X(2)]t =

∫ 1

0

ρtσ
(1)
s σ(2)

s ds︸ ︷︷ ︸
Integrated covariation

+
∑
s≤1

∆Z(1)
s ∆Z(2)

s︸ ︷︷ ︸
co−jumps

,

where ∆Z
(i)
s = Z

(i)
s − Z

(i)
s− for i = 1, 2, ∆Z

(1)
s ∆Z

(2)
s are called co-jumps and ρt

describes the correlation between the Brownian motions. The quadratic covari-
ation is the sum of the integrated covariation (also known as covariance) and the
sum of the products of simultaneous jumps (called co-jumps). Co-jumps refer
to the underlying processes that jump at the same time with the same direction.
Bibinger and Vetter [2015] provided central limit theorems for estimators of the
entire covariation. In this thesis, we present results concerning the estimation
of the continuous part of covariation, i.e., the integrated covariation, but still
the co-jumps play an important role in the estimation. We refer to this part
of the covariation as covariance. The convergence rates of covariance estima-
tors, when at least one jump component is of infinite variation, have not been
investigated until the work of Mancini [2017], who proved that the Truncated
Realized Covariance

TRC =

n∑
i=1

∆n
i X

(1)1{(∆n
i X

(1))2≤τn}∆
n
i X

(2)1{(∆n
i X

(2))2≤τn} (1.1.4)

with truncation level τn = n−u for u ∈ (0, 1/2) is a consistent estimator of
covariance. Although TRC is a consistent for a general class of Itô semimartin-
gales, even if at least one jump component is of infinite variation, the rates of
convergence are difficult to explain. The main difficulty derives from the rates
depending on a specific copula. In Papagiannouli [2020a], we further generalized
the results of Jacod and Reiß [2014], proving minimax rates for the covariance
of a two-dimensional Lévy process upon the assumption of infinite variation
jumps. Although the results were obtained in a two-dimensional setting, they
can easily be extended to a multi-dimensional regime.
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1.2.0 Own contribution and outline of the The-
sis

In this thesis, we investigate equidistant observations of a two-dimensional Lévy
process. Since high-frequency analysis requires a good understanding of the
path properties of Lévy processes, we devote Chapter 2 to an introduction to
multi-dimensional Lévy processes.

In Chapter 3, which is based on Papagiannouli [2020a], we consider a two-
dimensional Lévy process X = (X(1), X(2)) observed at equidistant times i∆n,
i = 1, . . . , n for a mesh ∆n = 1

n and n→ ∞. The time horizon of such a process
is observed on a finite time span t ∈ [0, 1]. As we mentioned in the beginning of
the introduction, a Lévy process is fully described by its characteristic triplet
(b, C, F ). Our goal is to infer the continuous part X, which is the covariance

matrix C =

(
C11 C12

C21 C22

)
. In Jacod and Reiß [2014], the authors developed

minimax estimators for the marginals C11, C22. Here, we investigate the off-
diagonal elements of the matrix C, namely the covariance C12, C21. Since C
is a covariance matrix, it is symmetric, positive, and semi-definite. We aim to
establish a nonparametric estimation for C12 under the assumption of infinite
variation jumps.

1.2.1 Spectral estimator

By the form of (1.0.2) and following some trivial calculations, the covariance is
given by

C12 =
⟨Cu,u⟩ − ⟨Cũ, ũ⟩

4U2
, (1.2.1)

where u = (U,U) and ũ = (U,−U). At this point, let us introduce the empirical
characteristic function of the increments

ϕ̂n(u) =

n∑
j=1

ei⟨u,∆
n
j X⟩, u = (U,U) ∈ R2, (1.2.2)

where ∆n
j X = (∆n

jX
(1),∆n

jX
(2)), and ∆n

jX
(m) = X

(m)
j/n − X

(m)
(j−1)/n for j =

1, . . . , n, and m = 1, 2. Here, by virtue of simplicity we focus on the estimation
of the empirical characteristic function on the diagonal. However, it is obvious
that we can extend this estimation to any coordinates in R2 by scaling the
diagonal.

Since the increments of a Lévy process are independent and identically dis-
tributed, it follows from a modification to Glivenko-Cantelli theorem, which is
introduced by Neumann and Reiß [2009], that

P
[
ϕ̂n(u) −−−−→

n→∞
ϕn(u;b, C, F ) ∀u ∈ R2

]
= 1. (1.2.3)

This means that the empirical characteristic function is a consistent estima-
tor for the characteristic function ϕn(u) with triplet (b, C, F ). Based on the
discussion above, we construct the plug-in estimator for C12:

Ĉ12
n =

n

2U2

(
log |ϕ̂n(ũ)|1{ϕ̂n(ũ) ̸=0} − log |ϕ̂n(u)|1{ϕ̂n(u) ̸=0}

)
. (1.2.4)
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Clearly, the plug-in estimator is based on the form of the exponent (1.0.2)
of the characteristic function. As we described in the previous section, the
assumption of infinite variation jumps is a great challenge for the estimation
of integrated variance. The Blumenthal-Getoor index offers a measure for the
activity of jumps (1.1.3), as we have seen in the one-dimensional setting. The
two-dimensional analogue to this is

r∗ = inf

{
r > 0 :

∫
R2

(1 ∧ |x|r)F (dx) <∞
}

≤ 2, (1.2.5)

where x = (x1, x2) ∈ R2. Note that a stable process of index β ∈ [0, 2] satisfies∫
R2

(1 ∧ |x|r)F (dx) <∞ (1.2.6)

for all r > β, but not for r ≤ β. The BG index of a β−stable is exactly β.
The index r∗ gives us information about the amount of independent jumps (i.e.,
disjoint jumps or jumps on the axes). Since we are looking at a two-dimensional
Lévy process, however, we should also include dependent jumps (i.e., joint jumps
or co-jumps). Here, we focus on co-jumps, where the two marginals jump at
the same time in the same direction. The behavior of co-jumps around zero is
described by ∫

R2

(1 ∧ |x1x2|r/2)F (dx1, dx2) <∞ (1.2.7)

for r ∈ [0, 2] where r is called co-jump activity index. We investigate the rates

of Ĉ12
n (U) in case the jump components are either of finite of infinite variation

and satisfy (1.2.7). Let r1, r2 be the indices of jump activity for the small jump
components of each X(1), X(2), respectively. We find that r is bounded from
below by the harmonic mean of r1, r2 even in the case of infinite variation jumps.

Based on (1.2.7), we prove that the estimator Ĉ12
n (U) achieves the rates

n−1/2 when r < 1 and (n log n)(r−2)/2 when r ≥ 1.

1.2.2 Minimax convergence rates

Faced with a statistical inference problem, it is crucial to assess the performance
of the available estimation methods. Rates of convergence provide us with a con-
venient measure of the estimation performance. While they allow quantitative
comparison between different estimators, they leave out the question of whether
a particular method is optimal. One answer to that issue is provided by mini-
max theory, which is a set of techniques for finding the worst case behavior of a
procedure. We refer to Tsybakov [2009] for the techniques of minimax theory.

Let Θ be a set of models, i.e., a family of probability measures on some fixed
measurable space (Ω,F). Let f be a functional on Θ. Assume that for θ ∈ Θ
we observe a realization ω ∈ Ω indirectly via the observable Xn(ω). Here, we
want to infer the value f(θ). For this to work, consider an estimation procedure
T (Xn) and an associated loss function L(T (Xn), f(θ)). The upper rate of the
estimation procedure T is a sequence rn if

lim sup
n→∞

sup
θ∈Θ

r−1
n L(T (Xn), f(θ)) <∞. (1.2.8)
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Furthermore, the rate rn is minimax-optimal if

lim inf
n→∞

inf
T

sup
θ∈Θ

r−1
n L(T (Xn), f(θ)) > 0, (1.2.9)

where the infimum is taken over by all possible estimation procedures.
Following the above procedure, we prove the minimax rates (n log n)(r−2)/2

when r > 1 and n−1/2 when r ≤ 1 for the estimation of the covariance. In
case of a two-dimensional Lévy process, we see that these minimax rates are
faster compared with those achieved by Mancini [2017]. However, it is worth
mentioning that the rates established by Mancini [2017] work also for two-
dimensional semimartingales.

1.2.3 Adaptive estimation

Chapter 4, which is based on Papagiannouli [2020b], is devoted to the problem
of adaptive estimation, that is, to the data-driven choice of the frequency for
estimating covariance. This is done by applying Lepskĭı’s method.

Adaptive estimation of the linear functional was started by Lepski [1991] in
the early 1990’s, and has been applied widely in the literature since then, e.g.
Birgé [2001], Dattner et al. [2016], and the references therein. One alternative
technique for adaptive estimation is to apply model selection via penalization.
This approach was initiated by Birgé and Massart in a series of papers in the
early 2000’s, see for example Massart [2007].

Although we demonstrated minimax-optimal estimators for the covariance in
Chapter 3, this approach nevertheless entails a shortcoming insofar as U depends
on a number of parameters such as r, the co-jump activity index. To overcome
this drawback, we need a data-driven choice Û to ensure near-minimax rates for
the estimation error. While it is no easy task, the Lepskĭı-type stopping rule
has been implemented in the literature as a recipe for adaptive procedures, e.g.
De Vito et al. [2010] and the references therein. What interests us particularly
in the present context is the fact that we have to deal with the problem of
adaptation to the unknown characteristic function appearing in the denominator
of the stochastic error. This behavior occurs also in the deconvolution problem,
see e.g. Neumann and Hössjer [1997], Comte and Lacour [2011], Dattner et al.
[2016]. In our case, the unknown characteristic function in the denominator
leads to the stochastic error behaving irregularly. In order to be able to apply
Lepskĭı’s rule, it is necessary to overcome this irregular behavior.

In Chapter 4, we provide a remedy for the irregular behavior of the stochastic
error. The problem has been caused by the unknown characteristic function in
the denominator leading to a U-shaped stochastic error. This behavior prevents
us from applying Lepskĭı’s rule. In order to overcome this obstacle, it is crucial to
find an index for the oracle start of our parameter. Consequently, we construct
a monotonically increasing bound for the stochastic error. Finally, we prove the
convergence rate of the adaptive estimator.
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Chapter 2

Multi-dimensional Lévy
processes

The theory presented here prepares the ground for the analysis of the covariance
estimation in multi-dimensional Lévy processes. Two fundamental theoretical
tools are introduced: Lévy-Khinchine formula and Lévy-Itô decomposition. Af-
terwards, we describe the dependence among jump components using the Lévy
copula. Finally, numerical examples of multi-dimensional Lévy processes are
given.

2.1 Basic facts and definitions

While random walks are the simplest example of stochastic processes in discrete
time, their continuous-time analogues are Lévy processes. These are processes
with independent, stationary increments. They provide ingredients for building
continuous-time stochastic models.

In this chapter, we introduce Lévy processes and discuss some of their general
properties. First, we summarize two important theoretical tools: the Lévy-
Khinchine formula that allows us to study distributional properties of Lévy
processes, and the Lévy-Itô decomposition, which describes the structure of
their sample paths. Many proofs of these tools are available in the literature.
We refer to Sato [1999] and Cont and Tankov [2004] for detailed studies.

Definition 2.1.1. A continuous-time stochastic process X = (Xt)t≥0 on a prob-
ability space (Ω,F ,P) with values on Rd is called a Lévy process if the following
properties are satisfied:

1. X0 = 0.

2. Independent increments: For times 0 = t0 < t1 < . . . < tn, the random
variables Xt0 ,Xt1 −Xt0 , . . . ,Xtn −Xtn−1

are independent.

3. Stationary increments: For s, t ≥ 0, the distribution of Xt+s − Xt does
not depend on t.

4. Stochastic continuity: ∀ϵ > 0, lims→0 P (Xt+s −Xt ≥ 0) = 0.
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5. Càdlàg paths: There is a measurable set Ω0 ∈ F such that P(Ω0) = 1 and
∀ω ∈ Ω0,Xt(ω) is right-continuous and has left limits.

The fourth property does not imply that the paths are continuous. It only
means that for a given time t, the probability of a jump occurring at time t is
zero: jumps occur at random times.

Example 2.1.2. The most basic examples of Lévy processes are the following:

1. Brownian motion with or without a drift.

2. Poisson process.

3. Compound Poisson process. The size of the jumps is random and inde-
pendent of the jump times.

Lévy processes have the property of infinitely divisible distributions.

Definition 2.1.3. A probability measure P on Rd is infinitely divisible if for
any positive integer n, there is a probability measure P1/n such that P is the
n-fold convolution of P1/n with itself,

P = (P1/n)
∗n := P1/n ∗ · · · ∗ P1/n. (2.1.1)

A random variable X with values in Rd is called infinitely divisible if PX is
infinitely divisible. There are i.i.d. random variables X1, . . . ,Xn such that

X = X1 + · · ·+Xn. (2.1.2)

The most common examples of infinitely divisible distributions are: Gaussian
distribution, Poisson distribution, α−stable distribution, gamma distribution.
However, the uniform distribution on an interval is not an infinite divisible dis-
tribution. The direct connection between Lévy processes and infinite divisibility
is given by the following Proposition.

Proposition 2.1.4. Let Xt = (Xt)t≥0 be a Lévy process. Then for every t, Xt

has an infinitely divisible distribution. Conversely, if P is an infinitely divisible
distribution there exists a Lévy process Xt such that the distribution of Xt is
given by P.

Any Lévy process Xt can be seen as the sum Xt = bt + Bt of three in-
dependent components. bt +Bt is a continuous Gaussian Lévy process where
b is a vector, Bt is a d-dimensional Brownian motion with covariance matrix
C. The other two terms are discontinuous processes incorporating the jumps of
Xt which are described by the Lévy measure F . Xl

t represents the jumps with
size bigger than one, and is modeled as a compound Poisson process. Xϵ

t can
be seen as a superposition of independent compensated, i.e., centered Poisson
processes, which converge to a square-integrable martingale.

This formulation is the so-called Lévy-Itô decomposition. The Lévy-Itô de-
composition entails that for every Lévy process there exist a vector b, a covari-
ance matrix C, and a positive measure F which uniquely describes its distribu-
tion. The triplet (b, C, F ) is called characteristic triplet or Lévy triplet of the
process Xt.

The Lévy measure ν determines the jump activity of the process Xt in the
following sense:



Lévy Copulae 13

Definition 2.1.5. Let (Xt)t≥0 be a Lévy process on Rd with characteristic
triplet (b, C, F ). For A ∈ B(Rd), the measure F on Rd defined by

F (A) = E
[
#
{
t ∈ [0, 1] : Xt −Xt− ∈ A \ {0}

}]
(2.1.3)

is called the Lévy measure of Xt, where Xt− is the left-hand limit of Xt.

F (A) is the expected number of jumps per time unit with magnitude in A.
For any measurable set A bounded away from the origin, X has a finite number
of jumps per time unit whose size falls into A, while there may occur an infinite
number of small jumps in a finite time interval.

The structure of paths of a Lévy process allows the expression of the charac-
teristic function of a Lévy process in terms of its characteristic triplet. In what

follows, we denote by |x| :=
(∑d

i=1 xi

)1/2
the Euclidean norm in R2.

Theorem 2.1.6. Let (Xt)t≥0 be a Lévy process on Rd with characteristic triplet
(b, C, F ). Then

E
[
ei⟨u,Xt⟩

]
= etΨ(u),u ∈ Rd, (2.1.4)

with

Ψ(u) = i⟨u, b⟩ − ⟨Cu,u⟩
2

+

∫
Rd

(ei⟨u,x⟩ − 1− i⟨u,x⟩1|x|≤1)F (dx), (2.1.5)

where the characteristic exponent Ψ(u) is the Lévy-Khinchine formula.

Definition 2.1.7. A Lévy measure on Rd is a σ−finite measure F on Rd such
that ∫

Rd

(1 ∧ |x|2)F (dx) <∞. (2.1.6)

The next lemma characterizes a Lévy process according to its jump activity.

Lemma 2.1.8. A Lévy process (Xt)t≥0 is of finite variation if its characteristic
triplet (b, C, F ) satisfies

C = 0 and

∫
|x|≤1

|x|F (dx) <∞. (2.1.7)

If such a condition is violated, we say that the Lévy process is of infinite
variation. Indeed, trajectories of a Brownian motion are of infinite variation; if
C is nonzero, then Xt is of infinite variation. Finally, when F (Rd) = ∞ this
means that the set of jump times of every trajectory of the Lévy process is
countably infinite and dense in the interval [0,∞]. Such a Lévy process displays
an infinite activity of jumps.

2.2 Lévy Copulae

Since we are studying a multi-dimensional Lévy model X = (X(1), . . . , X(d)),
it is necessary to describe the dependence among the components of X. Since
the law of a Lévy process X is time-homogeneous, it is fully characterized by
its characteristic triplet (b, C, F ). The drift b has no effect on the dependence
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structure between the components of X. The dependence structure of the con-
tinuous part of X is given by the covariance matrix C of the Brownian motions.
For purposes of financial modeling, it remains to specify a parametric depen-
dence structure of the purely discontinuous part of X - the jump part - which
can be done by using a Lévy copula. We refer to Cont and Tankov [2004] for a
more extensive study.

Before introducing copulae to describe the dependence of Lévy processes, we
show how independent Lévy processes and their marginal laws are expressed in
terms of the Lévy measure.

We start by associating the multi-dimensional Lévy process X with the Lévy
measure (2.1.5). The Lévy measure satisfies

∫
Rd 1 ∧ |x|2F (dx) < ∞. Using

the Lévy-Khinchine representation (2.1.6), we see that every Lévy process is
uniquely defined by a drift vector b, a positive definite matrix C, and the
Lévy measure F . In what follows, we denote X(i), i = 1, . . . , d, the coordinate
projection of the multi-dimensional Lévy process X = (X(1), . . . , X(d))⊤ ∈ Rd.
Coordinate projections of Lévy processes are Lévy processes, too.

Proposition 2.2.1 (Marginals of the Lévy measure). Let X = (X(1), . . . , X(d))⊤ ∈
Rd be a Lévy process with characteristic triplet (b, C, F ). Assume

∫
|x|≤1

|x|F (dx) <
∞. Then, the marginal processes X(j), j = 1, . . . , d, are again Lévy processes
with the characteristic triplets (bj , C

jj , Fj), where the marginal Lévy measures
are defined as

Fj(B) := F ({x ∈ Rd : xj ∈ B \ {0}}), ∀B ∈ B(R), j = 1, . . . , d. (2.2.1)

The next proposition is proven in a two-dimensional setting, but it can be
generalized to a multi-dimensional setting.

Proposition 2.2.2 (Independence of Lévy processes). Let Xt = (X(1), X(2))⊤ ∈
R2 be a Lévy process with characteristic triplet (0, 0, F ). Its components are in-
dependent if and only if the support of F is contained in the set {(x1, x2) ∈ R2 :
x1x2 = 0}, that is, if and only if the components never jump together or jump
on the coordinates. In this case,

F (A) = FX(1)(AX(1)) + FX(2)(AX(2)), (2.2.2)

where AX(1) = {x1 : (x1, 0) ∈ A}, AX(2) = {x2 : (0, x2) ∈ A}, and FA
X(1)

,

FA
X(2)

are Lévy measures of X(1) and X(2), and A ∈ B(R2).

Proof. (⇐): Suppose that X(1), X(2) are independent and have characteristic
triplets (0, 0, FX(1)) and (0, 0, FX(2)), respectively. By Lévy-Khinchine represen-
tation (2.1.6) we get

E[ei⟨u,Xt⟩] = E[eiu1X
(1)
t +iu2X

(2)
t ] = E[eiu1X

(1)
t ]E[eiu2X

(2)
t ]

= exp

(
t

∫
R
(eiu1x1 − 1− iu1x11|x1|≤1)FX

(1)
t

(dx1)

)
+ exp

(
t

∫
R
(eiu2x2 − 1− iu2x21|x2|≤1)FX

(2)
t

(dx2)

)
.

(2.2.3)

On the right-hand side we have one-dimensional integrals. We can pass from the
one-dimensional expression to a two-dimensional form using the axes. The Lévy
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measure on X(1) has support on a set of the Axe X1, i.e., AX(1) = {(x1, 0) ∈
R2 : x1 ∈ R}. Similarly, the Lévy measure of X(2) has support on a set of Axe
X2, i.e., AX(2) = {(0, x2) ∈ R2 : x2 ∈ R}. Consequently, the first integral of the
sum in (2.2.3) can be written on set AX(1) as∫
R
(eiu1x1−1− iu1x11|x1|≤1)FX(1)(dx1)

=

∫
A

X(1)

(eiu1x1+iu2x2 − 1− (iu1x1 + iu2x2)1|x2
1+x2

2|≤1)F̃1(dx1, dx2),

(2.2.4)
where F̃1(A) = FX(1)(AX(1)), for all AX(1) ⊂ A ∈ B(R2). In this way, the
expression passes from one dimension to two dimensions. By the same token,
the second integral in (2.2.3) can be expressed on set AX(2) as∫
R
(eiu1x1−1− iu1x11|x1|≤1)FX(1)(dx1)

=

∫
A

X(2)

(eiu1x1+iu2x2 − 1− (iu1x1 + iu2x2)1|x2
1+x2

2|≤1)F̃2(dx1, dx2),

(2.2.5)
where F̃2(A) = FX(2)(AX(2)), for all AX(2) ⊂ A ∈ B(R2). Therefore, F (A) =
F̃1(A) + F̃2(A), and the support of F will be contained in {(x1, x2) ∈ R2 :
x1x2 = 0}. This means that, if the jumps are occurring on the axes this means
that the jump components are independent.
(⇒) Assume that the Lévy measure F of X is supported by the set {(x1, x2) ∈
R2 : x1x2 = 0}. This means that we can write F as in (2.2.2) for some positive
measures FX(1) and FX(2) . Proposition (2.2.1) implies that FX(1) and FX(2)

are the Lévy measures of X(1) and X(2), respectively. If we apply the Lévy-
Khinchine formula for X = (X(1), X(2)), we get

E[ei⟨u,Xt⟩] = exp

(
t

∫
A

eiu1x1+iu2x2 − 1− (iu1x1 + iu2x2)1|x2
1+x2

2|≤1)F (dx1, dx2)

= exp

(
t

∫
A

X(1)

(eiu1x1 − 1− iu1x11|x1|≤1)FX
(1)
t

(dx1)

)
+ exp

(
t

∫
A

X(2)

(eiu2x2 − 1− iu2x21|x2|≤1)FX
(2)
t

(dx2)

)
,

which concludes the proof.

The key idea behind parameterizing the dependence between the jumps of
Lévy measures is that the Lévy measure plays the same role as the probability
measure for random variables. Since the Lévy measure is a measure on B(Rd), it
is possible to define a Lévy copula. In what follows, we present some definitions
for Lévy copulae in R2.

Definition 2.2.3. A function H : [0,∞]2 → [0,∞] is called a Lévy copula if

1. H(u1, u2) ̸= 0 for (u1, u2) ̸= (∞,∞);

2. H(u1, u2) = 0 if ui = 0 for at least one i = 1, 2;

3. H is 2-increasing;
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4. H(i)(u) = u for any i = 1, 2, u ∈ R.

However, we should take into account that the Lévy measure is possibly
infinite at the origin. The role of distribution is now played by the tail integral.

Definition 2.2.4. A two-dimensional tail integral is a function U : [0,∞] →
[0,∞], such that

1. U is a 2-increasing function;

2. U is equal to zero if one of its arguments is equal to ∞;

3. U is finite everywhere apart from 0 and U(0, 0) = ∞.

We interpret the marginals of the tail integral as marginals of a distribution
function:

U(0, x2) = U2(x2) and U(x1, 0) = U1(x1).

We also require the tail integrals of Lévy processes.

Definition 2.2.5. For every Lévy measure F on [0,∞]2, we define its tail
integral U as follows:

U(x1, x2) = 0 if x1 = ∞ or x2 = ∞;

U(x1, x2) = F ([x1,∞]× [x2,∞]) for (x1, x2) ∈ [0,∞] \ {0};
U(0, 0) = ∞.

(2.2.6)

On the other hand, every two-dimensional tail integral defines a positive
measure F on [0,∞]2 \ {0}. However, we need an extra integrable condition to
be satisfied in order for F to be a Lévy measure:∫

[0,1]2
|x|2F (dx) =

∫
[0,1]2

|x|2dU(x) <∞, (2.2.7)

where the second integral is a Stieltjes integral which exists because U is an
increasing function by Definition 2.2.4. Next, we characterize the dependence
structures of Lévy processes in terms of the Lévy tail integrals. We consider
only positive jumps.

Theorem 2.2.6. Let (X(1), X(2)) be a two-dimensional Lévy process with pos-
itive jumps, tail integral U , and marginal tail integrals U1, U2. There exists
a two-dimensional positive Lévy copula H which characterizes the dependence
structure of (X(1), X(2)), that is, for all x1, x2 ∈ [0,∞]

U(x1, x2) = H(U1(x1), U2(x2)). (2.2.8)

If U1, U2 are continuous, the Lévy copula is unique.
Conversely, let (X(1), X(2)) be a two-dimensional Lévy process with positive
jumps, tail integrals U1, U2, and let H be a two-dimensional Lévy copula. As
a result, there exists a two-dimensional Lévy process with Lévy copula H and
marginal tail integrals U1, U2. Its tail integral is given by (2.2.8).
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This theorem allows us to derive a two-dimensional Lévy process by sepa-
rately specifying the jump dependence structure and one-dimensional laws for
the components. The laws of the one-dimensional components may be coupled
by very different structures. For example, it is possible for a component with
finite jump activity to be coupled with a component with infinite jump activity.

Assume that H and the one-dimensional tail integrals U1, U2 are sufficiently
smooth. Thus, the Lévy density F of a two-dimensional Lévy process, which
has been derived by H,U1, U2, can be computed by differentiation:

F (x1, x2) =
∂2H(y1, y2)

∂y1y2

∣∣
y1=U1(x1),y2=U2(x2)

F1(dx1)F2(dx2). (2.2.9)

This allows us to construct two-dimensional Lévy densities from Lévy copulae,
which are sufficiently smooth, and the densities from its marginals.

Examples of positive Lévy copulae

We will compute the Lévy copulae which correspond to various basic dependence
structures.

Corollary 2.2.7 (Complete independence). Let X = (X(1), X(2)) be a Lévy
process with positive jumps. If its jumps are completely independent, then a Lévy
copula of X is the complete-independence copula defined by

H⊥(x1, x2) = x11(x2 = ∞) + x21(x1 = ∞). (2.2.10)

Proof. Since the jump components of X are independent, the Lévy measure is
given by the sum of its marginal measures F1, F2, according to Equation (2.2.3).
Hence, we write the two-dimensional Lévy measure as F (A) = F1(A1)+F2(A2),
where A ∈ B(R2), A1 = {(x1, 0) ∈ A : x1 ∈ R}, and A2 = {(0, x2) ∈ A : x2 ∈
R}. The tail integral of this Lévy measure is given by U(x1, x2) = U1(x1)1(x2 =
0) + U2(x2)1(x1 = 0), where U1, U2 are the marginal tail integrals. We as-
sume that U1, U2 are continuous. Then, we choose the inverses of U1, U2, such
as U−1

1 (0) = U−1
2 (0) = ∞. Subsequently, we define the tail integrals of the

marginals as follows:
y1 = U1(x1), y2 = U2(x2).

Now, the tail integral of X will display the form:

U(x1, x2) = H̃(y1, y2) = U
(
U−1
1 (y1), U

−1
2 (y2)

)
. (2.2.11)

From the above, it is clear that H̃ is a Lévy copula. Consequently, using the form
(2.2.11) of the tail integral we get the independent Lévy copula (2.2.10).

Next, we will discuss the concept of the complete dependence between the
jump components, which requires the definition of an increasing set.

Definition 2.2.8. Let A ∈ R2, A is called increasing set, if for every two
vectors (v1, v2) ∈ A and (u1, u2) ∈ A we have either vi ≤ ui for all i = 1, 2 or
vi > ui for all i = 1, 2.

This definition enables us to deduce the following definition concerning the
dependent jump components.
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Definition 2.2.9. Suppose X is a two-dimensional Lévy process with positive
jumps. In this case, its jumps are called completely dependent if there exists an
increasing set A ⊂ [0,∞]2, such that every jump ∆X is contained in A.

This definition shows that if the jumps of a two-dimensional pure-jump Lévy
process are completely dependent, it is possible to reconstruct the trajectory of
one component from the other jump component.

Corollary 2.2.10 (Complete dependence). Let X = (X(1), X(2)) be a Lévy
process with positive jumps and characteristic triplet (0, 0, F ). If its jumps are
completely dependent, then a possible Lévy copula of X is defined by

H∥(x1, x2) = min(U1(x1), U2(x2)) = min(x1, x2), (2.2.12)

which is the complete-dependence copula. In reverse, if the Lévy copula of X is
given by (2.2.12) and the tail integrals of the marginals U1, U2 are continuous,
then the jumps of X are completely dependent.

Proof. (⇐) : By Definition 2.2.9, the jumps of X are completely dependent if a
subset A ∈ [0,∞]2 exists, such that the Lévy measure F is concentrated on A.
Suppose that (x1, x2) ∈ A and (y1, y2) ∈ A are two vectors, such that x1 ≤ y1
and x2 ≤ y2. Then we define the tail integrals of the marginals U1, U2 as

U1(x1) = F ([x1,∞]) =

∫
{y1≥x1}∩A

F (dy1) (2.2.13)

and

U2(x2) = F ([x2,∞]) =

∫
{y2≥x2}∩A

F (dy2). (2.2.14)

The tail integral of X will be given by

U(x1, x2) = F ([x1,+∞]× [x2,∞]) =

∫
{y2≥x2,y1≥x1}∩A

F (dy1, dy2), (2.2.15)

which implies by Definition 2.2.9, (2.2.13) and (2.2.15) that

U(x1, x2) = min(U1(x1), U2(x2)) = min(x1, x2). (2.2.16)

(⇒) : If the tail integral of X is given by the form of (2.2.16), then the
minimum in this expression is attained when U1(x1) = U2(x2). Thus, the Lévy
measure of X is concentrated on the set A = {(x1, x2) ∈ R2 : U1(x2) = U2(x2)}.
It remains to show that A is an increasing set. Since the tail integrals U1, U2

are continuous, this set is increasing. This concludes the proof.

Remark 2.2.11. An alternative way to finding an increasing set is to use an
increasing function. The completely dependent jumps are completely positive-
monotonic, i.e., there exists a strictly increasing and positive function f such

that ∀t > 0,∆X
(2)
t = f(∆X

(1)
t ). This means that when x1 is a jump realization

so there is a realization x2 such as x2 = f(x1), then x1 is interpreted as the first
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component of the dependent jump. Then by Definition 2.1.5,

U2(x2) = E
[
#{t ∈ [0, 1] : ∆X

(2)
t ∈ [x2,∞]}

]
= E

[
#{t ∈ [0, 1] : f(∆X

(1)
t ) ∈ [x2,∞]}

]
= E

[
#{t ∈ [0, 1] : ∆X

(1)
t ∈ [f−1(x2),∞]}

]
= U1(x1).

This means that we can reconstruct the trajectory of one component from the
other jump component.

2.3 Numerical examples

As described in the beginning of the Introduction, Lévy models have a vast
amount of applications. To ensure effective application, it is crucial to develop
efficient algorithms for the simulation of Lévy processes. Apart from the Brown-
ian motion, the distribution of increments is not explicitly known for most Lévy
processes, which makes the simulation of a Lévy process quite cumbersome. De-
pending on the type of Lévy process, the difficulty of simulating such a process
splits into two types of problems. First, we can simulate the path at discrete
times if we know how to sample from the law of increments. An example of this
would be a compound Poisson or stable processes. Second, when the law of in-
crements of a Lévy process is not explicitly known, however, we should consider
different tools. We can use an approximation of compound Poisson processes,
for example.

In this section, we simulate discretized trajectories of a bivariate Lévy pro-
cess under both scenarios given above. In Example 2.3.1 we approximate Lévy
processes using series representations. By contrast, in Examples 2.3.3 and 2.3.4
we apply stable processes of finite variation and infinite variation, as well as
bivariate compound Poisson processes.

For all the examples, we generate n = 5, 000 observations taken every
1/5, 000 over a time interval [0, 1]. As mentioned in Section 2.1, a Lévy process
can be described as the sum of a discontinuous part (jumps) and a continuous
part (Brownian motions). In the following examples, the continuous part is

given by a bivariate Brownian motion with covariance matrix C =

(
2 1
1 1

)
.

Example 2.3.1. Series representations of Lévy process. Here, we simu-
late a pure-jump Lévy process using series representation, introduced by Rosin-
ski [2001]. Its implementation requires only a shot-noise decomposition of the
Lévy measure of the process. A great advantage of this method is that work-
ing with the Lévy measure and its series representation is particularly useful
for simulating dependence across multiple processes without the extreme cases
of fully dependent or independent arrival times. Cont and Tankov [2004] also
noted the importance of this series-based method for the muli-dimensional Lévy
process in Chapter 5 of this work.
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We implement the generalized shot-noise method for series representation
of infinitely divisible distributions as described in Todorov and Tauchen [2006].
We state the theorem without the proof. This theorem is applied in Figure ??.

Theorem 2.3.2. Let {Γi}i≥1 be a sequence of arrival times of a standard Pois-
son process; that is, {Γi}i≥1 is the sequence of partial sums of standard expo-
nential random variables. In addition, let {Vi}i≥1 be a sequence of independent
and identically distributed random variables with distribution ν in a measurable
space S and let Ui be a sequence of independent identically distributed uniform
random variables on [0, 1], such that {Γi}i≥1, {Vi}i≥1, {Ui}i≥1 are independent
each other. Let H(r, v) be a measurable function H : (0,∞) × S → Rd. In
addition, make the following notation:

µ(r,B) = P[H(r, Vi) ∈ B], r > 0, B ∈ B(Rd),

J(s) =

∫ s

0

∫
|x|≤1

xµ(r, dx)dr ∀s ≥ 0,
(2.3.1)

and assume that the measure F can be decomposed as

F (B) =

∫ ∞

0

µ(r,B)dr, r > 0, B ∈ B(Rd). (2.3.2)

If F is a Lévy measure, |H(r, F )| is non-increasing in r, and ci = J(i)−J(i−1),
then

∞∑
i=1

(
H(Γi, Vi)1(Ui ≤ t)− tci

)
(2.3.3)

converges almost surely, uniformly in t on the interval [0, 1] to a Lévy process
with characteristic triplet (0, 0, F ).

Let us define a bivariate pure Lévy process X of finite variation with char-
acteristic function:

E[ei⟨u,Xt⟩] = exp

{
t

∫
R2

(ei⟨u,x⟩ − 1)F (dx)

}
, (2.3.4)

where F satisfies (2.3.2). Using Theorem 2.3.2, we define the following approx-
imations for X

Xτ
t =

∑
Γi≤τ

H(Γi, Vi)1(Ui ≤ t). (2.3.5)

The approximation of X involves a random number of terms τ . This way of
truncating the infinite series in (2.3.3) has the advantage that the approximation
Xτ

t is itself a Lévy process of finite activity with Lévy measure
∫ τ

0
µ(r, ·)dr. The

value of τ can be determined in practice by trying different values. In Figure ??
we used τ = 100. As concerns the choice of the functions H(Γi, Vi) concerns,
we use

H(Γi, Vi) =
Vi
λ
e−Γi/c, (2.3.6)

where Vi is a standard bivariate exponential, λ is a scale parameter and c controls
the intensity of the process. In Figure ?? c = 1, λ = 1.
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Figure 2.1: Left plot: pure Lévy process X with finite variation jumps, approx-
imated using (2.3.5). Right plot: rajectories were simulated by a jump measure
defined by (2.3.5) and a bivariate Brownian motion with covariance matrix C.

Example 2.3.3. Stable processes. In this example we extend Algorithm 6.6
from Cont and Tankov [2004], chapter 6, to a bivariate setting. We implement
a Lévy-LePage series representation of a stable vector, introduced by Bentkus
et al. [2001]. We draw our observations from a process Xt = Bt+Jt where Bt is
a two-dimensional Brownian motion and Jt is a two-dimensional jump process.
Its jumps are driven by a ri-stable process. In Section 2.1, we split the jumps
into two categories, that is, finite variation jumps and infinite variation jumps.
In our simulations, we consider both scenarios. In Figure 2.2 we consider finite
variation jumps, while in Figure 2.3 we looked at infinite variation jumps.

Figure 2.2: Left plot: a bivariate ri−stable with r1 = 0.5, r2 = 0.9. Right
plot: the sum of a bivariate Brownian motion with covariance matrix C and a
bivariate ri−stable with r1 = 0.5, r2 = 0.9.
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Figure 2.3: Left plot: a bivariate ri−stable with r1 = 1.1, r2 = 1.8. Right
plot: the sum of a bivariate Brownian motion with covariance matrix C and a
bivariate ri−stable with r1 = 1.1, r2 = 1.8.

Example 2.3.4. Compound Poisson processes. In this example we extend
Algorithm 6.2 from Cont and Tankov [2004] to a bivariate setting. We draw our
observations from a process Xt = Bt +Jt where Bt is a two-dimensional Brow-
nian motion and Jt is a two-dimensional compound process. Its trajectories
are given by:

Jt =

Nt∑
i=1

Yi, (2.3.7)

where the jump sizes Yi are given by a bivariate Gaussian distribution with

covariance matrix Σ =

(
4 1
1 6

)
and (Nt) is a Poisson process with intensity λ.

Figure 2.4: Left plot: a bivariate compound Poisson process with Yi ∼ N
(
0,Σ

)
and λ = 10. Right plot: the sum of a bivariate Brownian motion and a bivariate
compound process.



Chapter 3

Minimax estimation

This chapter has been adapted from Papagiannouli [2020a].

The nonparametric estimation of the covariance is studied when multi-dimensional
Lévy processes are observed at equidistant times in a high-frequency setting.
The constructed estimator generalizes the spectral method by Jacod and Reiß
[2014]. Minimax rates for an appropriately bounded nonparametric class of
Lévy processes are presented. As a side product of our analysis, we present a
bound for the co-jump activity index from below by using the harmonic mean
of the jump activity indices of the components.

3.1 Introduction

Whenever the modeling of a stochastic process requires the inclusion of jumps,
Lévy processes are those to be considered. They play an instrumental role, for
example, in the modeling of financial data, see Carr et al. [2002], Geman [2002],
Barndorff-Nielsen and Shephard [2004], Eberlein and Papapantoleon [2005],
Barndorff-Nielsen and Shephard [2006], Wu [2007], Söhl [2014].

Consequently, the large amount of applications has given rise to a great
demand for statistical methods in the study of Lévy processes, especially non-
parametric methods. Using nonparametric methods relaxes any dependency on
the model. The problem of estimating the characteristics of a Lévy process has
received considerable attention over the past decade. Starting with the work by
Belomestny and Reiß [2006], a number of articles have considered nonparamet-
ric estimation methods for Lévy processes. Therefore, one important task is to
provide estimation methods for the characteristics of a Lévy process.

Moreover, statistical methods require the nature of the observation schemes
to be classified as high frequency or low frequency; here, we focus on a high
frequency setting. If we can assume high-frequency observations for a Lévy
process, we can discretize a natural estimator based on continuous-time obser-
vations, where the jumps and the diffusion part are observed directly. In recent
years, the literature on this subject has grown extensively, see Figueroa-Lopez
and Houdré [2004], Comte and Genon-Catalot [2009], Neumann and Reiß [2009],
Todorov and Tauchen [2011], Coca [2018]. We now have vast amounts of data
on the prices of various assets, exchange rates, and so on, typically tick data
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which are recorded at every transaction time.

Much has been written on the estimation of Lévy density using nonpara-
metric techniques, for instance Comte et al. [2014] Nickl et al. [2016], Duval
and Mariucci [2017] and the references therein. However, the seminal work
of Andersen and Bollerslev [1998] and Barndorff-Nielsen and Shephard [2002],
proposed realized variance as an estimator for quadratic variation. In the pres-
ence of jumps, a well-known theoretical result proves that the realized variation
converges in probability to the global quadratic variation as the time between
two consecutive observations tends towards zero. This result motivated estima-
tors that filter out the jumps, like Bipower Variation by Barndorff-Nielsen and
Shephard [2004] and Truncated Realized Variation by Mancini [2009].

In the multivariate context, the recovery of covariance (also known as co-
integrated volatility) becomes more complicated compared to the univariate
setting. Among various prominent works see Christensen et al. [2013], Bibinger
and Vetter [2015], Bibinger and Winkelmann [2015]. For models incorporating
jumps, the realized covariation converges in probability to the global quadratic
variation containing the co-jumps. Co-jumps refer to the case when the under-
lying processes jump at the same time with the same direction. This raises the
question how we can assess the dependence structure among the jump compo-
nents. We find the answer in the Lévy copula, a subject studied by Tankov
[2004] in his PhD thesis. The interested reader should refer to Cont and Tankov
[2004] and Kallsen and Tankov [2006]. The Lévy Copula is the basic tool for the
class of multidimensional Lévy processes. To mention only the few approaches
which are close to our focus on Lévy processes we refer to Bücher and Vetter
[2013], Mancini [2017], Christensen et al. [2013], Bibinger et al. [2014], Jacod
and Reiß [2014], Martin and Vetter [2017], and Belomestny and Trabs [2018].

Our aim in the present chapter is to provide minimax rates of convergence for
the estimation of covariance when the underlying process belongs to a certain
class of multi-dimensional Lévy processes. Many features of covariance have
already been studied, such as asynchronous observations, microstructure noise,
and allowing for dependency among the jumps components. Whereas most of
the aforementioned results prove central limit theorems for their estimators, at
least to the best of our knowledge no work has dealt with optimal rates of conver-
gence in the minimax sense. This chapter serves to fill this gap. Jacod and Reiß
[2014] proposed a spectral estimator for integrated volatility achieving minimax
rates. In the present work, we generalize their work on finite dimensions. By
virtue of simplicity, we will concentrate primarily on a two-dimensional regime,
but extensions to the general multi-dimensional setting are straightforward to
obtain as well.

For this purpose let us define, for a two-dimensional Lévy process X, the
Blumenthal-Getoor index r∗:

B(r) =

∫
R2

(1 ∧ ∥x∥r)F (dx), I = {0 < r ≤ 2 : B(r) <∞} , r∗ = inf I

(3.1.1)
where x = (x1, x2) ∈ R2 is the size of the jump components, ∥·∥ is the Euclidean
norm in R2 and F is the Lévy measure. B(r) is not specifically interesting, but
the BG-index gives us the infimum number r for which B(r) is finite. This
index is a very important number for Lévy processes, because using this index
we can infer the behavior of small jump components around 0. When we have
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a two-dimensional Lévy process we have either independent jumps (i.e. disjoint
or jumps in the axes) or dependent jumps(i.e. co-jumps or joint jumps). In
the present work we focus on the case of co-jumps, when the two marginals
jump at the same time in the same direction. The index r∗ gives us information
about the amount of disjoint and joint small jumps around 0. The behavior of
co-jumps around 0 is described by∫

R2

(
1 ∧ |x1x2|r/2

)
F (dx1, dx2) <∞. (3.1.2)

Here, we are interested in investigating the optimal rates for the estimation of
covariance when the model falls in a class of two-dimensional Lévy processes,
in case the jump components are either of finite or infinite variation and satisfy
(3.1.2). Let X = (X(1), X(2)) and r1, r2 be the indices of jump activity for the
small jump components of each process X(1), X(2) respectively. We find that r,
the activity index of co-jumps, is bounded from below by the harmonic mean
of r1, r2 even in the case of infinite variation jumps. This was not known up to
now. Under this assumption for co-jumps we show that our spectral estimate

for covariance converges at a rate (n log n)
(r−2)

2 if r > 1 and 1√
n
if r ≤ 1.

Assuming a two-dimensional Itô semimartingale, Mancini [2017] proposed a
truncated covariance estimator to estimate covariance at the rate 1√

n
when r1

is small and r2 is close to 1, n−
1
2

(
1+

r2
r1

−r2

)
when r1, r2 are much bigger than 1

and close to 2, n

(
r2
2 −1

)
when r1 is small and r2 is much bigger than r1 or in case

of independent small jump components. However, these rates are sub-optimal
when a two-dimensional Lévy process satisfies (3.1.2).

This chapter is organized as follows: In Section 3.1.1 we state the underlying
model. In Section 3.1.2 we give the assumptions to be satisfied in order to prove
the minimax rates. In Section 3.2 we construct our spectral estimator and state
the results of this work. Section 3.3 gives the insight behind the co-jump activity
index. In Section 3.4 we prove the upper bound for the family of our estimators.
In Section 3.5 we present the proof of lower bound in a minimax sense. The
performance of the estimator is illustrated in the last section. Finally, we provide
some comparison of our estimator with existent estimators in the literature in
Section 3.6.1.

3.1.1 The underlying model

We assume equidistant discrete observation times i∆n, i = 0, · · · , n for a mesh
∆n → 0. Here, we use as a mesh ∆n = 1

n and n → ∞. Regarding the time
horizon of the process, it is observed on a finite time span [0, 1]. Let X =
(X(1), X(2))⊤ be a two-dimensional Lévy process with Lévy-Itô decomposition
as

Xt = bt+Wt +

∫ t

0

∫
∥x∥≤1

x(µ− µ̃)(ds, dx) +

∫ t

0

∫
∥x∥>1

xµ(ds, dx). (3.1.3)

Unless stated otherwise, from now on b is a drift vector in R2, W = (W (1),W (2))
denotes a bivariate Brownian motion with covariance matrix ΣΣ⊤, and µ, µ̃ are
the jump measure and its compensator, respectively. The compensator takes
the form µ̃ = dsF (dx), where F is the Lévy measure of X.
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Due to the independence of the continuous part and the discontinuous (jump
part) of a Lévy process, the analysis of X canonically splits into the inference
on the covariance matrix and the inference on the jump measure F . Our focus
on this paper is to investigate an estimator for the covariance of X.

We assume a filtered space (Ω,F , (Ft)t≥0 ,P) supporting two independent

standard Brownian motions W (1),W (3) and two Poisson random measures µ(j)

for j = 1, 2 on R2 × [0, 1]. Recall that W (1),W (2) are correlated with
d⟨W (1),W (2)⟩t = ρdt, where ρ is a constant on [−1, 1]. We construct W (2) as a

linear combination of the two independent Brownian motions soW
(2)
t = ρW

(1)
t +√

1− ρ2W
(3)
t . Next we calculate the variances and covariance of W (1),W (2),

we see that the following holds

V ar(W
(1)
t ) = ⟨W (1)

t ,W
(1)
t ⟩ = t

V ar(W
(2)
t ) = ⟨W (2)

t ,W
(2)
t ⟩ = ρ2t+ (1− ρ2)t = t.

For the covariance we obtain

Cov(W
(1)
t ,W

(2)
t ) = ⟨W (1)

t ,W
(2)
t ⟩ = ρ⟨W (1)

t ,W
(1)
t ⟩+

√
1− ρ2⟨W (1)

t ,W
(3)
t ⟩ = ρt;

the last equality holds because of W (1),W (3) being independent. So, without
loss of generality we assume that

Σ =
(

σ(1) 0

ρσ(2)
√

1−ρ2σ(2)

)
so that ΣΣ⊤ =

(
(σ(1))2 ρσ(1)σ(2)

ρσ(1)σ(2) (σ(2))2

)
where σ(i), i = 1, 2 are deterministic. Therefore, the global quadratic variation
of X is given by:

⟨X(1)
t , X

(2)
t ⟩ =

∫ t

0

ρσ(1)σ(2)ds+
∑
s≤t

∆X(1)
s ∆X(2)

s (3.1.4)

where the first term is the covariance and the second term is the sum of products
of simultaneous jumps (called co-jumps). Our target of inference, the covariance
at time 0 ≤ t ≤ 1, is

C12
t =

∫ t

0

ρσ(1)σ(2)ds. (3.1.5)

3.1.2 Assumptions

To derive an estimator for co-integrated volatility and then prove a minimax
bound for this estimator, we need to establish some assumptions regarding the
behavior of small jumps and the class of our estimator. In particular, our setup
is intrinsically nonparametric and related to the properties of the observed path.
We use the following notation for a matrix: ∥ · ∥∞ is the maximum absolute row
sum of the matrix, (i.e. the ∞-norm).

Assumption 1. The ∞-norm of the covariance matrix is assumed to be bounded,
i.e. ∥ΣΣ⊤∥∞ ≤M .

Assumption 2.
∫
R2

(
1 ∧ |x1x2|r/2

)
F (dx1, dx2) ≤M , where r ∈ [0, 2).
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Notice that Assumption 2 follows from the classical condition to control the
activity of small jumps in two dimensions. Through a trivial calculation

∫
R2

(
1 ∧ |x1x2|r/2

)
F (dx1, dx2) ≤

∫
R2

(
1 ∧ |x21 + x22|r/2

)
F (dx1, dx2)

=

∫
R2

(1 ∧ ||x||r)F (dx).

By using this unconventional Assumption 2, we relax the classical condition for
small jumps in two dimensions and strengthen our results, since we considered
the case of dependent jumps.

Assumption 2 concerns the behavior of jump components with size
smaller or equal to one. By this assumption we consider the problem of con-
trolling the activity of co-jumps, i.e. joint jumps. Below, a co-jump indicates
that both components jump at a time t but their jump sizes may not be the
same. Ultimately, we are asking whether the small jump components are of
finite or infinite variation. This question concerns the behavior of the compen-
sator F , the Lévy measure near 0. The major difficulties here come from the
possibly erratic behavior of F near 0 and the possible dependence between the
jump components. In Section 3.3 we describe in more detail the dependence
structure of the jump components and the co-jump activity index r.

The Blumenthal-Getoor (BG) index allows us to classify the processes from
least active to most active, according to the above description. We denote by
r∗ the BG index for a two-dimensional Lévy process which satisfies:

r∗ = inf

{
r ∈ (0, 2] :

∫
R2

(1 ∧ ||x||r)F (dx) <∞
}
. (3.1.6)

Note that a stable Lévy process of index β ∈ (0, 2) satisfies∫
R2

(1 ∧ ||x||r)F (dx) <∞

for all r > β, but not for r ≤ β. The BG index of a β- stable is exactly β.
It should be noted that the problem of BG index estimation from discrete

observations of a Lévy process has drawn much attention in the literature. In the
case of high-frequency data, Aı̈t-Sahalia and Jacod [2011] studied the problem of
estimating the jump activity index that is defined for any Itô semimartingale. A
consistent estimator for the BG index based on one-dimensional Lévy processes
with low-frequency data was obtained in Belomestny [2010]. The interested
reader may refer to Belomestny and Reiß [2015], Section 7, for a detailed review
of these results. An extension to time-changed Lévy processes can be found in
Belomestny and Panov [2013a,b].

Now we will test the Assumption 2 about the boundedness of small co-jumps
with some trivial examples. Despite its simple nature, the following example
offers significant insight and intuitive understanding into co-jumps with infinite
variation.

Example 3.1.1. Suppose we have independent jumps in the coordinates and
F (dx) is a Lévy measure on R2 and x is a vector in R2. Then, supp(F ) ⊆
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{R× {0} ∪ {0} × R} which means that∫
R2

(1 ∧ ||x||r)F (dx) =
∫
R2

(
1 ∧ |x21 + x22|r/2

)
F (dx1, dx2)

=

∫
R
(1 ∧ |x1|r)F1(dx1)

+

∫
R
(1 ∧ |x2|r)F2(dx2) <∞,

if the marginals of a two-dimensional Lévy process are finite in the one dimen-
sional case. See the assumption section in Jacod and Reiß [2014].

In this example, we notice that∫
R2

(
1 ∧ |x1x2|r/2

)
(1{x1=0} + 1{x2=0})F (dx1, dx2) = 0, (3.1.7)

since the integrand is always equal to zero. This example shows us something
more: Whenever we have independent jumps, no matter the choice of F , we can
always find a control for the activity of small jumps even if we have jumps of
infinite variation.

Example 3.1.2. Suppose we have independent jump size distributions and x1,
x2 ∈ B1(0), where B1(0) is the unit ball in R2. Therefore, for F1 and F2 are
not of zero measure,∫

B1(0)

|x1x2|r/2F (dx1, dx2) =
∫
B1(0)

|x1x2|r/2F1(dx1)F2(dx2)

≤
∫ 1

−1

(∫ 1

−1

|x1|r/2F1(dx1)

)
|x2|r/2F2(dx2) <∞

if and only if
∫ 1

−1
|xi|r/2Fi(dxi) < ∞ for i = 1, 2. However, we know that this

inequality, for the marginal distributions, holds because of the results in Jacod
and Reiß [2014]. As a result, the Assumption 2 holds.

3.2 Minimax convergence rates

We use standard notation for asymptotic quantities likeXn = OP(wn) if (Xn/wn)n≥1

is stochastically bounded (i.e. bounded in probability or tight). We are in a
nonparametric setting in which the process X belongs to the class Lr

M . Let us
now define this class.

Definition 3.2.1. For M > 0 and r ∈ [0, 2), we define the class Lr
M , the set of

all Lévy processes, satisfying

∥C∥∞ +

∫
R2

(
1 ∧ |x1x2|r/2

)
F (dx1, dx2) ≤M, (3.2.1)

where C =
(

C11 C12

C21 C22

)
is the covariance matrix and ∥C∥∞ = max{C11 +

C12, C21 + C22}.
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We adapt an estimator proposed by Jacod and Reiß [2014]. Specifically, we
let X be a two-dimensional Lévy process with characteristic triplet (b, C, F ).
Let us remember that we are in a high-frequency setting and the consecutive
time between two observations is 1

n . The characteristic function of X1/n is given
by:

ϕn(un) = exp

{
1

n

(
i ⟨un,b⟩ −

⟨Cun,un⟩
2

+

∫
R2

(
exp(i ⟨un,x⟩

)
− 1− i ⟨un,x⟩1{||x||R2≤1}

)
F (dx)

)}
,

(3.2.2)

where un = (Un, Un). In the same vein, we define the characteristic function
ϕn(ũn) where ũn = (Un,−Un). Here, we focus on estimating the characteristic
function on the diagonal of first and fourth quadrant for sake of simplicity to our
calculations. The results still hold even when we move away from the diagonal.
Following a trivial calculation we get that

⟨Cun,un⟩ = C11U2
n + C22U2

n + 2C12U2
n

⟨Cũn, ũn⟩ = C11U2
n + C22U2

n − 2C12U2
n.

So, the covariance is given by

C12 =
⟨Cun,un⟩ − ⟨Cũn, ũn⟩

4U2
n

. (3.2.3)

We consider, based on the observations, the empirical characteristic function of
the increments, at each stage n:

ϕ̂n(un) =
1

n

n∑
j=1

ei⟨un,∆
n
j X⟩ un ∈ R2. (3.2.4)

Similarly, we consider the empirical characteristic function ϕ̂n(ũn). Based on
the trivial calculation (3.2.3), we now define the spectral estimator

Ĉ12
n (Un) =

n

2U2
n

(
log |ϕ̂n(ũn)|1(ϕ̂n(ũn) ̸= 0)− log |ϕ̂n(un)|1(ϕ̂n(un) ̸= 0)

)
.

(3.2.5)
The first result of this paper is the following theorem.

Theorem 3.2.2. Let X belong to the class Lr
M . Assume M > 0 and r ∈ [0, 2),

then as n→ ∞ the family of estimators Ĉ12
n (Un) with

Un =

{√
n if r ≤ 1√
(r − 1)n log n/

√
4M if r > 1

satisfies |Ĉ12
n (Un)− C12| = OP(wn) within the class Lr

M where

wn =

{
1/
√
n if r ≤ 1

(n log n)
r−2
2 if r > 1.

(3.2.6)

Particularly, we have that the family of estimators Ĉ12
n is consistent with the

theoretical covariance C12 with the exact rates of convergence wn.
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Theorem 3.2.2 gives us an upper bound for the family of our estimators
Ĉn

12. In Section 3.4, we give a proof of the upper bound for the family of our

estimators Ĉn
12. Let us finally show that on the class Lr

M the rate wn (3.2.6)
can be achieved exactly and thus constitutes the exact minimax optimal rate.

Theorem 3.2.3. There are constants A,B > 0 such that

lim inf
n→∞

inf
Ĉ12

n

sup
X∈Lr

M

P[d(Ĉ12
n , C12) > Awn] ≥ B > 0,

where Ĉ12
n is any estimator for the covariance, and wn is defined as in (3.2.6).

Theorem 3.2.3 gives us a lower bound for the family of our estimators Ĉ12
n

within the class Lr
M . The rates wn (3.2.6) for estimating C12, namely the

covariance at time t = 1 are optimal in a minimax sense. In Section 3.5 we
prove this result.

3.3 Co-jumps index activity

Practically all financial applications require a multivariate model with depen-
dence between the components. Examples are basket option pricing, portfolio
risk and hedge management. In most of these applications, jumps in the price
process must be taken into account. In particular, measuring the activity of co-
jumps up to time t provides a tool for measuring the propagation among assets
or effects due to important positive or negative economic developments. For
portfolio and risk management, it is essential to understand co-jumps in order
to distinguish between idiosyncratic and systemic risk. Knowledge of co-jump
activity index helps us from a modeling viewpoint to judge whether the jump
part of a multidimensional Lévy process is of finite or infinite variation.

Although we can always bound the co-jump activity index from above with
the component of highest activity index, we are interested in bounding the co-
jump activity index from below in case that at least one of the jump components
is of infinite variation.

Each component X(i) of a two-dimensional Lévy process has its own activity
index ri for i = 1, 2. In the following we will describe the method for bounding
from below the activity index of co-jumps. The BG index of a Lévy process
depends only on the Lévy measure F . r is an index taking care of positive and
negative jumps, for simplicity’s sake but without loss of generality we develop
our method for the case in which the Lévy measure is one-sided, i.e. X(i) only
makes positive jumps.

Assumption 3. Each X(i) is following a ri-stable Lévy process. Take r2 ≥ 1,
and r1 ∈ (0, r2] with ci > 0, i = 1, 2. The jumps of each X(i) have Lévy measure

F (i)(dxi) = cix
−1−ri
i 1(xi > 0)dxi.

We denote, for each i = 1, 2, that

Ui(xi) := F (i)
(
[xi,+∞)

)
= ci

x−ri
i

ri
xi ∈ [0,∞] (3.3.1)

be the tail integral of the marginal Lévy measure F (i). Note that ri is the BG
index of X(i).
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The co-jump activity index r will be influenced by the dependence structure
between the jump components. We will use a Lévy copula to describe this
dependency. The concept of Lévy copula allows us to characterize in a time-
independent scheme the dependence structure of the pure jump part of a Lévy
process. Here, we use the Lévy copula, which permits a range from a dependent
to a total independent framework. It is a combination of the Lévy copulae which
we introduced in Section 2.2. The next definition for joint jumps is taken from
Mancini [2017].

Definition 3.3.1. The occurrence of joint jumps in (X(1), X(2)) is described by
the following tail integrals

U(x1, x2) = Fγ

(
[x1,+∞)× [x2,+∞)

)
= Cγ

(
U1(x1), U2(x2)

)
, x1, x2 ∈ [0,∞]

where Cγ : [0,∞]2 → [0,∞] is a Lévy copula of the form

Cγ(u1, u2) = γC⊥(u1, u2) + (1− γ)C∥(u1, u2),

where C⊥(u1, u2) = u21(u1 = ∞) + u11(u2 = ∞) is the independence copula,
C∥(u1, u2) = u1∧u2 is the total positive dependence copula and γ varies in [0, 1].

The following remark gives us some clarifications on the definition of the
above Lévy copula.

Remark 3.3.2. The marginal tails Ui are defined on [0,∞], the joint tail is
defined on [0,∞]2. u1, u2 stands for U1(x1), U2(x2), and (u1, u2) = (+∞,+∞)
is allowed: both Ui(xi) could be ∞, namely when both xi = 0. In that case
U(x1, x2) = Cγ(U1(x1), U2(x2)) is +∞, and Cγ(∞,∞) = 0. Cγ is a Lévy
copula because it is a convex combination of two Lévy copulas, i.e. Cγ is a
2−increasing, grounded and with uniform margins, because C⊥ and C∥ are
such. Cγ(u1, u2) is not a tail integral, it has different properties, for instance
Cγ(u1,+∞) = u1, while for any tail U we have U(x1,+∞) = 0. Finally, when
γ = 0 jump components are totally dependent while when γ = 1 the opposite.

We observe that the activity index of co-jumps is bounded from below by
the harmonic mean.

Lemma 3.3.3. Suppose that Assumptions 2 and 3 hold. Let X(i) be an one-
sided ri-stable Lévy process for i = 1, 2 with positive jumps r2 ≥ 1, 0 ≤ r1 ≤ r2
and 0 < c1 ≤ c2. We assume either complete dependent or independent jumps
using Lévy copulas defined as in Definition 3.3.1. Then, we have that

r >
2r1r2
r1 + r2

≥ r1 ∧ r2

where r is the activity index of co-jumps.

Proof. The independent jumps have sizes of either (x1, 0) or (0, x2). This means
that we have jumps only on the Cartesian axes. The independent copula regu-
lates such jumps. On the other hand, the complete dependent jumps are regu-
lated by the dependent copula; their size falls into the point (x1, x2). The com-
plete dependent jumps are completely positively monotonic, i.e. there exists a

strictly increasing and positive function f such that ∀t > 0, ∆X
(2)
t = f(∆X

(1)
t ).

This means that when x1 is a jump realization so there is a realization x2 such
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as x2 = f(x1), then x1 is interpreted as the first component of the joint jump.
In fact, the sizes (x1, x2) are supported by the graph x2 = f(x1). For the
dependent copula we need the minimum between U1(x1) and U2(x2), which is
attained when U1(x1) = U2(x2). Hence, the graph x2 = U−1

2 (U1(x1)) supports
the joint jumps.

In our case we assume one-sided ri-stable processes, which means that the

union graph of the joint jumps is given by x2 =
(

c1r2
r1c2

)−1/r2
·xr1/r21 . We denote

by Fγ the Lévy measure in terms of the Lévy copula, using the Definition 3.3.1.
Therefore,

Fγ(dx) = (1− γ)C∥
(
U1(x1), U2(x2)

)
+ γC⊥

(
U1(x1), U2(x2)

)
. (3.3.2)

Observe that
∫
1 ∧ (x1x2)

r/2dC⊥(U1(x1), U2(x2)) = 0, since the independent
copula regulates the jumps on the axes. Inserting (3.3.2) into Assumption 2, it
turns out that for ϵ smaller than 1, we get∫

0≤x1,x2≤ϵ

(x1x2)
r/2Fγ(dx1, dx2) =

∫
0≤x1,x2≤ϵ

(
x1x2

)r/2
dCγ

(
U1(x1), U2(x2)

)
= (1− γ)

∫
0≤x1,x2≤ϵ

(
x1x2

)r/2
dC∥

(
U1(x1), U2(x2)

)
.

The second equality holds because of the fact that the integrand is always equally
to zero in case of independent jumps. For sake of simplicity, we assume γ = 0,
i.e. totally dependent jumps. We assume that the jump sizes (x1, x2) fall into
the interval (0, ϵ) for sufficiently small ϵ > 0. By Assumption 3 and c1 ≤ c2,

then we have U1(ϵ) ≤ U2(ϵ). Indeed, for the derivative of x−r

r with respect
to r to be positive on r ∈ (0, 2], the condition r log ϵ < −1 suffices, such that
U1(ϵ) ≤ U2(ϵ) holds. The last inequality implies ϵ ≥ U−1

2

(
U1(ϵ)

)
= f(ϵ). Since

we want to bound x1 ≤ ϵ and x2 = f(x1) ≤ ϵ, this gives us x1 ≤ f−1(ϵ)∧ ϵ = ϵ.
Hence,∫

0≤x1≤ϵ

(
x1 · f(x1)

)r/2
dU1(x1) =

∫
0≤x1≤ϵ

(
x1 · f(x1)

)r/2
c1x

−1−r1
1 dx1

= Cr/2 · c1
∫
0≤x1≤ϵ

(
x

r1
r2

+1

1

)r/2

x−1−r1
1 dx1

(3.3.3)

where C =
(

c1r2
r1c2

)− 1
r2
.

In light of the above calculations, in order for the integral in (3.3.3) not to

be divergent we need
(

r1
r2

+1
)

r
2 −1−r1 > −1, which means that r > 2r1r2

r1+r2
. We

observe that r, the activity index of co-jumps, is at least the harmonic mean
of the indices r1, r2. In addition, 2r1r2

r1+r2
≥ r1, since we assume r1 ≤ r2. To

conclude, the Blumenthal-Getoor (BG) index of the co-jump activity will be
bounded from below by

r >
2r1r2
r1 + r2

≥ r1 ∧ r2. (3.3.4)

The proof now is complete.
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We see here that the higher the activity of one jump component, the higher
the activity of co-jumps.

Next we proceed to the proof of the upper bound Theorem 3.2.2 using a
spectral estimate for the co-integrated volatility. Given the fact that we know
an estimate for the integrated volatility ÎV , we should consider a straightforward
estimate for co-integrated volatility. By polarization, ÎV

(
X(1) +X(2)

)
/2 −

ÎV
(
X(1)

)
/2− ÎV

(
X(2)

)
/2, is a possible estimator for the co-integrated volatil-

ity. However, we refrain from using this estimate because the rates of conver-
gence are slower than following the procedure as in Section 3.4. Let us illustrate
this argument with an example.

Example 3.3.4. Let (Xt) ≡ (X
(1)
t , X

(2)
t ) be a Lévy process with characteristic

triplet (0, 0, F (dx)), i.e., without a Gaussian part. We assume its components
are independent ri− stable Lévy processes for i = 1, 2 such that 0 ≤ r1 ≤ r2 < 2
and r2 ≥ 1. Using Lemma 4.1 from Kallsen and Tankov [2006] F is supported
by the coordinates axes and it can be written as F (dx) = F (1)(dx1)+F

(2)(dx2).
The Lévy measures of the components are

F (1)(dx1) =
1

|x1|1+r1
dx1 and F (2)(dx2) =

1

|x2|1+r2
dx2.

More precisely,∫
1 ∧ ∥x∥rF (dx) ≥

∫
0<x1,x2<1

|x21 + x22|r/2F (dx1, dx2)

=

∫
0<x1<1

|x1|rF (1)(dx1) +

∫
0<x2<1

|x2|rF (2)(dx2)

=

∫
0<x1<1

|x1|r−1−r1dx1 +

∫
0<x2<1

|x2|r−1−r2dx2

(3.3.5)

In order the integrals in the last equality not to be divergent we need r > r2
and r > r1. As a consequence, we find that r > max(r2, r1). Using (3.1.6) we
find that the Blumenthal-Getoor index r∗ = r2.

3.4 Upper Bound

In this section we prove Theorem 3.2.2. We say that a sequence of estimators
Ĉ12

n achieves the rate wn on Lr
M , for estimating C12, if |Ĉ12

n − C12| = OP(wn).

This means that the family 1
wn

|Ĉ12
n −C12| is tight. Note that the argumentation

is in line with the bias-variance decomposition.

3.4.1 The bias-variance decomposition

We start with deriving a bias-variance-type decomposition of the estimation
error of the estimator for co-integrated volatility.

Lemma 3.4.1. We have that

Ĉ12
n (Un)− C12 = Dn +Hn.
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The deterministic error given as

Dn =
n

2U2
n

(
log |ϕn(ũn)| − log |ϕn(un)|

)
− C12 (3.4.1)

and the stochastic error as

Hn = − n

2U2
n

(
log
∣∣∣ϕn(ũn)

ϕn(un)

∣∣∣− ( log
∣∣∣ ϕ̂n(ũn)

ϕ̂n(un)

∣∣∣)1{ϕ̂n(ũn) ̸=0 and ϕ̂n(un) ̸=0}

)
.

(3.4.2)

Proof. We set C12
n (Un) =

n
2U2

n

(
log |ϕn(ũn)| − log |ϕn(un)|

)
, recalling the form

of the estimator (3.2.5). We get

Ĉ12
n (Un)− C12 = Ĉ12

n (Un) + C12
n (Un)− C12

n (Un)− C12

= C12
n (Un)− C12 + Ĉ12

n (Un)− C12
n (Un).

(3.4.3)

Inserting (3.2.5) into (3.4.3), we get that estimation error is given by Ĉ12
n −C12 =

Dn +Hn.

Notice that the indicator of the event in (3.4.2) is crucial, since we need to
guard large values for the empirical characteristic functions. We want to secure
that both ϕ̂n(un) and ϕ̂n(ũn) are not equal to zero at the same time.

Our goal is to show that the estimation error is stochastically bounded, i.e.
OP(wn). Firstly, we bound the deterministic error.

3.4.2 Bounding the deterministic error

Lemma 3.4.2. Grant Assumption 2. The deterministic error satisfies

|Dn| ≤ 2r/2MUr−2
n +AU−2

n ,

where A is a positive constant.

Proof. Recall the characteristic function of X1/n in (3.2.2). We define

dn = 2

∫
R2

(
1− cos

(〈
un,x

〉 ))
F (dx) (3.4.4)

d̃n = 2

∫
R2

(
1− cos

(
⟨ũn,x⟩

))
F (dx). (3.4.5)

Therefore,

|ϕn(un)| = exp

(
− 1

2n

(
⟨Cun,un⟩+ dn

))
and |ϕn(ũn)| = exp

(
− 1

2n

(
⟨Cũn, ũn⟩+ d̃n

))
. Notice that here we use an

argument of complex analysis, if Z ∈ C then |eZ | = eRe(Z). Summing up,

n

2U2
n

(
log |ϕn(ũn)| − log |ϕn(un)|

)
− C12 =

1

4U2
n

(
dn − d̃n

)
. (3.4.6)
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By (3.4.6), we have

|Dn| =
1

2U2
n

∣∣∣∣∣
∫ (

1− cos
(
⟨un,x⟩

))
F (dx)−

∫ (
1− cos

(
⟨ũn,x⟩

))
F (dx)

∣∣∣∣∣
=

1

2U2
n

∣∣∣∣∣
∫ (

cos
(
⟨ũn,x⟩

)
− cos

(
⟨un,x⟩

))
F (dx)

∣∣∣∣∣
≤ 1

2U2
n

∫ (
2 ∧ | ⟨un,x⟩2 − ⟨ũn,x⟩2 |

)
F (dx)

=
1

2U2
n

∫ (
2 ∧ |4U2

nx1x2|
)
F (dx1, dx2),

where we used the fact that | cosx− cos y| ≤ 2∧ |x2 − y2|. Using the inequality
a ∧ b ≤ apb1−p for p ∈ (0, 1), the last term can be bounded as follows

|Dn| ≤
1

U2
n

∫ (
1 ∧ 2U2

n|x1x2|
)
F (dx1, dx2)

≤ 1

U2
n

∫
B1(0)

(
2U2

n|x1x2|
)r/2

11−r/2F (dx1, dx2)

+
1

U2
n

∫
R2\B1(0)

1F (dx1, dx2)

= Ur−2
n

∫
B1(0)

(2|x1x2|)r/2F (dx1, dx2) + U−2
n F

(
R2 \B1(0)

)
,

(3.4.7)

here r
2 ∈ (0, 1) because r ∈ (0, 2) is the co-jump activity index. By Assumption

2 and for some constant A > 0,

|Dn| ≤ 2r/2MUr−2
n +AU−2

n (3.4.8)

as required.

3.4.3 Bounding the stochastic error

We want to investigate how close the empirical characteristic function is to
the characteristic function of a two-dimensional Lévy process. The variables

ei⟨un,∆
n
j X⟩ are i.i.d. as j varies, with expectation ϕn(un). The respective state-

ment holds true for ei⟨ũn,∆
n
j X⟩ as well. So ϕ̂n(un) is an unbiased estimator

because E[ϕ̂n(un)] = ϕn(un). Also, the variance of the empirical characteris-

tic function is given by V ar(ϕ̂n(un)) = 1
n

(
1− |ϕn(un)|2

)
, where we use the

following definition.

Definition 3.4.3. For a C- valued random variable Z we define

V ar(Z) = E[(Z − E(Z))(Z̄ − E(Z̄))]
= E[Z̄Z − ZE(Z̄)− Z̄E(Z) + E(Z)E(Z̄)]
= E(|Z|2)− |E(Z)|2.

Lemma 3.4.4. Let Vn = ϕ̂n(un) − ϕ(un) and Ṽn = ϕ̂n(ũn) − ϕn(ũn), where
Vn, Ṽn ∈ C. Then, E(|Vn|2) ≤ 1

n and E(|Ṽn|2) ≤ 1
n .
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Proof. Set Vn = Z ∈ C such that Vn = ϕ̂n(un) − ϕn(un). Remember that

ϕ̂n is unbiased due to the fact that E[ϕ̂n(un)] = ϕn(un), thus |E(Z)|2 = 0.
Taking this into consideration with the previous Definition 3.4.3, we obtain
that E[|Z|2] = V ar[Z]. Therefore,

E(|Vn|2) = V ar(Vn) = V ar(ϕ̂n(un)) =
1

n

(
1− |ϕn(un)|2

)
≤ 1

n
. (3.4.9)

The same argument holds also for E(|Ṽn|2). This completes the proof.

We choose un =
(
Un, Un) and ũn = (Un,−Un). Recall that we estimate

the characteristic function on the diagonal of first and fourth quadrant for cal-
culation simplicity. Particularly, we choose for M > 0, r ∈ [0, 2) and n large
enough

Un =

{√
n if r ≤ 1√
(r − 1)n log n/

√
4M if r > 1.

(3.4.10)

Lemma 3.4.5. Grant Assumption 1. For some positive constants B,Γ,M and

on the event
{
|Vn| ∨ |Ṽn| ≤ 1

nr/4

}
the stochastic error satisfies:

E
[
|Hn|1{

|Vn|∨|Ṽn|≤ 1

nr/4

}] ≤


BΓ√
n

if r ≤ 1
BM

(r−1)n
2−r
2 log n

if r > 1.
(3.4.11)

Proof. Recalling the form of stochastic error (3.4.2), the first quantity we need
to bound is:

1∣∣ϕn(un)
∣∣ = exp

(
1

2n
(⟨Cun,un⟩+ dn)

)
= exp

(
1

2n

(
C11U2

n + C22U2
n + 2C12U2

n + dn
))

≤ exp

(
1

2n
U2
n

(
C11 + C22 + 2C12 + 4

∫
R2

(1∧ ∥ x ∥2)F (dx)
))

≤ exp

(
1

2n
U2
n

(
4∥C∥∞ + 4

∫
R2

(1∧ ∥ x ∥2)F (dx)
))

≤ exp

(
4M

2n
U2
n

)
.

(3.4.12)
The first inequality holds because

dn = 2

∫ (
1− cos(⟨un,x⟩)

)
F (dx) ≤ 2

∫ (
1 ∧ |⟨un,x⟩|2

)
F (dx)

≤ 4U2
n

∫
(1 ∧ ∥x∥2)F (dx),

using the Cauchy-Schwarz inequality for |⟨un,x⟩|2 ≤ ∥un∥2∥x∥2 and the fact
that Un ≥ 1. The last inequality in (3.4.12) derives from Assumption1 and the
fact that we always have

∫
R2(1∧∥x∥2)F (dx) <∞. Next, the form of Un (3.4.10)

implies that

1

|ϕn(un)|
≤

{
Γ if r ≤ 1

n
r−1
2 if r > 1,

(3.4.13)
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where Γ = e2M . The equivalent statement holds for ϕn(ũn). Let us now argue
that

ϕ̂n(ũn)

ϕ̂n(un)
=
Ṽn + ϕn(ũn)

Vn + ϕn(un)
=
ϕn(ũn)

(
1 + Ṽn

ϕn(ũn)

)
ϕn(un)

(
1 + Vn

ϕn(un)

) ̸= 0,∞

as soon as n ≥ n0 = (2Γ)
4

(2−r)∧r by (3.4.13) and on the set
{
|Vn| ∨ |Ṽn| ≤ 1

nr/4

}
.

Therefore,
∣∣∣ Vn

ϕn(un)

∣∣∣ ≤ 1
2 and

∣∣∣ Ṽn

ϕn(ũn)

∣∣∣ ≤ 1
2 . Accordingly, for the stochastic error

on the event
{
|Vn| ∨ |Ṽn| ≤ 1

nr/4

}
we obtain for some deterministic constant B:

|Hn| ≤
n

2U2
n

∣∣∣∣∣ log
∣∣∣∣∣ ϕ̂n(ũn)

ϕ̂n(un)

∣∣∣∣∣− log

∣∣∣∣ϕn(ũn)

ϕn(un)

∣∣∣∣
∣∣∣∣∣

=
n

2U2
n

∣∣∣∣∣ log
∣∣∣∣∣1 + ϕ̂n(ũn)− ϕn(ũn)

ϕn(ũn)

∣∣∣∣∣− log

∣∣∣∣∣1 + ϕ̂n(un)− ϕn(un)

ϕn(un)

∣∣∣∣∣
∣∣∣∣∣

=
n

2U2
n

∣∣∣∣∣ log
∣∣∣∣∣1 + Ṽn

ϕn(ũn)

∣∣∣∣∣− log

∣∣∣∣1 + Vn
ϕn(un)

∣∣∣∣
∣∣∣∣∣

≤ Bn

2U2
n

∣∣∣∣∣
∣∣∣∣∣ Ṽn
ϕn(ũn)

∣∣∣∣∣−
∣∣∣∣ Vn
ϕn(un)

∣∣∣∣
∣∣∣∣∣.

In the last inequality, we use the linearized stochastic errors for

log
∣∣∣1 + Ṽn

ϕn(ũn)

∣∣∣ ≈
∣∣∣ Ṽn

ϕn(ũn)

∣∣∣ because of the fact that Ṽn

ϕn(ũn)
and Vn

ϕn(un)
are

small enough. So there is a positive constant B such that log
∣∣∣1 + Ṽn

ϕn(ũn)

∣∣∣ ≤
B
∣∣∣ Ṽn

ϕn(ũn)

∣∣∣. Therefore,
|Hn| ≤

Bn

U2
n

max

(∣∣∣∣∣ Ṽn
ϕn(ũn)

∣∣∣∣∣ ,
∣∣∣∣ Vn
ϕn(un)

∣∣∣∣
)
. (3.4.14)

Henceforth, combining E[|Vn|] ≤ 1√
n
and E[|Ṽn|] ≤ 1√

n
with (3.4.14), for n ≥ n0,

and for some constant B > 0, we have

E
[
|Hn|1{

|Vn|∨|Ṽn|≤ 1

nr/4

}]
≤ E

[
Bn

U2
n

max

(∣∣∣∣∣ Ṽn
ϕn(ũn)

∣∣∣∣∣ ,
∣∣∣∣ Vn
ϕn(un)

∣∣∣∣
)
1{

|Vn|∨|Ṽn|≤ 1

nr/4

}
]

≤ Bn

U2
n

max

( ∣∣∣∣ 1

ϕn(un)

∣∣∣∣ , ∣∣∣∣ 1

ϕn(ũn)

∣∣∣∣ ) 1√
n
.

The last inequality holds because we applied the Cauchy-Schwarz inequality and
by Lemma 3.4.4. To sum up, by (3.4.13) we get that

E
[
|Hn|1{

|Vn|∨|Ṽn|≤ 1

nr/4

}] ≤


BΓ√
n

if r ≤ 1
BM

(r−1)n
2−r
2 log n

if r > 1
(3.4.15)

as required.
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Remark 3.4.6. Here, we are interested in the events
{
|Vn| ≤ 1

nr/4

}
and{

|Ṽn| ≤ 1
nr/4

}
because the probabilities of the above events are negligible. In-

deed, applying the Chebyshev inequality and by Lemma 3.4.4 we get

P
(
|Vn| >

1

nr/4

)
≤ nr/2E

(
|Vn|2

)
≤ nr/2

1

n
= n

r−2
2 ,

which tends towards zero as n → ∞. Likewise, the probability of the event{
|Ṽn| > 1

nr/4

}
tends towards zero as n→ ∞.

Until now we bound from above the deterministic and stochastic errors. We
are now ready to prove that the family 1

wn
|Ĉ12

n − C12| is tight in Lr
M and thus

establish an upper bound for our estimator.

End proof of Theorem 3.2.2

Applying the Markov inequality, we get for any ϵ > 0, there exists a finite L > 0
such that,

P
(

1

wn
|Ĉ12

n (Un)− C12| ≥ L

)
≤ 1

L
E
[

1

wn
|Ĉ12

n (Un)− C12|1{|Vn|∨|Ṽn|≤ 1

nr/4
}

]
+ P

(
|Vn| >

1

nr/4

)
+ P

(
|Ṽn| >

1

nr/4

)
≤ 1

L
E
[

1

wn
|Ĉ12

n (Un)− C12|1{|Vn|∨|Ṽn|≤ 1

nr/4
}

]
+ 2n

r−2
2

≤ 1

L
E
[

1

wn
|Hn|1{|Vn|∨|Ṽn|≤ 1

nr/4
}

]
+

1

L

1

wn
|Dn|

+ 2n
r−2
2 .

Further applying Lemmas 3.4.5 and 3.4.2, we deduce that, as n → ∞, there is
a constant CL,r,M which depends on L, r,M such that

P
(

1

wn
|Ĉ12

n (Un)− C12| ≥ L

)
≤ CL,r,M , (3.4.16)

for CL,r,M ≤ ϵ, which proves that the family 1
wn

|Ĉ12
n (Un) − C12| is tight in

X ∈ Lr
M . The proof is complete.

3.5 Lower Bound

In nonparametric statistics it is common to use a minimax approach in order
to prove optimality of estimators. In the previous section, we proved Theo-
rem 3.2.2, which gave us an upper bound for the estimation of co-integrated
volatility using a spectral approach and establishing the rates (3.2.6) on the
class Lr

M .
In this section, we want to prove Theorem 3.2.3. The existence of a lower

bound on the class Lr
M constitutes the exact minimax rates for the estimation
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of co-integrated volatility. Indeed, we have something more for the lower bound,
namely that any estimator on a general class of Itô semimartingales satisfying
a condition similar to Definition 3.2.1 achieves a lower bound with rates (3.2.6).
In view of the formulation of (3.2.1), we can consider, for any M > 0, the class

Sr
M = the set of all Itô semimartingales with

∥Ct∥∞ +

∫
R2

(1 ∧ |x1x2|r/2)Ft(dx1, dx2) ≤M for all t.

Observe that Lr
M ⊂ Sr

M . The lower bound for the class Lr
M will hold for the class

Sr
M as well. So far, we do not know whether the spectral approach for the upper

bound yields the same optimal rate on the larger class of Itô semimartingale.
We refer to Chapter 2 in Tsybakov [2009] for the techniques to prove the

lower bounds. We establish the lower bound following the argumentation in line
with a two-hypothesis test. Next, we introduce a distance between probability
measures that will be useful for the lower bound.

Definition 3.5.1. Let (X ,A) be a measurable space and let PX and PY be
two probability measures on (X ,A). The total variation distance between
PX,PY is defined as follows:

TV(PX,PY) := sup
A∈A

∣∣∣∣∫ (p0 − p1)ν(dx)

∣∣∣∣ ,
where p0 = dPX/dν, p1 = dPY/dν and ν = PX + PY a σ-finite measure.

To sum up, in order to prove a lower bound on the minimax probability of
error for hypotheses we use Theorem 2.2 in Tsybakov [2009]. The lower bound
is obtained when the following two properties are satisfied. First, we choose
the appropriate parameters for the co-integrated volatility to be close enough
but distinguished. Second, we bound from below the total variation distance
between the two probability densities of our parameters.

Let us illustrate the above procedure giving a trivial lemma and proving
that the above arguments are adequate, so as to obtain the lower bound cor-
responding to our family of estimators Lr

M . The interested reader may refer
to Lehmann and Romano [2006] who explore a lot of examples for hypothesis
testing and distances between Gaussian random variables.

Lemma 3.5.2. Assume X belongs to the class Lr
M with Lévy-Khintchine triplet

(0,ΣΣ⊤, 0). Then there are constants A,K such that

lim inf
n→∞

inf
Ĉ12

n

sup
X∈Lr

M

P[d(Ĉ12
n , C12) > Awn] ≥ K,

where wn = 1√
n
, and Ĉ12

n is any estimator for the co-integrated volatility within

the class Lr
M .

Proof. Consider X and Y belong to Lr
M . Also, we assume that no jumps are oc-

curred so the Lévy Khintchine triplets for each process will satisfy (0,ΣXΣ⊤
X, 0)

and (0,ΣYΣ⊤
Y, 0) respectively. As a result, X will evolve as follows:

dX(1)(t) = σ
(1)
t dW

(1)
t
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dX(2)(t) = σ
(2)
t dW

(2)
t

similarly for Y. We know that the Itô integral dX(1)(t) = σ
(1)
t dW

(1)
t is normally

distributed with mean 0 and its variance is given by Itô isometry which translates
to

X(1) ∼ N
(
0,

∫ 1

0

(σ
(1)
t )2dt

)
.

Therefore, X follows the parametric model

X =
(

X(1)

X(2)

)
∼ N

(
( 00 ) ,ΣXΣ⊤

X

)
similarly for Y.

We will prove the lower bound using the two-hypothesis test, as mentioned
in the beginning of this section. We observe that

Lr
M ⊃ BM

where BM is the class of all Brownian motions where the covariance matrix is
bounded component-wise by a constant M . As a consequence,

sup
X∈BM

P[d(Ĉ12
n , C12) ≥ Awn] ≤ sup

X∈Lr
M

P[d(C12, Ĉ12
n ) ≥ Awn].

It is enough to prove a lower bound for the rate wn = 1√
n

for the class of all

Brownian motions.
The two-hypothesis test is the following

PX = N
(
0,ΣXΣ⊤

X

)
vs PY = N

(
0,ΣYΣ⊤

Y

)
,

where the covariance matrices are given by ΣXΣ⊤
X = ( 2 1

1 1 ) and ΣYΣ⊤
Y =(

2 1+ 1√
n

1+ 1√
n

1

)
. Intuitively, we perturb the off-diagonal elements, namely the

covariance, by the rate we want to achieve. Following the argumentation of the
two-hypothesis test, it is sufficient to prove that the total variation distance is
bounded. To do so, we use the Pinsker inequality. By Pinsker inequality we
have that

TV(PY,PX) ≤
√
KL(PY,PX)/2,

where KL(PY,PX) is the Kullback-Leibler divergence. Next, we show that
the Kullback-Leibler distance is bounded. We define the Kullback-Leibler di-
vergence between two multivariate normal distributions. Here, we denote by
Σ1 = ΣXΣ⊤

X and Σ2 = ΣYΣ⊤
Y. Therefore,

KL(PY,PX) =
1

2

(
log

|Σ1|
|Σ2|

− 2 + tr(Σ−1
1 Σ2)

)
,

where | · | denotes the determinant of a matrix. Calculating the appropriate
quantities, we obtain

|Σ1| = | 2 1
1 1 | = 1,

|Σ2| =
∣∣∣∣ 2 1+ 1√

n

1+ 1√
n

1

∣∣∣∣ = 2−
(
1 +

1√
n

)2

,
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tr(Σ−1
1 Σ2) = 2− 2√

n
.

Therefore,

KL(PX,PY) =
1

2

log

 1

2−
(
1 + 1√

n

)2
− 2 + 2− 2√

n

 .

Consequently, we obtain that the right hand side tends to zero as n → ∞.
By Pinsker inequality, the total variation distance tends to zero. Upon using
the minimax probability of error is bounded from below by 1/2 and the claim
follows.

To prove Theorem 3.2.3 we need to construct the two-hypothesis test in order
to bound from below the minimax probability error as we described previously
in Lemma 3.5.2.

3.5.1 Two-hypothesis test

Let X, Y ∈ R2 be Lévy processes with respective triplets (0,ΣXΣ⊤
X, Fn),

(0,ΣYΣ⊤
Y, Gn), where Fn, Gn are Lévy measures in R2 satisfying∫

R2

(
1 ∧ |x1x2|r/2

)
Fn(dx1, dx2) ≤M (3.5.1)

where x = (x1, x2) is a vector in R2 representing the size of small jumps for
each process and M is a constant (below M changes from line to line and
may depend on r, but all constants are denoted as M). The same applies for
the measure Gn. We set ΣXΣ⊤

X = ( 2 1
1 1 ) and ΣYΣ⊤

Y =
(

2 1+πwn
1+πwn 1

)
to be

the parameters of our two-hypothesis test. Under this setting, we perturb the
off-diagonal elements with the rate with which we want to achieve the lower
bound. The quantity which we want to recover is the co-integrated volatility, so
we need the off-diagonal elements. We use these forms of matrices in order for
the Gaussian part to be non-degenerated, namely the eigenvalues of the matrices
to be positive. As we discussed in the beginning of this section, it is sufficient
to construct two sequences Xn, Yn which belong to the class Lr

M , with the
following two properties:

Property 1. The two parameters, namely the two covariance matrices are close
enough but distinguished.

Note that for this property the object of our study is the distance between
matrices. In this case we consider as a distance the Frobenius norm, and every-
thing still holds. By construction and Frobenius norm

||ΣYΣ⊤
Y − ΣXΣ⊤

X||F =
√

tr(ΣYΣ⊤
Y − ΣXΣ⊤

X)(ΣYΣ⊤
Y − ΣXΣ⊤

X)⊤

=
√
2πwn,

which means that the parameters are close enough but distinguished.

Property 2. The total variation distance between PX and PY tends towards
zero.
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As far as the second property is concerned, the total variation distance tends
towards zero is not trivial. In fact, achieving the second property is quite
demanding and we prove several lemmas to conclude this property.

3.5.2 Construction of the co-jump measure in R2

First, we have to construct a measure to satisfy property (3.5.1). Before we
proceed with the technical part of this construction, let us highlight the idea
behind it. Note that we are studying a two-dimensional Lévy process, so it
is reasonable to include the possibility of dependence between the two jump
components, more specifically the common jumps, i.e. the co-jumps.

Observe here that co-jumps are one-dimensional objects. Co-jumps are the
jumps on the diagonal, due to the fact that the two processes jump at the same
time with the same jump size. Mathematically speaking, this can be formalized
as follows:

Definition 3.5.3. (Co-jump measure) Let X =
(
X(1), X(2)

)
be a Lévy pro-

cesses, with ∆X
(j)
t ̸= 0 for j = 1, 2. Here, ∆X

(j)
t = X

(j)
t − X

(j)
t− denotes the

possible jump at time t. The measure on R2 is defined by:

Fn(ω; t, B) = E
[
#
{
t ∈ [0, 1] : (∆X

(1)
t ,∆X

(2)
t ) ∈ B

}]
= E

[
µX(1)X(2)

(ω; t, B)
]
,

where B =
{
(x1, x2) ∈ R2 : x1 = x2

}
. This is called the Lévy measure in R2

of co-jumps for X. Fn(B) is the expected number of joint jumps, per unite of
time, whose size falls into B, and µ is the Poisson random measure of co-jumps

where, µX(ω; t, B) =
∑

s≤t 1B(∆X
(1)
s ,∆X

(2)
s ).

We assume that the co-jump measure Fn has a density fn with respect to
Lebesgue measure on B. Because the jump dynamics of the co-jump measure
is dictated by its density, say fn, we can define the measure of the co-jumps as
following.

Definition 3.5.4. For A ⊂ B ⊂ R2, we write the measure of co-jumps as

Fn(A) :=

∫
fn(x)1A(x, x)dx :=

∫
fn(x)1Ã(x)dx, (3.5.2)

where Ã = {x : (x, x) ∈ A}.

The support of the co-jump measure is on B but the co-jump measure lives
on R2. We focus on the case of co-jumps, i.e., when X(1) and X(2) jump at
the same time with the same jump size. We are interested in the jumps on the
diagonal.

Further, we do not integrate with respect to the Lebesgue measure, since
it is equal to zero on the diagonal. In this case we integrate with respect to
a measure that is not absolutely continuous with the Lebesgue measure, which
we call co-jump measure. We assume that Fn, Gn have densities fn and gn
respectively. By (3.5.2) we want to show that∫

R2

g(x1, x2)dFn(x1, x2) =

∫
R
g(x, x)fn(x)dx (3.5.3)
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without being equal to zero. Being interested in the set of co-jumps, we pass
from two dimensions to one dimension. Co-jumps are the concept of total de-
pendency between the small jump components. Indeed, we use the argument of
dependency in order to reduce dimensionality. In order to prove this argument,
we need the following lemma.

Lemma 3.5.5. Let g : R2 → R be a measurable function and Fn be the co-jump
measure on R2. Then∫

R2

g(x1, x2)dFn(x1, x2) =

∫
B

g(x1, x2)dFn(x1, x2) =

∫
fn(x)g(x, x)dx,

where Fn(A) is defined as in Definition 3.5.4.

Proof. First we use the step functions to prove the lemma. This extends by
linearity and by taking limits for all measurable functions g. Indeed, we only
need to show the lemma for the case of step functions. Let

g(x1, x2) =

m∑
k=1

ak1Ak
(x1, x2)

where Ak ⊂ A and ∪m
k=1Ak = A. Therefore,∫

g(x1, x2)dFn(x1, x2) =

∫ m∑
k=1

ak1Ak
(x1, x2)dFn(x1, x2)

=

m∑
k=1

ak

∫
1Ak

(x1, x2)dFn(x1, x2)

=

m∑
k=1

ak

∫
Ak

dFn(x1, x2)

=

m∑
k=1

ak

∫
1Ak

(x, x)fn(x)dx

=

∫ m∑
k=1

ak1Ak
(x, x)fn(x)dx

=

∫
g(x, x)fn(x)dx,

and the claim follows.

Furthermore, we need to find a measure whose mass is bounded away from
the origin but may explode around 0 and integrates ∥x∥2. In order to construct
the co-jump measure with the above properties, we need to find an appropriate
density function for the co-jumps measure Fn(A) so as to satisfy the following
condition for r ∈ (1, 2) and x = (x, x):∫

A

(
1 ∧ |x1x2|r/2

)
Fn(dx1, dx2) =

∫
(1 ∧ |x|r) fn(x)1A(x, x)dx <∞.

Indeed, the following lemma implies condition (3.5.1) by choosing properly the
density function of the co-jumps.
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Proposition 3.5.6. Let wn be defined by (3.2.6) and r ∈ (1, 2). Let there be
the even functions hn : R2 → R such that hn(U) = h̃n(U) · h̃n(U), where

h̃n(U) =

{√
wn |U | ≤ Un√
wne

−|U−Un|3 |U | > Un,

and Un = 2w
− 1

2−r
n . Then, for any A from Definition 3.5.4, we have∫

(1 ∧ |x|r)1A(x, x)Fn(dx) <∞, (3.5.4)

where Fn(A) =
∫
R

|Hn(x)|
x2 1A(x, x)dx and Hn is the Fourier transform of hn.

Proof. The mathematical tool used for the formation of the density function is
the Fourier transform. Intuitively, we use the function hn as a constant inside
a fixed interval and which decays exponentially outside this interval. Notice
that in the exponential we used the power of 3 because we need to differentiate
two times, as we shall see later. Also, Un is different from the one used in
Theorem 3.2.2.

Notice that hn has a range on R, which is why we use the Fourier transform
on R. The pair of Fourier transform takes the following form:

Hn(x) = F [hn(U)](x) =

∫ ∞

−∞
eiUxhn(U)dU

hn(U) = F−1[Hn(x)](U) =
1

2π

∫ +∞

−∞
e−iUxHn(x)dx

and the respective first derivatives will have the form

∂1Hn(x) = iF [Uhn(U)](x)

∂1hn(U) = (−i)F−1[xHn(x)](U).

For a thorough analysis of the Fourier transform the interested reader should
refer to Bracewell [1986].

In the next step, the pair of Fourier transform will provide us with a proper
and well-defined density function for the co-jump measure. First, we note that
the L2-norm of hn is bounded. Indeed,

∥hn∥L2(B) =∥h̃2n∥L2(R) =

(∫ ∞

−∞
|h̃n(U)|4dU

)1/2

= wn

(∫
|U |≤Un

dU +

∫
|U |>Un

e−4|U−Un|3dU

)1/2

=
√
2wn

(
Un +

∫ ∞

Un

e−4|U−Un|3dU

)1/2

=
√
2wn

(
Un +

∫ ∞

0

e−4K3

dK

)1/2

≤ Cwn

√
Un ≤ Cw

3−2r
4−2r
n ,

(3.5.5)
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for Un ≥ 1. In the last equality, substituting K = U − Un, we get that∫∞
0
e−4K3

dK is bounded by a constant C. In addition, hn is an L2-function.
Applying the Plancherel theorem we deduce that

∥Hn∥L2(R) =
√
2π∥hn∥L2(R) ≤ Cw

3−2r
4−2r
n . (3.5.6)

Similarly, we get a bound for the L2− norm of the first derivative of hn

∥∂1hn∥L2(R) ≤
C√
2π
wn. (3.5.7)

Moreover, ∥Hn∥L1 is also bounded∫ +∞

−∞
|Hn(x)|dx =

∫ +∞

−∞

1√
1 + x2

√
1 + x2|Hn(x)|dx

≤
(∫ +∞

−∞

1

1 + x2
dx

)1/2(∫ +∞

−∞
H2

n(x)(1 + x2)dx

)1/2

≤
√
π

(∫ +∞

−∞
H2

n(x) + x2H2
n(x)dx

)1/2

≤
√
π
(
∥Hn∥L2 + ∥∂1hn∥L2

)
≤

√
πC(1 + w

3−2r
4−2r
n ) <∞.

(3.5.8)

We get the first inequality because of the Cauchy-Schwarz inequality. By means
of (3.5.6) and (3.5.7), we get the last inequality. The L1-norm of Hn is bounded
in n when r ≤ 3/2.

At this point we are ready to define the co-jumps measures Fn(A) and Gn(A)
in terms of the Fourier transform Hn(x).

Fn(A) =

∫
R

|Hn(x)|
x2

1A(x, x)dx Gn(A) = Fn(A) +

∫
R

Hn(x)

x2
1A(x, x)dx.

(3.5.9)
for any A ∈ B(R2). These measures satisfy the basic properties of Lévy mea-
sures. They are non-negative, integrate x2, and may explode around zero since
Hn(x)
x2 → ∞ as x→ 0.
It remains to prove (3.5.1) under this argumentation. Based on the above

construction and A = {(x1, x2) ∈ R2 : x1 = x2 = x}, (3.5.1) transforms into:∫
(1 ∧ |x|r) |Hn(x)|

|x|2
dx, (3.5.10)

so we need to show that (3.5.10) is finite. Next we show how to bound from
above |Hn(x)|.

Hn(x) =

∫ +∞

−∞
hn(U) cos(Ux)dU + i

∫ +∞

−∞
hn(U) sin(Ux)dU

=

∫ ∞

−∞
hn(U) cos(Ux)dU.

(3.5.11)
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In the first line the second term is equal to zero since it is the integral of the
product of an even and an odd function.

Hn(x) = 2wn

∫ Un

0

cos(Ux)dU + 2wn

∫ ∞

Un

e−2(U−Un)
3

cos(Ux)dU

= 2wn

(
sin(Unx)

x
+

∫ ∞

0

e−2K3

cos((K + Un)x)dK

) (3.5.12)

Note that in the second line we substitute K = U−Un and the integral is always
bounded from above by a constant C. So,

|Hn(x)| ≤ Cwn

(
| sin(Unx)|

|x|
+ 1

)
. (3.5.13)

On the sets
{
|x| ≤ 1

Un

}
,
{

1
Un

< |x| ≤ 1
}
, {|x| > 1} we deduce that

1. |x| ≤ 1
Un

⇒ |Unx| ≤ 1 ⇒ | sin(Unx)| ≤ |Unx| ⇒ | sin(Unx)|
|x| + 1 ≤ CUn.

2. 1
Un

< |x| ≤ 1 ⇒ | sin(Unx)|
|x| + 1 = | sin(Unx)|+|x|

|x| ≤ 2
|x| .

3. |x| > 1 ⇒ | sin(Unx)|
|x| + 1 ≤ 2.

In turn, we get that

|Hn(x)| ≤ Cwn

(
Un1

(
|x| ≤ 1

Un

)
+

1

|x|
1

(
1

Un
< |x| ≤ 1

)
+ 1(|x| > 1)

)
.

(3.5.14)

By splitting the integration domain into the sets
{
|x| ≤ 1

Un

}
,
{

1
Un

< |x| ≤ 1
}
,

{|x| > 1} and recalling that r ∈ (1, 2), condition (3.5.1) will take the form:∫
(1 ∧ |x|r) |Hn(x)|

|x|2
dx

≤ Cwn

∫
1 ∧ |x|r

|x|2
Un1

(
|x| ≤ 1

Un

)
dx

+

∫
1 ∧ |x|r

|x|2
1

|x|
1

(
1

Un
< |x| ≤ 1

)
dx+

∫
1 ∧ |x|r

|x|2
1(|x| > 1)dx

≤ Cwn(U
2−r
n + 1) ≤ C.

In light of the form of Un the last inequality holds. Recall that Un = 2/w
1/(2−r)
n .

Therefore, (3.5.4) is satisfied, which implies condition (3.5.1), by which the proof
is complete.

Till now we constructed the co-jump measure, which satisfies (3.5.1), and the
covariance matrices for the hypothesis test. So the triplets for the hypothesis
test are now defined. Next step, we study the characteristic functions of the
two processes, which will be useful later on in the proof of Property 2.
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3.5.3 Characteristic functions of X1/n and Y1/n

At this point, we study the processes X,Y for one observation at the moment
t = 1

n . We denote by ψn(u), ϕn(u) the characteristic functions of X1/n, Y1/n

respectively, and by ηn(u) = ψn(u)− ϕn(u) their difference. The characteristic
triplet for each process is

X1/n ∼
(
0,ΣXΣ⊤

X, Gn(dx)
)

Y1/n ∼
(
0,ΣYΣ⊤

Y, Fn(dx)
)
,

where ΣXΣ⊤
X = ( 2 1

1 1 ) and ΣYΣ⊤
Y =

(
2 1+πwn

1+πwn 1

)
. Denote by CX = ΣXΣ⊤

X

and CY = ΣYΣ⊤
Y. The characteristic functions will be defined as follows

ϕn(u) = exp

{
− 1

2n

(
⟨CYu, u⟩+ 2ϕ̃n(u)

)}
and

ψn(u) = exp

{
− 1

2n

(
⟨CXu, u⟩+ 2ϕ̃n(u) + 2ψ̃n(u)

)}
.

Thus, we get

ψn(u) = ψn(U) = exp

{
− 1

2n

(
5U2 + 2ϕ̃n(U) + 2ψ̃n(U)

)}
(3.5.15)

ϕn(u) = ϕn(U) = exp

{
− 1

2n

(
5U2 + 2πwnU

2 + 2ϕ̃n(U)
)}

. (3.5.16)

We denote by

ϕ̃n(u) = ϕ̃n(U) =

∫
A

(
1− cos(Ux)

) |Hn(x)|
x2

dx (3.5.17)

and

ψ̃n(u) = ψ̃n(U) =

∫
A

(
1− cos(Ux)

)Hn(x)

x2
dx (3.5.18)

because of the form of co-jump measure (3.5.9) and the fact that Hn is an even
function, its Fourier transform will be a real function. Also, recall the Fourier
transform of the co-jump measure has support on R and A is a subset of the
diagonal. Moreover,

⟨CXu, u⟩ = 5U2 and ⟨CYu, u⟩ = 5U2 + 2πwnU
2.

Next we bound from above (3.5.17) and (3.5.18). First, observe that

ψ̃′′
n(U) =

∫
cos(Ux)Hn(x)dx = 2πhn(U),

since Hn is an even function. We consider the following two cases:

|U | ≤ Un : ψ̃′′
n(U) = 2πwn ⇒ ψ̃′

n(U) = 2πwnU ⇒ ψ̃n(U) = 2πwn
U2

2

|U | ≥ Un : |ψ̃′
n(U)| ≤ 2πwn|U | ⇒ |ψ̃n(U)| ≤ 2πwn

U2

2
.

(3.5.19)
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Now, concerning the ϕ̃n(U) we exploit the same arguments as before and by
(3.5.8) we obtain

|ϕ̃′n(U)| ≤
∫

|x sin(Ux)|
x2

|Hn(x)|dx ≤
∫

|U |x
x

|Hn(x)|dx ≤ C|U |
(
1 + w

3−2r
4−2r
n

)
(3.5.20)

ϕ̃n(U) =

∫
1− cos(Ux)

x2
|Hn(x)|dx ≤

∫
(Ux)2

x2
|Hn(x)|dx ≤ CU2

(
1 + w

3−2r
4−2r
n

)
.

(3.5.21)

3.5.4 Total variation distance

As we discussed in the first step, X and Y have a nonvanishing Gaussian part
so that the variables X1/n and Y1/n have densities. We denote by f1/n and
g1/n the densities of X1/n and Y1/n respectively. In order to establish a lower
bound for our class with the rates (3.2.6), the last ingredient to be shown is
Property 2, that the total variation distance between PX and PY goes towards
zero. Mathematically speaking, this formulates as

TV(PX,PY) = 2n

∫
|f1/n(x)− g1/n(x)|dx→ 0. (3.5.22)

We denote as kn = f1/n − g1/n the difference between the densities, ηn = Fkn
the Fourier transform of kn, and ∂1ηn the first derivative of ηn. One would be
tempted to use the following

TV(PX,PY) = 2n

∫
|f1/n(x)− g1/n(x)|dx

= 2n

∫ ∣∣∣∣ ∫ e−iUx
(
ϕn(U)− ψn(U)

)
dU

∣∣∣∣dx
≤ 2n

∫ (∫
|e−iUx||ϕn(U)− ψn(U)|dU

)
dx

≤ 2n

∫ (∫
|ϕn(U)− ψn(U)|dU

)
dx.

(3.5.23)

In the second equality we wrote the density function as the Inverse Fourier
transform of its characteristic function. But the last integral is infinite. Hence,
this procedure is not working for our goal. Since we want to prove that

2n

∫
|f1/n(x)− g1/n(x)|dx→ 0, (3.5.24)

we know that the total variation distance between PX and PY is not more than
2n times

∫
|kn(x)|dx. By using the same argument as for the Jacod and Reiß

[2014] Theorem 3.1, by Cauchy-Schwarz inequality and Plancherel theorem, we
obtain ∫

|kn(x)|dx =

∫
1√

1 + x2
(
√
1 + x2)|kn(x)|dx

≤
√
π

(∫ (
k2n(x) + x2k2n(x)

)
dx

)1/2

≤
√
π (∥ηn∥L2 + ∥∂1ηn∥L2)

1/2
.
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In the second inequality we used the Cauchy-Schwarz inequality and in the last
one we used Plancherel identity.

Thus, the only ingredient which remains to be shown is the following lemma
in order to satisfy Property 2.

Lemma 3.5.7. We show that

4n2
∫

|ηn(U)|2dU → 0 and 4n2
∫

|∂1ηn(U)|2dU → 0 (3.5.25)

as n→ ∞.

Proof. First, we study the convergence of ηn(U):

|ηn(U)| =|ϕn(U)− ψn(U)| = |ψn(U)|
∣∣∣∣1− ϕn(U)

ψn(U)

∣∣∣∣
= |ψn(U)|

∣∣∣∣1− exp

(
1

2n
(2ψ̃n(U)− 2πwnU

2)

) ∣∣∣∣
≤ |ψn(U)|

∣∣∣∣ 12n (2ψ̃n(U)− 2πwnU
2
) ∣∣∣∣.

The last inequality holds due to the fact that 1− e−x ≤ x. The difference of the
characteristic functions vanishes for |U | ≤ Un because of 2ψ̃n(U) = 2πwnU

2 by
(3.5.19).

By means of ϕ̃n(U)+ ψ̃n(U) ≥ 0, we get that |ψn(U)| ≤ e−
U2

2n and |ϕn(U)| ≤
e−

U2

2n . Thus, for some multiplicative constant C

|ηn(U)| ≤ C
U2wn

2n
e−

U2

2n 1{|U |≥Un}. (3.5.26)

We define by

A :=

∫
{|U |≥Un}

U4e−
U2

n dU. (3.5.27)

Using Cauchy-Schwarz inequality we bound the integral (3.5.27) from above by

A ≤ 2

(∫ ∞

Un

U5e−
U2

n dU

)1/2

·

(∫ ∞

Un

U3e−
U2

n dU

)1/2

≤ C

(
nU4

ne
−U2

n
n

)1/2(
nU2

ne
−U2

n
n

)1/2

.

(3.5.28)

The integrals in the first line on the r.h.s can be calculated exactly by calculus

methods, and recalling Un = 2/w
1/(2−r)
n = 2

√
n log n we get

4n2
∫

|ηn(U)|2dU ≤ Cw2
n

∫
{|U |≥Un}

U4e−
U2

n dU ≤ C
(log n)3/2

n3/2
.

The first part of the (3.5.25) follows. Now recall the form of the characteristic
functions and their difference ηn = ψn(U) − ϕn(U). Therefore by (3.5.19),
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(3.5.20), and the fact that |ψn(U)| ≤ e−
U2

2n , |ϕn(U)| ≤ e−
U2

2n we get that

|∂1ηn(U)| ≤ 1

n

(
2πwn|U ||ϕn(U)|+ |ϕ̃′n(U) + 5U ||ηn(U)|+ |ψ̃′

n(U)||ψn(U)|
)

≤ 1

n

(
2πwn|U |e−U2

2n + |ϕ̃′n(U) + 5U |e−U2

2n
CwnU

2

2n
+ 2πwn|U |e−U2

2n

)
≤ 1

n

(
4πwn|U |e−U2

2n +

(
5|U |+ C|U |(1 + w

3−2r
4−2r
n )

)
e−

U2

2n
CwnU

2

2n

)
≤ C

wn|U |
n

e−
U2

2n

(
1 +

(
w

3−2r
4−2r
n + 1

)
U2

2n

)
.

Therefore,

4n2
∫ ∞

Un

|∂1ηn(U)|2 ≤ Cw2
n

∫ ∞

Un

U2e−
U2

n dU

+ C
w2

n

n2

(
1 + w

3−2r
4−2r
n

)2 ∫ ∞

Un

U6e−
U2

n dU.

Now, 1+w
3−2r
4−2r
n

n tends towards zero. Additionally, the integrals on the right hand
side can be bounded again using Cauchy-Schwarz inequality, like integral A in
(3.5.27). Following these, we can calculate the integrals through basic calculus
methods exactly. As a result,

4n2
∫ ∞

Un

|∂1ηn(U)|2dU ≤ C
(log n)5/2

n1/2
,

which also goes to zero as n→ ∞ and the proof is completed.

End proof of Theorem 3.2.3

Lower bound for the rate wn = 1√
n
when r ∈ (0, 2).

To prove this bound, it is enough to show that it holds on the subclass of all
Brownian motions since BM ⊂ Lr

M . Taken together with Lemma 3.5.2, this
bound is achieved.
Lower bound for the rate wn = 1/(n log n)

2−r
2 when r ∈ (1, 2).

The main steps of this proof are to show that Property 1 and Property 2 are
satisfied. Now, with reference to Lemma 3.5.5 for the construction of co-jump
measure, Proposition 3.5.6 and Lemma 3.5.7 we conclude the proof of Theo-
rem 3.2.3.

3.6 Numerical experiments.

In this section we test our estimates with Monte-Carlo experiments.1 This
means that we first have to simulate the sample paths of a bivariate Lévy process
on [0, 1]. Section 6 of Cont and Tankov [2004] suggested various simulation
algorithms for Lévy processes. We extend here Algorithms 6.6, 6.5, 6.3 to a

1The interested reader can view the code at https://github.com/KarinaPapayia/

Co-integrated-volatility-multidimensional-Levy-processes

https://github.com/KarinaPapayia/Co-integrated-volatility-multidimensional-Levy-processes
https://github.com/KarinaPapayia/Co-integrated-volatility-multidimensional-Levy-processes
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bivariate setting. In addition, we use the generalized shot noise method for series
representation of a two-dimensional Lévy process of infinite variation introduced
by Rosinski [1990].

We now perform Monte-Carlo tests of our spectral estimate Ĉ12
n (Un), com-

paring it to the Truncated Realized Covariance (TRC) estimate ÎCT of Mancini
[2017] for a two-dimensional Itô semimartingale. To provide a balanced com-
parison, we will draw our observations from a process Xt = Bt+Jt, where Bt is
a two-dimensional Brownian motion and Jt is a two-dimensional jump process.
Its jumps are driven by a two-dimensional r-stable process. Xt thus models a
process with both diffusion and jump components. For Figure 3.1, in each run
of our simulation, we will generate n = 1, 000 observations, corresponding to
observations taken every 1/1, 000 over a time interval [0, 1].

Figure 3.1: Simulated distributions of the estimates.

The estimates Ĉ12
n (Un) and ÎCT depend on a number of parameters. We

begin by considering the covariance matrix C = ( 2 1
1 1 ) for two correlated Brow-

nian motions. In our simulations, the cointegrated volatility of Xt is equal to
1, and so we may choose the parameters accordingly. In our tests, we found
the value M = 4.229 worked well for bounding from above the jump activity in
the case of infinite variation jumps. In the case of ÎCT we chose h = 1/1, 000,
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u = 0.387, and as truncation level rh =
(

1
1,000

)2∗0.387
. We found that this

truncation level cuts the jumps bigger than
(

1
1,000

)2∗0.387
, which means that

almost all jumps were eliminated. Figure 3.1 plots the simulated distributions
of the estimates Ĉ12

n (Un) and ÎCT together with a nonparametric fit, shown as
a solid line. We can see that in every choice for r1, r2, the estimates are cen-
tered around 1, which is the expected theoretical cointegrated volatility. Figure
3.1 shows that the spectral estimator is more skewed, while the spread of the
TRC estimator is much smaller. Figure 3.2 plots the RMSEs of the estimates
Ĉ12

n (Un), ÎCT against different choices for the activity index of the co-jumps.
We study the performance of the estimates under finite, moderate, and infinite
activity of co-jumps. We can see that, as n grows, the RMSE of the spectral
estimate Ĉ12

n (Un) is getting slightly smaller compared with the truncated esti-

mate. However, we observe that the RMSEs of the truncated estimate ÎCT are
smaller compared with the spectral estimate when n = 1, 000.

Figure 3.2: Simulated RMSEs of the estimates Ĉ12
n (Un) and ÎCT .

We observe this behavior in Figure 3.2 for the truncated estimate ÎCT be-
cause of our choice of truncation level, which is not an optimal. While the
choice of u = 0.387 for the truncation level rh works well for n = 1, 000, it does
not work well when the number of observations is bigger, for example when
n = 10, 000. Figure 3.8 shows the sensitivity of the TRC estimator in case of IV
jumps. Figures 3.3, 3.4 give violin plots for the spectral estimate Ĉ12

n (Un) under
a number of choices for the amount of observations n and the activity index for
the co-jumps, whilst Figures 3.5, 3.6 show violin plots for the truncated estimate
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ÎCT under the same settings. The number of observations varies from 1, 000 to
10, 000 by step 1, 000.

Figure 3.3: Violin plots for the estimates Ĉ12
n (Un) with finite variation jumps.

Figure 3.4: Violin plots for the estimates Ĉ12
n (Un) with infinite variation jumps.

In Figure 3.3, we used as an activity index for the jumps r1 = 0.5, r2 = 0.8,
while in Figure 3.4 we set r1 = 1.2 and r2 = 1.8. In the case of r1 = 1.2 and
r2 = 1.8, we see that the estimation for the covariance slightly deviates from
the center as n grows. We tuned the parameter M for n = 5, 000.
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Figure 3.5: Violin plots for the estimates ÎCT with finite variation jumps.

Figure 3.6: Violin plots for the estimates ÎCT with infinite variation jumps.

Figures 3.5 and 3.6 show again that the truncated estimate ÎCT slightly
deviates from the center as n is larger than 6, 000 or smaller than 5, 000, an
expected effect due to the choice of truncation level. We should mention here
that the parameter u is tuned for n = 5, 000. We expect this effect to disappear
once the optimal choice for the threshold rh is established. Finally, Un is the
parameter which controls the frequency for our spectral estimate Ĉ12

n (Un). Un

depends on n,M, r. In view of the form (3.4.10) for Un we can find a constant to
multiply which will give us the optimal choice for Un. The results will still hold.
In fact Figure 3.7 shows that the spectral estimate for M > 3, n = 5, 000 and
r = 1.5 is centered around the theoretical co-integrated volatility C12. Figure
3.7 shows a violin plot for the spectral estimate tuning up the parameter M .
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Figure 3.7: Tuning parameter M for the estimates Ĉ12
n .

Figure 3.8 shows that the truncated estimate ÎCT is quite sensitive to the
choice of threshold. Here, we used n = 5, 000, r1 = 1.2, r2 = 1.5, h = 1/5, 000
and u varies from 0.410 to 0.419. Recall that rh = h2u.

Figure 3.8: Tuning parameter rh for the estimates ÎCT .

We notice that the threshold estimate deviates strongly from the theoretical
co-integrated volatility. Figure 3.8 shows that the threshold estimate is centered
around C12 only when u = 0, 419. As a result, it is crucial to choose an optimal
threshold for the truncated estimate.

3.6.1 Discussion

In this section we make some important remarks concerning the upper bound
and the rates of convergence. First, we want to compare the efficiency of our
estimator with the work of Mancini [2017] in which she considered at least one
jump component of a two-dimensional Itô semimartingale with infinity varia-
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Rates of convergence
r, r1, r2 ∈ (0, 2], γ ∈ [0, 1] TRC estimator Spectral estimator

r2 close to 1, r1 small, r = 1, γ = 0 n−
1
2 , n−

1
2

r1 ≤ r2 close to 2, r = r2, γ = 0 n−
1
2

(
1+

r2
r1

−r2

)
(n log n)

r−2
2

r1 small, r2 close to 2, r = r2, γ = 1 n
r2−2

2 (n log n)
r−2
2

Table 3.1: Rates of convergence: TRC estimator vs. Spectral estimator

tion. Mancini [2017] introduced the truncated realized covariance (TRC) as an
estimator for co-integrated volatility. The proposed estimator is

ÎC =
n∑

i=1

∆iX
(1)1{(∆iX(1))2≤rh}∆iX

(2)1{(∆iX(2))2≤rh},

where rh = h2u is the truncation level with h = 1/n, u ∈ (0, 12 ) and n → ∞.
It is clear that, when rh → 0, all jumps are asymptotically excluded. It is
assumed that the two jump components have an activity index r1,r2 where
0 ≤ r1 ≤ r2 < 2 and r2 ≥ 1. Notice by recalling Lemma 3.3.3 that in our case
we used the index r for the activity of co-jumps. In the following we use the
notation “a≫ b” when a is much grater than b.

The truncated estimator achieves the rate (1−γ)√rh(1+
r2
r1

−r2) when r1, r2 ≫
1 and the jump components are dependent. The TRC estimator reaches the rate

hr
− r2

2

h when the two jump components are independent and r2 ≫ r1 and the

rate
√
h when r1 is small and r2 is close to 1. The parameter γ describes the

dependence structure of the two jumps with γ ∈ [0, 1]. When γ = 0 we have full
dependency between the jump components, while γ = 1 means independence
between the jump components.

Finally, for a fair comparison with the spectral estimator, the TRC rates
read in our notation using the following modifications. We assume

√
rh to be

approximately 1√
n
as truncation level, since u ∈ (0, 12 ). The truncation level is

not optimal, but the work of Figueroa-López and Mancini [2017] proposed an
optimal way for the truncation level using mean and conditional mean square
error for the case of a one-dimensional Itô semimartingale.

For reasons of simplicity we take into consideration only the two extreme
cases of dependency. In the first two rows we assume γ = 0, i.e. fully dependency
between the jump components, while in the last row we consider γ = 1, i.e.
the jumps are totally independent. Further, we assume that the observations
are drawn from a two-dimensional stable Lévy process. In the second row, by
Lemma 3.3.3, we get the rate for the spectral estimator in case of dependent
jumps. In the last row, using Example 3.3.4 we conclude the rate for the spectral
estimator, since the last row is referring to independent jumps.

In the first row we observe that the truncated estimator establishes the
same rates as the spectral estimator when both jump components have activity
indices close to 1. Notwithstanding, the second row refers to the case of both
jump components being of infinite variation. Then by Lemma 3.3.3, the spectral

estimator will achieve the rate (n log n)
r2−2

2 . Here, we notice that the truncated
estimator achieves slower rates than the spectral estimator. The same happens
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in the last row, when we assume independent jumps and one component is of
infinite variation. Then by Example 3.3.4 the spectral estimator will achieve the

rate (n log n)
r2−2

2 , which is faster than the rate of TRC estimator. However, the
above comparison refers to the special case of a two-dimensional Lévy process.
The TRC estimator still achieves its rates of convergence in case of a two-
dimensional Itô semimartingale. In contrary, the spectral estimator reaches the
optimal rates only in case of a two-dimensional Lévy process.
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Chapter 4

Adaptive estimation

This chapter has been adapted from Papagiannouli [2020b].

We suppose that a Lévy process is observed at discrete time points. Starting
from an asymptotically minimax family of estimators for the continuous part of
the Lévy Khinchine characteristics, i.e., the covariance, we derive a data-driven
parameter choice for the frequency of estimating the covariance. We investigate
a Lepskĭı-type stopping rule for the adaptive procedure. Consequently, we use
a balancing principle for the best possible data-driven parameter. The adaptive
estimator achieves almost the optimal rate. Numerical experiments with the
proposed selection rule are also presented.

4.1 Introduction

The distribution of a Lévy process is usually specified by its characteristic triplet
(drift, Gaussian component, and Lévy measure) rather than by the distribution
of its independent increments. Indeed, the exact distribution of these incre-
ments is most often intractable or without closed formula. For this reason, an
important task is to provide estimation methods for the characteristic triplet.

Such estimation methods depend on the way observations are performed. In
our model, two-dimensional Lévy process Xt is observed at high frequency, i.e.,
the time between two consecutive observations is 1

n . The characteristic function
of such a two-dimensional Lévy process is given by

ϕn(un) := E[exp(i⟨un, Xt⟩)] = exp

{
1

n
Ψ(un;b, C, F )

}
, un ∈ R2, (4.1.1)

where

Ψ(un) = Ψ(un;b, C, F ) =i ⟨un,b⟩ −
⟨Cun,un⟩

2
+

∫
R2

(
exp(i ⟨un,x⟩)

− 1− i ⟨un,x⟩1{||x||R2≤1}
)
F (dx),

(4.1.2)

b ∈ R2 is the drift, C =
(

C11 C12

C21 C22

)
is the covariance matrix, and F ∈ P(R2) is

the jump measure. The triplet (b, C, F ) is called Lévy Khinchine characteristic.
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By virtue of simplicity, we consider the characteristic function on the diagonal
and concentrate primarily on a two-dimensional regime, but extensions to the
general multi-dimensional setting are straightforward to obtain as well.

Nonparametric inference from high-frequency data on the triplet of a Lévy
process has been considered by Barndorff-Nielsen and Shephard [2002], Aı̈t-
Sahalia et al. [2010], Jacod and Reiß [2014], Bibinger et al. [2014], Mancini
[2017], Belomestny and Trabs [2018], and the references therein. In addition,
minimax estimation of the covariance has been the subject of Papagiannouli
[2020a]. In this work, the author develops a family of covariance estimators

Ĉ12
n (Un) to infer C12. Although this contribution proves that Ĉ12

n (Un) achieves
minimax rates for the estimation of C12, this approach nevertheless presents
a drawback insofar as Un depends on a number of unknown parameters, such
as the co-jump activity index r ∈ (0, 2]. Co-jumps refer to the case when the
underlying processes jump at the same time with the same direction. r refers
to the Blumenthal-Getoor index for co-jumps. To overcome this shortcoming,
a data-driven choice Û is needed which ensures near-minimax rates for the
estimation error.

A natural way to extend minimax theory to an adaptation theory is to con-
struct estimators which simultaneously achieve near-minimax rates over many
subsets of parameter space. Starting with the work of Lepski [1991], the design
of minimax-adaptive estimators for linear functionals has been widely covered
in the literature, e.g. Efromovich and Low [1994] and Birgé [2001]. Lepskĭı
designed a strategy for choosing a data-dependent parameter which uses only
differences between estimators. His stopping rule considered only the mono-
tonicity of the deterministic and stochastic errors. This method is widely applied
in learning theory, where supervised learning algorithms depend on some tuning
parameter, correct choice of which is crucial to ensure optimal performance.

Although it is no easy task, the implementation of Lepskĭı-type stopping rule
has been used in the literature as a recipe for adaptive procedures, e.g. De Vito
et al. [2010] and the references therein. What interests us particularly in the
present context is the fact that we have to deal with the problem of adaptation
to the unknown characteristic function appearing in the denominator of the
stochastic error. A behavior which also occurs in the deconvolution problem, e.g.
Neumann and Hössjer [1997], Comte and Lacour [2011], Dattner et al. [2016],
Duval and Kappus [2019]. In our case, the unknown characteristic function in
the denominator leads to the stochastic error behaving irregularly. In order to
apply Lepskĭı’s rule, it is crucial to overcome this irregular behavior.

The main contribution of the present work is to construct adaptive esti-
mators and extend the minimax result obtained in Papagiannouli [2020a]. We
provide a remedy for the irregular behavior of the stochastic error. The unknown
characteristic function in the denominator leads to a U-shaped stochastic error.
This behavior prevents us from applying Lepskĭı’s rule. So it is crucial to find
an index for the oracle start of our parameter. As a result, a monotonically in-
creasing bound for the stochastic error is constructed. Finally, the convergence
rate of the adaptive estimator is proven to be near-minimax.

The remainder of this chapter is organized as follows. Section 4.2 provides
general results for the uniform control of the deviation of the empirical charac-
teristic function on R2. Section 4.3 introduces Lepskĭı’s strategy for devising a
stopping rule algorithm for the parameter U . In Section 4.4, we present theo-



Estimating the characteristic function 61

retical guarantees for the adaptive estimation. Hence, we are able to construct
a monotonically increasing upper bound for the stochastic error. In Section 4.5,
we devise a balancing principle for the optimal choice of U and present the con-
vergence rates of the adaptive estimator. Section 4.5 summarizes the results.
A short illustration of the behavior of the estimator and stopping rules is then
provided in Section 4.6 by means of empirical simulations from synthetic data.
Finally, proofs for Section 4.2 are given in Section 4.7.

4.2 Estimating the characteristic function

In this section, we present technical tools which provide a uniform control of the
deviations of the empirical characteristic function on R2. These tools will allow
us to derive a high probability bound for the stochastic error without assuming
that Xt belongs to the class Lr

M , which lead us to assume an exponential decay
for the characteristic function. The interesting point here is that the decay of
the characteristic function is not assumed to be explicitly known but comes in
by implication. To keep the exposition intuitive and free from technicalities, the
proofs of lemmas have been postponed to Section 4.7. Throughout this section,
we use the letter C to denote a constant that may change from line to line.

For the sake of keeping the calculations simple, we will restrict ourselves to
estimating the characteristic function on the diagonal. For this purpose, let us
introduce the following definition.

Definition 4.2.1. We define the subsets of the diagonal as

A := {u ∈ R2 : u = (U,U), U ∈ R}
Ã := {ũ ∈ R2 : ũ = (U,−U), U ∈ R}.

Let a probability space (Ω,F , (Ft)t≥0 ,P) be given. We assume that Xt =

(X(1), X(2)) is a bivariate Lévy process observed at n equidistant time points
∆, . . . , n∆ = T , where ∆ = i

n for i = 1, . . . , n and T = 1. We denote by

Cn(u) :=
1√
n

( n∑
j=1

ei⟨u,∆
n
j X⟩ − E[ei⟨u,X1/n⟩]

)
(4.2.1)

the normalized empirical characteristic function process, where u ∈ A. For an
appropriate weight function w : R → (0, 1], we consider

E∥Cn∥L∞(w) := E sup
u∈A

{
|Cn(u)|w(U)

}
. (4.2.2)

Recall that Cn(u) converges weakly to a Gaussian process if and only if
{
x →

ei⟨u,x⟩,u ∈ A
}
is a functional Donsker class for P.

We start by defining a weight function that was introduced in Neumann
and Reiß [2009] and is the key for the uniform convergence of the empirical
characteristic function.

Definition 4.2.2. For some δ > 0, let the weight function w be defined as

w(U) :=
(
log(e+ |U |)

)− 1
2−δ

.
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The above definition is meaningful under the following, rather general as-
sumption concerning the characteristic function.

Assumption 4. There is a function g which is non-decreasing on R− and
non-increasing on R+. There exist positive constants C and C ′, such that

∀u ∈ A : Cg(U) ≤ |ϕn(u)| ≤ C ′g(U)

∀ũ ∈ Ã : Cg(U) ≤ |ϕn(ũ)| ≤ C ′g(U).

We receive the following result, extending Theorem 4.1 of Neumann and
Reiß [2009] in two dimensions.

Theorem 4.2.3. Suppose that (Xt)t∈N are i.i.d. random vectors in R2 with
E|X1|2+γ < ∞ for some γ > 0, and let the weight function w be defined as in
Definition 4.2.2. Then

sup
n≥1

E∥Cn(U)∥L∞(w) <∞.

Let us mention that the logarithmic decay of the weight function w is
in accordance with the well-known results of Csörgő and Totik [1983], where
lim
n→∞

Cn ((Tn, Tn)) = 0 almost surely on intervals [−Tn, Tn] whenever log Tn/n→
∞.

We are now ready to prove a uniform bound for the deviation of the empirical
characteristic function from the true one. In what follows, we formulate and
prove two lemmas which will be essential for proving an upper bound for the
stochastic error of our estimator. First, we establish a Talagrand inequality
using Lemma 4.7.2 from Appendix 4.7.

Lemma 4.2.4. Let U be some countable index set. Then for arbitrary ϵ > 0,
there are positive constants c1, c2 = c2(ϵ), such that for every κ > 0 we obtain

P
[
sup
u∈U

|ϕ̂n(u)− ϕn(u)| ≥ (1 + ϵ)E
[
sup
j∈I

|ϕ̂n(u)− ϕn(u)|
]
+ κ

]
≤ 2 exp

(
− n

(
κ2

c1
∧ κ

c2

))
.

Next, we present an exponential bound for the deviation of the empirical
characteristic function from the true one, uniformly on the diagonal. For this
reason, we introduce a logarithmic factor which is essential to proving uniform-
ness on the diagonal. This comes at the cost of losing a logarithmic factor.

Lemma 4.2.5. Let t > 0 be given, and A defined as in Definition 4.2.1. Then,
for arbitrary β > 0, there exists a constant C, such that we have

P
[
∃u ∈ A : |ϕ̂n(u)− ϕn(u)| ≥ t

(
log n

n

)1/2

(w(U))−1

]
≤ Cn− (t−β)2

c1 ,

where the constant C depends on δ appearing in Definition 4.2.2 and c1 is the
constant in Talagrand’s inequality from Lemma 4.2.4.

The statement of Lemma 4.2.5 holds for ũ ∈ Ã. A direct consequence of
Lemma 4.2.5 is that we can consider a favorable set for the deviation of the
empirical characteristic function from the true one.
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Lemma 4.2.6. For some p ≥ 1/2 and κ ≥ 4(
√
pc1 + β), let us consider the

event

E :=

{
∀u ∈ A : |ϕ̂n(u)− ϕ(u)| ≤ κ

4

(
log n

n

)1/2

(w(U))−1

}
.

Ẽ :=

{
∀ũ ∈ Ã : |ϕ̂n(ũ)− ϕ(ũ)| ≤ κ

4

(
log n

n

)1/2

(w(U))−1

}
.

Thus, we have

P
[
E∁

]
≤ Cn−p and P

[
Ẽ∁

]
≤ Cn−p.

Lemma 4.2.5 and Lemma 4.2.6 hold for ũ ∈ Ã as well. Some remarks are in
order here: It is interesting to note that the faster the |ϕn(u)| decays the more
difficult it is to estimate the covariance. The following cases may be considered.

(a) Gaussian decay. Using Definition 4.3.1 for the class Lr
M , we can prove

that

|ϕn(u)| ≥ e−
MU2

2n , ∀u ∈ A.

(b) Exponential decay. Here,the characteristic function ϕn decays at most
exponentially, that is, for some a > 0, C > 0,

|ϕn(u)| ≥ Ce−a|U |/n, ∀u ∈ A.

Examples of distributions with this property include normal inverse Gaussian
and generalized tempered stable distributions.

(c) Polynomial decay. In this case the characteristic function satisfies for
some β ≥ 0, C > 0,

|ϕn(u)| ≥ C(1 + |U |)−β/n, ∀u ∈ A.

Typical examples for this property are the compound Poisson distribution,
gamma distribution, and variance gamma distribution. Contrary to the prop-
erties formulated above, our reasoning does not rely on any semiparametric as-
sumption about the shape of the characteristic function. The only thing needed
is the quasi-monotonicity of Assumption 4 which is fairly general.

4.2.1 Truncated characteristic function

As we shall see in the next section, the main ingredient to adapting the covari-
ance estimator is to control the unknown characteristic function in the denom-
inator of the stochastic error. Instead of using the class defined in Definition
4.3.1, which is quite restrictive, we directly approach the characteristic function.
The key observation of controlling the stochastic error will be an extension of
Lemma 2.1 in Neumann and Hössjer [1997], which renders the point-wise con-
trol of the characteristic function in the denominator uniform on sets A. Now,
we briefly discuss the idea of a truncated characteristic function presented in
detail in Neumann and Hössjer [1997]. It is clear that the characteristic function
ϕn(u) can be estimated at each point u = (U,U) with the rate n−1/2. Hence,

ϕ̂n(u) is a reasonable estimator of ϕn(u), if |ϕn(u)| ≫ n−1/2. The idea is to cut
off the frequencies u, for which |ϕn(u)| ≤ n−1/2.

First, we recall the key Lemma 2.1 from Neumann and Hössjer [1997]:



64 Adaptive estimation

Lemma 4.2.7. It holds that, for any p ≥ 1,

E
(∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣2p) ≤ C

(
1

|ϕn(u)|2p
∧ n−p

|ϕn(u)|4p

)
,

where 1
ϕ̃n(u)

:=
1

(
|ϕ̂n(u)|≥n−1/2

)
ϕ̂n(u)

.

Neumann’s result is for p = 1, but the extension to any p is straightfor-
ward. See also Neumann and Reiß [2009]. We propose the following strategy:
Estimation of the characteristic function in the denominator is restricted to
some compact set, where ϕn(u) is large enough and a reasonable estimator is
available. Outside this set, the estimator is set to zero. The global threshold
must be formulated in terms of ϕ̂n(u), so that the compact set is in fact ran-
dom. The main difference with Neumann’s truncated estimator lies in the fact
that we introduce an additional logarithmic factor in the thresholding scheme.
This logarithmic factor allows us to derive exponential inequalities, as we saw
in Lemma 4.2.5, and avoid terminating too early or too late. Following Neu-
mann and Hössjer [1997] and Neumann and Reiß [2009], we truncate 1

ϕ̂n(u)
as

an estimator of 1
ϕn(u)

.

Definition 4.2.8. Let the weight function w be given like in Definition 4.2.2.
For some positive constant κ, set

1

ϕ̃n(u)
:=

{
1

ϕ̂n(u)
, if |ϕ̂n(u)| ≥ κnn

−1/2,

1
κnn−1/2 , otherwise

(4.2.3)

where κn := κ
2 (log n)

1/2(w(U))−1.

We can now use Lemma 4.2.5 to assess the deviation of 1
ϕ̃n(u)

from 1
ϕn(u)

.

The introduction of the logarithm in the definition of the truncated estima-
tor is crucial, since it is the essential step to pass from pointwise to uniform
convergence.

Lemma 4.2.9. Suppose that for some p ≥ 1/2 and β > 0, we have κ ≥
2(
√
pc1 + β), where c1 is the constant in Talagrand’s inequality. Then, for

n > 0 and a positive constant C, we have

P
[
∃u ∈ A :

∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣2 > (9κ2

16

log n(w(U))−2n−1

|ϕn(u)|4
∧1

4

1

|ϕn(u)|2

)]
≤ Cn−p.

We are now in position to formulate a uniform bound on the diagonal, which
is an immediate result of Lemma 4.2.9.

Lemma 4.2.10. If the assumptions of Lemma 4.2.9 hold, then there is a con-
stant C > 0 depending on κ, such that for n ≥ 1

E
[
sup
u∈A

∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣2( log n(w(U))−2n−1

|ϕn(u)|4
∧ 1

|ϕn(u)|2

)−1]
≤ C.

In particular, the fact that we can prove uniform boundedness for 1
ϕ̃n(u)

−
1

ϕn(u)
will strengthen the adaptive results for the covariance estimator. Also,
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Lemma 4.2.10 can be extended to powers different from 2. We just need to
substitute 2 with 2q.

Note that an intermediate consequence of the preceding Lemma 4.2.9 is
the following important corollary, which allows us to interchange between the
empirical characteristic function and the true one with high probability.

Corollary 4.2.11. In the situation of the preceding statement, we have

P
[
∃u ∈ A :

∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣ > 1

2

∣∣∣∣ 1

ϕn(u)

∣∣∣∣] ≤ Cn−p.

It is in fact this version of the statement which will play an important role
below. On the complement of the preceding event, we have with high probability

−1

2

∣∣∣∣ 1

ϕn(u)

∣∣∣∣ ≤ −
∣∣∣∣ 1

ϕn(u)

∣∣∣∣+ ∣∣∣∣ 1

ϕ̃n(u)

∣∣∣∣ ≤ 1

2

∣∣∣∣ 1

ϕn(u)

∣∣∣∣
1

2

∣∣∣∣ 1

ϕn(u)

∣∣∣∣ ≤ ∣∣∣∣ 1

ϕ̃n(u)

∣∣∣∣ ≤ 3

2

∣∣∣∣ 1

ϕn(u)

∣∣∣∣. (4.2.4)

The statement of Corollary 4.2.11 and the above inequality hold for ũ ∈ Ã.

4.3 Adaptive parameter estimation

After recalling the statistical model, in this section we discuss the goal of this
study. We aim to extend the minimax theory, from Papagiannouli [2020a], to
an adaptation theory for the covariance estimator.

4.3.1 Statistical model

We observe a two-dimensional Lévy process X = (Xti)ti≥0 for i = 0, 1, . . . , n at
equidistant time points 0 = t0 < t1 < . . . < tn, where ti =

i
n . Such a process is

characterized by its characteristic function

ϕn(un) := E[exp(i⟨un, Xt⟩)] = exp

{
1

n
Ψ(un;b, C, F )

}
, un ∈ R2,

where

Ψ(un) = Ψ(un;b, C, F ) =i ⟨un,b⟩ −
⟨Cun,un⟩

2
+

∫
R2

(
exp(i ⟨un,x⟩)

− 1− i ⟨un,x⟩1{||x||R2≤1}
)
F (dx).

The triplet (b, C, F ) is called Lévy-Khinchine characteristic or characteristic

triplet with drift part b ∈ R2, covariance matrix C =
(

C11 C12

C21 C22

)
, and jump

measure F ∈ P(R2).
In what follows, we are in a nonparametric setting in which the process X

belongs to the class Lr
M . Let us now recall this class.

Definition 4.3.1. For M > 0 and r ∈ [0, 2), we define the class Lr
M , the set of

all Lévy processes, satisfying

∥C∥∞ +

∫
R2

(
1 ∧ |x1x2|r/2

)
F (dx1, dx2) ≤M, (4.3.1)
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where ∥C∥∞ = max(C11+C12, C21+C22) is the maximum of the row sums. In
the second term r refers to the co-jump activity index of the jump components.

For details and examples concerning this class we refer to Section 3 in Pa-
pagiannouli [2020a], where a minimax estimator for the covariance C12 is avail-
able. In addition, Jacod and Reiß [2014] provide a minimax estimator for the
marginals, i.e. C11, C22. Given the empirical characteristic function of the
increments ∆Xj = Xj/n −X(j−1)/n

ϕ̂n(un) :=
1

n

n∑
j=1

ei⟨un,∆
n
j X⟩, un ∈ R2

a spectral estimator is used:

Ĉ12
n (Un) =

n

2U2
n

(
log |ϕ̂n(ũn)|1(ϕ̂n(ũn) ̸= 0)− log |ϕ̂n(un)|1(ϕ̂n(un) ̸= 0)

)
,

where un = (Un, Un), ũn = (Un,−Un).
A bias-variance type decomposition for the estimation error is available by

Lemma 3.4.1. We recall the Lemma for the reader’s convenience.

Lemma 4.3.2. The error bound for the estimation satisfies

|Ĉ12
n (Un)− C12| ≤ |Hn(Un)|+ |D(Un)|, (4.3.2)

where

D(Un) =
n

2U2
n

(
log |ϕn(ũn)| − log |ϕn(un)|

)
− C12,

and

Hn(Un) = − n

2U2
n

(
log
∣∣∣ϕn(ũn)

ϕn(un)

∣∣∣−( log
∣∣∣ ϕ̂n(ũn)

ϕ̂n(un)

∣∣∣)1(ϕ̂n(ũn) ̸= 0 and ϕ̂n(un) ̸= 0
))

.

(4.3.3)
Hn(·), D(·) are the corresponding stochastic and deterministic errors.

The spectral estimator Ĉ12
n (Un) achieves minimax rates for the optimal pa-

rameter Un. For r ∈ [0, 2), M defined as in Definition 4.3.1 and for every
0 < η ≤ 1, there is a constant Aη > 0, and Nη such that for every n ≥ Nη

P
[
|Ĉ12

n (Un)− C12| ≤ wnAη

]
≥ 1− η, (4.3.4)

where

wn =

{
n−1/2 if r ≤ 1

(n log n)
r−2
2 if r > 1

(4.3.5)

are the minimax rates for the optimal parameter

Un =


√
n r ≤ 1√
(r−1)n log n√

4M
r > 1.

(4.3.6)

The error bound incurred by the spectral estimator is the sum of two terms,
i.e., the deterministic and stochastic error, with respect to the tuning parameter
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Un. The stochastic error displays behavior opposite to the deterministic error.
The stochastic error tends to explode, however the deterministic error tends to
zero as Un grows. This observation and the fact that Un depends on unknown
parameters (r,M) impose the need for a-posteriori choices of the parameter
Un, which ideally are optimal in a well-defined sense. The goal is to derive a
theoretical error bound for the adaptive estimator achieving almost the optimal
rates.

4.3.2 Lepskĭı’s stopping rule

In this section, we establish an adaptive choice for the parameter Un, as this is
achieved by Lepskĭı’s principle. Following Lepskĭı’s principle, a “stopping” rule
is designed to achieve adaptation for a class of minimax estimators. We use the
following conventions for the notations. We denote by U the parameter space.
We consider a suitable finite discretization U0 < . . . < UK for our parameter.
We set Ĉ12

n,j := Ĉ12(Uj), i.e., we assign an estimator Ĉ12
n,j for each Uj . For

each estimator Ĉ12
n,j we set sn(Uj) to be the upper bound of the stochastic error

E|Hn(Uj)| for j = 0, 1, . . . ,K .

Starting from a family of rate asymptotically minimax estimators
{
Ĉ12

n (Un)
}
,

how can one get adaptation over the parameter space U , to find an optimal
tuning parameter Uj , which provides simultaneously minimax rates for the co-
variance over the sets [U0, UK ] ⊂ U?

Remark 4.3.3. In this paper we refer to the value Un as the best choice and to
the corresponding rate as the best possible rate. The rate will be optimal in a
minimax sense since the bound we started from is tight (4.3.4). We refer to the
value Ubal as the choice which balances the stochastic and deterministic error.

Let us first give a brief and simplified account of the classical Lepskĭı method
adjusted to our problem. We use the results in Section 5.4 of Reiß [2012]. The

key idea is to test real-valued estimators Ĉ12
n,1, Ĉ

12
n,2, . . . , Ĉ

12
n,j , whose stochastic

errors are increasing as the index is increasing and the bias is decreasing, for
the hypotheses Hj : Ĉ

12
n,1 = Ĉ12

n,2 = · · · = Ĉ12
n,j . If we accept H1, H2, . . . ,Hj , this

means that Ĉ12
n,j+1 differs significantly from Ĉ12

n,1, Ĉ
12
n,2, . . . , Ĉ

12
n,j so we reject

Hj+1. Further, we set ĵ = j. We summarize the above discussion in the
following definition.

Definition 4.3.4. We choose a suitable finite discretization U0 < . . . < UK

and take ∞ > sn(UK) > sn(UK−1) > . . . > sn(U0), given some large enough
constant K. We define the Lepskĭı principle as

ĵ = inf
{
j = 0, 1, . . . ,K − 1|∃k ≤ j : d

(
Ĉ12

n,j+1, Ĉ
12
n,k

)
≤ 4sn(Uj+1)

}
, (4.3.7)

where d is the Euclidean distance.

Heuristically, we want a rule so as the stochastic error will dominate the
bias. We iterate the above stopping rule using the following algorithm.
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Algorithm 1 StoppingRule

Initialize: j := 0;
while j ≤ K − 1 do

for all k = 0, 1, . . . , j do

Calculate d
(
Ĉ12

n,j+1, Ĉ
12
n,k

)
if d

(
Ĉ12

n,j+1, Ĉ
12
n,k

)
≤ 4sn(Uj+1) then

Continue
Accept j + 1, set ĵ = j + 1

else
Set ĵ = K

end if
end for

end while

ĵ is the smallest index for which the stochastic error dominates the determin-
istic error. We observe that Lepskii’s strategy for parameter choice uses pairwise
comparison of the estimators. By triangle inequality, Lemma 4.3.2, and mono-
tonicity of the deterministic and stochastic error, we get for i, j ∈ {0, . . . ,K}
and i ≤ j

d(Ĉ12
n,i, Ĉ

12
n,j) ≤ d(Ĉ12

n,i, C
12) + d(Ĉ12

n,j , C
12)

≤ d(Ui) + sn(Ui) + d(Uj) + sn(Uj)

≤ 4sn(Uj),

(4.3.8)

where d(·) is the upper bound for the deterministic error and sn(·) is the upper
bound for the stochastic error. The bound for the deterministic error has the
form

d(Ui) =
M2r/2

U2−r
i

and depends on the co-jump activity index r ∈ (0, 2] and the constant M from
Definition 3.2.1. Clearly, the deterministic error is monotonically non-increasing
while the index i increases. We also need to ensure that the bound for the
stochastic error is monotonically non-decreasing in order to be able to use Lep-
skii’s principle 4.3.7.

We aim to use the stochastic error for Lepskii’s principle instead of the
deterministic error because the latter is dependent on a co-jump activity index
r unknown to us. The stochastic error, on the other hand, depends on the
characteristic function of a two-dimensional Lévy process, which might also
be unknown. Yet, we can overcome this obstacle by exploiting the results of
Section 4.2. As a result, we are able interchange with high probability between
the theoretical sn(Uj) and the empirical bound s̃n(Uj) for the stochastic error.

This method enables us to construct an adaptive estimator using a Lepskii-
type principle based on a data-dependent bound, i.e. s̃n(·), on the interval
U = [Uoracle

start , Umax]. This is achieved via

Uĵ = min{Uj : ∀Uj ≤ Uk, Uk ∈ U ,
∣∣Ĉ12

n,j − Ĉ12
n,k

∣∣ ≤ 6s̃n(Uk)}. (4.3.9)
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Let us finally show that the adaptive estimator using (4.3.9) achieves almost
the minimax convergence rates.

Theorem 4.3.5. For a sequence of parameters Uj which satisfies Uj ∈ [Uoracle
start , Umax],

there is a constant c ∈ (1/2, 1] such that the adaptive estimator satisfies

P
[
|Ĉ12

n,̂j
− C12| ≤ 9

CU−2
bal (n log n)

1/2(w(Ubal))
−1

|ϕ̃n(ubal)|

]
≥ 1− a(n),

where a(n) = 1− exp(− 1
8

(
c− 1

2

)2
n
)
, and ubal = (Ubal, Ubal).

Proof of Theorem 4.3.5 has been moved to Section 4.5, where we discuss the
selection rule (4.3.9) in detail.

4.4 Analysis of the stochastic error

The main objective of the present section is to prove a high probability bound for
the stochastic error. Observing the form of the stochastic error Hn in Assump-
tion 4.3.3, it becomes clear that we need to control the unknown characteristic
function in the denominator. For this reason, we use the truncated estimator
given in Definition 4.2.8. In Subsection 4.2.1 we use the classical result of Neu-
mann and Hössjer [1997] to provide an estimator for the characteristic function.
We cut off all those frequencies u from the empirical characteristic function
which lead to an unstable estimator. We then apply a threshold scheme in or-
der to avoid the noise of ϕ̂n(u) to be of larger order than the size of the signal.

In other words, we need to secure against too small values of ϕ̂n(u).

In comparison with other adaptive results obtained in Comte and Genon-
Catalot [2010] and Comte and Lacour [2011], whose procedure depends on a
semiparametric assumption concerning the decay of the characteristic function,
our assumption introduces a threshold to ensure that the characteristic function
guards large values and the estimator makes sense.

Lemma 4.4.1. Under the conditions of Lemma 4.2.5, the stochastic error sat-
isfies, up to an absolute constant C,

E[1E∪Ẽ · |Hn(U)|] ≲ U−2(n log n)1/2(w(U))−1

(
1

|ϕn(u)|
∨ 1

|ϕn(ũ)|

)
. (4.4.1)

Proof. From Lemma 4.3.2 the stochastic error satisfies

|Hn(U)| ≤ n

2U2

∣∣∣∣∣ log
∣∣∣∣∣ ϕ̂n(ũ)ϕ̂n(u)

∣∣∣∣∣− log

∣∣∣∣ϕn(ũ)ϕn(u)

∣∣∣∣
∣∣∣∣∣

=
n

2U2

∣∣∣∣∣ log
∣∣∣∣∣1 + ϕ̂n(ũ)− ϕn(ũ)

ϕn(ũ)

∣∣∣∣∣− log

∣∣∣∣∣1 + ϕ̂n(u)− ϕn(u)

ϕn(u)

∣∣∣∣∣
∣∣∣∣∣.

(4.4.2)

On the event E and Ẽ from Lemma 4.2.6, in the case that |ϕn(u)| ≥ κnn
−1/2

and |ϕn(ũ)| ≥ κnn
−1/2, it yields that

∣∣∣∣ ϕ̂n(u)−ϕn(u)
ϕn(u)

∣∣∣∣ ≤ 1
2 and

∣∣∣∣ ϕ̂n(ũ)−ϕn(ũ)
ϕn(ũ)

∣∣∣∣ ≤ 1
2 .
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The above observations lead to

E[1E∪Ẽ · |Hn(U)|] ≤ n

2U2

(∣∣∣∣ ϕ̂n(ũ)− ϕn(ũ)

ϕn(ũ)

∣∣∣∣+ ∣∣∣∣ ϕ̂n(u)− ϕn(u)

ϕn(u)

∣∣∣∣)
≤ Cn

U2

(
log n

n

)1/2

(w(U))−1

(
1

|ϕn(u)|
∨ 1

|ϕn(ũ)|

)
,

(4.4.3)

which concludes the proof.

Hence, everything boils down to controlling the unknown characteristic func-
tion in the denominator in a way that keeps the characteristic function large
enough and enables a reasonable estimator. Using Corollary 4.2.11 and the in-
equality (4.2.4), we can substitute the unknown 1

|ϕn(u)| with 1
|ϕ̃n(u)|

, which is

data-dependent. Inserting inequality (4.2.4) into (4.4.2), we get the following
high probability upper bound for the stochastic error

E[1E∪Ẽ · |Hn(U)|] ≤ 2C

U2
(n log n)

1/2
(w(U))−1

(
1

|ϕ̃n(u)|
∨ 1

|ϕ̃n(ũ)|

)
. (4.4.4)

Corollary 4.4.2. Under the conditions of Lemma 4.2.6, for any p > 1/2 there
exists a positive constant C, such that, for all U , we have

P
[
|Hn(U)| > C

U2
(n log n)1/2(w(U))−1

]
≲ n−p. (4.4.5)

Proof. The proof is a consequence of Lemma 4.2.6 and 4.4.1 applying Markov
inequality.

4.4.1 Oracle start for the parameter U

In order to apply a Lepskĭı-type stopping rule, we need to ensure that the
bound for the stochastic error is monotonically increasing. First we introduce
some further notation.

Further notation

We write Uoracle
start as the staring point for the Lepskĭı principle. By (4.3.6), we

denote the optimal choice for the parameter, as Un =
√

r−1
M n log n. We also

denote as Csum =
∑

i,j Cij , i.e. the sum of all elements of the covariance matrix.
We allow the bound for the stochastic error to depend either on the (possibly)

unknown characteristic function or on the truncated empirical characteristic
function. Since we can interchange w.h.p. between the true and empirical
characteristic function, we use two different notations for the corresponding
bounds of the stochastic error:

sn(U) := CU−2(n log n)1/2(w(U))−1 1

|ϕn(u)|
(4.4.6)

s̃n(U) := CU−2(n log n)1/2(w(U))−1 1

|ϕ̃n(u)|
. (4.4.7)
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We use these bounds for the stochastic error because it easy to check that
1

|ϕ̃n(u)|
∨ 1

|ϕ̃n(ũ)|
= 1

|ϕ̃n(u)|
. In what follows, we occasionally use ϕ̃n(U) instead

of ϕ̃n(u) because we are estimating the characteristic function on the diagonal.
Same rule applies for the function h(u) := h(U,U) = 2

∫
R2 1− cos(⟨u,x⟩)F (dx).

Figure 4.1 illustrates the performance of the bound for the stochastic error
using the bound s̃n(U) and the stochastic error Hn(U), which is defined as in
Assumption 3.4.2. We observe that the stochastic error is decreasing in the
beginning and then it explodes. The occurrence of |ϕ̂n(u)| in the denominator
might have unfavorable effects.

Figure 4.1: Vertical lines: (violet-dashed) Uoracle
start ; (orange-dashed) Un. Curves:

(green) s̃n(U)- values in the left-side y−axis; (purple) Hn(U)- values in the
right-side y− axis.

To obtain a possible remedy, we consider starting the Lepskĭı procedure for
a larger U and constructing a monotonically increasing bound for the stochastic
error. Figure 4.1 depicts the above behavior.

We define the oracle start of U as follows:

Uoracle
start = inf

{
U > 0 : |ϕn(U)| ≤ 1

2

}
. (4.4.8)

Let us highlight the strategy of constructing a monotonically increasing bound
for the stochastic error. Finding the oracle start of U , we show that Uoracle

start <
Un. Then, we prove that sn(U

oracle
start ) < sn(Un), ensuring that an increasing

bound is available for the stochastic error, within the interval [Uoracle
start , Umax]

for Umax > Un. The above discussion is depicted in Figure 4.1. It is worth
emphasizing that the calculation of Uoracle

start requires the evaluation of the perhaps
unknown ϕn(u). Thus, we take into consideration only a general assumption
for the characteristic function, like the quasi-monotonicity of Assumption 4 for
infinity variation co-jumps, i.e., r ∈ (1, 2] and a boundedness condition for the
covariance matrix.
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Lemma 4.4.3. For big n, and K > 0, the interval for Uoracle
start is[ √

2 log 2√
Csum +K

·
√
n,

√
2 log 2√
Csum

·
√
n

]
and for r ∈ (1, 2], we get that

Uoracle
start < Un,

where Un =
√

r−1
M n log n.

Proof. The absolute value of the characteristic function is given by

|ϕn(u)| = exp

{
− 1

2n

(
⟨Cu,u⟩+ h(u)

)}
, (4.4.9)

where u = (U,U). We define

h(u) = 2

∫
R2

1− cos(⟨u,x⟩)F (dx),

where F is the Lévy measure in R2. Using the Cauchy-Schwarz inequality for
|⟨u,x⟩|2 ≤ ∥u∥2∥x∥2, a positive constant K and v0 = (0, 1)2 ⊂ R2

h(u) = 2

∫
R2

(
1− cos(⟨u,x⟩)

)
F (dx) = 2

∫
v0

(
1− cos(⟨u,x⟩)

)
F (dx)

+ 2

∫
R2\v0

(
1− cos(⟨u,x⟩

)
F (dx)

≤ 2

∫
v0

|⟨u,x⟩|2F (dx) + 4

∫
R2\v0

dF (x)

≤ 4U2

∫
v0

∥x∥2dF (x) + 4F (R2 \ v0)

≤ KU2

(4.4.10)
The last inequality derives from the fact that we always have

∫
R2(1∧∥x∥2)F (dx) <

∞. So we can obtain the following inequality

0 ≤ h(u) ≤ KU2. (4.4.11)

It is easy to check that ⟨Cu,u⟩ = CsumU
2. Inserting this fact and (4.4.11) into

(4.4.9) we get the following inequality for the absolute value of the characteristic
function

exp

{
− (Csum +K)U2

2n

}
≤ |ϕn(u)| ≤ exp

{
− CsumU

2

2n

}
Inserting the above inequality into (4.4.8) we get the required interval for
Uoracle
start , which ensures that Uoracle

start ∼
√
n. This implies that Uoracle

start < Un

for big n. This concludes the proof.

Lemma 4.4.4. For Uoracle
start < Un and n large enough, the stochastic error

satisfies
sn(U

oracle
start ) ≤ sn(Un).
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Proof. It suffices to show that

sn(U
oracle
start )

sn(Un)
≤ 1. (4.4.12)

By the form of sn(U) in (4.4.6), it is easy to check that

sn(U
oracle
start )

sn(Un)
=

(
Un

Uoracle
start

)2
w(Un)

w(Uoracle
start )

∣∣∣∣ ϕn(Un)

ϕn(Uoracle
start )

∣∣∣∣. (4.4.13)

By Lemma 4.4.3, it yields

(
Un

Uoracle
start

)2

≤ 1. By Definition 4.2.2, we also know

that w(U) is a decreasing function, which means that w(Un)

w(Uoracle
start )

> 1. For the

third term of (4.4.13) we have∣∣∣∣ ϕn(Un)

ϕn(Uoracle
start )

∣∣∣∣ = exp

{
1

2n

(
Csum

(
(Uoracle

start )2 − U2
n

) )
+

1

2n

(
Csum

(
h(Uoracle

start )− h(Un)
) )}

.

(4.4.14)

By (4.4.11) we have that h(Uoracle
start )− h(Un) ≤ h(Uoracle

start ). We also get

(Uoracle
start )2 − U2

n ≤ n

(
2 log 2

CsumK
− r − 1

M
log n

)
.

Substituting the above inequalities into (4.4.14) we obtain∣∣∣∣ ϕn(Un)

ϕn(Uoracle
start )

∣∣∣∣ ≤ exp

{
Csum log 2

Csum +K
− Csum

r − 1

2M
log n+

K log 2

Csum +K

}
= exp

{
log 2− Csum

r − 1

2M
log n

}
=

2

n
Csum(r−1)

2M

.

(4.4.15)

Taking everything into consideration we get

sn(U
oracle
start )

sn(Un)
≤ C0

log n

n
Csum(r−1)

2M

which is smaller than one as n→ ∞. The statement is proved.

A side product of the above analysis is the following corollary, which ensures
that the upper bound of the stochastic error is always monotonically increasing
over the desired interval.

Corollary 4.4.5. If we set

s∗n(u) := sup
Uoracle

start ≤v≤u

sn(v), (4.4.16)

then s∗n satisfies
sn(Un) = s∗n(Un).
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Proof. We define the sets U = [Uoracle
start , Un] and S = {sn(U) : U ∈ [Uoracle

start , Uend]}.
U is a non-empty set of R. Un is the least upper bound of U . By the conti-
nuity of the stochastic error on the interval [Uoracle

start , Un] and the extreme value
theorem, we get that

supS = sup
Uoracle

start ≤U≤Un

sn(U) = sn(Un),

which concludes the proof.

Despite the fact that we used the (possible) unknown theoretical characteris-
tic function as a criterion for the oracle start of Lepskĭı procedure and construct
a monotonically increasing bound as we wish, it is useful to secure a data-driven
criterion as well. For this reason we propose the following definition.

Definition 4.4.6. For c ∈ (0, 1], we define the criterion for the oracle start of
U as following

Ûoracle
start := inf

{
U > 0 : |ϕ̂n(U)| ≤ c

}
.

The last ingredient which remains to be proven is the following high proba-
bility bound, which will allow us to connect a data-driven choice for the oracle
start of the Lepskĭı procedure with the theoretical characteristic function.

Lemma 4.4.7. For c ∈ (1/2, 1], choosing Ûoracle
start as in Definition 4.4.6, there

is a high probability event {|ϕ̂n(Ûoracle
start )| ≤ c} satisfying

lim
n→∞

P
[
|ϕ̂n
(
Ûoracle
start

)
| ≤ c

]
= 1,

with probability at least 1− exp(− 1
8

(
c− 1

2

)2
n
)
.

Proof. The boundedness condition of the Hoeffding’s inequality is trivial for the
random variables |ei⟨u,Yj⟩|, where Yj are Lévy increments. Hence, P[|ϕ̂n(Uoracle

start )| ≤
c − 1/2] = 1 − P[|ϕ̂n(Uoracle

start )| > c − 1/2]. Applying Hoeffding’s inequality, we
obtain

P[|ϕ̂n(U)| > c] ≤ P
[
1

n

∣∣∣∣ n∑
j=1

ei⟨u,Yj⟩ − Eei⟨u,Yj⟩
∣∣∣∣ > c

]
≤ exp

(
− 1

8
n(c− 1

2
)2
)
.

Inserting Definition 4.4.6 to the empirical characteristic function, the statement
is proven.

4.5 Balancing principle when the stochastic er-
ror is data-dependent

In this section, we prove an upper bound for the best possible adaptive param-
eter using a balancing principle inspired by the work of De Vito et al. [2010]
for adaptive kernel methods. The optimal choice Un crucially depends on the
unknown parameters r,M . Using a Lepskii-rule like in Section 4.3.2, we con-
struct a completely data-driven estimation procedure adapted to U ∈ U , where
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U = [Uoracle
start , Umax].Our main result for the adaptive estimation shows that the

Lepskĭı estimator achieves almost the optimal rates.

In the following we denote by a(n) := 1 − exp(− 1
8

(
c − 1

2

)2
n
)
. By (4.4.7),

with high probability, at least 1−a(n), the upper bound for the stochastic error
will be of the form

s̃n(U) =
2Cγ(n)

θ(U)

(w(U))−1

|ϕ̃n(U)|
, (4.5.1)

where θ(U) = U2, γ(n) = (n log n)1/2 and 0 < w(U) ≤ 1. Further, the term
d(U) is the deterministic error bound, which does not depend on data and is of
the form

d(U) =
M2r/2

U2−r
, (4.5.2)

where r ∈ (1, 2] is the co-jump activity index and M is from Definition 3.2.1.
Recall that inequality (4.2.4) allows us to interchange with high probability
between the (perhaps) unknown characteristic function and the empirical char-
acteristic function. A direct consequence of the above observation is that we
can interchange with high probability between the empirical bound s̃n(U) and
the theoretical bound sn(U) for the stochastic error

1

2
sn(U) ≤ s̃n(U) ≤ 3sn(U). (4.5.3)

This leads to sn(U) + d(U) ≤ 2s̃n(U) + d(U).
Consequently, the estimation error bound is given by the sum of two com-

peting terms with probability at least 1 − exp(−2n(c+ 1)2), i.e.,

|Ĉ12
n (U)− C12| ≤ sn(U) + d(U) ≤ 2s̃n(U) + d(U). (4.5.4)

The upper bound of (4.5.4) is the sum of a bias term which decreases in U and
a stochastic error which increases in U , for U ∈ U . According to the balancing
principle, the best possible adaptive parameter choice is found by solving the
bias-variance-type decomposition (4.5.4), which implies that we have to balance
the deterministic and the stochastic error. We consider that Ubal makes the
contribution of two terms equal, i.e. d(Ubal) = 2s̃n(Ubal). We observe that the
corresponding error estimate is, with probability at least 1 − a(n),

|Ĉ12
n,j − C12| ≤ 2d(Ubal) = 4s̃n(Ubal), (4.5.5)

where 0 < a(n) < 1 and Ubal is the best possible parameter. Let us now highlight
the idea behind the balancing principle. It is clear, by the monotonicity of the
stochastic and deterministic error, that

2s̃n(Ubal) + d(Ubal) ≤ 2min
U

{2s̃n(U) + d(U)}.

If we choose U∗ ≤ Ubal:

2s̃n(Ubal) + d(Ubal) ≤ 2d(Ubal) ≤ 2d(U∗) ≤ 2min
U

{2s̃n(U) + d(U)}.

On the other hand, if we choose U∗ ≥ Ubal:

s̃n(Ubal) + d(Ubal) ≤ 4s̃n(Ubal) ≤ 4s̃n(U∗) ≤ 2min
U

{2s̃n(U) + d(U)}.
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Driven by inequality (4.5.3), the strategy for the balancing principle will give
us with high probability

s̃n(Ubal) ≤ 2min
U

{2s̃n(U) + d(U)}

≤ 2min
U

{6sn(U) + d(U)}

≤ 12min
U

{sn(U) + d(U)}

≤ 12sn(Ubal).

(4.5.6)

The corresponding best parameter choice Ubal gives, with probability 1− a(n),
the rate

|Ĉ12
n,bal − C12| ≤ 8Cγ(n)

θ(Ubal)

(w(Ubal))
−1

|ϕ̃n(Ubal)|
= 2d (Ubal) . (4.5.7)

The aim is to choose Ubal from the set:

U := [Uoracle
start , Umax] with Uoracle

start ∼
√
n. (4.5.8)

To define a parameter strategy, we first consider a discretization for the possible
values of Uj , that is, an ordered sequence Uj such that the best value Ubal

falls within the considered grid U . The balancing principle estimate for Ubal is
defined via To define a parameter strategy, we first consider a discretization for
the possible values of Uj , that is, an ordered sequence such that the best value
Ubal falls within the considered grid U . The balancing principle estimate for
Ubal is defined via

Uĵ = min

{
Uj : ∀Uj ≤ Uk, Uk ∈ (Uoracle

start , Umax),
∣∣Ĉ12

n,j − Ĉ12
n,k

∣∣ ≤ 6s̃n(Uk)

}
.

(4.5.9)
The reasons why we expect this estimate to be sufficiently close to Ubal and why
this estimate does not depend on the deterministic error, d, are better explained
with the following argument. Observe that if we choose two indices α, β such
that Uα ≥ Uβ ≥ Ubal, then with probability at least 1 − a(n),

|Ĉ12
n,α − Ĉ12

n,β | ≤ |Ĉ12
n,α − C12|+ |Ĉ12

n,β − C12|
≤ 2s̃n(Uα) + d(Uα) + 2s̃n(Uβ) + d(Uβ)

≤ 3s̃n(Uα) + 3s̃n(Uβ)

≤ 6s̃n(Uα).

(4.5.10)

The intuition is that when such a condition is violated, we are close to the value
which contributes equal to the deterministic and stochastic errors, which is Ubal.

Theorem 4.3.5 shows that the value Uĵ , given by balancing principle (4.5.9),
provides the same estimation error of Ubal up to a constant. Note that all the
inequalities in the following proofs are to be interpreted as holding with high
probability. We can now prove the convergence rate for the adaptive estimator
Ĉ12

n,̂j
.
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End proof of Theorem 4.3.5.

Let us introduce the parameter choice U∗

U∗ = min{Uj ∈ U : d(Uj) < 2s̃n(Uj)}.

By the definition of Uĵ , we conclude that Uĵ ≤ U∗ and thus, by the triangle
inequality,

|Ĉ12
n,̂j

− C12| ≤ |Ĉ12
n,̂j

− Ĉ12
n,∗|+ |Ĉ12

n,∗ − C12|

≤ 6s̃n(U∗) + d(U∗) + 2s̃n(U∗)

≤ 9s̃n(U∗).

The first inequality holds due to (4.5.9). Finally, by the monotonicity of s̃n(·)
and the fact that U∗ ≤ Ubal, we get that s̃n(U∗) ≤ s̃n(Ubal). Note the above
inequality is uniform with respect to Uj due to Lemma 4.2.10. The proof is now
complete.

Discussion

Comments on the stochastic error. The bound (4.4.4) ensures that the stochastic
error of the estimator is upper-bounded by the truncated characteristic function
up to a logarithmic factor and a multiplicative constant C. This means that
the bound depends on the random quantity |ϕ̃n(u)| but not on the unknown
characteristic function ϕn(u). With high probability, the inequality (4.2.4) al-
lows us to interchange between the unknown characteristic function and the
truncated empirical characteristic function, which is data-dependent. A direct
consequence of the above observation is that we can interchange with high prob-
ability between the population bound s̃n(U) and the theoretical bound sn(U)
for the stochastic error.

In Figure 4.1, an irregular behavior of the bound for the stochastic error is
observed for small values of U , because of the empirical characteristic function
in the denominator. To overcome this obstacle, we find an oracle start for U ,
so as to ensure a monotonically increasing bound for the stochastic error.

Comments on the balancing principle. The construction of a monotonically
increasing bound for the stochastic error allows us to apply Lepskĭı’s principle
for the adaptive estimator Ĉ12

n,ĵ
. Theorem 4.3.5 shows us that the balancing

principle can adaptively achieve the best possible rate, which is near-optimal in
a minimax sense.

4.6 Numerical experiments

In this section we test the behavior of the covariance estimator in order to adapt
the parameter U , i.e., the frequency for estimating the covariance. This means
that we first have to simulate a bivariate Lévy process on [0, 1]. We will draw
our observations from a process Xt = Bt + Jt, where Xt is a superposition of a
two-dimensional Brownian motion Bt and a two-dimensional jump process Jt.
Its jumps are driven by a two-dimensional ri-stable process for i = 1, 2 where
ri ∈ (0, 2]. Xt thus models a process with both diffusion and jump components.
We assume the covariance matrix has the form C = ( 2 1

1 1 )
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In each run of our simulation, we will generate n = 1, 000 observations,
corresponding to observations taken every 1/1, 000 over a time interval [0, 1]
and Ui ∈ [0.1, 50] for i ∈ {1, 2, . . . , 500}.

We conduct several experiments for U , using different choices for the jump
index activity. We start with jumps of finite variation, i.e., ri ∈ [0.1, 0.9], then
we continue with jumps of infinite variation, i.e., ri ∈ [1.1, 1.8]. In the following

Figures 4.2a - 4.13a, we plot the empirical characteristic function ϕ̂n(Ui), the

real and positive part of ϕ̂n(Ũi), log |ϕn(Ui)|, log |ϕn(Ũi)|, and log |ϕn(Ũi)| −
log |ϕn(Ui)| against the parameter for adaptation Ui.

Figures 4.2b, 4.3b, 4.4b, 4.5b show that the estimator is consistent to the
true value when Ui ranges from around 5 until 30. Recall that the true value
is C12 = 1. As expected the behavior of the estimator is quite erratic in the
beginning and at the end of the interval, because the bias of the estimator is
quite high. In principle, we have found that the “optimal” stopping index is for
Ui = 30.

(a) Indices of jump activity: r1 = 0.2, r2 =
0.1 (b) Covariance estimator

(a) Indices of jumps activity: r1 = 0.4, r2 =
0.3 (b) Ĉ12

n (Ui)

Figure 4.3: Left plots: empirical characteristic function with FV of jumps; Right
plots: covariance estimator
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(a) Indices of jump activity: r1 = 0.5, r2 =
0.4 (b) Covariance estimator

(a) Indices of jump activity: r1 = 0.6, r2 =
0.5 (b) Covariance estimator

(a) Indices of jump activity: r1 = 0.7, r2 =
0.6 (b) Ĉ12

n (Ui)

Figure 4.6: Left plots: empirical characteristic function with FV of jumps; Right
plots: covariance estimator
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(a) r1 = 0.8, r2 = 0.7 (b) Covariance estimator

(a) r1 = 0.9, r2 = 0.8 (b) Covariance estimator

(a) Indices of jump activity: r1 = 1.0, r2 =
0.9 (b) Covariance estimator

Next, we plot bivariate Lévy processes with at least one jump component
of infinite variation. Figures 4.9b, 4.10b, 4.11b, 4.12b, 4.13b show the behavior
of the estimator not being consistent with the theoretical one. Henceforth,
Lepskĭı’s method cannot be applied, especially in the case of Figures 4.9a and
4.13a.
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(a) Indices of jump activity: r1 = 1.1, r2 =
1.0 (b) Covariance estimator

(a) Indices of jump activity: r1 = 1.5, r2 =
0.5 (b) Covariance estimator

(a) Indices of jump activity: r1 = 1.8, r2 =
0.5 (b) Ĉ12

n (Ui)

Figure 4.12: Left plots: empirical characteristic function with one jump of IV;
Right plot: covariance estimator
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(a) Indices of jump activity: r1 = 1.5, r2 =
1.0 (b) Ĉ12

n (Ui)

Figure 4.13: Left plots: empirical characteristic function with IV jumps; Right
plot: covariance estimator

Next, we consider some numerical experiments discussing how Algorithms 1
and ?? can be approximately implemented for the stopping rule. To illustrate
the performance of the method for Ûoracle

start in (4.4.6), we proceed as follows. Fix
r1 = 0.5, r2 = 1.5, therefore we assume at least one jump component to be of
infinite variation. Hence, the co-jump index activity is given by r = 1.5. In
Figures 4.14a - 4.14b, we observe that the estimator is consistent with the true
one C12 = 1, choosing Ûoracle

start as is (4.4.6). This implies that the estimator is
consistent with the true value even in the beginning of the method compared
with the previous Figures, where the behavior of the estimator is quite erratic
in the beginning.

(a) n = 1, 000, r1 = 0.5, r2 = 1.5 (b) n = 5, 000, r1 = 0.5, r2 = 1.5

Figure 4.14: Vertical lines: purple-dashed is the Ûoracle
start , orange-dashed is the

Ubal. Blue curves: Adaptive estimator Ĉ12
n,j

4.7 Proofs of Section 4.2

Concentration inequalities

We restate, for the reader’s convenience, the concentration inequalities which
will be essential for our reasoning. The following lemmas are classical. Proofs
can be found for example in Reiß [2012] , Dudley [2014] or Massart [2007]. First,
we present the Bernstein inequality.
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Lemma 4.7.1. Let X1, · · · , Xn be complex valued i.i.d. random variables with
E[Xi] = 0 and Sn :=

∑n
i=1

(
Xi − E[Xi]

)
. Suppose that ∥X1∥∞ ≤ R for some

R <∞. Then, the following holds true for arbitrary k > 0

P
(
|Sn| ≥ k

)
≤ 2 exp

(
− k2

4(Var(Sn) + kR)

)
.

Finally, we need the Talagrand inequality, which strengthens the classical
Bernstein to countable sets of random variables.

Lemma 4.7.2. Let U be some countable index set. For each u ∈ U , let

X
(u)
1 , . . . , X

(u)
n be i.i.d. complex valued random variables, defined on the same

probability space, with ∥X(u)
1 ∥∞ ≤ R for some R < ∞. Let v2 := VarX

(u)
1 .

Then, for arbitrary ϵ > 0, there are positive constants c1 and c2 = c2(ϵ) depend-
ing only on ϵ such than for any k > 0:

P
[
sup
u∈U

|S(u)
n | ≥ (1+ϵ)E

[
sup
u∈U

|S(u)
n |
]
+k

]
≤ 2 exp

(
−n
(
k2

c1v2
∧ k

c2R

))
. (4.7.1)

We derive that for η ∈ (0, 1), we can take c1 = 4/(1−η2) and c2 = 4
√
2(1/3+

ϵ−1)/η according to formula (5.50) from Massart [2007].

In this section, we provide the proofs of the results which are presented in
Section 4.2. The proof of the Theorem 4.2.3 follows a chaining argument for
the empirical processes. So we recall the following definitions from empirical
process theory.

Definition 4.7.3. We consider measurable functions f, g : F → R. For two
such functions f, g we introduce the gmaan“bracket” notation:

[f, g] :=
{
h : F → R such that f ≤ h ≤ g

}
. (4.7.2)

Definition 4.7.4. By the bracketing entropy number N[·](ϵ,G) of a class G
we mean the minimal number N for which there exist functions f1, . . . , fN and
g1, . . . , gN such that

G ⊂
N⋃
i=1

[fi, gi] and

∫
|fi − gi|2dP ≤ ϵ2, i = 1, 2, . . . , N.

N[·](ϵ,G) is the minimal number of L2(P)-balls of radius ϵ which are needed
to cover G. The class G is called bracketing compact if N[·](ϵ,G) < ∞ for any
ϵ > 0. The entropy integral is defined by

J[·](δ,G) :=

∫ δ

0

(
log(N[·](ϵ,G))

)1/2
dϵ.

The convergence of the integral depends on the size of the bracketing numbers
for ϵ→ 0. Finally, a function F ≥ 0 is called an envelope function for G, if

∀f ∈ G : |f | ≤ F.
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Proof of Theorem 4.2.3

We decompose Cn in its real and imaginary parts,

Re(Cn(u)) := n−1/2
n∑

t=1

(
cos(⟨u, Xt⟩)− E cos(⟨u, X1⟩)

)
Im(Cn)(u) := n−1/2

n∑
t=1

(
cos(⟨u, Xt⟩)− E cos(⟨u, X1⟩)

)
We consider the class G, which consists of complexed valued functions,

G =
{
x → w(U) cos(⟨u,x⟩)|u ∈ R2

}
∪
{
x → w(U) sin(⟨u,x⟩)|u ∈ R2

}
.

An application of Corollary 19.35 in Van der Vaart [2000] gives

E∥Cn∥L∞(w) ≤ CJ[·]
(
E[F 2(X1)],G, L2(P)

)
, (4.7.3)

where F = 1 is an envelope function in G. It remains to prove that the brack-
eting integral on the right-hand side of (4.7.3) is bounded. We need to cover G
with functions such that

G ⊂
N⋃
i=1

{
[g−i , g

+
i ] :

∫
|g+i − g−i |

2dP ≤ ϵ2
}

and find N , the minimum number to cover G. Inspired by Yukich [1985], we
characterize the convergence of Cn(u) in terms of the tail behavior of P. For
every ϵ > 0, we set

M :=M(ϵ) := inf{m > 0 : P(|X1| > m) ≤ ϵ2}. (4.7.4)

Furthermore, for all j, define the bracket functions for x = (x1, x2)

g±j (x) =
(
w(Uj) cos(⟨uj ,x⟩)± ϵ

)
1[−M,M ](x)± ∥w∥∞1[−M,M ]∁(x),

h±j (x) =
(
w(Uj) sin(⟨uj ,x⟩)± ϵ

)
1[−M,M ](x)± ∥w∥∞1[−M,M ]∁(x),

where uj = (Uj , Uj) and x = (x1, x2). We obtain for the size of the brackets
that

E
[
|g+i (X1)− g−i (X1)|2

]
≤ E

[
|2ϵ1[M,M ]2(x) + 2∥w∥∞1[−M,M ]∁(x)|2

]
≤ 4ϵ2(1 + ∥w∥2∞).

An analagous argument gives

E
[
|h+i (X1)− h−i (X1)|2

]
≤ 4ϵ2(1 + ∥w∥2∞).

It remains to choose Uj in such a way that the brackets cover G. We consider an
arbitrary U ∈ R and any grid point Uj . For a function gU (·) := w(U) cos(U(x1+
x2)) ∈ G to be contained in the bracket [g−j , g

+
j ], we have to ensure

|w(U) cos(⟨uj ,x⟩)− w(U) cos(⟨u,x⟩)| ≤ ϵ, ∀x ∈ [−M,M ]2. (4.7.5)
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With the estimate

|w(U) cos(⟨uj ,x⟩)− w(U) cos(⟨u,x⟩)|
≤
(
w(U) + w(Uj)

)
∧(

|w(U) cos(⟨u,x⟩)− w(U) cos(⟨uj ,x⟩)|1[M,M ]2(x)

+ |w(U) cos(⟨uj ,x⟩)− w(Uj) cos(⟨uj ,x⟩)|1[M,M ]2(x)
)

≤
(
w(U) + w(Uj)

)
∧
(
2M∥w∥∞|U − Uj |+ Lip(w)|U − Uj |

)
,

where Lip(w) is the Lipschitz constant of the weight function w. In the last
inequality, we used the estimate | cos(⟨u,x⟩)−cos(⟨uj ,x⟩)| ≤ 2

∣∣ sin((x1+x2)(U−
Uj)/2)

∣∣ ≤ 2M |U − Uj |. (4.7.5) is seen to hold for any u ∈ R2, when

min
{
w(U) + w(Uj), |U − Uj |

(
Lip(w) + 2M∥w∥∞

)}
≤ ϵ.

Consequently, we choose the grid points Uj such as

sup
1≤j≤N

|Uj − Uj−1| ≤
2ϵ

Lip(w) + 2M∥w∥∞
(4.7.6)

and

Uj =
jϵ

Lip(w) + 2M∥w∥∞
(4.7.7)

for |j| ≤ J(ϵ), where J(ϵ) is the smallest integer such that w(U1) ≤ ϵ
2 , · · · ,

w(UJ(ϵ)) ≤ ϵ
2 . We need to find the smallest integer J(ϵ) in order to cover G

with L2(P)-balls of radius ϵ. This yields

J(ϵ) ≤ 2U(ϵ)(Lip(w) + 2M∥w∥∞)

ϵ
,

with U(ϵ) ≤ UJ(ϵ), where

U(ϵ) := inf
{
U > 0 : w(U) ≤ ϵ

2

}
= O(exp(ϵ−(1+1/2)−1

)).

Therefore, the minimal number of L2(P)-balls of radius ϵ satisfies N[·](ϵ,G) ≤
2(2J(ϵ) + 1). The generalized Markov inequality yields that

M(ϵ) ≤
(
E|X1|2+γ

ϵ2

)1/γ

= O(ϵ−2/γ).

The entropy number bracketing satisfies

log(N[·](ϵ,G)) ≤ log(U(ϵ)) + log

(
Lip(w) + 2M∥w∥∞

ϵ

)
= O(ϵ−(1+1/2)−1

+ log(ϵ−1−2/γ)) = O(ϵ−(1+1/2)−1

).

(4.7.8)

Thus, we have shown that

J[·](E[F 2(X1)],G, L2(P)) =
∫ 1

0

√
log(N[·](ϵ,G))dϵ <∞.

This completes the proof.
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Proof of Lemma 4.2.4.

The proof consists in checking the assumptions of Lemma 4.7.2. We denote by

X
(u)
j := |ei⟨u,Yj⟩|, where Yj are Lévy increments. We trivially have

sup
u∈A

Var(X
(u)
1 ) := sup

u∈A
Var(|ei⟨u,Y1⟩|) ≤ 1 and sup

u∈A
X

(u)
1 ≤ 1.

We set S
(u)
n := n−1(ϕ̂n(u) − ϕn(u)). By Theorem 4.2.3, we have positive con-

stant C < 0:

E
[
sup
u∈A

|ϕ̂n(u)− ϕn(u)|
]
≤ Cn−1/2(w(U))−1.

Therefore, we can apply Talagrand’s inequality with R = 1, and v2 = 1. The
claim now follows from inserting Lemma 4.7.2.

Proof of Lemma 4.2.5.

The proof can be based on the countable set of rational numbers. By continuity
of the characteristic function and of w, it carries over to the whole range of real
numbers.

By Lemma 4.2.4 and setting

κ := t(log n)1/2n−1/2 − (1 + ϵ)Cn−1/2, (4.7.9)

for some ϵ > 0, we have

P
[
∃q ∈ Q : |ϕ̂n(q)− ϕn(q)| ≥ t(log n)1/2(w(q))−1n−1/2

]
≤ P

[
sup
q∈Q

|ϕ̂n(q)− ϕn(q)| ≥ t(log n)1/2n−1/2

]
≤ P

[
sup
q∈Q

|ϕ̂n(q)− ϕn(q)| ≥ (1 + ϵ)E
[
sup
q∈Q

|ϕ̂n(q)− ϕn(q)|
]
+ κ

]
≤ 2 exp

(
− n

(
κ2

c1
∧ κ

c2

))
.

(4.7.10)

By definition of κ and for some constant C large enough we get

2 exp

(
− n

(
κ2

c1
∧ κ

c2

))
= 2 exp

(
−
(
t(log n)1/2 − (1 + ϵ)C

)2
c1

)
∨ 2 exp

(
−
n1/2

(
t(log n)1/2 − (1 + ϵ)C

)
c2

)
≤ C exp

(
− (t− β)2

c1
log n

)
= Cn− (t−β)2

c1 .

(4.7.11)
By the continuity of the characteristic function, we extend the above results
from the rational numbers to real line. This completes the proof.
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Proof of Lemma 4.2.6.

The claim follows using Lemma 4.2.5 and the choice of κ ≥ 4(
√
pc1 + β), where

β and c1 are the constants from Lemma 4.2.5. In particular, we have

P
[
E∁

]
≤ Cn− (κ/4−β)2

c1 ≤ Cn−p. (4.7.12)

Using the same argument we get P
[
Ẽ∁

]
≤ Cn− (κ/4−β)2

c1 ≤ Cn−p.This proves the

claim.

Proof of Lemma 4.2.9.

We consider the following partition in the diagonal of the characteristic function
A = A1 ∪ A2 with

A1 =

{
u ∈ A : |ϕn(u)| ≤

3κ

4

(
log n

n

)1/2

(w(U))−1

}
, (4.7.13)

A2 =

{
u ∈ A : |ϕn(u)| >

3κ

4

(
log n

n

)1/2

(w(U))−1

}
, (4.7.14)

We analyze the deviation of the truncated estimator from the true one on
each aforementioned sets and the event E . The event E∁ is negligible by Lemma
4.2.6, so it is enough to take into consideration only the event E . First, we
consider A1. For arbitrary u ∈ A1, we get∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣2
=

|ϕ̃n(u)− ϕn(u)|2

|ϕ̃n(u)|2|ϕn(u)|2
1

({
|ϕ̂n(u)| >

κ

2

(
log n

n

)1/2

(w(U))−1

})
+

|ϕ̃n(u)− ϕn(u)|2

|ϕ̃n(u)|2|ϕn(u)|2
1

({
|ϕ̂n(u)| ≤

κ

2

(
log n

n

)1/2

(w(U))−1

})
:= A1 +A2.

(4.7.15)

We will bound the quantities A1 and A2 separately. We start with the first term

of the sum (4.7.15), which is A1. On the set

{
|ϕ̂n(u)| > κ

2

(
log n
n

)1/2

(w(U))−1

}
,

using the Definition 4.2.8 we get that |ϕ̃n(u)| = |ϕ̂n(u)|. On the one hand, by
Lemma 4.2.6, we have

|ϕ̃n(u)− ϕn(u)|2

|ϕ̃n(u)|2|ϕn(u)|2
≤

k2

42
log n
n (w(U))−2

|ϕ̂n(u)|2|ϕn(u)|2
≤ 1

4

1

|ϕn(u)|2
. (4.7.16)

We observe that using (4.7.13), we get

1

|ϕ̂n(u)|
≤ 2

κ
(
log n
n

)1/2
(w(U))−1

≤ 3

2

1

|ϕn(u)|
. (4.7.17)
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On the other hand, inserting (4.7.17) into A1, it yields that

|ϕ̃n(u)− ϕn(u)|2

|ϕ̃n(u)|2|ϕn(u)|2
=

|ϕ̂n(u)− ϕn(u)|2

|ϕ̂n(u)|2|ϕn(u)|2
≤ 9k2

16

log n(w(U))−2n−1

|ϕn(u)|4
. (4.7.18)

Combining (4.7.16) with (4.7.18), we get

A1 ≤ 9k2

16

log n(w(U))−2n−1

|ϕn(u)|4
∧ 1

4

1

|ϕn(u)|2
. (4.7.19)

Next, we study the second term of the sum (4.7.15), which is A2. On the set{
|ϕ̂n(u)| ≤ κ

2

(
logn
n

)1/2

(w(U))−1

}
, along with the Definition 4.2.8, we have

that |ϕ̃n(u)| = κ
2 (

log n
n )1/2w(U)−1. It yields that

A2 ≤ |ϕ̃n(u)− ϕn(u)|2

|ϕ̃n(u)|2|ϕn(u)|2
≤
∣∣ 3κ
4

(
log n
n

)1/2
(w(U))−1 − κ

2

(
log n
n

)1/2
(w(U))−1

∣∣2
|ϕ̃n(u)|2|ϕn(u)|2

≤ 1

4

1

|ϕn(u)|2
.

(4.7.20)
Then, (4.7.19) and (4.7.20) imply that

A1 +A2 ≤ 9k2

16

log n(w(U))−2n−1

|ϕn(u)|4
∧ 1

4

1

|ϕn(u)|2
. (4.7.21)

The last ingredient is to consider the set A2. Using (4.7.14), it holds that

|ϕ̂n(u)| ≥
∣∣|ϕn(u)| − |ϕ̂n(u)− ϕn(u)|

∣∣ ≥ κ

2

(
log n

n

)1/2

(w(U))−1. (4.7.22)

By Definition 4.2.8, the above inequality implies that |ϕ̃n(u)| = |ϕ̂n(u)|. On the
one hand we have ∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣2 =
|ϕ̃n(u)− ϕn(u)|2

|ϕ̃n(u)|2|ϕn(u)|2

=
|ϕ̂n(u)− ϕn(u)|2

|ϕ̂n(u)|2|ϕn(u)|2

≤ 1

4

1

|ϕn(u)|2
.

(4.7.23)

On the other hand, Lemma 4.2.6 and (4.7.14) give

|ϕ̂n(u)| ≥
∣∣|ϕn(u)| − |ϕ̂n(u)− ϕn(u)|

∣∣
≥
∣∣|ϕn(u)| − κ

4

(
log n

n

)1/2

(w(U))−1
∣∣

≥ 2|ϕn(u)|.

(4.7.24)

Consequently, by (4.7.24)

|ϕ̂n(u)− ϕn(u)|2

|ϕ̂n(u)|2|ϕn(u)|2
≤

κ2

42

(
log n
n

)
(w(U))−2

4|ϕn(u)|4

≤ κ2

43

(
log n
n

)
(w(U))−2

|ϕn(u)|4
,

(4.7.25)
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which concludes the proof.

Proof of Lemma 4.2.10.

To derive the desired upper bound we distinguish between two events, E and
E∁, which are defined as in Lemma 4.2.6. So,

E
[
sup
u∈A

∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣2] = E
[
sup
u∈A

∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣21(E)]
+ E

[
sup
u∈A

∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣21(E∁)

]
.

(4.7.26)

First, we establish an upper bound for the first part of the right hand side sum.
Lemma 4.2.9 on the event E yields that,

E

[
sup
u∈A

∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣2( log n(w(U))−2n−1

|ϕn(U)|4
∧ 1

|ϕn(u)|2

)−1

1(E)
]

≤ E
[
sup
u∈A

(
9κ2

16

log n(w(U))−2n−1

|ϕn(u)|4
∧ 1

4

1

|ϕn(u)|2

)(
log n(w(U))−2n−1

|ϕn(U)|4
∧ 1

|ϕn(u)|2

)−1

1(E)
]

≤ 9κ2

16
.

On the contrary, we get from the definition of the truncated characteristic
function

1

|ϕ̃n(u)|
≤ 2

κ
(log n)−1/2n1/2w(U).

For any u ∈ A, we obtain∣∣∣∣ 1

ϕ̃n(u)
− 1

ϕn(u)

∣∣∣∣2( log n(w(U))−2n−1

|ϕn(U)|4
∧ 1

|ϕn(u)|2

)−1

≤
∣∣∣∣ 2κ (log n)−1/2n1/2w(U) +

1

ϕn(u)

∣∣∣∣2( log n(w(U))−2n−1

|ϕn(U)|4
∧ 1

|ϕn(u)|2

)−1

≤ (2κ−1 + 1)n2

(4.7.27)
Finally, the event E∁ is negligible, using Lemma 4.2.6 and this concludes the

proof.

Proof of Corollary 4.2.11.

This is a direct consequence of the Proof of Lemma 4.2.10. The statement of
the corollary can be found in formulas (4.7.16), (4.7.20), and (4.7.23).



90 Adaptive estimation



Chapter 5

Conclusion

The inference problem for the covariance estimation of Lévy processes has been
studied extensively and is now well-understood. Nevertheless, existing methods
to address the problem have been designed under specific assumptions about
the behavior of jumps. Most studies assume finite variation of jumps. In a
recent study, Mancini [2017] introduces the assumption that at least one of
the jump components of a two-dimensional Itô semimartingale is of infinite
variation. However, the rates in this paper are sub-optimal in the case of two-
dimensional Lévy processes; moreover, the rates’ dependence on a specific Lévy
copula renders them difficult to interpret. In Chapter 3 of this dissertation,
we present minimax rates for the estimation of the covariance using a spectral
method on the class Lr

M . The estimator Ĉ12
n (U) achieves the rate n−1/2 in the

case of finite variation jumps, r ≤ 1, and the rate (n log n)(r−2)/2 for infinite
variation jumps, r > 1. The greatest advantage of this method is that the rates
do not depend on any Lévy copula, unlike the rates in Mancini [2017]. Instead,
the rates here depend on the co-jump activity index, which is unavoidable.

After establishing that Ĉ12
n (U) reaches optimal rates in a high-frequency

regime, we prove that the co-jump index activity is bounded from below by the
harmonic mean of the jump activity indices of the components. A possible line
of future research consists of finding a consistent estimator for the Blumenthal-
Getoor index of co-jumps.

What requires further study is whether we can extend the spectral method
presented in Chapter 3 for the covariance estimation of a multi-dimensional
Lévy process to a more general class of Itô semimartingales or even a time-
homogeneous Itô semimartingales. It would be intriguing to see how we can
possibly adjust our estimator in order to obtain minimax rates, if at ll possi-
ble. Before doing so, a thorough theoretical study of the two-dimensional jump
measure should be considered. From a practitioner’s point of view, the sce-
nario of dependency between the jump-components should be included into the
study, because co-jumps are an essential tool for distinguishing idiosyncratic
and systemic risks.

A natural way of extending minimax theory is adaptive estimation. The
parameter U which estimates the covariance, relies on the co-jump activity
index and the truncation level of the covariance matrix M . In Chapter 3,
we consider processes which belong to a certain class Lr

M . This class leads to
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Gaussian decay for the characteristic functions |ϕn(U)| ≥ e−
MU2

2n . At this point,
it is reasonable to ask how we can secure an estimation of the characteristic
function which neither relies on a semiparametric assumption nor decays fast.
The truncated characteristic function proposed by Neumann offers a possible
remedy to this problem. It is obvious that the characteristic function ϕn(U)
can be estimated at each point U with the rate n−1/2. The idea here is to
cut off the frequencies U , for which |ϕn(U)| ≤ n−1/2. However, the truncated
empirical characteristic function causes irregular behavior in the denominator of
the stochastic error. The setup of this irregularity resembles the deconvolution
problem; we are faced with a U-shaped stochastic error. To overcome this
obstacle, we devise a strategy to obtain an oracle start for U . This strategy
enables us to apply Lepskĭı’s method. In Chapter 4, we construct an adaptive
estimator Ĉ12

n,ĵ
which, based on the balancing principle, achieves near-optimal

rates of convergence.
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M. Neumann and O. Hössjer. On the effect of estimating the error density
in nonparametric deconvolution. Journal of Nonparametric Statistics, 7(4),
1997.

M. Neumann and M. Reiß. Nonparametric estimation for Lévy processes from
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