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Abstract

The modal µ-calculus captures exactly the bisimulation-invariant regular tree lan-
guages. Hence, properties expressed in formulas of its fragments like LTL or CTL
for instance are only regular. We present temporal logics whose expressive power
reaches beyond that of the modal µ-calculus and survey known result about these
with a focus on their model checking problems — due to the undecidability of
satisfiability.

1 Introduction

Temporal logics or, more generally, modal logic with recursion mechanism are
used in computer science for program verification [1,22]. Regardless of whether
verification is done in terms of model or satisfiability checking, the focus has
been on logics that are fragments of or can be embedded into Kozen’s modal
µ-calculus Lµ: LTL [19], CTL [5], CTL∗ [6], or even PDL [7], etc.

There are equivalence preserving translations forth and back between for-
mulas of the modal µ-calculus and various types of finite tree automata or
Monadic Second Order Logic [10,11,20]. Hence, all properties expressed in
the aforementioned logics are regular in the sense that the set of tree or word
models of these formulas form an ω-regular language.

In fact, the expressive power of these four logics for example is strictly
below that of full ω-regularity: for instance LTL defines only the star-free
properties on ω-words [8,21], and on infinite trees, CTL is weaker than CTL∗

which coincides with the bisimulation invariant fragment of Monadic Path
Logic [17]. All of them, including PDL, can be embedded into the first level
of the alternation hierarchy within the modal µ-calculus [2].

Nevertheless, much attention is being payed to these weak logics when
it comes to automatic verification. This is (partially) explained by two ob-
servations: (1) Increasing expressive power naturally comes with increasing
computational complexity and vice-versa. In automatic verification, where
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input sizes are typically very large, weak logics may be the only choice. (2)
Properties expressed in stronger logics of regular properties than those, i.e. in
higher levels of Lµ’s alternation hierarchy are usually examples of the form:
something must hold infinitely often unless something else holds infinitely un-
less something else . . . (to be read right-associatively).

This does not mean that considering even larger classes of properties will
result in even more pathological examples. In fact, there are properties that
are inexpressible in Lµ but which are interesting for the verification of trans-
mission protocols for example: “never more out- than in-actions”, unlimited
counting, repetition of sequences of actions, etc.

In Section 2 we will briefly describe four temporal logics that are capable
of expressing non-regular properties. As mentioned above, higher expressive
power requires higher computational complexity. The model checking prob-
lems for these logics are, in this order, complete for PTIME, PSPACE, EX-
PTIME, and non-elementary. The price to pay w.r.t. satisfiability is even
higher: all these logics are highly undecidable. Intuitively, in order to achieve
non-regular effects one has to be able to model context-freeness. Further-
more, sensible specification logics feature a ∧-construct. But the intersection
problem for context-free languages is undecidable.

Undecidability also restricts the model checking problem to finite struc-
tures. Checking non-regular properties on finite structures is not an oxy-
moron. Note that on a structure of fixed size, mutli-modal logic even suffices
to express every possible µ-calculus definable property. But the formula would
depend on the structure and it is desirable to have properties formalised in-
dependently of the underlying structure to be tested. The same holds for
non-regular properties. Such logics provide independence of the underlying
models and in same cases even succinctness over logics for regular properties.

2 Temporal Logics for Non-Regular Properties

2.1 Transition Systems

Let P = {p, q, . . .} be a finite set of atomic proposition, and let Σ = {a, b, . . .}
be a finite set of atomic action names. A transition system is a tuple T =
(S, { a−→ | a ∈ Σ}, s0, L) where S is the set of states, a−→ for any a ∈ Σ is a
binary relation on states called the transitions, s0 ∈ S is a designated starting
state, and L : S → 2P labels the states with propositions.

The four logics that are presented in the following are all interpreted over
transition systems.

2.2 Non-Regular PDL

Propositional Dynamic Logic, as introduced by Fisher and Ladner [7] building
on a proposal by Pratt is multi-modal logic over an infinite set of transition
relations that form a Kleene Algebra. It was originally introduced to describe
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properties of regular programs, i.e. programs built from atomic ones using the
regular operations union, sequential composition and Kleene star.

Harel, Pnueli and Stavi extended this to Propositional Dynamic Logic of
Non-Regular Programs (PDL[CFG]) [9] by allowing programs to be built from
atomic ones using the full power of context-free grammars.

Definition 2.1 Formulas of PDL[CFG] are given by the following grammar.

ϕ ::= q | ϕ ∨ ϕ | ¬ϕ | 〈G〉ϕ

where q ∈ P and G is a context-free grammar over the alphabet Σ. As usual,
we write L(G) to denote the language generated by G.

The semantics of PDL[CFG] is defined as follows.

T , s |= q iff q ∈ L(s)

T , s |= ϕ ∨ ψ iff T , s |= ϕ or T , s |= ψ

T , s |= ¬ϕ iff T , s 6|= ϕ

T , s |= 〈G〉ϕ iff ∃w ∈ L(G),∃t ∈ S, s.t. s w−→ t

where the transition relations are lifted to words in Σ∗ in a natural way:

s ε−→ t iff s = t

s aw−−→ t iff ∃u, s.t. s a−→ u and u w−→ t

Example 2.2 Consider the context-free grammar G over the alphabet Σ =
{a, b} given by the production rule

S → b | aSS

Note that L(G) = {w | ∀u, v ∈ Σ∗ : w = uv ⇒ |u|a ≤ |u|b}. This is easily seen
to be a non-regular language. Moreover, L(G) describes the undesired runs of
a buffer if, for example, b = out and a = in. Hence, the PDL[CFG] formula
[G]ff := ¬〈G〉(q ∨ ¬q) specifies that on all paths in a transition system the
number of b-transitions never exceeds the number of a-transitions.

Theorem 2.3 [12] The model checking problem for PDL[CFG] is PTIME-
complete.

2.3 The Modal Iteration Calculus

Definition 2.4 Let (V,≤) be a complete lattice with bottom element ⊥ and
suprema t, and let f : V → V be any function an V , not necessarily monotone.
For limit ordinals λ and arbitrary ordinals α define

f 0 := ⊥ , fα+1 := fα t f(fα) , fλ :=
⊔

α<λ

fα
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Then the trans-finite sequence f 0, f 1, . . . , fω, fω+1, . . . trivially forms in in-
creasing chain of elements in V and eventually there is an α s.t. fα = fα+1.
This is called the inflationary fixpoint of f , denoted inff , and it is easy to
see that it is indeed a fixpoint of f : f(inff) = inff .

Inflationary fixpoints are as interesting from a computational point of view
as least fixpoints are. They can serve as quantifiers whose definition already
yields a method for computing them.

Inspired by the (perhaps surprising) result that First-Order Logic with
Least Fixpoints LFP is equi-expressive to First-Order Logic with Inflation-
ary Fixpoints IFP, Dawar, Grädel and Kreutzer defined the Modal Iteration
Calculus MIC which extends the modal µ-calculus with inflationary fixpoint
constructs [3].

Definition 2.5 Let V = {X,Y, . . .} be a set of second-order variables. For-
mulas of MIC are given by the following grammar.

ϕ := q | X | ϕ ∨ ϕ | ¬ϕ | 〈a〉ϕ | inf(X1 ← ϕ1, . . . , Xn ← ϕn)

where q ∈ P , a ∈ Σ, and X,X1, . . . , Xn ∈ V . The semantics of a MIC formula
is defined using environments ρ that interpret the free variables in a formula
by a subset of S, e.g.

[[〈a〉ϕ]]ρ := {s ∈ S | ∃t ∈ S, s a−→ t and t ∈ [[ϕ]]ρ}
[[inf(X1 ← ϕ1, . . . , Xn ← ϕn)]]ρ :=

π1

(
inf(λ(S1, . . . , Sn).([[ϕn]]ρ[S1/X1,...,Sn/Xn], . . . , [[ϕn]]ρ[S1/X1,...,Sn/Xn]

)

etc., where π1 projects a tuple onto its first component.

A fragment of MIC worth mentioning is 1MIC. It is obtained by re-
placing the syntax rule for arbitrary inflationary fixpoint by a rule for non-
simultaneous fixpoint quantifiers only: infX ← ϕ.

Example 2.6 Take the MIC formula

inf(X ← q ∨ (〈−〉tt ∧ [−](X ∧ ¬Y )), Y ← X ∧ ¬q)
This expresses uniform inevitability : the formula is satisfied in a state s of a
transition system iff there is a k ∈ N s.t. on all paths beginning in s, q holds
after k steps. No finite tree automaton recognises this language [4].

Theorem 2.7 [3] The model checking problem for MIC is PSPACE-complete.

2.4 Fixpoint Logic with Chop

Müller-Olm’s Fixpoint Logic with Chop (FLC) extends the modal µ-calculus
with a sequential composition operator [18]. This makes it possible to achieve
context-free, and because of the presence of intersection, even certain context-
sensitive effects.

4



Definition 2.8 Let V = {X, Y, . . .} be a set of third-order variables for func-
tions from sets of states to sets of states. Formulas of FLC are given by the
following grammar.

ϕ ::= q | ¬q | X | ϕ ∨ ϕ | ϕ ∧ ϕ | ϕ;ϕ | 〈a〉 | [a] | τ | µX.ϕ | νX.ϕ

where q ∈ P , a ∈ Σ and X ∈ V . Note that the semantics of a modal µ-
calculus formula is a predicate, a subset of the state space. In order to cope
with sequential composition, the semantics of FLC lifts the modal µ-calculus
semantics straight-forwardly to the space of monotone predicate transform-
ers. For details we refer to [18]. A game-based characterisation of the FLC
semantics has been given in [13].

Example 2.9 The following FLC formula expresses “all finite paths are of
the form ww for some w ∈ Σ∗”.

ϕ :=
∧

(a,b)∈Σ2,a6=b

ψa;ψb; 〈−〉; tt where ψx := νX.[x] ∧ [−];X; [−]

where tt := q ∨ ¬q for some q. This is based on the usual trick which shows
that the complement of the non-context-free language {ww | w ∈ Σ∗} is
context-free.

Theorem 2.10 [16,14] The model checking problem for FLC is EXPTIME-
complete.

2.5 Higher-Order Fixpoint Logic

The idea of obtaining more expressiveness by employing higher-order con-
structs has been followed consequently by Viswanathan and Viswanathan in
the introduction of Higher Order Fixpoint Logic (HFL) [23]. It is a hybrid of
the modal µ-calculus and a simply typed λ-calculus.

Types of HFL formulas are given by the grammar

τ ::= Pr | τ → τ

where the atomic type Pr stands for predicates, and function types are under-
stood canonically. Variables in HFL formulas occur either only positively, or
only negatively, or without any constraint. Thus, a variance is a σ ∈ {+,−, ?}.
The syntax of HFL is then given by the following grammar.

ϕ ::= q | ϕ ∨ ϕ | ¬ϕ | X | 〈a〉ϕ | ϕ ϕ | λXσ.ϕ | µX.ϕ

Typing rules ensure the well-formedness of formulas. For a detailed definition
of HFL including its straight-forward typing rules see the introductory paper
[23]. We also refer to this for the exact definition of the semantics which is
given through liftings of predicates to monotone higher order functions on
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some set of states of a transition system. Monotonicity is guaranteed by the
typing rules: fixpoint variables may only occur positively in their defining
fixpoint body.

Example 2.11 An example of a class of properties that can be formalised in
HFL has been given by Viswanathan and Viswanathan []: assume-guarantee
properties. A state satisfies the formula νX.ϕ . νY.ψ iff for all α ∈ Ord: if s
satisfies ναX.ϕ then s also satisfies να+1Y.ψ. In other words, if we assume ϕ
to hold α many times then we must guarantee ψ at least α + 1 many times.
This property is expressed by the HFL formula

(νZ.λX.λY.(¬X ∨ Y ) ∧ Z ϕ ψ) tt ψ

where the greatest fixpoint quantifier ν is abbreviated as usual through least
fixpoints and negation.

Theorem 2.12 [15] The model checking problem for HFL is non-elementary
but elementary for every HFLk.
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Abstract. Extensions of the description logic EL have recently been
proposed as lightweight ontology languages. The most important feature
of these extensions is that, despite including powerful expressive means
such as general concept inclusion axioms, reasoning can be carried out in
polynomial time. In this paper, we consider one of these extensions, EL+,
and introduce a refinement of the known polynomial-time classification
algorithm for this logic, which was implemented in our CEL reasoner. We
describe the results of several experiments with CEL on large ontologies
from practice, which show that even a relatively straightforward im-
plementation of the described algorithm outperforms highly optimized,
state-of-the-art tableau reasoners for expressive description logics.

1 Introduction and Motivation

The quest for tractable (i.e., polynomial-time decidable) description logics (DLs),
which started in the 1980s after the first intractability results for DLs were shown
[5, 18], was until recently restricted to DLs extending the basic language FL0,
which allows for conjunction (u) and value restrictions (∀r.C). The main reason
was that, when clarifying the logical status of property arcs in semantic networks
and slots in frames, the decision was taken that arcs/slots should be read as value
restrictions rather than existential restrictions (∃r.C).

Unfortunately, as soon as terminologies (also called TBoxes or DL ontologies)
were taken into consideration, tractability turned out to be unattainable in FL0:
even classifying the simplest form of TBoxes that admit only acyclic concept
definitions was shown to be coNP-hard [19]. If the most general form of TBoxes
is admitted, which consists of general concept inclusion axioms (GCIs) supported
by all modern DL systems, then classification in FL0 even becomes ExpTime-
complete [2].

For these reasons, and also because of the need for expressive DLs in appli-
cations, from the mid 1990s on, the DL community has mainly given up on the
quest of finding tractable DLs. Instead, it investigated more and more expres-
sive DLs, for which reasoning is worst-case intractable. The goal was then to find
practical reasoning procedures, i.e., algorithms that are easy to implement and
optimize, and which—though worst-case exponential or even worse—behave well
in practice (see, e.g., [17]). This line of research has resulted in the availability of
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highly optimized DL systems for expressive DLs based on tableau algorithms [14,
10], and successful applications: most notably the recommendation by the W3C
of the DL-based language OWL [16] as the ontology language for the Semantic
Web.

Recently, the choice of value restrictions as a sine qua non of DLs has been
reconsidered. On the one hand, it was shown that the DL EL, which allows for
conjunction and existential restrictions, has better algorithmic properties than
FL0. Classification of both acyclic and cyclic EL TBoxes is tractable [1], and
this remains so even if general TBoxes with GCIs are admitted [6]. On the other
hand, there are applications where value restrictions are not needed, and where
the expressive power of EL or small extensions thereof appear to be sufficient.
In fact, SNOMED, the Systematized Nomenclature of Medicine, employs EL
with an acyclic TBox [23]. Large parts of the Galen medical knowledge base can
also be expressed in EL with GCIs and transitive roles [21]. Finally, the Gene
Ontology [7] can be seen as an acyclic EL TBox with one transitive role.

The tractability results for EL together with the bio-medical applications
mentioned above have motivated our research on extensions of EL: the leitmo-
tif for this research was to extend EL as far as possible by adding standard
DL constructors available in ontology languages like OWL, while still retaining
polynomial-time reasoning in the presence of GCIs. This has resulted in the
tractable DL EL++ [2], which includes transitive roles, so-called right-identities
[23] on roles, nominals (and thus ABoxes), and disjointness constraints on con-
cepts. The purpose of the research presented in the present paper was to evaluate
whether or not the polynomial-time algorithms for reasoning in EL and its ex-
tensions are suitable as a basis for implementing a DL reasoning system that can
handle large bio-medical ontologies, and whether such a reasoner outperforms
existing high-optimized DL reasoners for expressive DLs.

At first sight, one might think that a polynomial-time algorithm is always
better suited for implementation than worst-case exponential-time algorithms
such as the ones underlying modern DL reasoners. However, due to the plethora
of sophisticated optimization techniques that have been developed for tableau
algorithms over the last decade [15], it is far from obvious whether a straight-
forward implementation of the polynomial-time algorithm can compete with
highly-optimized implementations of tableau algorithms. A case in point is our
experience with implementing the polynomial-time classification algorithms for
cyclic EL TBoxes introduced in [1]: direct implementations of both the algorithm
for subsumption w.r.t. descriptive semantics (based on a reduction to satisfiabil-
ity of propositional Horn formulae [9]) and the algorithm for subsumption w.r.t.
greatest fixpoint semantics (based on computing the greatest simulation on a
graph [11]) did not lead to satisfactory results on the Gene Ontology [24].

In this paper, we consider a restriction of the polynomial-time classification
algorithm for EL++ [2] to the fragment EL+ of EL++. This fragment differs
from EL++ in that nominals and the bottom concept are disallowed. The reason
for considering this fragment was that none of the bio-medical ontologies men-
tioned above use nominals or the bottom concept. We describe a refined version
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of this algorithm that is tailored toward implementation. The purpose of this
refinement is to remove an obvious obstacle for efficient implementation of the
algorithm as given in [2]: the uninformed, brute-force search for applicable com-
pletion rules. With (almost) no further optimizations, we have implemented the
refined algorithm in our CEL (Classifier for EL) reasoner. We have performed
several experiments to compare the performance of CEL with the performance
of state-of-the-art DL systems based on tableau algorithms. It turns out that
CEL can compete with modern DL systems and often outperforms them. We
view these results as a serious encouragement for further research into optimized
implementations of DL reasoners based on polynomial-time algorithms for the
EL family of DLs.

2 The Description Logic EL+

In DLs, concept descriptions are inductively defined with the help of a set of
constructors, starting with a set NC of concept names and a set NR of role
names. EL+ concept descriptions are formed using the constructors shown in
the upper part of Table 1. An EL+ ontology is a finite set of general concept
inclusions (GCIs) and role inclusions (RIs), whose syntax is shown in the lower
part of Table 1.

The semantics of EL+ is defined in terms of interpretations I = (∆I , ·I),
where the domain ∆I is a non-empty set of individuals, and the interpretation
function ·I maps each concept name A ∈ NC to a subset AI of ∆I and each role
name r ∈ NR to a binary relation rI on ∆I . The extension of ·I to arbitrary
concept descriptions is inductively defined as shown in the semantics column of
Table 1. An interpretation I is a model of an ontology O if, for each inclusion
in O, the conditions given in the semantics column of Table 1 are satisfied.

Name Syntax Semantics

top > ∆I

conjunction C uD CI ∩DI

existential restriction ∃r.C {x ∈ ∆I | ∃y ∈ ∆I : (x, y) ∈ rI ∧ y ∈ CI}

general concept inclusion C v D CI ⊆ DI

role inclusion r1 ◦ · · · ◦ rn v s rI1 ◦ · · · ◦ rIn ⊆ sI

Table 1. Syntax and semantics of EL+.

One main use of GCIs in EL+ is to give definitions of concept names in
terms of complex concept descriptions. Therefore, we introduce concept defini-
tions A ≡ C, with A a concept name, as an abbreviation for the two GCIs
A v C and C v A. Intuitively, C describes the necessary and sufficient condi-
tions for being an instance of A. GCIs of the form A v C, with A a concept
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Pericardium v Tissue u ∃contained-in.Heart

Pericarditis v Inflammation u ∃has-location.Pericardium

Inflammation v Disease u ∃acts-on.Tissue

Heartdisease
.
= Disease u ∃has-location.Heart

Heartdisease v ∃has-state.NeedsTreatment

has-location ◦ contained-in v has-location

Fig. 1. An example EL+ ontology.

name, are called primitive concept definitions.1 They give only necessary (but
no sufficient) conditions for being an instance of A. In DL, a finite set of GCIs is
commonly called a general TBox, and a finite set of (possibly primitive) concept
definitions with unique left-hand sides is called a TBox. We call a TBox primi-
tive if it contains only primitive concept definitions and acyclic if there are no
concept names A0, . . . , An−1 such that A(i+1) modn occurs on the right hand of
the (possibly primitive) concept definition of Ai, for all i < n.

It is worthwhile to note that the role inclusions available in EL+ generalize
a number of standard expressive means: role inclusions of the form r v s are
commonly called role hierarchies; transitivity of a role r can be expressed by
writing r◦r v r; finally, RIs can express right-identity rules r◦s v r, which play
an important role in medical ontologies [23]. An example ontology formulated
in EL+ can be found in Figure 1, where all uppercase words are concept names,
and all lowercase words are role names.

The basic inference problem for DL concept descriptions is concept subsump-
tion: a concept C is subsumed by a concept D w.r.t. an ontology O (written
C vO D) if CI ⊆ DI in every model I of O. The basic inference problem for
DL ontologies is classification: compute the subsumption hierarchy of all concept
names occurring in the ontology O. In our example ontology, it is not hard to see
that Pericarditis is classified as Heartdisease (i.e., Pericarditis vO Heartdisease),
and thus needs treatment.

3 Classifying an EL+ Ontology

A polynomial-time algorithm for classification in EL with GCIs and role hier-
archies has been proposed in [6], and this algorithm was extended to the more
powerful DL EL++ in [2]. We introduce the restriction of the algorithm from [2]
to EL+, and then propose a refined version for implementation purposes.

Both in tableau-based DL systems and in earlier DL systems based on struc-
tural subsumption algorithms, the subsumption hierarchy is computed by per-
forming multiple subsumption tests. In addition to optimizing the single sub-
sumption tests, such systems can also be optimized by trying to minimize the

1 despite not actually defining anything.

11



number of subsumption tests needed to compute the whole hierarchy [3]. In con-
trast, the classification algorithm in [2] simultaneously computes the subsump-
tion relationships between all pairs of concept names in the input ontology.

To classify an ontology, the algorithm first transforms it into normal form,
which requires that all GCIs and RIs are of one of the forms shown in the left part
of Figure 2. By introducing new concept and role names and applying a number
of straightforward rewriting rules, any EL+ ontology O can be transformed into
a normalized one such that subsumption between the concept names occurring
in O is preserved. The normalization can be carried out in linear time, yielding
an ontology whose size is linear in the size of the original one [2, 24].

Normal Form Completion Rules

A v B CR1 If A ∈ S(X), A v B ∈ O, and B /∈ S(X)
then S(X) := S(X) ∪ {B}

A1 uA2 v B CR2 If A1, A2 ∈ S(X), A1 uA2 v B ∈ O, and B /∈ S(X)
then S(X) := S(X) ∪ {B}

A v ∃r.B CR3 If A ∈ S(X), A v ∃r.B ∈ O, and (X,B) /∈ R(r)
then R(r) := R(r) ∪ {(X,B)}

∃r.A v B CR4 If (X,Y ) ∈ R(r), A ∈ S(Y ), ∃r.A v B ∈ O, and B /∈ S(X)
then S(X) := S(X) ∪ {B}

r v s CR5 If (X,Y ) ∈ R(r), r v s ∈ O, and (X,Y ) /∈ R(s)
then R(s) := R(s) ∪ {(X,Y )}

r ◦ s v t CR6 If (X,Y ) ∈ R(r), (Y,Z) ∈ R(s), r ◦ s v t ∈ O,
and (X,Z) /∈ R(t)

then R(t) := R(t) ∪ {(X,Z)}

Fig. 2. Normal Form and Completion Rules

For the rest of this section, we assume without loss of generality that the
input ontology O is in normal form. Let NCO be the set of all concept names
occurring in O including >, and NRO be the set of all role names occurring in
O. The algorithm computes

– a mapping S assigning to each element of NCO a subset of NCO, and
– a mapping R assigning to each element of NRO a binary relation on NCO.

The intuition is that these mappings make implicit subsumption relationships
explicit in the sense that B ∈ S(A) implies A vO B, and (A,B) ∈ R(r) implies
A vO ∃r.B. The mappings are initialized by setting S(A) := {A,>} for each
A ∈ NCO and R(r) := ∅ for each r ∈ NRO. Then the sets S(A) and R(r) are
extended by applying the completion rules shown in the right part of Figure 2
until no more rule applies. The algorithm has been proved sound and complete
in [2], i.e., after termination we have B ∈ S(A) iff A vO B, for all concept
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names A,B occurring in O. It has also been proved that the algorithm always
terminates in time polynomial in the size of the input ontology.

One of the main problems to be solved when implementing the described
algorithm is to develop a good approach for finding the next rule to be applied.
If this is realized by a näıve brute-force search for applicable completion rules,
then one cannot expect an acceptable runtime behavior on large inputs. As a
solution to this problem, we propose a refined version of the algorithm, which
is inspired by the linear-time algorithm for satisfiability of propositional Horn
formulas proposed in [9]. This version uses a set of queues, one for each concept
name appearing in the input ontology, to guide the application of completion
rules. Intuitively, the queues list modifications to the data structure (i.e. to the
sets S(A) and R(r)) that still have to be carried out. The possible entries of the
queues are of the form

B, B → B′, and ∃r.B

with B and B′ concept names, and r a role name. The entry B ∈ queue(A)
means that the concept name B has to be added to S(A). Similarly, B → B′ ∈
queue(A) means that B′ has to be added to S(A) if S(A) already contains B,
and ∃r.B ∈ queue(A) means that (A,B) has to be added to R(r). The fact that
such an addition triggers other rules will be taken into account by appropriately
extending the queues when the addition is performed.

To facilitate describing the manipulation of the queues, we view the (normal-
ized) input ontology O as a mapping Ô from concepts to sets of queue entries
as follows: for each concept name A (including the case A = >), Ô(A) is the
minimal set of queue entries such that

– if A v B ∈ O, then B ∈ Ô(A);
– if A uA′ v B ∈ O or A′ uA v B ∈ O, then A′ → B ∈ Ô(A);
– if A v ∃r.B ∈ O, then ∃r.B ∈ Ô(A).

Likewise, for each concept ∃r.A, Ô(∃r.A) is the minimal set of queue entries such
that, if ∃r.A v B ∈ O, then B ∈ Ô(∃r.A).

Now, we can describe how the queues are used: since the sets S(A) are ini-
tialized with {A,>}, we initialize queue(A) with Ô(A) ∪ Ô(>), i.e., we add to
the queues the immediate consequences of being an instance of A and >. Then,
we repeatedly fetch (and thereby remove) entries from the non-empty queues
and process them using the procedure process displayed in Figure 3. To be more
precise, process(A,X) is called when we are currently treating the concept name
A, and X is the next element on queue(A). Observe that the second if-clause
implements CR1 and (part of) CR4, the first if-clause is a pre-processing step ad-
dressing the CR2 rule and delegating the real work to the second if-clause, and
the third if-clause implements CR3, (the other part of) CR4, as well as CR5 and
CR6. The procedure process-new-edge(A, r,B) handles the effects of adding a new
pair (A,B) to R(r). The notation v∗O used in its top-most for-loop stands for
the reflexive-transitive closure of the role hierarchy statements.
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procedure process(A,X)
begin

if X = B → B′ then
if B ∈ S(A) then

continue with X := B′;
else return; {do nothing}

if X is a concept name and X /∈ S(A) then
S(A) := S(A) ∪ {X};
queue(A) := queue(A) ∪ Ô(X);
for all concept names B and role names r with (B,A) ∈ R(r) do

queue(B) = queue(B) ∪ Ô(∃r.X);
if X is an existential restriction ∃r.B and (A,B) /∈ R(r) then

process-new-edge(A, r,B)
end;

procedure process-new-edge(A, r,B)
begin

for all role names s with r v∗O s do
R(s) := R(s) ∪ {(A,B)};
queue(A) := queue(A) ∪

⋃
{B′|B′∈S(B)} Ô(∃s.B′);

for all concept names A′ and role names t, u with
t ◦ s v u ∈ O and (A′, A) ∈ R(t) and (A′, B) 6∈ R(u) do
process-new-edge(A′, u,B);

for all concept names B′ and role names t, u with
s ◦ t v u ∈ O and (B,B′) ∈ R(t) and (A,B′) 6∈ R(u) do
process-new-edge(A, u,B′);

end;

Fig. 3. Processing the queue

Queue processing is continued until all queues are empty. Observe that the
refined algorithm need not perform any search to check which completion rules
are applicable. It can be proved that the refined algorithm is still sound and
complete, and that it terminates in polynomial time.

4 Implementation and Evaluation

Modern DL reasoners are usually based on tableau-based subsumption algo-
rithms [4]. Although such algorithms are exponential in the worst case, the de-
velopment of a whole plethora of sophisticated optimization techniques has led
to a quite good runtime behavior in practice. In this section we will show that,
nevertheless, even a relatively näıve implementation of the refined algorithm de-
scribed above can compete with, and even outperform, modern tableau-based
DL systems.

We have implemented the refined algorithm described in the previous section
in the CEL reasoner. CEL is written in Common LISP and accepts input based
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on a small extension of the KRSS syntax [20]. For details about the use of the
system, refer to the CEL manual.2 To test whether CEL can compete with modern
tableau-based reasoners, we have conducted a number of experiments based on
three important bio-medical ontologies: the Gene Ontology (Go) [7], the Galen
medical knowledge base (Galen) [21], and the Systematized Nomenclature of
Medicine (Snomed) [8].
Go. The Gene Ontology provides a controlled vocabulary to describe gene and
gene product attributes in any organism. It currently consists of 16,803 con-
cepts and a single, transitive role “part-of”. The original distribution of Go

used a frame-like formalism without formal semantics. For example, the concept
Polarisome is described as follows:

[Term]
id: GO:0000133
name: polarisome
namespace: cellular component
def: "Protein complex playing a role in determining cell polarity"
is a: GO:0043234 ! protein complex
relationship: part of GO:0005938 ! cell cortex
relationship: part of GO:0030427 ! site of polarized growth

The most natural approach to translate Go concept definitions into an EL+

ontology is to use primitive concept definitions. For example, the above Go

concept would be defined as

GO0000133 v GO0043234 u ∃part of.GO0005938 u ∃part of.GO0030427.

This translation gives us OGo

prim, an acyclic, primitive TBox with one role in-
clusion part of ◦ part of v part of. It coincides with the OWL version of Go

contained in recent distributions of the gene ontology. However, as an ontology
for testing DL systems, OGo

prim is not well-suited since it is too simple. Actually,
computing subsumption in an acyclic, primitive TBox is relatively easy: it sim-
ply means computing the transitive closure over the explicitly told subsumption
relationships. In the above example, GO0000133 v GO0043234 is such an explicit
relationship. It should be noted however, that neither tableau-based systems nor
our implementation directly use this fact.

To obtain an ontology based on Go that is harder to classify, we also consider
the translation of Go into non-primitive concept definitions, i.e., the above Go

concept would be defined as

GO0000133 ≡ GO0043234 u ∃part of.GO0005938 u ∃part of.GO0030427.

The result OGo

def is an acyclic TBox with the same additional role inclusion as
above. In OGo

def , subsumption cannot be computed as the transitive closure of
told subsumptions. However, OGo

def is a relatively unusual ontology: due to the

2 The CEL reasoner and the manual are available at
http://lat.inf.tu-dresden.de/systems/cel
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assumption that concept definitions also provide sufficient conditions, which has
not been intended by the Go developers, there are large groups of concepts that
turn out to be equivalent (i.e., subsume each other).

Galen. This ontology aims to promote the sharing and re-use of medical data.
It was originally formulated in the language Grail and has been translated into
description logic by Ian Horrocks [12]. In that translation, Galen is formulated
in EL extended with GCIs, role hierarchies, transitive roles, functional roles, and
inverse roles. Since EL+ and CEL do not support inverse roles and functional
roles, we have removed inverse role axioms and treat functional roles as ordinary
ones. In this way, we obtain the EL+ ontology OGalen that contains 1,214 GCIs
as well as 2,041 primitive and 699 non-primitive concept definitions. It refers
to 413 roles, of which 26 are declared transitive. Moreover, there are 412 role
hierarchy axioms.

Snomed is the systematized nomenclature of medicine, a standardization of
medical terminology used in the health systems of the US and the UK. The cur-
rent version of Snomed comprises 379,691 concept and 52 role names. Snomed

is formulated as an acyclic EL TBox that contains 38,719 concept definitions
and 340,972 primitive concept definitions. There are no transitive roles,3 but
11 role hierarchy statements and one right-identity rule of the form r ◦ s v r.
This gives us the ontology OSnomed. To get a smaller version of Snomed that
can be handled by standard DL reasoners, we also consider the fragment that
is obtained by keeping only the non-primitive concept definitions. We call the
resulting ontology OSnomed

core .

The CEL reasoner reads the input ontology, converts each concept definition
(if any) into a pair of GCIs, normalizes the resulting ontology, and then starts
the refined algorithm described in the previous section. When performing ex-
periments with the initial version of CEL, we found that it could classify only
the ontologies OGo

prim, OGalen, and OSnomed

core , but not OGo

def and OSnomed. In the
latter two cases, the problem is that the data structures become too big due to
too many computed subsumption relationships. A more careful analysis revealed
that the problem has different origins for the two ontologies. In the case of OGo

def ,
the many subsumption relationships are due to the presence of large groups of
equivalent concepts: this is problematic as n equivalent concepts give rise to n2

subsumption relationships. In addition, if there is a subsumption between two
equivalence classes of size n and m, then we must store n ·m subsumption rela-
tionships. In the case of OSnomed, many additional concept names are introduced
during the normalization phase, for which we also compute all subsumption re-
lationships. These observations led us to adopting the following improvements
of the original implementation.
Synonyms identification. Told synonyms are concept names A,B that are ex-
plicitly stated to be equivalent by a concept definition A ≡ B. We improved
3 Actually, Snomed needs transitive roles, but since the commercial reasoner used by

the developers cannot handle transitivity, they have simulated it in an incomplete
way using the approach described in [22].
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the algorithm by choosing and keeping only a single representative for each
equivalence class of told synonyms. All the dropped synonyms are stored in a
cost-effective union-find data structure to allow the identification of their repre-
sentative. This is needed for answering subsumption queries that involve dropped
synonyms. The removal of synonyms reduces the number of concept names by
more than half in the case of OGo

def and enables classification of this ontology by
CEL.
Improved normal form. Here, the goal is to reduce the number of additional
concept names introduced through normalization. This is achieved in two ways.
First, the purpose of additional concept names introduced during normalization
is to replace complex concept descriptions in GCIs. The general pattern is that
we introduce a concept name A as replacement for a complex concept C, and
then add one of A v C and A w C to the ontology, depending on whether
C was replaced on the left-hand side or on the right-hand side of a GCI. In
the improved normalization, we keep track of the concept descriptions C for
which an abbreviation has already been introduced, and avoid the introduction
of multiple concept names for the same concept description.

Second, in the improved normal form we admit n-ary conjunction on the
left-hand side of GCIs, thus avoiding the introduction of n − 1 concept names
for each left-hand side n-ary conjunction. Of course, the Completion Rule CR2

has to be generalized accordingly:

CR2 If A1, . . . , An ∈ S(X), A1 u · · · uAn v B ∈ O, and B /∈ S(X)
then S(X) := S(X) ∪ {B}

Also, queue entries of the form B → B′ are now replaced by the more gen-
eral entries B1, · · · , Bn → B′ with the obvious meaning. It is straightforward
to generalize the process function given in Figure 3 to the new type of queue
entries. These two modifications had a drastic effect when normalizing OSnomed:
whereas the original normalization approach introduced 401,830 new concepts,
the improved one introduced “only” 114,658. We have compared the perfor-

OGo

prim OGo

def OGalen OSnomed

core OSnomed

No. of CDefs. 0 16,803 699 38,719 38,719

No. of PCDefs. 16,803 0 2041 0 340,972

No. of GCIs 0 0 1214 0 0

No. of role axioms 1 1 438 0 12

|CNO| 16,806 16,806 2,740 53,234 379,691

|RNO| 1 1 413 52 52

CEL 25 10,833 16 1,360 12,772

FaCT 117 11 19 unattainable unattainable

RACER 36 unattainable 25 84,917 unattainable

Table 2. Benchmarks and Evaluation Results
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mance of CEL with two of the most advanced tableau-based reasoning systems:
FaCT (v2.32.17) and RACER (v1.7.6). Both systems implement expressive DLs in
which subsumption is ExpTime-complete. All experiments have been performed
on a PC with 2.4GHz Intel Pentium 4 processor and 2GB memory running Red-
Hat Linux 7.2. In the case of Galen, for the sake of fairness also FaCT and
RACER have been used with the restricted version of Galen that includes nei-
ther functional nor inverse roles. In the case of Snomed, the right-identity rule
was passed to CEL, but not to FaCT and RACER, as the latter do not support
right identities.

The results of our experiments are summarized in the lower part of Table 2,
where unattainable means that the reasoner failed due to exhaustion of memory.
Notably, CEL outperforms both FaCT and RACER in all benchmarks except
OGo

def , where FaCT needs only 11 seconds (we currently have no explanation for
the good behavior of FaCT on OGo

def ). Moreover, CEL was the only reasoner that
was able to classify the whole Snomed ontology.4

5 Conclusion

We have proposed a refined classification algorithm for the description logic
EL+, implemented it in the CEL reasoner, and then used CEL to show that even
a relatively straightforward implementation of this algorithm can compete with,
and usually even outperform, highly optimized tableau-based DL reasoners. We
view this result as a strong argument for the use of tractable DLs, provided that
their expressive power is sufficient for the application in question. We also be-
lieve that, when more powerful optimization techniques are developed, reasoners
based on the refined algorithm presented in this paper can be made much more
efficient than our current implementation CEL. Such additional optimizations
may include the following:

Currently, we explicitly compute and store all the subsumption relationships
between concepts names, rather than just computing and storing the Hasse-
diagram of the subsumption hierarchy, as done by the other DL systems. Stor-
ing only the Hasse-diagram will definitely save space, but it is not yet clear
how much time overhead (for computing subsumption relationships from this
representation) this will cause.

Closely related to the previous point is the question whether we can use
the well-known techniques for avoiding calls to the subsumption algorithm used
by other DL systems while computing the Hasse-diagram (see [3]). With the
current algorithm, this does not really make sense since a single call to our sub-
sumption algorithm already computes the whole hierarchy. Thus, one must first
modify our classification algorithm into a goal-directed subsumption algorithm
that checks, with minimum efforts, only whether two given concept names are
in a subsumption relationship.
4 We have recently heard that the optimizations described in [13] have the effect that

FaCT++ is now also capable of classifying OSnomed. We were, however, not yet able
to verify this claim with the version of FaCT++ available for download.
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Another technique used by other DL systems is to determine some obvious
(non-)subsumption relationships (such as told subsumers) before calling the ac-
tual subsumption algorithm. It is not clear yet how this kind of information
can be used in our type of algorithm, but one could try to adopt the approach
described in [13].

As shown by our experiments, the reduction of the number of concept names
is a crucial issue for the efficiency of our algorithm. Therefore, any techniques
that make such a reduction is promising candidates for further optimizations. It
is clear that the two simple optimizations described in this paper can further be
improved, but there may also be other, more sophisticated approaches to reduce
the number of concepts to be considered.

Finally, we plan to extend our implementation CEL to the description logic
EL++ [2].
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Abstract. We propose a query answering technique applicable to a wide
family of cyclic conjunctive queries with one distinguished variable. It
exploits the fact that, given such a query, one can build in linear time a
concept of some Description Logic (DL) such that to answer the query
w.r.t. any knowledge base (KB) is the same as to find all instances of that
concept. Notably, the method is uniform: the concept does not depend
on a KB and even on a DL in which the KB is formulated. Thus, for these
conjunctive queries, the problem of query answering is reduced to concept
instance retrieval, which in turn is reducible to KB (un)satisfiability. The
technique presented here is based on the modal correspondence theory
(and close relationship between modal and description logics) and can
be regarded as a practical application of that theory.

1 Introduction

Description Logics are family of knowledge representation formalisms closely re-
lated to first-order and modal logics. Most of them can be viewed as decidable
fragments of the first-order logic. Their complexity was thoroughly investigated,
and practical reasoning algorithms were designed (e.g., [9, 11, 14]) and imple-
mented as highly optimised reasoning systems, e.g., Racer [7], FaCT [8], and
Pellet [18]. Typical reasoning services provided by these systems are checking
KB satisfiability, concept subsumption (and building a taxonomy, i.e., a com-
puting subsumption relationships between all concept names occurring in a KB),
concept instances retrieval etc. (see [1, Chap. 8] for an overview).

Among reasoning tasks, querying is a fundamental mechanism for extract-
ing information from a KB. Two most important reasoning services involving
queries—query answering and query containment, also called subsumption—
were extensively explored [3–6, 10, 12, 17], but have not got a complete solution.
A typical obstacle is the presence of cycles in a query (cf. [6]). In general, query
containment and answering are reducible to each other and are at least as hard
as concept subsumption or satisfiability problems (whence their lower complex-
ity bounds). However, to the best of our knowledge, no tight upper bounds for
their complexity are obtained so far. To illustrate the situation, recall that the
Description Logic SHIQ is known to be ExpTime-complete [11]. At the same
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time, the complexity of query answering over SHIQ KBs is shown in [5] to be
3coNExpTime, if a KB has no transitive roles, and 4coNExpTime otherwise.

In this paper, we concentrate on the query answering problem. We show that
that for a wide family of conjunctive queries (with one distinguished variable) one
can build in linear time a concept (usually, in a very simple DL) whose instances
are exactly the answers to the query (w.r.t. any KB). As a consequence, within
this family, the query answering problem is reduced to concept instance retrieval,
which in turn is reducible to KB unsatisfiability. Note that the reduction is
applicable to many cyclic queries, and the resulting concept is not in general
equivalent to the query. The technique presented here is based on the modal
correspondence theory; this theory explores the relation between the properties
of frames expressible in modal and first-order languages.

To illustrate the method, consider the following instance retrieval request:
KB |= a: (¬X t∃R.X), where the concept name X does not occur in the knowl-
edge base KB. The task is to find all individuals a (called constants in first-order
logic) occurring in KB that belong to the concept ¬X t ∃R.X in any model
of KB. It is not hard to show that exactly thos individuals a will be retrieved that
satisfy (in all models of KB) the condition aRa. Hence, the concept ¬X t ∃R.X
can be used for answering the cyclic query q(x) ← xRx. Similarly, the request
KB |= a: (¬∃R.X t ∃S.X), where X does not occur in KB, returns exactly those
individuals a that are answers of the query q(x) ← ∃y(xRy ∧ xSy). Thus, con-
cepts involving fresh concept names can be used to compute the answers of even
cyclic queries.

Now recall from modal logic that the formula p→ ♦p is valid at a point e of a
frame iff this point is reflexive, i.e., eRe holds. Similarly, the formula �Rp→ ♦Sp
is valid at a point e iff there is a point d such that eRd and eSd holds, i.e.,
e satisfies the first-order condition α(x) := ∃y(xRy ∧ xSy). Comparing this with
the above observations, we can generalise it as follows: whenever the validity of
a modal formula at a point of a frame is equivalent to some first-order condition
(and this condition has the form of conjunctive query), we can use this fact
for query answering. This is the main result of this paper (Theorem 7), and an
open question is whether the converse implication holds. An important feature
of this approach is its uniformity: a concept used to answers a query is not only
independent of a KB against which the query is answered, but also independent
of a DL in which a KB is formulated. Therefore, extending the expressivity
of a DL does not destroy our query answering algorithm (in contrast to other
approaches where, e.g., introducing transitive roles can invalidate an algorithm).

In the next section we recall some notions concerning DLs and query an-
swering. Section 3 contains the main theorem of the paper, which enables us to
transfer results from modal correspondence theory to query answering. As an
application, Sect. 4 and 5 present two families of queries that can be handled by
this approach. As a by-product, in Sect. 5 we obtain an (at least syntactic) ex-
tension to the well-known in modal logic Sahlqvist theorem. Numerous examples
of queries captured by this technique are shown in Sect. 6. We give conclusions
and an outlook in Sect. 7. An Appendix contains all the proofs.
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>I = ∆I {a}I = {aI} (C uD)I = CI ∩DI

(¬C)I = ∆I \ CI (R−)I = {〈e, d〉 | 〈d, e〉 ∈ RI}
(>n R.C)I = { e ∈ ∆I | #{d ∈ CI : 〈e, d〉 ∈ RI}> n }

Fig. 1. Semantics for Description Logics.

2 Preliminaries

First let us recall the notions related to the DL ALC and its extensions.

Definition 1. (Syntax) The vocabulary consists of finite sets of concept names
CN, role names RN, and individual names IN (also called as constants). Concepts
of the logic ALC are defined by the following syntax:

C ::= > | A | ¬C | C uD | ∃R.C,

where A is a concept name, R a role name, and C and D are concepts. Other
connectives are taken as customary abbreviations, e.g., (C tD) := ¬(¬C u ¬D),
(C → D) := ¬(C u ¬D), ⊥ := ¬>, ∀R.C := ¬∃R.¬C.

A terminology (or a TBox) T is a finite set of axioms of the form C v D,
where C,D are arbitrary concepts. An ABox A is a finite set of assertions of
the form a:C and aRb, where a, b ∈ IN, C is a concept and R a role. Finally, a
knowledge base KB = 〈T ,A〉 consists of a TBox T and an ABox A.

Appending the letters I, Q, O, or H to the name of the logic refers to the
following syntax extensions:

I: inverse roles: if R is a role, then R− is a role;
Q: qualified number restrictions: if R is a role, C a concept, and n > 0, then

(>nR.C) is a concept; then we can use an abbreviation ∃R.C := (>1R.C);
O: nominals: if a ∈ IN, then {a} is a concept;
H: role hierarchy : axioms of the form R v S are allowed in a TBox.

Replacing ‘ALC’ with ‘S’ in the name of a logic refers to allowing transitive
roles, i.e., axioms of the form Trans(R) in a TBox. To maintain decidability,
in presence of S, H, and Q together, the restriction is imposed on the concept
syntax: expressions of the form (>nR.C) are regarded as well-formed concepts
only if the role R has no transitive subroles w.r.t. given TBox (cf. [9]).

Definition 2. (Semantics) An interpretation I = (∆I , ·I) consists of non-
empty domain ∆I and an interpretation function ·I that maps:

– each constant a ∈ IN to an element aI ∈ ∆I ,
– each concept name C ∈ CN to a subset CI ⊆ ∆I ,
– each role name R ∈ RN to a binary relation RI ⊆ ∆I ×∆I ;

and is extended to all concepts and roles by inductive clauses shown in Fig. 1. The
unique name assumption (UNA) is customary made, i.e., only interpretations
mapping distinct constants to distinct elements of the domain∆I are considered.
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An interpretation I satisfies an axiom C v D, R v S, or Trans(R) resp., if
CI ⊆ DI , RI ⊆ SI , or the relation RI is transitive, resp.; I satisfies an assertion
a:C or aRb if aI ∈ CI or 〈aI , bI〉 ∈ RI , resp. An interpretation is a model of a
knowledge base if it satisfies all its TBox axioms and ABox assertions. The fact
‘I satisfies Φ’ is written as I |= Φ. A knowledge base KB entails Φ (written as
KB |= Φ) if, for all models I of KB, we have I |= Φ.

Definition 3. (Queries) A conjunctive query is an expression of the form1

q(~x) ← t1(~x, ~y) ∧ . . . ∧ tn(~x, ~y),

where ~x, ~y are tuples of (distinguished , resp., non-distinguished) variables, and
each atom ti(~x, ~y) is of the form w:C (concept atom) or wRz (role atom), where
C is a concept, R a role, and w, z are either variables from ~x, ~y or constants. The
arity of a query q(~x) is the number of its distinguished variables: ar(q) := |~x|.
Queries of arity 1 are called unary. Given an interpretation I = 〈∆, ·I〉, a query
q of arity m is interpreted as follows:

qI := { ~e ∈ ∆m | I |= ∃~y ( t1(~e, ~y) ∧ . . . ∧ tn(~e, ~y) ) }.

The answer set of a query q(~x) w.r.t. a knowledge base KB is defined as the set
of tuples of constants satisfying the query q in all models of KB:

ansKB(q) := { ~a ∈ IN | KB |= q(~a) }.

Note that the answer set is always finite: | ansKB(q)| 6 |IN|ar(q), and corre-
sponds, in a model I of KB, to a subset (a named part) of qI , i.e., the inclusion
ansKB(q)I ⊆ qI always holds.

It is worth saying that the query answering problem is closely related to the
query subsumption problem addressed by many researches [3, 10]. Recall that
a query q(~x) subsumes a query q′(~x) w.r.t. a KB (written as KB |= q w q′) if
qI ⊇ q′I holds for every model I of KB. In fact, these two reasoning problems
are reducible to each other. Indeed, a tuple ~a belongs to the answer set of q(~x)
iff the subsumption KB |= > v q(~a) holds. Conversely, given a subsumption
KB |= q(~x) v q′(~x) to be tested, let ~y be the list of non-distinguished variables
in q(~x). Then we introduce tuples of fresh constants ~ax and ~ay corresponding to
~x and ~y, resp., and define the canonical ABox Aq for q as the set of atoms of
q(~x) with constants ~ax and ~ay substituted for variables ~x and ~y:

if q(~x) =
∧n

i=1 ti(~x, ~y) then Aq := { ti( ~ax, ~ay) | 1 6 i6 n }.

Then it is not hard to show that KB |= q v q′ iff the tuple ~ax belongs to the
answer set of q′(~x) w.r.t. the knowledge base KB ∪Aq, i.e., KB ∪Aq |= q′( ~ax).

1 The existential quantifier ∃~y in front of the r.h.s. of the query is customary omitted
(and so we did), though implicitly assumed, as follows from the semantics below.
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3 Queries answered by concepts

In the remainder of the paper, we will be concerned with unary queries only.
The traditional query answering algorithms are usually based on the so called
rolling-up technique (see [17] for definitions). In its basic form, when applied
to a unary query q(x), it can be viewed as a method of building a concept C
that is equivalent to q(x) (in the sense that qI = CI for all models I of KB),
so that to answer the query q(x) is the same as to retrieve all instances of the
concept C. However, the equivalence of a concept C to a query q(x) is sufficient,
but not necessary for query answering purposes. Moreover, a rather simple query
q(x)← xRx is not equivalent to anyALC-concept; this can be easily shown using
the tree model property for ALC. Rolling-up techniques work particularly good
for tree-like queries, but face certain problems when applied to cyclic ones (see,
e.g., [6]). To overcome these difficulties, we introduce the following main notion
of our paper.

Definition 4. A unary query q(x) is answered by a concept C (written as
q(x) ≈ C) if q(x) and C (considered as a query x:C) have the same answer
sets w.r.t. any knowledge base KB: ansKB(q) = ansKB(x:C). In other words,
q(x) ≈ C iff, for any KB and any a ∈ IN, we have: KB |= q(a) ⇔ KB |= a:C.

Notice the quantification over any KB in this definition. Strictly speaking, we
should formulate the definition as follows: a query q(x) is answered by a concept
C over a description logic L if ansKB(q) = ansKB(x:C) for any KB formulated
in the logic L. However, we will not complicate the matters in this way, since
all the results in our paper will have the form: a certain query q(x) is answered
by a concept C over any DL L (at least containing the syntax necessary for
formulating C and q) and even over any first-order theory etc. The following
lemma will be useful for us later.

Lemma 5. If the queries q1(x)← α(x, ~y) and q2(x)← β(x, ~z) are answered by
concepts C and D, resp., and ~y, ~z are disjoint lists of non-distinguished variables,
then the query q(x)← α(x, ~y) ∧ β(x, ~z) is answered by the concept C uD.

Proof. Follows from: ∃~y ∃~z (α(x, ~y) ∧ β(x, ~z)) ≡ ∃~y α(x, ~y) ∧ ∃~z β(x, ~z). a
Our task is to determine what kind of queries can be answered by concepts

and when these concepts can be found efficiently (and preferably in the same
language as the query). We will see that this can be done for a wide range
of unary queries, provided that we are allowed to use “fresh” concept names
not occurring in KBs and queries under consideration, i.e., specially reserved for
query answering purposes. This is a rather customary assumption: in the rolling-
up technique, new (“representative”) concept names are also freely introduced
(cf. [17]). But, unlike rolling-up, we do not need to add assertions involving these
fresh concept names to a KB. Fresh concept names will be denoted by capital
letters from the end of alphabet (X, Y , Z, etc.), possibly sub- or superscripted.

The remainder of the section is devoted to formulation and proof of the main
theorem of our paper. This theorem allows us to transfer results from the modal

25



correspondence theory to the query answering field. The background information
on that theory can be found in [2, Chap. 3]; here we will recall its basic notions.

It is known (cf. [16]) that the DL ALC with role names R1, . . . , Rn is a
notational variant of the propositional multi-modal language with modalities
�1, . . . ,�n, whose formulas are defined inductively: ⊥ and propositional let-
ters p0, p1, . . . are formulas; if ϕ and ψ are formulas, then so are ϕ→ ψ and
�iϕ. Exploiting this fact, whenever ϕ is a modal formula, we denote by Cϕ the
concept obtained from ϕ by replacing �i with ∀Ri and pj with fresh concept
name Xj . Kripke semantics for the modal language is introduced as usually
(cf. [2]). A modal formula ϕ is valid at the point e of a frame F (written as
F, e  ϕ) if, for any valuation ν on F , ϕ is true at e in a model 〈F, ν〉.

Consider also the first-order language (with equality) having only binary
predicate symbols R1, . . . , Rn. Note that conjunctive queries containing no con-
cept atoms (we will call them relational queries) belong to this first-order lan-
guage. The following is the key notion in modal correspondence theory.

Definition 6. A first-order formula α(x) with a single free variable locally cor-
responds to a modal formula ϕ (written as α(x) ! ϕ) if, for any frame F and
its point e, the equivalence holds: F |= α(e) ⇔ F, e  ϕ.

Now we are ready to prove the theorem that establishes a connection be-
tween the notion of local correspondence and the query answering problem for
relational queries. Later on, we will extend the family of queries covered by this
approach to the ones containing concept atoms as well.

Theorem 7 (Reduction). If a unary relational query q(x) locally corresponds
to a modal formula ϕ, then the query q(x) is answered by the ALC-concept Cϕ.
In symbols: q(x) ! ϕ =⇒ q(x) ≈ Cϕ.

The proof can be found in the Appendix. This theorem allows us to reuse
positive results from the modal correspondence theory for query answering pur-
poses. For example, it implies that the query q(x) ← xRx is answered by the
concept X → ∃R.X (where X is a fresh concept name). Other applications will
be demonstrated in the subsequent sections. A natural question is whether the
converse of this theorem holds; it would enable also to transfer negative results.
We have succeeded to prove only a half of the converse, in the following sense
(the proof is again in the Appendix).

Lemma 8. Suppose that a unary relational query q(x) is answered by a concept
Cϕ, i.e., q(x) ≈ Cϕ, for some modal formula ϕ. Then for any frame F and its
point e, the condition F |= q(e) implies2 F, e  ϕ.

In what follows, we consider only queries with no constants in role atoms,
since the general query answering problem is reducible to this case, at the price of
introducing nominals in concept atoms: we can equivalently rewrite an atom yRa
as yRz ∧ z: {a}, for a new non-distinguished variable z, and similarly for aRy.
2 Replacing this implication by equivalence would yield the converse of Theorem 7.

After this paper has been accepted, the author has succeeded to prove the converse
implication, but only for finitely branching frames.
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4 Application 1: Queries and the Sahlqvist fragment

The notion of local correspondence is extensively explored in modal logic. The
most prominent in this direction is the result that a wide family of modal for-
mulas (known as Sahlqvist formulas) locally correspond to first-order (FO) con-
ditions, and moreover, there is an algorithm that takes a Sahlqvist formula and
returns the corresponding FO condition (see [2, §3.5–3.6] for details; originally
in [15]). We will use here a sort of converse of this result, obtained by M.Kracht
(see [2, §3.7]; originally in [13]), who described syntactically the class of all those
FO formulas (now called Kracht formulas) that locally correspond to Sahlqvist
formulas, and provided the corresponding algorithm. We will apply this result
to those Kracht formulas that have the form of a (unary relational) conjunctive
query and then extend it to queries containing also concept atoms.

First, recall the definition of Kracht formulas. Consider a FO language having
only binary relation symbols R1, . . . , Rn. Formulas of the form ∃y(xRy ∧ α(y))
and ∀y(xRy → α(y)) will be abbreviated3 as (∃yRx)α(y) and (∀yRx)α(y), resp.
A formula is called clean if no variable occurs both free and bound in it, and no
two distinct occurrences of quantifiers bind the same variable. The formulas>,⊥,
and xRσy are called quasi-atomic, where σ = (i1, . . . , ir) is a sequence of indices
from {1, . . . , n}, and xRσy stands for ∃z2 . . .∃zr(xRi1z2∧z2Ri2z3∧ . . .∧zrRir

y).

Definition 9. A formula is restrictedly positive if it is built up from quasi-
atomic ones using conjunction ∧, disjunction ∨, and restricted quantifiers (∃yRx)
and (∀yRx). A variable y in a clean formula is called inherently universal if either
y is free, or y is bound by a restricted universal quantifier (∀yRx) which is not
in the scope of any existential quantifier. Finally, a Kracht formula is a clean,
restrictedly positive formula such that every of its quasi-atomic subformulas
contains at least one inherently universal variable.

For example, (∀yRx)(∀zRx)(∃wRy)zRw is a Kracht formula, whereas the
formula (∃yRx)(∀zRx)yRz is not. Now we present a family of relational queries
that belong to the Kracht fragment. We will not prove that this family is exhaus-
tive, in the sense that it covers, modulo equivalence, exactly the intersection of
the Kracht fragment and conjunctive queries (although this is likely to be true).

Lemma 10. Any relational conjunctive query of the following form is (equiva-
lent to a Kracht formula and hence) answered by an ALC-concept:

q(x) ← ∃~y
(

Tree(x, ~y) ∧
∧

i,j xRσi
yj ∧

∧
k,` ykRτ`

x
)
,

where Tree(x, ~y) is a conjunction of role atoms forming an oriented x-rooted
tree.4 In other words, q(x) states the existence of an x-rooted oriented tree with
additional oriented chains linking x with other nodes (in any direction).

3 This is similar to designating a formula ∃y(x 6 y ∧ α(y)) by (∃y > x)α(y).
4 An oriented tree is a connected oriented graph without cycles (and loops 〈e, e〉) s.t.

each node has at most one incoming edge. Its root is a node with no incoming edges.
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Proof. The conjunct Tree(x, ~y) allows to equivalently rewrite the quantifier
prefix ∃~y into a restricted one:

∃~y (Tree(x, ~y) ∧ α(x, ~y)) ≡ (∃y1R1y
′
1) . . . (∃yrRry

′
r)α(x, ~y),

where the condition y′i ∈ {x, y1, . . . , yi−1} holds, since the formula is clean and
x is the only free variable. It is easily seen that the r.h.s. is a Kracht formula,
and hence locally corresponds to a modal formula. Now we apply Theorem 7 to
conclude that the query q(x) is answered by some ALC-concept. a

Next we describe an algorithm for answering these queries; it also captures
queries with concept atoms. By Lemma 5, we can consider queries q(x) without
atoms of the form x:A and xRx, since adding these atoms is equivalent to adding
the conjuncts A and X → ∃R.X to the concept that answers the query.

The algorithm for answering queries within the Kracht fragment

Assume that we are given a conjunctive query of the form

q(x) ← ∃~y
(

Tree(x, ~y) ∧
∧

i,j xRσi
yj︸ ︷︷ ︸

α(x,~y)

∧
∧

k,` ykRτ`
x︸ ︷︷ ︸

β(x,~y)

∧
∧

t yt:Bt︸ ︷︷ ︸
γ(~y)

)
, (K)

where Tree(x, ~y) is a conjunction of role atoms forming an oriented x-rooted tree;
expressions of the form yRσz are role chains linking y with z; the components of
the query are denoted by α, β, γ for easy reference. We assume that the conjuncts
in the above formula (K) are distinct. Then we proceed as follows:

1) Introduce fresh concept names: Yi,j for each conjunct xRσi
yj in α(x, ~y), and

Xk,` for each conjunct ykRτ`
x in β(x, ~y).

2) Build two conjunctions pre and con (for ‘premise’ and ‘conclusion’, resp.)
by first putting pre := x:> and con := y1:>∧ . . .∧ yr:> and then proceed
as follows (here ∀Rσ.Y stands for ∀Ri1 . · · · ∀Rir

.Y , if σ = (i1, . . . , ir), and
similarly for ∃Rτ .X):
– for each xRσi

yj in α, add x:∀Rσi
.Yi,j to pre and yj :Yi,j to con;

– for each ykRτ`
x in β, add x:Xk,` to pre and yk:∃Rτ`

.Xk,` to con;
– for each yt:Bt in γ, add the conjunct yt:Bt to con.

3) In pre and con obtained, merge conjuncts related to the same variables,
i.e., replace z:C∧z:D by z: (C uD). After this, pre will be of the form x:C
and con of the form: y1:D1 ∧ . . . ∧ yr:Dr, for some concepts C and Di.

4) Form the expression pre→ ∃~y (Tree(x, ~y) ∧ con ∧ x:>), or explicitly:

x:C → (∃y1R1y
′
1) . . . (∃yrRry

′
r) ( y1:D1 ∧ . . . ∧ yr:Dr ∧ x:> )

where y′i ∈ {x, y1, . . . , yi−1}. Now apply the standard rolling-up technique to
turn the restricted quantifiers (∃yiRiy

′
i) into DL-quantifiers, starting from

the innermost one. For example, assuming for notational simplicity that
y′r ≡ y1 (the case y′r ≡ x is similar), the variable yr is eliminated as follows:

(∃yrRry1) ( y1:D1 ∧ . . . ∧ yr:Dr ∧ x:E ) ≡
y1: (D1 u ∃Rr.Dr) ∧ y2:D2 ∧ . . . ∧ yr−1:Dr−1 ∧ x:E.
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After eliminating all the variables yi, con will be of the form x:D. Hence the
expression considered at the beginning of Item 4 is equivalently transformed
into x:C → x:D. The desired concept answering the query q(x) is (C → D),
or, in the traditional DL notation, ¬C tD.

Note that the resulting concept belongs to the minimal DL containing the
concepts Bt occurring in the original query. In particular, for a relational query
we obtain an ALC-concept. We will illustrate how this algorithm works in Ex. 5
(see Sect. 6). The algorithm described above is taken from the general Kracht’s
Theorem (see [2, §3.7]) and simplified for the case of FO formulas having the
form of conjunctive queries (and slightly modified to capture concept atoms).
One can follow the proof of Kracht’s Theorem to show that the algorithm indeed
returns a concept that answers the original query. We sum up with the following

Theorem 11. The query answering problem for unary conjunctive queries from
the family K is linearly reduced to the problem of concept instance retrieval (which
in turn is reducible to knowledge base unsatisfiability).

5 Application 2: Parallel-serial queries

It is known that the Sahlqvist fragment does not cover all modal formulas having
FO correspondents, as well as the Kracht fragment does not contain all FO
formulas that locally correspond to modal formulas. In this section we show that
the family K of queries (which are equivalent to some Kracht formulas) does not
cover all the conjunctive queries answered by ALC-concepts. This result can be
regarded as syntactic extension to Kracht’s theorem. Since we did not prove
that the family K is exactly the restriction of the Kracht fragment to the set
of conjunctive queries, we cannot conclude that the queries considered below
form a semantically proper extension to the Kracht fragment. At the end of this
section we also describe a wider family of queries answered by ALCI-concepts.

First, we define the family of parallel-serial queries (or ps-queries, for short)
with two poles x and y (where x is the distinguished and y a non-distinguished
variable) inductively. A query q(x)← xRy is an atomic ps-query with the poles
x and y. If q1(x)← α(x, y, ~u) and q2(x)← β(x, y,~v) are ps-queries with the poles
x and y and the tuples ~u and ~v are disjoint, then q(x)← α(x, y, ~u)∧β(x, y,~v) is
a ps-query with the same poles x and y called a parallel connection of q1 and q2
and denoted as q1‖q2. If q1(x)← α(x, y, ~u) is a ps-query with the poles x and y,
q2(y)← β(y, z,~v) is a ps-query with the poles y and z, and α and β have only y
as a common variable, then q(x)← α(x, y, ~u) ∧ β(y, z,~v) is a ps-query with the
poles x and z called a serial connection of q1 and q2 and denoted as q1 ◦ q2.

To a ps-query q(x) we associate a role expression R(q) built from role names
using intersection and composition: for an atomic query q(x) ← xRy, we put
R(q) := R; and inductive steps are: R(q1‖q2) := R(q1) u R(q2), R(q1 ◦ q2) :=
R(q1)◦R(q2). By induction, it is straightforward to show that any ps-query q(x)
is answered by (and even equivalent to) the ALC(u, ◦)-concept ∃R(q).> (note
that this concept contains no concept names).
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Unfortunately, for most DLs used in practice, this solution to query answer-
ing is unsatisfactory, since adding role intersection and composition to a logic
(together with arbitrary concept and role inclusion axioms in a TBox) leads to
undecidability. Therefore, our next aim is to find conditions under which a ps-
query is answered by an ALC-concept. For convenience, we extend Definition 4
to the case of two concepts: we say that concepts C and D are similar (written
as C ≈ D) if they have the same instances w.r.t. any knowledge base KB, i.e.,
KB |= a:C ⇔ KB |= a:D, for any a ∈ IN.

Lemma 12 (Elimination Lemma). The concept ∃(RuS).C is similar to the
concept ∀R.Y → ∃S.(Y u C) (where Y is a fresh concept name). In general:

∃(R0 u . . . uRn).C ≈
(
∀R1.Y1 u . . . u ∀Rn.Yn → ∃R0.(Y1 u . . . u Yn u C)

)
.

Proof. The concept ∃(R u S).C is equivalent to the conjunctive query q(x)←
(xRy ∧ xSy ∧ x:C), which belongs to the family K from Sect. 4. Applying the
algorithm described there, we obtain that q(x) is answered by the concept
∀R.Y → ∃S.(Y u C). The proof for several roles is completely analogous. a

Now we introduce a new family Z of queries: it consists of queries whose
relational part is a ps-query built up from atomic ones using parallel connections
and restricted serial connections: q1 ◦ q2 is allowed only if q2 is atomic.

Theorem 13. Any query from the family Z is answered by a concept that can
be built in linear time. Relational queries from Z are answered by ALC-concepts.

The proof is in the Appendix. The families K and Z are incomparable w.r.t.
inclusion: indeed, the following query belongs to K \ Z:

Query: q(x) ← xRy ∧ yRz ∧ yRw ∧ xPz ∧ xQw
Concept: ∀P.Z u ∀Q.W → ∃R.(∃R.Z u ∃R.W )

whereas the following one belongs to Z \K (but we do not know whether it is
equivalent to any Kracht formula beyond the family K):

Query: q(x) ← xRy ∧ xSy ∧ yPw ∧ xRz ∧ xSz ∧ zQw
Concept: ∀R.(Y u Z) u ∀S.(Y → ∀P.W )→ ∃S.(Z u ∃Q.W )

It is straightforward to “lift” Theorem 13 to modal logic, thus obtaining the
statement: any first-order formula q(x) from the family Z locally corresponds to
a modal formula that can be obtained efficiently. This is a syntactic extension to
Kracht’s theorem (as already pointed out, we do not know if this is a semantically
proper extension). At the same time, this can be regarded as an argument in
favour of the (unproved) converse of Theorem 7: the family Z did not bring us
a counterexample to the converse of Theorem 7.

Notice that all relational queries considered so far were answered by ALC-
concepts. What if we allow inverse roles? If we “forget” the direction of edges in
the queries from the families K and Z, then we arrive to the following family Y
of queries (formulated in terms of the underlying graph of a query, whose nodes
are variables and edges correspond to role atoms): Y is the family of connected
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queries q(x) without cycles (even non-oriented) consisting of non-distinguished
variables only, i.e., every cycle in q(x) must contain the distinguished variable x.
We conclude with the following theorem (its proof is in the Appendix).

Theorem 14. Any query from the family Y is answered by a concept that can be
built in linear time. Relational queries from Y are answered by ALCI-concepts.
The family Y includes both families K and Z, i.e., K ∪ Z ⊂ Y.

6 The harvest

Here we present concrete examples of the results obtained. As already mentioned
above, we can consider queries q(x) without an atom of the form x:A.

Example 1. Since reflexivity is expressible by the modal formula p→ ♦p, we
conclude that the query q(x)← xRx is answered (over any DL knowledge base)
by the concept X → ∃R.X. Similarly, the results from Sect. 4 yield the following
(cyclic) queries and corresponding concepts:

Query Concept
q1(x)← xRy ∧ ySx X → ∃R.∃S.X
q2(x)← xRy ∧ xSy ∀R.Y → ∃S.Y
q3(x)← xRy ∧ ySx ∧ y:B X → ∃R.(B u ∃S.X)
q4(x)← xRy ∧ xSy ∧ y:B ∀R.Y → ∃S.(B u Y )

The query q1(x) can be easily generalised to the case of an oriented cycle of the
length n starting and ending at x, and iterating ∃R in the corresponding concept.
Similarly, one can generalise the query q2(x), replacing R and S by chains of the
length n and m both going from x to y, as shown in our next example.

Example 2. For any m> 0 and n> 0 with m+ n > 0, the query5

q(x)← xR1y2 ∧ y2R2y3 ∧ . . . ∧ ymRmy ∧
xS1z2 ∧ z2S2z3 ∧ . . . ∧ znSny

is answered by an ALC-concept ∀R1. · · · ∀Rm.Y → ∃S1. · · · ∃Sn.Y , and the query

q(x)← xR1y2 ∧ y2R2y3 ∧ . . . ∧ ymRmy ∧ y2:B2 ∧ . . . ∧ ym:Bm ∧
xS1z2 ∧ z2S2z3 ∧ . . . ∧ znSny ∧ z2:C2 ∧ . . . ∧ zn:Cn ∧ y:D

(with Bi, Cj , D being concepts in a language L) is answered by the L-concept

∃R1.(B2 u ∃R2.(B3 u . . . (Bm u ∃Rm.¬Y ) . . .)) t
∃S1.(C2 u ∃S2.(C3 u . . . (Cn u ∃Sn.(Y uD)) . . .)).

The query q2(x) in Example 1 can be generalised in another direction: instead
of two roles linking x with y, we can take several ones. This leads to the following
example; and it is the first time where we need more than one fresh concept name.
5 For m = 0 the first line in q is dropped and y replaced by x; and similarly for n = 0.
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Example 3. A query q(x)← xR0y∧ . . .∧xRny is answered by the ALC-concept

∀R1.Y1 u . . . u ∀Rn.Yn → ∃R0.(Y1 u . . . u Yn).

Now if we stretch each Ri into a chain linking x with y, we obtain the following.

Example 4. The query of the form q(x)← q0(x) ∧ . . . ∧ qn(x), where each qi(x)
is a chain of mi edges linking x with y:

qi(x)← xRi
1y

i
2 ∧ yi

2R
i
2y

i
3 ∧ . . . ∧ yi

mi
Ri

mi
y,

(superscripts are indices not powers) is answered by the ALC-concept

∀R1.Y1 u . . . u ∀Rn.Yn → ∃R0.(Y1 u . . . u Yn),

where ∀Ri stands for ∀Ri
1. · · · ∀Ri

mi
and similarly for ∃R0. We leave adding con-

cept atoms to this query as an exercise.

All these queries belong to the family K from introduced in Sect. 4: in the
last example, the chain q0(x) can be regarded as a Tree(x, ~y), while the other
chains qi(x) together constitute the conjunct α(x, ~y). An example of the query
from the family Z (to be more exact, from Z \K) was given after Theorem 13.
Now we will illustrate how the algorithm presented in Sect. 4 works.

Example 5. Consider the query q(x)← Tree(x, ~y) ∧ α(x, ~y) ∧ β(x, ~y), where

Tree(x, ~y) ≡ xR1y1 ∧ y1R2y2 ∧ y1R3y3 ∧ y1R4y4 ∧ y4R5y5 ∧ y4R6y6,
α(x, ~y) ≡ xS1y1 ∧ xS4y6,
β(x, ~y) ≡ y2S2x ∧ y5S3x.

We introduce fresh concept names Y11 and Y46 for atoms in α(x, ~y), and X22

and X53 for atoms in β(x, ~y). Next we build the expressions pre and con; they
contain conjuncts that correspond to atoms in α(x, ~y) and β(x, ~y):

pre: x:∀S1.Y11 ∧ x:∀S4.Y46 ∧ x:X22 ∧ x:X53,

con: y1:Y11 ∧ y6:Y46 ∧ y2:∃S2.X22 ∧ y5:∃S3.X53.

Then the expression pre→ ∃~y (Tree(x, ~y) ∧ con) will look as follows:

x:
(
∀S1.Y11 u ∀S4.Y46 uX22 uX53

)
→

(∃y1R1x)(∃y2R2y1)(∃y3R3y1)(∃y4R4y1)(∃y5R5y4)(∃y6R6y4)(
y1:Y11 ∧ y6:Y46 ∧ y2:∃S2.X22 ∧ y5:∃S3.X53

)
.

Now we roll up the restricted quantifiers, starting from the innermost one. After
rolling-up the quantifiers first over y6 and then over y5, we will obtain:

x:
(
∀S1.Y11 u ∀S4.Y46 uX22 uX53

)
→

(∃y1R1x)(∃y2R2y1)(∃y3R3y1)(∃y4R4y1)(
y1:Y11 ∧ y2:∃S2.X22 ∧ y4: (∃R6.Y46 u ∃R5.∃S3.X53)

)
.

When all quantifiers are rolled-up, we end up with an expression of the form
x: (C → D), where the concept (C → D) answering our original query q(x) is:(

∀S1.Y11 u ∀S4.Y46 uX22 uX53

)
→

∃R1.
(
Y11 u ∃R2.∃S2.X22 u ∃R3.> u ∃R4.(∃R6.Y46 u ∃R5.∃S3.X53)

)
.
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7 Conclusions and outlook

One of the achievements of this paper is the established relationship between
the notion of local correspondence from modal logic and the notion ‘a concept
answers a query’ (Theorem 7). As an application, this enabled us to reuse the
results from modal correspondence theory for answering a wide range of conjunc-
tive queries with one distinguished variable. We have also found a syntactic (and
probably semantic) extension to Kracht’s theorem. Please note that, although at
the first glace, only ALC or ALCI occur explicitly in Theorems 11,13,14, these
should not be misunderstood as giving a query answering method for ALC or
ALCI knowledge bases only. In fact, as we pointed out earlier, the results ob-
tained provide us with algorithms for query answering over KBs formulated in
any DL (extending ALC), using as minimal means as possible (i.e., the resulting
concept belongs to a simple logic ALC or ALCI).

Analysing these families of queries, one can observe that the inherent com-
plexity of query answering lies in the relational structure (i.e., the underlying
graph) of the query. This structure was captured by concepts of ALC (Theo-
rems 11 and 13) or ALCI (Theorem 14). A natural extension would be to in-
voke into this framework the correspondence theory for richer modal logics. The
usage of qualified number restrictions (i.e., ALCQ-concepts) for answering rela-
tional queries would involve the correspondence theory for graded modal logic.
However, to the best of our knowledge, no general results similar to Sahlqvist’s
theorem are known for graded modal logic. Another possible direction is to ex-
tend this technique to DLs with relations of arbitrary arity, thus involving the
correspondence theory for polyadic modal logics (which is explored extensively).

The need to investigate extensions stems from the restricted applicability of
the technique we developed so far. For example, we have not succeeded to find an
ALC-concept answering the query q(x)← xRy∧ySy. Moreover, if the converse of
Theorem 7 holds (which is still an open question), then it would imply that such
an ALC-concept does not exist, since the property of frames expressed by q(x)
is not modally definable (see [2, Chap. 3], discussion after Corollary 3.16). At
the same time, this and other queries shown in the table below can be answered
by concepts involving extra role operations (whether they can be answered by
any ALCQI-concept is unknown):

Query Concept
q(x)← xRy ∧ ySy ∃R.∃(S u id(>)).>
q(x)← xRy ∧ ySz ∧ yPz ∃R.∃(S u P ).>
q(x)← xRy ∧ xSz ∧ yPz ∧ zQy ∀S.Z → ∃R.∃(P uQ−).Z
q(x)← xRyR′w ∧ xSzS′w ∧ yPz ∀S.Z → ∃R.∃(P u (R′◦S′−)).Z

Finally, it is interesting whether all conjunctive queries can be answered by
some concepts. As an example, for the following “tetrahedron” query

q(x) ← xRyR′w ∧ xSzS′w ∧ yPz ∧ xQw

we have neither found a concept in any DL that would answer it, nor proved
that such a concept (in a certain DL) does not exist.
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Appendix A: Proofs

Theorem 7 (Reduction). If a unary relational query q(x) locally corresponds
to a modal formula ϕ, then the query q(x) is answered by the ALC-concept Cϕ.
In symbols: q(x) ! ϕ =⇒ q(x) ≈ Cϕ.
Proof. Suppose that q(x) ! ϕ. Then, given a knowledge base KB (in any DL
containing ALC, see the discussion after Definition 4) and a constant a ∈ IN, we
will prove the following equivalence: KB |= q(a) ⇔ KB |= a:Cϕ.

(⇒) Take any model I of KB. By assumption, I |= q(a). We need to show that
I |= a:Cϕ (independently of how the fresh concept names Xi occurring in Cϕ

are interpreted in I). Let F be the frame underlying I and denote e := aI . By
definition, from q(x) ! ϕ it follows that, for these F and e, we have: F |= q(e)
⇔ F, e  ϕ. But we also know that F |= q(e), because I |= q(a) and q(x) is
relational. Hence we conclude that F, e  ϕ, i.e., e ∈ ϕν for any valuation ν.

Now take the valuation ν that is “read-off” from our interpretation I by
putting pν

i := XI
i , for all propositional letters pi occurring in the formula ϕ. It

is easily seen that ϕν = CI
ϕ , since Cϕ is just a notational variant of ϕ, whereas

ν and I are essentially the same. As shown above, e ∈ ϕν for this valuation ν
and so aI = e ∈ ϕν = CI

ϕ . Thus we have proven that I |= a:Cϕ.

(⇐) Take any model I of KB. By assumption, I |= a:Cϕ. Let F be a frame
underlying I and e := aI . We need to show that I |= q(a); since q(x) is relational,
it suffices to show that F |= q(e). Due to the assumption that q(x) ! ϕ, it
remains to show that F, e  ϕ.

To this end, take any valuation ν and show that e ∈ ϕν . Let J be an interpre-
tation differing from I only in how it interprets the fresh concept names occurring
in Cϕ, namely it is “read-off” from the valuation ν by puttingXJ

i := pν
i . Observe

that CJ
ϕ = ϕν . Since J and I agree on concept, role and individual names occur-

ring in KB, we conclude that J |= KB. Now we use our assumption KB |= a:Cϕ

to infer that J |= a:Cϕ, from which it follows that e = aI = aJ ∈ CJ
ϕ = ϕν .

This completes the proof of Theorem 7. a

Lemma 8. Suppose that a unary relational query q(x) is answered by a concept
Cϕ, i.e., q(x) ≈ Cϕ, for some modal formula ϕ. Then for any frame F and its
point e, the condition F |= q(e) implies F, e  ϕ.
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Proof. Assume that F |= q(e). The query q(x) has the form ∃~y
∧m

i=1 ti(x, ~y),
where ti are role atoms. Then there exist ~o ∈ ∆ such that F |= ti(e, ~o) for all
i6m. Now, take the canonical ABox Aq for q(x), i.e., introduce new constants
ax and ~ay and put Aq := {ti(ax, ~ay) | 1 6 i6m}, and consider a knowledge base
KBq := 〈∅,Aq〉. Since KBq |=

∧m
i=1 ti(ax, ~ay), we have KBq |= ∃~y

∧m
i=1 ti(ax, ~y),

and hence KBq |= q(ax). Applying the condition of our Lemma q(x) ≈ Cϕ, we
obtain that KBq |= ax:Cϕ.

To prove that F, e  ϕ, take an arbitrary valuation ν on the frame F and
show that e ∈ ϕν . Let I be an interpretation based on F such that it is “read-off”
from ν by putting XI

i := pν
i , for all fresh concept names Xi occurring in Cϕ, and

extended to the new constants by putting aIx := e and ~ay
I := ~o. Since I is based

on F and F |= ti(o,~e), we have I |= ti(ax, ~ay), for all i6m, and hence I |= KBq.
As shown above, KBq |= ax:Cϕ. Therefore, we conclude that I |= ax:Cϕ and
finally e = aIx ∈ CI

ϕ = ϕν . a
Theorem 13. Any query from the family Z is answered by a concept that can be
built in linear time. Relational queries from Z are answered by ALC-concepts.
Proof. First assume that q(x) is a relational query from Z. Then:

1) Build the role expression R(q) (see Sect. 5). As already pointed out, the
query q(x) is equivalent to the ALC(u, ◦)-concept ∃R(q).>.

2) Starting from the concept ∃R(q).>, repeatedly apply the following rewriting
rules (each application of the second rule introduces a new concept name X),
until all role operations are eliminated and we arrive to an ALC-concept that
answers the query q(x):

D t ∃(R ◦ S).C ≡ D t ∃R.∃S.C
D t ∃(R u S).C ≈ D t ∃R.¬X t ∃S.(X u C)

The second rule follows from the Elimination Lemma and the following ob-
servation: if C ≈ D then (CtE) ≈ (DtE). Since, in the definition of the family
Z, a serial connection q1 ◦ q2 is allowed only if q2 is atomic, each time the first
rule is applied, S will be a role name. Hence we will never obtain an expression of
the form ∃(R u S).C inside another quantifier, and so will be able to eliminate all
occurrences of role intersection using the second rule. Therefore, the algorithm
always terminates and produces an ALC-concept C such that C ≈ ∃R(q).>.
It is easily seen that the procedure works in linear time in size of q(x).

Now suppose that q(x) belongs to Z and contains concept atoms. Let y:C
be one of them, where y is a non-distinguished variable (as already mentioned
above, we can always consider queries q(x) without atoms of the form x:A).
Then we introduce a new non-distinguished variable y′ and replace the atom
y:C by y(id(C))y′ and each atom of the form yRz by y′Rz (recall that id(C)
is a notation that goes back to the propositional dynamic logic, and it denotes
the role with the semantics: id(C)I := {〈e, e〉 | e ∈ CI}). This can be done for
all concept atoms in q(x) and results in an equivalent relational query q′(x) (in
an extended language) that belongs to Z. Now we apply the above algorithm
and finally replace in the resulting concept each occurrence of ∃id(C).D by the
equivalent expression (C uD). a

36



Theorem 14. Any query from the family Y is answered by a concept that can be
built in linear time. Relational queries from Y are answered by ALCI-concepts.
The family Y includes both families K and Z, i.e., K ∪ Z ⊂ Y.
Proof. Every query q(x) in K ∪ Z is connected. Furthermore, if we remove from
its graph the node x together with the edges incident to x, we will obtain an
acyclic graph. This shows that q(x) ∈ Y, hence the inclusion K ∪ Z ⊂ Y.

Now suppose we are given a query q(x) ∈ Y. We will give a sketch of the
proof that q(x) can be represented as a query from “non-oriented” version of
the family K (i.e., with edges oriented arbitrarily). First remove from its graph
the node x together with the edges incident to x. This yields an acyclic non-
oriented graph, i.e., a forest (a finite set of trees). Since the original graph (before
removing x) was connected, it had edges linking x with the trees in this forest;
take one edge per tree. Then the node x together with this forest and edges
linking x with trees in this forest form a non-oriented tree Tree(x, ~y). Other edges
can be considered as chains linking x with some non-distinguished variables.
Thus, we have obtained a representation of the query q(x) in the “non-oriented”
version of (K). Applying the algorithm described in Sect. 4 yields an ALCI-
concept that answers our query. a
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Abstract

Propositional interval temporal logics are very expressive temporal logics, with sim-
ple syntax and semantics, which allow one to naturally express statements that refer
to time intervals and continuous processes. Most of them feature temporal oper-
ators that only allow one to express properties of a single timeline. In this paper
we develop a branching-time interval neighborhood logic that interleaves operators
that quantify over possible timelines with operators that quantify over intervals be-
longing to a given timeline. We define its syntax and semantics, and we provide it
with a doubly-exponential tableau-based decision procedure.

1 Introduction

Propositional interval temporal logics are very expressive temporal logics, with
simple syntax and semantics, which allow one to naturally express statements
that refer to time intervals and continuous processes. Among them, we men-
tion Halpern and Shoham’s Modal Logic of Time Intervals (HS) [9], Venema’s
CDT logic [13], Moszkowski’s Propositional Interval Temporal Logic (PITL)
[11], and Goranko, Montanari, and Sciavicco’s Propositional Neighborhood
Logic (PNL), which is the propositional counterpart of Chaochen and Hansen’s
first-order Neighborhood Logic [2,6] (an up-to-date survey of the field can be
found in [7]). Most of them feature temporal operators that only allow one to
express properties of a single timeline, with the exception of Paech’s Branch-
ing Regular Logic (BRL) [12]. BRL is a local branching-time interval logic,
whose operators quantify over different timelines 1 . In [12] the author pro-
vides a Gentzen-style system for BRL and she states some expressiveness and
complexity results.

1 Locality forces a propositional variable to be true over an interval if and only if it is true
at its starting point [11].
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In this paper we develop a branching-time interval neighborhood logic that
interleaves operators that quantify over possible timelines with operators that
quantify over intervals belonging to a given timeline. We define its syntax and
semantics, and we provide it with a doubly-exponential tableau-based decision
procedure. Unlike the case of BRL, we do not impose any semantic restriction,
such as locality, to get decidability.

When defining a temporal logic, there are basically two possible choices for
the underlying temporal structure. Either time is linear (at any time there is
only one possible future) or it has a branching, tree-like structure (any time
may have many different futures). In the case of point-based temporal logics,
both these alternatives have been successfully explored, and several mean-
ingful logics have been developed (we only mention the linear temporal logic
LTL and its many variants, and the branching-time temporal logics CTL and
CTL∗ [4]). On the contrary, interval-based temporal logics are usually in-
terpreted over linear temporal structures. Even those interval logics which
are interpreted over branching-time temporal structures, such as Halpern and
Shoham’s HS (in its original formulation) and Goranko, Montanari, and Sci-
avicco’s branching CDT (BCDT+) [5], only feature temporal operators that
express properties of single timelines.

The main difference between interval-based and point-based temporal log-
ics is that the former can express properties of pairs of time points (think of
intervals as constructed out of points), rather than single time points. In most
cases, this feature leads to undecidability since it prevents one from the possi-
bility of reducing interval-based temporal logics to point-based ones. However,
by imposing suitable syntactic and/or semantic restrictions, such a reduction
can be defined, thus allowing one to benefit from the good computational
properties of point-based logics [10]. A possible syntactic restriction is the
choice of a suitable subset of interval modalities. As for semantic restrictions,
one possibility is to constrain the truth value of propositional variables over
intervals. We already mention the locality assumption. Another simplifying
assumption often made is that of homogeneity, which states that a proposi-
tional variable is true over an interval if and only it it is true over all of its
subintervals. Another possibility is to achieve decidability by constraining the
classes of interval structures over which formulas are interpreted. The prob-
lem of identifying expressive enough, yet decidable, genuinely interval-based
logics, that is, logics which are not directly translated into point-based logics
and not invoking semantic restrictions, is still largely unexplored.

While various tableau methods have been developed for linear and branch-
ing time point-based temporal logics, not much work has been done on tableau
methods for interval-based temporal logics. One reason for this disparity is
that operators of interval temporal logics are in many respects more difficult
to deal with [8]. In [5,8], Goranko et al. outline a tableau method for Ven-
ema’s CDT logic interpreted over partial orders (BCDT+). The method can
be easily adapted to variations and subsystems of BCDT+, thus providing a
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general tableau method for propositional interval logics. However, while most
existing tableau methods for temporal logics are terminating methods for de-
cidable logics, and thus they yield decision procedures, that for BCDT+ only
provides a semi-decision procedure for unsatisfiability. In [1], we propose a
tableau-based decision procedure for the future fragment of (strict) Propo-
sitional Neighborhood Logic, that we call Right Propositional Neighborhood
Logic (RPNL− for short), interpreted over natural numbers. By combining
syntactic restrictions (future temporal operators) and semantic ones (the do-
main of natural numbers), we succeeded in developing a tableau-based decision
procedure for RPNL−. To the best of our knowledge, RPNL− is the first non-
trivial case of a genuine propositional interval logic for which a tableau-based
decision procedure has been given.

In this paper, we generalize the method to a suitable branching-time propo-
sitional interval temporal logic, that we call Branching-Time Right (Propo-
sitional) Neighborhood Logic (BTNL[R]− for short). Such a logic combines
the interval neighborhood operators of RPNL− with the path quantifiers of
CTL [4]. Emerson and Halpern’s tableau-based decision procedure for CTL
[3] consists of an initial construction phase, followed by an elimination phase.
The elimination phase encompasses both a local pruning, that removes local
inconsistencies, and a global pruning, that removes nodes including eventu-
alities which are not fulfilled by the current graph. It turns out that a CTL
formula is satisfiable if and only if the final graph is not empty. By combin-
ing such a tableau method for CTL and the one we developed for RPNL−

[1], we have been able to devise a doubly-exponential tableau-based decision
procedure for BTNL[R]−.

The rest of the paper is organized as follows. In Section 2, we introduce
the syntax and semantics of BTNL[R]−. In Section 3, we present our decision
procedure, we prove its soundness and completeness, and we address complex-
ity issues. In Section 4, we show our procedure at work on a simple example.
Conclusions provide an assessment of the work and outline future research
directions.

2 The Logic BTNL[R]−

2.1 Tree-like structures

According to a commonly accepted perspective [4], the underlying temporal
structure of branching-time temporal logics has a branching-like nature where
each time point may have many successors points. The structure of time thus
corresponds to an infinite tree. We shall further assume that the timeline
defined by every (infinite) path in the tree is isomorphic to 〈N, <〉. We al-
low a node in the tree to have infinitely many (possibly, uncountably many)
successors, while we require each node to have at least one successor. It will
turn out that, as far as our logic is concerned, such trees are undistinguishable
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from trees with finite branching.

Given a directed graph D = 〈D,R〉, a finite R-sequence over D is a sequence of
nodes d1d2 . . . dn, with n ≥ 2 and di ∈ D for i = 1, . . . , n, such that R(di, di+1)
for i = 1, . . . , n − 1. Infinite R-sequences can be defined analogously. We
define a path π in D as a finite or infinite R-sequence. In the following, we
shall take advantage of a relation R+ ⊆ D × D such that R+(di, dj) if and
only if di and dj are respectively the first and the last element of a finite
R-sequence.

Temporal structures for branching time logics are infinite tree defined as fol-
lows.

Definition 2.1 An infinite tree is an infinite directed graph D = 〈D,R〉, with
a distinguished element d0 ∈ D, called the root of the tree, where D is the set
of nodes, called time points, and the set of edges R ⊆ D×D is a relation such
that:

• for every d(6= d0) ∈ D, R+(d0, d), that is, every d(6= d0) ∈ D is R-
reachable from d0;

• for every d(6= d0) ∈ D, there exists at most one d′ ∈ D such that R(d′, d)
(together with the previous one, this condition guarantees that every
d(6= d0) ∈ D has exactly one R-predecessor);

• there exists no d′ such that R(d′, d0), that is, d0 has no R-predecessors;
• for every d(6= d0) ∈ D, there exists at least one d′ ∈ D such that R(d, d′),

that is, every d ∈ D has at least one R-successor.

It is not difficult to show that infinite trees are acyclic graphs, that is, there
exist no finite paths which start from and end at the same node.

Given an infinite tree D = 〈D,R〉, we can define a partial order < over D such
that, for every d, d′ ∈ D, d < d′ if and only if R+(d, d′). It is immediate to see
that, for every infinite path π in D, 〈π,<〉 is isomorphic to 〈N, <〉.
Intervals over infinite trees are defined as follows. A (strict) interval over
D = 〈D,R〉 is a pair [di, dj] such that di, dj ∈ D and di < dj. We denote
the set of all strict intervals over a tree D as I(D)−. For any pair of intervals
[di, dj] and [dj, dk], we say that [dj, dk] is a right neighbor of [di, dj]. A point
d ∈ D belongs to the interval [di, dj] if di ≤ d ≤ dj. In the following, we shall
interpret our logic over interval structures 〈D, I(D)−〉, where D is an infinite
tree and I(D)− is the set of all strict intervals over it.

2.2 Syntax and semantics of BTNL[R]−

In this section, we give syntax and semantics of BTNL[R]− interpreted over
infinite trees. BTNL[R]− is a propositional interval temporal logic based on
the neighborhood relation between intervals. Its formulas are built from a
set AP of propositional letters p, q, . . ., by using the Boolean connectives ¬
and ∨ and the future temporal operators E〈A〉 and E[A]. The other classical
propositional connectives, as well as the logical constants > (true) and ⊥
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(false), are defined in the usual way. Furthermore, we introduce the temporal
operator A[A] as a shorthand for ¬E〈A〉¬ and the temporal operator A〈A〉 as
a shorthand for ¬E[A]¬, and, from now on, we identify ¬E〈A〉ψ with A[A]¬ψ
and ¬E[A]ψ with A〈A〉¬ψ.

Formulas of BTNL[R]−, denoted by ϕ, ψ, . . ., are recursively defined by the
following grammar:

ϕ = p | ¬ϕ | ϕ ∨ ϕ | E〈A〉ϕ | E[A]ϕ.

We denote by |ϕ| the size of ϕ, that is, the number of symbols in ϕ, where
the quantifier E〈A〉 (resp., E[A]) is counted as one symbol. Whenever there
are no ambiguities, we call a BTNL[R]− formula just a formula. A formula
of the form E〈A〉ψ, E[A]ψ, A〈A〉ψ or A[A]ψ, is called a temporal formula.
A temporal formula whose main temporal operator is either E〈A〉 or E[A] is
called an existential formula, while a temporal formula whose main temporal
operator is either A〈A〉 or A[A] is called a universal formula.

A model for a formula is a tuple M− = 〈〈D, I−(D)〉,V〉, where the pair
〈D, I(D)−〉 is an interval structure, and V : I(D)− −→ 2AP is a valuation
function that assigns to every interval the set of propositional letters true on
it. We place ourselves in the most general setting, and we do not impose
any locality or monotonicity constraint on the valuation function. As an
example, it may happen that V maps an interval [di, dj] to some set of atomic
propositions and that it maps an interval contained in/that contains [di, dj]
to a different set.

The semantics of BTNL[R]− is defined recursively by the satisfiability re-
lation  as follows. Let M− = 〈〈D, I−(D)〉,V〉 be some given model, and let
[di, dj] ∈ I(D)−:

• for every propositional letter p ∈ AP , M−, [di, dj]  p iff p ∈ V([di, dj]);
• M−, [di, dj]  ¬ψ iff M−, [di, dj] 6 ψ;
• M−, [di, dj]  ψ1 ∨ ψ2 iff M−, [di, dj]  ψ1, or M−, [di, dj]  ψ2;
• M−, [di, dj]  E〈A〉ψ iff there exists dk ∈ D, dj < dk, such that

M−, [dj, dk]  ψ;
• M−, [di, dj]  E[A]ψ iff there exists an infinite path π = djdj+1 . . . rooted

at dj such that, for every dk in π, with dj < dk, M−, [dj, dk]  ψ.

Since our logic has only future time operators, without loss of generality, we
can restrict our attention to standard trees, namely, trees such that the root
d0 has only one R-successor d1. In such a case, the corresponding interval
structure has an initial interval [d0, d1], and we say that a formula ϕ is satisfied
by the interval structure if and only if ϕ holds at the initial interval.

3 A tableau-based decision procedure for BTNL[R]−

To check the satisfiability of a formula ϕ, we build a graph, that we call a
tableau for ϕ, whose nodes represent points of the temporal domain D and
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whose edges represent the relation R connecting a point to its successors in
the tree. We shall take advantage of such a construction to reduce the problem
of finding a model for ϕ to the problem of testing whether the tableau satisfies
some suitable properties or not.

Let M− = 〈〈D, I−(D)〉,V〉 be a model for ϕ and let dj be a point in D.
We have that, given an interval [di, dj] ending in dj, every right neighbor of
it is also a right neighbor of every other interval [dk, dj] ending in dj. Hence,
every temporal formula ϕ holds over [di, dj] if and only if it holds over every
other interval [dk, dj] ending in dj. We denote by REQ(dj) the set of temporal
formulas which hold over all intervals ending in dj.

The building blocks for the tableau construction are ϕ-atoms. For every
interval [di, dj] ∈ I−(D), we introduce a pair of sets of formulas (A[di,dj ], C[di,dj ]),
that we call an atom for ϕ (ϕ-atom for short). The set A[di,dj ] is a subset of
REQ(di), which collects the set of requests in REQ(di) relevant to the interval
[di, dj]. In general, A[di,dj ] may differ from A[di,dk] for j 6= k. The set C[di,dj ]

contains all and only the formulas that (should) hold over [di, dj]. We can as-
sociate with every point dj ∈ D the set of ϕ-atoms {(A[di,dj ], C[di,dj ]) : di < dj},
which includes all ϕ-atoms paired with intervals ending in dj. These sets of
atoms are the (macro)nodes of the tableau for ϕ.

3.1 Basic notions

Let ϕ be a BTNL[R]−-formula to be checked for satisfiability and let AP be
the set of its propositional variables.

Definition 3.1 The closure CL(ϕ) of ϕ is the set of all subformulas of ϕ and
their negations (we identify ¬¬ψ with ψ).

Definition 3.2 The set of temporal requests of ϕ is the set TF(ϕ) of all
temporal formulas in CL(ϕ).

By induction on the structure of ϕ, it can be easily proved that |CL(ϕ)| ≤ 2·|ϕ|
and |TF(ϕ)| ≤ 2 · |ϕ|.

We are now ready to introduce the key notion of ϕ-atom.

Definition 3.3 Let ϕ be a BTNL[R]−-formula. A ϕ-atom is a pair (A, C),
with A ⊆ TF(ϕ) and C ⊆ CL(ϕ), such that:

• for every ψ ∈ CL(ϕ), ψ ∈ C iff ¬ψ 6∈ C;
• for every ψ1 ∨ ψ2 ∈ CL(ϕ), ψ1 ∨ ψ2 ∈ C iff ψ1 ∈ C or ψ2 ∈ C;
• for every ψ ∈ TF(ϕ), if ψ ∈ A then ¬ψ 6∈ A;
• for every A[A]ψ ∈ A, ψ ∈ C;
• for every E[A]ψ ∈ A, ψ ∈ C.

Formulas in C are called current formulas, while (temporal) formulas in A are
called active requests.

As for the set A, it is worth pointing out that there may exist a ϕ-atom (A, C)
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and a temporal formula ψ such that neither ψ nor ¬ψ belongs to A.

We denote the set of all ϕ-atoms by Aϕ. It is not difficult to show that
|Aϕ| ≤ 22|ϕ|.

Atoms come into play in the proposed tableau method as follows. The method
associates an atom (A, C) with any interval [di, dj]. The set A includes all for-
mulas of the form A[A]ψ that belong to REQ(di) as well as some formulas of
the forms E[A]ψ, A〈A〉ψ, and E〈A〉ψ in REQ(di); the set C includes all for-
mulas ψ ∈ CL(ϕ) which (should) hold over [di, dj]. Moreover, for all formulas
of the forms A[A]ψ and E[A]ψ in A, we put ψ into C, while for any formula
of the forms A〈A〉ψ and E〈A〉ψ in A, it may happen that ψ ∈ C, but this is
not necessarily the case.

Atoms are connected by the following binary relation.

Definition 3.4 Let Xϕ be a binary relation over Aϕ such that, for every pair
of atoms (A, C), (A′, C′) ∈ Aϕ, (A, C)Xϕ(A′, C′) if (and only if):

• A′ ⊆ A;
• for every A[A]ψ ∈ A, A[A]ψ ∈ A′;
• for every A〈A〉ψ ∈ A, A〈A〉ψ ∈ A′ iff ¬ψ ∈ C.

In the next section we shall show that for any pair of points di < dj,
the relation Xϕ connects the atom associated with the interval [di, dj] to the
atom associated with the interval [di, dj+1], where dj+1 is an R-successor of
dj. In particular, it will turn out that, if (A, C) is associated with the interval
[di, dj], then for every formula A[A]ψ ∈ REQ(di) and every atom (A′, C′) such
that (A, C)Xϕ(A′, C′), we have that A[A]ψ ∈ A′ (and thus ψ ∈ C′), while
for every formula A〈A〉ψ ∈ A, if [di, dj] satisfies ψ then A〈A〉ψ 6∈ A′. This
guarantees that temporal requests of the form A[A]ψ are propagated through
Xϕ-successors, while temporal requests of the form A〈A〉ψ are discarded once
that ψ has been satisfied by the set of current formulas of some atom.

3.2 Tableau construction

Definition 3.5 A node is a set N of ϕ-atoms such that, for any pair (A, C),
(A′, C′) ∈ N and any ψ ∈ TF(ϕ), ψ ∈ C ⇔ ψ ∈ C′. We denote by Nϕ the
set of all nodes that can be built from Aϕ and by Init(Nϕ) the subset of all
initial nodes, that is, the set {{(∅, C)} ∈ Nϕ : ϕ ∈ C}. Furthermore, for any
node N , we denote by REQ(N) the set {ψ ∈ TF(ϕ) : ∃(A, C) ∈ N(ψ ∈ C)}
(or, equivalently, the set {ψ ∈ TF(ϕ) : ∀(A, C) ∈ N(ψ ∈ C)}).

From Definition 3.5, it follows that |Nϕ| ≤ 222·|ϕ|
.

Nodes can be viewed as (maximal) collections of intervals ending at the same
point of the temporal domain, that is, we can associate every node N with a
point dj ∈ D and every atom (A, C) ∈ N with some interval [di, dj] ending
in dj. Accordingly, we have that REQ(N) = REQ(dj). The relation between
a node N , associated with point dj, and a node M , associated with an R-
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Figure 1. Connecting two nodes.

successor dj+1 of dj, as well as the relations between intervals ending in dj and
intervals ending in dj+1 (and, thus, between atoms in N and atoms in M), are
graphically depicted in Figure 1. We have that (i) the interval [dj, dj+1] is a
right neighbor of all intervals [di, dj] ending in dj, and (ii) for every interval
[di, dj] there exists an interval [di, dj+1]. Thus, M should contain:

• an atom (AN , CN) associated to the interval [dj, dj+1];
• for every atom (A, C) ∈ N , an atom (A′, C′) such that (A, C)Xϕ(A′, C′).

Definition 3.6 The tableau for a BTNL[R]−-formula ϕ is a (finite) directed
graph Tϕ = 〈Nϕ,Rϕ〉, where for any pair N,M ∈ Nϕ, (N,M) ∈ Rϕ if and
only if M = {(AN , CN)} ∪M ′

N , where

1. (AN , CN) is an atom such thatAN ⊆ REQ(N) and for all universal formulas
ψ ∈ REQ(N), ψ ∈ AN ;

2. for every (A, C) ∈ N , there exists (A′, C′) ∈M ′
N such that (A, C)Xϕ(A′, C′);

3. for every (A′, C′) ∈M ′
N , there exists (A, C) ∈ N such that (A, C)Xϕ(A′, C′).

Let N,M ∈ Nϕ. If (N,M) ∈ Rϕ, we say that M is an Rϕ-successor of N .
We say that M is an Rϕ-descendant of N if there exists a (finite) path from
N to M in Tϕ.

Definition 3.7 Given a (finite or infinite) path π = N1N2 . . . in Tϕ, an atom
path in π is a sequence of atoms (A1, C1)(A2, C2) . . . such that:

• for every i ≥ 1, (Ai, Ci) ∈ Ni;
• for every 1 ≤ i(< n), (Ai, Ci)Xϕ(Ai+1, Ci+1).

Given a node N and an atom (A, C) ∈ N , we say that the atom (A′, C′) is
an Xϕ-descendant of (A, C) if and only if there exists a node M such that
(A′, C′) ∈ M , and there exists a path π from N to M such that there is an
atom path from (A, C) to (A′, C′) in π.

Definition 3.8 An infinite path π = N1N2 . . . in Tϕ is a fulfilling path if and
only if, for every i ≥ 1, every atom (A, C) ∈ Ni, and every formula A〈A〉ψ ∈ A,
either ψ ∈ C or there exist Nj, with j > i, and (A′, C′) ∈ Nj such that (A′, C′)
is an Xϕ-descendant of (A, C) in π and ψ ∈ C′.
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Definition 3.9 A substructure is a subgraph 〈N ,R〉 ⊆ Tϕ such that:

• there exists a node N0 ∈ N ∩ Init(Nϕ) (initial node) such that all other
nodes in N are R-reachable from it;

• for every node N ∈ N , there exists a fulfilling path (in 〈N ,R〉) starting
from N .

Substructures represent candidate models for ϕ. The truth of formulas
devoid of temporal operators and of formulas of the form A[A]ψ, indeed, fol-
lows from Definition 3.3. Moreover, the truth of formulas of the form A〈A〉ψ
follows from Definition 3.8. However, to obtain a model for ϕ we must also
guarantee the truth of formulas of the forms E[A]ψ and E〈A〉ψ. To this end,
we introduce the notion of fulfilling substructure.

Definition 3.10 A substructure 〈N ,R〉 ⊆ Tϕ is fulfilling if and only if, for
every node N ∈ N and every atom (A, C) ∈ N , the following conditions hold:

(F1) for every existential formula ψ ∈ C, there exist an R-successor M of N
and an atom (A′, C′) ∈M such that ψ ∈ A′ and A′ ⊆ REQ(N), and for
all universal formulas ξ ∈ REQ(N), ξ ∈ A′;

(F2) for every formula E〈A〉ψ ∈ A, either ψ ∈ C or there exist an R-
descendant M of N and an Xϕ-descendant (A′, C′) of (A, C) in M such
that ψ ∈ C′;

(F3) for every formula E[A]ψ ∈ A, there exist a fulfilling path π = N0N1

N2 . . . and an atom path (A0, C0)(A1, C1)(A2, C2) . . . in π such that:
(i) (A0, C0) = (A, C); (ii) N0 = N ; (iii) for every i ≥ 0, E[A]ψ ∈ Ai;
(iv) for every formula A〈A〉θ ∈ A0, there exists j ≥ 0 such that θ ∈ Cj.

Theorem 3.11 If the formula ϕ is satisfiable (in a standard tree), then there
exists a fulfilling substructure 〈N ,R〉 ⊆ Tϕ.

Proof Let M− = 〈〈D, I(D)−〉,V〉 be a model for ϕ such that D = 〈D,R〉, with
distinguished element d0, is a standard tree. For every interval [di, dj] ∈ I(D)−,
we define an atom (A[di,dj ], C[di,dj ]) as follows.

• A[di,dj ] contains exactly:

· all formulas A[A]ψ ∈ REQ(di);

· all formulas A〈A〉ψ ∈ REQ(di) such that, for every di < dl < dj,
M−, [di, dl]  ¬ψ;

· all formulas E[A]ψ ∈ REQ(di) such that there exists an infinite path
π = didi+1 . . . djdj+1 . . ., starting from di and containing dj, such that
M−, [di, dk]  ψ for every dk ∈ π;

· all formulas E〈A〉ψ ∈ REQ(di) such that there exists dk ≥ dj such
that M−, [di, dk]  ψ and, for every di < dl < dk, M−, [di, dl]  ¬ψ;

• C[di,dj ] contains exactly all formulas ψ ∈ CL(ϕ) such that M−, [di, dj]  ψ.

It is easy to check that, for every [di, dj] ∈ I(D)− and for every R-successor
dj+1 of dj, (A[di,dj ], C[di,dj ]) is an atom such that (A[di,dj ], C[di,dj ])Xϕ(A[di,dj+1],
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C[di,dj+1]).

For every dj ∈ D, with dj 6= d0, let Nj = {(A[di,dj ], C[di,dj ]) : di < dj},
N = {Nj : dj ∈ D, dj 6= d0}, and R = Rϕ ∩ (N ×N ). It is easy to check that
for all dj 6= d0, Nj is a node and that 〈N ,R〉 is a fulfilling substructure. 2

The next theorem shows that a model for ϕ can be obtained by unfolding
a fulfilling substructure 〈N ,R〉, starting from its initial node N0.

Theorem 3.12 If there exists a fulfilling substructure 〈N ,R〉 ⊆ Tϕ, then the
formula ϕ is satisfiable.

Proof Let 〈N ,R〉 be a fulfilling substructure. To define a model for ϕ, we
first build an infinite tree D = 〈D,R〉 by unfolding the fulfilling substructure
〈N ,R〉 from its initial node N1 as follows:

• D is the (infinite) set of all finite R-sequences N1N2 . . . Nk starting from
the initial node N1, including the empty sequence ε (the root of the tree);

• R is such that, for any pair of points d, d′ ∈ D, (d, d′) ∈ R if and only if
d = N1 . . . Nk and d′ = N1 . . . NkNk+1 and Nk+1 is an R-successor of Nk.

Notice that D is a standard tree with distinguished element d0 = ε, since the
only successor of d0 is d1 = N1.

Given an arbitrary order of the nodes of N , we define a total order C over
finite R-sequences, that is, on points of D, as follows:

• given two R-sequences d and d′ such that the length of d is less than the
length of d′, we have that d C d′;

• given two R-sequences d and d′ of the same length, d C d′ if and only if
d precedes d′ on the lexicographical order based on the given (arbitrary)
order of nodes of N .

In order to build a model for ϕ, we define a suitable (partial) labelling
function L : I(D)− → Aϕ. For any dj = N1 . . . Nk, L associates an atom
(A, C) ∈ Nk with any interval [di, dj]. We define L by (infinite) induction on
the total order C.

Base case. We start by defining the labelling of the initial interval [d0, d1]
(where d0 = ε and d1 = N1). Since N1 is the initial node of 〈N ,R〉, we have
that N1 = {(∅, C)}, with ϕ ∈ C. We put L([d0, d1]) = (∅, C). Two cases may
arise.

C contains no existential formulas. In such a case, we define the labelling
of an infinite branch starting from d1 (remind that we admit only infinite
models). Since 〈N ,R〉 is a substructure, there exists a fulfilling path N1N2 . . .
starting from N1. Let π = d1d2 . . . be the corresponding infinite branch in D
(where, for every i ≥ 1, di = N1 . . . Ni). We define the labelling L([di, dj]) of
every interval [di, dj], with di, dj ∈ π, in such a way that:

• for all j > 1, L([dj−1, dj]) = (A′, C′) is such that A′ ⊆ REQ(Nj−1) and,
for all universal formulas θ ∈ REQ(Nj−1), θ ∈ A′ (see condition 1 of
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Definition 3.6);
• for all j > 1 and all intervals [di, dj], with dj > di+1, L([di, dj−1])Xϕ

L([di, dj]) (see conditions 2 and 3 of Definition 3.6);
• for every interval [di, dj], with L([di, dj]) = (A′, C′), if there exists a for-

mula A〈A〉θ ∈ A′, then there exists a point dk ≥ dj such that L([di, dk]) =
(A′′, C′′) and θ ∈ C′′ (see Definition 3.8).

Definitions 3.6 and 3.8 guarantee that there exists a labelling with such prop-
erties.

C contains at least one existential formula. In such a case, for every exis-
tential formula ψ ∈ C, we guarantee that ψ gets satisfied by properly labelling
an infinite branch starting from d1. Let ψ ∈ C be an existential formula. Two
cases may arise (depending on the structure of ψ).

• ψ = E〈A〉θ. By condition F1, there exists an R-successor N2 of N1

and an atom (A′, C′) ∈ N2 such that ψ ∈ A′. Let d2 = N1N2. We
put L([d1, d2]) = (A′, C′). By condition F2, either θ ∈ C′ (and thus θ
is satisfied over the interval [d1, d2]) or there exists a path N2N3 . . . Nk

and a corresponding atom path (A′, C′) = (A2, C2)(A3, C3) . . . (Ak, Ck),
such that θ ∈ Ck. In the latter case, let d2d3 . . . dk be the branch in D
corresponding to N2N3 . . . Nk. We put, for every 3 ≤ i ≤ k, L([d1, di]) =
(Ai, Ci), in order to satisfy θ over [d1, dk]. In both cases, we extend the
finite branch to an infinite one (starting fromN2 or from Nk, respectively)
and we define the labelling of all other intervals on the branch as in the
case in which C contains no existential formulas.

• ψ = E[A]θ. By condition F1, there exists an R-successor N2 of N1

and an atom (A′, C′) ∈ N2 such that ψ ∈ A′. Let d2 = N1N2. We
put L([d1, d2]) = (A′, C′). By condition F3, there exist a fulfilling in-
finite path N2N3 . . . and a corresponding infinite atom path (A′, C′) =
(A2, C2)(A3, C3) . . ., such that E[A]θ ∈ Ai for every i ≥ 2. Let d2d3 . . . be
the infinite branch in D corresponding to N2N3 . . . . We put, for every
i ≥ 3, L([d1, di]) = (Ai, Ci), in order to satisfy θ over [d1, di]. As before,
we define the labelling of all other intervals on the branch as in the case
in which C contains no existential formulas.

We repeat such a procedure for every existential formula in C.

Inductive step. Let d ∈ D such that (i) L is defined over all intervals [d′, d];
(ii) for all d′ C d, either d′ has been already taken into consideration or L is not
defined over any interval [d′′, d′]; (iii) d has not been taken into consideration
yet. Consider the set REQ(N), with N such that d = N1 . . . N , and suppose
there exists an existential formula ψ ∈ REQ(N). Two cases may arise. Either
ψ is satisfied by the current labelling L, and we are done, or there are no
branches starting from d that satisfy ψ. In the latter case, we satisfy ψ by
defining a suitable labelling of an unlabeled infinite branch starting from d, as
we have done in the base case of the induction. By repeating such a procedure
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for every existential formula ψ ∈ REQ(N), we guarantee that all existential
formulas in REQ(N) are satisfied.

The model satisfying ϕ contains all and only the labelled (infinite) branches
of D. Let D′ be the infinite tree obtained from D by removing all unlabeled
branches and let V be a valuation function V such that, for every p ∈ AP and
[di, dj] ∈ I(D′)−, p ∈ V([di, dj]) if and only if L([di, dj]) = (A[di,dj ], C[di,dj ]) and
p ∈ C[di,dj ]. We prove by induction on the structure of ψ ∈ CL(ϕ) that, for
every [di, dj] ∈ I(D′)−, we have that M−, [di, dj]  ψ if and only if L([di, dj]) =
(A[di,dj ], C[di,dj ]) and ψ ∈ C[di,dj ].

• The base case, as well as the case of the propositional connectives ¬ and
∨, are straightforward.

• Let ψ be the formula E〈A〉χ. Suppose that E〈A〉χ ∈ C[di,dj ]. By the
definition of L, there exists an infinite path djdj+1 . . . and an interval
[dj, dk] such that χ ∈ C[dj ,dk]. By inductive hypothesis, we have that
M−, [dj, dk]  χ, and thus M−, [di, dj]  E〈A〉χ.

As for the opposite implication, assume by contradiction that
M−, [di, dj]  E〈A〉χ and E〈A〉χ 6∈ C[di,dj ]. By atom definition, this
implies that ¬E〈A〉χ = A[A]¬χ ∈ C[di,dj ]. By the definition of L, we have
that A[A]¬χ ∈ A[dj ,dk] for every dk > dj, and thus ¬χ ∈ C[dj ,dk]. By in-
ductive hypothesis, this implies that M−, [dj, dk]  ¬χ for every dk > dj,
and thus M−, [di, dj]  A[A]¬χ, which contradicts the hypothesis that
M−, [di, dj]  E〈A〉χ.

• Let ψ be the formula E[A]χ. Suppose that E[A]χ ∈ C[di,dj ]. By the
definition of L, there exists an infinite path π = djdj+1 . . . such that, for
every dk ∈ π, dk > dj, E[A]χ ∈ A[dj ,dk]. By atom definition, this implies
that χ ∈ C[dj ,dk] and, by inductive hypothesis, we have that M−, [dj, dk] 
χ, for every dk ∈ π, dk > dj, and thus M−, [di, dj]  E[A]χ.

As for the opposite implication, assume by contradiction that
M−, [di, dj]  E[A]χ and E[A]χ 6∈ C[di,dj ]. By atom definition, this implies
that ¬E[A]χ = A〈A〉¬χ ∈ C[di,dj ]. By the definition of L, we have that,
for every infinite path djdj+1 . . . starting from dj, there exists dk ∈ π,
dk > dj such that ¬χ ∈ C[dj ,dk]. By inductive hypothesis, this implies
that for every infinite path π = djdj+1 . . . there exists a point dk ∈ π,
dk > dj, such that M−, [dj, dk]  ¬χ, and thus M−, [di, dj]  A〈A〉¬χ,
which contradicts the hypothesis that M−, [di, dj]  E[A]χ.

Since 〈N ,R〉 is a substructure, ϕ ∈ C[d0,d1], and thus M−, [d0, d1]  ϕ. 2

3.3 The decision procedure

In this section, we present a decision procedure for BTNL[R]−, that progres-
sively removes from Tϕ nodes that cannot contribute to fulfilling substructures.

Algorithm 1 Let ϕ be the formula we want to test for satisfiability. The
decision procedure works as follows.
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(i) Build the (unique) initial tableau Tϕ = 〈Nϕ,Rϕ〉.
(ii) Look for a fulfilling substructure by repeatedly applying the following dele-

tion rules, until no more nodes in the tableau can be deleted:
• delete any node which is not Rϕ-reachable from an initial node;
• delete any node such that there are no fulfilling paths starting from

it;
• delete any node which does not satisfy the conditions of Definition

3.10.

(iii) Let T ∗ = 〈N ∗,R∗〉 be the final tableau. If T ∗ is not empty, return true,
otherwise return false.

The check for the existence of fulfilling paths can be performed as follows.
Given a formula A〈A〉ψ ∈ CL(ϕ), we execute the following marking procedure.
First, for all nodes N , mark all atoms (A, C) ∈ N such that A〈A〉ψ ∈ A and
ψ ∈ C. Then, for all nodes N , mark all unmarked atoms (A, C) ∈ N such that
there exists an Rϕ-successor M of N that contains a marked atom (A′, C′)
such that (A, C)Xϕ(A′, C′). Repeat this last step until no more atoms can be
marked. Then, delete all nodes that either contain an unmarked atom (A, C)
with A〈A〉ψ ∈ A or have no Rϕ-successors.

The other non trivial step of the algorithm is the removal of nodes that do
not satisfy the conditions of Definition 3.10. Given a node N , condition F1
can be easily checked by visiting the Rϕ-successors of N , while condition F2
can be checked by visiting the Rϕ-descendants of N . Finally, given a node N0,
an atom (A0, C0) ∈ N0, and a formula E[A]ψ ∈ A0, condition F3 is satisfied if
we can find a finite path of nodes N0N1 . . . NjNj+1 . . . Nk and a corresponding
path of atoms (A0, C0)(A1, C1) . . . (Aj, Cj)(Aj+1, Cj+1) . . . (Ak, Ck) such that
(i) Nj = Nk, (ii) (Aj, Cj) = (Ak, Ck), (iii) for all 0 ≤ i ≤ k, E[A]ψ ∈ Ai,
(iv) for every formula A〈A〉θ ∈ A0, there exists i ≥ 0 such that θ ∈ Ci.
Furthermore, to guarantee that the infinite path

N0N1 . . . NjNj+1 . . . Nk−1NjNj+1 . . . Nk−1 . . .

is a fulfilling one, it suffices to check that, for every atom (A′, C′) ∈ Nj and
every formula A〈A〉ξ ∈ C′, either ξ ∈ C′ or there exists a node Nl, with
j < l < k, and an atom (A′′, C′′) ∈ Nl such that ξ ∈ C′′ and (A′′, C′′) is a
Xϕ-descendant of (A′, C′).

As for complexity issues, we have that:

• |Tϕ| = 22O(|ϕ|)
;

• all checkings of step (ii) of the algorithm can be done in time polynomial
in the size of |Tϕ|;

• after deleting at most |Nϕ| nodes, the algorithm terminates.

Hence, checking the satisfiability for a BTNL[R]− formula has an overall time

bound of 22O(|ϕ|)
, that is, doubly exponential in the size of ϕ.
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4 The decision procedure at work

In this section we apply the proposed decision procedure to the (satisfiable)
formula ϕ = E[A]p. We show only a portion of the whole tableau, which is
sufficiently large to include a fulfilling substructure for ϕ, and thus to prove
that ϕ is satisfiable.

When searching for a fulfilling substructure for ϕ, we must take into con-
sideration atoms which have been obtained by suitably combining one set of
active requests with one set of current formulas. The sets of active requests
and current formulas are the following ones (the left column reports the sets
of active requests, while the middle and the right columns report the sets of
current formulas):

∅; C0 = {E[A]p, p}; C3 = {A〈A〉¬p,¬p}.
A0 = {E[A]p}; C1 = {E[A]p,¬p};
A1 = {A〈A〉¬p}; C2 = {A〈A〉¬p, p};

As an example, consider the initial node N0 = {(∅, C0)}. Figure 2 depicts
a portion of Tϕ that is Rϕ-reachable from N0.

PSfrag replacements

(∅, C0)

(∅, C2)
(A0, C2)

(∅, C3)
(A0, C2)

(∅, C2)
(A0, C2)
(A1, C2)

(∅, C3)
(A0, C2)
(A1, C2)

(∅, C2)
(A0, C2)
(A1, C3)

(∅, C3)
(A0, C2)
(A1, C3)

Figure 2. A portion of the tableau for E[A]p.

The only atoms with A〈A〉-formulas in their set of active requests are
(A1, C2) and (A1, C3), since A〈A〉¬p ∈ A1. The atom (A1, C3) immediately
fulfills A〈A〉¬p, since ¬p ∈ C3. The atom (A1, C2) does not fulfill A〈A〉¬p, but
we have that (A1, C2)Xϕ(A1, C3). Thus, since every node that contains (A1, C2)
can reach a node containing (A1, C3), for every node of the substructure of
Figure 2 there exists a fulfilling path.

As for condition F1, the only sets of current formulas which contains an
existential formula are C1 and C0. C1 does not belong to any node in Figure 2,
and thus we can ignore it. C0 only belongs to the initial node, whose two
successors include the atom (A0, C2) with E[A]p ∈ A0. Hence, condition F1
is satisfied. Since there are no atoms containing formulas of the form E〈A〉ψ,
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condition F2 is trivially satisfied. As for condition F3, consider the atom
(A0, C2). It is easy to see that, for every node N containing (A0, C2), there
exists a fulfilling infinite path starting from N such that every node contains
(A0, C2). Thus, condition F3 is satisfied. This allows us to conclude that the
substructure depicted in Figure 2 is fulfilling, and thus our decision procedure
correctly concludes that the formula E[A]p is satisfiable.

5 Conclusions and further work

In this paper, we proposed a new propositional interval temporal logic, inter-
preted over infinite trees, which combines the interval neighborhood opera-
tors 〈A〉 and [A] of RPNL− with the path quantifiers A and E of branching
time temporal logics, and we provided it with a doubly-exponential tableau-
based decision procedure. We do not know yet if the satisfiability problem
for BTNL[R]− is doubly EXPTIME-complete or not (we conjecture it is not).
As for possible extensions of the work, we are studying the decision problem
for combinations of path quantifiers operators with other sets of interval logic
operators, e.g., those of PNL [6].
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Abstract. We introduce different extensions of LTL where proposi-
tional variables are replaced by constraints interpreted in Z. We show dif-
ferent decidability and complexity results for the satisfiability and model
checking problems of these logics. The extension of LTL over a wide set of
qualitative constraints is shown to be pspace-complete. When introduc-
ing some quantitative constraints, we must consider strong restrictions
to regain decidability.

1 Introduction

Model checking counter automata. The verification of infinite-state systems
has benefited from the numerous decidable model-checking problems. But though
decidability can be obtained via numerous proof techniques, showing undecid-
ability of model-checking is often easier since the halting problem for Minsky
machines [Min67] is already undecidable. Decidability is difficult to establish
and sometimes it can be regained by naturally restricting the class of models or
by considering fragments of the specification language. Symbolic representations
of infinite sets of states are often the key argument to get decidability (see for
instance [HMR05]).

Structures with a finite set of control states augmented with a finite set
of variables interpreted as integers (counter automata) are ubiquitous in com-
puter science. They are used as operational models of numerous infinite-state
systems, including broadcast protocols [FL02], and even their restrictions to one
counter have found applications to verify cryptographic protocols [LLT05] or to
validate XML streams [CR04]. However, the class of counter machines has nu-
merous undecidable model-checking problems such as the reachability problem.
This does not end the story since many subclasses admit a decidable reachabil-
ity problem as reversal-bounded multicounter machines [Iba78] or flat counter
systems [Boi98,FL02].

Motivations. Classical problems studied on counter automata include reach-
ability issues and verification of properties on the control states. We aim at
checking richer properties by introducing constraints on counters in temporal
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logic. Defining decidable model-checking problems with such logics is difficult
since introducing some quantitative constraints (i.e. counting mechanism) like
y = x + 1 allows to encode a two counter machine. A first alternative is to
consider only qualitative constraints where the relation between the constrained
terms is not sharp, like y ≤ x or y ≡k x + 1. Another option is to consider
decidable fragments of undecidable logics by restricting some resources of the
formulae. For instance, bounding the number of variables could be a good re-
striction since we need to store the value of three different counters to encode a
two-counter machine (the two counters and the instruction counter).

Contributions. Extensions of the temporal logic LTL over concrete domains
have already been considered in [WZ00,BC02,DD02]. We introduce new exten-
sions of LTL over concrete domains where variables are interpreted in Z. The
propositional variables are replaced by constraints (induced by the concrete do-
main) between terms representing the variables at different states of the models.
For instance, the constraint x < XXx means that the current value of x is smaller
than the value of x two states further. Such constraints can also be found in de-
scription logics over concrete domains [Lut04]. We consider here linear models
but the constraint language is very rich.

First, we show the pspace-completeness of an extension of LTL over a wide
set of qualitative constraints, including periodicity constraints of the form y ≡k

x + 1 and comparisons of the form y < x. Such constraints are used for instance
in calendar formalisms [LM01] when one needs to consider the periodicity of
time or in abstraction of counter automata where operations are defined modulo
some power of two [LS01]. Indeed, common programming languages perform
arithmetical operations modulo 2k [MOS05] (k is equal to 16 or 32).

Then we consider another extension introducing quantitative constraints.
This full formalism can easily be shown to be undecidable and so we study re-
strictions of the logic bounding syntactic resources of the formulae. The resources
we consider are the number of variables and the distance between the positions
(in the model) of the terms that are compared. For example, the distance be-
tween Xx and XXXx is 2. Even with these restrictions the decidability is very
difficult to regain. We show that the fragment with one variable and distance two
and the fragment with two variables and distance one are undecidable. However,
we can prove that the model checking of the fragment with one variable and
distance one over one counter automata is pspace-complete.

2 LTL over concrete domains

Let V = {x0, x1, . . . } be a countable infinite set of variables. A concrete domain

is a pair D = 〈D, (Rα)α∈I〉 where D is a specific domain of interpretation for
the variables and (Rα)α∈I is a countable family of relations on the elements of
D. An atomic D-constraint is an expression of the form R(x1, . . . , xn) where R

is interpreted as a relation of the domain and n is the arity of this relation. A
D-valuation is a function v : V → D that assigns to every variable a value in
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D and a constraint is satisfied by v, denoted by v |= R(x1, . . . , xn), whenever
(v(x1), . . . , v(xn)) ∈ R, R being the relation in D associated to the symbol R.

We define the logic CLTL(D) as the extension of LTL where the proposi-
tional variables are replaced by atomic D-constraints over terms representing
different states of the variables, denoted by R(Xi1x1, . . . ,X

inxn). The formulae
of CLTL(D) are defined by the following grammar:

φ ::= R(Xi1x1, . . . ,X
ikxk) | φ ∧ φ | ¬φ | Xφ | φUφ.

The symbols X and U are the classical operators next and until of LTL. A term
X

ix (abbreviation for X . . .Xx) represents the value of x at the ith next state. A
one-step constraint is an atomic formula of the form R(Xi1x1, . . . ,X

ikxk) such
that i1, . . . , ik ≤ 1. Given a CLTL(D) formula φ, we define its X-length |φ|X as
the maximal number i such that a term of the form X

ix occurs in φ. Intuitively,
the X-length defines a frame of consecutive states that can be compared. The
models of CLTL(D) are sequences of D-valuations σ : N → (V → D) and the
satisfaction relation is defined like the LTL satisfaction relation except at the
atomic level:

• σ, i |= R(Xj1x1, . . . ,X
jnxn) iff (σ(i + j1)(x1), . . . , σ(i + jn)(xn)) ∈ R,

• σ, i |= φ ∧ φ′ iff σ, i |= φ and σ, i |= φ′,

• σ, i |= ¬φ iff σ, i 6|= φ,

• σ, i |= Xφ iff σ, i + 1 |= φ,

• σ, i |= φUφ′ iff there is j ≥ i s.t. σ, j |= φ′ and for every i ≤ k < j, σ, k |= φ.

As usual, a formula φ ∈ CLTL(D) is satisfiable whenever there exists a model
σ such that σ, 0 |= φ. The satisfiability problem takes as input a formula and
checks whether it is satisfiable.

The model checking problem is defined for the class of D-automata that are
Büchi automata with transitions labeled by one-step constraints. Formally, a
k-variable D-automaton A is a structure 〈Q, δ, I, F 〉 such that Q is a finite set
of states, I ⊆ Q is the set of initial states, F ⊆ Q is the set of final states and
δ is a subset of Q × 1SCk × Q where 1SCk is the set of Boolean combinations
of one-step constraints built over the set of variables {x1, . . . , xk}. D-automata
have no input alphabet: we do not use them as language acceptors but we are
rather interested in the behaviors of such systems. A configuration of A is a tuple
〈q, c〉 ∈ Q×Dk. Let c[i] denote the ith value of c. The one-step transition relation

−→⊆ (Q×Dk)2 is defined by: 〈q, c〉 −→ 〈q′, c′〉
def

⇔ there is a transition 〈q, ϕ, q′〉 ∈ δ

such that [x1 ← c[1], . . . , xk ← c[k], Xx1 ← c
′

[1], . . . ,Xxk ← c
′

[k]] |= ϕ.

An infinite path w is a map N → (Q × Dk) such that for every i ∈ N, we
have w(i) −→ w(i + 1). An accepting run for A is an infinite path w such that
w(0) is of the form 〈q, c〉 with q ∈ I and the set of configurations in w of the
form 〈qf , c〉 with qf ∈ F is infinite.

Given an infinite path w, let σw be the CLTL(D) model such that for all
i ∈ N and j ∈ {1, . . . , k}, σw(i)(xj) = c[j] where w(i) = 〈q, c〉. The model-
checking problem for CLTL(D) takes as input a CLTL(D) formula φ and a
D-automaton A and checks whether there is an accepting run w of A such that
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σw, 0 |= φ. It is easy to show that the satisfiability problem can be reduced to
the model-checking problem.

3 Verifying qualitative constraints

We introduce in this section an extension of LTL over a concrete domain with
qualitative constraints only. By qualitative, we mean that the relation between
the constrained terms is non deterministic. We distinguish two types of con-
straints: comparisons and periodicity constraints that are congruence modulo
relations. We consider the language of constraints IPC?, which is an extension
of the language IPC of [Dem04], defined as following:

ϕ ::= ϕmod | x < y | ϕ ∧ ϕ | ¬ϕ

ϕmod ::= x ≡k [c1, c2] | x ≡k y + [c1, c2] | x = y | x < d | x = d |
ϕmod ∧ ϕmod | ¬ ϕmod | ∃x ϕmod

where x, y ∈ V , k ∈ N \ {0}, c1, c2 ∈ N and d ∈ Z. The models of IPC? are
Z-valuations of the form v : V → Z and the satisfaction relation is defined by:

• v |= x ∼ y
def

⇔ v(x) ∼ v(y) and v |= x ∼ d
def

⇔ v(x) ∼ d where ∼∈ {<, =},

• v |= x ≡k [c1, c2]
def

⇔ v(x) equals c modulo k for some c1 ≤ c ≤ c2,

• v |= x ≡k y + [c1, c2]
def

⇔ v(x)− v(y) equals c modulo k for some c1≤c≤c2,

• v |= p ∧ p′
def

⇔ v |= p and v |= p′,

• v |= ¬p
def

⇔ not v |= p,

• v |= ∃x p
def

⇔ there exists z ∈ Z such that v[x← z] |= p where v[x← z] is
defined by v[x← z](x′) = v(x′) for every x 6= x′ and v[x← z](x) = z.

In the following, a set of constraints is satisfiable if there is a valuation satisfying
all its elements.

We write CLTL(IPC?) to denote the extension of LTL over the concrete do-
main induced by the constraint language IPC?. For instance, Xx ≡5 Xy + [0, 2]
or Xx < x are one-step constraints of CLTL(IPC?) and (Xx < x)U(x = 0)
is a CLTL(IPC?) formula. The satisfiability and model-checking problems for
CLTL(IPC?) are reducible to each other in logarithmic space following tech-
niques from [SC85]. So the results below about the satisfiability problem also
extend to the model-checking problem. Note that extending IPC? by allowing
constraints of the form x < y in the scope of ∃ leads to undecidability since the
successor relation for integers is then definable and the halting problem for Min-
sky machines can be easily encoded by a formula of the corresponding extension
of LTL.

Following the approach in [VW94], we have shown in [DG05] that given a
CLTL(IPC?) formula φ, we can build a standard Büchi automaton Aφ such that
φ is satisfiable iff L(Aφ) is non-empty. Moreover, checking emptiness of L(Aφ)
can be done in polynomial space in |φ|.
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Symbolic models. The language recognized by the Büchi automaton Aφ is not
a set of models but a set of symbolic models. We briefly explain below how we
define a symbolic representation of the models (see details in [DG05]). Given a
formula φ, a symbolic valuation is a set of constraints depending of the least
common multiple of the integers ki such that a relation ≡ki

occurs in φ, the set
of constants d occurring in constraints of the form x ∼ d and the finite set of
variables occurring in φ. This symbolic representation of a Z-valuation contains
all the relevant information to evaluate constraints. Symbolic valuations define
an equivalence relation between Z-valuations, like regions for timed automata.

Let ρ be an infinite symbolic valuation sequence. We say that ρ is satisfiable
iff there is a model σ : N → (V → Z) such that for every i ∈ N we have
σ, i |= ρ(i) (and we note σ |= ρ). A symbolic model for the formula φ is a one-

step consistent sequence of symbolic valuation wrt φ. A sequence is one-step
consistent if the constraints are propagated along the sequence: for instance if
X

ax ∼ X
by + d is a constraint of ρ(i) and both a > 0 and b > 0, it must be

the case that the constraint X
a−1x ∼ X

b−1y + d occurs at the next position of
the sequence (i.e. ρ(i + 1)). We need this property to eliminate some irrelevant
sequences since non one-step consistent sequences are not satisfiable. We define
a symbolic satisfaction relation between symbolic models and formulae denoted
ρ |=symb φ. In order to prove the decidability we use the fact below:

Lemma. A CLTL(IPC?) formula φ is satisfiable iff there are a symbolic model

ρ and a model σ such that σ |= ρ and ρ |=symb φ.

Approximation. The main difficulty in the construction of Aφ is to charac-
terize by means of automata the set of satisfiable symbolic models (one-step
consistence is not enough), which is not ω-regular. We introduce an ω-regular
condition (C) (see definition in [DG05]) that over-approximate this set: every
satisfiable symbolic model verifies (C) but some symbolic models verifying (C)
are not satisfiable. However this condition is equivalent to satisfiability when-
ever the symbolic model is ultimately periodic. A symbolic model is ultimately
periodic if it is of the form γ · (δ)ω (the suffix δ is repeated infinitely often).

Construction of the automaton. The automaton Aφ is defined as the in-
tersection ALTL ∩ AC of Büchi automata where L(ALTL) is the set of symbolic
models satisfying φ and L(AC) is the set of symbolic models verifying (C). We
can prove that a CLTL(IPC?) formula φ is satisfiable iff L(Aφ) is non-empty.
Like in [DD02], the main trick of the proof is that if L(Aφ) is non-empty then
there exists an ultimately periodic ω-sequence ρ ∈ L(Aφ). Thus ρ is satisfiable
since it is ultimately periodic and verifies (C).

Given a formula φ we can effectively build Aφ and check whether L(Aφ) is
empty. So the satisfiability problem for CLTL(IPC?) is decidable. We can also
establish the pspace upper bound by using the fact that all the components of
the automaton can be built in pspace and subtle arguments from complexity
theory and [Saf89].
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Theorem. [DG05] The satisfiability problem and the model checking problem

for the logic CLTL(IPC?) are pspace-complete.

Since the operators of CLTL(IPC?) are definable in the monadic second order
logic (MSO), we can also prove using [GK03] that any extension of CLTL(IPC?)
obtained by adding MSO-definable operators remains in pspace. We only need
to update the automaton ALTL.

4 Verifying quantitative constraints

In this section, we introduce another instance of LTL over a concrete domain
where the variables are interpreted in Z and the underlying constraint language
is a fragment of Presburger arithmetic. The main difference with IPC? is the
introduction of quantitative constraints of the form x = y + d where d ∈ Z. We
show that such constraints easily lead to undecidability, even when restricting
strongly the syntactic resources of the formulae. More details will be available
in [DG]. The constraint language Pr is defined by:

ϕ ::= x ∼ y + d | x ∼ d

where x, y ∈ V , ∼∈ {<, =} and d ∈ Z. The variables of Pr are interpreted in
Z and given a valuation v : V → Z, the satisfaction relation v |= ϕ is defined
in the obvious way. Like in the previous section, the extension of LTL over the
concrete domain induced by Pr is denoted by CLTL(Pr).

Counter Automata. The class of Pr-automata contains many known classes of
counter automata and can easily simulate two-counter non-deterministic Minsky
machines. A k-counter automaton is a Pr-automaton such that the constraints
on transitions are conjunctions of constraints expressing zero tests, sign tests
and updates of the counters of the form Xx = x + d where d ∈ {−1, 0, 1}. The
existence of an accepting run for one-counter automata is a more difficult ques-
tion than similar questions studied for instance in [LLT05] since we deal with
a Büchi acceptance condition, the counter is interpreted in Z and zero test and
sign test are allowed.

Decidability status. Full CLTL(Pr) can easily be shown to be undecidable. We
consider restrictions of the syntactic resources of the formulae while preserving
the full strength of the logical operators. We denote with CLTLl

k(Pr) the fragment
of CLTL(Pr) where the number of variables of the formulae is bounded by k

and the X-length by l. Known results show that the fragments CLTLω
2 (Pr) and

CLTL1
3(Pr) have undecidable satisfiability problems (see [CC00] and [DD02]).

We refine these undecidability results: the decidability status of the different
fragments are shown in the following table (our results are in bold characters):

k \ l 1 2 ω

1 pspace-complete undecidable undecidable
2 undecidable undecidable undecidable [DD02]
3 undecidable [CC00] undecidable undecidable
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We show that bounding the number of variables is not enough to regain
decidability by proving the undecidability of CLTLω

1 (Pr). We also establish sharp
decidability limits of these fragments by showing the undecidability of CLTL2

1(Pr)
and CLTL1

2(Pr). These undecidability results can be proved by encoding two-
counter automata and reducing different fragments of the logic.

To complete the picture, we show that the fragment CLTL1
1(Pr) is pspace-

complete. As in the previous section, the proof relies on the construction of a
particular one-counter automaton recognizing symbolic representations of the
models. This complexity result uses an auxiliary result about reachability in
one-counter automata. We prove that the existence of an accepting run in such
automata can be decided in nlogspace.

To conclude, we mention that the extension P ′
r of Pr with constraints of the

form ax + by = 0 where a, b ∈ Z leads to undecidability even for the fragment
CLTL1

1(P
′

r ). Indeed, the values of two counters 〈c1, c2〉 in the configuration of a
Minsky machine can be encoded by the value 2c13c2 for the variable. Zero tests,
increments and decrements are encoded by constraints of the form x ≡2 0, x ≡3

0, Xx = 2x (incrementation of the first counter) etc. So, as far as decidability
is concerned, the underlying fragment of Presburger arithmetic in CLTL(Pr) is
quite optimal with respect to the restrictions we consider.
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Complexity of Hybrid Logis overTransitive FramesMartin Mundhenk1, Thomas Shneider1, Thomas Shwentik2, andVolker Weber21 Institut f�ur Informatik, Friedrih-Shiller-Universit�at Jena, Germanyfmundhenk, shneiderg�s.uni-jena.de2 Fahbereih Informatik, Universit�at Dortmund, Germanyfthomas.shwentik, volker.weberg�udo.eduAbstrat. This paper examines the omplexity of hybrid logis overtransitive frames and transitive trees. We show that satis�ability overtransitive frames for the hybrid language extended with # is NEXP-omplete. This is in ontrast to undeidability of satis�ability over ar-bitrary frames for this language [2℄. We also show that adding � or thepast modality leads to undeidability over transitive frames, but not overtransitive trees, where we show the rihest language to be nonelementar-ily deidable. Moreover, we establish 2EXP and EXP upper bounds forsatis�ability over transitive frames and transitive trees, respetively, forthe hybrid Until/Sine language. An EXP lower bound is shown to holdfor the modal Until language over both frame lasses.1 IntrodutionWe examine the omputational omplexity of satis�ability for hybrid logis overtransitive frames. This is an important frame lass, beause transitivity is theminimal requirement in many temporal appliations, for example temporal ver-i�ation. Modal, hybrid, and �rst-order logi over transitive models have beenstudied reently in [3, 14, 30, 18, 19, 17, 11℄. Although the omplexity of hybrid(tense) logis has been extensively examined [7, 15, 2, 3, 13℄, there are highly ex-pressive hybrid languages for whose satis�ability problems only results over ar-bitrary, but not over restrited, temporally relevant, frame lasses have beenknown.Hybrid Languages are extensions of the language of modal logi that allowfor naming and aessing states of a model expliitly. This renders hybrid logian adequate representation formalism for many appliations where the basimodal and/or temporal language does not suÆe. Moreover, reasoning systemsare easier to devise for hybrid than for modal logi.Hybrid logi, as well as the foundations of temporal logi, goes bak to ArthurPrior [25℄. Sine then, many|more or less powerful| languages have been stud-ied. Here we briey introdue the extensions that shall onern us in this paper.
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Nominals are speial atomi formulae that name states of models. They allow,for instane, for an axiom expressing irreexivity, whih annot be aptured bymodal formulae: i! :3i.The at operator � an be used to diretly jump to states named by nominals,independently of the aessibility relation. Hene, the above formula ould alsobe written as �i:3i.With the help of the downarrow operator # , it is possible to bind variablesto states. Whenever #x is enountered during the evaluation of a formula, thevariable x is bound to the atual state s. All ourrenes of x in the sope ofthis # are treated like nominals naming s. As an example, the formula #x::33xreads as: Name the atual state x and make sure that it is not possible to reahx in two steps. This is an axiom for asymmetry, another property not expressiblein modal logi.Combined with the � operator, # leads to a very powerful language thatan formulate many desirable properties and goes far beyond the sope of thesimple nominal language. To give a more impressive example, we onsider theUntil operator. The formula U(';  ) reads as \there is a point in the future atwhih ' holds, and at all points between now and this point,  holds". Whatthe basi modal language is not able to express, an be ahieved by the hybrid#-� language. U(';  ) � #x:3#y:' ^�x2(3y!  ):Besides more advaned temporal onepts suh as \until" and \sine", hybridtemporal languages an express other desirable temporal notions suh as \now",\yesterday", \today", or \tomorrow". Moreover, with hybrid logi one an ap-ture many temporally relevant frame properties (besides the above mentioned,antisymmetry, trihotomy, diretedness, . . . ). For this reason, hybrid temporallanguages are of great interest where basi temporal logi reahes its limits [9,5, 4, 13℄.Why Transitivity? Hybrid logi is interpreted over Kripke frames and models,as is modal logi. A frame onsists of a set of states (points in time) and anaessibility relation (where xRy says that y is in the future of x). In mosttemporal appliations one requires this relation to be transitive. We onentrateon transitive frames beause transitivity is a property that the future relationsof many di�erent temporal appliations have in ommon, even if they di�er inother properties suh as tree-likeness, trihotomy, irreexivity, or asymmetry.But there are other reasons why this frame lass is of interest, partiularly inonnetion with omputational omplexity. In the speial ase of linear frames,nominals and � an be simulated using the onventional modal operator and itsonverse. They do not add expressive power to the language in this ase. The #operator is useless even on transitive trees, a representation of branhing time.Though the lass of transitive frames (and transitive trees for #-free hybrid lan-guages, respetively) is a restrited frame lass, it is general enough to separatehybrid from modal languages in terms of expressive power.Yet another reason for onsidering preisely transitive frames will beomelear in the next paragraph.
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Complexity of Hybrid Logis. We use the omplexity lasses NP, PSPACE,EXP, NEXP, nEXP, n � 2, and oRE as known from [24℄. A problem is nonele-mentarily deidable if it is deidable and not ontained in any nEXP.It goes without saying that reasoning tasks for riher logis require moreresoures than those for simpler languages suh as the basi modal language.We fous on one reasoning task, namely satis�ability. The modal and temporalsatis�ability problems over arbitrary as well as transitive frames are PSPACE-omplete [22, 29℄. If the \somewhere" modality E is added, satis�ability beomesEXP-omplete over arbitrary frames [28℄. For many, more restrited, framelasses, modal and temporal satis�ability is NP-omplete [22, 23, 27℄. In on-trast, the known part of the omplexity spetrum of hybrid satis�ability reahesup to undeidability.Many omplexity results for hybrid languages have been established in [2,3℄. It was shown in [2℄ that the hybrid language with nominals and � has aPSPACE-omplete satis�ability problem and that satis�ability for the hybridtense language is EXP-omplete, even if � or E are added. It was proven in [3℄that these problems have the same omplexity (or drop to PSPACE-omplete orNP-omplete, respetively) if the lass of frames is restrited to transitive frames(or transitive trees, or linear frames, respetively).Moreover, the authors of [3℄ established EXP-ompleteness of satis�ability forthe hybrid Until/Sine language. The omplexity of this language over transitiveframes and transitive trees, respetively, has been open. PSPACE-ompletenessover linear frames is known from [13℄. We want to �nd out at whih exat require-ments to the frame lasses the derease from EXP to PSPACE takes plae.Undeidability results for languages ontaining # originate from [7, 15℄. Thestrongest suh result, namely for a restrited fragment of the # language, is givenin [2℄. In reent work [31℄, it was shown that deidability of the # language anbe regained under ertain restritions on the frame lasses. It is possible thattransitivity is another property under whih the # language an be \tamed".Moreover, we have already observed that over transitive trees and linearorders, the # operator on its own is useless. Hene satis�ability over these framelasses is the same as for modal logi, namely omplete for PSPACE and NP,respetively. This makes it more likely that we an \tame" # over transitiveframes. But if so, to what extent? What happens if we allow for interations of# with � or the bakward modality?New Road-Map Pages. This paper establishes two groups of omplexityresults for hybrid languages over transitive frames and transitive trees.First we examine satis�ability of the hybrid # language. Our most surprisingresult is the \taming" of this language over transitive frames: the satis�abilityproblem is NEXP-omplete. This high level of omplexity is retained even overomplete frames (lusters). We also show that enrihing the language by thebakward-looking modality P or the � operator leads to undeidability in thease of transitive frames. Over transitive trees, the situation is di�erent. Deid-ability for even the rihest # language is easy to see, but it is nonelementary, aswe will show.
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As a seond step, we onsider satis�ability over transitive frames and transi-tive trees for the hybrid Until/Sine-E language. We establish EXP-hardness fornot more than the modal language with Until only. This is mathed by an EXPupper bound for the full language in the ase of transitive trees. As for transitiveframes, we give a 2EXP upper bound.Table 1 gives an overview of the satis�ability problems onsidered in thispaper (marked bold) and visualizes how our omplexity results arrange into aolletion of previously known results. It makes use of the denotation of hybridlanguages introdued in Setion 2. Complexity lasses without addition standfor ompleteness results; \nonel." stands for \nonelementarily deidable". Thework from whih the results originate, is ited. Conlusions from surroundingresults are abbreviated by \.". The question mark stands for an open question,but deidability follows from the last result in that olumn. As for HLEU;S overtransitive frames and transitive trees, EXP-hardness even holds for MLU .hybrid omplexity omplexity over omplexity over omplexitylang. over arbi- transitive frames transitive trees over lineartrary frames ordersHL� PSPACE [2℄ PSPACE [3℄ PSPACE [3, .℄ NP [3, .℄HLF;P EXP [2℄ EXP [3℄ PSPACE [3℄ NP [3℄HLEF;P EXP [3℄ EXP [3℄ PSPACE [3℄ NP [3℄HLEU;S EXP [3℄ in 2EXP (Th. 14), EXP (Th. 12,15) PSPACE-EXP-hard (Th. 12) hard [26℄HL# oRE [2℄ NEXP (Th. 1) PSPACE [3℄ NP [13℄HL#;� oRE [2℄ oRE (Th. 10) nonel. (Th. 11) ?HL#F;P oRE [2, .℄ oRE (Th. 10) nonel. (Th. 11) nonel. [13, .℄HL#;�F;P oRE [2, .℄ oRE (.) nonel. (Th. 11) nonel. [13℄Table 1. An overview of omplexity results for hybrid logis.Legend. This paper is organized as follows. In Setion 2, we give all neessaryde�nitions and notations of modal and hybrid logi as well as an overview ofour results in the ontext of previous work. We present the deidability andundeidability results for the hybrid # languages in Setions 3 and 4. The hybridUntil/Sine language is examined in setion 5, and Setion 6 ends the paper withsome onluding remarks.2 Modal and Hybrid LogiWe de�ne the basi onepts and notations of modal and hybrid logi that arerelevant for this paper. The fundamentals of modal logi an be found in [6℄;those of hybrid logi in [2, 5℄.Modal Logi. Let PROP be a ountable set of propositional atoms. The lan-guage ML of modal logi is the set of all formulae of the form ' ::= p j :' j
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' ^ '0 j 3' ; where p 2 PROP. We use the well-known abbreviations _, !, $,> (\true"), and ? (\false"), as well as 2' := :3:'.A (Kripke) model is a triple M = (M;R; V ), where M is a nonempty setof states, R � M �M is a binary relation|the aessibility relation|, andV : PROP ! P(M) is a funtion|the valuation funtion. The struture F =(M;R) is alled a frame. Given a model M = (M;R; V ) and a state m 2 M ,the satisfation relation is de�ned byM;m j= p i� m 2 V (p); p 2 PROP;M;m j= :' i� M;m 6j= ';M;m j= ' ^  i� M;m j= ' &M;m j=  ;M;m j= 3 i� 9n 2M(mRn &M; n j=  ): (2.1)A formula ' is satis�able if there exist a model M = (M;R; V ) and a statem 2 M , suh that M;m j= '. If all states from M satisfy ', we write M j= 'and say that ' is globally satis�ed by M.Temporal Logi. The language of temporal logi (tense logi) is the set of allformulae of the form ' ::= p j :' j ' ^ '0 j F' j P' ; where p 2 PROP. It isommon pratie to use the abbreviations G' := :F:' and H' := :P:'. Theoperator F replaes 3, hene satisfation for F-formulae is de�ned as in (2.1). Inthe ase of P-formulae, the term mRn must be replaed by nRm.Whenever one wants to speak not only of states aessible from the atualstate, but also of states \between" the atual and some aessible state, onean make use of the binary operators U (\until") and S (\sine"), for whihsatisfation is de�ned byM;m j=U(';  ) i� 9n2M�mRn &M; n j=' & 8s2M(mRsRn)M; s j= )�;M;m j=S(';  ) i� 9n2M�nRm &M; n j=' & 8s2M(nRsRm)M; s j= )�:The U/S language is stritly stronger than the basi temporal language inthe sense that F and P an be expressed by U and S �e. g. F' = U(';>)�, butnot vie versa.In [3℄, a variant of the U/S operators, U+ and S+, is introdued. Satisfationfor U+ (analogously for S+) is de�ned byM;m j= U+(';  ) (2.2)i� 9n 2M�mRn &M; n j= ' & 8s 2M(mR+sR+n)M; s j=  )�;where R+ is the transitive losure of R. With the help of U+ and S+, the authorsof [3℄ \simulated" transitive frames syntatially. We go a step further and de�neanother modi�ation, U++ and S++, with the satisfation relation from (2.2),where the last remaining term mRn is replaed by mR+n. This temporal lan-guage is an even loser simulation of transitivity, as we will see in Setion 5.Hybrid Logi. As indiated in the previous setion, the hybrid language doesnot exist. Rather there are several extensions of the modal language allowing
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for expliit referenes to states and therefore being alled hybrid. We introduethe rihest of those hybrid languages that will interest us in this paper. Thede�nitions and notations are taken from [2, 3℄.Let NOM be a ountable set of nominals, SVAR be a ountable set ofstate variables, and ATOM = PROP[NOM[ SVAR. It is ommon pratieto write propositional atoms as p; q; : : : , nominals as i; j; : : : , and state variablesas x; y; : : : The full hybrid language HL#;� is the set of all formulae of the form' ::= a j :' j ' ^ '0 j 3' j �t' j #x:' ; where a 2 ATOM, t 2 NOM[ SVAR,and x 2 SVAR.A formula is alled pure i� it ontains no propositional atoms; nominal-freei� it ontains no nominals; and a sentene i� it ontains no free state variables.(Free and bound are de�ned as usual; the only binding operator here is # .)A hybrid model is a Kripke model with the valuation funtion V extendedto PROP[NOM, where for all i 2 NOM, jV (i)j = 1. Whenever it is learfrom the ontext, we will omit the word \hybrid" when referring to models. Inorder to evaluate #-formulae, an assignment g : SVAR!M for M is neessary.Given an assignment g, a state variable x and a state m, an x-variant gxm of gis de�ned by gxm(x) = m and gxm(x0) = g(x0) for all x0 6= x. For any atom a, let[V; g℄(a) = fg(a)g if a 2 SVAR, and V (a), otherwise. The satisfation relationfor hybrid formulae is de�ned byM; g;m j= a i� m 2 [V; g℄(a); a 2 ATOM;M; g;m j= :' i� M; g;m 6j= ';M; g;m j= ' ^  i� M; g;m j= ' &M; g;m j=  ;M; g;m j= 3' i� 9n 2M(mRn &M; g; n j= ');M; g;m j= �t' i� M; g; n j=' & [V; g℄(t)=fng;M; g;m j= #x:' i� M; gxm;m j= ':A formula is satis�able if there exist a modelM = (M;R; V ), an assignmentg for M, and a state m 2M , suh that M; g;m j= '.We sometimes use the \somewhere" modality E having the interpretationM; g;m j= E' i� 9n 2 M(M; g; n j= '). In this ase, � is needless, beause�t ' an be expressed by E(t ^ ').First-order Logi. Modal and hybrid logi an be embedded into fragmentsof �rst-order logi (FOL). We will always use the standard notation of FOL.We will make use of ertain fragments of FOL and denote them in the styleof [10℄: [all; (u; 1)℄, where u 2 !. This notation stands for the fragment withoutequality, without funtion symbols, and with no other relation symbols thanone binary and u unary ones. We denote the satis�ability problem for suh afragment by [all; (u; 1)℄-SAT and [all; (u; 1)℄-trans-SAT, where the latter requiresthat the binary relation symbol is interpreted by a transitive relation.
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The Standard Translation ST [31℄ embeds hybrid logi into FOL and onsistsof two funtions STx and STy de�ned reursively. Sine STy is obtained fromSTx by exhanging x and y, we only give STx here.STx(p) = P (x); STx(3') = 9y�xRy ^ STy(')�;STx(t) = t=x; STx(�t') = 9y�y= t ^ STy(')�;STx(:') = : STx('); STx(#v:') = 9v�x=v ^ STx(')�;STx(' ^  ) = STx(') ^ STx( ); STx(E') = 9y�STy(')�;where p 2 PROP, t 2 NOM[ SVAR, and v 2 SVAR.Properties of Models and Frames. Let M = (M;R; V ) be a (Kripke orhybrid) model with the underlying frame F = (M;R). By R+ we denote thetransitive losure of R. For any subsetM 0 �M , we write R�M 0 and V �M 0 for therestritions of R and V toM 0. We will refer to transitive frames or linear frameswhenever we mean frames whose aessibility relation is transitive or a linearorder, respetively. A linear order is an irreexive, transitive, and trihotomous�8xy(xRy or x=y or yRx)� relation. The frame F is a tree i� it is ayli andonneted, and every point has at most one R-predeessor. A transitive tree isany (M;R+), where (M;R) is a tree.Satis�ability Problems. Whenever we leave one or more operators out of thehybrid language, we omit the aording supersript ofHL. If we proeed to a hy-brid tense language, we add the suitable temporal operator(s) as subsript(s) toHL. Analogously, when equipping the modal language with additional operators,we add them as sub- or supersripts to ML.For any hybrid language HLxy , the satis�ability problem HLxy-SAT is de�nedas follows: Given a formula ' 2 HLxy , do there exist a hybrid model M, anassignment g for M, and a state m 2 M suh that M; g;m j= ' ? If # is not inthe onsidered language, then the assignment g may be left out of this formu-lation. If we only ask for transitive models (or transitive trees or linear models,respetively) satisfying ', then we speak of HLxy-trans-SAT (or HLxy-tt-SAT, orHLxy-lin-SAT, respetively). As an example for our notation, the satis�abilityproblem over transitive frames for the hybrid temporal # language is denoted byHL#F;P-trans-SAT.3 Deiding HL# over Transitive FramesIn [2℄ Arees, Blakburn, and Marx proved that the downarrow operator # turnsthe satis�ability problem for hybrid logis undeidable in general, even if nointeration with � or P is allowed. We prove that undeidability vanishes ifframes are required to be transitive.Theorem 1 The satis�ability problem for HL# over transitive frames is om-plete for NEXP.
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Before we start with the proof we have a �rst look at HL# over transitiveframes. Obviously, it has no �nite model property. E.g., the following sentenerequires a model ontaining an in�nite hain of states labeled p.p ^3p ^ 23p ^2 #x::3xNeither is it always possible to �nd a model that is a transitive tree. But,in some way, we an get lose to this. Although our models may ontain yles,transitivity ensures that all states in a yle are pairwise onneted. I.e., thesubframe onsisting of these states is omplete. Therefore, we an view a model asonsisting of maximal omplete subframes and single states, that are onnetedin a transitive but ayli fashion.For every transitive model M = (M;R; V ) we de�ne B(M) = (M 0; R0; V 0)to be the model de�ned as follows. First, we replae eah maximal ompletesubframe with a single vertex. Seond, we unravel the resulting struture into a(potentially in�nite) transitive tree T . Then we replae eah vertex of T by (aopy of) the lique ofM from whih it is derived. We will refer to the resultingmodel as the blok tree of M. Note that a blok tree is not a tree but its liqueframe is a transitive tree.In the following we are often interested in the underlying tree struture ofa blok tree and refer to the liques of a blok tree as nodes. For a state s, wedenote its node by us. We say that a node v is below a node u if the states of vare reahable from the states in u (but not vie versa) and a node v is a hild ofa node u, if v is below u but there is no node w below u and above v.Likewise we use the terms tree, subtree, and leaf for blok tree, sub bloktree and leaf lique, respetively.We have to be areful about how to treat nominals when unraveling a model.If V (i) = fsg for a nominal i and a state s 2 M , we de�ne V 0(i) to be the setof states from M 0, that are opies via the unraveling of s. Therefore, B(M) isnot a model as de�ned in Setion 2 beause nominals may hold at more thanone state, but by viewing i as a propositional atom it an be treated as a model.The satisfation relation is not a�eted and it is therefore easy to see that thistransformation preserves satisfation of HL#-sentenes: The relation assoiatingeah state of M with every opy in B(M) is a quasi-injetive bisimulation3 [8℄.Lemma 2 For every transitive model M and every HL#-sentene ':M j= ' () B(M) j= ':Note that we an always get a model for ' from B(M) by joining the stateslabeled with the same nominals, but this model might be di�erent from M.Before we show how to use this tree-like struture to deide HL# over tran-sitive frames, we fous on omplete subframes and show that their size an bebounded.3 The notion of bisimulation has to be extended by requiring states arrying the samenominal to be related.
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3.1 HL# over Complete FramesAs omplete subframes are a signi�ant part of transitive models for HL#-sentenes, we are now going to study the satis�ability problem of HL# overomplete frames. The most important result for our purpose is an exponential-size model property of HL# over omplete frames.We want to start by giving some insight why this property holds. In ompleteframes, the aessibility relation does not distinguish di�erent states. Of ourse,states an be told apart if they are labeled di�erently by propositions. But thenumber of di�erent labelings is exponentially bounded in the size of the formula.To use more states, we have to distinguish states labeled equally. This an onlybe done by assigning names to these states. But the number of states we andistinguish in this way is bounded by the number of di�erent state variables.While intuition is lear, we an prove this bound by observing that HL#over omplete frames is equivalent to the Monadi Class with equality (MC=),the fragment of �rst-order logi with only unary prediates, equality, and nofuntion symbols [10℄.This result allows us to transfer omplexity results and model properties forMC= [10℄ to HL# over omplete frames.Theorem 3 HL# over omplete frames has the exponential-size model propertyand its satis�ability problem is omplete for NEXP.The lower bound an be transfered diretly to the ase of transitive frames.Corollary 4 The satis�ability problem for HL# over transitive frames is hardfor NEXP.3.2 On Transitive Frames for HL#Let us summarize what we have seen so far. For every HL#-formula satis�ableover transitive frames, instead of a transitive model we an onsider its bloktree. The size of the liques in the blok tree an be exponentially bounded inthe size of the formula by Corollary 3.The algorithm for testing HL#-satis�ability will essentially guess a modeland verify that it is orret. As there is no �nite model property, all modelsmight be in�nite. Nevertheless, we will show that, if the formula is satis�able,there is always a model with a regular struture in whih ertain �nite patternsare repeated in�nitely often. This will allow us to �nd a �nite representation ofsuh a model.To this end, De�nition 5 aptures the information about a state of a blok treethat will be needed for the following. Intuitively, the '-type of a state apturesthe information needed about its subtree in order to evaluate a subformula of agiven formula ' at this state. Here,  [free=?℄ is the sentene obtained from  byreplaing every free variable by ? and sub(') is the set of all subformulae of '.
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De�nition 5 Let ' be a HL#-sentene and B = (M;R; V ) a blok tree modelwhih is a model of '. The '-type of a state s 2M is the set of all sentenes fromf [free=?℄ j 3 2 sub(')g that hold at some state in the subtree rooted at s.Note that states in the same lique have the same '-type. Therefore, we anspeak of the '-type of a node. The type of a node is always a superset of thetypes of its hildren. More preisely, it is always the union of the types of thehildren together with the set of relevant formulae whih hold in the node itself.When evaluating a subformula of aHL#-sentene ' at some state s of a bloktree, all we need to know about states stritly below us are the '-types of thehildren of us. I.e., we an replae subtrees below us by subtrees of the same'-type. In the following lemma, for a blok tree B and two states s1; s2, B[s1=s2℄denotes the blok tree resulting from B by replaing the subtree rooted at s1 bythe subtree rooted at s2. The result of this substitution is again a blok tree.Lemma 6 Let ' be a HL#-sentene, B = (M;R; V ) a blok tree model of 'and s1 and s2 states of M suh that there is a path from s1 to s2 but not vieversa. For every formula  2 sub('), every state s3 of M of the same '-typeas s2, and every assignment g that maps all free variables in  to states in Mpreeding s1: B; g; s1 j=  () B[us2=us3 ℄; g; s1 j=  :Note that we restrited the hoie of g only to those assignments that arereally relevant when evaluating the sentene '.We an use the previous lemma to get some nie restritions on the bloktrees under onsideration. E.g., we an assume that for every sentene in thetype of a node, there is a witness in the node itself or in one of its hildren.Lemma 7 Let ' be a HL#-sentene satis�able over transitive frames. Thenthere is a blok tree model B for ', in whih{ every node has at most j'j hildren,{ for every node u with '-type t and every HL#-sentene  2 t,  holds at astate in u or at a state in a hild of u, and{ on every path from the root, in�nite or ending at a leaf, every '-type oursonly one or in�nitely often.3.3 Deiding HL#-SAT over Transitive FramesWe will now �nish the proof of Theorem 1 by presenting a nondeterministialgorithm that deides HL#-SAT over transitive frames in exponential time,basially by guessing and verifying the �nite representation of a blok tree modelfor a given HL#-sentene '.Given a blok tree B with the properties of Lemma 7, we get a �nite repre-sentation as follows. For eah path of B we onsider the �rst node v that has thesame type as its parent node u. We replae the subtree below v by a single statelabeled with a referene to u. We need to keep v beause it might be the only
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witness for a formula in the '-type of u (f. Lemma 7). Clearly, the resultingstruture is �nite.By Lemma 6 and Lemma 7, we an get a blok tree model from this repre-sentation by replaing eah referene with the subtree rooted at the referenednode, i.e., essentially by an unraveling.Due to Lemma 6, the size of the representation an be redued even further.If there are two nodes u and v of the same '-type whih are not on the samepath and both are the �rst node of their type on their path from the root, wean replae the subtree rooted at v with the subtree of u. I.e., whenever twonodes have the same '-type, we an assume that their generated subtrees areequal. We have to hek them only one.Suh a representation an be desribed by a struture (M _[C;R; V ) suhthat the states in C have no outgoing edges, and a funtion f from C to M .Note that a state in C is a node of its own, in fat a leaf, and annot be in thesame omplete subframe as a state in M . A state s 2 C stands for a repetitionrespetively dupliation of the subtree rooted at f(s), inluding states from C.This auses in�nite repetition if s is below f(s).This observation an be reeted in our representation by replaing everydupliate with a referene. This auses every type to appear at most twie inthe representation, thus the number of nodes is at most exponential.Summing up, if ' is satis�able, there is a representation for of a blok treemodel for ' of size at most exponential in the length of '. The �rst step of thealgorithm is to guess suh a representation (step 1).In order to obtain an algorithm whih tests whether the representations in-deed represents a model of ', we desribe how to modify the model hekingalgorithm MCFULL by Franeshet and de Rijke presented in [12℄ to do so.First, we deal with the states in C (step 2). Next, the model heking algorithmMCFULL is used on the states in M (step 3). We have to modify this algorithmin two respets. First, it has to use the information guessed for the states inC. Seond, it should ompute the '-types of the states in M . To this end, it�rst evaluates the sentenes resulting from subformulae of ' by replaing freevariables with ?. We all this modi�ed algorithm MCFULL'. The hanges arestraightforward.After running MCFULL' the algorithm has omputed for eah state the setof formulae that hold at this state. These sets depend on the guesses in Step2. Therefore, the algorithm has to verify the onsisteny of these guesses. Thisan be done by omparing the '-types of the states in C with the types of thereferened states (step 4).The last two steps are easy. The algorithm heks that the '-types are on-sistent and rejet if this is not the ase (step 5). Finally, it heks if ' holds atsome state in M (step 6).
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Our algorithm for HL#-satis�ability over transitive frames1: Guess the representation of a blok tree.2: Guess a '-type for every state in C.3: Run MCFULL' for the states in M .4: Compute the '-type for every state in M referened by a state in C.5: Chek for every state s 2 C: f(s) has the same '-type as s. If not, rejet.6: Aept i� ' holds at some state in M .Theorem 8 The algorithm presented above deides HL#-satis�ability overtransitive frames nondeterministially in exponential time.Proof. In Setion 3.2, we have seen that for every satis�able sentene ' there isa blok tree model as desribed in Lemma 7. We have also seen how to representthis blok tree in a �nite manner. The algorithm an guess this representationand the '-types of the states in C. The omputation of the '-types of the statesin M works orretly, beause we have a witness for every sentene in the typein our representation. This is by Lemma 7, whih ensures that witnesses are inthe node of the state or in one of its hildren. Therefore, we ut below thesewitnesses when building the �nite representation. Consequently, the algorithmwill aept.On the other hand, if the algorithm aepts, it is straightforward to onstruta blok tree model from the guessed representation. The only ritial point forsoundness is the veri�ation of the '-types guessed in Step 2, more preisely, theomputation of the '-types of the states in M . First, the '-type of some states 2M ontains only sentenes that hold at some state of the represented modelbelow s. This an be assured by looking only at states inM and not at states inC. That the '-type of s ontains all sentenes that hold below s an be assuredby following the links represented by states in C.The �rst two steps of the algorithm an be performed in exponential timebeause the representation is of at most exponential size. That Step 3 runs inexponential time follows from Theorem 4.5 of [12℄, the truth of whih is nota�eted by our modi�ations. The time bounds for the other steps follow againfrom the exponential size bound of the representation. ❏From Theorem 8 and Corollary 4 we an diretly onlude Theorem 1.4 Riher hybrid # Logis over Transitive Frames andTransitive TreesThis setion is onerned with satis�ability over transitive frames and transitivetrees for extensions of HL#.Our �rst point is that we annot sustain deidability over transitive framesif we enrih HL# with � or the bakward looking modality P. We prove unde-idability in both ases, proeeding in two steps. First, we show that [all; (4; 1)℄-trans-SAT is undeidable. This is done by a redution from [all; (0; 1)℄-SAT. Theundeidability of the latter is a onsequene of the undeidability of ontained
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traditional standard lasses [10℄. The seond step onsists of redution from[all; (4; 1)℄-trans-SAT to HL#;�-trans-SAT and HL#F;P-trans-SAT, respetively.To be more preise, the ranges of these redutions will be the fragments of therespetive hybrid languages onsisting of all nominal-free sentenes.Lemma 9 [all; (4; 1)℄-trans-SAT is undeidable.Proof. In order to obtain the required redution from [all; (0; 1)℄-SAT, we willtransform a (not neessarily transitive) model satisfying � into a transitive one.Simply taking the transitive losure in most ases adds new pairs to the inter-pretation of the relation and is not suÆient for keeping the information whihpairs were in the \old" relation and whih pairs were not. This problem does notarise if we instead use a variation of the zig-zag tehnique suessfully appliedin [3℄ for a redution between a modal and a hybrid language. The ore idea ofthis tehnique is to simulate an R-step t1Rt2 in the original model M = (D; I)by a zig-zag transition in a model M0 = (D0; I 0), where I 0(R) is transitive, asshown in Figure 1.We de�ne a translation funtion (�)t using four extra prediate symbols0; 1; 2; 3 as follows.(xRy)t = 9ab �xRa ^ bRa ^ bR ^ yR^ 0(x) ^ 1(a) ^ 2(b) ^ 3() ^ 0(y)�;(:�)t = :(�t);(� ^ �)t = �t ^ �t;(9x�)t = 9x �0(x) ^ �t�: t01 t11 t21 t31 t02Fig. 1. A zig-zag transition.The translation of the xRy-atoms exatly reets the shown zig-zag transi-tion. It is straightforward to prove the following laim: For eah formula �, � issatis�able i� f(�) is satis�able in some model that interprets R by a transitiverelation. Sine (�)t is an appropriate (even polynomial-time) redution funtion,we have established undeidability for [all; (4; 1)℄-trans-SAT. ❏Theorem 10 HL#;�-trans-SAT and HL#F;P-trans-SAT are undeidable.Proof. We redue [all; (4; 1)℄-trans-SAT to HL#;�-trans-SAT and HL#F;P-trans-SAT, respetively, invoking a spypoint argument (see [7, 2℄). A spypoint is a states of a hybrid model that sees all other states and is named by a fresh nominali. Sine our redution will not make use of any nominals, we an establish thisundeidability result for the nominal-free fragments of the hybrid languages inquestion. We simply treat i as a state variable and bind it to s.We �rst treat the ase of HL#;� and de�ne a translation funtion (�)t fromthe �rst-order fragment to HL#;� by (xRy)t = �x3y, �P (x)�t = �x p, (:�)t =:(�t), (�^�)t = �t ^�t, and (9x�)t = �i3#x:�t . The (polynomial) redutionfuntion f is de�ned by f(�) = # i:(:3i ^3�t).
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It is straightforward to show that eah formula � is satis�able i� f(�) issatis�able, and to adopt the translation funtion (�)t to the ase of HL#F;P . ❏The seond point of this setion is that over transitive trees, where deidabil-ity of HL# is trivial, even the extension HL#;�F;P is deidable. This is an immediateonsequene of the deidability of the monadi seond-order theory of the ount-ably branhing tree, S!S, [10℄. However, we have to fae a nonelementary lowerbound in both ases HL#;� and HL#F;P, whih is obtained by a redution fromthe nonelementarily deidable HL#F;P-lin-SAT [13℄.Theorem 11 HL#F;P-tt-SAT,HL#;�-tt-SAT, andHL#;�F;P -tt-SAT are nonelemen-tary deidable.5 Hybrid Until/Sine Logi over Transitive Frames andTransitive TreesIn this setion, we will onsider HLEU;S-trans-SAT and HLEU;S-tt-SAT. In [3℄ itwas shown that HL�U;S-SAT is EXP-omplete.As for the lower bound, we establish a result as general as possible, namelyEXP-hardness of MLU-trans-SAT and MLU-tt-SAT.Theorem 12 MLU-trans-SAT and MLU-tt-SAT are EXP-hard.Proof. We will redue the global satis�ability problem for ML to both our(loal) problems MLU-trans-SAT and MLU-tt-SAT using the same redutionfuntion. The global satis�ability problem is de�ned byML-GLOBSAT = f' 2ML j ' is true in all states of some Kripke model Mg: Its EXP-ompletenessis a diret onsequene of the EXP-ompleteness of MLE-SAT [28℄.It may seem diÆult to try reduing this problem over arbitrary frames to oursatis�ability problem over transitive frames. The ritial point lies in making anon-transitive model transitive: taking the transitive losure of its relation foresus to add new aessibilities that would disturb satisfation of :3-formulae.Fortunately though, the U operator an make us distinguish the aessibilitiesfrom the original model from those that have been added to make the relationtransitive. Hene, a translation of3' should demand: \Make sure that the atualstate sees a state in whih the translation of ' holds, and that there is no statein between." This translates as U('t;?) into the modal language.To onstrut the required redution, we de�ne a translation funtion (�)t :ML ! MLU by pt = p, p 2 PROP; (' ^  )t = 't ^  t; (:')t = :('t); and(3')t = U('t;?). Using (�)t, we onstrut a redution funtion f : ML !MLU|that is learly omputable in polynomial time|via f(') = 't ^ 2't.It is straightforward to prove the following two laims for eah ' 2 ML.(1) If ' 2ML-GLOBSAT, then f(') 2MLU-tt-SAT.(2) If f(') 2MLU-trans-SAT, then ' 2ML-GLOBSAT. ❏
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The upper bounds for HLEU;S-trans-SAT and HLEU;S-tt-SAT require separatetreatment. As for HLEU;S-trans-SAT, we use an embedding into an appropri-ate fragment of �rst-order logi. In order to eliminate transitivity, we \simulate"this semanti property by syntati means, namely using the operators U++ andS++ de�ned in Setion 2.Lemma 13 For any X � f�;Eg, HLXU;S-trans-SAT and HLXU++;S++-SAT arepolynomially reduible to eah other.Now it is not diÆult anymore to obtain a 2EXP upper bound for HL�U;S-trans-SAT by an embedding into the loosely �-guarded fragment �LGF of �rst-orderlogi whose satis�ability problem is 2EXP-omplete [16℄. Only the E operatorrequires a more areful analysis.Theorem 14 HLEU;S-trans-SAT is in 2EXP.To show that HLEU;S-tt-SAT is in EXP, too, we use an embedding into PDLtree,the propositional dynami logi for sibling-ordered trees introdued in [20, 21℄.Finite, node-labelled, sibling-ordered trees are the logial abstration of XML(eXtensible Markup Language) douments. In [1℄, it was shown that satis�abilityof PDLtree formulae at the root of �nite trees (PDLtree-SAT) is deidable inEXP.Theorem 15 HLEU;S-tt-SAT is in EXP.6 ConlusionWe have established two groups of omplexity results for hybrid logis overtwo temporally relevant frame lasses, i. e. that of transitive frames and that oftransitive trees.First we have \tamed" HL# over transitive frames showing that HL#-trans-SAT is NEXP-omplete. We have shown that, in ontrast, HL#;�-trans-SATand HL#F;P-trans-SAT are undeidable. Over transitive trees, three enrihmentsof HL# are deidable, albeit nonelementarily, namely HL#;�-tt-SAT, HL#F;P-tt-SAT, and HL#;�F;P -tt-SAT.In the seond part of our work, we established an EXP lower bound forMLU-trans-SAT and MLU-tt-SAT and mathed the latter with an EXP upperbound for HLEU;S-tt-SAT. This is the same omplexity as for satis�ability overarbitrary frames for the same language. As for HLEU;S-trans-SAT, we have givena 2EXP upper bound. We onjeture EXP-ompleteness.Over linear frames, the omplexity of hybrid U/S logi is still open. As aspeial ase, satis�ability ofHL�U;S over (N; >) is known to be PSPACE-omplete[13℄. Furthermore, in [13℄ it was shown that MLU is PSPACE-omplete overgeneral linear time.
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Abstract. The basic hybrid logic H(@) ([5]) is expanded with func-
tion symbols on nominals. We call this hybrid language HLON (Hybrid
Logic with Operators on Nominals), henceforth. The new language ap-
pears to be strong enough to express for example, any equationally de-
finable class of algebras or the property of 2-colorability of a graph (not
definable in the first order logic). The paper contains a number of worked
examples, discussing the expressive power of HLON .
Keywords: Hybrid Logics, skolem functions, Henkin Quantifiers

1 Introduction

Hybrid logic is the result of extending the basic modal language with a second
sort of atomic propositions called nominals, and with satisfaction operators. Pre-
cisely, the nominals (denoted by i, j, ...) behave similarly to ordinary proposition
letters, except that nominals are true at a unique world. In other words, a nom-
inal names a state by being true there and nowhere else. The language obtained
by adding nominals to the basic modal language, is called the minimal hybrid
logic H. Satisfaction operators allow one to express that a formula holds at the
world named by a nominal. A formula of the form @iφ expresses the fact that
φ holds at the world named by the nominal i. The extension of the basic modal
language with nominals and satisfaction operators is called the basic hybrid
language H(@).

1.1 Motivation

In this paper we introduce and study extensions of the basic hybrid logic adding
function symbols on nominals. There are many reasons for being interested in
these hybrid languages:

Algebraic-Structure: The motivation of this point comes from [5]: you can
name states but you can not give them structure. In this paper we consider an
application of hybrid logics to relational structures on algebras, thus a set with a
relation and an algebraic structure. In general, modal logics which can explicitly
handle both relations and functions have received little attention. We should
mention that in [17] there is a complete list of papers which study Kripke frames
in which the universe of possible worlds has a specific algebraic structure, besides
the traditional relational component.
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Frame Definability: Following the research lines of hybrid languages we
accommodate the notion of pure formulas to HLON . Pure formula is a formula
containing only nominals (rather than propositional variables), defining frame
classes that are always first-order definable (see, e.g., [ [16], Proposition 3.1]). It
is known from [11] that axiomatizations with pure formulae give rise to natural
completeness proofs, in [8] a completeness proof for languages containing nom-
inals and @-operator, was given. Although many first-order conditions that are
modally definable are definable by pure formulae, for instance reflexivity to name
one, this is not true in general. The right directedness property: ∀vu∃t(vRt∧uRt)
is not definable by any orthodox modal formula and also is not equivalent to any
pure formulae [8]. In this paper we show how frame properties, not definable by
pure formulas of H(@), are definable by HLON− pure formulas. To be precise,
we show that pure formulas of HLON can express any frame property definable
by a first order formula.

Expressivity: We show that HLON is strong enough to express, under a
modified definition of frame validity, the property of 2-colorability of graph, not
definable in first order logic [14].

The paper is as follows. In section 2 we name a version of the basic hybrid
logic H(@) and we call it HLON henceforth. In section 3, we name a version
of the strong hybrid language H(@,∀,∃) and we call it HLOV(@, ∀, ∃) (Hybrid
Logic with Operators only for Variables). In the same chapter we show how
to move from the universal fragment of HLOV(@,∀,∃) to HLON . In section 4
we present a number of examples discussing the expressive power of HLON . In
section 5 we show that HLON is strong enough to express any frame property
definable by a first order formula.

2 The hybrid logic: HLON
We are ready now to start our formal work on Hybrid Logics. First some basic
definitions:

Definition 1. An algebraic similarity type is an ordered pair σ = (A, ρ) where
A is a non empty set and ρ is a function A → N . Elements of A are called
functions symbols; the function ρ assigns to each operator f ∈ A a finite arity
(rank), indicating the number of arguments that f can be applied to. Function
symbols of rank zero are called constants.

Let ANOM be a countable set of atomic nominals: ANOM= {i, i1, · · ·}.
Let σ be an algebraic similarity type.

Definition 2. An algebraic language of nominals (σ, ANOM) is built up using
an algebraic similarity type σ = (A, ρ) and a set of atomic nominals ANOM.
The NOM=TERM(σ, ANOM) of nominals formulas over σ and ANOM is
given by the rule:

α := i | f(α1, · · · , αρ(f))

where α ∈ NOM and f ∈ σ.
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Note that CNOM = NOM \ ANOM, is the set of non atomic nominals; we
call them complex nominals henceforth. Let PROP= {p1, p2, · · ·} be a countable
set of propositional variables. Let Φ = PROP ∪ NOM.

Definition 3. HLON FRAMES and MODELS.

A model M for HLON is a M = (W,R♦, (F f )f∈σ, V ) such that, W 6= 0, a
set of possible worlds, R♦ is a binary relation over W , for each n ≥ 0 and for
all f ∈ σ, if f is an n−ary function symbol then F f is an n − ary operator on
W . Note that F f : Wn → W and

– V: Φ → Pow(W) and V is such that for all nominals α ∈ NOM, V(α) is
singleton of W and:
• If α ∈ NOM then: V(α)= {w};
• If α ∈ CNOM then: V(f(α1, ..., αn)) = {F f (V (α1), ..., V (αn))}.

We call the elements of M states or worlds, R♦ accessibility relations, F f

operators on W and V the valuation. We call the triple (W,R♦, (F f )f∈σ) the
functional-relational frame underlying the model.

Definition 4. The Hybrid Language HLON is a language that is used for de-
scribing models and frames. Its formulas are given by the following recursive
definition.

ϕ := α | p | ¬ϕ | ϕ → ψ | ♦ϕ | @αϕ

where α ∈ NOM and p ∈ PROP.

Note that all types of atomic symbols (propositional variables and nominals)
are formulas. Furthermore a formula is pure if it is contains no propositional
variables and nominal free if it contains no nominals.

Definition 5. Semantics for HLON

Let a model M = (W,R♦, (F f )f∈σ, V ) for HLON (we give only the new
case)

M, w |= α iff V (α) = {w}
(M, w) is called a pointed model. This is a model with a designated world,

called its point, which is taken to be the actual world.

For simplicity we limit the language to one binary relation R♦ and to one
function F (unary or binary depends on the example that we will use). In other
words our hybrid model is:M = (W,R♦, F f , V ) or for brevityM = (W,R,F, V ).
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2.1 HLON Frame definability

In this section, we revisit the notion of functional relational frame that is central
to this paper. Formally, on page 3 we defined the triple F = (W,R♦, (F f )f∈σ)
to be a functional relational frame. Using this notion of a relational functional
frame we can define classes of ordinary relational Kripke frames as follows: Let Φ
be a set of HLON formulas. Define Fr(Φ) the class of Kripke frames validating
Φ as the class of consisting of all (W,R¦) such that there is a functional relational
frame (W,R♦, (F f )f∈σ) extending it, and (W,R♦, (F f )f∈σ) |= φ for all φ ∈ Φ.
That is, we let Φ define the class of all Kripke frames obtained as reducts of
functional relational frames validating Φ.

Frames like F = (W,R♦, (F f )f∈σ) are useful for at least two reasons. First,
there may be application driven motivations to exclude certain valuations [6].
For example, in this paper we consider some linguistic and graph theoretical
examples, showing that the use of function symbols with fixed valuation increases
the expressive power of the basic hybrid logic. A second reason and perhaps the
most important, is that frames like F support a notion of validity that definitely
is weaker than the frame based one, but without loosing too many information
that make models so easy to work with.

However we can meet such frames in other logical formalisms. We list some
of them here:

– General frames ([6], page 28) are frames with a collection of valuations A
satisfying modally natural closure conditions. That is, a general frame is a
structure of the form (F , A) where F is a relational frame and A stands for
admissible valuations or algebra ([6], page 28). The motivation in [6] was the
following: there is a universal completeness result for general frame validity,
something that Kripke frame semantics lacks.

– Distance functions play an important role in the context of modal distance
logics, where distance functions map worlds of a domain W to numbers. A
consequence of using functions to our logical formalism is that we need to
modify many Kripkean notions, like the notion of a frame. Precise definitions
regarding distance frames and modal distance logics could be found in [20]
(pages 18-22)

In this paper we relate the use of function symbols with the node creating
rule of [7]. Actually this node creating rule amounts to using nominals as skolem
functions. Roughly speaking, in [7] nominals were used to eliminate existential
quantifiers of formulas not definable by any pure nominal formula. This approach
might be better understood in terms of an example.

Church-Rosser is a frame condition, defined by the following first order for-
mula ∀x, y, z∃t(xRy ∧ xRz → (yRt∧ zRt)), but not definable by a pure formula
(page 53 in [13], proposition 4.2). Therefore, one might ask wether we can obtain
complete axiomatizations for frame classes definable by a set of of pure formulas
together with the Church-Rosser formula. In [7] the following inference rule was
used:
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Whenever @i¦j and @i¦k occur on a branch we are allowed to create new
nominal l and add @j¦l and @k¦l to the branch

That is, l is a new nominal, eliminating the existential quantifier in ∀x, y, z∃t(xRy∧
xRz → (yRt∧ zRt)). As was proved in [7], the above rule preserves validity and
is complete for the class of confluent frames. In section 4.3, using the notion
of functional relational frames we show how the nominal creating rule can be
accommodated to the level of frames. The notion of skolemization is important
there.

Definition 6. A formula φ is valid at a state w in a functional relational frame
F = (W,R♦, (F f )f∈σ), if φ is true at w in every model (F , V ) on F and φ is
valid on a functional relational frame F if φ is true at every state in every model
(F , V ) on F .

We use the notation HLONF for the language based on the frame F =
(W,R♦, F ), where F = (F f )f∈σ indicates the set of operators in F . It should be
clear that the truth or falsity of a formula at a point depends only on proposi-
tional variables (denoted as pM0 , ...), nominals (denoted as iM0 , ...) and operators
in it. Thus, given a sublanguage HLONF ′ ⊂ HLONF with F

′ ⊂ F and a
frame F = (W,R, F ) for HLONF , we may define the frame reduct of F as
F ¼F ′= (W,R, F

′
).

We then have for every formula φ of HLONL′ and every model M based on
F :

(F , pM0 , ..., iM0 , ...), w |= φ if and only if (F ¼F ′ , p
M
0 , ..., iM0 , ...), w |= φ

The observation does not depend on the presence of nominals.

3 HLOV(@, ∀, ∃)

In this section, we name a version of the strong hybrid language H(@,∀,∃) and
we call it HLOV(@, ∀, ∃) (Hybrid Logic with Operators only for Variables). We
set up its language and semantics. Please treat this section as a basis for the
next sections.

3.1 HLOV(@, ∀, ∃)

Let SVAR be a countable set o state variables SVAR= {x1, x2...} and let
PROP= {p1, p2...} be a countable set of propositional letters. We assume that
these sets are pairwise disjoint. For simplicity, let f be a binary function (over
state variables, and with fixed interpretation) and R♦ be an accessibility relation
symbol.

Definition 7. The terms s and formulas φ of the hybrid Language HLOV(@,∀,∃)
are inductively defined as follows:
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s := x | f(s1, s2)

ϕ := > | s | p | ¬ϕ | ϕ → ψ | ♦ϕ | @sϕ | ∀s φ | ∃s φ

where x ∈ VAR , s, s1, s2 ∈ VAR and VAR=TERM(f , SVAR).

Remark 1. Note that the difference between nominals and state variables is that
nominals can not be bound by ∀, ∃, whereas state variables can.

Precise definitions regarding the semantics of strong hybrid languages can
be found in [10]. Strong hybrid languages and HLOV(@, ∀, ∃), give us full first
order expressive power over frames. This is known since the work of Arthur Prior
[22] and [23].

Definition 8. (Hybrid Translation) HLOV(@, ∀, ∃) is strong enough to express
any first order concept. We extend the hybrid translation HT (·) (as was defined
in [5]), with the following case:

HT (f(x, y)) = f(x, y) (1)

where HT (·) maps first order sentences to hybrid formulas of HLOV(@, ∀, ∃).

Proposition 1. Let φ be a first order formula. Then for every model M and
any assignment g, M |= φ[g] iff M, g |= HT (φ).

Proof. Straightforward. Based on proposition 3.7, on page 45 of [1].

Is worth mentioning that adding to HLOV(@, ∀, ∃)’s syntax, nominals and
function over nominals then we can extend the HT (·) translation as follows:

HT (x = c) = @xc (2)
HT (f(c1, c2)) = f(c1, c2) (3)

Therefore, in terms of frame correspondence langauge (definition 3.4 of [6]),
HLOV(∀, ∃, @) is equally expressive with the first order logic with equality over
the vocabulary containing constants, functions over constants, first order vari-
ables, functions over first order variables, binary relation symbols and unary
predicate symbols.

3.2 HLON and ∀− HLOV

In this section we study the concept of frame definability in the context of
HLON . Note that by ∀−HLOV we mean the universal fragment ofHLOV(@, ∀, ∃).
In what follows, we show that any formula of ∀ −HLOV can be expressed by a
pure formula of HLON .
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Definition 9. Call a sentence of HLOV(@,∀,∃) of the form:
∀x1...xnφ(x1, ..., xn, f1, ..., fk), where φ does not contain any quantifiers, propo-

sitional letters or nominals a PUNF-sentence (Pure, Universal, Nominal free
sentence). Note that x1, ..., xn and f1, ..., fk are the state variables and the func-
tion symbols over variables occurring in φ, respectively. (PUNF-sentences are
actually ∀ −HLOV sentences)

Example 1. An ∀ −HLOV sentence is:

∀x ♦♦f(x) → ♦f(x)

Proposition 2. 1. For any pure formula φ of HLON there is a PUNF-sentence
φ∀ of HLOV(@, ∀, ∃) such that for any frame F , φ is valid on F iff φ∀ is
true on F .

2. For any PUNF-sentence φ of HLOV(@,∀,∃) there is a pure formula φB of
HLON such that for any frame F , φ is true in F iff φB is valid on F .
Where F is a functional relational frame.

Proof. 1. Suppose we are given a pure formula φ(i1, ..., in, f1, ..., fk), where
i1, ..., in are all the nominals and the function symbols over nominals in
φ, then the required φ∀ is ∀x1...xnφ(x1, ..., xn, f1, ..., fk)

2. Any PUNF-sentence φ of HLOV(@, ∀, ∃) must have the form:
∀x1...xnφ(x1, ..., xn, f1, ..., fk) where φ contains no quantifiers, proposition
letters or nominals. Therefore, the required φB is φ([i1 ← x1, ..., in ←
xn, f1 ← f1, ..., fk ← fk]).
Note that f1, ...fn are function over nominals and f1, ..., fk over state vari-

ables.

Based on this proposition we will show that HLON is strong enough to
express any equationally definable class of algebras.

4 Examples

A number of examples is presented discussing the expressive power of HLON .
We start studying the connections between HLON and equational systems. In
section 4.2 we discuss whether we can express, using pure formulas of HLON ,
graph properties not definable in the first order logic. In fact, we show that pure
formulas of HLON are strong enough to express frame properties definable in
the second order logic; this a new result as far as we know.

4.1 HLON and Equational Systems

An example of the expressive power of HLON is:

Example 2. (Semigroups) Let G be a nonempty set and ∗ be an operation on
G. By the latter we mean a rule ∗ which assigns to each pair (x, y) of elements
in G a unique element denoted x ∗ y in G. Now consider the following condition:

103



– (G1) The operation is associative: ∀ x, y, z x ∗ (y ∗ z) = (x ∗ y) ∗ z.

If (G1) holds, then G is said to be a semigroup under ∗. The condition (G1) in
HLON can be expressed by the formula: @i∗(j∗k)(i ∗ j) ∗ k, substituting nomi-
nals for variables.

Indeed the process is completely general. HLON is strong enough to express
any equationally definable class of algebras. Let’s be more precise summarizing
some elementary definitions regarding equational systems ([6], Appendix B).

Definition 10. (Syntax of Algebras) Let σ an algebraic similarity type and a
set X of variables. The language E of algebras (equational systems) is built up
as follows: t := x | f(t1, ..., tρ(f)), we call t, E− terms.

Definition 11. (Equation System) An E(X, σ, =) equation system is an expres-
sion of the form: s = t, where s, t are E− terms.

Definition 12. (Semantics of Equational systems) A structure M for the equa-
tional system E is M = (D, (F f )f∈σ, V ) such that: D 6= 0, a non empty domain
D; for each n ≥ 0 and for all f ∈ σ, if f is an n−ary function symbol then F f

is an n− ary operator on D. Note that F : Dn → D; A variable x is assigned a
meaning V (x) which is an element D; The V (t) where t is a term, is defined as
follows:

– If t is a variable x then: V (x) is an element D;
– If t is f(t1, · · · , tn) then: V (f(t1, · · · , tn)) = F (V (t1), · · · , V (tn))

That is, an equational system is a set of equations. In other words an equa-
tional system is a set of universally closed equations of the form: ∀x1, ..., xn s = t,
where x1, ..., xn is the set of variables occurring in the terms s, t. Therefore we
have:

Proposition 3. For any equation of the form ∀x1, ..., xn s = t there is a pure
formula φ of HLON such that for any frame F , φ is true on F iff φ is valid on
F .

Proof. As we have already mentioned, HLOV(@, ∀, ∃) is strong enough to ex-
press any first order concept. Therefore any formula of the form φ = ∀x1, ..., xn s =
t can be expressed by the followingHLOV(@, ∀, ∃) formula: φ

′
= ∀x1, ..., xn @st,

preserving truth satisfiability. But φ
′

preserves frame validity as well, since the
∀ quantifier captures the effect of trying out all possible assignments to the
variables.

Then by proposition 2 we have that there is a pure formula φnom of HLON ,
being valid on a frame F if and only if φ is valid on F .

An immediate consequence of theorem 1 is that adding the @− operator to
the algebraic langauge (definition 2) we obtain a full equational system.
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Definition 13. A propositional equational system PES of nominals (ANOM,
σ, @) is built up using an algebraic type σ = (A, ρ), a set of atomic nominals
ANOM and the @− operator. Its formulas are given the following recursive
definition:

α := i | f(α1, · · · , αρ(f)) | @α1α2

where α1, α2 ∈ TERMS=(ANOM, σ, @).

To sum up, since the @− operator can be regarded as the equality symbol
of the first order logic, is abundantly clear that pure formulas of HLON can
express equations, therefore algebras. To be precise, HLON is strong enough to
express those algebras satisfying the following theorem of Birkhoff [3]:

Theorem 1. A class of algebras is equationally definable if and only if is a
variety.

Another example regarding the expressive power of HLON is the following:

Example 3. Many important terms of universal algebra ([12]) like a discriminator
term or a switching term are naturally expressed by HLON pure formulas. For
instance:

(@ab → @ct(a, b, c)) ∨ (¬@ab → @at(a, b, c)) discriminator term

(@ab → @cs(a, b, c, d)) ∨ (¬@ab → @ds(a, b, c, d)) switching term

4.2 Linguistics and Graph Theory

It is useful to mention some linguistic aspects of functions symbols in the context
of hybrid logics. Actually using functions is possible to express sentences that
speak about themselves. We will be clear on this point. First we should recall
that a formula @if(i) expresses the fact that f(i) holds at the world named i
and something stronger, that f(i) depends on i.

Example 4. For instance the formula (can be found in [25]): The (only) woman
that every man loves is his mother, illustrates a functional reading. The
pronoun his is bound by the noun phrase every man, although it is not within
its syntactic scope. We can get what we want by the formula, where fonly maps
every man to his mother:

@i< loves > fonly(i)

Roughly speaking the function mother(i) is very similar to the notion of
Henkin Quantifiers, expressing the notion of independence [9] and [21]. We con-
tinue using some terminology from graph theory:
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Definition 14. A k-coloring of an undericted graph G = (V, E) is a function
col : V → {1, ..., k} such that col(u) 6= col(v) for all (u, v) ∈ E. G is called k−
colorable if there is a k− coloring of G.

Example 5. (k-self referred functions) Assume that our hybrid frame is F =
(W,R, F f1

1 , ..., F fk

k ) where F fl

l are unary operators on W . HLON ’s syntax is:

ϕ := i | f1(i) | ... | fk(i) | p | ¬ϕ | ϕ → ψ | ♦ϕ | @iϕ

where the intended meaning of fi(k) is: the color of i is k. For simplicity, we
will be soppy in our notation, assuming that the definition above is recursive,
which clearly is not. Note that F fl

l (l = 1, ..., n) is the interpretation of fl and:

F fl

l (w) =





w, if w is l colored

!w, otherwise

where !w, means some world other than w.
Therefore the condition col(u) 6= col(v) if (u, v) ∈ E is expressed by the

formula:

φ =
∧

l=1,...,k

(@i¦j ∧@ifk(i)) → ¬@jfk(j)

Also, the condition that every node is colored can be expressed as follows:

@if1(i) ∨ ... ∨@ifk(i)

It is well known that the property of 2− colorability is not definable in first
order logic; [14] and definable in monadic second order logic. We show that this
property is definable by HLON pure formulas as well.

Let φ be a conjunction of:

@if1(i) ∨@if2(i)

∧

l=1,2

(@i¦j ∧@ifl(i)) → ¬@jfl(j)

Then φ is valid on the frame F if and only if the graph defined by the relation
R is 2− colorable. Note that a Kripke frame is the reduct of a functional relational
frame validating φ if and only if the graph defined by the relation R is 2 colorable.

That is, we have shown that using pure nominal formulas we can express
properties not definable in first order logic and definable in monadic second
order logic.
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4.3 Frame Definability and HLON
In this section we show that any frame property definable by a formula of the
strong hybrid language can be expressed using pure formulas of HLON . We
start with an example motivating our formalism.

Example 6. (Right directed). Right directness can be defined by the following
formula of the strong hybrid language HLON (@, ∀, ∃):

φ = ∀v, u∃t (@v¦t ∧@u¦t)
Let us assume that φ is valid on a frame F = (W,R). Then we can expand the

given frame by adding a new binary function symbol F f , obtaining the sentence
φ
′
: ∀v, u @v¦f(u, v) ∧@u¦f(u, v) such that:

φ is valid on F iff φ
′
is valid on F ′

where F ′
= (W,R, F f ). By proposition 2 we get:

φ is valid on F iff φnom is valid on F ′

where φnom = @i¦f(i, j) ∧@j¦f(i, j).
We assume that i and j are particular names, but their interpretation in

the model is arbitrary, so the universal quantification is implicit. Note that no
orthodox modal formula defines the condition of right− directed.

Indeed the process can be shown to be completely general. Essentially, to
express an HLOV(@, ∀, ∃) formula, we introduce functions symbols to act as
Skolem functions and obtain a pure HLON formula whose validity is equivalent
to that of the givenHLOV. In [24] we proved a completeness result for functional
relational frames and HLON pure nominal formulas.

It is a routine exercise to show that every formula of HLOV(@, ∀, ∃) can be
rewritten in to a PNF equivalent. Recall that, a formula is on Prenex normal
formula (PNF) if it has the form Q1x1 Q2x2 · · · Qnxn φ where Qi ∈ {∀, ∃} are
quantifiers and φ is quantifier free.

Lemma 1. Given the sentence ∃y G(y) (G(y) is a quantifier free formula) of
H(@, ∀, ∃), augment the language with a new constant c and form the sentence
G(c) such that:

G(y) is valid on F iff G(c) is valid on F ′

Given the sentence ∀x1, · · · , xn∃y G(x, y) of H(@,∀,∃), augment the language
with a new n− ary function symbol f and form the sentence ∀x1, · · · , xn G

′
(x, f(x)).

Then,

∀x1, · · · , xn∃y G(x, y) is valid on F iff ∀x1, · · · , xn G
′
(x, f(x)) is valid on F ′

where F and F ′
are frames of H(@, ∀,∃).
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Proof. In each step we can expand a frame of the sentence on the left hand side
to one on the right hand side by adding the appropriately designated element
for the constant, or by adding an appropriate function F f , where F , is the
interpretation of f in F . Conversely, we can take a frame of the sentence on the
right hand side and remove the constant symbol, respectively function symbol
and we get a frame for the left hand side.

We call the procedure of removing one existential quantification and replacing
the variable it bound by a functional term, as in the Lemma 1, a Skolemization
step. We use the term Skolemization for the removal of all existential quantifi-
cations in this manner:

Theorem 2. Given a formula φ of the strong hybrid language H(@, ∀, ∃) there
is an effective procedure for finding a universal sentence φ∀ of ∀ − HLOV such
that:

φ is valid on F iff φ∀is valid on F ′

Furthermore, we can choose φ∀ such that every frame of φ can be expanded
to a frame of φ∀ and every frame φ∀ can be reducted to frame of φ.

Proof. First we put φ in prenex form (this is straightforward). Then we just
apply the lemma 1 repeatedly until there are no existential quantifiers.

Then by proposition 2,

Theorem 3. For any frame F definable by a formula φ of the strong hybrid
language HLOV(@, ∀, ∃) we can associate a pure formula of HLON such that:

φ is valid on F iff φnom is valid on F ′

To sum up, we have shown that the traditional fragment of the hybrid logic
becomes in a rather unorthodox interpretation equivalent to first order logic
by extending the basic hybrid language with functions working on nominals
denoting worlds in the frame.

5 Conclusions

We hope that we have convinced the reader that is useful to add function symbols
in the context of hybrid logics. Roughly speaking, we have shown that HLON
is strong enough to express, any equationally definable class of algebras or the
property of 2− colorability of a graph (not definable in the first order logic).

I am indebted to Robin Hirsch for his assistance and guidance throughout. I
would like to thank the three anonymous referees for their useful comments and
suggestions.
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Abstract

To get a better understanding of the influence of the media on current political
events, researchers in Communication Science have recently reported on several
case studies, in which they analyse certain patterns in newspaper articles, such as
internal disagreement or criticism within a political party. In this paper we explain
how Hybrid Logic can be used as a query language in such an analysis, and show
that we can use existing model checkers to reproduce results of a recently published
case study about the Dutch election campaign in 2002. 1

1 Introduction

The media play an increasing role in the functioning of our society, often be-
ing the main informant of citizens and policy-makers. Controversies easily
arise when the media are accused of providing inaccurate or biased informa-
tion, such as the BBC-affair leading to the suicide of David Kelly in the UK
and the alleged demonisation of Pim Fortuyn before his assassination in the
Netherlands. The messages of politicians reach most citizens through the me-
dia rather than directly, making the media image of a party or candidate and
their reported positions on key issues an important factor in election cam-
paigns. Therefore, it is important to analyse the content of the media and its
effects on media consumers, as done in for example election studies, agenda
setting, and framing research (3; 11). These studies generally annotate news
items using Content Analysis which has resulted in a large number of anno-
tated articles over the past decades.

In this paper we provide a uniform representation of these media data by
formalising them as Kripke structures. Not only do we get unified represen-
tations with formal semantics, we also inherit well studied query languages in
the form of modal logics. This allows us to use off-the-shelf model checking

1 The Polder model is a phenomenon in politics in the Netherlands to reach an agreement
despite differences, however great these might be.(15)
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software to query newspaper articles, or at least the formalisation of these ar-
ticles. In order to reproduce recent results of a media study about the Dutch
elections in 2002 (9), we show that quite expressive modal languages (such as
Hybrid Logic H(@, ↓)) are needed to capture important political terms, such
as internal debate or criticism. This approach is verified experimentally by
transforming around 7,500 newspaper articles into Kripke structures. Using
an existing hybrid logics model checker (6), we query a number of politically
interesting patterns and compare them to the original study in (9).

There are three significant advantages of our approach: it offers an explicit
semantics for the formal representation of newspaper documents, which makes
the study much more transparent and therefore reproducible. Secondly, by
using existing tools, the amount of purpose-written and ad-hoc software is
greatly reduced, and, finally, it becomes straightforward to integrate formally
represented background knowledge.

2 Analysing the News

Quantitative Content Analysis is a field of Communication Science that anal-
yses media messages by categorising units of text into scientifically relevant
concepts (10). Network or Relational Content Analysis methods, such as the
NET method described below, additionally construct a network from these
texts where the nodes are the categories mentioned above and the vertices
determine certain relations between these nodes as expressed in the text (12;
5). These relations are often of a fairly subjective or opinionative nature, such
as (dis)like between actors and issue positions, but can also include causal
relations or actions, such as passing a law or going on strike.

In this paper, a simplified version of the Network Content Analysis method
called the NET method will be used. The NET method (Network analysis for
Evaluative Texts; 9), assumes that all relevant information in a sentence can be
expressed as 〈subject, relation, object〉 triples. The subject and object

of these statements are drawn from a (generally fixed) list of relevant concepts,
and the relation is a binary predicate indicating dissociation or association.

Automatically extracting these relations from text is an open problem on
the intersection of Communication Science and Computational Linguistics. A
full discussion of this is beyond the scope of this paper; the interested reader
is referred to (14; 13) for two examples of work in this field. In this paper
we assume that we have such a network to start with, either from one of the
many manual studies, or from a (future) automated analysis.

The resulting network can be queried in different ways depending on the
research question. In general, the researcher (implicitly) defines relevant con-
cepts as patterns over these networks. In election studies, such as the study
that provided the data underlying this paper, it is interesting to know what
the general tone and type of the news is, who is portrayed positively or neg-
atively, and what issue positions the different actors have according to the
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media. Moreover, more specific concepts such as internal dissent, unclear
issue positions and criticism from political actors can also be important (9).

2.1 NET by example: the Rise and Fall of Fortuyn

The examples in this paper are all drawn from the media coverage of the 2002
parliamentary elections in the Netherlands as described in (9). Initially, these
elections appeared to become a duplicate of the 1998 polarisation between
the ruling parties, the PvdA (labour) and VVD (conservative), with both
criticising each other but generally intending to continue the coalition. The
PvdA, however, was hindered by internal dispute, as exemplified in an article
published in the Dutch newspaper “Trouw” on 27 November 2001. Figure (1)
shows two sentences of this article which are indicative of this internal strife,
and which are coded as 〈Melkert,–, vanGijzel〉 and 〈PvdA,–, vanGijzel〉.
'

&

$

%

Fig. 1: ‘Rob van Gijzel fights back’ (Trouw, 27 November 2001)

PvdA-leader Melkert took away the spokesman-
ship on the construction fraud affair from Rob
van Gijzel. [..] This shows that he can no longer
assume support within his party

PvdA

vanGijzel

-

Melkert

-

Not all went as expected by the ruling parties. On 9 February 2002, the
newcomer Pim Fortuyn gave an interview in de Volkskrant which caused him
to be seen as extreme right, and forced him to establish his own party to
continue in Dutch politics. These radical issue positions caused him to receive
heavy criticism from the established parties. The sentences quoted in figure
2 are all direct criticism on Fortuyn by the other party leaders 〈Dijkstal,–,
Fortuyn〉, 〈Melkert,–, Fortuyn〉 and 〈De Graaf,–, Fortuyn〉. Note, that any
meaningful interpretation of this graph requires some background knowledge,
for example, that Dijkstal, Melkert and De Graaf were the party leaders of
the VVD, PvdA and D66 at the time.
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Fig. 2: “Public urinator” (Trouw, 13 February 2002)

[Before the interview] people had some second
thoughts about Fortuyn, but now he is said to ‘en-
croach on the heart of our civilisation’ (Dijkstal),
‘have crossed a line, that you cannot cross’ (Melk-
ert) [..]. De Graaf could not help citing Anne
Frank and calling him a fascist and a racist.

Melkert

Fortuyn

-

Dijkstal

-

deGraaf

-

Fortuyn did surprisingly well in the local elections in Rotterdam later that
month, which caused the leader of the PvdA, Melkert, to come under heavy
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fire. Moreover, the PvdA was still plagued with internal disagreement, for
example about the participation in the Joint Strike Fighter project (Figure
3). The first sentence is coded as 〈Timmermans,–, JSF〉, 〈PvdA,+, JSF〉, the
second as 〈Timmermans,–, Melkert〉 and 〈Melkert,+, JSF〉.
'
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Fig. 3: ‘Difficult, but I never threatened to resign’ (de Volkskrant, 10 April 2002)

PvdA parliamentary Frans Timmermans remains
skeptical about the JSF decision of his party [..]
after the PvdA-fraction finally said ‘Yes’ to the
JSF. Timmermans played the main part and di-
ametrically oppose party leader Melkert on this
issue

PvdA

Melkert

JSF

+

+

Timmermans
-

-

The tragic end of the campaign is known: Pim Fortuyn was assassinated
nine days prior to the elections. His party (the List Pim Fortuyn) made an
unprecedented debut and was made part of the government, but it was plagued
by internal dissent over the succession and was diminished in the next election
after the cabinet fell, less than three months after its formation.

2.2 Healthy Conflict or Internal Dissent

In campaign time, conflict and criticism are the rule rather than the exception.
However, there is an important distinction between different types of conflict:
conflicting or disputing issues with opponents can be beneficial as it allows
a party to create a distinct profile. Internal criticism, however, is generally
harmful, as is criticism from societal actors. Also, if different members of
a party adopt opposing viewpoints on an issue, the position of the party is
unclear to the voter and can be seen as indicating internal dissent or lack of
leadership.

Thus, it is important to identify whether the criticiser is a member of the
same party or a different party, and whether opposing viewpoints are adopted
by members of different parties or of the same party. This means we need
to know the party membership of the actors that are under investigation.
Using this background knowledge, we can see that figure 1 indicates internal
criticism, figure 3 indicates internal disagreement, while figure 2 indicates
criticism by opponents of Fortuyn. These concepts are therefore defined as
patterns over a combination of media data and background knowledge.

3 Querying opinions through model checking

In the previous section we introduced a prototypical problem exemplifying
the way social scientists use information about opinions to analyse political
situations. We now show that NET graphs can be mapped to particular Kripke
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structures, and that hybrid modal languages are useful query languages over
these structures. In particular, we show that we can reformulate the case
study of the previous section as a hybrid model checking problem.

Not only can we reproduce the published results with our approach, as will
be shown in the following section, but the expressiveness of the querying lan-
guages allows one to extend the complexity of possible sociological analysis of
the underlying newspaper articles. Furthermore, it provides a formal interpre-
tation to the experiments. Moreover, it makes it easier to do meta-research
over different communication scientific studies by formalising the semantics
and hence allows for improved theory building.

3.1 NET graphs and background knowledge

In section 2 we loosely introduced NET graphs as a result of a specific method
of content analysis. These graphs can be characterised more formally as fol-
lows: let N = {n1, . . . , nl} be a finite set of names, which usually represent
political actors, groups and issues. A NET graph is then defined as a finite
set of triples 〈ni, ∗, nj〉, where ni, nj ∈ N are names, and ∗ ∈ {+,−} is an
opinionated relation, denoting consent and dissent, respectively. As an ex-
ample, consider the NET graph NETex which was introduced to exemplify
internal disagreement between two members of the same party, and which is
repeated on the left-hand side of figure 4. Here, we have four names, Melkert,
Timmermans, PvdA and JSF, with triples 〈Timmermans,–, JSF〉, 〈PvdA,+, JSF〉,
〈Timmermans,–, Melkert〉 and 〈Melkert,+, JSF〉.

Background knowledge is usually given as a simple ontology over polit-
ical actors and concepts. Formally, let N again denote the set of names,
{R1, . . . , Rn} a finite set of binary relations, and P = {P1, . . . , Pm} a finite set
of propositional variables. The domain ontologyO is then defined as a finite set
of axioms of the form (ni : P ), P v Q or R(ni, nj), where ni, nj ∈ N , {P,Q} ⊆
P and R ∈ {R1, . . . , Rn}. In our example, both Timmermans and Melkert
are politicians, and members of the PvdA, which is a party, and the JSF
is an issue; finally, politicians and parties are political actors. This can be
represented formally in the ontology Oex = {Timmermans:Politician, Timmer-
mans:memberOf PvdA, Melkert:Politician, Melkert:memberOf PvdA, JSF:Issue,
PvdA:Party, Politician v PolActor}.

3.2 NET as Kripke structures

Kripke structures over a set of propositional variables P , are triples of the
form 〈M,R, V 〉, where M is a set of states, R a family of binary accessibility
relations on M , and V is a valuation function from P to the power-set of M .
We can translate a NET structure NET and background ontology O in the
form described above into a kripke structure as follows:

For each name ni in N , we create a state mi in M . Let us define two
relations R+ and R−, where (mi,mj) ∈ R+ iff 〈ni, +, nj〉 ∈ NET and an
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Fig. 4. The NET graph of figure 3 and its Kripke structure Kex

analogous definition for R−. Further, we define a relation Ri for each rela-
tion Ri in the ontology O, where (mi,mj) ∈ Ri iff (ni, nj) ∈ Ri. Now, we
can equate R = {R−,R+, R1, . . . , Rn}. Finally, we define the valuation func-
tion V as the smallest set V (P ) such that {n | n : P ∈ O} ⊆ V (P ) and⋃

(PvQ)∈O V (Q) ⊆ V (P ) for each P ∈ P .

Please note that the way we translate the P v Q ontological statements
into our valuation function effectively means unfolding these axioms into
propositional symbols attached to the states, which is an implicit Closed World
Assumption. This is a necessary assumption if we wish to use a model checker
to evaluate formulas, as a model needs to have all valuations specified. More-
over, we feel that in our application this is an acceptable assumption because
of the restricted domain.

Now, we apply this translation to the NET graph NETex and the ontol-
ogy Oex. From the set of names {Melkert, T immer, PvdA, JSF} we create
the set of states Mex = {m, t, p, j}. The family of accessibility relations is
defined as Rex = {R−,R+, Rm}, where the set of NET triples is translated
into the definition of R+ = {(p, j), (m, j)} and R− = {(t, j), (t,m)}; and
the ontological relation memberOf is translated into Rm = {(t, p), (m, p)}.
Finally, the valuation function Vex is derived from taking the instances and
unfolding the ‘subclass’ relation in the ontology: Vex(Politician = {t,m},
Vex(Party) = {p}, Vex(PolActor) = {t,m, p}, and Vex(Issue) = {j}. This
yields the Kripke structure Kex = 〈Mex,Rex, Vex〉 visualized on the right hand
side of figure 4.

This translation might seem to be mainly a change from normal to calli-
graphic font, i.e. the syntactic translation is hardly enervating. However, with
this translation we also define the semantics of the joint network of NET and
the background ontology. Since NET has no formal semantics attached to it,
and no previous work exists to provide a formal framework for interpreting
the (social scientific) background knowledge, this is a conceptually interesting
and important step. It is worth mentioning that this semantic explicitation is
based on a number of assumptions that Social Scientists might agree upon or
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not. But by providing an explicit semantics to NET (with background knowl-
ege) by means of a translation into Kripke structures we introduce a formal
way of interpreting communication scientific concepts or theories. This can
provide insight into the (often implicit) discrepancies between the assumptions
behind studies.

3.3 Modal logics as query languages over Kripke structures

Interpreting NET graphs and their domain ontologies as Kripke structures has
two big advantages: first, it provides a unified representation about all the
knowledge that is represented about a certain political statement. Secondly,
Kripke structures come with a number of very powerful and well studied query
languages, namely modal logics (1). In our case, multi-modal logics seem to
be the obvious choice for querying multi-relation structures. They extend
propositional logic by adding a family of modal operators {31, . . . , 3d}. For-
mally, let PROP = {p, q, . . .} be a set of propositional variables. The syntax
of multi-modal logic MML is as usual: ϕ := > | p | ¬ϕ | ϕ ∧ ψ | 3i. To
simplify matters, ϕ ∨ ψ and 2iϕ are defined as abbreviations for ¬(¬ϕ ∧ ¬ψ)
and ¬3i¬ϕ. Let K be a Kripke structure and m ∈ M . The semantics of
multi-modal logic is defined as usual:

K,m |= >
K,m |= p iff m ∈ V (p), p ∈ PROP

K,m |= ¬ϕ iff K,m 6|= ϕ

K,m |= ϕ ∧ ψ iff K,m |= ϕ and K,m |= ψ

K,m |= 3iϕ iff ∃m′ (Rimm′ ∧ K,m′ |= ϕ)

To see the potential of modal logic as a query language, let us study
an example: give me politicians criticising other politicians? Asking this
query over the Kripke structure Kex should return the name Timmermans,
because 〈Timmermans,–, Melkert〉∈ NETex, as well as Melkert:PolActor∈ Oex

and Timmermans:PolActor∈ Oex. Formally, the set of answers to this query is
the set of all worlds n for which Kex, n |=PolActor∧3−PolActor, where 3− is
interpreted as the relation –. More generally, given any Kripke structure K,
and an arbitrary formula ϕ in the basic language, it is well known that it can
be checked in linear time whether ϕ is true at a state in K or not.

Unfortunately, the logic is not yet expressive enough for some important
queries which are needed in our case study. First, we are unable to ask for
adversaries of particular political actors, or opinions of politicians with respect
to specific political issues. This is because modal logics usually do not allow
to address worlds by their names, i.e. they usually don’t have support for
nominals. So, if we were to ask about those politicians opposing immigration,
we would need the name of the issue immigration in our language. Then the
query (Politician∧3−immigration) would capture our intuition.
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But we need even more. A type of query that is required for the political
investigations are about internal disagreement, that also cannot be expressed,
even with nominals. In the following example we want to query for a political
party, which has suffered criticism on a particular issue it supports from one of
its members. Basically the query should include the proposition Party, i.e. we
search for a party, and an issue this party supports, i.e. 3m3+Issue. Finally,
we need to find a member of the party, which is critical of the same issue.
But here we fail, as we cannot state equality of two issues or two parties,
respectively. What is needed is a further extension of our logic with weak
quantification, or variable binding.

3.4 Hybrid Logics

Hybrid Logic (HL, for short) extends multi-modal logic with devices for naming
states and accessing states by names. Let NOM = {i, j, . . .} and WVAR =
{x, y, . . .} be sets of nominals and state variables, respectively. HL’s syntax
is: ϕ := MML | i | x | @tϕ | ↓x.ϕ | ∃x.ϕ, with i ∈ NOM, x ∈ WVAR,
t ∈ NOM ∪ WVAR. The operators in {@, ↓,∃} are called hybrid operators.
We call WSYM = NOM ∪ WVAR the set of state symbols, and ATOM =
PROP ∪ NOM ∪WVAR the set of atoms. For simplicity, we omit parenthesis
after the ↓. For instance, ↓x.p ∧@xq should be read as ↓x.(p ∧@xq).

Hybrid Logic is interpreted over hybrid Kripke structures, i.e., Kripke struc-
tures 〈M, R, V 〉 where the valuation function V assigns singleton subsets of
M to nominals i ∈ NOM. To give meaning to the formulas, we also need the
notion of assignment. An assignment g is a mapping g : WVAR → M . Given
an assignment g, we define gx

m by gx
m(x) = m and gx

m(y) = g(y) for x 6= y. For
any atom a, let [V, g](a) = {g(a)} if a is a state variable, and V (a) otherwise.

The semantics of hybrid logic is defined over a hybrid Kripke structure
K = 〈M,R, V 〉, where m ∈ M , and g is an assignment; the semantics for
Boolean and modal operators is as before.

K, g,m |= a iff m ∈ [V, g](a), a ∈ ATOM

K, g,m |= @tϕ iff K, g, m′ |= ϕ, where [V, g](t) = {m′}, t ∈ WSYM

K, g,m |= ↓x.ϕ iff K, gx
m,m |= ϕ

K, g,m |= ∃x.ϕ iff there is m′ ∈ M such that K, gx
m′ ,m |= ϕ

This means that @t shifts evaluation to the state named by t, where t is a
nominal or a variable. The down-arrow ↓x binds the state variable x to the
current state, while the existential binder ∃x binds to some state in the model;
↓ and ∃ do not shift evaluation away from the current state. The definition
of hybrid logic is almost literally taken from (7). We also refer to (2) for an
introduction to hybrid logics.

By adding one or more of these hybrid operators to our modal language,
we can obtain a number of hybrid logics, such as H(@) and H(@, ↓), with
different expressivity and computational complexity. Which of these logics is
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needed depends on the specific query to be formulated.

For example, to know if any politician is taking a negative issue position,
simple modal logic suffices: Politician3−Issue. If we also want to know which
politician is taking this position, we need to interpret the hybrid structure, as
we want to bind to a specific world rather than the whole Kripke structure,
and thus arrive in H(@), the least expressive hybrid logic.

If we want to formulate internal disagreement, we also need the ↓ binder
to be able to require two accessibility ‘branches’ to reach the same state:
↓ x.Party ∧ (3m3+(Issue∧ ↓ y.(@x3m3−y))). The outer binder binds the
current state, i.e. the party we query for, to a variable. Inside the formula,
we then enforce a criticism relation between a party member and the issue in
question.

Hybrid Logics as query languages over Kripke structures stemming from
NET graphs with background knowledge offer sufficient expressiveness to em-
ulate realistic investigations in content analysis. Moreover, as there is a fully-
fledged model checker publicly available, these results almost come for free, as
we will show in the following section.

4 Experiments and results

The experimental validation of our proposed method is a secondary analysis
based on articles coded for the investigation of the Dutch 2002 parliamentary
campaign by (9). This data set consists of 7,478 newspaper articles and tele-
vision items from 20 November 2001 to 14 May 2002 of which the headline
and leading paragraph were coded, yielding 35,031 triples.

Each article was translated into a Kripke structure as described in 3.2,
using a background ontology formlaising party membership of all politicians.
Finally, propositions were added that identify politicians, parties, political
actors (comprising politicians and parties), and issues. We then formalised the
main political concepts as modal or hybrid logic formulas. Using the model
checker described in (6, see also 7), these formal HL queries were then checked
in each of these Kripke structures, resulting in a list of parties, politicians or
issues for which these formulas were true.

These outcomes were summarised per period and compared to the results
presented in the original study. Small discrepancies occur because in the
original study the number of edges were counted rather than the number of
worlds. In fact the difference occurs because the way we pose our queries:
we search for an issue that is disputed by politicians, and not for politicians
disputing an issue.
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Horserace news: reality ∧ (3+PolActor ∨3−PolActor)
Conflict news: Actor ∧ (3+PolActor ∨3−PolActor)
Issue news: PolActor ∧ (3+Issue ∨3−Issue)

until until loc. until after
Concept interview elections murder murder total n Orig.

Conflict 40% 44% 46% 57% 45% 4,613 49%
Horserace 14% 13% 19% 24% 17% 1,721 20%
Issue 47% 42% 35% 19% 39% 3,968 31%

Table 1
Relative attention to news types

4.1 Modal logic: General political frames

To measure the general tone of the campaign news, three modal logic queries
were used to discover the three general news frames 2 used for the original
study. Table 1 shows the relative attention for these frames, i.e. the number
of Kripke structures in which there was a world in which the corresponding
formula was true. The total percentages are compared to the percentages
published in (9, table 2.2), which we restate in the last column of the table
for convenience.

4.2 H(@): Issue positions of politicians and parties

To discover the average position of politicians on one of the key issues, im-
migration, two H(@) queries were used. Note that this requires interpreting
the hybrid Kripke structures as we want to know the names of the worlds (i.e.
politicians) in which the formula holds 3 . Table 2 reports the average direction
of the position on immigration per party per period, i.e. (anti− pro)/(anti +
pro), compared to table 4.3 from (9).

Interesting to see is the tempering of Fortuyn’s position in the period
between the local elections and his assassination, also reported in figure 4.1 of
the original study. Note also the ‘jerk to the right’ by both incumbent parties
(VVD and PvdA) after the interview while the CDA actually becomes more
positive about immigration.

4.3 H(@, ↓) with background knowledge: Internal dissent

To discover different forms of internal strife, three H(@, ↓) formulas were used
on the combined media-data and background knowledge. In these formulas

2 In communication science, framing indicates the way an actor or issue is depicted (or
framed) in the news.
3 Note that to bind to the parties rather than the politicians, we would have to use the
inverse membership relation , defined as 3inv

i ϕ ≡ ∃x.(3ix ∧ ϕ) , which requires H(@, ↓)
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Pro-immigration: PolActor ∧3+immigration

Anti-immigration: PolActor ∧3−immigration

until until loc. until
Party interview elections elections total (n) Original

VVD -0.42 -0.50 -0.76 -0.53 (60) -0.66
PvdA 0.29 -0.45 -0.11 -0.07 (97) -0.11
CDA -0.71 -0.56 0.00 -0.57 (41) -0.66
Fortuyn -1.00 -1.00 -0.48 -0.62 (104) -0.52

Table 2
Average position on immigration

3m represents the memberOf relation between a party and a person. Table 3
gives the total number of occurrences of these three frames, as summarised in
figure 5.1 from (9), the support−criticism per week is also given and compared
to the original number. The difference in scale is a result of the counting of
nodes (parties) rather than edges as explained above. An interesting result
is that no party seems to be able to have internal discussion without internal
(personal) criticism, although the PvdA shows in the last period that the
internal discussion need not keep step with the criticism.

Internal criticism: ↓x.Party ∧ (3inv
m 3−(x ∨3mx) ∨3−(x ∨3mx))

Internal support: ↓x.Party ∧ (3inv
m 3+(x ∨3mx) ∨3+(x ∨3mx))

Internal disagreement: ↓x.Party ∧ (3m3+(Issue∧ ↓y.(@x3m3−y)))

Party until interview until elections until murder

disa crit supp diff orig disa crit supp diff orig disa crit supp diff orig

PvdA 59 64 42 -1.9 -3 9 12 14 0.6 1 46 110 76 -4.0 -8
VVD 39 55 66 1.0 3 11 6 16 2.8 5 55 66 70 0.5 6
CDA 7 6 7 0.1 0 0 8 15 2.0 4 5 7 9 0.2 0
LPF 3 1 3 0.2 0 7 4 11 2.0 4 34 28 40 1.4 1

Table 3
Internal Criticism and Debate

5 Conclusion

In this paper we describe first attempts at using modal logics, with their well
studied formalisms and tools in media studies. As a proof of concept, we
reproduce relevant results of a case study about the Dutch election campaign
of 2002. We do this by formalising newspaper articles as Kripke structures, and
by using an existing hybrid model checker to search for instances of politically
interesting patterns. This approach has some nice properties: we can use an
existing logic with well-studied semantics and out-of-the-box tools. We can
do this, because of the close relation of the social scientist’s intermediate NET
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representation with Kripke structures. As a result, we can offer explicit formal
semantics, easy integration of background knowledge, and an expressive query
language, as well as, with the hybrid model checker, a generic tool for querying.

5.1 Relevance to Communication Science

Using this method has three advantages to communication sciences. First, it
allows for an easy way to formally describe the concepts used in a study. This
can make a study more transparent and hence more repeatable.

Second, by making the investigated concepts and domain knowledge formal
and explicit, the amount of specific code or SPSS syntax that has to be written
to conduct an analysis is greatly reduced. In fact, apart from the general code
to translate NET articles to Kripke structures and to invoke the model checker
on those structures with the queries, no code or syntax was written at all for
this study.

Finally, it allows the separation of the domain specific knowledge (in the
ontology) from the definition of the concepts/frames. This makes it possible to
define and maintain the domain ontology without knowing the specific queries
that will be asked and, more importantly, to formulate the concepts in general
enough terms to compare concepts in different domains. The current queries
could also be used on the Dutch election campaigns of 1994 and 1998 or even
the American presidential campaigns.

Of course, whether the findings of one study, or even the concepts used
in those findings, are useful in different circumstances is another question,
one that is crucial for many studies: How far can the proposed concepts and
theories be generalised? The method described here can be a tool to help
investigate such questions, thus allowing for more systematic meta-research
and theory-building.

5.2 Shortcomings, limitations and challenges

Obviously, the streamlining of the analysis process into this particular modal
logic formalism comes at a price. The reduction of querying NET graphs with
background knowledge from complex reasoning to model checking is only pos-
sible because of two relatively strong assumptions: first, we assume complete
knowledge about the actors and issues (at least w.r.t. the propositions in our
domain), and we restrict our background knowledge to very simple “unfold-
able” axioms. There has recently been a surge in interest in simple terminolo-
gies to reduce the complexity of reasoning (for example (4)), and we would
claim that it should be reasonably simple to extend our approach to more
expressive ontologies.

To simplify this presentation, we did not combine the semantics of the NET
relations into the modal reasoning, such as transitivity or combination of ar-
rows. Instead we applied explicit constraint propagation before translating to
Kripke structures. This, however, is somehow inconsistent with our unifying
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approach taken otherwise. Another limitation is our failure to capture the
quantitative aspects of NET representations. In part, we avoid the issue by
considering individual documents rather than aggregated NET graphs. Thus,
the statistical variance is expressed in the results of the analysis, rather than
explicitly in the representation itself. Nevertheless, a certain level of approxi-
mation and fuzziness is lost in the process.

Another strong restriction of our current approach is the lack of any tempo-
ral or epistemic dimension: queries for changes of mind over time or reactions
on someone, let alone differences between newspapers cannot be expressed.
Nevertheless, we take this shortcoming as a challenge for future work, rather
than a limitation, as there is extensive work on multi-dimensional modal logics
to start with (just to mention (8)).
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Abstract. We present an infinitary and a finitary cut–free axiomatiza-
tion for a fragment of the modal µ–calculus in which nesting of fixed
points is restricted to non–interleaving occurrences. In this study we
prove soundness and completeness of both axiomatizations. Complete-
ness is established by constructing a canonical countermodel to any non–
provable formula using an extension of the method of saturated sequents.
Soundness of the finitary axiomatization is a consequence of the small
model property and well–known results about monotone operators while
completeness follows from the corresponding result for the infinitary case.

1 Introduction

Stratified modal fixed point logic, henceforth abbreviated as SFL, is an exten-
sion of standard multi–modal logic with syntactic constructs for representing
least and greatest fixed points of stratified positive formulae. As such SFL is
contained in Kozen’s well known modal µ–calculus which – along with many of
its fragments – is an important tool for the specification and verification of prop-
erties of programs. It has been studied extensively, for example, with respect to
model–checking. Classical studies in this direction include Kozen [11], Streett
and Emerson [14], Winskel [17] and Stirling and Walker [13].

Interesting efforts have also been undertaken to obtain sound and complete de-
ductive systems for the modal µ–calculus. Completeness of the (trivially sound)
axiomatization proposed by Kozen [11] was addressed by Walukiewicz [15], mak-
ing use of some deep results from the theory of automata on infinite words. While
certainly being interesting from a foundational point of view the proposed de-
ductive systems have so far left one important question largely unaddressed,
namely the possibility of obtaining cut–free axiomatizations. All previously pro-
posed complete deductive systems for the modal µ–calculus crucially include a
cut–rule and semantic or syntactic cut–elimination procedures were not known.

In this paper we present an infinitary and a closely related finitary cut–free ax-
iomatization of SFL and show that these axiomatizations are sound and complete
with respect to the standard Kripke semantics. The language of SFL captures –
? Research partly supported by the Swiss National Science Foundation
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as we shall see later – many important logics such as PDL, CTL and the logic
of common knowledge. It is stratified in the following sense: Consider a formula
µX.A[X], where A[X] is positive in the variable X. A[X] may contain a subformula
µY.B[Y] and νY.B[Y] only if X does not appear free in νY.B[Y]. This allows us
to compute the meaning of µY.B[Y] and νY.B[Y] and then use it to determine
the meaning of µX.A[X]. Stratification guarantees that inner fixed points do not
depend on the outer ones. Hence it is possible to determine the meaning of any
formula by a simple induction on the levels of its fixed points and its complexity.

This is not possible when interleaving of fixed points is allowed. Consider the
formula of the form µX.νY.A[X,Y]. Here the meaning of the inner fixed point
νY.A[X,Y] depends on the value assigned to X by the interpretation of the
outer fixed point µX.νY.A[X,Y] which in turn depends on νY.A[X,Y]. Hence
interleaving has the effect that the meaning of nested fixed points cannot be
determined one after another, but has to be treated in a more complicated way.

Turning to our two deductive systems for SFL we show (i) completeness of the
infinitary version Tω

SFL and (ii) the soundness of the finitary system TSFL. Fur-
thermore, it will be obvious that everything provable in Tω

SFL is also provable in
TSFL and, consequently, Tω

SFL as well as TSFL are sound and complete.

The completeness of Tω
SFL is proved by extending a method also used in Alberucci

and Jäger [1]. For establishing the soundness of the finitary system TSFL, we
heavily rely on the small model property of the modal µ–calculus; see [14, 5, 9,
16]. Generalizing an idea of Jäger, Kretz and Studer [10], we can exploit the fact
that with respect to provability only finitely many stages of greatest fixed points
are relevant.

The focus of this paper is on proof-theoretic aspects of an important subsystem of
the modal µ–calculus and the question whether there are cut–free formalizations.
We do not claim that the systems presented in this article are a direct basis for
implementations which perform better, for example, with respect to average case
behavior. However, we think that it is important to know that finite cut–free
calculi do exist so that it makes sense to search for cut–free frameworks whose
structural proof theory is more developed than that of TSFL. Furthermore, the
proof systems studied in this paper allow direct and logic–oriented completeness
proofs, a fact which is interesting in its own right.

2 Monotone Operators

To facilitate the introduction of SFL we will first briefly review some basic notions
and results from the theory of monotone operators; for all details we refer, for
example, to Moschovakis [12].

Definition 1 (Monotone Operators). Let A be a set. A function F is called
an operator on A if F : P(A) −→ P(A). F is called monotone if for all B,C ⊂ A
such that B ⊂ C we have F (B) ⊂ F (C).
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An important notion which we will require in various forms is that of a (poten-
tially transfinite) iteration of a given operator. There are two natural ways of
defining iterations. Firstly, we may start from the empty set and collect up all
elements which are possibly added by repeated applications of a given operator.
Secondly, we may start with the whole domain and throw away any elements
which are possibly removed by a repeated application of the operator. Both these
possibilities are reflected in the next definition.

Definition 2 (Iterations). Let A be a set, F a monotone operator on A and
α an ordinal. Define the sets Iα

F , IF , I<α
F Jα

F , JF and J<α
F as follows:

I<α
F =

⋃
β<α Iβ

F , Iα
F = F (I<α

F ), IF =
⋃

β Iβ
F .

J<α
F =

⋂
β<α Jβ

F , Jα
F = F (J<α

F ), JF =
⋂

β Jβ
F .

The next two theorems state that the sequences of sets determined by iterating
a monotone operator transfinitely many times in the two ways described in
Definition 2 always converge to the least and greatest fixed point of this operator
and that the number of iterations at which convergence is reached is bounded
by the cardinality of the domain.

Theorem 1 (Least Fixed Point). Let A be a set and F a monotone operator
on A. Then the following statements hold:

(i) For any ordinals α, β, if β ≤ α, then Iβ
F ⊂ Iα

F .
(ii) There exists an ordinal α such that α < |A|+ and IF = Iα

F = I<α
F .

(iii) F (IF ) = IF =
⋂
{B : F (B) ⊂ B} =

⋂
{B : F (B) = B}.

A proof of this theorem is given in Moschovakis [12]. This takes care of the least
fixed point case. The analogous situation also holds for greatest fixed points and
their approximations.

Theorem 2 (Greatest Fixed Point). Let A be a set and F a monotone op-
erator on A. Then the following statements hold:

(i) For any ordinals α, β, if β ≤ α, then Jα
F ⊂ Jβ

F .
(ii) There exists an ordinal α such that α < |A|+ and JF = Jα

F = J<α
F .

(iii) F (JF ) = JF =
⋃
{B : B ⊂ F (B)} =

⋃
{B : B = F (B)}.

Finally, for reasons of duality we shall also mention the following statement.

Theorem 3 (Fixed Point Duality). Let F be a monotone operator on a set
A. Then the operator G(X) := A \ F (A \ X) is monotone and the following
properties hold for all B ⊂ A:

(i) If F (B) = B, then G(A \B) = A \B.
(ii) If G(B) = B, then F (A \B) = A \B.
(iii) IG = A \ JF and JG = A \ IF .
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3 Stratified Modal Fixed Point Logic

Starting off from the usual language of multi-modal logic, we introduce the
language of SFL in a level-by-level fashion, beginning at level 0, at which we allow
only formulae of modal logic possibly containing a fresh propositional variable
X and its negation ∼X. For all formulae A which are positive in X we then add
constants PA and QA for the least and greatest fixed point of the associated
operator. At level 1 we allow formulae of modal logic possibly containing X and
∼X as well as any constant PA or QA from level 0. Again, for those formulae B
of level 1, which are positive in X we add new constants PB and QB as before
and iterate this procedure inductively, thus obtaining levels 2, 3, 4 and so on.
Each formula A of the language is therefore assigned a level in a natural way,
namely the minimal level of this construction at which A appears. At each level
of the language we also define the negation ¬A for an arbitrary formula A using
De Morgan’s laws, the law of double negation and the law of fixed point duality
stated in Theorem 3.

Definition 3 (Language, Level, Length). Let Φ = {p,∼p, q,∼q, r,∼r, . . .}
be a countable set of atomic propositions, V = {X,∼X} a set containing one
variable and its negation, T = {>,⊥} a set containing symbols for truth and
falsehood and M a set of indices.

1. Define L0 as being the least superset of Φ ∪ V ∪ T closed under ∧,∨,2i,3i

where i ∈ M. Given a formula A ∈ L0, we inductively define ¬A by:

¬p := ∼p, ¬X := ∼X, ¬∼p := p, ¬∼X := X, ¬> := ⊥, ¬⊥ := >,

¬(B ∧ C) := ¬B ∨ ¬C, ¬(B ∨ C) := ¬B ∧ ¬C,

¬2iB := 3i¬B, ¬3iB := 2i¬B.

2. A formula A ∈ L0 is called X-positive if ∼X does not occur in A. In the
following, X-positive formulae will be denoted by symbols A,B, C, . . . (possibly
with primes and subscripts). Given formulae A and B of L0 where A is X-
positive we write A[B] for the formula which is obtained by replacing every
occurrence of X in A by B. We define the dual A of an X-positive formula
A as A = ¬(A[∼X]). Furthermore, define the sets

L0 := {PA : A ∈ L0 X-positive} and G0 := {QA : A ∈ L0 X-positive}.

3. Define Lk+1 as the least superset of Φ ∪ V ∪ T ∪ Lk ∪ Gk closed under the
symbols ∧,∨,2i,3i where i ∈ M. Again a formula A ∈ Lk+1 is called X-
positive if ∼X does not occur in A. For any formulae A ∈ Lk+1 define ¬A as
before and adding the clauses ¬PA := QA and ¬QA := PA. For X-positive
formulae A ∈ Lk+1 we also define A as before. Similar to the base case we
also define sets of fixed point constants

Lk+1 := {PA : A ∈ Lk X-positive} and Gk+1 := {QA : A ∈ Lk X-positive}.

4. Define the language L by setting L =
⋃

k∈ω Lk.
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5. For every formula A ∈ L define level(A) to be the least k so that A ∈ Lk.
6. The length |A| of an A ∈ L is simply the number of symbols occurring in A

with the proviso that fixed point constants PA and QA count (recursively) as
|A|+ 1 many symbols.

Turning to the semantics of L, a Kripke structure, as usual, is a triple K =
(S, R, π) where S is a non–empty set, R a mapping from M to P(S × S) and
π a mapping from Φ ∪ V to P(S); we also require that π(∼X) = S \ π(X) and
π(∼p) = S \ π(p) for all p ∈ Φ. The function R assigns an accessibility relation
to each i ∈ M where we write Ri for the relation R(i). Furthermore, given a set
T ⊂ S we define K[X := T ] to be the the Kripke structure (S, R, π′), where π′

maps X to T , ∼X to S \ T and otherwise agrees with π.

Given a Kripke structure K we now define the denotations of the formulae of L
by main induction on their levels and side induction on their lengths.

Definition 4 (Denotation). Let K = (S, R, π) be a Kripke structure. For every
A ∈ Lk we define the set ‖A‖K ⊂ S inductively as follows:

‖P‖K := π(P ) for all P ∈ Φ ∪ V, ‖>‖K := S, ‖⊥‖K := ∅,
‖B ∧ C‖K := ‖B‖K ∩ ‖C‖K, ‖B ∨ C‖K := ‖B‖K ∪ ‖C‖K,

‖2iB‖K := {w ∈ S : v ∈ ‖B‖K for all v such that wRiv},
‖3iB‖K := {w ∈ S : v ∈ ‖B‖K for some v such that wRiv}.

For every PA and QA we define

‖PA‖K :=
⋂
{T ⊂ S : T ⊃ FK

A(T )} and ‖QA‖K :=
⋃
{T ⊂ S : T ⊂ FK

A(T )}

where FK
A is the operator on S given by FK

A(T ) := ‖A‖K[X:=T ] for every subset T
of S.

Obviously by the main induction hypothesis the operator FK
A is defined and

monotone and ‖PA‖K and ‖QA‖K are the least and greatest fixed points of FK
A

respectively.

Definition 5 (Satisfaction and Validity). Let K = (S, R, π) be a Kripke
structure. We say a formula A ∈ L is satisfied in K if ‖A‖K 6= ∅ and valid in K
if ‖A‖K = S. We say A is satisfiable if there exists a Kripke structures in which
A is satisfied. Furthermore, we say that A is valid if it is valid in all Kripke
structures.

The next definition introduces formulae describing the finite iterations of mono-
tone operators, both from below and above. We also define the stages of such
inductive definitions over a given Kripke structure.

Definition 6 (Iterations). Let A be an X-positive formula.
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1. For every k ∈ ω define the formulae Qk
A and P k

A inductively as follows:

P 0
A := ⊥, P k+1

A := A[P k
A], Q0

A := >, Qk+1
A := A[Qk

A].

2. Let K = (S, R, π) be a Kripke structure. For every ordinal α define the subsets
I<α
A,K, Iα

A,K J<α
A,K and Jα

A,K of S as follows:

I<α
A,K := I<α

F K
A

, Iα
A,K := Iα

F K
A
, J<α

A,K := J<α
F K
A

, Jα
A,K := Jα

F K
A
.

Remark 1. We note two facts, which are evident from Definition 6 and which will
be used several times in the subsequent argument. Let A be a formula of L which
is X-positive. Then for all natural numbers k we have level(Qk

A) < level(QA)
and level(P k

A) < level(PA) and, furthermore, for all Kripke structures K we have
‖P k

A‖K = I<k
A,K and ‖Qk

A‖K = J<k
A,K.

Our language L is built up in layers and at each layer we add a set of fixed point
constants for certain formulae of the layer below. The following definition is so
that the rank of a formula at a higher level is strictly greater than the rank of
any formula in a level below.

Definition 7 (Rank). The rank rk(A) of a formula A ∈ L is an ordinal defined
inductively as follows:

1. If A is an element of Φ ∪ V ∪ T, then rk(A) := 0.
2. If A is a fixed point constant PA or QA and level(A) = n, then rk(A) := ωn.
3. If A is a formula B ∧ C or B ∨ C, then rk(A) := max(rk(B), rk(C)) + 1.
4. If A is a formula 2iB or 3iB for some i ∈ M, then rk(A) := rk(B) + 1.

The following lemma summarizes some important properties of the rank func-
tion. Its proof is routine and left to the reader.

Lemma 1. For all formulae A,B ∈ L the following statements hold:

(i) ω · level(A) ≤ rk(A) < (ω · level(A)) + ω.
(ii) rk(A) = rk(¬A).
(iii) rk(A), rk(B) < rk(A ∧B), rk(A ∨B).
(iv) rk(A) < rk(2iA), rk(3iA) for all i ∈ M.

The right hand inequality of the following Lemma is a straightforward conse-
quence of Remark 1 and Lemma 1, the left hand one is an induction on k.

Lemma 2. For all fixed point constants QA and all k ∈ ω we have

rk(Qk
A) ≤ rk(Qk+1

A ) < rk(QA).

The preceding considerations show that the rank of a formula A as given in
Definition 7 allow us to prove certain claims – for example the next one – by a
simple induction on rk(A).

Lemma 3. For all formulae A of L and all Kripke structures K = (S, R, π) we
have ‖¬A‖K = S \ ‖A‖K.
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4 A Hilbert System for SFL

In this section we briefly introduce the Hilbert system HSFL for stratified modal
fixed point logic. We mention HSFL because it is simple and easily accessible
from an intuitive point of view. The system is basically Kozen’s axiomatization
of the modal µ–calculus [11] adapted to our more restrictive setting. It consists
of the standard axioms and rules for multi–modal logic plus axioms and rules
for the fixed point constants. Given X-positive formulae A the additional axioms
express the fact that the constants PA stand for fixed points and the additional
induction rules state that these fixed points are minimal. Indeed, as we are about
to see we only require additional axioms and rules for least fixed points. Their
counterparts with respect to greatest fixed points may be derived due to the
syntactic duality of least and greatest fixed points in our language.

Definition 8 (The System HSFL). The system HSFL is defined by adding the
following axioms and rules to any suitable Hilbert–style axiomatization for a
multi–modal formulation of the logic K:

Closure axioms For every X-positive formula A:

A[PA] → PA

Induction rules For every X-positive formula A and every formula B:

A[B] → B

PA → B

It is easily checked that for greatest fixed points the duals of the closure axioms
and induction rules are derivable in HSFL. Basically all we need is the fixed point
duality formulated in Theorem 3.

Lemma 4. The system HSFL derives the formula QA → A[QA] and the rule:

B → A[B]
B → QA

We may use the system HSFL to gain some intuition about the expressive strength
of SFL. To this end we will briefly discuss three notable fragments of SFL, namely
logic of common knowledge, computational tree logic CTL and propositional
dynamic logic PDL. Logic of common knowledge [6] is a multi–modal logic which
can be used to talk about certain epistemic situations among a group of agents.
The index set M is interpreted as standing for a finite set of agents and a modal
formula 2iA is taken to mean that agent i knows the statement A. If A is known
by all agents in M, we write EA which, formally speaking, is just an abbreviation
for the conjunction

∧
i∈M 2iA. If A is common knowledge among all agents –

all agents know A and all agents know that all agents know A and so on ad
infinitum – then we write CA. More formally, the logic of common knowledge
can be axiomatized as a multi–modal version of K plus the following axioms and
rules to treat the common knowledge operator C:
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Closure axioms For every formula A:

CA → E(A ∧ CA)

Induction rules For every formula A and B:

B → E(A ∧B)
B → CA

It can easily be seen that the logic of common knowledge is a fragment of SFL
by defining a syntactic embedding from the former into the latter: we translate
atomic, propositional and modal formulae as themselves and a formula CA as
QE(A∗∧X) where A∗ denotes the translation of A. By Lemma 4 it is clear that
we then obtain the following theorem stating that the translations of the axioms
and rules for common knowledge are derivable in HSFL. Since the rest of the
axioms and rules of logic of common knowledge are also a part of HSFL, this
already takes care of the embedding result.

Theorem 4. For all formulae A and B of logic of common knowledge we have:

1. HSFL derives (CA → E(A ∧ CA))∗.
2. If HSFL derives (B → E(A ∧B))∗, then HSFL also derives (B → CA)∗.

The next fragment of SFL we consider is computational tree logic or CTL for short
[4]. CTL is based on mono–modal logic and may be used to talk about the set of
all possible runs of a system. Using this logic we may express such properties as
“in all runs extending from the current state A holds in the next state”, written
as 2A, or “in some runs extending from the current state A holds in the next
state”, written as 3A. More importantly we may also express behavior which is
in a sense unbounded like “in all runs extending from the current state A holds
until B is the case”, denoted by ∀(AUB) or “in some runs extending from the
current state A holds until B is the case”, written as ∃(AUB). Axiomatically
we obtain CTL by extending a suitable axiomatization for K by the following
axioms and rules governing the use of the ∀(AUB) and ∃(AUB) constructs:

Closure axioms For every formula A and B
(1) B ∨ (A ∧2∀(AUB)) → ∀(AUB)
(2) B ∨ (A ∧3∃(AUB)) → ∃(AUB)

Induction rules For all formulae A, B and C

(3)
C → (¬B ∧3C)
C → ¬∀(AUB)

(4)
C → (¬B ∧ (A → 2C))

C → ¬∃(AUB)
An embedding of CTL into SFL can be obtained again by translating atomic,
propositional and modal constructs as themselves and using in this case least
fixed point constants to translate formulae of the form ∀(AUB) and ∃(AUB).
More precisely we translate a formula of the form ∀(AUB) into PB∗∨(A∗∧2X∧3>)

and a formula of the form ∃(AUB) into PB∗∨(A∗∧3X) where in both cases A∗

and B∗ stand for the translations of A and B respectively. Using this translation
and Definition 8 we again immediately get the following theorem which ensures
that CTL is embeddable into HSFL.
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Theorem 5. For all formulae A, B and C of CTL we have:

1. HSFL derives [B ∨ (A ∧2∀(AUB)) → ∀(AUB)]∗.
2. HSFL derives [B ∨ (A ∧3∃(AUB)) → ∃(AUB)]∗.
3. If HSFL derives [C → (¬B ∧3C)]∗, then also [C → ¬∀(AUB)]∗.
4. If HSFL derives [C → (¬B ∧ (A → 2C))]∗, then also [C → ¬∃(AUB)]∗.

The last fragment of SFL which we mention is propositional dynamic logic, ab-
breviated as PDL [7, 8]. It is once again a multi–modal logic this time featuring
an infinite set M of indices. The logic is primarily used for reasoning about
programs in the following sense: a formula 2iA is interpreted as the statement
“whenever an i action is executed in the current state, we terminate in a state
which satisfies A”. Consequently, 3iA is taken to mean “in the current state it
is possible to execute an i action and terminate in a state which satisfies A”.
Similar to our two previous examples PDL also features constructs for express-
ing “unbounded” properties. 2∗

i A is used to state that for any finite iteration
of the action i we end up in a state satisfying A. Dually, 3∗

i A states that there
exists a finite iteration of i actions after which we end up in a state satisfying A.
Again we may axiomatize PDL by taking suitable axioms for multi–modal K and
extending them by the following axioms and rules for the 2∗

i and 3∗
i operators:

Closure axioms For every formula A

(1) 2∗
i A → (A ∧2i2

∗
i A)

(2) (A ∨3i3
∗
i A) → 3∗

i A

Induction rules For all formulae A, B

(3)
B → (A ∧2iB)

B → 2∗
i A

(4)
(A ∨3iB) → B

3∗
i A → B

The above axioms and rules suggest a translation of a formula 2∗
i A as a greatest

and 3∗
i A as a least fixed point. More precisely, in order to embed PDL into SFL

we translate atomic, propositional and modal formulae as themselves, 2∗
i A as

QA∗∧2iX and 3∗
i A as PA∗∨3iX where A∗ stands for the translation of A. Using

this translation, Definition 8 and Lemma 4 we prove the following embedding
theorem.

Theorem 6. For all formulae A and B of PDL we have:

1. HSFL derives [2∗
i A → (A ∧2i2

∗
i A)]∗.

2. HSFL derives [(A ∨3i3
∗
i A) → 3∗

i A]∗.
3. If HSFL derives [B → (A ∧2iB)]∗, then HSFL derives [B → 2∗

i A]∗.
4. If HSFL derives [(A ∨3iB) → B]∗, then HSFL derives [3∗

i A → B]∗.
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5 The Infinitary Calculus Tω
SFL

In the following we introduce the system Tω
SFL for deriving valid formulae of

stratified modal fixed point logic. For ease of presentation we shall restrict the
remainder of our account to the case where we are dealing with just one modality,
that is to say where M is a singleton set. A generalization of the subsequent
arguments to the full multi–modal case is an easy exercise. Consequently, we
drop the indices when writing the symbols 2 and 3. Furthermore, given a Kripke
structure K = (S, R, π) we henceforth treat R as a single relation R ⊂ S × S.

The calculus Tω
SFL is designed in Tait–style, that is to say, using it we derive

finite sets of formulae of L. It is infinitary in the sense that in order to apply
the rule for a greatest fixed point constant QA we must derive infinitely many
premises. As a consequence of this, proofs in Tω

SFL can become infinite in length.
Our calculus will not include a cut rule although such a rule could be added for
convenience.

Definition 9 (Sequents). A sequent is a finite set of formulae of L. Hence-
forth, unless otherwise stated capital Greek letters Γ,∆,Σ, . . . (possibly with
primes and subscripts) shall be used to denote sequents. Given a formula A we
write Γ,A for Γ ∪{A}. By

∨
Γ we denote the formula ((. . . (A1∨A2)∨ . . .)∨An)

if Γ is the set {A1, . . . , An} or the formula ⊥ if Γ is empty. Furthermore, by
3Γ we denote the sequent obtained by prefixing each formula in Γ by 3.

We are now in a position to state the rules of Tω
SFL. These rules are to be read

in the following way: if all sequents displayed in the premise have already been
derived, then the sequent displayed in the conclusion may also be derived. In this
sense, rules with an empty premise correspond to sequents which may always be
derived, that is to say they are axioms of Tω

SFL.

Definition 10 (The System Tω
SFL). The system Tω

SFL is defined by the follow-
ing set of inference rules:

Γ, p,∼p
(ID1)

Γ, X,∼X
(ID2)

Γ,>
(ID3)

Γ,A, B

Γ,A ∨B
(∨)

Γ,A Γ,B

Γ,A ∧B
(∧)

Γ,A

3Γ,2A,Σ
(2)

Γ,A[PA]
Γ, PA

(PA)
Γ,Qk

A for all k ∈ ω

Γ,QA
(Qω

A)
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Provability of a sequent Γ in Tω
SFL is defined as usual and denoted by Tω

SFL ` Γ .
It is obvious from the formulation of the system that Tω

SFL satisfies weakening in
the sense that if Γ is provable and Γ ⊂ ∆, then ∆ is also provable.

However, it is not immediately obvious that Tω
SFL is sound. Problems might occur

in connection with the infinitary rule (Qω
A) whose premises are exactly the finite

stages of greatest fixed points, whereas in arbitrary Kripke structures transfinite
stages cannot be ruled out. However, in Section 7 we will prove the soundness of
a system TSFL which contains Tω

SFL. Thus we do not elaborate on the soundness
proof for Tω

SFL here.

From the completeness of Tω
SFL which will be shown in Section 6 we can imme-

diately deduce that the Hilbert system HSFL is contained in Tω
SFL. More formally

and moving from Hilbert–style to a Tait–style framework, completeness implies
the following Theorem

Theorem 7. For all formulae A and B of L where A is X-positive we have:

(i) Tω
SFL ` ¬A[PA], PA.

(ii) Tω
SFL ` ¬A[B], B =⇒ Tω

SFL ` ¬PA, B.

6 A Completeness Proof for Tω
SFL

We now aim to prove completeness for the system Tω
SFL, that is the claim that

any valid formula of L must be provable in Tω
SFL. In order to arrive at this result,

we will in fact show its contrapositive. That is we will show that given a non–
provable formula A, we may always construct a Kripke structure in which A is
not satisfied. Such a formula A can thus never be valid. To show completeness
we use an extension of the method of saturated sequents. A sequent is saturated
if it is in a sense maximally non–provable. The first major step in proving the
completeness of Tω

SFL is thus to show that any non–provable sequent can be
expanded to a saturated sequent. The second step is then to show that from
the set of all saturated sequents we may construct a suitable countermodel for a
non–provable formula. We thus first need to state what saturated sequents are.

Definition 11 (Saturated Sequents). Let k be a natural number.

1. A sequent Γ ⊂ L is called k–presaturated if all of the following properties
hold:

(i) Tω
SFL 0 Γ

(ii) For all formulae A∧B with level(A∧B) ≥ k, if A∧B ∈ Γ , then A ∈ Γ
or B ∈ Γ .

(iii) For all formulae A∨B with level(A∨B) ≥ k, if A∨B ∈ Γ , then A ∈ Γ
and B ∈ Γ .

(iv) For all formulae QA with level(QA) ≥ k, if QA ∈ Γ , then Qn
A ∈ Γ for

some n ∈ ω .
2. Γ is called k–saturated if it is k–presaturated and in addition the following

property holds
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(v) For all formulae PA with level(PA) ≥ k, if PA ∈ Γ , then A[PA] ∈ Γ .

In general Γ is simply called saturated if it is 0–saturated. To show that any
non–provable sequent Γ may be expanded to a saturated one we will use the
strategy of choosing a formula in Γ which violates one of the conditions (ii) to
(v) of Definition 11, adding suitable formulae to make the respective condition
satisfied, then iterating this with a new formula which violates the conditions
and so on. The essential step in the proof is then to show that this procedure
converges after finitely many steps, thus yielding a saturated sequent. What
makes matters complicated is condition (v) since satisfying this condition – in
contrast to conditions (ii) to (iv) – means increasing formula complexity. In
order to tackle these complications we need to make two technical definitions.
The first one introduces a notation for the set of all those formulae in a sequent
Γ which prevent Γ from being k–presaturated. The second definition introduces
the set csub(A) of critical subformulae of formula A of L. The intended meaning
of csub(A) is being the set of all subformulae of A which could be considered
during the process of saturation.

Definition 12 (k–Deficiency Set). Let Γ be a sequent such that Tω
SFL 0 Γ

and k a natural number. Define the k–deficiency set dsk(Γ ) of Γ as the empty
set if Γ is k–presaturated and otherwise as the set of all elements of Γ of level
k which violate one of the conditions (ii) – (iv) of Definition 11.

Definition 13 (Critical Subformulae). For any A ∈ L define the set csub(A)
of critical subformulae of A inductively as follows:

1. If A is an element of Φ ∪ V ∪T, a fixed point constant PA, a formula 3B or
a formula 2B, then define csub(A) as the set {A}.

2. If A is a fixed point constant QA, then csub(A) := {QA} ∪ {Qn
A : n ∈ ω}.

3. If A is a formula B ∨C or B ∧C, then csub(A) := {A}∪ csub(B)∪ csub(C).

For any sequent Γ = {A1, . . . , An} set csub(Γ ) := csub(A1) ∪ . . . ∪ csub(An).

In order to saturate an arbitrary non–provable sequent Γ we proceed as follows:
Start with Γ and find the least number k for which Γ is k–saturated. If k = 0,
then Γ is saturated and we are done. Thus assume k = l + 1 for some number l.
Now we iteratively satisfy conditions (ii) to (iv) of Definition 11, producing in a
finite number of steps a sequent Γ ′ which is l–presaturated, but not necessarily l–
saturated. To achieve the latter, we add A[PA] to Γ ′ for each fixed point constant
of level l and thus obtain a sequent Γ ′′. Unfortunately Γ ′′ need not necessarily
be l–presaturated any longer but we notice that it is still l + 1–saturated. Thus
we again iteratively satisfy conditions (ii) to (iv) of Definition 11 where after we
arrive at an l–saturated sequent Γ ′′′. Repeating this procedure yields a strictly
decreasing sequence of saturation numbers and thus after finitely many steps of
adding formulae we reach a sequent which is saturated. We will now set about
formalizing the saturation argument just described in the shape of the next three
lemmata.
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Lemma 5. For every sequent Γ with Tω
SFL 0 Γ there exists a natural number k

such that Γ is k–saturated.

Proof. By Definition 11 it is clear that the claim holds if we take k as the
maximum level of all formulae in Γ plus 1. ut

Lemma 6. Suppose that k is a natural number and Γ a (k + 1)–saturated se-
quent. Then there exists a k–presaturated sequent ∆ so that

Γ ⊂ ∆ and (∆ \ Γ ) ⊂ csub(dsk(Γ )).

Proof. The proof of this lemma is routine and will thus not be carried out. An
almost identical claim is shown by Alberucci and Jäger [1] in full detail. ut

Lemma 7. Suppose that k is a natural number and Γ a (k + 1)–saturated se-
quent. Then there exists a k–saturated sequent ∆ such that Γ ⊂ ∆.

Proof. In a first step we apply Lemma 6 in order to obtain a k–presaturated
sequent ∆0 so that Γ ⊂ ∆0 and (∆0 \ Γ ) ⊂ csub(dsk(Γ )). This sequent need
not necessarily be k–saturated as condition (v) could be violated for some fixed
point constants PA of level k. To rectify this problem, our next step is to define
the sequent ∆1 := ∆0 ∪ {A[PA] : level(PA) = k and PA ∈ ∆0}. Now, in turn,
∆1 need not be k–presaturated since we have no guarantee that

dsk(∆1) = dsk({A[PA] : level(PA) = k and PA ∈ ∆0})

is empty. However, again by using Lemma 6 we can extend ∆1 to a k–presatur-
ated sequent ∆ with the properties ∆1 ⊂ ∆ and (∆ \ ∆1) ⊂ csub(dsk(∆1)).
Thus all elements of (∆ \∆1) belong to the set

csub({A[PA] : level(PA) = k and PA ∈ ∆0})

with the consequence that all fixed point constants of level k which are elements
of ∆ are already elements of ∆0. Hence ∆ is k–saturated and the lemma is
shown. ut

Combining Lemmata 5 and 7 now takes care of the first part of our completeness
proof for Tω

SFL.

Lemma 8. For every sequent Γ which is not provable in Tω
SFL there exists a

saturated sequent ∆ such that Γ ⊂ ∆.

Proof. Assume Tω
SFL 0 Γ . Then by Lemma 5 we know that Γ is k–saturated

for a suitably chosen k. Moreover, according to Lemma 7 there are sequents
Γk−1, . . . , Γ1, Γ0 so that each Γi is i–saturated for 0 ≤ i ≤ k − 1 and

Γ ⊂ Γk−1 ⊂ . . . ⊂ Γ1 ⊂ Γ0.

To conclude the proof simply set ∆ := Γ0. ut
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Based on the collection of all saturated sequents we now define a Kripke structure
Ksat which will turn out to be a suitable countermodel for any non–provable
formula of L. The worlds of Ksat are just the saturated sequents themselves.
Accessibility is defined to treat formulae of the form 2B and 3B correctly and
the valuation function makes a primitive proposition true in any world which
does not contain it. This is possible since the non–provability of any saturated
sequent Γ guarantees that not both p and ∼p are elements of Γ at once. The
same is also true for the symbols X and ∼X.

Definition 14 (Canonical Countermodel). Set Ksat := (Ssat, Rsat, πsat) and

Ssat := {Γ ⊂ L : Γ saturated},
Rsat := {(Γ,∆) ∈ Ssat × Ssat : {B ∈ L : 3B ∈ Γ} ⊂ ∆},

πsat(P ) := {Γ ∈ Ssat : P /∈ Γ} for P ∈ Φ ∪ V.

It is easily verified that Ksat is a Kripke structure in our sense. Given a formula
A ∈ L and a set T ⊂ Ssat we will write ‖A‖sat for ‖A‖Ksat and ‖A‖sat[X:=T ] for
‖A‖Ksat[X:=T ].

The completeness proof for Tω
SFL will effectively be finished once we have shown

for an arbitrary formula A of L that if A is an element of a saturated set Γ , then
Ksat is a countermodel for A at the world Γ . The next lemma shows that with
respect to this property the construction of Ksat consistently treats formulae of
the form 2B and 3B.

Lemma 9. Assume Γ ⊂ L is a saturated sequent.

(i) If 2A ∈ Γ , then there exists a sequent ∆ such that ΓRsat∆ and A ∈ ∆.
(ii) If 3A ∈ Γ , then A ∈ ∆ for all sequents ∆ such that ΓRsat∆.

Proof. To show (i) consider that since Γ is saturated, we have Tω
SFL 0 Γ and

thus also Tω
SFL 0 {B ∈ L : 3B ∈ Γ}, A. Thus by Lemma 8 there exists a

saturated sequent ∆ such that {B ∈ L : 3B ∈ Γ}, A ⊂ ∆ and thus A ∈ ∆ and
ΓRsat∆. Part (ii) of the claim is obvious by Definition 14. ut

The proofs of the lemmata leading up to the completeness theorem formally
proceed as an induction along the levels of the language L. That is to say we
prove that for all formulae A of level 0 if A is an element of a saturated sequent
Γ , then Ksat is a countermodel for A at Γ . Then we show that if this claim holds
for all formulae at level k, then it also holds for all formulae at level k + 1. For
this purpose we introduce the notion of k–adequacy of the Kripke structure Ksat.

Definition 15 (k–Adequacy). Let k be a natural number. We call the Kripke
structure Ksat k–adequate if for all saturated sequents Γ and all formulae A of
L we have

level(A) ≤ k and A ∈ Γ =⇒ Γ /∈ ‖A‖sat.

138



The naive approach to showing that if a formula A is in a saturated sequent Γ ,
then Ksat is a countermodel for A at world Γ would be an induction on rk(A).
However, this argument breaks down in the case where A is a constant PA. For
this reason we must treat the case of constants PA separately in the shape of
the next lemma.

Lemma 10. Suppose that Ksat is k–adequate for the natural number k and let
PA be a fixed point constant of level k + 1. Then we have for all X-positive
formulae B such that level(B) ≤ k, all saturated sequents Γ and all ordinals α
that

B[PA] ∈ Γ =⇒ Γ /∈ ‖B‖sat[X:=I<α
A,Ksat

].

Proof. We prove this claim by main induction on α and side induction on rk(B).
The atomic and truth value symbol cases are trivial, the propositional cases
follow by hypothesis of the side induction and the modal cases by Lemma 9
and the hypothesis of the side induction. We are thus left with the fixed point
and variable cases: In case B = PC or B = QC we have B[PA] = B and since
level(B) ≤ k and Ksat is k–adequate, we get

Γ /∈ ‖B‖sat = ‖B‖sat[X:=I<α
A,Ksat

].

In the case where B = X from B[PA] ∈ Γ , i.e. PA ∈ Γ , we immediately obtain
A[PA] ∈ Γ . Now we apply the hypothesis of the main induction and conclude
that we have

Γ /∈ ‖A‖sat[X:=I<β
A,Ksat

]

for all β < α. Semantic reasoning yields

Γ /∈ ‖X‖sat[X:=Iβ
A,Ksat

]

for all β < α. Consequently we have

Γ /∈ ‖X‖sat[X:=I<α
A,Ksat

],

and the claim is shown. ut

Corollary 1. Suppose that Ksat is k–adequate for the natural number k and let
PA be a fixed point constant of level k+1. Then we have for all saturated sequents
Γ that

PA ∈ Γ =⇒ Γ /∈ ‖PA‖sat.

The next lemma takes care of the induction step, showing that if the Kripke
structure Ksat is k–adequate, then it is also (k +1)–adequate. This property will
shortly lead us to the statement that indeed Ksat is k–adequate for all natural
numbers k.

Lemma 11. Suppose that Ksat is k–adequate for the natural number k. Then
for all formulae A of L and all saturated sequents Γ we have

A ∈ Γ and level(A) ≤ k + 1 =⇒ Γ /∈ ‖A‖sat.
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Proof. We show this lemma by induction on rk(A). The atomic, variable and
truth value symbol cases are trivial. The propositional and modal cases follow
by induction hypothesis, the latter using Lemma 9. We are thus left with the
fixed point cases: For the first case assume that A = QB, QB ∈ Γ and that
level(QB) ≤ k + 1. Then by saturation of Γ we have Ql

B ∈ Γ for some l ∈ ω and
level(Ql

B) < level(QB) ≤ k + 1. Thus by induction hypothesis Γ /∈ ‖Qk
B‖sat and

thus also Γ /∈ ‖QB‖sat. For the second case assume that A = PB, PB ∈ Γ and
level(PB) ≤ k + 1. In the case where level(PB) ≤ k it follows that Γ /∈ ‖PB‖sat
by k–adequacy of Ksat, in the case where level(PB) = k + 1 the claim follows by
Corollary 1. ut

We are now ready to prove the crucial lemma establishing the fact that any
formula contained in a saturated sequent Γ is not satisfied in Ksat at Γ .

Lemma 12. For any natural number k, the Kripke structure Ksat is k–adequate;
i.e. for all formulae B ∈ L and all saturated sequents Γ ⊂ L we have

B ∈ Γ =⇒ Γ /∈ ‖B‖sat.

Proof. This lemma is shown by a straightforward induction on k using Lemma
11 in the induction step. ut

Theorem 8 (Completeness of Tω
SFL). The system Tω

SFL is complete, that is
for all formulae A ∈ L if A is valid, then Tω

SFL ` A.

Proof. We show the claim by contraposition. Assume Tω
SFL 0 A. Then by Lemma

8 there exists a saturated set Γ ⊂ L such that A ∈ Γ . Therefore by Lemma 12
we have Γ /∈ ‖A‖sat and thus A cannot be valid. Hence we have shown the
completeness of Tω

SFL. ut

7 Finitizing Tω
SFL

We will now use the so–called small model property of SFL to reduce the number
of premises of the greatest fixed point rule (Qω

A) down to a single premise. Doing
so will result in a truly finitary system in which all proofs are finite in length.
Before we address the soundness proof of Tω

SFL we state the small model property
in its customary form.

Remark 2 (Small model property). There exists an exponential function f on the
natural numbers such that for every formula A ∈ L if A is satisfiable, then there
exists a Kripke structure K = (S, R, π) with |S| < f(|A|) which satisfies A.

The small model property holds for stratified modal fixed point logic since it
holds for the modal µ–calculus. A candidate for the exponential function f men-
tioned in Remark 2 can be reconstructed from results presented in [9] or [16]. The
exact shape of f or indeed a minimal candidate with respect to our framework
shall not concern us in the current study.
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Definition 16 (The System TSFL). The system TSFL is defined by replacing
the rule (Qω

A) in the system Tω
SFL by the rule

Γ,Qk
A

Γ,QA, Σ
(QA)

where k = f(|
∨

(Γ,QA)|).

The function f guaranteed to exists by Remark 2 is used to bound the number
of iterations Qk

A for which we need to check the derivability of Γ,Qk
A before

applying the rule (QA) to conclude Γ,QA. Indeed f supplies us with the only
such iteration we need to check explicitly, as the subsequent argument will show.
In order to obtain weakening the conclusion of the rule (QA) needs to weakened
by an arbitrary sequent Σ explicitly.

The structure of the rule (QA) makes it clear that completeness of TSFL is implied
by completeness of Tω

SFL. With completeness of TSFL taken care of the only task
that remains is to show soundness. Before we proceed to show the soundness of
TSFL we establish some consequences of the small model property. The first fact
we note is essentially just the contraposition of Remark 2.

Lemma 13. Let A ∈ L. If A is valid in all Kripke structures K with |K| ≤
f(|A|), then A is valid.

Proof. The proof of this claim is trivial by the fact that |¬A| = |A|. ut

The second fact we require in order to show the soundness of TSFL states that in
order to check the validity of greatest fixed point in all Kripke structures with at
most k worlds, we only need to check the validity of its k-th approximation. The
essential ingredient to proving this claim is the boundedness of closure ordinals
established in Theorem 2.

Lemma 14. If the formula
∨

(Γ,Qk
A) is valid, then the formula

∨
(Γ,QA) is

valid in all Kripke structures K with |K| ≤ k.

Proof. Let k ∈ ω be arbitrary and K be a Kripke structure with |K| ≤ k. Since
the formula

∨
(Γ,Qk

A) is valid it is also valid in K. Since |K| ≤ k, Theorem 2
guarantees that the formula Qk

A ↔ QA is valid in K. Thus
∨

(Γ,QA) is valid in
K and the claim is shown. ut

We are now ready to state and prove the soundness of the system TSFL.

Theorem 9 (Soundness of TSFL). The system TSFL is sound, that is for all
sequents Γ ⊂ L if TSFL ` Γ , then the formula

∨
Γ is valid.

Proof. We must show that all axioms of TSFL are valid and that all rules of
TSFL preserve validity. However, in view of the definition of TSFL we merely
need to check the rules (PA) and (QA). For the rule (PA) assume the formula∨

(Γ,A[PA]) representing the premise of (PA) is valid. By the semantics of L the
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formula A[PA] ↔ PA is also valid and hence the formula
∨

(Γ, PA) representing
the conclusion of (PA) is valid and thus the rule is sound. For the rule (QA)
assume that the formula

∨
(Γ,Qk

A) where k = f(|
∨

(Γ,QA)|) representing the
premise of (QA) is valid. Therefore by Lemma 14 the formula

∨
(Γ,QA) is valid

in all Kripke structures K with |K| ≤ k. Therefore by Lemma 13 the formula∨
(Γ,QA) representing the conclusion of (QA) is valid and thus the rule is sound.

This concludes the soundness proof for the system TSFL. ut

8 Concluding Remarks

The approach to stratification presented in this paper can be easily general-
ized to a form of stratification which permits, at each level, the introduction
of simultaneously defined least and greatest fixed points. To give a simple ex-
ample, extend our language L0 so that it comprises countably many variables
X1,X2,X3, . . . and their negations ∼X1,∼X2,∼X3, . . .. Now assume that we are
given a system of, say, three formulas

A1[X1,X2,X3], A2[X1,X2,X3], A3[X1,X2,X3],

all positive in X1,X2,X3. Then we add three new constants PA
, PA

and PA

as well as three constants QA
, QA

and QA
to represent the least and greatest

fixed points simultaneously generated by these three formulas.

In the Hilbert system for stratified simultaneous modal fixed point logic the
corresponding closure axioms read as follows:

A1[PA
, PA

, PA
] → PA

,

A2[PA
, PA

, PA
] → PA

,

A3[PA
, PA

, PA
] → PA

.

Furthermore, for all formulas B1, B2, B3 we have as induction rules:

(A1[B1, B2, B3] → B1) ∧ (A2[B1, B2, B3] → B2) ∧ (A3[B1, B2, B3] → B3)
PAi

→ Bi

where i ∈ {1, 2, 3}. This can be done for arbitrary (finite) systems of positive
formulas and analogously carried through for all levels of stratification.

Even though the languages thus obtained and the corresponding systems are
strictly more expressive than the ones studied in this article (cf. e.g. [2, 3]), all
our methods remain applicable in this more general framework.

References
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Abstract. We present a new approach to the logic of at most, intro-
ducing the notion of parametric propositions to modal natural deduction
proofs. We apply the method with a natural deduction formulation of
the doxastic logic NÆ, a new system in the “only knowing” family. Using
parametric proof rules, we give introduction and elimination rules for
belief at most that directly match the natural second-order formulation
of the concept. NÆ is sound and complete with respect to the class of
intended models. We conjecture that it weakly normalizes and that it
satisfies the subformula property.

1 Introduction

The aim of this paper is to provide a new approach to modal logic with at most
modalities. To the basis of a bimodal natural deduction system, we add intro-
duction and elimination rules for an at most modality that directly match its
natural definition as a second-order concept. In the rules, second-order quanti-
fiers are reflected in an original use of parametric propositions, the role of which
is reminiscent of the way parameters are used in the standard analysis of first-
order quantifiers. The according pattern of parametric proposition proof enable
us to directly translate second-order definitions of logical constants into proof
rules.3

We do not here attempt a general analysis of proof with parametric propo-
sitions, but focus on the application to doxastic logic. For this purpose, we in-
troduce the natural deduction system NÆ of belief, conceivability, and belief at
most. In NÆ the modal rules for belief and necessity are standard, providing a
well understood analysis of basic concepts, to which parametric rules for belief
at most are added. We show that on this approach, the introspection properties
we take to be valid for belief and conceivability are inherited in the appropriate
way by belief at most. A consequence of this is that the introspection schemas
adopted for belief at most in existing “all I know” logics are not just stipula-
tions, but follow from conceptually adequate second-order assumptions that can
readily be given intuitive interpretation.

Current approaches to at most modalities employ complementary logics, first
addressed by Humberstone [3]. These logics adopt one modality which, in the

3 Our deployment of parametric propositions in proof rules is inspired by Frank Pfen-
ning’s use of parametric judgments in his treatment of negation [5, 1078 f].
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semantics, quantifies over a preferred set of points, and another modality which
intuitively quantifies over a complementary set of points. The framework was,
in particular, successfully applied by Levesque [4] to the study of default rea-
soning. However, a weakness of the standard approach to at most is that the
systems have unintended models (see [3, p. 350]), in which the at most modality
complementary to belief can not be fully accounted for by reference to strength
of belief alone (cf. [8, section 3.2] for a detailed discussion). Perhaps this has not
been seen as problematic because the default representation pattern introduced
by Levesque employs only formulae that require for their truth that models are
of the intended kind (see [8, lemma 2]).

There is however every reason to believe that the scope of at most modalities
goes beyond the representation of defaults, so finding the correct logic is still of
interest. We will in this paper remedy the situation by providing a logic of at
most that (i) is based only on notions – belief and conceivability – that can be
given solid common-sense interpretations, and (ii) whose natural models are of
the intended kind.

The object language of our target system NÆ is defined as follows: It con-
tains a stock of propositional variables, the constants > and ⊥, and connectives
¬,∨,∧,⊃, and ≡. Modal operators are 3 (conceivability), B (belief) and B̆, and
their duals: 2 (necessity) is ¬3¬, b (plausibility) is ¬B¬, and b̆ϕ is ¬B̆¬ϕ. The
desired interpretation of B̆ϕ is that at most ¬ϕ is believed. Giving conceptual
priority to belief and strength of propositions, we take this to mean that ϕ is at
least as strong as the strongest proposition that is believed. Observe that “ϕ is at
least as strong as ψ” has a natural expression, using the notion of conceivability,
in the formula 2(ϕ ⊃ ψ). This means that we can specify the meaning of B̆ϕ,
using a propositional quantifier, as follows.

B̆ϕ =def ∀p(Bp ⊃ 2(¬ϕ ⊃ p)) . (1)

B̆¬ϕ is true whenever ϕ is a proposition that necessarily implies every believed
proposition. Its negation b̆ϕ then means that some belief is held, the negation of
which is compatible with ϕ. In terms of possible worlds, b̆ϕ expresses that there
is a conceivable world in which ϕ is true, and which is believed not to be the
actual world.

b̆ϕ =def ∃p(Bp ∧3(ϕ ∧ ¬p)) . (2)

Overview of the paper: In section 2, we present a Fitch-style framework
for natural deduction with modalities. The framework is applied in section 3,
introducing the natural deduction system NÆ. Section 4 recounts the semantics
of the system Æ [8], with restriction to models that can properly be said to be
intended for the logic of at most. NÆ is sound and complete with regard to these
models, and proofs of this are given in sections 4, 5, and 6. Section 7 addresses
normalization and the subformula property, which is essential for proof-search
applications.
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2 The natural deduction framework

We here present the framework of Fitch-style natural deduction by means of
which the system NÆ is defined in section 3. We assume that a standard set of
rules for the propositional operators ⊥, ∧, ∨, and ⊃ is in place (see e.g. [6]).

Parametric proofs. With the aim of representing second-order quantifiers, we
introduce a new kind of subproof pattern, parametric proof. A parametric proof
may be opened anywhere, and is annotated with a propositional variable which is
not previously used in the proof (we will use p, q, r as names for variables). At the
opening of a parametric proof, the formula p employed is said to be parametric,
and should be seen as standing for any proposition. p remains parametric until
used in an inference rule that requires it to have an unchanging value, after which
it is said to be fixed (analogously to the binding of a new constant in elimination
of a first-order existential quantifier). A subproof annotated with p is closed by
an application of PP.

p
...

ϕ p not in ϕ

� ϕ

PP

PP is a sound rule: if ϕ follows from the mere assumption that p is a proposition,
but does not involve p itself, then ϕ must be true.

Negation rules. The rules for negation match the second-order definition of
negation as “explosion”, ¬ϕ iff ∀ψ(ϕ ⊃ ψ). Explosion obtains if every proposition
is provable. Thus, if we can prove that ϕ ⊃ p is provable on the mere assumption
that p is a proposition ¬ϕ may be introduced.

ϕ ⊃ p (p parametric)

� ¬ϕ fixing p
¬I

¬ϕ

� ϕ ⊃ ψ
¬E

In order to obtain a classical system, we add the rule of excluded middle.

� ϕ ∨ ¬ϕ tnd

Modal rules. For reasoning with standard modalities, we add the device of
modal subproof. The presentation here is intended as schematic, with L standing
for any universal modality (here, 2 or B) and M for any existential modality
(3 or b). We take the rules for L as basic; rules for M can easily be derived.4

4 The rules follow the format introduced by Fitch [e.g., 1]; cf. Siemens [7] and Fitting
[2] for application to a variety of modal systems. In the terminology of Fitting, we
have A-style rules as basic, and see I-style rules as abbreviations. In naming the
rules, we have followed Siemens [7].
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An L-subproof may be opened at any point in a proof. Introduction of Lϕ
requires ϕ to be proven in an L-modal subproof. Iteration into modal subproofs
is restricted to formulae ϕ s.t. Lϕ.

L
...

ϕ

� Lϕ

LI

Lϕ

L
...

� ϕ

LR

Adding the rules LI and LR to the classical propositional logic yields the nor-
mal system K. Rules may be added to yield stronger systems, corresponding to
taking axioms as valid. Here, we will be considering the rules LE (corresponding
to the truth schema Lϕ ⊃ ϕ), WLE (corresponding to Lϕ ⊃Mϕ), LLR (corre-
sponding to Lϕ ⊃ LLϕ), and MLR (corresponding to Mϕ ⊃ LMϕ).

Lϕ

� ϕ
LE

Lϕ

� Mϕ
WLE

Lϕ

L
...

� Lϕ

LLR

Mϕ

L
...

� Mϕ

MLR

3 The system NÆ

We propose a system for reasoning about belief B, conceivability 3, and belief
at most B̆¬: Using the naming patterns for rules given in section 2, the system
NÆ, and its provability relation `, is given by the following.

For the non-modal fragment, adopt a standard set of rules for ⊥, ∧, ∨, and ⊃,
to which is added PP, ¬I, ¬E, and tnd. Rules for B are BI, BR, BBR, and bBR,
which yields a K45 modality. Rules for 2 are 2I, 2R, 2E, 22R and 32R, for
an S5 modality. Rules for interaction between B and 2 are defined below: they
amount to 2BE, weak introspection 2BR and 3BR, and strong introspection
B2R and b2R. Parametric rules B̆E and B̆I for the B̆ modality conclude the
definition of the system.

The fundamental assumption about the relationship between belief and con-
ceivability is that what is not conceivably false (i.e., what is necessary) is also
believed. This is captured in 2BE.

2ϕ

� Bϕ
2BE
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2BR and 3BR are weak introspection principles, representing assumptions
that what is necessary, resp. conceivable is believed to be so; they may be seen
as weakened versions of 42 resp. 52.

2ϕ

B
...

� 2ϕ

2BR

3ϕ

B
...

� 3ϕ

3BR

B2R and b2R are strong introspection principles, saying it is inconceivable
for the doxastic subject that beliefs and non-beliefs could be different from what
they are.

Bϕ

2
...

� Bϕ

B2R

¬Bϕ
2

...

� ¬Bϕ

b2R

The rules for belief at most directly reflect the modality’s second-order defi-
nition (1). We take the pair of rules B̆E and B̆I to be primitive, and consider the
rules b̆E and b̆I to be derived rules. In B̆I and b̆E q is assumed to be parametric.

B̆ϕ

� Bψ ⊃ 2(¬ϕ ⊃ ψ)

B̆E

b̆ϕ

� Bq ∧3(ϕ ∧ ¬q) fixing q

b̆E

Bq ⊃ 2(¬ϕ ⊃ q)

� B̆ϕ fixing q

B̆I

Bψ ∧3(ϕ ∧ ¬ψ)

� b̆ϕ

b̆I

4 Soundness

A model M is a quadruple (U,U+, U−, V ), where U is a non-empty set of points,
U+ and U− are subsets of U such that U+∪U− = U , and V is an valuation func-
tion which assigns a subset of U to each propositional variable in the language.
A satisfaction relation can be defined for each point x in M ,

M �x p iff x ∈ V (p) for a propositional variable p
M �x 2ϕ iff M �y ϕ for each y ∈ U
M �xBϕ iff M �y ϕ for each y ∈ U+

M �x B̆ϕ iff M �y ϕ for each y ∈ U− ,
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and as usual for Boolean connectives. A formula is satisfied in a model if it is
true at one of its points. If M �xϕ for all x ∈ U , we write M �ϕ and say that ϕ
is true in M. The truth set of ϕ, denoted ||ϕ||, is the set of points in U at which
ϕ is true.

Observe that all points in a model agree on the truth value of every completely
modalized formula. Hence, for such formulae the notions of satisfaction and
truth in a model coincide. This justifies use of the notation M � ϕ whenever a
completely modalized ϕ is satisfied in M .

A model of this kind, further exposed in [8, section 3.2], is intended to rep-
resent a doxastic subject, where U is the space of conceivability, i.e., the range
of states of affairs that the subject can conceive of, and the subject has a belief
state, modeled by U+, and a co-belief state, modeled by U−. Any point in U+

is, on the perspective of the doxastic subject, a plausible candidate for being the
actual world. U− is intended to capture the set of implausible points, i.e, the set
of points that are ruled out (by the subject’s belief) as not actual.

Semantically, the intended interpretation requires that the models satisfy a
notion of bisectedness to distinguish the belief state from the co-belief state. We
will say a model M is strongly bisected if U+ ∩ U− = ∅ and weakly bisected if
the following condition holds for all formulae ϕ: if ||ϕ|| ⊆ ||ψ|| for every ψ such
that U+ ⊆ ||ψ||, then ||ϕ|| ∩ U− = ∅.

That is, in a weakly bisected model U+ ∩U− can be non-empty, but there is
no formula in the language which we can use to define these points. Although NÆ

is characterized by the class of strongly bisected models, it is also characterized
by the set of weakly bisected models, which, in light of Lemma 1 below, seems
to be the more natural class. The two notions of bisectedness coincide for finite
models. For infinite models the syntax is in general not expressive enough to
enforce a complete separation of the plausible points from the implausible ones;
the reason being that the language is countable while the set of propositions in
general is uncountable.

We can recast the stipulative definition of the B̆ operator in section 1 into
semantical terms. A model M satisfies the B̆-property if for each formula ϕ, B̆ϕ
is true in M iff Bψ ⊃ 2(¬ϕ ⊃ ψ) is true in M for every formula ψ.

Lemma 1. A model is weakly bisected if and only if it satisfies the B̆-property.

Proof. Assume that M is weakly bisected. If B̆ϕ is true in M , it follows from
the model condition (U \U−) ⊆ U+ that (†) Bψ ⊃ 2(¬ϕ ⊃ ψ) is true for every
ψ. Conversely, if the latter condition (†) holds, it follows from weak bisection
that ||¬ϕ|| ∩ U− = ∅ and hence that B̆ϕ is true in M . Assume that M is not
weakly bisected. There is then a formula ϕ such that (1) ||ϕ|| ⊆ ||ψ|| for every
ψ such that U+ ⊆ ||ψ|| and (2) ||ϕ|| ∩U− 6= ∅. (1) implies that the (†) condition
holds, while (2) implies that B̆ϕ is not true in M . M hence fails to satisfy the
B̆-property. ut
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Theorem 1. Assume that there is a proof π of ϕ. Then ϕ is true at all points
in all weakly bisected models.

Proof. We argue by induction over π and show that all formulae in π are sat-
isfied in all appropriate models at all appropriate points. Initially, all weakly
bisected models and all points in any of these models are appropriate, but this
may change as we inductively progress through the proof structure. When a hy-
pothetical subproof is opened the appropriate set of points (wrt. the model at
hand) is narrowed to those that satisfy the assumption of the subproof. When
a 2-subproof (B-subproof) is opened, the set of appropriate points is U (U+).
When a subproof of any of these three types is closed its constraint is suppressed
and we reassume the notion of appropriateness that was operational immediately
before the subproof was opened. When a parametric proposition is fixed by a ¬I
(B̆I) inference, the set of appropriate models is narrowed to those that assign
∅ (U+) to p; this model constraint is suppressed when the parametric subproof
annotated with p is closed by an application of PP. Given these notions the
inductive soundness argument is straightforward. The only non-trivial cases are
the B̆E rule, for which we use Lemma 1, and the PP rule, in which case we can
prove by a simple induction that removing the model constraint does not disturb
the truth value of a formula which satisfies the side condition of the rule. ut

A system in which there is an unprovable formula is consistent. It follows
trivially from Theorem 1 that NÆ (and all its subsystems) is consistent.

5 Derivability in NÆ

For the purpose of comparison to existing doxastic logics, in particular Æ [8],
let us look at the strength of the at most modality B̆ in NÆ.

The following two lemmas establish the relationship between B, B̆, and 2,
and the fact that B̆ is a normal modality. These results can naturally be con-
sidered basic, as they are independent of any introspection schemas for B or 2,
relying only on their being normal modalities. (Justification for standard proof
steps is abbreviated “ml” for “modal logic”.)

Lemma 2. ` 2ϕ if and only if ` Bϕ ∧ B̆ϕ

Proof. Assume 2ϕ; Bϕ follows by 2BE. For B̆ϕ, open a parametric subproof
with p as parameter. 2ϕ implies Bp ⊃ 2(¬ϕ ⊃ p) by ml. Then B̆ϕ may be
introduced, and returned from the subproof by PP because p doesn’t appear in
B̆ϕ. Assume Bϕ and B̆ϕ; from the latter, infer Bϕ ⊃ 2(¬ϕ ⊃ ϕ) by B̆E. Then
2ϕ follows by ml. ut

Lemma 3. B̆ is a normal modality.

Proof. Lemma 2 implies that the necessitation rule ϕ/B̆ϕ is valid. Assume
B̆(ϕ ⊃ ψ) and B̆ϕ. It suffices for normality of B̆ that we can show B̆ψ. Open a
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subproof with p as parameter; we want to show Bp ⊃ 2(¬ψ ⊃ p) (with p para-
metric). Applying B̆E twice, we infer Bp ⊃ 2(¬(ϕ ⊃ ψ)) and Bp ⊃ 2(¬ϕ ⊃ p),
and then Bp ⊃ 2(¬ψ ⊃ p) by ml. Then B̆ψ follows by B̆I, and B̆ψ may be
returned from the subproof by PP. ut

The introspection schemas for B and 2 imply corresponding schemas for B̆.
B̆¬ϕ expresses that no proposition stronger than ϕ is believed, and b̆ϕ that some
proposition is believed, the negation of which is compatible with ϕ. This means
that just as B is a universal belief modality and b an existential modality of
non-belief, so B̆ is a universal non-belief modality, and b̆ an existential belief
modality [cf. 8, section 3.3]. In NÆ, bBR and b2R are negative introspection
rules, preserving non-belief, while BBR and B2R are positive introspection
rules, preserving belief.

The following lemma demonstrates that, as intuitively desired, the rules pre-
serving non-belief imply B̆ iteration schemas, and the rules preserving belief
imply b̆ iteration. The rules bBR and BBR, together with weak introspection
for 2, validate introspection of B̆ and b̆ statements into B contexts. With S5
properties of 2 plus strong introspection rules b2R and B2R, we gain full in-
trospection for B̆, i.e., the schemas B̆ϕ ⊃ B̆B̆ϕ and b̆ϕ ⊃ B̆b̆ϕ.

Lemma 4.

1. B̆ϕ ` BB̆ϕ given bBR, 2BR.
2. b̆ϕ ` Bb̆ϕ given BBR, 3BR.
3. B̆ϕ ` B̆B̆ϕ given b2R, 22R.
4. b̆ϕ ` B̆b̆ϕ given B2R, 32R.

Proof.

1.
1 B̆ϕ

2 p Bp ⊃ 2(¬ϕ ⊃ p) 1, B̆E

3 B(Bp ⊃ 2(¬ϕ ⊃ p)) 2, ml (bBR, 2BR)

4 B Bp ⊃ 2(¬ϕ ⊃ p) 3, BR

5 B̆ϕ 4, B̆I fixing p

6 BB̆ϕ BI

7 BB̆ϕ PP

2. Assume b̆ϕ and eliminate into a parametric subproof as Bp and 3(ϕ ∧ ¬p).
These iterate by BBR and 3BR into a B subproof, where b̆I is applied;
return by BI and PP.

3. Assume b̆b̆ϕ, and eliminate into a subproof parametric in p as Bp and 3(b̆ϕ∧
p). Open a subproof parametric in q, and a 3-subproof with b̆ϕ as the opening
formula. Apply b̆E to obtain Bq and 3(ϕ∧¬q), which are returned from the
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3-subproof by appeal to b2R and 22R. Apply b̆I to get b̆ϕ, then PP twice
to return this to the initial context.

4. As in 2. above, assume b̆ϕ and eliminate into a subproof parametric in p.
Iterate by B2R and 32R into a 2 subproof, apply b̆I, then return using 2I
and PP.

ut

The introduction of B̆ϕ in line 5 of lemma 4.1 takes place in a different
subproof (indeed, in a different modal context) from that in which the parameter
p is introduced. The elimination of a parameter (in PP) has been separated from
its use in an inference rule that fixes it (here, with the implicit generalization of
BI). Indeed, the need to allow such proof steps, which are clearly valid, is the
rationale behind our approach of making parametric proof a separate proof rule.

A comparison to quantified logic helps illustrate how this is significant. One
standard form of universal generalization can be formulated as, “if Gc has been
established in a subproof from the assumption that Fc, where c is a new pa-
rameter, then the subproof may be closed and ∀x(Fx ⊃ Gx) introduced”. The
employed parameter c is always dropped simultaneously with the introduction
of ∀. If B̆I were modeled directly on the standard form of ∀I from quantified
logic, it would have a form such as the following: “if 2(¬ϕ ⊃ p) has been proven
in a subproof starting with the assumption that p is a fresh parameter s.t. Bp,
then the subproof may be closed and B̆ϕ introduced”. With this form of B̆I,
iteration principles for B̆ would not be derivable from those for B and 2.

The logic Æ [8] is defined as the smallest system which contains all tautolo-
gies, the following axioms,

Def2 2ϕ ≡ (Bϕ ∧ B̆ϕ) T 2ϕ ⊃ ϕ

KB B(ϕ ⊃ ψ) ⊃ (Bϕ ⊃ Bψ) KB̆ B̆(ϕ ⊃ ψ) ⊃ (B̆ϕ ⊃ B̆ψ)

B2 Bϕ ⊃ 2Bϕ B̆2 B̆ϕ ⊃ 2B̆ϕ

B2 ¬Bϕ ⊃ 2¬Bϕ B̆2 ¬B̆ϕ ⊃ 2¬B̆ϕ ,

and is closed under all instances of the necessitation rule and modus ponens.5
The axioms of Æ are all derivable in NÆ. KB follows from BI and BE by a
standard proof. B̆I and B̆E imply validity of the basic Def2 (lemma 2) and KB̆

(lemma 3). T , B2, and B2 follow immediately from rules 2E, B2R, and b2R,
respectively. b2R implies B̆ϕ ⊃ BB̆ϕ and B̆ϕ ⊃ B̆B̆ϕ, and hence validity of B̆2

(lemma 4.1 and 4.2). B2R implies validity of B̆2, from b̆ϕ ⊃ Bb̆ϕ and b̆ϕ ⊃ B̆b̆ϕ
(lemma 4.3 and 4.4).

5 In the full version of Æ, the modalities B and B̆ are indexed with priorities. We have
chosen not to present a prioritized system here, on the belief that it would contribute
little to the main issues of the paper.
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6 Completeness

A NÆ-maximal set s is a saturated set of formulae (i.e., a consistent set with
every of its proper extensions inconsistent) which satisfies the following property
for each formula ϕ: B̆ϕ ∈ s iff Bψ ⊃ 2(¬ϕ ⊃ ψ) ∈ s for every formula ψ.

Lemma 5. Let ρ be NÆ-consistent. Then ρ ∈ s for a NÆ-maximal set s.

Proof. Maximal consistent sets are, as usual, constructed on the basis of an
enumeration ϕ1, ϕ2, . . . of formulae. We successively construct consistent sets
S0, S1, S2 . . . where S0 = {ρ} and Sk+1 arises from Sk by adding ϕk+1 to Sk

whenever it is consistent to do so. We do, however, require that if ϕk+1 is of
the form ¬B̆ϕ and is consistent with Sk, there is a propositional variable q at
hand which does not occur in any formula in Sk, and that Sk+1 in this case is
Sk ∪ {¬B̆ϕ,Bq ∧ 3(¬ϕ ∧ ¬q)}. To see that Sk+1 is consistent, assume not. We
then have that (‡) Sk, Bq∧3(¬ϕ∧¬q) ` B̆ϕ. Moreover, since q does not occur in
Sk, it follows by an application of b̆E that Sk,¬B̆ϕ ` Bq∧3(¬ϕ∧¬q). Together
with (‡) this gives Sk ` B̆ϕ, contradicting the assumption. Clearly s = ∪k≥0Sk is
a saturated set which contains ρ. If B̆ϕ ∈ s, B̆E along with saturation gives that
Bψ ⊃ 2(¬ϕ ⊃ ψ) ∈ s for every formula ψ. If ¬B̆ϕ ∈ s, there is by construction
of s a q such that Bq ∧3(¬ϕ ∧ ¬q) ∈ s, hence s is NÆ-maximal. ut

Let s be NÆ-maximal. Ms, the canonical model wrt. s, is (U2
s , U

B
s , U

B̆
s , Vs),

where U2
s is the set of NÆ-maximal sets such that t ∈ U2

s iff {ϕ | 2ϕ ∈ s} ⊆ t.
Likewise, t ∈ UB

s iff {ϕ | Bϕ ∈ s} ⊆ t and t ∈ U B̆
s iff {ϕ | B̆ϕ ∈ s} ⊆ t.

Vs(p) = {t | t ∈ U2
s and p ∈ t}. In the completeness proof below we make

extensive use of the observation in the previous section to the effect that NÆ

extends Æ.

Theorem 2. NÆ is complete wrt. the class of weakly bisected models.

Proof. Let ϕ be consistent. By lemma 5, ϕ occurs in a NÆ-maximal set s. By
using the introspection principles of Æ (i.e., B2, B̆2, B2 and B̆2) it is straight-
forward to prove that for all t in U2

s the following three properties hold: (i)
U2

s = U2
t , (ii) UB

s = UB
t and (iii) U B̆

s = U B̆
t , while the T -axiom entails that (iv)

s ∈ U2
s . On the basis of these properties and the fact that the three modalities

are all normal (this immediate for 2 and B and established in lemma 3 for B̆), it
is straightforward to prove the Truth lemma: Ms �tϕ iff ϕ ∈ t for each t ∈ U2

s .
The Truth lemma entails both that Ms satisfies ϕ and, together with lemma
5 and the construction of NÆ-maximal sets, that Ms satisfies the B̆-property.
It remains to be shown that U2

s = UB
s ∪ U B̆

s and that Ms is weakly bisected.
The former property follows easily from the Def2 scheme of Æ, while the latter
follows from lemma 1. ut
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Corollary 1. NÆ is characterized by the set of strongly bisected models.

Proof. Since NÆ is sound wrt. the class of weakly bisected models (Theorem 1) it
is clearly sound wrt. the smaller class of strongly bisected models. Conversely, if ϕ
is consistent, it has by Theorem 2 a weakly bisected model M = (U,U+, U−, V ).
If we enrich the language with a new propositional variable q we can construct
a new model Mq from M as follows: Uq = U+

q ∪ U−q , U+
q = {〈x, q〉 | x ∈ U+},

U−q = {〈x, q〉 | x ∈ U−}, Vq(q) = U+
q , and Vq(p) = {〈x, ·〉 | x ∈ V (p)} for p 6= q.

Mq is a model of ϕ ∧Bq ∧ B̆¬q and is strongly bisected. ut

7 Conjectures

The system satisfies local reduction; in particular, the introduction of B̆ formulae
does not increase deductive power, which means that the elimination rule for B̆
is sound. To see this, consider the following pattern, where the notation δ[ψ/p]
refers to the derivation resulting from replacing every occurrence of the formula
p in derivation δ by the formula ψ.

... δ

Bp ⊃ 2(¬ϕ ⊃ p)

B̆ϕ B̆I, fixing p

Bψ ⊃ 2(¬ϕ ⊃ ψ) B̆E
... ε

χ

=⇒R

... δ[ψ/p]

Bψ ⊃ 2(¬ϕ ⊃ ψ)
... ε

χ

Because introduction of B̆ϕ requires a fresh proposition symbol p, i.e., a propo-
sition about which nothing is known, derivation of Bψ ⊃ 2(¬ϕ ⊃ ψ) can not
require greater deductive resources than the formula Bp ⊃ 2(¬ϕ ⊃ p) on which
the introduction of B̆ϕ is based. A similar pattern holds for b̆. On the basis of
this we conjecture interesting proof-theoretical properties.

Conjecture 1. NÆ satisfies weak normalization.

Conjecture 2. If ϕ is NÆ-provable from no assumptions, it has a proof in which
each instance of B̆E is instantiated with a formula ψ which is a subformula of ϕ
(and correspondingly for the derived rule b̆I).

The natural way to prove the latter property is to exploit the structure of
normal form natural deduction proofs. If it holds, NÆ is an analytic system.
From the point of view of automated deduction, this is of course a desirable
property.
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2 Dipartimento di Scienze, Università “Gabriele D’Annunzio”, Pescara, Italy

Abstract. XPath is the core retrieval language of XQuery, the official
query language for XML data. We empirically compare three query eval-
uation strategies for the navigational fragment of XPath known as Core
XPath: a bottom-up algorithm based on model checking techniques for
multi-modal logic, a first top-down procedure based on a technique to
eliminate XPath filters, and a second top-down procedure that takes
advantage of the pre/post plane representation of an XML tree. We im-
plement the three methods and we benchmark the resulting XPath pro-
cessors using a fragment of XPathMark, a recently proposed benchmark
for XPath.

1 Introduction

The Extensible Markup Language (XML) [1] is a popular representation lan-
guage for semistructured data [2], which are data that do not necessarily possess
a regular schema. The XML Path Language (XPath) [3] is a simple retrieval
language for XML data. XPath in the core retrieval fragment of the XML Query
Language (XQuery) [4], the standard query language for XML.

XPath and modal logic are similar in many respects. Syntactically, the XPath
language contains navigational axes that closely resemble modal logic modalities.
Semantically, XPath queries are evaluated on XML trees, which are tree-shaped
Kripke structures whose states (nodes) are labelled with XML tags. Finally, the
query evaluation problem for XPath can be reinterpreted as a model checking
problem for multi-modal logic. XPath queries have the form q[α], where q is
called path and α is called filter. A path is a sequence of axis steps and it is
interpreted according to the following query semantics : it retrieves those nodes
that are reachable from the current one through the axes used in q. A filter is
similar to a modal logic formula and it is interpreted according to the standard
modal logic semantics : it selects the current node if it satisfies the filter α. These
two semantics are orthogonal, and they are mixed in the semantics of XPath.
This orthogonality is the cause of the exponential complexity of a naive im-
plementation of the semantics of XPath [5]. There exist two main strategies to
avoid this exponential behavior. The first translates the path q into a modal logic
formula αq and then applies modal logic semantics and methods. The second re-
duces the filter α to a query qα and then applies query semantics and tree-search
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algorithms. However, it is not clear which of the two contexts, either the modal
logic context or the database one, is more appropriate for the implementation
of efficient evaluation algorithms for XPath.

In this paper, we neatly isolate two evaluation strategies for the navigational
fragment of XPath known as Core XPath [5]. The first algorithm, that we called
BottomXPath, translates a Core XPath query into a modal logic formula and
then applies model checking procedures in order to retrieve the answer set of
the original query. This algorithm works bottom-up with respect to the parse
tree of the input query: it processes the sub-queries of the input query from the
leaves of the parse tree up to the tree root. The second algorithm, that we called
TopXPath, replaces the filters present in the input query with query paths and
then applies a node retrieval procedure in order to compute the answer set of
the original query. This procedure works top-down with respect to the parse tree
of the input query: it processes the sub-queries of the input query from the root
of the parse tree down to the leaves of the tree. The XQuery formal semantics
requires that the result of an XPath expression is a sequence of document nodes
that is document sorted and duplicate free. The document order corresponds to
the total order of nodes given by a preorder visit of the nodes of an XML tree.
With reference to the time when the sorting of the XPath expression results is
performed, we specify two versions of the top-down algorithm. The first version,
that we named TopXPath1, does not care about the order of the nodes in the
intermediate node sequences and it document sorts the final result only. The
second version, that we named TopXPath2, maintains document sorted all the
intermediate node sequences and hence it does not need to sort the final result.
More importantly, it takes advantage of the hypothesis that the intermediate
results are document sorted in order to speed-up the XPath axis evaluation.
This happens by pruning the intermediate results as much as possible before
starting a new step evaluation.

A theoretical analysis of the worst-case asymptotic computational complexity
of the outlined algorithms does not help in evaluating their real-life performance:
all the procedures run in linear time with respect to the product of the size of
the XML tree and the length of the query. In order to better understand the
computational differences between the proposed strategies, which is our main
goal in this paper, we performed an experimental analysis. We implemented
the algorithms in standard C language and we used a fragment of the XPath
benchmark XPathMark [6] to assess the empirical complexity of the discussed
strategies.

This paper relates to previous work as follows. Gottlob et al. [5] propose a
bottom-up polynomial-time XPath processing algorithm for full XPath, which
runs in linear time for Core XPath. Moreover, they discuss a general mechanism
for translating the bottom-up algorithm into a top-down one. The relation be-
tween XPath query evaluation and model checking has been investigated in [7,
8], where the authors embed a fragment of Core XPath into temporal logic and
use an existing model checker to solve the query evaluation problem. The idea
of maintaining document sorted the intermediate answers in order to speed-up
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the axis evaluation has been proposed in [9], a work that is mostly inspired by
the results in [10]. However, none of these papers has empirically compared the
different strategies for XPath query evaluation. This is our main task in this
work. Our bottom-up procedure BottomXPath borrows from ideas in [7], while
our first top-down algorithm TopXPath1 has been inspired by the work in [5].
Finally, our second top-down algorithm TopXPath2 is an simplified version of
the procedure proposed in [9].

The rest of the paper is as follows. In Section 2 we introduce XPath and
we relate it to modal logic. In Sections 3 and 4 we describe the bottom-up
and top-down evaluation strategies, respectively. In Section 5 we perform the
experimental analysis of the proposed algorithms and in Section 6 we show how
to rewrite the standard bottom-up model checking algorithm for modal logic into
a more efficient top-down procedure. Finally, we sum-up in Section 7. For space
reasons, we omit part of the pseudo-code. The interested reader may consult the
full version of this paper [11] for more details.

2 XPath and modal logic

In this section we introduce XPath and we relate it to modal logic. Core XPath [5]
is defined on a tag set Σ including the special symbol *. Let χ be the set
of Core XPath axes. Axes are: child, parent, descendant, ancestor, descendant-
or-self, ancestor-or-self, following-sibling, preceding-sibling, following, preceding,
and self. We say that child is the inverse of parent and viceversa, descendant is
the inverse of ancestor and viceversa, and so on. Notice that self is the inverse
of itself. A Core XPath query is defined by the query clause of the following
grammar (where axis ∈ χ and a ∈ Σ):

query = /path
path = step | step/path
step = axis :: a | axis :: a[filter]
filter = path | filter and filter | filter or filter |

not(filter) | (filter)

The Boolean XPath language extends the Core XPath language with Boolean
operators at path level. More precisely, a Boolean XPath query is defined by the
query clause of the following grammar (where axis ∈ χ and a ∈ Σ):

query = path | /path | query and query | query or query |
not(query) | (query)

path = step | path/path | path and path | path or path |
not(path) | (path)

step = axis :: a | axis :: a[path]

Notice that each Core XPath query is a Boolean XPath query, but not vicev-
ersa. For a query q, we define its length, denoted by length(q), as the sum of
the number of Boolean operators and the number of atomic steps appearing in
q. An atomic step has the form axis::a.
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Our target in this paper is Core XPath, which is the core fragment of the
standard XPath [3]. We will use Boolean XPath, which is not a fragment of
the official XPath language, as an auxiliary language only. However, it is worth
noticing that all the algorithms and results in this paper easily extend to Boolean
XPath.

Both Core and Boolean XPath languages are interpreted over XML trees
representing XML documents. Since in the present work we are only interested
in the navigational power of XPath, we assume that the XML documents we work
with do not contain attributes, namespaces, processing instructions, comments,
and parsed character data. An XML tree is a rooted sibling-ordered tree T =
(N, R↓, R→, L), where:

– N is a set of nodes. We denote by root the root node of the tree. A tree node
represents an element in the XML document;

– R↓ is a binary relation on N such that (x, y) ∈ R↓ iff y is a child of x;
– R→ is a (functional) binary relation on N such that (x, y) ∈ R→ iff y is the

right sibling of x;
– L is a function from Σ to the power set of N such that, for a ∈ Σ \ {∗},

L(a) is the set of nodes that are labelled with tag a, and L(∗) = N .

Given an XML tree T , a query q in the Boolean XPath language, and a
context set C ⊆ N , the semantics of the Boolean XPath language (and hence of
the Core XPath language as well) is given by a function σ(T, q, C) returning a
subset of N . The semantic function σ is inductively defined as follows:

σ(T, axis :: a, C) = {y ∈ N | ∃x ∈ C. (x, y) ∈ RT
axis
∧ y ∈ L(a)}

σ(T, axis :: a[path], C) = {y ∈ N | y ∈ σ(T, axis :: a, C)∧
σ(T, path, {y}) 6= ∅}

σ(T, path1/path2, C) = σ(T, path2, σ(T, path1, C))
σ(T, path1 and path2, C) = σ(T, path1, C) ∩ σ(T, path2, C)
σ(T, path1 or path2, C) = σ(T, path1, C) ∪ σ(T, path2, C)
σ(T, not(path), C) = N \ σ(T, path, C)

σ(T, /path, C) = σ(T, path, {root})
σ(T, query1 and query2, C) = σ(T, query1, C) ∩ σ(T, query2, C)
σ(T, query1 or query2, C) = σ(T, query1, C) ∪ σ(T, query2, C)
σ(T, not(query), C) = N \ σ(T, query, C)

The relation RT
axis

is a binary relation on N corresponding to the specified axis.
For instance, RT

child
= R↓ and RT

descendant
= (R↓)

+. Finally, the answer set of
the query q with respect to the tree T is equal to σ(T, q, N).

We assume that the reader is familiar with modal logic [12]. We define the
truth set of a modal formula α with respect to a model M as the set of all worlds
x such that M, x |= α. The intimate relation between XPath and modal logic is
explicated in the definition of Core XPath logic. Core XPath logic is an instance
of multi-modal logic in which there is one modality for each axis in XPath. It
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is defined over a set of labels Σ including the special symbols denoted by *

and root. A model for Core XPath logic is a relational structure corresponding
to an XML tree. More precisely, given an XML tree T = (N, R↓, R→, L), the
corresponding model for Core XPath logic is MT = (N, {RT

axis
}axis∈χ, L), where

L(root) is a singleton containing the root node of T . In Section 3 we will show
how to translate Core XPath queries into Core XPath formulas. Moreover, in
Section 6 we will map Core XPath formulas to Boolean XPath queries.

3 A bottom-up evaluation strategy

In this section we give an efficient bottom-up algorithm, called BottomXPath,
to evaluate a Core XPath query. The algorithm is based on a technique that in
the logic context is known as model checking [13]. The model checking problem is
the following question: given a model M and a formula α, retrieve the truth set
of α with respect to M . A model checker is an algorithm that solves the model
checking problem.

We start by embedding Core XPath queries into Core XPath formulas. A fil-
ter expression in XPath is defined by the filter clause of the Core XPath grammar
given in Section 2. We define a translation ω from XPath filter expressions into
Core XPath formulas as follows (if filter is empty in the first two clauses below,
then the corresponding conjunct is missing):

ω(axis :: a[filter]) = 〈axis〉(a ∧ ω(filter))
ω(axis :: a[filter]/path) = 〈axis〉(a ∧ ω(filter) ∧ ω(path))
ω(filter1 and filter2) = ω(filter1) ∧ ω(filter2)
ω(filter1 or filter2) = ω(filter1) ∨ ω(filter2)
ω(not(filter)) = ¬ω(filter)

We now define a translation τ from Core XPath queries into Core XPath formulas
as follows (if filter is empty in the clauses below, then the corresponding
conjunct is missing):

τ(/axis :: a[filter]) = a ∧ ω(filter) ∧ 〈axis−1〉 root
τ(path/axis :: a[filter]) = a ∧ ω(filter) ∧ 〈axis−1〉 τ(path)

where axis−1 is the inverse of axis. Notice that the length of τ(q) is linear in
the length of q. We have the following:

Theorem 1. Let q be a Core XPath query and T be an XML tree. Then, the
answer set of q with respect to T is the truth set of τ(q) with respect to the
corresponding model MT .

By virtue of Theorem 1, the answer set for a Core XPath query equals to
the truth set for the corresponding Core XPath formula. Hence, we can solve
the query evaluation problem in terms of the model checking problem by using a
model checker as a query processor. BottomXPath is a bottom-up model checker
for Core XPath logic. It inputs an XML tree T (and not a multi-modal model)
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and a Core XPath formula α and processes sub-formulas of α in increasing length
order. The algorithm is similar to a model checker for the temporal logic CTL
(see, e.g., [13]); instead of CTL temporal operators, BottomXPath checks XPath
axes. The tree T is represented as follows: each node is an object composed of a
field pre containing the order of the node in a preorder visit of the tree, a field p
containing a pointer to the parent of the node, or nil if the node is the root, a
field c containing a pointer to the first child of the node, or nil if the node is a
leaf, a field r containing a pointer to the right sibling of the node, or nil if the
node is the last sibling, a field l containing a pointer to the left sibling of the
node, or nil if the node is the first sibling, and a field tag containing the tag of
the XML element that the node represents.

BottomXPath uses a subprocedure EvalAxis. The latter inputs a tree T , and
axis axis and a formula β. For each node x ∈ N , the procedure EvalAxis labels
x with 〈axis〉β if, and only if, there exists a node y ∈ N reachable from x
trough the relation induced by axis such that y is labelled with β. EvalAxis
takes advantage of a Boolean matrix A, where rows represent formulas and
columns represent nodes, in order to label nodes with formulas that are true at
them. Finally, EvalAxis uses the auxiliary procedure LabelDescendants in order
to label the descendant nodes of a given node with a given formula. For space
reasons, we only show the implementation of descendant and ancestor axes of
EvalAxis. See [11] for the entire code.

1: EvalAxis(T, axis, β)
2: case

3: • . . .
4: • axis = descendant

5: for all x ∈ N do

6: if A(β, x) = 1 then

7: y ← p[x]
8: while y 6= nil and A(〈descendant〉β, y) = 0 do

9: A(〈descendant〉β, y)← 1
10: y ← p[y]
11: end while

12: end if

13: end for

14: • axis = ancestor

15: for all x ∈ N do

16: if A(β, x) = 1 and A(〈ancestor〉β, x) = 0 then

17: y ← c[x]
18: while y 6= nil do

19: LabelDescendant(〈ancestor〉β, y)
20: y ← r[y]
21: end while

22: end if

23: end for

24: end case
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Let n be the size of the input tree T and k the length of the input formula
α. The procedure EvalAxis runs in O(n) and hence the cost of BottomXPath
amounts to O(k ·n). The whole bottom-up evaluation algorithm for Core XPath
is as follows:

1. translate q into τ(q);
2. run BottomXPath on T and τ(q);
3. sort, in document order, the result of BottomXPath.

The complexity of the translation step is O(k) and the call to BottomXPath
costs O(k · n). Since nodes are integers from 1 to n, we can sort the result with
a linear-time sorting algorithm like CountingSort. Hence, the overall worst-case
complexity is O(k · n).

4 A top-down evaluation strategy

In this section we give two efficient top-down algorithms, called TopXPath1
and TopXPath2, to evaluate Core XPath queries. Both the algorithms replace
the filters present in the input query with query paths and then apply a node
retrieval procedure in order to compute the answer set of the original query.

We first show how to get rid of filters. The following inverting translation ι
inputs a filter expression in the Core XPath language and returns its inverse in
the Boolean XPath language.

ι(axis :: a) = self :: a/axis−1 :: ∗
ι(axis :: a[filter]) = ι(filter)/ι(axis :: a)
ι(step/path) = ι(path)/ι(step)
ι(filter1 and filter2) = ι(filter1) and ι(filter2)
ι(filter1 or filter2) = ι(filter1) or ι(filter2)
ι(not(filter)) = not(ι(filter))

Notice that ι(q) is a Boolean XPath query without filters. We now define a trans-
lation υ from Core XPath queries into Boolean XPath queries without filters:

υ(/axis :: a) = /axis :: a
υ(/axis :: a[filter]) = (/axis :: a and ι(filter))
υ(step/path) = υ(step)/υ(path)

Notice that the length of υ(q) is linear in the length of q. We have the following:

Theorem 2. Let T be an XML tree and q be a Core XPath query. Then, q and
υ(q) have the same answer set.

4.1 A first top-down algorithm

In this section we propose a first top-down strategy, called TopXPath1, to eval-
uate Core XPath queries. With respect to the tree data structure described in
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Section 3, we assume here that an additional field called count is added to the
object representation of each node of the tree. The new field is used to record
whether the node has been visited or not during a step evaluation. TopXPath1
does not care about the order of the nodes in the intermediate context sets and it
sorts the final result only. TopXPath1 inputs an XML tree T , a Boolean XPath
query without filters q, and a context set C. It uses a sub-procedure Process-
Path1 to elaborate query paths, which in turn calls a procedure ProcessStep1
to evaluate query steps. In particular, the procedure ProcessStep1(T, axis, a, C)
elaborates the step axis :: a on the tree T with context set C, according to the
XPath semantics. In order avoid walking on the same node twice, the procedure
checks the count field of the node’s object. This field is initialized to 0 for each
node when TopXPath1 starts. The global variable k is also initialized to 0 and
it is incremented by one at each step evaluation performed with ProcessStep1.
When a node is visited during a step evaluation, its count field is assigned to
the value contained in k. Hence, during the k-th step evaluation, all nodes that
has been already visited in that step evaluation have their count field set to
k, while the count field of the unexplored nodes is less than k. This method
avoids the costly resetting of the count field at each step evaluation. Finally,
ProcessStep1 uses an auxiliary procedure RetrieveDescendants to retrieve the
descendant nodes of a given node that are labelled with a given tag. We show
the implementation of TopXPath1, of ProcessPath1, and of descendant and
ancestor axes of ProcessStep1. See [11] for the entire code.

1: TopXPath1(T, q, C)
2: k ← 0
3: for x ∈ N do

4: count[x]← 0
5: end for

6: case

7: • q = query1 and query2
8: return TopXPath1(T, query1, C) ∩ TopXPath1(T, query2, C)
9: • q = query1 or query2

10: return TopXPath1(T, query1, C) ∪ TopXPath1(T, query2, C)
11: • q = not(query)
12: return N \ TopXPath1(T, query, C)
13: • q = /path
14: return ProcessPath1(T, path, {root(T )})
15: • q = path

16: return ProcessPath1(T, path, N)
17: end case

1: ProcessPath1(T, p, C)
2: case

3: • p = path1 and path2
4: return ProcessPath1(T, path1, C) ∩ ProcessPath1(T, path2, C)
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5: • p = path1 or path2
6: return ProcessPath1(T, path1, C) ∪ ProcessPath1(T, path2, C)
7: • p = not(path)
8: return N \ ProcessPath1(T, path, C)
9: • p = step/path

10: return ProcessPath1(T, path, ProcessPath1(T, step, C))
11: • p = axis :: a
12: return ProcessStep1(T, axis, a, C)
13: end case

1: ProcessStep1(T, axis, a, C)
2: k ← k + 1
3: R← ∅
4: case

5: • . . .
6: • axis = descendant

7: for x ∈ C do

8: if count[x] < k then

9: count[x]← k
10: y ← c[x]
11: while y 6= nil do

12: R← R ∪ RetrieveDescendants(y, a)
13: y ← r[y]
14: end while

15: end if

16: end for

17: • axis = ancestor

18: for x ∈ C do

19: y ← p[x]
20: while y 6= nil and count[y] < k do

21: count[y]← k
22: if a = ∗ or tag[y] = a then

23: R← R ∪ {y}
24: end if

25: y ← p[y]
26: end while

27: end for

28: end case

Let n be the size of the input tree T and k the length of the input formula
α. The procedure ProcessStep1 costs O(n) and hence the evaluation algorithm
TopXPath1 runs in O(k · n). The whole top-down evaluation algorithm for Core
XPath is as follows:

1. translate q into υ(q);
2. run TopXPath1 on T and υ(q);
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3. sort, in document order, the result of TopXPath1.

The complexity of the translation step is O(k) and the call to TopXPath1
costs O(k · n). The sorting can be performed in linear time. Hence, the overall
worst-case complexity is O(k · n).

4.2 A second top-down algorithm

In this section we propose a second top-down strategy, called TopXPath2, to
evaluate Core XPath queries. With respect to the tree data structure described
in Section 3, we assume here that two additional fields are added to the object
representation of each node of the tree: a field called count that, as in TopXPath1,
is used to record whether the node has been visited or not during a step evalua-
tion, and a field called post containing the order of the node in a postorder visit
of the tree. TopXPath2 uses a sub-procedure ProcessPath2 which in turns calls
ProcessStep2, as done for TopXPath1. ProcessStep2 uses an auxiliary procedure
Descendant to retrieve the descendant nodes of a given node that are labelled
with a given tag. Moreover, it uses the following auxiliary list procedures, where
C and L are double-linked lists and x is a node: NewList(), that initializes a new
list, DelFirst(C), that deletes and returns the first element of C, DelLast(C),
that deletes and returns the last element of C, AddAfter(C, x), that appends x
to C, AddListAfter(C, L), that appends L to C, AddBefore(C, x), that adds x in
front of C, AddListBefore(C, L), that adds L in front of C, First(C) that returns
the first element of C, Last(C) that returns the last element of C. All these proce-
dures can be implemented in constant time. TopXPath2 differs from TopXPath1
since it maintains document sorted the intermediate context sets. Moreover, it
exploits the sorted contexts to speed-up the XPath axis evaluation by pruning
the context sets as much as possible before starting each step evaluation. By
maintaining both the preorder and the postorder ranks for each node, TopX-
Path2 implicitly represents an XML tree as a bi-dimensional plane, called the
pre/post plane in [10]. Each node x is encoded by the point (pre(x), post(x)). A
nice feature of this encoding is that, for each node x, the top-right (respectively,
bottom-left) quadrant of x contains all the following (respectively, preceding)
nodes of x, and the bottom-right (respectively, top-left) quadrant of x contains
all the descendant (respectively, ancestor) nodes of x. Hence, given two arbitrary
nodes x and y, we can check in constant time the relative position of y with re-
spect to x. As an example, consider the cases of following and preceding axes.
By exploiting the pre/post plane properties, the context set can always be re-
duced to a singleton (see the code below). Finally, TopXpath2 takes advantage,
when necessary, of the counting technique described in Section 4.1 to avoid the
exploration of the same tree zones twice. For space reasons, we only show the
implementation of following and preceding axes of ProcessStep2. See [11] for
the entire code. Notice that, if the input context set is document sorted, then
the results of following and preceding axes are document sorted as well.

1: ProcessStep2(T, axis, a, C)
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2: k ← k + 1
3: R← ∅
4: case

5: • . . .
6: • axis = following

7: L← NewList()
8: if C 6= ∅ then

9: x← DelFirst(C)
10: while post[First(C)] < post[x] do

11: x← DelFirst(C)
12: end while

13: while x 6= nil do

14: y ← r[x]
15: while y 6= nil do

16: AddListAfter(L, Descendants(y, a))
17: y ← r[y]
18: end while

19: x← p[x]
20: end while

21: end if

22: return L
23: • axis = preceding

24: L← NewList()
25: x← Last(C)
26: while x 6= nil do

27: M ← NewList()
28: y ← l[x]
29: while y 6= nil do

30: AddListAfter(M, Descendants(y, a))
31: y ← l[y]
32: end while

33: AddListBefore(L, M)
34: x← p[x]
35: end while

36: return L
37: end case

Let n be the size of the input tree T and k the length of the input formula α.
ProcessStep2 runs in O(n) and TopXPath2 in O(k · n). In this case, the whole
top-down evaluation algorithm for Core XPath is as follows:

1. translate q into υ(q);
2. run TopXPath2 on T and υ(q).

The complexity of the translation step is O(k) and the call to TopXPath2
costs O(k ·n). Since TopXPath2 maintains sorted the intermediate context sets,
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the result of TopXPath2 is already sorted. Hence, the overall worst-case com-
plexity is O(k · n).

5 Experimental analysis

The three proposed algorithms have the same asymptotic worst-case complex-
ity. In order to better understand the computational differences between the
proposed strategies, we performed an experimental analysis. We implemented
the algorithms in standard C language and we used a fragment of the XPath
benchmark XPathMark [6] to assess the empirical complexity of the discussed
strategies. In this section, we briefly report about this analysis. The source code
(released under the GNU General Public License), the executable programs (for
Gnu/Linux systems), and additional experimental data and plots (including a
comparison with XQuery processor Saxon [14], which is outside of the scope of
this paper) are available at the website http://www.zimuel.it/xpath.

Our experiments were run on an AMD Sempron 1.7 GHz, with 1 GB RAM,
running Debian Gnu/Linux version 2.6.10. All the times are response CPU times
in seconds. We ran tests using a variety of XML documents and XPath queries.
The XML documents were generated using the XML benchmarking program
XMark [15]. We used a document series of 11 XML documents corresponding to
the following sizes in MB: 0.116, 0.212, 0.468, 0.909, 1.891, 3.751, 7.303, 15.044,
29.887, 59.489, 116.517. As for the benchmark queries, we took advantage of a
fragment of the XPath benchmark XPathMark [6]. The benchmark queries we
used are the following (notice that Q7, Q8, Q9, and Q10 are new queries not
belonging to XPathMark):

Q1 The keywords in annotations of closed auctions

/child::site/child::closed auctions/child::closed auction

/child::annotation/child::description/child::parlist

/child::listitem/child::text/child::keyword

Q2 All the keywords

/descendant::keyword

Q3 The keywords in a paragraph item

/descendant-or-self::listitem/descendant-or-self::keyword

Q4 The (either North or South) American items

/child::site/child::regions/child::*/child::item

[parent::namerica or parent::samerica]

Q5 The paragraph items containing a keyword

/descendant::keyword/ancestor::listitem

Q6 The mail containing a keyword
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Fig. 1. Query response time (averaged over the benchmark set)

/descendant::keyword/ancestor-or-self::mail

Q7 The last bidder of all open auctions

/child::site/child::open auctions/child::open auction

/child::bidder[not(following-sibling::bidder)]

Q8 The first bidder of all open auctions

/child::site/child::open auctions/child::open auction

/child::bidder[not(preceding-sibling::bidder)]

Q9 The last item of the document

/child::site/child::regions/child::*

/child::item[not(following::item)]

Q10 The first item of the document

/child::site/child::regions/child::*

/child::item[not(preceding::item)]

Q11 People having an address and either a phone or a homepage

/child::site/child::people/child::person

[child::address and (child::phone or child::homepage)]

Q12 People having no homepage

/child::site/child::people/child::person[not(child::homepage)]

In order to perform the evaluation, we applied the benchmarking methodol-
ogy described in [6]. In particular, we used the following measures:

– given a query q and a document d, the query response time is the time
taken by an algorithm to give the answer for the query q on the document
d including all the phases of the elaboration (e.g., parsing of the document,
processing of the query, serialization of the results).
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Fig. 2. Query response speed (averaged over the document series)

– Given a query q and a document d, the query response speed is defined as
the size of the document d divided by the response time for query q and
document d. The measure unit is, for instance, MB/sec.

– Given a query q and two documents d1 and d2, where the size of d2 is bigger
than the size of d1, the data scalability factor is defined as v1/v2, where v1

is the query response speed of q on d1 and v2 is the query response speed of
q on d2.

We say that the data scalability is sub-linear whenever the data scalability
factor is lower than 1, it is super-linear whenever the data scalability factor is
higher then 1, and it is linear whenever the data scalability factor is equal to
1. Usually, sub-linear and linear scalability indicate that the query processor
performs well when the size of the database is increased.

Figure 1 depicts, for each document in the series, the average query response
time for the entire benchmark (left plot for small files, right plot for bigger
ones), while Figure 2 illustrates, for each query in the benchmark, the average
query response speed for the entire document series. Finally, Figure 3 plots, for
each document in the series, the average data scalability factors for the entire
benchmark.

In the following, we comment the outcomes of our experimental evaluation:

– The response times of the two top-down strategies are very close, with TopX-
Path2 slightly faster than TopXPath1. This tells us that the approach of
maintaining the context sequences document sorted at any time does not
pay off in terms of response time.

– The top-down strategy is more efficient than the bottom-up one (about 30%
faster, and the difference increases as the size of the data increases). The gap
is bigger in the case of queries that do not need to explore big portions of
the document tree in order to compute the query answer (like Q1 and Q4),
while the response times of the two strategies are similar in the case of queries
that need to visit the entire document (like Q2) . This phenomenon can be
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explained as follows: the bottom-up algorithm visits the entire document
tree for each sub-query of the main query, while the top-down procedure
explores only the tree zones that are relevant for the evaluation of the query.

– All the three XPath processors scale-up linearly with respect to the size of
the XML data. This confirms the linear-time complexity of the implemented
algorithms.

6 Back to modal logic

What do modal logicians get out of this paper at the end of the day? In Section 3
we gave a translation τ from the Core XPath query language (a fragment of
Boolean XPath) to the Core XPath modal language. This mapping can easily
be extended to Boolean XPath by adding distributive clauses for the Boolean
operators, e.g., τ(query1 and query2) = τ(query1) ∧ τ(query2). The natural
question is then: is there an inverse translation from Core XPath modal formulas
to Boolean XPath queries? Yes, there is. It is as follows (where a is an atomic
proposition different from root):

χ(root) = self :: ∗[not(parent :: ∗)]
χ(a) = self :: a
χ(〈axis〉α) = χ(α)/〈axis−1〉 :: ∗
χ(α ∧ β) = (χ(α) and χ(β))
χ(α ∨ β) = (χ(α) or χ(β))
χ(¬α) = not(χ(α))
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Notice that the length of χ(α) is linear in the length of α. We have the
following:

Theorem 3. Let α be a Core XPath modal formula and T be an XML tree.
Then, the truth set of α with respect to the corresponding model MT is the
answer set of χ(α) with respect to T .

The above theorem has some interesting consequences. Putting together The-
orems 1 and 3, we have that the model checking problem for Core XPath modal
logic and the query evaluation problem for Boolean XPath query language are
polynomially inter-reducible. In particular, this gives us the following top-down
algorithm to solve the model checking problem for Core XPath modal logic:
translate a modal formula α into the corresponding query χ(α) and then use a
top-down strategy as described in Section 4 to retrieve the answer set of χ(α).
This paper empirically proves that a top-down evaluation strategy is less ex-
pensive than a bottom-up one, because it browses only the relevant parts of
the underlying model and not more. However, model checking algorithms for
modal and temporal logics typically are bottom-up procedures [13]. The top-
down query evaluation strategies described in Section 4 can be turned into an
efficient top-down model checking procedure for Core XPath modal logic.

7 Conclusion

We implemented three evaluation strategies for the navigational fragment of
XPath and we benchmarked the resulting XPath processors using a fragment of
XPathMark, a recently proposed benchmark for XPath. The main outcomes of
our investigation are (i) a top-down evaluation approach is faster than a bottom-
up one, and (ii) the pre/post plane optimizations for XPath query evaluation
are as efficient as tree-search algorithms over the tree modeling the XML docu-
ment. We also gave a top-down model checker for Core XPath modal logic which
empirically performs better than the standard bottom-up one.

It is worth pointing out that a bottom-up strategy outputs much more infor-
mation than a top-down strategy. In particular, the bottom-up model checking-
based procedure computes the answer set for each sub-query of the input query,
while the top-down routine retrieves only those nodes belonging to the answer
of the input query. This feature of the bottom-up approach may in fact be-
come a benefit whenever the answer set for the sub-queries of the input query
is relevant. Consider for instance a query processor that is queried many times
possibly by different users. It is not unlikely that similar queries are posed at
different times. In such a case, a bottom-up strategy may easily reuse the results
computed for common sub-queries (in a dynamic programming fashion), while a
top-down strategy must re-compute the result for each new query from scratch.
As a future work, we would like to compare the performace of the bottom-up
and top-down approaches in a multi-query environment.
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Abstract

Alternating-time Temporal Logic (ATL) of Alur, Henzinger, and Kupfer-
man is increasingly widely applied in formal system specification and verifi-
cation of distributed systems and game-like multi-agent systems. The exten-
sion Alternating-time Temporal Epistemic Logic (ATEL) of van der Hoek and
Wooldridge of ATL with knowledge modalities widens the scope of reasoning
over multi-agent systems with epistemic notions. In this paper, the complexity
of the satisfiability problem for ATEL with epistemic operators for common and
distributed knowledge is investigated and settled at ExpTime-complete. Thus
ATEL has the same complexity as ATL.

1 Introduction

Alternating-time Temporal Logic (ATL) introduced by Alur, Henzinger, and
Kupferman [1] has become a successful tool for formal system specification and
verification of distributed systems and game-like multi-agent systems. ATL
provides a path quantifier 〈〈 〉〉 that is parametrized by a coalition A of agents
and temporal operators © (‘next’), 2 (‘always’), and U (‘until’) where, e.g.,
〈〈A〉〉2ψ states that the agents in coalition A can cooperate to ensure that
always ψ. ATL generalizes the Computational Tree Logic (CTL) since the path
quantifiers A (“on all paths”) and E (“on some path”) of CTL can be expressed
by the ATL path quantifiers 〈〈∅〉〉 (“the empty coalition can cooperate”) and
〈〈Σ〉〉 (“the grand coalition of all agents can cooperate”).

ATL satisfiability was investigated in [11, 13]: [11] proves an ExpTime up-
per bound for ATL satisfiability under the assumption that the set of available
agents is fixed in advance; [13] shows containment in ExpTime even when
the set of agents occurring in formulas is drawn from an arbitrary (possibly
infinite) set. The ExpTime lower bound easily follows from CTL.

Soon after its introduction, ATL was extended with knowledge modalities
to Alternating-time Temporal Epistemic Logic (ATEL) by van der Hoek and
Wooldridge [14]. For an illustration of ATEL’s expressiveness, consider the
following formula that states: if agent a knows a secret, then she can keep it
to herself, i.e., a can make sure that her secret will never be known by another
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agent b:
Kasecret ∧ ¬Kbsecret → 〈〈a〉〉2¬Kbsecret.

The expressivity of ATEL depends on the epistemic operators available. In
this paper, we focus on the epistemic operators of the very expressive language
S5C,D from [8] which contains epistemic operators Ka (“agent a knows”), EA

(“every agent in A knows”), CA (“the agents in A have common knowledge”),
and DA (“the agents in A have distributed knowledge”) for each agent a and
coalition A of agents. Intuitively, a coalition A of agents has common knowl-
edge of a fact ϕ if every agent in A knows that every agent in A knows . . . that
ϕ is true; A has distributed knowledge of ϕ if the combined individual knowl-
edge of all agents in A implies ϕ. In what follows, we denote with ATEL the
logic ATL extended with epistemic operators Ka, EA, CA, and DA for each
agent a and coalition A of agents.

In [6], Goranko, Jamroga, and van Drimmelen axiomatized ATEL with-
out operators for distributed knowledge and conjectured an axiomatization of
ATEL with distributed knowledge operators by extending the axiomatic sys-
tem for ATL [7]. From this axiomatization, it becomes clear that there is
no interaction between the temporal and epistemic modalities in ATEL, i.e.,
ATEL is an independent fusion in the sense of [5] of the logics ATL and S5C,D.
Although both logics, ATL [11, 13] and S5C,D [8], are ExpTime-complete, it
does not follow from general results on fusions of modal logics that ATEL is
ExpTime-complete as well. For instance, an increase in computational com-
plexity when taking fusions can be observed with the fusion of S5 with itself:
while S5 is in NP [8], the fusion is PSpace-hard [5]. From general results
on complexity transfer for fusions [3, 2], it only follows that ATEL is in 2-
ExpTime. So far, it was an open problem whether satisfiability for ATEL is
also in ExpTime. In fact, because of the different character of ATL and S5C,D,
it seemed that their fusion is not in ExpTime. In this paper, however, we show
that satisfiability of ATEL (with common and distributed knowledge) is Ex-
pTime-complete using a type elimination construction along the lines of [13]
combined with a technique of [8]. This also shows that adding epistemic oper-
ators for common knowledge and distributed knowledge to ATL does not yield
an increase in computational complexity. The result is presented in a compact
way due to space limitations; more details and full proofs can be found in the
accompanying technical report [12].

When formulating satisfiability problems for ATEL some care is needed as
it was analyzed in [13]. In particular, the range of semantic structures, over
which a formula is to be interpreted, needs to be specified. Such a range can
be determined by allowing for a certain number of agents to be present in
the semantic structures. To see that allowing for different sets of agents to be
present can influence satisfiability, look at the following ATL-formula (adapted
from [10, p.47]):

¬〈〈a〉〉©p ∧ ¬〈〈a〉〉©q ∧ 〈〈a〉〉©(p ∨ q).
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This formula expresses the fact that, in the next state, agent a cannot make
p true, and cannot make q true; but it can make either p or q true. Now the
question is whether this formula is satisfiable. The answer is that it is only
satisfiable in a semantic structure for more than one agent, and not satisfiable
with merely one available agent. Thus the number of agents present in a struc-
ture is important for determining satisfiability of a formula in this structure.
With these concerns in mind, three variants of the satisfiability problem for
ATL were suggested in [13] depending on the possibilities for the number of
agents to occur in semantic structures. In this paper, however, we concentrate
only on one of these problems; the other two satisfiability problems can be
reduced to this:

Satisfiability over formula-defined sets of agents: Given a formula ϕ, is ϕ
satisfiable in a structure for exactly the agents which occur in ϕ?

This paper is organized as follows. Section 2 introduces ATEL by giving
its syntax, defining alternating epistemic transition systems as semantic struc-
tures, and, by giving the semantics, stating how formulas are interpreted over
these transition systems. In Section 3, we show that ATEL is ExpTime-
complete. This is done by defining a decision procedure for ATEL that runs
in exponential time using a combination of a type elimination construction
introduced in [13] with the technique of [8]. The final section states some
concluding remarks and gives ideas for further research.

2 ATEL

In this section, Alternating-time Temporal Epistemic Logic [14] with epistemic
operators for common and distributed knowledge is defined. First consider the
syntax.

Definition 2.1 [ATEL Syntax] Let Π be a countable infinite set of atomic
propositions and Σ a countable infinite set of agents. A coalition is a finite set
A ⊆ Σ of agents. The set of ATEL-formulas is the smallest set containing the
following:

• p for p ∈ Π;

• ¬ϕ, ϕ ∨ ψ for ATEL-formulas ϕ and ψ;

• 〈〈A〉〉©ϕ, 〈〈A〉〉2ϕ, 〈〈A〉〉ϕU ψ for a coalition A and ATEL-formulas ϕ
and ψ;

• Kaϕ for a ∈ Σ and ATEL-formula ϕ;

• EAϕ, CAϕ, DAϕ for a coalition A and ATEL-formula ϕ.

¢

175



Logical truth (>) and the Boolean connectives (∧, →, and ↔) are defined
as usual. The operator 〈〈A〉〉3ϕ is defined as 〈〈A〉〉>U ϕ. Observe that, in
ATEL, the operator 〈〈A〉〉2 cannot be expressed in terms of 〈〈A〉〉 and U since
formulas of the form 〈〈A〉〉¬(>U ¬ϕ), which are equivalent to 〈〈A〉〉2ϕ, are
not according to the syntax. ATL is the fragment of ATEL without epistemic
operators.

Now consider the semantic structures that are epistemic extensions of al-
ternating transition systems from [1].

Definition 2.2 [Alternating Epistemic Transition System] Given a finite set
Σ = {1, . . . , n} ⊂ Σ of agents with n ≥ 1, an alternating epistemic transition
system (AETS) for Σ is a tuple S = 〈Π, Σ, Q,∼1, . . . ,∼n, π, δ〉 where

• Π ⊆ Π is a finite, non-empty set of atomic propositions,

• Q is a finite, non-empty set of states,

• ∼a⊆ Q×Q is an epistemic accessibility relation, one for each agent a ∈ Σ,
which is required to be an equivalence relation,

• π : Q → 2Π is a valuation function which assigns to every state a set of
atomic propositions that are true there, and

• δ : Q × Σ → 22Q
is a transition function which maps a state q ∈ Q and

an agent a ∈ Σ to a non-empty set of choices δ(q, a) available to a at q
such that the following condition is satisfied: for every state q ∈ Q and
every set Q1, . . . , Qn of choices Qi ∈ δ(q, i), 1 ≤ i ≤ n, the intersection
Q1 ∩ · · · ∩Qn is a singleton set.

¢

For each coalition A, the following abbreviations for epistemic relations corre-
sponding to epistemic operators EA, CA, and DA are used:

∼E
A =

⋃
a∈A ∼a .. the union of the accessibility relations of the agents in A;

∼C
A = (∼E

A)+ .. the transitive closure of the relation ∼E
A;

∼D
A =

⋂
a∈A ∼a .. the intersection of the accessibility relations of the agents

in A.

Below the relations ∼E
A, ∼C

A, and ∼D
A will be used to give a Kripke-style seman-

tics to the notions “every agent in A knows”, “the agents in A have common
knowledge”, and “the agents in A have distributed knowledge”.

Intuitively, δ(q, a) describes the a-choices available in q: when in state q,
agent a chooses a set from δ(q, a) to ensure that the “next state” will be among
those in the chosen set. This notion of a-choices is generalized to A-choices
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for coalitions A of agents as follows: Given an AETS S = 〈Π, Σ, Q,∼1, . . . ,∼n

, π, δ〉, for each state q ∈ Q and each coalition A ⊆ Σ, set

δ(q, A) :=

{
{QA ⊆ Q | QA =

⋂
a∈A Qa where Qa ∈ δ(q, a)} if A 6= ∅

{⋃ δ(q, Σ)} if A = ∅ .

When in state q, the agents in coalition A collectively choose a set from δ(q, A)
to ensure that the “next state” is from this set. Note that δ(q, A) is non-
empty for each state q and coalition A, and δ(q, Σ) is a set of singletons. The
states in the singleton sets of δ(q, Σ) are the successors of q, i.e., the system is
completely determined when all the agents have made their choice. Since the
empty coalition cannot influence the behaviour of the system, δ(q, ∅) is set to⋃

δ(q, Σ), the set of all possible successors of q.
An infinite sequence λ = q0q1q2 · · · ∈ Qω of states is a computation if, for

all positions i ≥ 0, there is a choice {qi+1} ∈ δ(qi, Σ). Denote with λ[i] the
i-th component qi in λ and with λ[0, i] the initial sequence q0 · · · qi of λ.

A strategy for an agent a ∈ Σ is a mapping fa : Q+ → 2Q such that for all
λ ∈ Q∗ and all q ∈ Q, fa(λ · q) ∈ δ(q, a) where λ · q denotes the concatenation
of the finite sequence λ with the state q. Note that a strategy fa maps each
finite sequence λ · q of states to an choice in δ(q, a) available to agent a at the
state q. A strategy for a coalition A is a set of strategies FA = {fa | a ∈ A},
one for each agent in A.

The set out(q, FA) of outcomes of a strategy FA starting at a state q is
the set of all computations λ = q0q1q2 · · · ∈ Qω such that q0 = q and qi+1 ∈⋂

fa∈FA
fa(λ[0, i]) for all i ≥ 0.

Formulas of ATEL are interpreted over alternating epistemic transition sys-
tems, cf. [14].

Definition 2.3 [ATEL Semantics] Given an AETS S = 〈Π, Σ, Q,∼1, . . . ,∼n

, π, δ〉, the satisfaction relation |= is inductively defined as follows: For all
states q of S, coalitions of agents A ⊆ Σ, agents a ∈ Σ, and ATEL-formulas
ϕ, ϕ1, and ϕ2, it holds that

• S, q |= p iff p ∈ π(q), for all atomic propositions p ∈ Π;

• S, q |= ¬ϕ iff S, q 6|= ϕ;

• S, q |= ϕ1 ∨ ϕ2 iff S, q |= ϕ1 or S, q |= ϕ2;

• S, q |= 〈〈A〉〉©ϕ iff there is a strategy FA such that for all computations
λ ∈ out(q, FA), it holds that S, λ[1] |= ϕ;

• S, q |= 〈〈A〉〉2ϕ iff there is a strategy FA such that for all computations
λ ∈ out(q, FA), it holds that S, λ[i] |= ϕ for all positions i ≥ 0;

• S, q |= 〈〈A〉〉ϕ1 U ϕ2 iff there is an strategy FA such that for all computa-
tions λ ∈ out(q, FA), there is a position i ≥ 0 such that S, λ[i] |= ϕ2 and
S, λ[j] |= ϕ1 for all positions j with 0 ≤ j < i;

177



• S, q |= Kaϕ iff S, q′ |= ϕ for all q′ with q ∼a q′;

• S, q |= EAϕ iff S, q′ |= ϕ for all q′ with q ∼E
A q′;

• S, q |= CAϕ iff S, q′ |= ϕ for all q′ with q ∼C
A q′;

• S, q |= DAϕ iff S, q′ |= ϕ for all q′ with q ∼D
A q′.

If for some state q of some AETS S it holds that S, q |= ϕ, then the ATEL-
formula ϕ is true at q, and S is called a model of ϕ. An ATEL-formula is
satisfiable if it has a model. ¢

3 The Main Result

In this section, ATEL satisfiability is shown to be ExpTime-complete. This is
done by extending the ExpTime-completeness result of ATL satisfiability [13]
to ATEL which shows that adding epistemic operators for common knowledge
and distributed knowledge to ATL does not yield an increase in computational
complexity.

The following theorem states the main result of this paper. Note that
we consider the satisfiability problem for ATEL as it was presented in the
introduction above.

Theorem 3.1 The satisfiability problem for ATEL is ExpTime-complete.

The lower complexity bound carries over from the ExpTime-hard fragment
ATL; see [11, 13]. For the upper bound, it is to show that ATEL satisfiability
is in ExpTime. The rest of the paper is devoted to presenting a decision
procedure for ATEL that runs in exponential time and thus shows containment
of ATEL satisfiability in ExpTime. Correctness of the decision procedure
follows from Lemma 3.8 while Lemma 3.9 proves its exponential running time.
Due to space limitations, the presentation is rather compact and the proofs
are sketched only. More details and full proofs, however, can be found in the
accompanying technical report [12] and the paper [13] on which this work is
based on.

The decision procedure implements an extended version of the type elimi-
nation construction for ATL from [13] that additionally accounts for ATEL’s
epistemic operators Ka, EA, CA, and DA for each agent a and coalition A of
agents where the epistemic operators are dealt with similarly to [8]. Start with
the definition of an extended closure that contains all formulas that are rele-
vant for deciding the input formula. This and the following notion of types as
specific subsets of the extended closure are adapted from [13] to additionally
account for epistemic operators.

Definition 3.2 [Extended Closure] Let ϕ be an ATEL-formula and n the
number of agents occurring in ϕ. The extended closure ecl(ϕ) of ϕ is the
smallest set which is closed under the following conditions:

178



• ϕ ∈ ecl(ϕ);

• ecl(ϕ) is closed under subformulas;

• ecl(ϕ) is closed under single negation;

• if 〈〈A〉〉2ψ ∈ ecl(ϕ), then 〈〈A〉〉©〈〈A〉〉2ψ ∈ ecl(ϕ);

• if 〈〈A〉〉ψ U ϑ ∈ ecl(ϕ), then 〈〈A〉〉©〈〈A〉〉ψ U ϑ ∈ ecl(ϕ);

• if EAψ ∈ ecl(ϕ) with A = {a1, . . . , a`}, then ¬(¬Ka1ψ ∨ · · · ∨ ¬Ka`
ψ) ∈

ecl(ϕ);

• if CAψ ∈ ecl(ϕ), then EACAψ ∈ ecl(ϕ);

• if Kaψ ∈ ecl(ϕ) and DAϑ ∈ ecl(ϕ) with a ∈ A, then DAψ ∈ ecl(ϕ);

• if DAψ ∈ ecl(ϕ) and DBϑ ∈ ecl(ϕ) with A ⊆ B, then DBψ ∈ ecl(ϕ).

¢

Note that the cardinality of ecl(ϕ) is linear in the length of ϕ.

Definition 3.3 [Type] Let ϕ be an ATEL-formula. The set Ψ ⊆ ecl(ϕ) is a
type for ϕ if the following conditions are satisfied:

(T1) ψ1 ∨ ψ2 ∈ Ψ iff ψ1 ∈ Ψ or ψ2 ∈ Ψ, for all ψ1 ∨ ψ2 ∈ ecl(ϕ);

(T2) ψ ∈ Ψ iff ¬ψ /∈ Ψ, for all ¬ψ ∈ ecl(ϕ);

(T3) 〈〈A〉〉2ψ ∈ Ψ iff {ψ, 〈〈A〉〉©〈〈A〉〉2ψ} ⊆ Ψ, for all 〈〈A〉〉2ψ ∈ ecl(ϕ);

(T4) 〈〈A〉〉ψ U ϑ ∈ Ψ iff ϑ ∈ Ψ or {ψ, 〈〈A〉〉©〈〈A〉〉ψ U ϑ} ⊆ Ψ, for all 〈〈A〉〉ψ U ϑ ∈
ecl(ϕ);

(T5) if Kaψ ∈ Ψ, then ψ ∈ Ψ;

(T6) EAψ ∈ Ψ iff ¬(¬Ka1ψ ∨ · · · ∨ ¬Ka`
ψ) ∈ Ψ, for all EAψ ∈ ecl(ϕ) with

A = {a1, . . . , a`};
(T7) CAψ ∈ Ψ iff {ψ, EACAψ} ⊆ Ψ, for all CAψ ∈ ecl(ϕ);

(T8) if DAψ ∈ Ψ, then ψ ∈ Ψ;

(T9) if Kaψ ∈ Ψ, then DAψ ∈ Ψ, for all DAψ ∈ ecl(ϕ) with a ∈ A;

(T10) if DAψ ∈ Ψ, then DBψ ∈ Ψ, for all DBψ ∈ ecl(ϕ) with A ⊆ B.

The set of all types for ϕ is designated by Γϕ. ¢
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Note that the cardinality of Γϕ is exponential in the length of ϕ.
Intuitively, a type describes a state q of a transition system by means of

formulas from ecl(ϕ) which are true at q. The decision procedure will use all
types for an input formula to determine its decidability. The conditions (T1)
to (T10) state restrictions on the formulas in a type: (T1) to (T4) deal with
Boolean and temporal formulas; the conditions (T5) to (T10) were added to
handle epistemic formulas. In particular, the relation between formulas with
epistemic operators K and D are taken care of by (T9) and (T10).

Before proceeding with the construction, introduce some auxiliary notions.
Denote with Σϕ the set of all agents that occur in the formula ϕ. A next
formula is a formula of the form 〈〈A〉〉©ψ or ¬〈〈A〉〉©ψ. Assume that all
next formulas in the extended closure ecl(ϕ) are linearly ordered such that
no negative next formula occurs before a positive one. Denote with ]ψ the
number of the next formula ψ ∈ ecl(ϕ) in this ordering; the numbering starts
with 0. Since there are as many positive next formulas in ecl(ϕ) as negative
ones, obtain the following enumeration ψ1, . . . ψk with ψ1, . . . , ψk/2−1 positive
next formulas and ψk/2, . . . , ψk negative next formulas.

Intuitively, the presented type elimination algorithm eliminates those types
that are not relevant for building an AETS S that is a model for an input
formula ϕ. The states of such an S are thought of consisting of sequences of
n-tuples where n = |Σϕ|. Each component of such an n-tuple corresponds to
an agent and takes values from {0, . . . , k− 1} which in turn refer to one of the
k next formulas in ecl(ϕ). The set of all such n-tuples is denoted with [k/n],
and the states of S will be from [k/n]∗. Supposing q ∈ [k/n]∗ is a state of
S, then the set {q · ~t | ~t ∈ [k/n]} contains its potential successor states, thus
the choices in δ(q, a) are subsets of this set. Every state q of S corresponds
to some type that was not eliminated and the construction of S is aiming at
satisfying every formula of this type at q. In particular, q will have to satisfy
a number of next formulas, i.e., the definition of δ that specifies the choices
available at q is crucial. The transition function δ is defined as follows: For
each agent a (ranging from 0 to n− 1), set

δ(q, a) := {{q · ~t ∈ [k/n]∗ | ~t = (t0, . . . , tn−1) and ta = p} | p < k/2}.
The idea here is that agent a makes an a-choice by “voting” for a positive next
formula that he wants to be satisfied. Such votes are done via a’s position
in tuples ~t = (t0, . . . , tn−1). An A-choice is made by a collective vote of the
entire coalition A. This is characterized as follows: a set S ⊆ [k/n] is called
an A-voting set if

S = {~t = (t0, . . . , tn−1) | ta = τ(a) for all a ∈ A}
for some mapping τ : A → {0, . . . , k/2− 1}. In order for q to satisfy a positive
next formula 〈〈A〉〉©ψ, the construction of S ensures that ψ is satisfied at all
states of the A-choice that corresponds to the voting set where coalition A
votes solely for this formula.

180



Satisfying negative next formulas ¬〈〈Σϕ〉〉©ψ is simple: they merely state
that all successors of q satisfy ¬ψ. For satisfying ¬〈〈A〉〉©ψ with A ⊂ Σϕ at
q, ψ needs to be refuted at a state in every A-choice. Note that, by picking
a state from every A-choice, a state from every A′-choice for all A′ ⊆ A is
picked as well. But this is fine as ¬〈〈A〉〉©ψ implies ¬〈〈A′〉〉©ψ. However,
for any B 6⊆ A, ¬〈〈A〉〉©ψ does not imply ¬〈〈B〉〉©ψ. Thus, in order not to
automatically satisfy ¬〈〈B〉〉©ψ when picking elements in A-choices, some care
is needed such that the picked elements from A-choices are not also elements of
B-choices for any such B. Picking the right states that refute ψ is implemented
by a “refutation function”; see [13] for details.

The construction of a model is more involved due to the presents of negated
box formulas, until formulas and formulas of the form ¬CAψ. This is because
the satisfaction of such formulas needs to be witnessed by some state in a
model and such witnesses can be “far away”. Negated box formulas and until
formulas can be dealt with analogously to [4] for CTL with the help of so-
called witness trees. Since, in ATEL, epistemic and temporal operators do not
interact, formulas of the form ¬CAψ can be treated separately with a notion
of witness paths. For defining witness trees, the following auxiliary notions
from [13] are needed.

Definition 3.4 [ϑ-vector, ϕ-tree, ©-matching] Let ϕ be an ATEL-formula,
n = |Σϕ|, and k the number of next-formulas in ecl(ϕ). For each next-formula

ϑ ∈ ecl(ϕ) and vector ~t = (t0, . . . , tn−1) ∈ [k/n],

• if ϑ = 〈〈A〉〉©ψ and ta = ]ϑ for each a ∈ A, then ~t is called a ϑ-vector ;

• if ϑ = ¬〈〈A〉〉©ψ with A ⊂ Σϕ, then ~t is called a ϑ-vector if the refutation
function says so; see [13] for details;

• if ϑ = ¬〈〈Σϕ〉〉©ψ ∈ ecl(ϕ), then ~t is called a ϑ-vector.

For each type Ψ ∈ Γϕ and each ~t = (t0, . . . , tn−1) ∈ [k/n], let SΨ(~t) ⊆ ecl(ϕ)
be the smallest set such that

(M1) if 〈〈A〉〉©ψ ∈ Ψ and ~t is a 〈〈A〉〉©ψ-vector, then ψ ∈ SΨ(~t), and

(M2) if ¬〈〈A〉〉©ψ ∈ Ψ and ~t is a ¬〈〈A〉〉©ψ-vector, then ¬ψ ∈ SΨ(~t).

Given a set M of labels, a 〈M,k, n〉-tree T is a mapping T from a finite prefix-
closed subset of [k/n]∗ to M . A 〈Γϕ, k, n〉-tree is called a ϕ-tree. A ϕ-tree T

is called ©-matching if, for all α ∈ dom(T ) and all ~t ∈ [k/n], α · ~t ∈ dom(T )
implies ST (α)(~t) ⊆ T (α · ~t). ¢

Intuitively, a vector ~t is a 〈〈A〉〉©ψ-vector if, for all states q satisfying 〈〈A〉〉©ψ,
the successor q ·~t has to satisfy ψ. The ¬〈〈A〉〉©ψ-vectors can be understood
in an analogous way. This intuition is reflected in (M1) and (M2) and in the
notion of ©-matching.
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Now, equipped with the notions ϑ-vector, ϕ-tree, and ©-matching, define
witness trees and witness paths. While witness paths testify satisfaction of
formulas of the form ¬CAψ, witness trees are special ϕ-trees that affirm satis-
faction of negated box formulas and until formulas; cf. [13] for witness trees.

Definition 3.5 [Witness Tree, Witness Path] Let ϕ be an ATEL-formula, Γ
a set of types for ϕ, and Ψ ∈ Γ. A ϕ-tree T is called a witness-tree rooted at
Ψ in Γ for a formula 〈〈A〉〉ψ U ϑ if it satisfies the following properties:

1. for all α ∈ dom(T ), T (α) ∈ Γ;

2. T is ©-matching;

3. T (ε) = Ψ;

4. for all α ∈ dom(T ), 〈〈A〉〉ψ U ϑ ∈ T (α);

5. for all non-leaf nodes α, ψ ∈ T (α);

6. for all leaf nodes α, ϑ ∈ T (α);

7. if α ∈ dom(T ), 〈〈A〉〉©〈〈A〉〉ψ U ϑ ∈ T (α), ϑ /∈ T (α), and ~t is a 〈〈A〉〉©〈〈A〉〉ψ U ϑ-
vector, then α · ~t ∈ dom(T ).

T is called a witness-tree rooted at Ψ in Γ for a formula ¬〈〈A〉〉2ψ if it satisfies
the following properties:

1. for all α ∈ dom(T ), T (α) ∈ Γ;

2. T is ©-matching;

3. T (ε) = Ψ;

4. for all α ∈ dom(T ), ¬〈〈A〉〉2ψ ∈ T (α);

5. for all leaf nodes α, ¬ψ ∈ T (α)

6. if α ∈ dom(T ), ¬〈〈A〉〉©〈〈A〉〉2ψ ∈ T (α), ¬ψ /∈ T (α), and ~t is a
¬〈〈A〉〉©〈〈A〉〉2ψ-vector, then α · ~t ∈ dom(T ).

A sequence Ψ0 · · ·Ψm ∈ Γ∗, m ≥ 1, is a witness path rooted at Ψ in Γ for a
formula ¬CAψ if the following conditions are satisfied:

1. Ψ0 = Ψ;

2. for all i < m, there is an agent a ∈ A such that for all Kaψ
′ ∈ ecl(ϕ),

Kaψ
′ ∈ Ψi iff Kaψ

′ ∈ Ψi+1;

3. ¬ψ ∈ Ψm.

¢
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The presented decision procedure employs a type elimination algorithm which
in turn relies essentially on the notion of realizability. This notion from [13] was
extended to additionally account for epistemic operators. Intuitively, a type Ψ
is realizable in a set of types Γ if it is possible to (a) satisfy all next-formulas
in Ψ and all formulas of the form ¬Kaψ or ¬DAψ in Ψ using only types from
Γ, (b) construct witness trees for all negated box formulas and until formulas
in Ψ, and (c) construct witness paths for all formulas of the form ¬CAψ in Ψ
using only types from Γ.

Definition 3.6 [Realizability] Let ϕ be an ATEL-formula and Γ a set of types
for ϕ. A type Ψ ∈ Γ is realizable in Γ if the following conditions are satisfied:

1. for all ~t ∈ [k/n], there is a Ψ′ ∈ Γ such that SΨ(~t) ⊆ Ψ′;

2. for all 〈〈A〉〉ψ U ϑ ∈ Ψ, there is a 〈〈A〉〉ψ U ϑ-witness tree rooted at Ψ in
Γ;

3. for all ¬〈〈A〉〉2ψ ∈ Ψ, there is a ¬〈〈A〉〉2ψ-witness tree rooted at Ψ in Γ;

4. for all ¬Kaψ ∈ Ψ, there is a Ψ′ ∈ Γ such that

(a) ¬ψ ∈ Ψ′, and

(b) Kaψ
′ ∈ Ψ iff Kaψ

′ ∈ Ψ′, for all Kaψ
′ ∈ ecl(ϕ);

5. for all ¬CAψ ∈ Ψ, there is ¬CAψ-witness path rooted at Ψ in Γ;

6. for all ¬DAψ ∈ Ψ, there is a Ψ′ ∈ Γ such that

(a) ¬ψ ∈ Ψ′, and

(b) DAψ′ ∈ Ψ iff DAψ′ ∈ Ψ′, for all DAψ′ ∈ ecl(ϕ).

¢

Finally the decision procedure for ATEL using type elimination is described.
The algorithm starts with the set of all types for an input formula and then
repeatedly eliminates types that are not realizable. Since there are only finitely
many types to start with, the algorithm terminates with a set of realizable
types. The input formula is satisfiable if it is contained in some of the remaining
types. Formally, this works as follows: Let ϕ be an ATEL-formula for which
satisfiability is to be decided. Inductively compute a sequence ∆0, ∆1, . . . of
sets of types for ϕ as follows:

∆0 := Γϕ,
∆i+1 := {Ψ ∈ ∆i | Ψ is realizable in ∆i}.

Stop when ∆m+1 = ∆m for some m ≥ 0. Note that ∆m is a set of types for ϕ
that are all realizable in ∆m. The algorithm returns “Yes, ϕ is satisfiable in
an AETS for Σϕ” if ϕ is contained in some type in ∆m; otherwise it returns
“No, ϕ is not satisfiable.”
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The following lemmas state that the described decision procedure is cor-
rect and can be computed within exponential time in the length of the input
formula; full proofs can be found in [12].

Lemma 3.7 Let Γ be a set of types for an ATEL-formula ϕ. Then the exis-
tence of witness trees and paths in Γ can be decided in time exponential in the
length of ϕ.

Proof (sketch). Suppose it is to check for the existence of a witness tree for
〈〈A〉〉ψUϑ ∈ Ψ0 rooted at Ψ0 in Γ; the cases for ¬〈〈A〉〉2ψ and ¬CAψ are
similar. Start with identifying leaf nodes of possible witness trees by marking
all types in Γ which contain 〈〈A〉〉ψUϑ and ϑ. Then identify inner nodes of
possible witness trees as follows: For all unmarked types Ψ ∈ Γ such that
〈〈A〉〉ψUϑ ∈ Ψ, mark Ψ if ψ ∈ Ψ and for every 〈〈A〉〉©〈〈A〉〉ψUϑ-vector
~t ∈ [k/n], there is a type Ψ′ ∈ Γ such that:

(i) SΨ(~t) ⊆ Ψ′, and

(ii) Ψ′ is marked.

Repeatedly apply this procedure until no more types in Γ get marked.
It is not hard to see that a witness tree for 〈〈A〉〉ψUϑ exists iff Ψ0 was

marked. Verify that this marking procedure and thus checking for existence of
witness trees runs in exponential time. qed

Lemma 3.8 Let ϕ be an ATEL-formula. Then the procedure returns “Yes,
the input formula ϕ is satisfiable in an AETS for Σϕ” iff it is indeed the case.

Proof (sketch). Soundness: Assume that the elimination procedure was started
on input ϕ and returns “Yes, the input formula ϕ is satisfiable”. Let Γ be the
computed set of types. Then all types of Γ are realizable in Γ and there is a
type Ψ ∈ Γ with ϕ ∈ Ψ. Construct a model S of ϕ where states correspond
to types in Γ. This is done by constructing witness trees for all until formulas
and negated box formulas in ecl(ϕ) and for each type in Γ, arranging them in
a matrix form such that the rows range over the eventualities and the columns
over the types. Then we replace all leaf nodes by an edge from the leaf node’s
predecessor to the root of some other witness tree in the next row such that
this root is labeled by the same type as the replaced leaf. This construction
is similar to the one for CTL; cf. [4]. Initially, the epistemic operator DA is
treated as an additional modality and the corresponding epistemic accessibil-
ity relation ∼D

A in S is explicitly defined, i.e., ∼D
A=

⋂
a∈A ∼a for all coalitions

A does not necessarily hold. However, a proper model S ′ can be constructed
with the help of S by introducing epistemic witness trees on each state in S
and rearranging, for each agent a, its epistemic accessibility relation ∼a such
that temporal and epistemic transitions are kept separate.

Completeness: Suppose ϕ is satisfiable in a model S. Let Q be the set
of states in S and denote with types(Q) the set of all types associated with
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some state in Q. It can be shown that all types in types(Q) are realizable in
types(Q). qed

Lemma 3.9 The described type elimination procedure runs in exponential time.

Proof (sketch). Suppose ϕ is given as input and let n = |ϕ|. Recall that the
size of the extended closure ecl(ϕ) is linear in the length of ϕ, i.e., |ecl(ϕ)| = c·n
for some constant c ≥ 1. The algorithm computes a sequence ∆0, . . . , ∆m of
sets of types such that ∆0 ) ∆1 ) · · · ) ∆m. Since ∆0 = Γϕ ⊆ 2ecl(ϕ), this
sequence is finite with m ≤ 2c·n. For each i with 0 < i ≤ m, it holds that
|∆i| < |∆0| ≤ 2c·n. Thus, to compute the set ∆i+1 at most 2c·n types in ∆i

need to be checked whether they are realizable in ∆i. Using Lemma 3.7, it
can be shown that for a type Ψ ∈ ∆i at most 2O(n2) steps are needed to check
for Ψ’s realizability in ∆i. Note that checking whether there is a type in ∆m

that contains ϕ takes not more than 2O(n) steps. Hence the decision procedure
runs in time exponential in the size of the input. qed

4 Conclusion

We have investigated the complexity of the satisfiability problem for the epis-
temic extension ATEL of ATL with common and distributed knowledge which
up to now was an open problem. ATEL satisfiability was shown to be Exp-
Time-complete by extending the type elimination construction for ATL from [13].
This result shows that adding epistemic operators for common and distributed
knowledge to ATL does not yield an increase in computational complexity.

ATEL, as it is defined in this paper, does not allow for any interaction
between knowledge and time. For instance, it is possible for an agent a that at
two for a epistemically indistinguishable states a makes different choices. More
discussions on the interaction of temporal and epistemic notions in ATEL can
be found in, e.g., [14, 9]. For further research, it is interesting to investigate the
complexity of variants of ATEL that capture various desired and reasonable
interactions between knowledge and time.
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Abstract. We consider the logic of justified common knowledge S4J
n in-

troduced in [Artemov, 2004]. This system captures the notion of justified
common knowledge, which is free of some of the deficiencies of the usual
common knowledge operator, and yet sufficient for analysis of epistemic
problems where common knowledge has been traditionally applied. In
particular, S4J

n enjoys cut-elimination, which opens a possibility for an
automatic proof search in logic of common knowledge. In this paper, we
present an implementation that automatically builds cut-free proofs in
S4J

n. Our work is based on the existing matrix-based prover for intuition-
istic logic [Schmitt et al., 2001].

1 Introduction

Plato defines knowledge as justified true belief. The modal logic approach to
knowledge, developed in [Hintikka, 1961; Hintikka, 1962], captures the true be-
lief components of Plato’s tripartite definition. The justification component was
introduced into formal epistemology in [Artemov and Nogina, 2005; Artemov,
2004].

1.1 Common Knowledge

Common knowledge is a standard notion in formal epistemology. If Ki (i =
1, . . . , n) are knowledge operators of individual agents and

Eϕ = K1ϕ ∧ . . . ∧Knϕ,

we can informally define common knowledge as:

Cϕ↔ ϕ ∧ Eϕ ∧ . . . ∧ Emϕ ∧ . . . .

The standard way of defining common knowledge axiomatically is via the Fixed-
Point Axiom:

Cϕ↔ E(ϕ ∧ Cϕ)

? The work was actually done while I was visiting Prof. Jason Hickey at CalTech
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together with the Induction Rule:

ϕ→ E(ψ ∧ ϕ)
ϕ→ Cψ

This formalization does not behave well proof-theoretically; in particular,
the above axiomatization does not admit cut-elimination [Alberucci and Jäger,
2005] – an automatic proof search becomes problematic.

An alternative evidence-based approach to common knowledge was intro-
duced in [Artemov, 2004], using the new expressive power of the logics of knowl-
edge with justification. The basic new atoms in the latter are explicit evidence
operators of type t : ϕ, where ϕ is a sentence and t is an evidence term that
uses a certain manageable system of operations on justification. New evidence
operators t :ϕ are completely described by the Logic of Proofs LP and provide
an axiomatic and model description of epistemic assertions

t is a justification for ϕ .

We can also consider a forgetful projection of evidence that replaces each
evidence assertion t : ϕ by a sentence Jϕ, where J is a new modality of justi-
fied knowledge. [Artemov, 2004] considers, among others, the logic S4J

n with n
S4-modalities Ki denoting knowledge of n agents and an additional n+ 1-st S4-
modality J , together with the axiom scheme Jϕ→ Kiϕ. It has been established
in [Artemov, 2004] that S4J

n is indeed a forgetful projection of the correspond-
ing logic of knowledge with justification. In particular, [Artemov, 2004] gives a
Realization Algorithm that given an S4J

n-derivation, it recovers explicit evidence
terms for each occurrence of the justified knowledge modality J . These results
support understanding of the justified knowledge statement Jϕ as

there is an access to a justification of ϕ .

The logic S4J
n is a typical justified knowledge system which is also convenient

to compare justified knowledge – represented by S4J
n – with the corresponding

common knowledge system S4C
n based on the Fixed-Point Axiom together with

the Induction Rule.
Here are the main properties of the justified knowledge system S4J

n estab-
lished in [Artemov, 2004].

Fixed-Point Axiom The justified knowledge modality J satisfies the Fixed-
Point Axiom of common knowledge in this form:

Jϕ↔ E(ϕ ∧ Jϕ).

Connection with Common Knowledge Every evidence-based principle is a
common knowledge principle but not vice versa:

(S4J
n)∗ ⊂ S4C

n

where ∗ replaces every J-modality with C-modality.
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Cut-Elimination S4J
n enjoys cut-elimination.

Hence Justified Knowledge is a well-behaved, constructive version of Common
Knowledge, which can be used as the latter in solving specific problems (cf.
[Artemov, 2004]).

In this paper we describe an implemented automatic proof search procedure
for S4J

n which produces cut-free proofs. Given a cut-free proof in S4J
n one can

use the Realization Algorithm to recover evidence terms in this proof.
We successfully formalized, and S4J

n-prover proved the Wise Men and Muddy
Children puzzles [Fagin et al., 1995]. The Muddy Children Puzzle was formulated
in several flavors for four children, and depending on its formulation the proof
search and verification time varied from under one second to 90 seconds.

Our S4J
n-prover is based on existing implementation for intuitionistic logics.

The cases of T and S5 as the base knowledge systems instead of S4 are left for
future work. The Realization Algorithm is currently implemented for S4, but we
leave it outside the scope of this paper, since we still need to extend it to the
full S4J

n case and connect it to our S4J
n-prover.

1.2 Existing Code for First-Order Intuitionistic Logic

We based our work on the existing code of the J-prover in the MetaPRL logical
framework [Schmitt et al., 2001]. The implementation is based on a uniform
algorithm and matrix characterization for the first order intuitionistic logic J,
modal logics K, K4, T, S4, S5, and fragments of linear logic were given [Otten
and Kreitz, 1996b; Kreitz and Otten, 1999]. It also contains an algorithm for
conversion of an existing matrix proof into a sequent proof [Schmitt and Kreitz,
1995; Kreitz and Schmitt, 2000; Schmitt, 1999].

Note that J here stands for first order intuitionistic logic and has nothing to
do with “J” in S4J

n where it stands for “justified” S4-modality.

The code we started from supported only the first order intuitionistic logic J.
Our work is about classical modal logic and does not involve intuitionistic logic.
We generalize the matrix characterization of S4 to S4J

n, and extend that code to
support matrix proof search and sequent proof reconstruction for S4J

n.
We also improve the prefix unification algorithm [Otten and Kreitz, 1996a],

which is an important part of the matrix proof search algorithm: on some prob-
lems it consumes as much as 99% of the total proof search and construction
time. The unification is used iteratively with incremental extension of the equa-
tion system. Original algorithm was solving new systems from scratch each time.
We modified it to reuse the information obtained from the previous iteration on
the next iteration when one more equation was added. For problems with a
unique most-general unifier, one has only to retain the unifier which itself repre-
sents the solved system. Unfortunately, prefix unification problems do not have
unique solutions but rather minimal sets of unifiers. Naturally, not all members
of a unifier set U for system S survive as members of a unifier set for system
S ∪ p = q.
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The algorithm terminates when any unifier is found, but its full state con-
tains the partially explored decision tree which we have to keep for the next
iteration. Passing the unexplored part of decision tree from iteration to iteration
reduced the running time by at least an order of magnitude on difficult problems.

The rest of the paper is organized in the following way. In Section 2, we
introduce the matrix characterization of logical validity for propositional classical
logic [Bibel, 1981; Bibel, 1987; Andrews, 1981]. In Section 3, we extend this
notion to S4 [Wallen, 1990]. Section 4 contains our extension of the matrix
method to S4J

n, and Section 5 describes modifications to the prefix unification
algorithm, which is a part of matrix method. Section 6 briefly describes the main
ideas of matrix proof to sequent proof conversion [Kreitz and Schmitt, 2000;
Schmitt, 1999] and our modifications to enable support of S4J

n. And finally,
Section 7 describes the Muddy Children Puzzle and our solution to it.

2 Matrix Characterization of Logical Validity

The connection method was introduced in [Bibel, 1981; Bibel, 1987] for classical
logic. In [Wallen, 1990] it was extended to a number of non-classical logics. Kreitz
et al suggested a uniform algorithm for a variety of modal logics, intuitionistic
logic, and fragments of linear logic [Otten and Kreitz, 1996b; Kreitz and Otten,
1999]; described a uniform method of reconstruction of Gentzen sequent proofs
from matrix proofs [Schmitt and Kreitz, 1995; Kreitz and Schmitt, 2000; Schmitt,
1999]; and implemented it for intuitionistic logic in the MetaPRL proof assistant
[Schmitt et al., 2001].

In this section, we will introduce the basic concepts of matrix method and de-
scribe logical validity in these terms. We will limit our attention to propositional
case because our target logic S4J

n is propositional.
A formula tree of a formula F is basically its syntax tree. Each node s cor-

responds to one particular subformula Fs. We give unique names a1, a2, . . . to
each node and call them positions. A label of a position s is the major (outer-
most) connective of Fs or is itself Fs if it is atomic. In the latter case, s is called
atomic position or simply atom. The tree ordering < on positions is induced by
the tree structure where the root is the smallest element with respect to this
tree ordering <.

Each position is associated with polarity in a standard way with the root
having polarity 0.

The principal type Ptype(u) of a position u is defined by its label and polarity
according to the following table:

principal type α (A ∧B)1 (A ∨B)0 (A→ B)0 (¬A)1 (¬A)0

subformulae polarities A1, B1 A0, B0 A1, B0 A0 A1

principal type β (A ∧B)0 (A ∨B)1 (A→ B)1

subformulae polarities A0, B0 A1, B1 A0, B1

Atomic positions have no principal type.
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Definition 1. For a principal type t, we say that two positions a and b of F
are t-related (a ∼t b) if the <-biggest position c of F that is less than a and b
has principal type t (c = max{x | x < a ∧ x < b}). a is t-related to a set S iff
a ∼t s for all s ∈ S.

Definition 2. For each principal type t, there are secondary types t0, . . . , tk
where k is the arity of connectives that produce type t. For position u of principal
type t, its <-successors have secondary types ti according to their relative order
as arguments of u. We denote the secondary type of a position v as Stype(v).
The root has no secondary type.

The matrix(-representation) of a formula F is a two-dimensional representa-
tion of its atomic subformulae without connectives (but with parentheses); it is
mainly used for illustrative purposes. In this representation, α-related positions
are arranged side by side; β-related positions are arranged one on top of another.

Example 1. The matrix representation of the formula ¬((¬A∨¬C)∧ ((A∧B)∨
(B ∧ C))) is: (

A0

C0

) (
(A1 B1)
(B1 C1)

)
Definition 3. A path through a formula F is a maximal set of α-related posi-
tions. It can be visualized as a maximal “horizontal” line through the matrix of
F (or more precisely, a maximal line that never runs vertically).

Definition 4. A connection is a pair of positions with the same labels but
opposite polarities.

Theorem 1. A propositional formula F is (classically) valid iff every path through
F has a connection.

A proof of this theorem (first-order case) can be found in [Bibel, 1987].

3 Matrix characterization for S4

The matrix characterization for S4 was given in [Wallen, 1990]. For this, we need
to add two extra principal types ν, π for modal positions; define prefixes and
unification over them; define multiplicity and what is an indexed formula; and
define complementary connections and admissible substitutions.

We will use only one modality 2 because 3 has no explicit counterpart in the
logic of knowledge with justification in which we want to realize S4J

n-theorems.
Two new principal types are defined according to the table below:

principal type ν (2A)1

subformula polarity A1

principal type π (2A)0

subformula polarity A0
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We denote the set of all positions of primary type ν as V, of primary type π
as Π, all positions of secondary type ν0 as V0, and of secondary type π0 as Π0.

Definition 5. For a position u, the modal prefix preM (u) is a string u1 . . . un

of all positions u1 < u2 < . . . < un ≤ u such that ui ∈ V0 ∪Π0.

Definition 6. The modal substitution σ : V0 → (V0 ∪ Π0)∗ induces a relation
<M⊆ (V0 ∪Π0)×V0: if σM (u) = p, then v < u for all v ∈ V0 ∪Π0 occurring in
p.

In other words, ν0-positions are considered to be variables and π0-positions
are considered to be constants. All variables in the result of σ(u) are less than
u with respect to the ordering induced by σ.

Definition 7. A modal substitution σ is S4-admissible iff the induced reduc-
tion ordering � = (< ∪ <)+ is irreflexive.

In S4-tableaux, ν-formulae can be used several times to populate several pre-
fixes (worlds); in order to reflect it in the matrix characterization, we introduce
modal multiplicity µ : V0 → N and define indexed formula Fµ which is just a
pair – a formula and a multiplicity function over it. A position u ∈ V has µ(u)
instances of its successor trees with root v, u < v. Whenever we refer to index
formula, we imply that positions are duplicated according to the multiplicity
function.

Definition 8. A connection {u, v} is complementary under a substitution σ
iff σ(pre(u)) = σ(pre(v)). A path is complementary iff it contains a complemen-
tary connection.

Definition 9. A set of connections C spans the formula A iff any path through
A contains some connection from C.

Theorem 2. A formula is S4-valid iff there is a multiplicity µ, an S4-admissible
substitution σ, and a set of σ-complementary connections C that spans A [Wallen,
1990].

4 Matrix Characterization of S4J
n

S4J
n can be described as n modalities Ki with S4 behavior, modality J with S4

behavior and the connection axiom schema

Jp→ Kip, for all i. (4.I)

To extend matrix characterization from singular S4 to several such modali-
ties, one has to label tree positions with the appropriate modalities and make
such positions incompatible for prefix unification purposes.
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In terms of tableau rules, the connection axiom 4.I can be expressed as

T σ Jp

T σ.ai p
for an existing prefix σ.ai

This means that J-modality is compatible with worlds generated by any
modality K1, . . . ,Kn, J . For unification purposes, we allow variable positions
related to J-modalities to unify with any string.

We will mark position a with a superscript i if it is related to modality Ki.
For J we will use superscript 0.

Definition 10. For a position ai, we define sort{ai} = i

Definition 11. To describe prefix unification for S4J
n, we define a relation �

on positions. For two positions a and b, we say that a � b iff a is ν0
0 or a is νi

0,
and b is νi

0 or πi
0. Basically, it states when b can be substituted for a.

Corollary 1. � is reflexive and transitive.

Definition 12. A substitution {V1 \ s1, . . . , Vn \ sn} is S4J
n-admissible iff it is

S4-admissible and for all i and all a from si, holds Vi � a.

Theorem 3. A formula is S4J
n-valid iff there is a multiplicity µ, an S4J

n-admissible
substitution σ, and a set of σ-complementary connections C that spans A.

Proof. (Sketch) The only difference between S4 and S4J
n tableaux are the rules

of propagation of 2 from prefix to prefix. Our adjustments in the definition of
admissible substitution reflects those differences exactly.

We can modify our definition of a path through a formula Aµ as follows.
We say that some sets of α-related positions are paths (and our original paths
become atomic paths). Instead of P ∪ {v}, we will write P, v.

(A) Root is a path.
(B) If P, u is a path, and u is an α-position with subformulae u0 and u1, then

P, u0 and P, u1 are paths as well.
(C) If P, u is a path, and u is a β-position with subformulae u0 and u1, then

P, u0, u1 is a path.
(D) If P, u is a path, and u is a π-position with subformula u0, then P, u0 is a

path.
(E) If P, u is a path, and u is a ν-position with subformula u0, then P , u0,1, . . .,

u0,µ(u) is a path where u0,i are instances of u0.

If we augment each position in paths with its prefixes, paths will become S4J
n-

tableau branches. Atomic paths will be closed branches (if there is a spanning
set of connections). Our path generation rules become valid tableau rules as long
as prefixes are introduced by π-rules before they are used by ν-rules. But we can
always apply the ν-rule after the appropriate π-rule – they cannot block each
other because their active positions are from different branches of the syntax
tree. Hence if there is a matrix proof then there is a tableaux proof as well.
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Once we have a tableau proof, we can find the appropriate multiplicity and an
S4J

n-admissible substitution. Each tableau branch represents one or many atomic
paths, each closed branch has a complementary connection, and all branches of
a closed tableau cover all atomic paths.

Note Our implementation does not use tableaux in any way, we refer to them
only for the sake of the proof(-sketch).

[Cerrito and Mayer, 1997] give an upper bound for multiplicity function for
a number of propositional modal logics, including S4. We tried to implement it
but it proved to be unpractically high.

5 Prefix Unification for S4J
n

[Otten and Kreitz, 1996a] present a prefix unification algorithm for a number of
logics, including S4 (the algorithm is the same but it uses different sets of rules
for different logics).

We consider strings over V ∪C where V serves as a set of variables and C is a
set of constants. Symbols are actually positions, so for the S4J

n case, we assume
that each symbol has a sort : V ∪ C → N which we denote as a superscript, and
we have a sort compatibility relation ≺ over symbols.

Definition 13 (T-string property). Two strings a and b over an alphabet A
have T-string property iff

(A) ∀1≤i,j≤|s|.i 6= j → si 6= sj and ∀1≤i,j≤|t|.i 6= j → ti 6= tj
(B) ∃0≤k≤min(|s|,|t|).(∀1≤i≤k.si = ti&∀k<i≤|s|∀k<j≤|t|.si 6= tj)

In other words, these strings form a tree.

Definition 14. A set of strings S has T-string property iff all pairs of strings
s, t ∈ S have T-string property.

Definition 15. A system of equations {s1 = t1, . . . , sn = tn} has T-string prop-
erty iff the set {s1, . . . , sn, t1, . . . , tn} has T-string property.

Definition 16. A substitution σ is a T-unifier of a system of equations {si =
ti|1 ≤ i ≤ n} iff σsi = σti for all 1 ≤ i ≤ n.

Definition 17. A substitution σ is an instance of τ if there is δ such that
σ = δ ◦ τ (δ applied after τ).

Definition 18. A set of substitutions Σ is a (minimal) set of most general
unifiers for a system of equations Γ iff:

Correctness Every σ ∈ Σ is a T-unifier for Γ .
Completeness Every T-unifier τ for Γ is an instance of some σ ∈ σ.
Minimality No σ ∈ Σ is an instance of another σ′ ∈ Σ.
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A nondeterministic version of the unification algorithm is the following. It
assumes that each equation in Γ has the form s = r|t where r = ε at the
beginning:

while Γ 6= ∅ do
select the left most system s = t ∈ Γ
set Γ to Γ \ {s = t}
select a transformation rule Π → ∆,Θ from T which is applicable to s = t;
if no rule is applicable stop with failure
apply rule Π → ∆,Θ to s = t, let ∆′, Θ′ be the results
Γ := Θ′(Γ ), σ := Θ(σ)
Γ := ∆′ ∪ Γ , σ = σ ∪Θ′

stop with success and return σ.

The set of most general unifiers is a result of all successful runs of the algo-
rithm.

Definition 19. For two variable positions ai and bj, we say that ai ' bj iff
i = j or one of them is 0.

Corollary 2. ' is an equivalence relation.

If ai ' bj , then the least constraining sort of variables that can be substituted
for both ai and bj is max(i, j). Indeed, if max(i, j) is positive, then it is the only
possible sort; if it is 0, then it can be replaced with any other sort, but if we
choose any positive sort, we will then be bound to it.

The original list of rules for T-unification for S4 described in [Otten and
Kreitz, 1996a] changes to the one described in Table 1. There we added the
Rules 11 trough 14 and sort compatibility conditions to the Rules 7 trough 10.

Corollary 3. (T-String Preserving) Let Γ be system of equations with T-
string property and σ be a most general unifier for one of its equations, then a
system of equations σΓ still has T-string property.

Definition 20. Let mgu(Γ ) be the set of all substitutions produced by the given
algorithm with the given set of rules.

Corollary 4. (Correctness) Let Γ = {s = ε|t} be an equation of T-strings.
Then all σ ∈ mgu(Γ ) are T-unifiers for Γ .

Proof is the same as in [Otten and Kreitz, 1996a].

Theorem 4. (Termination) Let Γ = {s = ε|t} be an equation of T-strings.
Then the given algorithm with the given set of rules always terminates.

Proof. [Otten and Kreitz, 1996a] prove it by defining an ordering on equations
and showing that we need at most two rule applications to obtain a smaller
equation with respect to that ordering. This proof works for our set of rules as
well.
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R1 {ε = ε|ε} → {}, {}
R2 {ε = ε|t+} → {t+ = ε|ε}, {}
R3 {Xs = ε|Xt} → {s = ε|t}, {}
R4 {Cs = ε|V t} → {V t = ε|Cs}, {}
R5 {V s = z|ε} → {s = ε|ε}, {V \ z}
R6 {V s = ε|C1t} → {s = ε|C1t}, {V \ ε}
R7 {V s = z|C1C2t} → {s = ε|C2t}, {V \ zC1}, where V � C1

R8 {V s+ = ε|V1t} → {V1t = V |s+}, {}, where V1 � V
R9 {V s+ = z+|V1t} → {V1t = V ′|s+}, {V \ z+V ′}, where V ' V1,

and sort{V ′} = max(sort{V }, sort{V1})
R10 {V s = z|Xt} → {V s = zX|t}, {}, where V � X, and V 6= X,

and s = ε or t 6= ε or X ∈ C
R11 {V s = z|V1t} → {s = ε|V1t}, {V \ z}, where (z 6= ε and V � V1) or

(z = ε and not V ' V1)
R12 {V = ε|V1t} → {V = ε|t}, {V1 \ ε}, where V1 � V but V � V1

R13 {V = ε|V1t} → {V1t = V ′|ε}, {V \ V ′}, where V1 � V but V � V1,
and sort{V ′} = sort{V }

R14 {V s = zV1|Ct} → {s = ε|Ct}, {V \ zV1}, where V � C

Table 1. s, t and z denote (arbitrary) strings, and s+, t+, z+ non-empty strings.
X, V , V1, C, C1, and C2 denote single characters with X ∈ V ∪ C ∪ V ′, V, V1 ∈
V ∪ V ′ (with V 6= V1), and C,C1, C2 ∈ C. V ′ ∈ V ′ is a new variable which does
not occur in the substitution σ computed so far.

[Otten and Kreitz, 1996a] claim minimality of the resulting unifier sets for
their S4-set of rules. We do not claim it for our rules. See our practical consid-
erations at the end of this section.

Theorem 5. (Completeness) Let Γ = {s = ε|t} be an equation of T-strings.
mgu(Γ ) is complete, i.e. any unifier of Γ is an instance of some σ ∈ mgu(Γ ).

Proof. [Otten and Kreitz, 1996a] claim completeness of the original S4-set of
rules. Completeness of our extended set can be obtained by lengthy analysis
of all cases when S4-rules are not applicable due to modal sort compatibility
requirements.

5.1 Practical considerations

Informally, T-unification problems are not exactly isomorphic to desired solu-
tions of prefix equations. For example, fresh variables introduced in the Rules
9 and 13 are set to ε after a unifier is found. Substitution {V1 \ ε, V2 \ ε} is an
instance of {V1 \ V2}; for proof search purposes they are equally good, but if we
still have some equations to solve, the former substitution being applied to them
produces a smaller problem. These considerations suggest that minimality and
completeness of the resulting unifier sets do not guarantee optimality.

We must also pay close attention to the order in which rules are attempted
– swapping Rules 12 and 13 changes running time on certain problems by more
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than an order of magnitude, and changes (practical) feasibility of some problems.
We plan to measure “popularity” of the rules on a large base of problems and
reorder them by decreasing order of popularity.

6 From Matrix Proofs to Sequent Proofs

The algorithm for the conversion of matrix proofs to sequent proofs was given
by Kreitz and Schmitt [Kreitz and Schmitt, 2000; Schmitt, 1999] for a number
of modal logics (K,K4,T,S4,D,D4), first order intuitionistic logic, and fragments
of linear logic.

The full description of the algorithm is lengthy and very technical, so we will
highlight only the main idea and details that change with our move from S4 to
S4J

n.
The algorithm goes over the formula tree starting from its root and converts

each position into an inference rule (or several inference rules); the result is a
derivation tree. Suppose, the original formula that we had to prove was A ∧ B
(or ⇒ A ∧ B as a sequent). The primary type of the root is α and the main
connective is ∧, the algorithm chooses this rule:

Γ ⇒ A,∆ Γ ⇒ B,∆

Γ ⇒ A ∧B,∆
Positions for A and B become open and the algorithm picks next position among
open ones.

In general, inference rules are not permutable because certain rules can de-
stroy formulae of a sequent that have not yet been used, hence the order in which
the algorithm has to explore the formula tree is important. The primary factor
is the reduction ordering induced by unifying substitution.

Definition 21. We say that the processed positions are solved, and that Pa is
the set of solved atomic positions.

Definition 22. We call open a not-solved position whose immediate predeces-
sor in the tree ordering is solved. Po = {x | x not solved & y ≺ x solved} is the
set of open positions.

Basically, open positions represent current formulas in the sequent.

Definition 23. If x < y (substitution induced relation), we say that x is blocking
y. And Wy = {x | x < y} is the set of positions blocking y.

Open positions that are blocked will not be processed until there is no block-
ing. There are more requirements for first-order S4 in [Kreitz and Schmitt, 2000;
Schmitt, 1999], unfortunately, they do not fully agree.

Note Because generated proofs are always checked by MetaPRL engine, it is not
critical if the algorithm has bugs and/or incomplete. There are two worst
case scenarios: algorithm runs into a deadlock because of these blocking
conditions, or it might produce an incorrect proof, which will be rejected by
MetaPRL.
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Consider the S4-rule for 2-introduction to the right:

Γ ∗ ⇒ ∆,A

Γ ⇒ ∆,2A
(⇒ 2)

Where Γ ∗ = {2X|2X ∈ Γ}, it is more convenient to formulate it in this form
with ∗ operation when we do a bottom-up proof.

If we apply this rule too early, the ∗ operation might delete some formulae
that we will need later in our proof. The conversion algorithm has a complicated
condition describing when it is not too early to use this rule.

For S4J
n, the similar rule is:

Γ ∗ ⇒ ∆,A

Γ ⇒ ∆,2A
(⇒ 2)

If 2 is J then Γ ∗ = {JA|JA ∈ Γ}.
If 2 is Ki then Γ ∗ = {JA|JA ∈ Γ} ∪ {KiA|KiA ∈ Γ}.
So in the case of S4J

n, not all boxes survive after this rule but only boxes of
the same sort or stronger (i.e. J). In order to reflect this in the proof conversion
algorithm for S4J

n, we impose one more condition when a π-position cannot be
processed – if there is an open ν-position of a different non zero sort. Otherwise,
if we process that π-position, we will apply the ⇒ 2-rule to it and it will delete
the incompatible ν-positions.

This modification is the only one needed to add S4J
n support to the existing

proof conversion algorithm for S4.

7 Muddy Children Puzzle

The paradigmatic example of S4J
n application is the renowned:

Muddy Children Puzzle There are n children playing in the yard; as they
play m of them become muddy. Their father enters the yard and says: “at
least one of you is muddy, do you know if you are muddy?” Nobody answers,
so he asks again: “Do you know if you are muddy?” He asks this question
until all the children are able to answer the question.
After how many questions the father will receive the answers?
We assume that all the children are smart and answer simultaneously.

Let’s formalize this puzzle in S4J
n for four children, two of them muddy.

Propositional letter ci will stand for “ith child is muddy”. We will use the for-
malization, that we heard from Melvin Fitting.

Definition 24. The ith child knows whether A is true:

KWiA = KiA ∨Ki¬A
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Definition 25. It is common knowledge that every child knows about other chil-
dren if they are muddy:

KAO = J( KW1c2 ∧KW1c3 ∧KW1c4 ∧KW2c1 ∧KW2c3 ∧KW2c4 ∧KW3c1∧
KW3c2 ∧KW3c4 ∧KW4c1 ∧KW4c2 ∧KW4c3)

Definition 26. The initial state before the father said anything was

s0 = c1 ∧ c2 ∧ ¬c3 ∧ ¬c4 ∧KAO

Definition 27. The father’s statement “At least one of you is muddy” is for-
malized as

s1 = J(c1 ∨ c2 ∨ c3 ∨ c4)

Definition 28. Some child knows whether (s)he is muddy or not:

SK = KW1c1 ∨KW2c2 ∨KW3c3 ∨KW4c4

Theorem 6. After the father asked his question first time, nobody answered.
Immediately after that, muddy children (c1 and c2) realized that they were muddy:

s0, J(¬J(s1 → SK)) ⇒ K1c1

and
s0, J(¬J(s1 → SK)) ⇒ K2c2

– s1 → SK says that after first question some child knew if (s)he is muddy.
– J(s1 → SK) says that it became common knowledge, i.e. that child publicly

said that (s)he knows.
– And finally, J(¬J(s1 → SK)) says that it is common knowledge that no

child actually answered after the first question.

Proof. The proof was found automatically by our matrix-based prover and ver-
ified by MetaPRL, it took approximately 92 seconds in total (but separately for
c1 and c2).

Unfortunately, Four Children Puzzle represents a real challenge to our im-
plementation. It was not able to find a proof for the Theorem 6 above with
K1c1 ∧K2c2 in conclusion.

8 Final Remarks

We presented a matrix-based prover for S4J
n. It builds cut-free proofs that can

be fed to a Realization Algorithm, that would recover evidence terms (justifica-
tions) for justified common knowledge modality J , and build an S4LP

n -proof for
a realization of the original formula [Artemov, 2004]. It is our immediate goal to
finish this Realization Algorithm and connect it to our S4J

n-prover.
We are not satisfied with the performance of our implementation. One way

to address it is to implement non-constant multiplicity function, i.e. to increase
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multiplicity of generative positions individually, on demand. Although, it is not
obvious how to do it. May be, we should move to tableaux-based algorithms,
though we need sequent proofs as the output for the Realization Algorithm.

We also want to extend our work to other modal logics (TJ
n and S5J

n) [Arte-
mov, 2004] and investigate possible connections between logic of proofs LP (and
TLP

n , S4LP
n , S5LP

n ) and description logics.
We thank Karen Kletter for editing the linguistic aspect of the paper and all

the anonymous reviewers for their helpful comments.
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Abstract

BAN logic is an epistemic logic for verifying cryptographic protocols. While BAN
has been quite successful from a practical point of view, the semantics of the epis-
temic modality is controversial. Several Kripke semantics have been proposed, but
they do not attempt at anything beyond a soundness result. Completeness is pre-
vented by the so called logical omniscience problem: Agents in BAN can draw only
feasibly computable consequences of their knowledge, whereas agents in Kripke se-
mantics can draw all logical consequences of their knowledge. To avoid logical
omniscience, we index the epistemic possibility relation of Kripke semantics with a
message renaming, relating how cipher texts at the current state correspond to ci-
pher texts at the epistemically possible state. An agent is said to know a statement
if corresponding statements hold at epistemically possible states. We obtain com-
pleteness with respect to message passing systems and decidability by transferring
canonical model and filtration constructions from Kripke semantics.

Keywords: BAN Logic, Completeness, Decidability, Logical Omniscience

1 Introduction

BAN logic [4] is an epistemic logic proof system for reasoning about crypto-
graphic protocols. Since BAN was introduced in the late eighties, a substan-
tial amount of work has been done applying, varying and clarifying BAN (cf.
[1,2,5,6,8,10,11,12,13,15]). However, BAN’s central language construct, the
epistemic modality, has no agreed upon semantics. The confusion around the
semantics hampers the application of semantically based methods, and makes
it difficult to evaluate variations to the proof system.

Any interpretation of cryptographic knowledge faces the so-called logical
omniscience problem [7]: According to the intended, informal meaning of
knowledge, agents can only perform computationally feasible cryptographic

? Work supported by the Swedish Research Council grants 621-2003-2597 and 622-2003-
6108
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calculations, whereas in the standard semantics for knowledge, Kripke se-
mantics, agents draw arbitrary logical inferences, including computationally
unjustified cryptographic calculations. To illustrate, under BAN’s idealized
cryptography we get the validity freshM |= fresh {M}K , which, in Kripke se-
mantics, yields the entailment a knows fresh M |= a knows fresh {M}K . How-
ever, the latter entailment goes against the intended meaning in BAN, since in
BAN agent a can know that M is inside {M}K only when a knows K. From
the point of view of modal logic, the example shows the failure of the rule
of normality that allows inference of an entailment a, knows F |= a knows F ′

from the entailment F |= F ′. We refer to [5] for additional counterexamples
to the rule of normality.

In Kripke semantics, the knowledge of an agent a at a state s is deter-
mined by the data s|a available to a at s. An agent knows a statement if
her available data entail the statement. Thus, logical omniscience (rule of
normality) is inescapable, no matter how s|a is defined. As it happens, all
semantics for BAN-like logics, except for [5], are based on Kripke semantics
[1,6,10,11,12,13,15]. Therefore, as the above example illustrates, every ex-
tension to BAN is incomplete with respect to these semantics, assuming the
extension is faithful to the intended meaning in BAN. Indeed, existing work
have so far been limited to soundness results.

Recently, we proposed a generalized Kripke semantics that avoids logical
omniscience [5]. There, we established some of the basic properties of the
semantics, including soundness. Here we extend this work to show that a
faithful version of BAN is complete with respect to message passing systems
[7], and that it is decidable. We emphasize that completeness for original BAN
[4] cannot be expected, since original BAN, as its authors make clear, leaves
out rules that are validated by any reasonable semantics.

The key intuition is that two different cipher texts can be indistinguish-
able to an agent, due to her limited decryption power. Thus, a cipher text
{M}K which the agent cannot decrypt might as well, for all the agent knows,
be some other cipher text {M ′}K′ . In this sense, {M ′}K′ is an epistemically
possible interpretation of {M}K . More generally, we can think of a 1-1 map-
ping r between messages as a joint interpretation of all messages. For each
state and agent we identify, based on the keys available to the agent, a set
of epistemically possible joint interpretations. We say that agent a knows
a statement F ({M}K) at state s, if for every possible joint interpretation r,
the reinterpreted data r(s|a) entails the reinterpreted statement F (r({M}K)).
This semantics departs from Kripke semantics, in that we check the renamed
cipher text r({M}K) instead of the predicated cipher text {M}K . As a result,
logical omniscience is avoided.

We present an axiomatization of validity with respect to our semantics.
The axiomatization uses standard modal axioms K, T, S4 and S5, but excludes
the rule of necessitation. The latter is weakened so that agents can only infer
“feasibly computable” theorems. The axiomatization employs, in addition,

203



some axioms specific to message passing systems, including an epistemic axiom
stating that an agent knows if she sent or received a message. We obtain
completeness and decidability by transferring canonical model and filtration
constructions from Kripke semantics.

Our semantics is a variation on counterpart semantics, a semantics for
first order modal logic due to [9]. Epistemically possible mappings between
messages are related to the message congruences of [1], and to the states of
knowledge and belief of [3,14].

2 Message Passing Systems

In a message passing system agents take turns to send messages, receive mes-
sages or perform unspecified internal actions [7]. For the sake of brevity, we
omit the customary initialization action, i.e., a special action that establishes
initial shared or private secrets. We also use a simple, perhaps simplistic,
notion of session along the lines of [1].

Assume a non-empty set of keys K, K ′, ..., a non-empty set of plain-texts
T, T ′, ..., including a finite set A of agent names a, b, ... Messages are generated
by:

M ::= K | T | M ·M | {M}K

where · represents pairing and { } represents symmetric encryption. The sub-
message relation ≥ is the smallest binary relation on messages such that M ≥
M , {M}K ≥ M , {M}K ≥ K, M · M ′ ≥ M and M · M ′ ≥ M ′. A message
space is a non-empty set of messages closed under ≥, i.e., if M ≥ M ′ then the
space contains M ′ if it contains M . We fix a finite message space: A message
M is, from now on, a message in this fixed space.

Actions are:

σ ::= a sendsM | a receivesM | a int M | begin session

where agent a is in A or is the special agent env, the environment, and int
ranges over a finite set of internal action types. Write σ(M) for an action
in the message term M . A history, or action trace, is a finite sequence h of
actions. Write Actions(h) for the set of all actions in h: Actions(ε) = ∅ and
Actions(h · σ) = Actions(h) ∪ {σ}. A message passing system, or system for
short, is a non-empty set H of histories.

The local history of agent a in history h, in symbols h|a, is the sequence of
actions performed by a in h: ε|a = ε, if σ ∈ {a sendsM, a receivesM, a int M}
then (h · σ)|a = h|a · σ else (h · σ)|a = h|a.

A key assignment κ on H assigns a set κ(a, h) of keys, the keys used by a
at h for encryption and decryption, to each agent a ∈ A and history h ∈ H.
A model on H is a pair M = 〈H, κ〉, where κ is a key assignment on H. We
leave κ undefined until Section 5.
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3 Language of Full Propositional BAN

An atomic statement is a predicate p applied to a message M :

p(M) ::= a received M | a rec M | a sent M | a sen M | old M

The meaning of atomic statements is straightforward: a received M holds if
agent a received message M from the network, a rec M holds if M is a sub-
message of some message a received. 1 The intended meaning of a sent M and
a sen M are analogous. The statement old M holds if M is a sub-message of
some message sent in an old session, i.e., prior to a begin session event. We
note that, unlike BAN like languages in the literature, atomic statements do
not involve any notion of “feasible cryptographic computation”. In particular,
atomic statements do not depend on the keys used by agents. Statements are
generated by:

F ::= p(M) | ¤aF | F ∧ F | ¬F

where 2a is the epistemic modality for a, read “agent a knows that”. Define
disjunction (∨) and implication (→) in the usual way. Let G ⊆ A. We
introduce BAN predicates as abbreviations, similar to [10]:

• a sees M = 2aa rec M

• a said M = 2aa sen M

• M secret of G =
∧

a6∈G

¬ a sees M

• fresh M = ¬ old M

The language defined above differs somewhat from the original BAN [4].
Firstly, original BAN has some constructs for asymmetric cryptography. Sec-
ondly, there is no negation operator in original BAN. Thirdly, original BAN in-
cludes messages that contain statements, so called idealized messages. Fourth,
we have dropped predicates good and controls ; good is dropped because it is
analogous to secret, and controls is dropped since it becomes superfluous when
the epistemic modality is interpreted as knowledge rather than belief [10].

4 Semantics

In Kripke semantics, the epistemic modality 2a is interpreted through an
epistemic possibility relation −→a between states, in our case histories. In-
tuitively, h −→a h′ means that at history h agent a could, for all she knows,
be at h′. The epistemic possibility relation has a default definition in com-
puter science, due to [7]: h −→a h′, if and only if, h|a = h′|a. However,
because of the the limited decryption power of agents, there may be more
than one way for the agent to interpret the cipher texts she has sent, received

1 If we include initialization actions in histories, a rec M also holds if M is a sub-message
of some “initial secret” of a.
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or otherwise acted upon. Consider, for example, a model M0 = 〈H0, κ0〉
where H0 has three execution histories, h0 = b sends {M}K · a receives {M}K ,
h1 = b sends {M ′}K′ · a receives {M ′}K′ and h2 = b sends {M}K , and agent a
does not use any keys, i.e., κ0(a, h0) = κ0(a, h1) = κ0(a, h2) = ∅. Even though
h0|a 6= h1|a, it may still be reasonable to say that at h0, agent a could, for
all she knows, be at h1. Based on such intuitions, the AT semantics [1] and
its descendants [13,15] drop the requirement of local history identity, in effect
hiding cryptographically inaccessible parts of the local history from the agent
herself.

We depart from AT semantics, and from Kripke semantics in general, by
extending the epistemic uncertainty to predicated cipher texts. To illustrate,
the cipher text {M}K at h0 in the above model M0, could, for all agent a
knows, be the cipher text {M ′}K′ at h1. Everything a observes of {M}K at
h0, a also observes of {M ′}K′ at h1. In this sense, {M ′}K′ at h1 corresponds
for a to {M}K at h0. In general, a message sequence M ′

0,M
′
1, · · · at h1 may

correspond for a to another message sequence M0,M1, · · · at h0. In order to
keep track of message correspondences, we therefore relativize the epistemic
possibility relation to a message renaming, a 1 − 1 function r on the set of
messages. Informally, h −→r

a h′ if any message sequence M0,M1, · · · at h
could, for all a knows, be the sequence r(M0), r(M1), · · · at h′. We extend a
renaming to statements by renaming the message terms inside a statement:
r(p(M)) = p(r(M)), r(2aF ) = 2ar(F ), etc. Then renamings are extended to
sets of statements by renaming each statement in a set: r(∆) = {r(F ) | F ∈
∆} for any set ∆ of statements, and, finally, to sets of messages by renaming
each message in a set: r(Π) = {r(M) | M ∈ Π} for any set Π of messages.

Assuming the the relativized epistemic possibility relation, we say that an
agent knows a statement if corresponding statements hold at epistemically
possible histories:

h |=M 2aF ⇔ ∀r : ∀h′ ∈ H : h −→r
a h′ ⇒ h′ |=M r(F )

The break with Kripke semantics should be clear. We check a renamed state-
ment r(F ) at h′, and not the original statement F .

For h −→r
a h′ to hold, we require that r respects the observations (actions)

of a in h as well as the message structure accessible through a:s keys at h.
The former requirement means that

• r(h|a) = h′|a
where r is extended to histories by point-wise renaming each message acted
upon in the history: r(ε) = ε and r(h ·σ(M)) = r(h) ·σ(r(M))). For the latter
requirement, we simply assume a transparency relation /, which determines
if a renaming r respects structure accessible with a set Π of keys: r / Π, if Π
cannot distinguish a message, a history or a statement from its renaming under
r. We leave the definition of / open, merely insisting on four requirements:

• r / Π, Π ⊇ Π′ ⇒ r / Π′ (Monotonicity)
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• ι / Π, where ι is identity of messages (Reflexivity)

• r / Π, r′ / r(Π) ⇒ (r′ ◦ r) / Π (Transitivity)

• r / Π ⇒ r−1 / r(Π) (Symmetry)

For example, we may stipulate that r /Π, if and only if, r respects encryption
with keys in Π:

(i) k ∈ Π ⇒ r({M}k) = {r(M)}r(k) (Encryption)

and r respects clear text constructions:

(ii) r(M ·M ′) = r(M) · r(M ′) (Pairing)

(iii) r(T ) = T , plain text T (Plain text)

So defined, / is monotone, reflexive, transitive and symmetric [5]. We say
that / respects encryption, if, for all r and Π, r / Π implies that r respects
encryption with keys in Π. Similarly, we say that / respects pairing/plain
text, if, for all r and Π, r / Π implies that r respects paring/ plain text. Note
that any / is finite. (Since the message space is finite, there are finitely many
sets Π of keys and finitely many renamings r.) Putting the two requirements
on −→r

a together, we stipulate:

h −→r
a h′ in M⇔ r(h|a) = h′|a & r / κ(a, h)

Truth conditions for Boolean operators and atomic statements are as expected:
h |=M ¬F , if and only if, h 6|=M F ; h |=M F ∧F ′, if and only if, h |=M F and
h |=M F ′; h |=M a received M , if and only if, a receivesM ∈ Actions(h);
h |=M a sent M , if and only if, a sendsM ∈ Actions(h); h |=M a rec M ,
if and only if, M is a sub-message of some M ′ such that a receivesM ′ ∈
Actions(h); h |=M a sen M , if and only if, M is a sub-message of some M ′

such that a sendsM ′ ∈ Actions(h); h |=M old M , if and only if, for some h′

and h′′, h = h′ · begin session·h′′ and h′ |=M a rec M ∨ a sen M for some
a ∈ A ∪ {env}. Finally, statement F is valid in model M if h |=M F , for all
h ∈ H.

Returning to the example M0 above, h0 |=M0 2aa received {M}K , since
if h0 −→r

a h0 then r({M}K) = {M}K and if h0 −→r
a h1 then r({M}K) =

{M ′}K′ . On the other hand, h0 6|=M0 2aa rec M , since there is some r such
that h0 −→r

a h1 and r(M) = M , assuming that / is non-degenerate. As the
implication a received {M}K → a rec M is valid, the example illustrates that
agents need not be logically omniscient.

The relativized possibility relation implicitly contains an AT-like possibil-
ity relation: h −→a h′, if and only if, there exists a renaming r such that
h −→r

a h′. Thus, h −→a h′ if h′|a is a possible interpretation of h|a. With the
existential quantification over renamings r we lose the information how cipher
texts at h may correspond for a to cipher texts at h′.
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5 Inductive Key Assignment

We left the key assignment κ open. We now stipulate that the keys used are
the keys seen. This requires a recursive definition, since a sees is defined in
terms of 2a, which in turn is interpreted through κ itself. An inductive, rather
than a coinductive definition is appropriate, since κ should assign the set of
keys that the agent has gathered some positive information about. We call a
key assignment κ inductive on system H, if κ is a minimal (with respect to
point-wise subset inclusion) key assignment such that

K ∈ κ(a, h) ⇔ h |=〈H,κ〉 2aa rec K

for all a ∈ A, h ∈ H and keys K. A model 〈H, κ〉 is inductive if κ is inductive
on H.

Theorem 5.1 (Existence of Inductive Key Assignment) There exists a
unique inductive key assignment on every message passing system.

Proof. An inductive key assignment on H is, by definition, a least fixed
point of the following function f assigning a key assignment f(κ) to every
key assignment κ: f(κ)(a, h) = {K | h |=〈H,κ〉 2a a rec K}. Function f is
monotone, as / is monotone and the extension of a rec is independent of the
key assignment. 2 Therefore, f has a unique least fixed point. 2

In inductive models, the relativized epistemic possibility relation general-
izes an equivalence relation on histories.

Lemma 5.2 In inductive models:

(i) h −→ι
a h

(ii) h −→r
a h′, h′ −→r′

a h′′ ⇒ h −→r′◦r
a h′′

(iii) h −→r
a h′ ⇒ h′ −→r−1

a h

Proof. (1): From reflexivity of /. (2): From transitivity of / and fixed point
induction. (3): From symmetry of / and fixed point induction. For more
detail, we refer to [5]. 2

As Lemma 5.2.iii shows, the apparent asymmetry in the definition of the
epistemic possibility relation disappears in inductive models. From now on, if
no key assignment is given, we assume the inductive key assignment: h |=H F ,
if and only if, h |=M F for the inductive model M based on H; F is valid in
H if h |=H F , for all h ∈ H.

Many semantics proposed for BAN logics give a more straightforward,
operational definition of seen messages and used keys. Roughly, a message is
seen if it was received, or if it is the first or second pairing component of a

2 This independence is preserved if we include initialization actions in histories, and make
a rec apply also to sub-messages of “initial secrets” of a.
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seen message, or if it is the body of a seen cipher text locked with a seen key.
A key is used if it is seen. To illustrate, at a history h0 = b sends K · {K ′ ·
{K ′′}K′′}K · a receives K · {K ′ · {K ′′}K′′}K agent a uses the keys K and K ′. In
fact, the inductive key assignment is at least as inclusive as this operational key
assignment, assuming that / respects pairing and encryption. For instance,
key K is in the second iteration of the fixed point definition of κ(a, h0), and K ′

is in the third. A forthcoming full version of [5] shows the inclusion and under
what conditions the inductive and the operational key assignments coincide.
We refer to [5] for examples of when the operational key assignment might be
inappropriately weak.

6 BAN Theories

A BAN theory is a set L of statements containing all axioms and closed under
all rules in Table 1, where axiom Taut consists of all tautologies from classical
propositional logic, and a sees Π =

∧
K∈Π

a sees K, with the empty conjunction

abbreviating some tautology. When F ∈ L, we write `L F and say that F is a
theorem of L. The axioms and rules in Table 1 isolate “feasible cryptographic
computation” to one point, namely renaming necessitation (RNec). According
to RNec, an agent knows all theorems that are preserved under renamings
transparent to seen keys. Since there are finitely many renamings, RNec is
finitary, i.e., involves a finite set of premisses. The introspection axiom I says
that an agent knows if she sent or received a message. Axioms K, T, 4 and
5 are standard. The remaining axioms and rule are non-epistemic. Axiom
Mono says that a rec, a sen and old are monotone with respect to ≥. The
disjunctions in axioms R2 and S2 are finite, since there are only finitely many
messages.

Let ∆ be a set of statements, possibly infinite. Write ∆ `L F , if there
is a finite subset {F1, ..., Fn} ⊆ ∆ such that `L F1 → (F2 → (· · · → (Fn →
F ) · · · )). Write 2a∆ for {2aF | F ∈ ∆}. We have the following weakening of
normality.

Lemma 6.1 (Renaming Normality) If r(∆) `L r(F ) for all r / Π, then
a seesΠ, 2a∆ `L 2aF .

Proof. Assume r(∆) `L r(F ), ∀r /Π. Since the message space is finite, there
are only finitely many renamings. Let r1, ..., rn be all renamings r such that
r/Π. For each i ∈ {1, ..., n} there is a finite ∆i ⊆ ∆ such that ri(∆i) `L ri(F ).
Thus for each i ∈ {1, ..., n}: ri(∆1, ..., ∆n) `L ri(F ). Since ∆1, ..., ∆n is finite,
by rule RNec and axiom K : a sees Π, 2a∆1, ..., 2a∆1 `L 2aF . Since ∆i ⊆ ∆:
a sees Π, 2a∆ `L 2aF . 2

Since the renaming normality rule only closes knowledge under “feasibly
computable” logical implications, BAN theories can avoid the absurdities of
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K 2a(F → F ′) → 2aF → 2aF
′

T 2aF → F

4 2aF → 2a2aF

5 ¬2aF → 2a¬2aF

RNec
r(F ), ∀r / Π

a sees Π → 2aF

I πa → 2aπa, πa ∈ {a received M , a sent M }
Mono p(M) → p(M ′), M ≥ M ′, p ∈ {a rec, a sen, old}
R a received M → a rec M

S a sent M → a sen M

R2 a rec M → ∨
M ′≥M

a received M ′

S2 a sen M → ∨
M ′≥M

a sent M ′

Taut F , F tautology from propositional logic

MP
F F → F ′

F ′
Table 1

Axioms and Rules

logical omniscience. For instance, a BAN theory need not contain:

a rec M →2aa rec M (1)

2afresh M →2afresh {M}K (2)

This follows from Soundness Theorem 7.1. In contrast, if a BAN theory L
satisfies the rule of normality, i.e., if ∆ `L F implies that 2a∆ `L 2aF , then
L contains (1) and (2); Normality and axioms I, R, R2 and Mono give (1),
while normality and axiom Mono yield (2). As the following fact illustrates,
BAN theories contain a significant part of original BAN [4].

Corollary 6.2 Assume / respects pairing and encryption. Then every BAN
theory contains the following, where sa ∈ {a sees, a said}
(i) 2afreshM → 2afresh (M ·M ′)

(ii) 2afreshM → (a seesK → 2afresh {M}K)

(iii) 2bsa (M ·M ′) → 2bsa M

(iv) 2bsa (M ·M ′) → 2bsa M ′
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(v) sa {M}K → (a seesK → sa M)

(vi) sa M → 2asa M

(vii) ¬sa M → 2a¬sa M

(viii) a receivedM → a seesM

Proof. (1), (3) and (4): Axiom Mono, renaming normality (Lemma 6.1) and
/ respects pairing. (2) and (5): Axiom Mono, renaming normality and /
respects encryption. (6): Axiom 4. (7): Axiom 5. (8): Axioms I and R and
renaming normality. 2

The well-known message meaning rule (in our setting: axiom) of BAN is
conspicuously absent in Corollary 6.2. To obtain this axiom for a group G of
agents , we need to assume an origination axiom for G:

K secret of G → (b rec {M}K →
∨
a∈G

(a said {M}K ∧ a sees K) (3)

as well as an honesty axiom for G, where from is some special plain text atom:

¬a said from · b ·M, whenever a 6= b, a ∈ G (4)

Corollary 6.3 (Message Meaning Axiom) Assume / respects pairing, en-
cryption and plain texts. Every BAN theory containing the origination axiom
(3) and honesty axiom (4) for agent group G also contains:

a sees {from · b ·M}K , a seesK, 2aKsecret of G → 2a b saidM, b ∈ G

Proof. Immediate from renaming normality (Lemma 6.1) and that / respects
plain texts, pairing and encryption. 2

The message meaning axiom in Corollary 6.3 weakens the original in [4] by
adding to the antecedent that agent a uses (sees) the key K, as in, for instance,
[1,6,8]. We briefly illustrate BAN theories with protocol specific axioms.

Example 6.4 Consider the Needham-Schröder Shared Key Protocol between
principals a and b and with key server s. If the server sends the cipher text
{N · b ·K ·M}Ka , and Ka is a:s server key, then the server generated K for a
and b:

s sen {N · b ·K ·M}Ka , Ka secret of a · s, fresh N → K secret of a · b · s

If a BAN theory contains this protocol specific axiom, for all keys N , K and
Ka and all messages M , contains the origination axiom 3 for agent group
{a, s}, and assuming / respects pairing, encryption and plain texts, the BAN
theory also contains the authentication specification:
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a sees {N · b ·K · {K · a}Kb
}Ka , ¬a said {N · b ·K · {K · a}Kb

}Ka ,

a sees Ka, 2aKasecret of a · s, 2afresh N

→ 2aK secret of a · b · s
stating that if a sees the message from the server, did not send the same
message herself, knows the key to this message, and knows that the nonce
inside is fresh, then a knows that the key provided inside is secret between a,
b and s. The derivation is by way of renaming normality (Lemma 6.1) and
Corollary 6.2.

Corollary 6.3 and Example 6.4 suggest that we might be interested in BAN
theories generated by adding various theory bases, finite sets A of statements.
Note that the origination and honesty schemata in Corollary 6.3, as well as
the protocol specific axiom schemata in Example 6.4, are indeed finite, since
there are only finitely many messages. We define the BAN theory induced by
A, in symbols LA, as the smallest BAN theory containing the finite set A.

7 Main Results

Write ‖∆‖ for the set of all message passing systems validating all statements
in ∆. BAN theory L is sound with respect to a class C of message passing
systems, if C ⊆ ‖L‖. BAN theory L is complete with respect to C, if L contains
all statements valid in all systems in C.

Theorem 7.1 (Soundness) LA is sound with respect to ‖A‖.
Proof. Rule RNec: Since / is monotone. Axioms T, 4 and 5: From Lemma
5.2. Axiom I: Assume h |= a received M , i.e., a receivesM ∈ Actions(h|a).
Pick any h′ ∈ H and renaming r such that h −→r

a h′. Then r(h|a) = h′|a.
Therefore, a receives r(M) ∈ Actions(h′|a), i.e., h′ |= a received r(M). Since
h′ and r were chosen at random, h |= 2aa received M . Analogously for
a sent M . Remaining axioms and rule MP are immediate. 2

Theorem 7.2 (Completeness) LA is complete with respect to ‖A‖.
Proof. Section 8. 2

Thus, the protocol base semantically guarantees a specification only if the
specification is a theorem. Contrast this with the usual verification practice in
BAN, based on an open ended proof system: If your specification is unprov-
able, you conclude that either the base logic or your protocol assumptions are
too weak [4].

Theorem 7.3 (Decidability) LA is decidable.

Proof. Section 8. 2
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8 Proof of Completeness and Decidability

We show completeness and decidability by transferring canonical model and
filtration techniques from Kripke semantics. As a first step, we lift the se-
mantics from message passing models to a more general class of structures,
counterpart models. Next, we build a canonical counterpart model CL that
validates precisely the theorems of a given BAN theory L. For any finite set
Γ of statements, CL is transformed, while preserving truth values in Γ, into a
finite message passing system HL,Γ.

8.1 Canonical Counterpart Model

A counterpart model is a triple C = 〈W,−→, I〉, where W is a non-empty
set of worlds (states), −→r

a⊆ W × W for each agent a ∈ A and renaming
r, and I(p, w) is a set of messages, the messages satisfying predicate p at
w. Intuitively, w −→r

a w′ says that any M at w, could, for all a knows, be
r(M) at w′. The semantics of Section 4 is generalized in the obvious way:
w |=C p(M) ⇔ M ∈ I(p, w) and w |=C 2aF ⇔ ∀r∀w ∈ W : w −→r

a w′ ⇒
w′ |=C r(F ). Truth conditions for boolean operators are unchanged.

Counterpart models are used in counterpart semantics for first order modal
logic due to [9]. The truth condition above for knowledge is unorthodox,
treating message terms the way counterpart semantics treats free variables.

Next, we build a canonical counterpart model that validates precisely the
theorems of a given BAN theory. Assume a BAN theory L. A set ∆ of
statements is consistent if there is no statement ¬F such that ∆ ` ¬F and
∆ ` F . ∆ is maximal consistent if there is no consistent set ∆′ such that
∆′ ⊃ ∆. Using the standard Lindenbaum construction we obtain:

Lemma 8.1 (Extension Lemma) If ∆ 6` F , there is a maximal consistent
set ∆′ ⊇ ∆ such that F 6∈ ∆′.

Write Keys(a, ∆) for the set {K | a sees K ∈ ∆}. The canonical counter-
part model for BAN theory L is CL = 〈WL,−→

L
, IL〉 , where

• WL is the set of all maximal L-consistent sets

• w −→r
a

L

w′ ⇔ r / Keys(a, w) ∧ ∀F : 2aF ∈ w ⇒ r(F ) ∈ w′

• IL(w, p) = {M | p(M) ∈ w}
Lemma 8.2 (Truth lemma) w |=CL

F ⇔ F ∈ w.

Proof. By induction in (the number of statement operators in) F , using
renaming normality (Lemma 6.1). The base case, for atomic F , is imme-
diate. The induction step, for boolean operators: uses standard properties
of maximal consistent sets. For the epistemic modality let w|a be the set
{F | 2aF ∈ w}. For the only-if direction first:
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2aF 6∈ w

⇒ r(w|a) 6` r(F ) & r / Keys(a, w), ∃r (By renaming normality) (5)

⇒ r(w|a) ⊆ w′ & r(F ) 6∈ w′, ∃w′ ∈ WL (By lemma 8.1) (6)

⇒w′ 6|=CL
r(F ) (By the ind. hyp.) (7)

⇒∀F : 2aF ∈ w ⇒ r(F ) ∈ w′ (By (6)) (8)

⇒w −→r
a

L

w′ (By (5) and (8)) (9)

⇒w 6|=CL
2aF (By (7) and (9))

For the if-direction:

2aF ∈ w & w −→r
a

L

w′ & w′ ∈ WL

⇒ r(F ) ∈ w′

⇒w′ |=CL
r(F ) (By the ind. ass.)

⇒w |=CL
2aF (By the assumptions)

2

8.2 Canonical Message Passing System

Given a finite set Γ of statements, we transform the canonical model into a
finite inductive message passing model, while preserving truth values in Γ.
Each w ∈ WL is transformed, in three steps, into a collection of histories that
satisfy w∩Γ. In the first step, w is collapsed into the finite set w∩Γ. Secondly,
this finite set is sequenced in different ways, yielding a collection of statement
sequences. Thirdly, statements (in the sequences) are replaced by actions that
“ground” them.

The first transformation step is trivial. For the second step, we consider
various enumerations of statements. An enumeration of all statements in the
language is admissible if it makes all atomic statements of the form old M
appear prior to other kind of statements. In what follows, whenever we talk
about an enumeration e we mean an admissible enumeration e. Any e induces
a sequence e(∆) from a set ∆ of statements, obtained by removing all non-
members of ∆ from the enumeration e. For the third transformation step, we
define an internal action to be of the form a intF , where F is any statement
and a ∈ A ∪ {env}. 3 We then take sequences s of statements to histories
under a mapping hist as follows:

(i) hist(ε) = ε

(ii) hist(s · old M) = hist(s) · env sends M · begin session

(iii) hist(s · a received M) = hist(s) · a receives M

(iv) hist(s · a sent M) = hist(s) · a sends M

3 This assumes a slightly more general definition of internal action than that of Section 2.
Alternatively, we could introduce a intF as an abbreviation for an internal action of the
form a int M .
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(v) hist(s ·2aF ) = hist(s) · a int F

(vi) hist(s · F ) = hist(s), otherwise

Condition (2) assures that every message which s claims is old, is old at
hist(s) according to the semantics of predicate old. Condition (3) sees to it
that every message that s claims a received, a received at hist(s) according to
the semantics of predicate receive. Analogously for condition (4). Condition
(5) places a token, or evidence, in hist(s)|a, for every statement s claims a
knows.

We denote the set w ∩ Γ by [w]Γ, or simply [w], when Γ is clear from
the context. Write histe([w]) for hist(e([w])). The canonical message passing
model for finite Γ and BAN theory L is ML,Γ = 〈HL,Γ, κL,Γ〉, where

(i) HL,Γ = {histe([w]) | w ∈ WL, ∃e}.
(ii) κL,Γ(a, histe([w])) = Keys(a, [w])

To ensure that condition (2) is well-defined we need some conditions on Γ.
We say Γ is adequate if Γ is finite, Γ is closed under sub-statements (if F ∈ Γ
and F ′ is a sub-statement of F then F ′ ∈ Γ), Γ is closed under renamings (if
F ∈ Γ and r is any renaming then r(F ) ∈ Γ), Γ contains all atomic statements
and contains 2aa received M , 2aa sent M and 2aa rec M , for all a ∈ A and
messages M .

Lemma 8.3 Assume Γ is adequate and w ∈ WL.

(i) oldM ∈ [w] ⇔ ∃M ′ ≥ M : oldM ′ ∈ [w].

(ii) a recM ∈ [w] ⇔ ∃M ′ ≥ M : a receivedM ′ ∈ [w].

(iii) a senM ∈ [w] ⇔ ∃M ′ ≥ M : a sentM ′ ∈ [w].

(iv) a receivedM ∈ [w] ⇔ 2aa receivedM ∈ [w].

(v) a sentM ∈ [w] ⇔ 2aa sentM ∈ [w].

Proof. From axioms R, S, R2, S2, Mono, I and T . We show case (2), the
remaining cases are analogous. a rec M ∈ [w], if and only if (Γ is adequate),
a rec M ∈ w, if and only if (R, R2, Mono, w is maximal consistent set),
∃M ′ ≥ M : a received M ′ ∈ w, if and only if (Γ is adequate), ∃M ′ ≥ M :
a received M ′ ∈ [w]. 2

Lemma 8.4 (Injectivity) Assume Γ is adequate. histe([w]) = histe′([w
′]) ⇒

[w] = [w′], for w, w′ ∈ WL.

Proof. From Lemma 8.3. 2

Lemma 8.4 assures us that the key assignment in ML,Γ is well-defined for
adequate Γ. We proceed to show that the transformation w y histe([w])
preserves truth values from CL to ML,Γ for statements in Γ.

Lemma 8.5 (Reflection) Assume Γ is adequate and w, w′ ∈ WL. The fol-
lowing statements are equivalent:
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(i) ∃e′ : histe([w]) −→r
a histe′([w

′]) in ML,Γ

(ii) r / Keys(a, [w]) ∧ ∀F : 2aF ∈ [w] ⇔ 2ar(F ) ∈ [w′].

Proof. From Lemma 8.3. We show the implication from (2) to (1). So as-
sume that r /Keys(a, [w]) ∧ ∀F : 2aF ∈ [w] ⇔ 2ar(F ) ∈ [w′]. We show that
a receives M ∈ Actions(histe([w])|a) iff a receives r(M) ∈ Actions(histe([w

′])|a),
and similarly for internal and send actions. The proofs in the latter cases are
similar and left to the reader. For receive actions:

a receives M ∈ Actions(histe([w])|a)

⇔ a receives M ∈ Actions(histe([w]))

⇔ a received M ∈ [w]

⇔2aa received M ∈ [w] (By lemma 8.3)

⇔2aa received r(M) ∈ [w′] (By the assumption)

⇔ a received r(M) ∈ [w′] (By lemma 8.3)

⇔ a receives r(M) ∈ Actions(histe([w
′]))

⇔ a receives r(M) ∈ Actions(histe([w
′])|a)

We thus conclude that Actions(r(histe([w])|a)) = Actions(histe([w
′])|a). But

then there is an enumeration e′ such that r(histe([w])|a) = histe′([w
′])|a, and

it follows that histe([w]) −→r
a histe′([w

′]) as desired. The implication from (1)
to (2) is immediate from requirement (5) in the definition of hist . 2

Lemma 8.6 (Filtration Lemma) Assume Γ is closed and w,w′ ∈ WL.

(i) w −→r
a

L

w′ ⇒ ∃e′ : histe([w]) −→r
a histe′([w

′])

(ii) histe([w]) −→r
a histe′([w

′]) ⇒ ∀F : 2aF ∈ [w] ⇒ r(F ) ∈ [w′]

(iii) p(M) ∈ [w] ⇔ histe([w]) |=ML,Γ
p(M), any predicate p.

Proof. (3): Immediate from Lemma 8.3 and, in the case of old, the fact that
e is admissible. (1) and (2) depend on axioms T , 4 and 5 and Reflection
Lemma 8.5. For (1), assume w −→r

a
L

w′. First observe that r / Keys(a, [w]).

By Lemma 8.5 it suffices to show 2aF ∈ [w] iff 2ar(F ) ∈ [w′]. For the only-if
direction, if 2aF ∈ [w] then 2aF ∈ Γ ∩ w. By ax. 4, 2a2aF ∈ w, since w is
maximal consistent. Hence 2ar(F ) ∈ w′, and so 2ar(F ) ∈ [w′] as well, since
Γ is closed under renamings. The if-direction uses ax. 5 in a similar way, and
condition (2) uses T. We omit the details. 2

Lemma 8.7 (Truth Lemma for ML,Γ) Assume Γ is adequate and w ∈ WL.
For all F ∈ Γ: histe([w]) |=ML,Γ

F ⇔ F ∈ [w].

Proof. By induction in (the number of statement operators in) F , using Truth
Lemma 8.2 and Filtration Lemma 8.6. Base case, atomic statements: From
Filtration Lemma 8.6.3. Induction step, negation and conjunction: Since Γ is
closed under sub-statements. Induction step, epistemic modality: From Truth
Lemma 8.2 and Filtration Lemma 8.6, since Γ is closed under sub-statements
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and renamings. 2

We continue to show that the transformation w y histe([w]) preserves
truth values from CL to HL,Γ for statement in Γ.

Lemma 8.8 (Induction) Assume Γ is adequate. ML,Γ is inductive.

Proof. By Truth Lemma forML,Γ, as Γ contains sees, K ∈ κL,Γ(a, histe([w]))
iff histe([w]) |=ML,Γ

a seesK for all K,w, a. Assume that κ is strictly smaller
than κL,Γ. Then we find some K, w, a such that K 6∈ κ(a, histe([w])) and
K ∈ κL,Γ(a, histe([w])). By the definition of κL,Γ, 2aa rec K ∈ [w]. It fol-
lows that (a int a rec K ) ∈ Actions(histe([w])|a). We want to show that
histe([w]) |=〈HL,Γ,κ〉 2aa rec K, so that the inductive property fails for κ.
To this end assume that histe([w]) −→r

a histe′([w
′]). Then r(histe([w])|a) =

histe′([w
′])|a, and so (a int a rec r(K)) ∈ Actions(histe′([w

′])|a). It follows
that 2aa rec r(K) ∈ [w′], so also a rec r(K) ∈ [w′], by T, since Γ is closed
under sub-statements and w′ is maximal. Then histe′([w

′]) |=ML,Γ
a rec r(K),

by the Truth Lemma 8.7. Since truth of an atomic statement in a mes-
sage passing model is independent of the key assignment, it follows that
histe′([w

′]) |=〈HL,Γ,κ〉 a rec r(K) as well. This is sufficient to establish the
result, as w′ and r were chosen arbitrary. 2

Lemma 8.9 (Truth Lemma for HL,Γ) Assume Γ is adequate and w ∈ WL.
For all F ∈ Γ: histe([w]) |=HL,Γ

F ⇔ F ∈ [w].

Proof. Immediate from Truth Lemma 8.7 for ML,Γ and Induction Lemma
8.8. 2

Corollary 8.10 Assume Γ is adequate. For all F ∈ Γ: |=HL,Γ
F ⇔ F ∈ L.

Proof. Assume F ∈ Γ. Then F ∈ L, if and only if, ∀w ∈ WL : F ∈ w, if and
only if (since F ∈ Γ), ∀w ∈ WL : F ∈ [w], if and only if (by Truth Lemma 8.9
for HL,Γ), |=HL,Γ

F . 2

Theorem 8.11 (Finite Model Property) If 6`LA F , then there is a finite
message passing system H ∈ ‖A‖ such that 6|=H F .

Proof. Assume 6`LA F . Let Γ be the smallest set closed under renamings and
sub-statements and containing F and A, containing all atomic statements,
containing a sees M , 2aa received M and 2aa sent M , for all a ∈ A and
messages M . Then Γ is finite, i.e., Γ is adequate. From Corollary 8.10,
6|=HLA,Γ

F and |=HLA,Γ
A. By construction, HLA,Γ is finite, since Γ is finite. 2

From Finite Model Property 8.11, we immediately get Completeness The-
orem 7.2. By soundness and the proof of completeness it is not difficult to
find a bound n such that F ∈ LA, if and only if, F is valid in all systems
in ‖A‖ with at most n histories, each of size less than n. This is sufficient to
establish Decidability Theorem 7.3.
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9 Conclusion

Several Kripke semantics for BAN have been proposed in the literature. How-
ever, no logic faithful to BAN is complete with respect to Kripke semantics,
due to the logical omniscience problem. In fact, there have been no complete-
ness results so far for BAN and related logics.

Adopting a recently proposed generalization of Kripke semantics that avoids
logical omniscience, we have shown that a logic close to BAN, with full boolean
operators, is decidable, and that it is sound and complete with respect to
message passing systems. Completeness and decidability generalize to logics
induced by an arbitrary protocol specific base. The protocol base may express
how participants in a given protocol are expected to behave, or state general
assumptions about the network, such as honesty and origination assumptions.

The results assume a finite message space, thus excluding some systems,
such as systems in which execution proceeds without an end, with agents
constantly generating fresh messages. Also, the language in this paper covers
only the symmetric key fragment of BAN.

In the future, we intend to look for effective decision procedures and to
extend the completeness result in various directions: To an infinite message
space, to asymmetric cryptography, to a description logic extension and to a
reformulation of renaming necessitation using message variables, analogously
to crypto normality in [5], rather than the quantification over renamings.
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Abstract. In this paper we extend the labelled tableau calculus for conditional
logic CE proposed in [16]. We consider some extensions ofCE defined by well-
known semantic conditions/ conditional axioms. The proposed methods give a
decision procedure for the respective logics and can be used to prove complexity
bounds.

1 Introduction

In this paper we focus on extensions of conditional logicCE which can be considered
as the basic logic of preferential structures [23, 24, 20, 10, 16]. We extend the calculus
for CE proposed in [16] in order to deal with its most significant extensions. Our aim
is to developmodularand uniform tableaux systems, where each semantic condition is
captured exactly by one tableau rule (or a small group thereof). This work aims to be a
step further into the development of proof systems for conditional logics, which are up
to now rather scarce, [22, 19, 4, 2, 12, 8, 16, 26, 25] if compared to the development of
proof systems for other families of logics, such as modal logics.

Conditional logics have been studied for a long time: they were first introduced
by R.Stalnaker and D. Lewis [28, 23, 24] to formalize counterfactual, hypothetical rea-
soning (ifA were the case thenB) that cannot be captured by material implication in
classical logic. Conditional logics have been used in knowledge representation to rea-
son about prototypical properties [13], to model database update [18], belief revision
[3, 14], causal inference in action planning [27, 15] and diagnosis [13]. Moreover, con-
ditional logics are strictly related to non-monotonic reasoning [20], as it turns out that
all forms of inferences studied in the framework of non-monotonic logics are particular
cases of conditional axioms [6]. The conditional logicCE closely corresponds to pref-
erential logicP as defined in [20]: the latter coincides with the first-degree fragment of
CE whereas rational non-monotonic logic corresponds toCE+CV, and so on.

Similarly to modal logics, the semantics of conditional logics can be defined in
terms of possible world structures. The intuition is that a conditionalA ⇒ B is true
in a world x just in caseB is true in theA-worlds that aremost similar/most pre-
ferred/closestto x. This can be expressed by associating to each possible worldx a
preference relation<x (an irreflexive and transitive relation)1. In preferential struc-

1 In [16], we took as primitive a pre-order relation≤x, whose strict version is<x, clearly there
is no significant difference.

220



tures, a conditionalA ⇒ B, is true inx just in caseB is true in all worlds satisfyingA
that are minimal with respect to the relation<x. We assume thatminimal worlds always
exist, thereby accepting the so-called Limit Assumption (or Smoothness Condition as
in KLM framework). The logic corresponding to this semantics is exactly the logicCE
[16]. Stronger logics are obtained by imposing further conditions on the relations<x.
The preference semantics is related to the most popular semantics for conditional log-
ics, namely thesphere semantics[23] and theselection function semantics[24]. The
relation is investigated for some systems by Grahne [18].

In this work we concentrate on the extensions ofCE that are obtained by adding any
combination of conditions from the set of well known axioms{MP, CV, CS, CEM}.
Our tableau systems give a feasible decision procedure for the respective logics and
can be used to prove complexity bounds on them. In [16], we have given a terminating
sound and complete tableau procedure forCE and we proposed some extensions of it.
However these extensions were not entirely uniform and no termination analysis was
carried out. The present work extends thus our previous results by giving terminating
and uniform tableau calculi for the mentioned extensions ofCE and we provide a non
deterministic exponential upper bound for the time complexity of the tableau based
decision procedure.

2 The system CE

LetL be a language containing a set of propositional variablesATM , and the set of all
formulas ofL built from ATM by means of the connectives¬,∧,⊥,⇒, where⇒ is
the conditional operator.

Definition 1 (Semantics of CE).A CE modelM has the form(W, {<x}x∈W , I),
whereW is a non-empty set (of worlds),I is a functionW → Pow(ATM), and
{<x}x∈W is a family of relations onW for each elementx ∈ W . For S ⊆ W we
define the set of<x-minimal elements ofS:

Minx(S) = {a ∈ S | ¬∃b ∈ S : b <x a}.
For everyx ∈ W : (1) <x is an irreflexive and transitive relation onW , (2) for

every non-emptyS ⊆ W , Minx(S) 6= ∅. We define the truth conditions of formulas
wrt. worlds in a modelM by the relationM, x |= φ, as follows:

1. M, x |= p, for p atomic, ifp ∈ I(x),
2. M, x 6|= ⊥,
3. M, x |= ¬φ if M, x 6|= φ,
4. M, x |= φ ∧ ψ if M, x |= φ andM,x |= ψ.
5. M, x |= φ ⇒ ψ if for all y ∈ Minx(φ), M, y |= ψ, whereMinx(φ) stands for

Minx({y ∈ W | M,y |= φ}).
We say thatφ is valid inM if M, x |= φ for everyx ∈ W .
We say thatφ is CE-valid if it is valid in everyCE-model.

The axiomatization corresponding to the previous semantics is the following axiom
systemCE.
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Definition 2 (Axiom system CE).The systemCE is defined by

(TAUT) All classical tautologies and the Modus Ponens rule.
(ID) φ ⇒ φ
(CA) (φ ⇒ χ) ∧ (ψ ⇒ χ) → (φ ∨ ψ ⇒ χ)

(CSO) (φ ⇒ ψ) ∧ (ψ ⇒ φ) → (φ ⇒ χ) ↔ (ψ ⇒ χ)
(A0) (¬φ ⇒ ⊥) → φ
(A1) (¬φ ⇒ ⊥) → ¬(¬φ ⇒ ⊥) ⇒ ⊥
(A2) ¬(φ ⇒ ⊥) → (φ ⇒ ⊥) ⇒ ⊥

(RCEA) if ` φ ↔ ψ then` (φ ⇒ χ) ↔ (ψ ⇒ χ)
(RCK) if ` (φ1 ∧ . . . ∧ φn) → χ then` (ψ ⇒ φ1 ∧ . . . ∧ ψ ⇒ φn) → (ψ ⇒ χ)

The following theorems can be derived from the axioms ofCE:
(AC) (φ ⇒ χ) ∧ (φ ⇒ ψ) → (φ ∧ χ ⇒ ψ)
(RT) (φ ⇒ χ) ∧ (φ ∧ χ ⇒ ψ) → (φ ⇒ ψ)

All CE axioms and theorems (except (A0),(A1) and (A2)) correspond to well-
known properties of nonmonotonic systems: (AC) is calledcumulativity, (RT) is called
non-monotonic cut[20]. More precisely, the first-degree fragment of this logic corre-
sponds to preferential logicP. Axioms (A0), (A1) and (A2) encode the assumption that
each relation<x ranges on the same set of worlds. This condition is calledUniformity
in [10].

We can state the following theorems.

Theorem 1 (Soundness).If a formulaφ is derivable inCE, then it isCE-valid.

Theorem 2 (Completeness).If a formulaφ is CE-valid, then it is derivable inCE.

The proof of this last theorem is based on a generalization of Kraus Lehmann and
Magidor’s completeness proof for the systemP provided in [20]. Full details of the
proof will be provided in a long version of this paper.

2.1 Tableau calculus for CE

In [16], a tableau calculus forCE is proposed, which is based on the following ideas:

1 for all w, the fact thatw ∈ Minx(φ) can be represented by extending the language
L with a kind of hybrid formulas. Given a modelM = (W, {<x}x∈W , I), we
introduce pseudo-formulas of the form2xφ, for every formulaφ and worldx ∈ W ;

2 the semantics of hybrid formulas is the following:M, y |= 2xφ iff ∀z ∈ W if
z <x y, thenM, z |= φ (this can also be expressed by defining for each worldx the
accessibility relationRx as the inverse of<x: yRxz iff z <x y, and then adopting
the standard semantics for2x: M,y |= 2xφ iff ∀z ∈ W if yRxz, thenM, z |= φ);

3 from definition ofMinx in 1 above, it follows that that for any formulaφ, y ∈
Minx(φ) iff M,y |= φ ∧2x¬φ.

4 We use these modal formulas in our tableau calculus forCE as illustrated in Figure
1. For instance: ifM, x |= φ ⇒ ψ, then for ally ∈ Minx(φ), M, y |= ψ (see
definition 1 above). By point [3], this can be captured by saying that for ally, if
M, y |= φ∧2x¬φ thenM, y |= ψ. This is equivalent to saying that for ally either
M, y 6|= φ or M,y 6|= 2x¬φ or M, y |= ψ. This is exactly what is expressed by
rule (T ⇒) in Figure 1.

222



The tableau rules forCE are illustrated in Figure 1. The tableau formulas are of the
following kinds: (a)x : φ, whereφ is a formula or a pseudo-formula; (b)x <y z. A
branch is a set of tableau formulas. Given a branchB, we denote byWB the set of
labels occurring inB. A branch is closed if it contains bothx : φ andx : ¬φ, or it
containsx : ⊥, otherwise it is open. A tableau isclosedif every branch is closed. A
formulaφ is T -provableif there exists a closed tableau forx : ¬φ.

(T∧)

x : φ ∧ ψ

x : φ
x : ψ

(F∧)
x : ¬(φ ∧ ψ)

x : ¬φ | x : ¬ψ

(T∨)
x : φ ∨ ψ

x : φ | x : ψ
(F∨)

x : ¬(φ ∨ ψ)

x : ¬φ
x : ¬ψ

(T →)
x : φ → ψ

x : ¬φ | x : ψ
(F →)

x : ¬(φ → ψ)

x : φ
x : ¬ψ

(NEG) x : ¬¬ψ

x : ψ

(T ⇒)
x : φ ⇒ ψ

y : ¬φ | y : ¬2x¬φ | y : ψ
old y (F ⇒)

x : ¬(φ ⇒ ψ)

y : φ
y : 2x¬φ
y : ¬ψ

new y

(T2)

z : 2xφ
y <x z

y : φ
(F2)

y : ¬2xφ

z <x y
z : ¬φ
z : 2xφ

new z

(Trans)

y <x z
z <x u

y <x u

Fig. 1. Tableau rules forCE

In [16], the following theorems are proved.

Theorem 3 (Soundness).If φ is T -provable then it isCE-valid.

Theorem 4 (Completeness).If a formulaφ is CE-valid thenφ is T -provable.

The tableau calculus forCE as given in Figure 1 does not grant termination, since
repeated applications of the rules (F ⇒) and (F2) may generate infinite labels. In [16]
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suitable restrictions on the applications of the rules(F ⇒) and(F2) are introduced,
which are shown to preserve the completeness of the calculus. Under such restrictions,
the calculus is proved to be terminating.

3 Extensions of CE

The tableau method forCE can be extended uniformly to deal with some wellknown
extensions ofCE defined by combinations of the following axioms and corresponding
semantic properties. We provide a set of extra rules for each extra axiom.

In order to obtain a calculus for conditional logics containing more than one axiom,
it will be enough to consider the calculus containing all the rules introduced for the
concerned axioms. Thus, for instance, in order to obtain a calculus for the logic obtained
by adding toCE axioms (CV) and (MP) below, we will have to consider all the rules
introduced forCE + (CV) andCE + (MP). In order to deal with Stalnaker’s logic C2,
containingCE plus axioms (CV), (MP) and (CEM) we will further have to consider the
rules introduced to deal with (CEM), and so on.

We consider here the extensions ofCE by axioms(MP),(CS), (CEM) , and(CV):

(MP) ((φ ⇒ ψ) ∧ φ) → ψ,
its corresponding semantic property is (S-MP):
∀x, y ¬(y <x x).

(CS) φ ∧ ψ → (φ ⇒ ψ),
its corresponding semantic property is (S-CS):
∀x, y x <x y ∨ x = y.

(CV) (φ ⇒ ψ) ∧ ¬(φ ⇒ ¬χ) → (φ ∧ χ ⇒ ψ),
its corresponding semantic property is (S-CV):
∀x, y, z, u y <x z → (y <x u ∨ u <x z).

(CEM) (φ ⇒ ψ) ∨ (φ ⇒ ¬ψ),
its corresponding semantic property is (S-CEM):
∀x, y, z y = z ∨ y <x z ∨ z <x y.

These axioms/semantic conditions have been variously considered in the literature on
conditional logics. We give some intuitive justification. According to (S-MP) no world
is preferred tox, with respect to<x.

According to (S-CS), which is stronger than (S-MP),x is preferred to all other pos-
sible worlds with respect to its associated relation<x. This condition is controversial.
It is for instance the condition that differentiates Lewis’s systemsV C andV W [23],
namely (S-CS) belongs to the first system whereas it does not belong to the second one.

The condition (S-CV) makes<x a modular(or ranked) relation. This condition is
required by most of the conditional logics based on preference semantics (or the related
sphere based semantics), with the exception ofCE . It is contained, for instance in
Lewis’s logicsV C andV W [23].

The property (S-CEM) requires that given two different worldsy andz, eithery is
strictly preferred toz or z is strictly preferred toy w.r.t.<x . In turn, this entails that for
each formulaφ, Min<(φ) contains at most one single possible world. This property
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is the well-known Uniqueness Assumption that characterizes Stalnaker’s logicC2 [28,
24].

Let Σ ⊆ {(S-MP), (S-CS), (S-CV), (S-CEM)}, to ease the reading, we sometime
say that a modelM is a(S-Σ)-modelif it satisfies the semantic conditions inΣ.

In order to provide the calculi for the extensions ofCE, we have to extend the
language of the tableau calculus by allowing equalities of the formx = y in branches,
wherex, y are labels. This extension is needed for systems containing (CS) or (CEM).
Consequently, we enrich the notion of closed branch as follows.

Definition 3 (Closed Branch).We say that a branch is closed if it contains: (i)x : φ
andx : ¬φ, or x :⊥; (ii) x = y, x : φ, y : ¬φ; (iii) y <x y. A tableau is closed if every
branch is closed.

In order to deal with equality we need the following rules:

(E−R) (∗)
x = x

(E− S)
x = y

y = x

(E−T)
x = y, y = z

x = z
(E− <)

x = x′, y = y′, z = z′, y <x z

y′ <x′ z′

Fig. 2. Rules for Equality. (*)x is a label in the branch.

The rules corresponding to the mentioned extensions ofCE are the following ones:

(R−MP)
y <x x

x :⊥
(R−CS) old x, y

x <x y | x = y

(R−CV)
y <x z

old u
y <x u | u <x z

(R−CEM) old x, y, z
y = z | y <x z | z <x y

Fig. 3. Rules for the extensions ofCE.

Definition 4. LetΣ ⊆ {(R-MP), (R-CS), (R-CV), (R-CEM)} aΣ-tableau is a tableau
built according to: (i) the rules forCE of Figure 1, (ii) the rules inΣ of Figure 3, (iii)
the rules for Equality in case(R-CS)or (R-CEM) belongs toΣ.
A formulaφ is T + (Σ)-provable if there exists a closedΣ-tableau tableau forx : ¬φ.

The soundness of the rules can be proved in a standard way (see Theorem 2 in [16]).
To this purpose, we need to give a formal meaning to the notion of satisfiability of a
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branch. LetM = (W, {≤x}x∈W , I) be a model. Given a branchB, a mapping is a
functionf from WB to W such that (i) ify <x z ∈ B thenf(y) <f(x) f(z), (ii) if
x = y ∈ B thenf(x) = f(y).

Definition 5. Let Σ ⊆ {(R-MP), (R-CS), (R-CV), (R-CEM)}, given a branchB of
a Σ-tableau, a(S-Σ)-modelM , and a mappingf from WB to W , we say thatB is
satisfiable underf in M if the following holds:

1. if x : φ ∈ B thenM, f(x) |= φ,
2. if x : ¬φ ∈ B thenM, f(x) 6|= φ.

whereφ is a conditional formula or a pseudo formula.
Moreover,B is (S-Σ)-satisfiableif it is satisfiable in some(S-Σ)-modelM un-

der some mappingf . A tableaux is(S-Σ)-satisfiable if one of its branches is(S-Σ)-
satisfiable.

One can prove the following lemma2.

Lemma 1. LetΣ ⊆ {(R-MP), (R-CS), (R-CV), (R-CEM)}, letT be a(S-Σ)-satisfiable
tableau and letT ′ be obtained fromT by applying one of the rules ofΣ-tableaux. Then
T ′ is also(S-Σ)-satisfiable.

Theorem 5 (Soundness ofT − Σ). If φ is T + (Σ)-provable, then it is valid in all
(S-Σ)-models.

Proof. Suppose thatφ is not valid, then¬φ is satisfiable in a(S-Σ)-modelM , thus
the tableau beginning withx : ¬φ is (S-Σ)-satisfiable. By the previous lemma any
expansion of the tableaux contains a(S-Σ)-satisfiable branchB; B cannot be closed,
for otherwise we would havez : ψ, z : ¬ψ ∈ B, whenceM,f(z) |= ψ andM, f(z) |=
¬ψ, a contradiction. 2

3.1 Completeness of the calculi

First of all, notice that since none of the rules above introduce in the tableau new labels
or new formulas that create new labels when decomposed, from Lemma3, Section4.2
of [16], we have the following lemma.

Lemma 2. LetB be a branch of a tableau.B does not contain any infinite descending
chain of labels s.t.y1 <x y0, y2 <x y1, . . . ,yi+1 <x yi, . . ..

We can now show the completeness of the calculi. To this purpose, we have to
enrich the notion of saturated set used in the proof of the completeness of the calculus
in Definition5 in Section4, of [16].

Definition 6 (Saturated Branch).We say that a branchB of a tableau is:

– saturatedw.r.t. T if:
1. If x : φ ∧ ψ ∈ B thenx : φ ∈ B andx : ψ ∈ B.
2. If x : ¬(φ ∧ ψ) ∈ B then eitherx : ¬φ ∈ B or x : ¬ψ ∈ B.

2 The proof will be included in a full paper.
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3. If x : ¬¬φ ∈ B thenx : φ ∈ B.
4. If x : (φ ⇒ ψ) ∈ B then for any labely ∈ WB , either y : ¬φ ∈ B or

y : ¬2x¬φ ∈ B or y : ψ ∈ B.
5. If x : ¬(φ ⇒ ψ) ∈ B then there is a labely such thaty : φ ∈ B and

y : ¬ψ ∈ B andy : 2x¬φ ∈ B.
6. If y : 2xφ ∈ B andz <x y ∈ B thenz : φ ∈ B.
7. If y : ¬2xφ ∈ B then there is a labelz such thatz <x y ∈ B andz : ¬φ ∈ B

andz : 2xφ ∈ B.
8. If y <x z ∈ B andz <x u ∈ B theny <x u ∈ B.

– saturatedw.r.t. = if:
1. for all x ∈ B, x = x ∈ B;
2. if x = y ∈ B, alsoy = x ∈ B;
3. if x = y ∈ B andy = z ∈ B, alsox = z ∈ B;
4. if x = x′ ∈ B, y = y′ ∈ B, z = z′ ∈ B, and y <x z ∈ B, then also

y′ <x′ z′ ∈ B;
– saturatedwith respect toCE + (MP) if it is saturated w.r.t. toT , and for nox, y

y <x x ∈ B;
– saturatedwith respect toCE + (CS) if it is saturated w.r.t. toT , to =, and for all

x, y ∈ B, eitherx <x y ∈ B or x = y ∈ B;
– saturatedwith respect toCE + (CV) if it is saturated w.r.t. toT , and for allx, y, z, u ∈

B, if y <x z ∈ B, then alsoy <x u ∈ B or u <x z ∈ B;
– saturatedwith respect toCE + (CEM) if it is saturated w.r.t. toT , to =, and for all

x, y, z ∈ B, eithery = z ∈ B or y <x z ∈ B or z <x y ∈ B.

Given a set of axiomsΣ ⊆ {(MP) (CS)(CV)(CEM)}, we can now show the fol-
lowing lemma and completeness theorem.

Lemma 3. If φ is not T + (Σ)- provable, then there exists a tableau which contains
an open branch starting withx : ¬φ, and which is saturated with respect to the rules
corresponding to the axioms contained inΣ.

Proof.(Sketch) Sinceφ is not provable, all tableaux starting with¬φ will contain an
open branch. Thus also the tableau built according to the following systematic proce-
dure contains an open branch:(step a:)apply all the static rules as far as possible; in
case of branching, make the choice which preserves non-closure (there is always one
choice, by hypothesis);(step b:)apply the dynamic rules to the new formulas generated
in the previous step.

By this strategy, every formula in the branch is eventually considered. It can be
easily shown that the branch generated by this systematic procedure is saturated with
respect to the rules corresponding to the axioms contained inΣ. 2

Theorem 6 (Completeness ofT −Σ). If φ is valid in all (S-Σ)-models, then it isT +
(Σ)-provable.

Proof.(Sketch) We show the contrapositive: that ifφ is notT + (Σ)-provable, then¬φ
is satisfiable by aCE model satisfying(S- Σ). If φ is not provable, then the tableau
starting withx : ¬φ contains an open branchB, saturated with respect to the rules
corresponding to the axioms contained inΣ. Starting from this open, saturated branch,
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we build a canonical model. We have two alternative constructions, one for the case in
which neither axiom(CS) nor axiom(CEM) belong toΣ, and another corresponding
to the case in which (at least) one of the two axioms belongs toΣ (and therefore the
symbol= appears inB).
Case 1: (CS)6∈ Σ and(CEM) 6∈ Σ. We can build the canonical modelMC satisfying
¬φ, as follows.MC = 〈W, {<x}x∈W , I〉, where: 1)W = WB ; 2) For eachx ∈ W ,
y <x z iff y <x z ∈ B; 3) For eachx ∈ W , I(x) = {p | p ∈ ATM andw : p ∈ B}.
We prove that:

1 <x is an irreflexive and transitive relation onW .This follows from definitions 3
and 6 above;

2 For allS ⊆ W , S 6= ∅, Minx(S) 6= ∅. This follows from Lemma 2 above.
3 By induction over the complexity of the formulas, we can show thatMC satisfies all

formulas and pseudo-formulas inB. As an example, we considerx : φ ⇒ ψ ∈ B.
Let y ∈ WB . Then either (i)y : ¬φ ∈ B or (ii) y : ¬2x¬φ ∈ B, or (iii) y : ψ ∈ B.
If (i) by the induction hypothesis, we haveMC , y |= ¬φ, thusy 6∈ Minx(φ). If (ii)
there is a labelz such thatz <x y ∈ B andz : φ ∈ B. By construction ofMC ,
we havez <x y and by the induction hypothesisMC , z |= φ, thusy 6∈ Minx(φ).
If (iii) by the induction hypothesis we getMC , y |= ψ. Thus, ify ∈ Minx(φ) then
MC , y |= ψ.

4 If (MP) ∈ Σ, thenMC satisfies(S-MP). For a contradiction, supposey <x x. By
definition of<x, y <x x ∈ B. But this contradicts definition 6 above.

5 If (CV) ∈ Σ, thenMC satisfies(S-CV). Let y <x z. By definition ofMC , y <x

z ∈ B, and by definition 6, for allu ∈ WB , eithery <x u or u <x z. In the first
case,y <x u; in the second caseu <x z.

Case 2: (CS)∈ Σ or (CEM) ∈ Σ. We build the canonical model as follows: for all
x, y ∈ WB , we letx =M y iff x = y ∈ B. Notice that=M is an equivalence relation.
Indeed: it is symmetric (all the rules that introducex = y also introducey = x); it is
transitive, by definition 6; it is reflexive by symmetry + transitivity.
We let[x] = {y : x =M y} andW = {[w]/ =M}, the set of all the equivalence classes
of WB with respect to=M .
We defineI([x]) =

⋃
y∈[x]{p : p ∈ ATM andy : p ∈ B}.

Furthermore, we let[y] <[x] [z] iff y′ <x′ z′ ∈ B for x′ = x, y′ = y, andz′ = z. We
show thatMC is aCE model ofB satisfying(S-CS).

1 <[x] is irreflexive and transitive. Irreflexive, by 3 and by definition of<[x], and
transitive by 6.

2 if S ⊆ W andS 6= ∅, thenMinx(S) 6= ∅. This follows from Lemma 2.
3 Reasoning by induction on the complexity of the formulas, we show that for all

formula or pseudo-formulaF (a) if x : F ∈ B, thenMC , [x] |= F , and (b) if
x : ¬F ∈ B, thenMC , [x] 6|= F :
• for F ∈ ATM : (a) follows from definition ofI, and (b) follows from definition

of I together with the fact that there is nox′ s.t.x′ = x ∈ B, andx : F ∈ B
(otherwiseB would be closed);

• if F is a boolean combination of formulas, both (a) and (b) can be easily shown;
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• if F is a pseudo-formula2yφ. (a): for all [z] <[y] [x], by definition ofMC

and by definition 6 above,z <y x ∈ B. Hence,z : φ ∈ B, and by inductive
hypothesis,MC , [z] |= φ. (b): for somez, z <y x ∈ B, z : ¬φ. By definition
of MC , [z] <[y] [x], and by inductive hypothesis,MC , [z] 6|= φ;

• if F is φ ⇒ ψ. (a): for ally ∈ WB , either (i)y : ¬φ ∈ B or (ii)y : ¬2x¬φ ∈ B
or (iii)y : ψ ∈ B. In all cases, the result follows by inductive hypothesis. (b):
there is az s.t. z : φ ∈ B, z : 2x¬φ ∈ B, andz : ¬ψ ∈ B. By inductive
hypothesis,MC , [z] |= φ, MC , [z] |= 2x¬φ, MC , [z] 6|= ψ, and the result
follows.

4 If (CS)∈ Σ, thenMC satisfies(S-CS). Indeed, by definition 6, eitherx = y ∈ B
(and[x] = [y]) or x <x y ∈ B, and[x] <[x] [y].

5 If (CEM) ∈ Σ, thenMC satisfies(S-CEM). Indeed, by definition 6, for all[x], [y], [z],
eithery = z ∈ B, and by construction ofMC [y] = [z], or y <x z ∈ B, and by
construction ofMC , [y] <[x] [z] or z <x y ∈ B, and by construction ofMC ,
[z] <[x] [y].

6 If (MP) ∈ Σ, thenMC satisfies(S-MP). We reason analogously to Case 1.
7 If (CV) ∈ Σ, thenMC satisfies(S-CV). We reason as for Case 1. 2

3.2 Termination and Complexity of the Calculi

As in the case of logicCE, the calculi presented above forCE extensions can lead to
non-terminating computations due to the interplay among the rules(F ⇒) and(F2),
generating new labels, and rule(T ⇒), whose applications to the new labels may gen-
erate new formulas to which(F ⇒) or (F2) can again be applied. In this section we
show that the calculi forCE extensions can be made terminating. The solution we pro-
pose is similar to the one we have adopted to prove the termination ofCE in [16]. More
precisely, in order to avoid the generation of infinite branches, we introduce a system-
atic procedure to build a tableau and we put suitable restrictions on the applications of
rules(F ⇒) and(F2). We show that the systematic procedure terminates, whence it
does not lead to generate infinitely many labels. Moreover, we show that the complete-
ness of the calculi is not lost if we adopt the systematic procedure with the mentioned
restrictions.

First of all let us assume that the tableau construction does not allow any redundant
application of the rules ([16]). In particular, we assume that the(T ⇒) applies exactly
once to each formula and label on the branch. Also, we assume that a branch does not
contain repetitions of labelled formulas: labelled formulas which are already on the
branch are not added again when applying new rules.

Following the terminology of [17], we refer to the rules generating new worlds as
dynamic rules, and to all other rules asstatic rules. Observe that all the rules we have
introduced are static except for(F ⇒) and(F2) which are dynamic.

We define asystematic procedurefor constructing the tableau for a given formula
x : α. This is the same procedure described in the proof of Lemma 3. The procedure
executes repeatedly two steps:(step a)applies all the static rules as far as possible;(step
b) applies the rules(F2) and(F ⇒) to the new formulas generated in the previous step.

We observe that (step a) terminates after a finite number of rule applications. Indeed,
none of the static rules adds new labels and the number of pseudo-formulas built from a
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finite set of formulas (subformula property) and from a finite number of labels is finite.
As we require that the tableau does not contain redundant applications of rules, each
application of a rule in step (a) must at least add a new pseudo-formula to the branch,
and thus the number of rule applications must be finite. After (step a) is terminated the
branch is downward saturated except for the formulas of the formw : ¬(φ ⇒ ψ) and
w : ¬2xφ. In (step b) we apply the rule(F ⇒) to all the formulasy : ¬(γ ⇒ δ) on the
branch and rule(F2) to all the formulasy : ¬2xγ on the branch, wherey must be a
label generated in the previous (step a).

To avoid that (step a) and (step b) in the systematic procedure repeat forever, by
continuing to generate new worlds, we put the following restrictions on the application
of the rules(F ⇒) and(F2), which are essentially loop checking conditions.

– (Restriction 1) the rule(F ⇒) can be applied to the formulay : ¬(γ ⇒ δ) on a
branch only if there is no labelz on the branch such that:

(1a) the branch contains the formulaz : ¬(γ ⇒ δ) and the rule(F ⇒) has already
been applied to that formula;

(1b) the positive conditional formulas labelled byy are a subset of the positive con-
ditional formulas labelled byz.

– (Restriction 2) the rule(F2) can be applied to the formulay : ¬2xγ on a branch
only if we cannot find two labelsz andw on the branch such that:

(2a) the branch contains a formulaz : ¬2wγ and the rule(F2) has already been
applied to that formula;

(2b) the positive conditional formulas labelled byx on the branch are a subset of
the positive conditional formulas labelled byw;

(2c) for each (positive) modal pseudo-formulay1 : 2xφ occurring on the branch,
such that eithery1 coincides with labely or one of the two relationsy <x y1

andy1 = y occurs on the branch, there is a (positive) modal pseudo-formula
z1 : 2wφ on the branch, such that eitherz1 coincides with labelz or one of the
two relationsz <w z1 andz1 = z occurs on the branch.

The idea behind (Restriction 1) is that applying the rule(F ⇒) to y : ¬(γ ⇒ δ)
cannot add anything more on the branch than what has been obtained by applying it to
z : ¬(γ ⇒ δ), if all the positive conditional formulas that hold aty also hold atz. In
such a case we can avoid to generate a new labely’ from y. The idea behind (Restriction
2) is that applying the rule(F2) to y : ¬2xγ cannot add anything more on the branch
than what has been obtained by applying it toz : ¬2wγ, under the assumptions that: all
the positive conditional formulas that hold atx also hold atw; and all the positive modal
pseudo-formulas on the branch that would be applicable to the worldy′ generated from
y, can also be applied to the worldz′ generated fromz.

The systematic procedure with the two restrictions preserves completeness and
guarantees termination.

Lemma 4. If a branch B closes, it still closes under (Restriction 1) and (Restriction 2).

Theorem 7. The systematic procedure with (Restriction 1) and (Restriction 2) termi-
nates.
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The proofs of Lemma 4 and of Theorem 7 are similar to those reported in [16] for logic
CE. The intuition is the following one. If a systematic attempt at proving a formula
goes forever, there must be an infinite branch S containing infinitely many different
labels because it does not contain repetitions and only a finite number of formulas can
appear in the tableau (subformula property). Therefore, the branch must either contain
infinitely many applications of rule(F ⇒) or infinitely many applications of rule(F2)
to some formula (or both). By (Restrictions 1) and (Restriction 2) above, this is not
possible. For instance, each time the rule(F ⇒) is applied toy : ¬(φ ⇒ ψ), by
(Restriction 1) for all possiblez : ¬(φ ⇒ ψ) on the branch to which(F ⇒) has
already been applied there must be some positive conditional formula occurring on the
branch labelled byy and not byz. This can only occur a finite number of times, since
(by the subformula property) there is only a finite number of positive conditionals.

Observe that the number of positive conditionals is finite, and at most linear in the
sizen of the input formula. Hence, the number of distinct sets of positive conditionals
is O(2n). Therefore, the number of applications of rule(F ⇒) to the same formula (but
different labels) on a branch isO(2n). As there areO(n) distinct positive conditionals,
the number of applications of rule(F ⇒) on a branch isO(2n). By similar consider-
ations, we can conclude that the number of applications of rule(F2) on a branch is
O(2n). We can thus say that the number of different labels on the branch isO(2n).

In order to establish an upper bound on the complexity of the systematic procedure
above, we need to estimate the overall number of rule applications, including those in
step (a). To this concern, we can observe that the number of pseudo-formulas (including
equalities and disequalities) which can be built fromO(n) formulas andO(2n) labels is
O(2n). As we do not admit redundant applications of rules, on each branch the overall
number of tableau rule applications determined by the systematic procedure isO(2n).
Thus, our systematic procedure allows us to define a non-deterministic algorithm for
testing satisfiability inCE: at each step the algorithm first saturates with respect to the
static rules (step a), then guesses a branch and saturates it w.r.t. the dynamic rules (step
b). By what said just above, the algorithm eventually terminates, and returns ”satisfi-
able” if it finds an open branch and ”unsatisfiable” if it does not. Since the number of
rules applied isO(2n), we can conclude that:

Theorem 8. Theorem 9.For all extensionsCE+Σ of CE, the systematic procedures
decides the satisfiability of a formula in non-deterministic exponential time with respect
to the size of the input.

The above result seems to be in partial accordance with [10], where the authors show
that a formula is satisfiable iff it is satisfiable in an exponentially sized structure. More-
over, the authors argue that deciding satisfiability can be done in EXPTIME (that we
understand as Deterministic Exponential Time), even if the algorithm they suggest is not
described in full details (Theorem 0.13). In future investigation we will study how we
can obtain adeterministicEXPTIME decision procedure based on our tableau calculus.

4 Conclusions

In this work we have presented tableaux systems for the most important extensions of
CE, the logic of preferential structures. The proof methods are uniform in the sense
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that each specific semantic condition is captured by a tableau rule. Moreover, the proof
method is based on the introduction of pseudo-formulas, that are modalities in a hybrid
language indexed on worlds. We have been able to obtain terminating procedures by
a loop-checking mechanism. These methods can also be used to establish complexity
bounds of the logics, in a constructive way.

In future work, we intend to carry on a finer grained complexity analysis ofCE
extensions by means of tableaux methods. Moreover, we intend to investigate several
improvements on the tableau systems, including loop-checking mechanisms, a better
treatment of equality via label-substitution and specific proof-search strategies.

We briefly remark on some related works. De Swart [8] and Gent [12] give se-
quent/tableaux calculi for conditional logics VC (=CE+CV+MP+CS) and VCS. The
kind of systems they propose are based on the entrenchment connective≤, from which
the conditional operator can be defined. Their systems are analytic and comprise an in-
finite set of rules≤ F (n,m), with a uniform pattern, to decompose each sequent with
m negative andn positive entrenchment formulas.

Crocco and Farinas [4] present sequent calculi for some conditional logics including
minmal CK, CEM, CO (=CE without CA) and others. Their calculi comprise two levels
of sequents: principal sequents with̀P corresponds to the basic deduction relation,
whereas auxiliary sequents with̀a corresponds to the conditional operator: thus the
constituents ofΓ `P ∆ are sequents of the formX `a Y , whereX,Y are sets of
formulas.

Artosi, Governatori, and Rotolo [2] develop labelled tableau for thefirst-degree
fragment (i.e. without nested conditionals) of conditional logic CO (they call it CU and
it corresponds to cumulative non-monotonic logics). Formulas are labelled by path of
worlds containing also variable worlds. Since they adopt a selection function semantics,
they have to cope with the problem of equivalent antecedents: i.e. if[A]M = [A′]M then
f(A,w) = f(A′, w). They use an efficient unification procedure to propagate positive
conditionals, and the unification procedure takes care of checking the equivalence of
antecedents. Their tableau system is not analytical, as it contains a cut-rule, called PB,
which is not eliminable. Moreover it is not clear how to extend it toCE and stronger
systems on the one hand, and to nested conditionals, on the other.

Broda, Gabbay, Lamb, and Russo develop an elegant natural deduction system for
Boutillier’s conditional logic of normality and some variants of it [3], [1]. Their proof
system uses labels following the methodology ofLabelled Deductive Systems[1], where
the objects involved in the proofs are structured configurations of formulas, worlds, and
relations thereof. In this respect their approach is rather similar to ours. However, as
we already observed, Boutilier’s conditional logic has a simpler semantics defined in
terms of standard modal logic without world-indexed relations or modalities (and thus
it cannot handle nested and iterated conditionals). Moreover, it is not evident if one can
extract a decision procedure for Boutilier’s logic from their natural deduction system.

Lamarre [22] presents tableaux systems for conditional logics V(=CE+CV), VN,
VC and VW(=CE+CV+MP). Lamarre’s method is a consistency-checking procedure
which tries to build a system of sphere falsifying the input formulas. The method makes
use of a subroutine to compute thecore, that is defined as the set of formulas charac-
terizing the minimal sphere. The computation of the core needs in turn the consistency
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checking procedure. Thus there is a mutual recursive definition between the procedure
for checking consistency and the one to compute the core.

Gronebner and Delgrande [19] have developed a tableau method for conditional
logic VN which is based on the translation of this logic into modal logic S4.3.

In [26], it is presented a labelled sequent calculus minimal normal conditional logic
CK and some extensions of it. The calculi are based on the selection function semantics
for these logics. In case ofCK , the calculus is used to provide a polynomial-space
complexity bound for this logic.
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KLMLean 1.0: a Theorem Prover for Logics of
Default Reasoning

Nicola Olivetti? and Gian Luca Pozzato??

Abstract. In this paper we present KLMLean 1.0, a theorem prover
for some logics of default reasoning, namely Preferential logic P and
Loop-Cumulative logic CL introduced by Kraus, Lehmann, and Magidor.
KLMLean 1.0 implements some tableaux calculi for these logics recently
introduced. It is implemented in SICStus Prolog and also comprises a
graphical user interface written in Java. KLMLean 1.0 is available for
free download at http://www.di.unito.it/∼pozzato/klmlean1/

1 Introduction

In the early 90’ [6, 7] Kraus, Lehmann and Magidor (from now on KLM) pro-
posed a formalization of non-monotonic reasoning that was early recognized as
a landmark. Their work stemmed from two sources: the theory of nonmonotonic
consequence relations initiated by Gabbay [4] and the preferential semantics pro-
posed by Shoham [11] as a generalization of Circumscription. Their works lead to
a classification of nonmonotonic consequence relations, determining a hierarchy
of stronger and stronger systems.

According to the KLM framework, defeasible knowledge is represented by
a (finite) set of nonmonotonic conditionals or assertions of the form A |∼ B
whose reading is normally (or typically) the A’s are B’s. The operator ”|∼”
is nonmonotonic, in the sense that A |∼ B does not imply A ∧ C |∼ B. For
instance, a knowledge base K may contain the following set of conditionals:
adult |∼ work, retired |∼ adult, retired |∼ ¬work, whose meaning is that adults
typically work, retired people are typically adults but they typically do not work.
Observe that if |∼ were interpreted as classical (or intuitionistic) implication, we
simply would get retired |∼ ⊥, i.e. typically there are not retired people, thereby
obtaining a trivial knowledge base. One can derive new conditional assertions
from the knowledge base by means of a set of inference rules.

In KLM framework, the set of adopted inference rules defines some funda-
mental types of inference systems, namely, from the weakest to the strongest:
Cumulative (C) , Loop-Cumulative (CL), Preferential (P) and Rational logic
(R). All these systems allow one to infer new assertions from K without incur-
ring in the trivialising conclusions of classical logic: regarding our example, in
? LSIS - UMR CNRS 6168 Université Paul Cézanne (Aix-Marseille 3) Avenue

Escadrille Normandie-Niemen 13397 Marseille Cedex 20 - France - E-mail:
nicola.olivetti@univ.u-3mrs.fr

?? Dipartimento di Informatica - Universitá degli Studi di Torino - corso Svizzera 185
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none of them, one can infer retired |∼ work. In cumulative logics (both C and
CL) one can infer adult ∧ retired |∼ ¬work (giving preference to more specific
information), in Preferential logic P one can also infer that adult |∼ ¬retired (i.e.
typical adults are not retired). In the rational case R, if one further knows that
adult 6|∼ ¬married (i.e. it is not the case the adults are typically unmarried),
one can also infer that adult ∧married |∼ work.

From a semantic point of view, to the each logic (C, CL, P, R) corresponds
one kind of models, namely, possible-world structures equipped with a preference
relation among worlds or states. More precisely, for P we have models with a
preference relation (an irreflexive and transitive relation) on worlds. For the
stronger R the preference relation is further assumed to be modular. For the
weaker logic CL, the preference relation is defined on states, where a state can
be identified, intuitively, with a set of worlds. In the weakest case of C, the
preference relation is on states, as for CL, but it is no longer assumed to be
transitive. In all cases, the meaning of a conditional assertion A |∼ B is that B
holds in the most preferred worlds/states where A holds.

Even if KLM was born as an inferential approach to nonmonotonic reason-
ing, very few proof systems have been proposed for these logics. In [5] analytic
tableaux T ST for logics P and CL have been introduced, where S stands for
{P,CL}. The calculi T ST are based on a novel interpretation of P into modal
logic G. The idea is simply to interpret the preference relation as an accessibility
relation: a conditional A |∼ B holds in a model if B is true in all A-worlds w,
i.e. worlds w where A holds, that are minimal. An A-world is minimal if all
smaller worlds are not A-worlds. The relation with modal logic G is motivated
by the fact that we assume, following KLM, the so-called smoothness condition,
which is related to the well-known limit assumption. This condition ensures in-
deed that A-minimal worlds exist, by preventing an infinitely descending chain
of worlds. This condition is therefore ensured by the finite-chain condition on
the accessibility relation (as in modal logic G).

In this work we describe an implementation of T ST calculi in SICStus Prolog.
The program, called KLMLean 1.0, is implemented following the methodology
of leanTAP, inspired to [1] and [2]. As far as we know, KLMLean 1.0 is the first
theorem prover for these logics. KLMLean 1.0 also comprises a graphical user
interface written in Java.

The plan of this paper is as follows: in section 2 we briefly recall KLM logics P
and CL and the tableaux calculi T ST. In section 3 we describe KLMLean 1.0. In
section 4 we discuss some related works and suggest some future developments.

2 KLM Logics and the Tableaux Calculi T ST

2.1 KLM Preferential Logic P

We consider a propositional language L over a set ATM of propositional vari-
ables. Formulas of L are built from propositional variables by means of the
boolean operators →, ∧, ∨, ¬ and the conditional operator |∼. The language L
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consists just of conditional assertions A |∼ B, where A and B are propositional
formulas, and of boolean combinations of them. More precisely, the formulas of
L are defined as follows: if A is a propositional formula, A ∈ L; if A and B are
propositional formulas, A |∼ B ∈ L; if F is a boolean combination of formulas of
L, F ∈ L.

The semantics of P is defined by considering possible world structures with
a preference relation (a strict partial order) w < w

′
whose meaning is that w

is preferred to w
′
. We have that A |∼ B holds in a model M if B holds in all

minimal worlds (with respect to the relation <) where A holds. This definition
makes sense provided minimal worlds for A exist whenever there are A-worlds.
This is ensured by the smoothness condition in the next definition.

Definition 1 (Semantics of P [6]). A preferential model is a triple M =
〈W, <, V 〉 where: W is a non-empty set of items called worlds; < is an irreflexive
and transitive relation on W; V is a function V : W 7−→ pow(ATM ), which
assigns to every world w the set of atoms holding in that world. We define the
truth conditions for a formula F as follows:

• If F is a boolean combination of formulas, M, w |= F is defined in the
obvious way;
• Let A be a propositional formula; we define Min<(A) = {w ∈ W | M, w |=
A and ∀w′

, w
′
< w M, w

′ 6|= A};
• M, w |= A |∼ B if for all w

′ ∈ Min<(A), then M, w
′ |= B.

The relation < satisfies the following condition, called smoothness: if M, w |= A
then w ∈ Min<(A) or ∃w′ ∈ Min<(A) such that w

′
< w.

We say that a formula F is valid in a model M, denoted with M |= F , if
M, w |= F for every w ∈ W. A formula is valid if it is valid in every model M.

Notice that the truth conditions for conditional formulas are given with re-
spect to single possible worlds for uniformity sake. Since the truth value of a con-
ditional only depends on global properties of M, we have that: M, w |= A |∼ B
iff M |= A |∼ B.

Now we introduce the language LP of the calculus T PT. LP extends L by
formulas of the form ¤A, where A is a propositional formula, whose intuitive
meaning is as follows: ¤A holds in a world w if A holds in all the worlds w

′
such

that w
′
< w:

Definition 2 (Truth condition of modality ¤, [5]). We define the truth
condition of a boxed formula as follows:

M, w |= ¤A if for every w
′ ∈ W if w

′
< w then M, w

′ |= A

It is easy to see that ¤ has the properties of the modal system G: the ac-
cessibility relation (defined as xRy iff y < x) is transitive and does not have
infinite ascending chains. By Definitions 1 and 2, it follows that for any formula
A, w ∈ Min<(A) iff M, w |= A ∧¤¬A.
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2.2 KLM Loop Cumulative Logic CL

The next KLM logic we consider is CL, weaker than P.

Definition 3 (Loop-cumulative models, [6]). A loop-cumulative model is a
tuple M = 〈S, l, <, V 〉. S is a set, whose elements are called states. Given a
set U of possible worlds, l : S 7→ 2U is a function that labels every state with
a nonempty set of worlds. < is an irreflexive and transitive relation on S. V
is a valuation function V : U 7−→ pow(ATM ), which assigns to every world w
the atoms holding in that world. For s ∈ S and A propositional formula, we let
s |≡ A if ∀w ∈ l(s), w |= A. Let Min<(A) be the set of minimal states s such
that s |≡ A. We define M, s |≡ A |∼ B if ∀s′ ∈ Min<(A), s

′ |≡ B. We assume
that < satisfies the smoothness condition.

In [5] it is shown that one can map loop-cumulative models into preferential
models extended with an additional accessibility relation R. These models are
called CL-Preferential structures and are defined below. The idea is to represent
states as sets of possible worlds related by R: thus a world plays also a role of a
state. By this correspondence we have that a formula is satisfied in a state s just
in case it is satisfied in all possible worlds w

′
accessible from its corresponding w

via R. The syntactic counterpart of the extra accessibility relation R is a modality
L. Given a loop-cumulative model M and the corresponding CL-structure M′

,
M, s |≡ A iff for its corresponding w, M′

, w |= LA. This mapping allows us to
use a variant of the tableaux calculus for P to deal with system CL. As for P,
the tableaux calculus for CL will use boxed formulas. Thus, the formulas that
appear in the tableaux for CL belong to the language LL obtained from L as
follows: (i) if A is a propositional formula, then A ∈ LL; LA ∈ LL; 2¬LA ∈ LL;
(ii) if A, B are propositional formulas, then A |∼ B ∈ LL; (iii) if F is a boolean
combination of formulas of LL, then F ∈ LL.

Definition 4 (CL-preferential structures, [5]). A model has the form M =
〈W, R,<, V 〉 where: W, <, and V are defined as in Definition 1, and R is a
serial accessibility relation (i.e. ∀w∃w′ Rww′). We add to the truth conditions
for preferential models in Definition 1 the following clause:

M, w |= LA if for all w
′
if wRw

′
then M, w

′ |= A

The truth condition for conditional formulas is changed as follows: M, w |=
A |∼ B if for all w

′ ∈ Min<(LA) then M, w
′ |= LB.

Proposition 1 ([5]). A set of conditional formulas {(¬)A1 |∼ B1, . . . , (¬)An |∼
Bn} is satisfiable in a loop-cumulative model 〈S, l, <, V 〉 iff it is satisfiable in a
CL-preferential model 〈W,R, <, V 〉.

2.3 The Tableaux Calculi T ST

In Figures 1 and 2 we present the tableaux calculi T PT and T CLT introduced
in [5]. In order to obtain terminating calculi, the (|∼+) rule must be applied
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under some restrictions that for clarity are not displayed in the figures below,
but are explained later in this section.

The rules of the calculi manipulate sets of formulas Γ . We write Γ, F to
denote Γ ∪ {F}. Moreover, we consider the following sets:

– Γ¤ = {¤A | ¤A ∈ Γ}
– Γ¤↓ = {A | ¤A ∈ Γ}
– Γ |∼

+
= {A |∼ B | A |∼ B ∈ Γ}

– Γ |∼
−

= {¬(A |∼ B) | ¬(A |∼ B) ∈ Γ}
– Γ |∼± = Γ |∼

+ ∪ Γ |∼
−

– ΓL↓ = {A | LA ∈ Γ}

(AX) Γ, F,¬F (¬)
Γ,¬¬F

Γ, F

(|∼+)
Γ, A |∼ B

Γ,¬¤¬A, A |∼ B Γ, A → B, A |∼ B

(|∼−)
Γ,¬(A |∼ B)

A, ¤¬A,¬B, Γ |∼±
(¤−)

Γ,¬¤¬A

Γ ¤, Γ ¤↓ , Γ |∼±, A, ¤¬A

(∧+)
Γ, F ∧G

Γ, F, G
(∧−)

Γ,¬(F ∧G)

Γ,¬F Γ,¬G

Fig. 1. Tableaux system T PT. To save space, we omit rules for the other boolean
connectives.

Theorem 1 (Soundness and completeness of T PT and T CLT, [5]). The
systems T PT and T CLT are sound and complete with respect to the semantics,
i.e. there is a closed tableaux for a set Γ iff Γ is unsatisfiable.

In order to obtain a decision procedure we have to control the application
of the (|∼+) rule, since it copies its principal formula in its conclusions. To this
regard we have the following result:

Theorem 2 ([5]). T PT and T CLT are sound and complete even if (|∼+) is
applied at most once on the same conditional A |∼ B in the same world. More
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(|∼+)
Γ, A |∼ B

Γ,¬¤¬LA, A |∼ B Γ, LA → LB, A |∼ B
(|∼−)

Γ,¬(A |∼ B)

LA, ¤¬LA,¬LB, Γ |∼±

(L−)
Γ,¬LA

where either {¬LA}6= ∅ or Γ L↓ 6= ∅
Γ L↓ ,¬A

(¤−)
Γ,¬¤¬LA

Γ ¤, Γ ¤↓ , Γ |∼±, LA, ¤¬LA

Fig. 2. Tableaux system T CLT. If ¬LA is not in the premise of (L−) (i.e. {¬LA} = ∅)
the rule allows to step from Γ to Γ L↓ . The boolean rules are omitted.

precisely, when (|∼+) is applied to A |∼ B, A |∼ B is marked as used; the appli-
cations of (|∼+) are restricted to unused conditionals only; when (¤−) or (|∼−)
is applied, all conditionals become unused1.

The generation of infinite branches due to the interplay between (|∼+) and
(¤−) cannot occur, because of the properties of ¤ in modal logic G (see [5] for
details). These results give a constructive proof of decidability of Preferential
and Loop-Cumulative logics.

3 Design of KLMLean 1.0

In this section we present an implementation of the tableaux calculi T ST called
KLMLean 1.0; it is a SICStus Prolog program inspired by leanTAP ([1], [2])
and follows the line of CondLean, a theorem prover for other conditional logics
introduced in [9] and [10]. The idea of lean deduction [1] is ”to achieve maximal
efficiency from minimal means”, that is to say to write short programs and ex-
ploit the power of Prolog’s engine as much as possible. In [1] authors remark that
another important argument for lean methodology is safety: to verify soundness
and completeness of a theorem prover consisting of a couple of lines is easier
than doing the same for thousands of lines of C code. Moreover, in [1] it is ob-
served that programs following the lean methodology offer high performances
on simple to moderately complex problems, and that they offer a high degree of
adaptability to applications.

It is worth noticing that KLMLean 3.1 is only inspired by leanTAP, however
it does not follow strictly the style of leanTAP. For instance, KLMLean 3.1 makes
use of auxiliary Prolog’s predicates like member and select, whereas leanTAP
only relies on Prolog’s clause indexing scheme and backtracking.

1 The premise and the conclusion of (¤−) (resp. (|∼−)) represent two different worlds.
When (¤−) (resp. (|∼−)) is applied, then all conditional formulas used in the world
represented by the premise become unused in the world represented by the conclu-
sion.
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The program KLMLean 1.0 comprises a set of clauses, each one of them rep-
resents a tableaux rule or axiom. The proof search is provided for free by the mere
depth-first search mechanism of Prolog, without any additional ad hoc mecha-
nism. We represent each node of a proof tree by a list of formulas. The tableaux
calculi are implemented by the predicate prove(Gamma,Sigma,Tree). which
succeeds if and only if the set of formulas Γ , represented by the Prolog list
Gamma, is unsatisfiable. Sigma is the list representing the set Σ of used condi-
tionals, and it is needed in order to control the application of the (|∼+) rule only
to unused conditional, as stated by Theorem 2 above. If the predicate succeeds,
Tree contains the closed proof tree found by the theorem prover.

For instance, to prove that A |∼ B ∧ C,¬(A |∼ C) is unsatisfiable in P, one
queries KLMLean 1.0 with the following goal:

prove([a => (b and c), neg (a => c)],[ ],Res)).

The string => is used to represent the conditional operator |∼, and is used
to denote ∧, and so on. Each clause of prove implements one axiom or rule of
T ST; for example, we present the clause implementing the axiom:

prove(Gamma, ,tree(ax,F)):-
member(neg F,Gamma),
member(F, Gamma),!.

If the formula F and its negation ¬F both belong to the set of formulas Γ ,
then the predicate prove succeeds by the above clause. As mentioned above,
the third argument of the predicate prove contains the proof tree found by the
theorem prover; in this case, it corresponds to a leaf represented by the functor
tree(ax,F), to keep trace that the tree is closed by the presence of both formulas
F and neg F.

As another example, the clause implementing (|∼+) is as follows:

prove(Gamma,Sigma,tree(entP,A,B,ST1,ST2)):-
select(A => B,Gamma,NewGamma),!,
prove([neg box neg A|NewGamma],[A => B|Sigma],ST1),!,
prove([A -> B|NewGamma],[A => B|Sigma],ST2).

The predicate select(X,List,NewList) succeeds if and only if an item X
belongs to List, returning the list NewList in which X has been deleted from
List. Therefore, if a formula A |∼ B belongs to Γ , then KLMLean 1.0 applies the
(|∼+) rule, by invoking recursively the predicate prove on its two conclusions. In
the first one, the formula ¬¤¬A is introduced; in the other one, A → B is added
to the set of formulas to analyze. In both the recursive calls to the predicate
prove the principal formula A |∼ B is copied into the auxiliary list Sigma, in
order to avoid further applications of (|∼+) in the same world.
The functor tree(entP,A,B,ST1,ST2) represents the proof tree obtained by
applying the above clause. More in detail, its terms represent that the (|∼+) rule
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has been applied (entP) to a conditional formula A => B; ST1 and ST2 are the
closed subtrees obtained by invoking prove on the two conclusions of the rule.

To search a closed tree of a set Γ of formulas of L, KLMLean 1.0 proceeds
as follows. First of all, if Γ is an axiom, then the goal will succeed immediately
by using the clause for the axiom presented above. If it is not, then the first
applicable rule will be chosen, e.g. if Gamma contains a formula [A and B], then
the clause for the (∧+) rule will be used, invoking prove on the unique conclusion
of (∧+). KLMLean 1.0 proceeds in a similar way for the other rules. The ordering
of the clauses is such that the application of the branching rules and of the
conditional and box rules is postponed as much as possible. In the above example,
it is clear how KLMLean implement the controlled application of (|∼+) on a
conditional formula A |∼ B (Theorem 2): A |∼ B passes from Γ to the set Σ
of used conditionals, therefore the above clause will not further apply to it (it
works only on conditionals belonging to Γ ).

KLMLean has also a graphical user interface (GUI) implemented in Java.
The GUI interacts with the SICStus Prolog implementation by means of the
package se.sics.jasper. Thanks to the GUI, one does not need to know how
to call the predicate prove: one just introduces

– formulas of a knowledge base K (or the set of formulas to prove to be un-
satisfiable);

– a formula F , in order to prove if one can infer F from K, corresponding to
verify if K ∪ {¬F} is unsatisfiable

in a text box and searches a derivation by clicking a button. Moreover, one
can choose the intended system of conditional logic, namely P or CL. When the
submitted set K ∪ {¬F} of formulas is unsatisfiable, KLMLean 1.0 offers these
options:

– display a proof tree of the set in a special window;
– build a latex file containing the same proof tree: compiling this file with

Latex, one can obtain the closed tree in a pdf file, or ps, or dvi, and then
print it.

Some pictures of KLMLean 1.0 are presented in Figures 3, 4, and 5.

4 Conclusions, Comparison with Other Works, and
Future Work

In this work we have presented KLMLean 1.0, a theorem prover for KLM Prefer-
ential and Loop-Cumulative logics. To the best of our knowledge, this is the first
theorem prover for logics of the KLM framework. KLMLean 1.0 is a SICStus
Prolog implementation of the analytic tableaux calculi introduced in [5], and
follows the leanTAP methodology of [1] and [2].

We briefly remark on some related works. We just mention the program
CondLean, a theorem prover for some standard conditional logics ([9], [10]).
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Fig. 3. The main window of KLMLean 1.0.

Fig. 4. A proof tree in a special window.
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Fig. 5. The proof tree printed in a .dvi file.

CondLean is a SICStus Prolog implementation of some labelled sequent calculi
for conditional logics CK, ID, MP, CS, CEM, and some combinations of them. It
follows the leanTAP methodology, too. The main difference between CondLean
and KLMLean is that they offer a deductive mechanism for different conditional
logics: CondLean is a theorem prover for conditional logics whose semantics is
based on the so called selection function [8], whereas KLMLean is a theorem
prover for KLM logics.

In future research, we intend to extend KLMLean to the other KLM condi-
tional logics, namely the weaker Cumulative logic C and the stronger Rational
logic R. Moreover, we intend to make a detailed study on the performances of
our theorem prover, and experiment some standard refinements and heuristics
to increase its efficiency. Furthermore, we are improving KLMLean 1.0 in such
a way that, given a satisfiable set of formulas in input, it shows a model of that
satisfiable set.
A further extension is to develop a theorem prover for the first order version
of these logics, which have recently received a renewed attention thanks to the
results given in [3].
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Abstract

As applications of description logics (DLs) proliferate, efficient reasoning with large
ABoxes (sets of individuals with descriptions) becomes ever more important. Mo-
tivated by the prospects of reusing optimization techniques of deductive databases,
we developed a novel algorithm for reasoning in description logic, which reduces
a DL knowledge base to a disjunctive datalog program without changing the set
of relevant consequences. This allows to answer queries by applying optimization
techniques, such as join-order optimizations or magic sets. The algorithm supports
the very expressive logic SHIQ(D), so the reduction is quite technically involved.
In this paper we present a simplified algorithm for the basic logic ALC. Whereas
this algorithm is much easier to understand, it is based on the same principles as
the general one.

1 Introduction

In recent years description logics (DLs) have found their application in various
fields of computer science, so several DL reasoners were built and applied to
practical problems. The state-of-the-art systems are based on tableau algo-
rithms [11], and they perform quite well when computing the subsumption
hierarchy, mainly due to sophisticated heuristics [10].

However, new applications, such as metadata management in the Semantic
Web, require efficient query answering over large ABoxes (i.e., sets of ground
facts). Query answering is currently implemented by a reduction to ABox con-
sistency checking, which can then be solved by tableau algorithms. Whereas
this is quite elegant from a theoretical point of view, it does not provide
good performance in practice, mainly due to the following two reasons. First,
tableau-based algorithms treat all individuals separately; that is, they do not
group individuals on common properties. Second, to answer a query, one
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usually does not need to consider all ABox information; rather, only a small
subset of the ABox usually suffices to compute the query answer. These defi-
ciencies were already acknowledged, and certain optimization techniques were
developed [9]; however, the performance of query answering is still often not
satisfactory in practice.

Since techniques for reasoning in deductive databases are nowadays ma-
ture, it makes sense to examine if they can be used to improve ABox reasoning
in description logics. To facilitate that, we developed a novel technique for re-
ducing a SHIQ(D) knowledge base to a disjunctive datalog program without
changing the set of entailed ground facts [13,14,12]. This algorithm addresses
the mentioned points in the following way. First, query answering in dis-
junctive datalog can be implemented by manipulating individuals in sets, and
applying each inference rule to all individuals in a set at once, rather than to
each individual separately. This allows to apply the join order optimization,
which uses database statistics to compute the data access path promising the
least cost [1]. Second, the magic sets transformation [4] can be used to iden-
tify the subset of the database relevant to the query; this transformation was
recently generalized to disjunctive programs [6].

SHIQ(D) is a complex logic, with modeling primitives such as number
restrictions and concrete datatypes. This makes the reduction algorithm fairly
complex, mainly because it is based on basic superposition [3,18]—a sophis-
ticated calculus for theorem proving with equality. In this paper, we present
the algorithm scaled down to the basic description logic ALC. This makes
the algorithm much simpler; in particular, it is based on the well-known or-
dered resolution calculus [2]. However, ALC exhibits features characteristic
of most DLs, such as boolean concept constructors, existential and universal
quantification, as well as general concept inclusion axioms, so this simplified
algorithm succinctly demonstrates the important points of the general one.

Our results seem to integrate two fundamentally different logics. Therefore,
in this paper we also answer common questions about the apparent mismatch
in complexity between the two formalisms, or why a logic based on general
first-order semantics and without unique name assumption can be embedded
into a logic based on minimal-model semantics and unique name assumption.

2 Preliminaries

In this section we introduce the formalisms used in the paper.

2.1 Description Logics

Let NR be a set of roles, and NC a set of concept names. The set of ALC
concepts is the minimal set satisfying the following conditions: (i) ⊤ and ⊥
are ALC concepts; (ii) each A ∈ NC is an ALC concept; and (iii) ¬C, C ⊓D,
C⊔D, ∀R.C, and ∃R.C are ALC concepts, for C and D ALC concepts and R
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Table 1
Semantics of ALC by Mapping to FOL

Translating Concepts to FOL

πy(⊤, X) = ⊤ πy(⊥, X) = ⊥

πy(A, X) = A(X) πy(¬C, X) = ¬πy(C, X)

πy(C ⊓ D, X) = πy(C, X) ∧ πy(D, X) πy(C ⊔ D, X) = πy(C, X) ∨ πy(D, X)

πy(∀R.C, X) = ∀y : R(X, y) → πx(C, y) πy(∃R.C, X) = ∃y : R(X, y) ∧ πx(C, y)

Translating Axioms to FOL

π(C(a)) = πy(C, a) π(R(a, b)) = R(a, b)

π(C ⊑ D) = ∀x : πy(C, x) → πy(D, x) π(KB) =
V

α∈KBT ∪KBA
π(α)

X is a meta variable and is substituted by the actual variable.

πx is obtained from πy by simultaneously substituting in the

definition x(i) for all y(i), respectively, and πy for πx.

a role. Concept names are also called atomic concepts, and other concepts are
also called complex concept. A literal concept is a possibly negated concept
name. A TBox KBT is a finite set of concept inclusion axioms of the form
C ⊑ D. An ABox KBA is a finite set of axioms C(a) and R(a, b), for C anALC
concept and R a role. An ALC knowledge base KB is a tuple (KBT ,KBA).

The semantics of KB is given by translating it into first-order logic by
the operator π from Table 1. The main inference problem is checking KB
satisfiability—that is, determining if a first-order model of π(KB) exists. An
individual a is an instance of a concept C w.r.t. KB if π(KB) |= πy(C, a),
which is the case if and only if KB ∪ {¬C(a)} is unsatisfiable.

We measure the size of concepts by their length. An ALC concept is
in negation-normal form (NNF) if negations occur only in front of concepts
names. An ABox is extensionally reduced if all ABox axioms contain only
literal concepts. If KB is not extensionally reduced, it can be easily trans-
formed into an extensionally reduced knowledge base: for each axiom C(a)
where C is not a literal concept, one should introduce a new atomic concept
AC , add the axiom AC ⊑ C to the TBox, and replace C(a) with AC(a). Such
a transformation is obviously polynomial, so without losing generality it is
safe to assume that a knowledge base is extensionally reduced.

We adapt the notions of positions to DL formulae. A position p is a finite
sequence of integers; the empty position is denoted with ǫ. If a position p1 is
a proper prefix of a position p2, then p1 is above p2, and p2 is below p1. For
a concept α, the subterm at a position p, written α|p, is defined as follows:
α|ǫ = α; (¬D)|1p = D|p; (D1 ◦D2)|ip = Di|p for ◦ ∈ {⊓,⊔} and i ∈ {1, 2}; and
α|1 = R and α|2p = D|p for α = 3R.D and 3 ∈ {∃,∀}. A replacement of a
subterm of α at position p with a term β is defined in the standard way and
is denoted as α[β]p.
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2.2 Disjunctive Datalog

A datalog term is a constant or a variable, and a datalog atom has the form
A(t1, . . . , tn), where ti are datalog terms. A disjunctive datalog program P is
a finite set of rules of the form A1 ∨ ... ∨ An ← B1, ..., Bm where Ai and Bj

are datalog atoms. Each rule is required to be safe; that is, each variable
occurring in the rule must occur in at least one body atom. A fact is a rule
with m = 0. For the semantics, we take a rule to be equivalent to a clause
A1 ∨ ... ∨ An ∨ ¬B1 ∨ ... ∨ ¬Bm. We consider only Herbrand models, and
say that a model M of P is minimal if there is no model M ′ of P such that
M ′ ( M . A ground literal A is a cautious answer of P (written P |=c A) if
A is true in all minimal models of P . First-order entailment coincides with
cautious entailment for positive ground atoms.

2.3 Ordered Resolution

We assume the reader to be familiar with standard definitions of first-order
logic and clausal theorem proving. Ordered resolution [2] is one of the most
widely used calculi for theorem proving in first-order logic. It is parameterized
with an admissible ordering ≻ on literals (for details about the condition of
admissibility please refer to [2]), and by a selection function S which assigns
to each clause C a possibly empty subset of negative literals of C. With R
we denote the calculus consisting of the following inference rules:

Positive factoring:
C ∨ A ∨B

Cσ ∨ Aσ

where (i) σ = MGU(A,B), (ii) Aσ is strictly maximal with respect to Cσ∨Bσ,
and no literal is selected in Cσ ∨ Aσ ∨Bσ.

Ordered resolution:
C ∨ A D ∨ ¬B

Cσ ∨Dσ

where (i) σ = MGU(A,B), (ii) Aσ is strictly maximal with respect to Cσ,
and no literal is selected in Cσ∨Aσ, (iii) ¬Bσ is either selected in Dσ∨¬Bσ,
or it is maximal with respect to Dσ and no literal is selected in Dσ ∨ ¬Bσ.

The clauses C∨A∨B and D∨¬B are the main premises, C∨A is the side
premise, and Cσ ∨ Aσ and Cσ ∨Dσ are the conclusions. Ordered resolution
is sound and complete: if a set of clauses N is saturated up to redundancy by
R, then N is satisfiable if and only if it does not contain the empty clause.

3 The Main Difficulty in Reducing DLs to Datalog

For an ALC knowledge base KB , our goal is to derive a disjunctive datalog
program DD(KB) such that KB |= α if and only if DD(KB) |= α, for α of
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the form A(a) or R(a, b). In other words, KB and DD(KB) should entail the
same set of positive ground facts. We may thus use DD(KB) instead of KB
for query answering, and in doing so we may apply all optimization techniques
known from the field of deductive databases.

As shown by the definition of ALC and by Borgida [5], there is a close
correspondence between description logics and first-order logic. Consider a
knowledge base KB = {A ⊑ ∃R.A, ∃R.∃R.A ⊑ B, A(a)}. A näıve attempt
to reduce KB into disjunctive datalog is to compute a first-order formula
π(KB), skolemize it, translate it into conjunctive normal form, and rewrite the
obtained set of clauses as rules, yielding the following logic program LP(KB):

R(x, f(x))← A(x)(1)

A(f(x))← A(x)(2)

B(x)← R(x, y), R(y, z), A(z)(3)

A(a)(4)

Clearly, KB and LP(KB) entail the same set of ground facts. However,
LP(KB) contains a function symbol in a recursive rule (2). This raises the issue
of how to answer queries in LP(KB). Namely, well-known query evaluation
techniques, such as bottom-up saturation, will not terminate on LP(KB): we
shall derive A(f(a)), R(a, f(a)), A(f(f(a))), R(f(a), f(f(a))), B(a), and so
on. Note that we need all previously derived facts to derive B(a) from LP(KB),
and that we do not know when all relevant ground facts have been derived.

To eliminate potential problems with termination, our goal is to derive a
true disjunctive datalog program DD(KB)—that is, a program without func-
tion symbols. For such a program, queries can be evaluated using any stan-
dard technique; furthermore, all known optimization strategies can be applied.
Hence, the main problem that we address is how to eliminate function symbols
from LP(KB).

To obtain the desired reduction, we start off with a slightly simpler task of
deriving a program DD(KB) that is satisfiable if and only if KB is satisfiable.
This we base on the following simple idea. Let us assume that unsatisfiability
of KB can be demonstrated by a refutation in some sound and complete
calculus C. If it is possible to simulate inferences of C on KB using a datalog
program DD(KB), a refutation in KB by C can be reduced to a refutation
in DD(KB). Conversely, if DD(KB) is unsatisfiable, there is a refutation in
DD(KB). If it is possible to simulate inferences in DD(KB) by the calculus C
on KB , then a refutation in DD(KB) can be reduced to a refutation in KB .

To obtain a sound, complete, and terminating algorithm, we must select
an appropriate calculus C, capable of effectively deciding satisfiability of KB .
Disjunctive datalog is strongly related to clausal first-order logic, so simulating
inferences is easier if C is a clausal refutation calculus. Hence, to obtain a
reduction algorithm, we first derive a decision procedure for ALC based on
the ordered resolution calculus R. In particular, in Section 4.1 we show how
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to translate KB into an equisatisfiable set of clauses Ξ(KB), and in Section
4.2 we show that exhaustive application of the inference rules of R on Ξ(KB)
eventually terminates. Since R is sound and complete, R decides satisfiability
of Ξ(KB), and therefore of KB as well.

Based on such a procedure, in Section 5 we derive the desired reduction of
KB to a disjunctive datalog program. It turns out that, for ALC, simulating
inferences ofR in disjunctive datalog is quite straightforward. After presenting
several simple examples in Section 6, in Section 7 we discuss some interesting
aspects of our algorithms.

4 Deciding Satisfiability of KB by Resolution

We now present an algorithm for deciding satisfiability of KB by ordered reso-
lution. In the following sections, with Cls we denote the standard clausification
operator: for a first-order formula ϕ, Cls(ϕ) is the set of clauses obtained by
solemizing ϕ and translating it into conjunctive normal form.

4.1 Translating KB into Clauses

The first step in deciding satisfiability of an ALC knowledge base KB by the
ordered resolution calculus R is to transform KB into an equisatisfiable set
of clauses Ξ(KB). A straightforward way to do so is to apply the operator
Cls; however, such an algorithm has two important drawbacks. First, the size
of Cls(π(KB)) could be exponential in the size of π(KB), due to nesting of ⊓
and ⊔ connectives. Second, since KB is an ALC knowledge base, the formula
π(KB) is of a particular syntactic structure, which we exploit in the decision
procedure. Therefore, we apply the structural transformation, introduced in
[19]. Next, we present an alternative, but equivalent definition.

Definition 4.1 Let C be an ALC concept in negation-normal form. A po-
sition p 6= ǫ in C is eligible for replacement if C|p is of the form

⊔

Li,
d

Li,
∀R.L, or ∃R.L, where L(i) are all literal concepts. The definitorial form of C,
written Def(C), is defined recursively as follows:

Def(C) =







{C} if C is a literal concept

{¬Q ⊔ C|p} ∪ Def(C[Q]p) if p is eligible for replacement in C

For example, Def(∃R.(∀S.¬A)) = {∃R.Q, ¬Q ⊔ ∀S.¬A}. Note that the
concept ¬Q ⊔ ∀S.¬A can be interpreted as Q ⊑ ∀S.¬A, which defines Q as
a new name for ∀S.¬A. Furthermore, as shown by the following lemma, this
transformation does not affect satisfiability.

Lemma 4.2 For a concept C in negation-normal form, the axiom ⊤ ⊑ C is
satisfiable if and only if the set of axioms {⊤ ⊑ Di |Di ∈ Def(C)} is satisfiable.
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Table 2
Types of ALC-clauses

1 P(x) ∨R(x, f(x))

2 P1(x) ∨P2(f(x))

3 P1(x) ∨ ¬R(x, y) ∨P2(y)

4 P(a)

5 (¬)R(a, b)

Proof. We apply induction on the number of recursive invocations of Def.
The induction base is trivial, so we consider the induction step.

(⇒) Let I be a model satisfying ⊤ ⊑ C, and let I ′ be an extension of I

such that QI′ = (C|p)
I . Obviously, I ′ satisfies ⊤ ⊑ C[Q]p and ⊤ ⊑ ¬Q ⊔ C|p.

(⇐) Observe that in each model I of ⊤ ⊑ ¬Q⊔C|p, we have QI ⊆ (C|p)
I .

By induction on the structure of D = C[Q]p, it is easy to show that, for each
position q in D, (D|q)

I ⊆ (C|q)
I . Since △I ⊆ (D|q)

I for each q, I is a model
of ⊤ ⊑ C. 2

The set of clauses Ξ(KB), encoding an ALC knowledge base KB in first-
order logic, is defined as follows:

Definition 4.3 The operator Cls is extended to ALC concepts as follows:

Cls(C) =
⋃

D∈Def(NNF(C))

Cls(∀x : πy(D, x))

For an extensionally reduced ALC knowledge base KB , Ξ(KB) is the smallest
set of clauses such that (i) Cls(π(α)) ⊆ Ξ(KB) for each ABox axiom α in
KB ; and (ii) Cls(¬C ⊔ D) ⊆ Ξ(KB) for each TBox axiom C ⊑ D in KB .
If KB is not extensionally reduced, then Ξ(KB) = Ξ(KB ′), where KB ′ is an
extensionally reduced knowledge base obtained from KB as shown in Section
2.1.

We define ALC-clauses to be clauses of the form from Table 2. For a term
t, P(t) denotes a possibly empty disjunction (¬)P1(t) ∨ . . . ∨ (¬)Pn(t), and
P(f(x)) denotes a possibly empty disjunction P1(f1(x)) ∨ . . . ∨ Pm(fm(x)).
Note that this allows each Pi(fi(x)) to contain positive and negative literals.

We now show that clausification does not affect the semantics of a knowl-
edge base, and that it produces only ALC clauses:

Lemma 4.4 Let KB be an ALC knowledge base. Then, ( i) KB is satisfi-
able if and only if Ξ(KB) is satisfiable; ( ii) Ξ(KB) can be computed in time
polynomial in |KB |; and ( iii) each clause in Ξ(KB) is an ALC clause.

Proof. Equisatisfiability of KB and Ξ(KB) is an easy consequence of Lemma
4.2. Furthermore, the number of recursive invocations of Def, and the number
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of new concepts Q are linear in the number of subconcepts of C. Hence,
|Def(C)| is linear in |C|, so |Ξ(KB)| is polynomial in |KB |. Finally, observe
that Def(C) can contain only concepts of the form D or ¬Q⊔D, where D is of
the form

⊔

Li,
d

Li, ∀R.L, or ∃R.L, and all L(i) are literal concepts. Hence,
for D = ∃R.L, Cls(D) contains clauses of type 1 and 2; for D = ∀R.L a clause
of type 3; and for D =

⊔

Li or D =
d

Li clauses of type 2. Clauses of types
4 and 5 are obtained by clausifying ABox axioms. 2

4.2 Deciding Satisfiability of Ξ(KB) by R

Since R is a sound and complete calculus, we can use it to check satisfiability
of Ξ(KB). To obtain a decision procedure, we just need to ensure that each
saturation of Ξ(KB) by R terminates. The basic principle to achieve this has
been outlined by Joyner [16]: we simply ensure that the number of clauses
that can be derived in a saturation is bounded.

There are two main reasons why a calculus might derive an infinite number
of clauses in a saturation. First, we might keep deriving clauses with deeper
and deeper terms. Consider N1 = {C(a), ¬C(x) ∨ C(f(x))}. If we select
¬C(x) in the second clause and apply resolution, we shall derive C(f(a)),
C(f(f(a))), and so forth. Second, we might keep deriving clauses with more
and more variables. Consider N2 = {¬R(x, y) ∨ ¬R(y, z) ∨ R(x, z), C(x) ∨
R(x, y)∨D(y), E(x)∨R(x, y)∨ F (y)}. If we select ¬R(x, y) and ¬R(y, z) in
the first clause, by resolution we obtain C(x)∨D(y)∨E(y)∨ F (z)∨R(x, z),
which contains more variables than the side premises involved in the inference;
further inferences will additionally increase the number of variables.

By choosing these parameters appropriately, it is possible to restrict the
resolution inferences, allowing us to establish a bound on the term depth and
on the number of variables. Consider again the set of clauses N1: instead of
selecting ¬C(x), if we ensure that C(f(x)) ≻ ¬C(x), then the second clause
can participate in an inference only on literal C(f(x)). Furthermore, C(f(x))
and C(a) do not unify, so no inference of R is applicable to N1. Hence, N1 is
saturated, and, since it does not contain the empty clause, it is satisfiable. In
the following definition we choose the parameters for R that achieve such an
effect on ALC-clauses.

Definition 4.5 Let RDL denote the calculus R parameterized as follows:

• In the literal ordering, R(x, f(x)) ≻ ¬C(x) and D(f(x)) ≻ ¬C(x), for all
function symbols f , and predicates R, C, and D.

• The selection function selects in each clause every negative binary literal.

We now prove the following central lemma:

Lemma 4.6 Each RDL inference, when applied to ALC-clauses, produces an
ALC-clause.
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Table 3
Possible Inferences by RDL on ALC-clauses

P1(x) ∨P2(f(x)) ∨ ¬A(g(x)) A(x) ∨P3(x)

P1(x) ∨P2(f(x)) ∨P3(g(x))
(2+2=2)

P1(x) ∨ ¬A(x) A(x) ∨P2(x)

P1(x) ∨P2(x)
(2+2=2)

P1(x) ∨P2(f(x)) ∨ ¬A(g(x)) A(g(x)) ∨P3(h(x)) ∨P4(x)

P1(x) ∨P2(f(x)) ∨P3(h(x)) ∨P4(x)
(2+2=2)

P1(x) ∨R(x, f(x)) P2(x) ∨ ¬R(x, y) ∨P3(y)

P1(x) ∨P2(x) ∨P3(f(x))
(1+3=2)

P1(a) ∨ ¬A(b) A(x) ∨P2(x)

P1(a) ∨P2(b)
(4+2=4)

P1(a) ∨ ¬A(b) A(b) ∨P2(c)

P1(a) ∨P2(c)
(4+4=4)

R(a, b) P1(x) ∨ ¬R(x, y) ∨P2(y)

P1(a) ∨P2(b)
(5+3=4)

R(a, b) ¬R(a, b)

2

(5+5=2)

Proof. The lemma can easily be proved by considering all possibleRDL infer-
ences on all types of ALC-clauses, which are summarized in Table 3. For the
sake of brevity, we omit inferences in which literals participating in inferences
are complemented. The notation (n + m = k) next to each inference specifies
that the inference premises are of types n and m, and the conclusion is of type
k. Observe that, due to the requirement on the literal ordering ≻, a literal of
the form (¬)A(x) occurring in a clause C can participate in an inference only
if C does not contain a literal of the form (¬)B(f(x)) or R(x, f(x)). Further-
more, a ground literal A(a) does not unify with a literal A(f(x)), and R(a, b)
does not unify with R(x, f(x)). Hence, ground clauses can participate only in
inferences with clauses not containing terms of the form f(x). 2

We now show that, for a finite knowledge base KB , the number of ALC-
clauses is finite. In fact, this bound can be used to estimate the complexity
of the algorithm.

Lemma 4.7 For an ALC knowledge base KB, the longest ALC-clause over
the signature of Ξ(KB) is polynomial in |KB |, and the number of such clauses
different up to variable renaming is exponential in |KB |.

Proof. Let c be the number of unary predicates, r the number of binary
predicates, f the number of unary function symbols, and i the number of
constants in the signature of Ξ(KB). Then, c is linear in |KB |, since each
concept introduced in Def(C) corresponds to one nonliteral subconcept of C.
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Similarly, f is linear in |KB |, since each function symbol is introduced by
skolemizing one concept ∃R.C. Finally, i is trivially linear in |KB |.

Consider now the the maximal ALC-clause Cm. It may contain at most
t = 2+ i+f terms: a term can be the variable x, the variable y, an individual,
or of the form f(x). Hence, Cm contains at most ℓ = 2ct + 2rt2 literals (the
factor 2 takes into account that each literal can be either positive or negative),
which is polynomial in |KB |. Each ALC-clause is a subset of Cm, so there are
2ℓ such clauses; that is, the number of clauses is exponential in |KB |. 2

We now state the main result of this subsection:

Theorem 4.8 For an ALC knowledge base KB, saturating Ξ(KB) by RDL

decides satisfiability of KB and runs in time exponential in |KB |.

Proof. By Lemma 4.7, the number of clauses derivable byRDL from Ξ(KB) is
exponential in |KB |. Each inference step can be performed in time polynomial
in the size of clauses. Hence, the saturation terminates after performing at
most an exponential number of steps. Since RDL is sound and complete, it
decides satisfiability of Ξ(KB), and by Lemma 4.4 of KB as well, in time
exponential in |KB |. 2

5 Translating ALC to Disjunctive Datalog

Given a decision procedure for checking satisfiability of an ALC knowledge
base KB , it is now easy to obtain the desired reduction to disjunctive datalog.
From Table 3 we see that (i) a ground clause cannot participate in an inference
with a nonground clause containing function symbols, and (ii) as soon as one
premise in an inference by RDL is ground, the conclusion is ground as well.
Hence, we may perform all inferences among nonground clauses first, after
which we may delete all nonground clauses containing function symbols and
rewrite clauses as rules. A minor problem arises if thus obtained rules contain
unsafe variables; we deal with them by adding a special literal with a predicate
HU , which explicitly enumerates the Herbrand universe.

Definition 5.1 Let KB be an ALC knowledge base. Then, Γ(KBT ) is the
set of clauses obtained by saturating Ξ(KBT ) by RDL, and then deleting
all clauses containing function symbols. Furthermore, the operator λ maps
clauses to clauses as follows:

λ(C) = C ∪ {¬HU (x) | for each unsafe variable x in C }

For a set of clauses N , λ(N) is the set of clauses obtained by applying λ

to each element of N . The function-free version of KB is defined as follows:

FF(KB) = λ(Γ(KBT )) ∪ Ξ(KBA) ∪ {HU (a) | for each individual a }
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Finally, a disjunctive datalog program DD(KB) is the set of rules obtained
by moving in each clause from FF(KB) all positive literals into the rule head,
and all negative literals into the rule body.

We now state the properties of DD(KB):

Theorem 5.2 For an ALC knowledge base KB, the following claims hold:

(i) KB is unsatisfiable if and only if DD(KB) is unsatisfiable.

(ii) KB |= α if and only if DD(KB) |=c α, where α is of the form A(a) or
R(a, b), and A is an atomic concept.

(iii) KB |= C(a) for a nonliteral concept C if and only if, for Q a new atomic
concept, DD(KB ∪ {C ⊑ Q}) |=c Q(a).

(iv) The number of literals in each rule in DD(KB) is at most polynomial, the
number of rules in DD(KB) is at most exponential, and DD(KB) can be
computed in time exponential in |KB |.

Proof. (Claim i) Table 3 shows that each inference with at least one ground
premise always produces a ground conclusion. Hence, in saturating Ξ(KB)
by RDL, all inferences among nonground clauses can be performed first. Fur-
thermore, Table 3 also shows that ground clauses can participate in inferences
only with clauses not containing function symbols. Hence, after performing
all inferences among nonground clauses of Ξ(KB), one may delete all clauses
containing terms of the form f(x).

By Definition 4.3, Ξ(KBT ) is exactly the set of nonground clauses of
Ξ(KB), so Γ(KBT ) is exactly the set of clauses obtained by saturating the non-
ground part of Ξ(KB), and deleting the clauses containing function symbols.
Furthermore, it is easy to see that Γ = Γ(KBT )∪Ξ(KBA) is satisfiable if and
only if FF(KB) is satisfiable. Namely, both Γ and FF(KB) are function-free
sets of clauses, whose sets of ground instances differ only on clauses containing
unsafe variables. However, for a clause C ∈ Γ containing an unsafe variable x

and a ground substitution τ = {x 7→ a}, FF(KB) contains clauses C∨¬HU (x)
and HU (a), which together imply Cτ . Hence, the ground instances of FF(KB)
imply all ground instances of Γ, so, if FF(KB) is satisfiable, Γ is satisfiable
as well. Furthermore, since HU is a new predicate not occurring in Γ, each
model of Γ can easily be extended to a model of FF(KB). Hence, we conclude
that Γ and FF(KB) are equisatisfiable.

Finally, DD(KB) is a positive datalog program whose rules are syntactic
variants of the clauses from FF(KB). Hence, DD(KB) is satisfiable if and only
if FF(KB) is satisfiable.

(Claim ii) Observe that KB |= α if and only if KB ∪ {¬α} is unsatisfiable.
The latter is the case if and only if DD(KB ∪ {← α}) = DD(KB) ∪ {← α} is
unsatisfiable, which is the case if and only if DD(KB) |=c α.

(Claim iii) Follows in the same manner as Claim ii.

(Claim iv) Follows immediately from Lemma 4.7. 2
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6 Examples

We now present several rather simple examples, which point out important
properties of the reduction algorithm.

Readers familiar with more common DL reasoning algorithms might won-
der how are role successors represented in a datalog program. Consider the
knowledge base KB1 = {C ⊑ ∃R.D}; the corresponding set of clauses is
Ξ(KB1) = {¬C(x) ∨ R(x, f(x)), ¬C(x) ∨D(f(x))}. Now Ξ(KB1) is already
saturated by RDL, so after removing all clauses containing function symbols,
we get DD(KB1) = ∅. This may seem quite confusing: KB1 implies the ex-
istence of at least one R-successor for each member of C, whereas DD(KB1)
does not reflect that. However, Theorem 5.2 is not invalidated. Namely, the
individuals introduced by the existential quantifier in KB1 are unnamed, so
they cannot be used in queries. Hence, for an arbitrary extensionally reduced
ABox KBA, KB1 ∪ KBA does not imply any new facts of the form A(a) or
R(a, b). Also, note that the models of DD(KB1) are completely unrelated to
the models of KB1. Intuitively, this is so because the reduction algorithm is
based on a proof-theoretic correspondence between refutations in Ξ(KB) and
DD(KB). The models of KB and DD(KB) coincide only on positive ground
facts, whereas for unnamed individuals they are completely unrelated.

In order to be able to draw additional consequences from KB1, we must
extend it with additional axioms. For example, KB2 = KB1∪{D ⊑ ⊥} yields
Ξ(KB2) = Ξ(KB1)∪{¬D(x)}. Saturation of Ξ(KB2) produces one additional
clause ¬C(x), so we get DD(KB2) = {← C(x),← D(x)}. This shows that
the reduction is not modular: for arbitrary knowledge bases KB1 and KB2,
DD(KB1) ∪ DD(KB2) is not necessarily equal to DD(KB1 ∪KB2).

The key step in the reduction is the saturation of Ξ(KBT ) by RDL. It
computes all relevant nonground consequences of Ξ(KBT ), ensuring that sub-
sequent removal of clauses containing function symbols does not change the set
of ground consequences. One may think ofRDL as producing shortcut clauses,
which derive facts about objects without explicitly expanding the successors
of each object. Consider KB3 = {A ⊑ ∃R.B, B ⊑ C, ∃R.C ⊑ D}, producing
the following clauses in Ξ(KB3):

¬A(x) ∨R(x, f(x))(5)

¬A(x) ∨B(f(x))(6)

¬B(x) ∨ C(x)(7)

D(x) ∨ ¬R(x, y) ∨ ¬C(y)(8)

Assuming a literal ordering such that D(x) ≻ C(x) ≻ B(x) ≻ A(x), by
saturating Ξ(KB3) we obtain the following new clauses (the notation R(xx; yy)
means that a clause is derived by resolving clauses xx and yy):
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¬A(x) ∨D(x) ∨ ¬C(f(x)) R(5;8)(9)

¬A(x) ∨D(x) ∨ ¬B(f(x)) R(9;7)(10)

¬A(x) ∨D(x) R(10;6)(11)

Eliminating clauses with function symbols yields DD(KB3) as follows:

C(x)← B(x)(12)

D(x)← R(x, y), C(y)(13)

D(x)← A(x)(14)

It is instructive to consider the role of each rule in DD(KB3). Whereas the
axiom B ⊑ C in KB3 is applicable to all individuals in a model, the rule (12)
is applicable only to named individuals. The relationship between ∃R.C ⊑ D

and (13) is analogous. However, (12) and (13) derive consequences only about
named individuals, so DD(KB3) contains the rule (14), which is produced in
the saturation of Ξ(KBT ) by RDL. This rule can be thought of as a shortcut:
instead of introducing for each x in A an R-successor y in B, propagating y

to C, and then concluding that x is in D, (14) derives that all members of A

are members of D in one step, thus ensuring that DD(KB3) and KB3 entail
the same set of ground facts.

Finally, we take KB4 to be the knowledge base introduced in Section 3.
The concept ∃R.∃R.A contains a nonatomic subconcept ∃R.A, so we apply
structural transformation, and replace ∃R.A with a new atomic concept Q.
This yields the following set of clauses Ξ(KB4):

¬A(x) ∨R(x, f(x))(15)

¬A(x) ∨ A(f(x))(16)

Q(x) ∨ ¬R(x, y) ∨ ¬A(y)(17)

B(x) ∨ ¬R(x, y) ∨ ¬Q(y)(18)

Assuming a literal ordering where Q(x) ≻ B(x) ≻ A(x), a saturation of
Ξ(KB4) by RDL produces the following new clauses:

¬A(x) ∨Q(x) ∨ ¬A(f(x)) R(15;17)(19)

¬A(x) ∨Q(x) R(19;16)(20)

¬A(x) ∨B(x) ∨ ¬Q(f(x)) R(15;18)(21)

¬A(x) ∨B(x) ∨ ¬A(f(x)) R(21;20)(22)

¬A(x) ∨B(x) R(22;16)(23)
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Eliminating clauses with function symbols yields DD(KB) as follows:

Q(x)← R(x, y), A(y)(24)

B(x)← R(x, y), Q(y)(25)

Q(x)← A(x)(26)

B(x)← A(x)(27)

The intuitive meaning behind these rules is somewhat obscured because
of the predicate Q. However, we are not interested in ground consequences
related to Q, and, since Q is a new predicate, it cannot occur in any ABox
one might consider in conjunction with KB4. Hence, it is possible to apply
rule unfolding to Q, yielding the following datalog program:

B(x)← A(x)(28)

B(x)← R(x, y), A(y)(29)

B(x)← R(x, y), R(y, z), A(z)(30)

Now the intuition behind these rules can be explained as follows. The rule
(28) takes into account that each named individual, which is in A, has a chain
of at least two unnamed R-successors. The rule (29) takes into account that
a named individual may be explicitly linked through R to another individual
in A, which then has at least one unnamed R-successor. Finally, the rule (30)
takes into account that a named individual may be explicitly linked through
an R-chain of length two to an individual which is in A. Only R-chains of
length two are considered, because KB4 contains the concept ∃R.∃R.A, which
effectively checks for an R-chain of length two.

7 Discussion

In this subsection we discuss some aspects of our algorithms that may seem
surprising at the first glance.

7.1 Independence of the Reduction from the Query

Theorem 5.2 shows that the program DD(KB) is independent of the query, as
long as the query is a positive atomic concept or a role. Hence, DD(KB) can
be computed once, and can be used to answer any number of atomic queries.

On the contrary, if the query involves a nonatomic concept C (even if
C is a negated atomic concept), then query answering must be reduced to
entailment of positive ground facts, by introducing a new name Q, and by
adding the axiom C ⊑ Q to the TBox. Obviously, DD(KB ∪ {C ⊑ Q})
depends on the query concept C. Intuitively, a complex concept C used in
the query introduces a kind of terminological knowledge, so the reduction is
not independent from complex queries.
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7.2 Complexity

The complexity of cautious query answering in a nonground disjunctive dat-
alog program P is in co-NExpTime

NP[7]. Since the number of rules in |P |
can be exponential in |KB |, one might think that reducing DLs to disjunc-
tive datalog significantly increases the complexity of reasoning. However, we
show that this is not the case. Let P

g
DL be a program obtained by replacing

in DD(KB) all variables with individuals in all possible ways. The number
of variables in a rule from DD(KB) is at most two, so |P g

DL| is exponential
in |KB |. Furthermore, the arity of predicates in DD(KB) is at most two, so
the number of ground atoms in P

g
DL is polynomial in |KB |. Hence, an inter-

pretation IDL for P
g
DL can be guessed in time which is polynomial in |KB |

by choosing a subset of the ground atoms; furthermore, all such interpreta-
tions can be examined in time which is exponential in |KB |. Checking if IDL

is a model of P
g
DL can be performed in time which is exponential in |KB |.

These two steps combined give us the ExpTime complexity for satisfiability
checking, and also for unsatisfiability checking and query answering. To sum-
marize, even though |DD(KB)| is exponential in |KB |, query answering can
be performed in exponential time because (i) the length of rules in DD(KB) is
polynomial in |KB |, (ii) the arity of predicates is bounded, and (iii) checking
minimality of an interpretation is not necessary for positive queries.

7.3 Minimal vs. Arbitrary Models

Disjunctive datalog programs are usually interpreted under minimal model
semantics: P |=c α means that α is true in all minimal models of a program
P , where minimality is defined w.r.t. set inclusion. However, description logics
assume the standard first-order semantics: KB |= α means that α is true in
all models of KB . By minimal models, disjunctive datalog implements a kind
of closed-world semantics; on the contrary, description logics implement open-
world semantics. Because these two semantics are quite different, our result
may seem surprising.

For P a positive datalog program and α a positive ground atom, P |= α

if and only if P |=c α. Namely, if α is true in each model of P , it is true in
each minimal model of P as well, and vice versa. Therefore, for entailment
of positive ground atoms, it is not important whether the semantics of P is
defined w.r.t. minimal or w.r.t. general first-order models.

For α a negative ground atom, the difference between minimal model se-
mantics and first-order semantics is relevant. For example, for α = ¬A(b) and
P = {A(a)}, it is clear that P 6|= α. Namely, ¬A(b) is not explicitly derivable
from the facts in P : M1 = {A(a), A(b)} is a first-order model of P , and α is
false in M1. However, P has exactly one minimal model M2 = {A(a)}, and
¬A(b) is obviously true in M2, so P |=c α.

Subsumption also depends on the type of chosen semantics. For example,
let α = ∀x : [C(x) → D(x)] and P = {C(a), D(a)}. Then, P 6|= α: just
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consider a first-order model M1 = {C(a), D(a), C(b)} of P , in which α is false.
However, the only minimal model of P is M2 = {C(a), D(a)}, and α is true
in M2, so P |=c α. The distinction between minimal models and general first-
order models fundamentally changes the computational properties of concept
subsumption: equivalence of general programs under minimal model semantics
is undecidable [20], whereas, under first-order semantics, it is decidable and
can be reduced to satisfiability checking using standard transformations.

To summarize, the difference between first-order and minimal model se-
mantics is not relevant for answering positive queries in positive datalog pro-
grams; however, it is relevant for queries which involve negation or for concept
subsumption. Theorem 5.2 reflects this: it says that all positive ground facts
entailed by KB are contained in each minimal model of DD(KB) and vice
versa, but does not make any other stronger statements.

It would therefore be incorrect to check whether KB |= ¬A(a) by checking
if DD(KB) |=c ¬A(a). To apply our algorithm, we must reduce the problem
to entailment of positive ground facts: for a new concept NotA, KB |= ¬A(a)
if and only if DD(KB ∪ {¬A ⊑ NotA}) |=c NotA(a).

Similarly, it would be incorrect to check whether KB |= C ⊑ D by checking
whether DD(KB) |=c ∀x : [C(x)→ D(x)]. We must again reduce the problem
to entailment of positive ground facts. If C and D are atomic concepts, by
well-known transformations we may show that KB |= C ⊑ D if and only if
DD(KB) ∪ {C(ι)} |=c D(ι), where ι is a new individual not occurring in KB .

7.4 Descriptive vs. Minimal-Model Semantics

Our reduction preserves the so-called descriptive semantics. Namely, Nebel
showed that knowledge bases containing terminological cycles are not definito-
rial [17]: for a fixed partial interpretation of atomic concepts, several interpre-
tations of nonatomic concepts may exist. In such a case, it might be reasonable
to designate a particular interpretation as the intended one, with least and
greatest fixpoint models being the obvious candidates. However, Nebel argues
that it is not clear which interpretation best matches the intuition, because
choosing either of the fixpoint models has its drawbacks. Consequently, most
description logic systems implement the descriptive semantics, which coincides
with the one we presented in Section 2.

By Theorem 5.2, our decision procedure implements exactly the descriptive
semantics. Namely, DD(KB) entails exactly those ground facts which are
derivable using the resolution decision procedure, and the latter implements
the descriptive semantics.

7.5 Unique Name Assumption

The semantics of ALC and SHIQ does not require unique name assumption
(UNA)—that is, that different symbols are interpreted as different objects;
however, the semantics of disjunctive datalog does require it. Therefore, it
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may seem surprising that a logic without UNA can be embedded into a logic
which strictly requires it.

To understand why our algorithms are correct, note that UNA can be used
to derive new consequences only if the theory employs equality. ALC provides
neither number restrictions, nor explicit individual equality statements, so it
actually does not require equality reasoning. Given a knowledge base KB , to
enforce UNA we may append an axiom ai 6≈ aj for each pair of different indi-
viduals ai and aj. However, since KB does not contain the equality predicate,
these inequality axioms do not participate in any inference with ALC-clauses,
so they are not needed in the first place. A model-theoretic explanation is
given by the following claim, which holds for any logic without equality: for
each model I, in which distinct constants are interpreted by the same objects,
there is a model I ′ in which all constants are interpreted by distinct objects.
To summarize, in the case of ALC, we simply do not care whether either KB
or DD(KB) employs UNA, as this does not change the entailed set of facts.

The situation changes slightly for logics such as SHIQ, which do require
equality reasoning. Consider KB = {⊤ ⊑ ≤ 1 R, R(a, b), R(a, c)}. Without
UNA, KB is satisfiable, and KB |= b ≈ c. Namely, the first axiom requires R

to be functional, so b and c must be interpreted as the same object. On the
contrary, KB is unsatisfiable with UNA.

A disjunctive datalog program DD(KB), which corresponds to KB , con-
tains the rules (31)–(33). Note that DD(KB) is now a disjunctive datalog
program with equality, which is quite different from the type of equality usu-
ally considered in disjunctive datalog.

y1 ≈ y2 ← R(x, y1), R(x, y2)(31)

R(a, b)(32)

R(a, c)(33)

In [7] the authors consider disjunctive datalog in which negated equality
atoms can occur in rule bodies. Such programs are interpreted under UNA,
so an inequality atom ¬(x ≈ y) actually checks whether x and y are bound to
syntactically different individuals.

In our case, however, we allow equality in the rule heads as well. Thus, we
can actually derive two individuals to be equal. Such inferences are not di-
rectly supported in disjunctive datalog; however, they can be simulated using
the well-known encoding from [8], in which the ≈ is treated as an ordinary
predicate, with required properties axiomatized explicitly. A disjunctive dat-
alog program P with equality is thus transformed into a disjunctive datalog
program P≈ without equality, by stating that ≈ is reflexive, symmetric, and
transitive, and by appending the following replacement rule, instantiated for
each distinct predicate R and position i in it:

R(x1, . . . , yi, . . . , xn)← R(x1, . . . , xi, . . . , xn), xi ≈ yi
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Since P≈ is now a disjunctive datalog program without equality, we may
interpret it either with or without UNA, just as we discussed previously. In
each Herbrand model I≈ of P≈, the rules in P≈\P ensure that ≈ is interpreted
as a congruence relation, so we can always transform I≈ to an interpretation
I by replacing each individual a with the equivalence class of ≈ to which a

belongs. It is well known that thus obtained I is a model of P .

7.6 The Size of DD(KB)

By Theorem 5.2, the size of the rules of |DD(KB)| can be exponential in |KB |,
which may seem discouraging in practice. We address this issue in two ways.

On the theoretical side, in [15] we showed that this blowup is only in
the size of the TBox of KB . Hence, a sufficiently large ABox can actually
dominate the size of the rules, which leads to novel data complexity results: in
general, checking satisfiability of KB is NP-complete in |KBA|; furthermore,
we identified a new fragment of SHIQ for which satisfiability checking is even
polynomial in |KBA|.

On the practical side, in [13] we presented an important optimization which
allows removing many rules from |DD(KB)| without jeopardizing complete-
ness. Intuitively, the saturation of Ξ(KB) introduces clauses which are entailed
by other clauses. Such clauses are needed to derive all relevant clauses with-
out function symbols; however, once the saturation has finished, they may be
deleted. We have seen that this drastically reduces the number of rules in
DD(KB) in practice.

8 Conclusion

In this paper, we present a version of our algorithm for reducing a SHIQ(D)
knowledge base to a disjunctive datalog program [13,12,14], scaled down to the
basic description logic ALC. This simplified algorithm concisely conveys our
basic idea, and may help to understand the general algorithms more easily.
The reduction technique allows to perform DL reasoning using techniques
developed for deductive databses, such as join order optimization or the magic
sets transformation. The latter has been shown to dramatically improve the
evaluation of disjunctive datalog programs, as it reduces the number of models
of the disjunctive program.

We have implemented our algorithm in a new DL reasoner KAON2 1 , and
the results of a performance evaluation are available on the project Web site.
For knowledge bases with a relatively small TBox, but a large ABox, we have
observed performance improvements over state-of-the-art tableau reasoners of
one or more orders of magnitude. For TBox reasoning, our system is not
able to solve all problems that tableau provers can; however, it is still able to
classify certain nontrivial ontologies.

1 http://kaon2.semanticweb.org/

263



For our future work, we see two main challenges. On the practical side,
the performance of the system might be further improved by applying heuris-
tics based on data statistics. On the theoretical side, we shall investigate
possibilities of extending DLs with some kind of nonmonotonic reasoning.

Acknowledgment

This work has been carried out in cooperation with Ullrich Hustadt and Ulrike
Sattler.

References

[1] Abiteboul, S., R. Hull and V. Vianu, “Foundations of Databases,” Addison
Wesley, 1995.

[2] Bachmair, L. and H. Ganzinger, Resolution Theorem Proving, , I, Elsevier
Science, 2001 pp. 19–99.

[3] Bachmair, L., H. Ganzinger, C. Lynch and W. Snyder, Basic Paramodulation,
Information and Computation 121 (1995), pp. 172–192.

[4] Beeri, C. and R. Ramakrishnan, On the power of magic, in: Proc. PODS ’87

(1987), pp. 269–283.

[5] Borgida, A., On the Relative Expressiveness of Description Logics and Predicate

Logics, Artificial Intelligence 82 (1996), pp. 353–367.

[6] Cumbo, C., W. Faber, G. Greco and N. Leone, Enhancing the Magic-Set Method

for Disjunctive Datalog Programs, in: B. Demoen and V. Lifschitz, editors, Proc.

ICLP 2004, LNCS 3132 (2004), pp. 371–385.

[7] Eiter, T., G. Gottlob and H. Mannila, Disjunctive Datalog, ACM Transactions
on Database Systems 22 (1997), pp. 364–418.

[8] Fitting, M., “First-Order Logic and Automated Theorem Proving, 2nd
Edition,” Texts in Computer Science, Springer, 1996.
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Temporal logics have long been recognised as introducing appropriate lan-
guages for specifying a wide range of important computational properties in
computer science and artificial intelligence [5]. However, until recently, the prac-
tical use of temporal logics has largely been restricted to propositional temporal
logics. First-order temporal logic has generally been avoided as no complete
proof system can exist for this logic. A breakthrough by Hodkinson, Wolter,
and Zakharyaschev [8] showed that a specific fragment of first-order temporal
logic, called the monodic fragment, or monodic first-order temporal logic, has
the completeness property. Following the definition of the monodic fragment,
the work on analysing and extending this fragment has continued rapidly, and
holds great promise for increasing the power of logic-based formal methods.

In this talk we give an overview of a particular proof method for monodic
FOTL, called monodic temporal resolution, which is based on our work on clausal
temporal resolution over a number of years [6, 7, 1, 3, 4, 2, 11]. The clausal reso-
lution technique has been shown to be one of the most effective proof techniques
for propositional temporal logics [9], and we have every reason to believe that
it will be as least as successful in the case of FOTL. This calculus forms the
basis of the temporal monodic theorem prover TeMP presented in [10]. We also
consider case studies and applications.
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Abstract

The typechecking problem for XML to XML transformations has recently attracted
quite some attention in the literature. Given an input schema, an output schema,
and an XML to XML transformation, the typechecking problem asks whether the
output of the transformation is always conform to the output schema for input
documents satisfying the input schema. The present paper takes a detailed look on
the two main ingredients of the typechecking problem: formal models of the XML
schemas and the XML to XML transformations. Finally, we give an overview of
several formal models and techniques that can be used to tackle the typechecking
problem.

1 Introduction

XML is a data format in which documents are essentially structured as labeled,
ordered trees. It is intended to be a common data format for a very wide range
of applications, and aims at being able to model the most diverse forms of
data in an intuitive way. Due to this flexibility, XML has become increasingly
popular in the last few years, and at the moment, it is quite safe to say that
it has become the standard format for data exchange format on the Web.

However, for many applications, it is important to have restrictions on the
structure of XML documents. Consider, for instance, automatic processing of
XML documents, where prior knowledge of the document structure can greatly
facilitate the implementation of the algorithms; or query optimization, which
is in many cases not even possible when the structure of the document is not
known in advance. These restrictions are imposed by XML schemas, which
basically describe sets of XML documents.

On the Web, large user communities usually agree on representing their
data using the same XML schema in order to facilitate the exchange of doc-
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uments within the community. It does happen quite regularly, however, that
documents need to be exchanged between two communities with different
schemas. Suppose, for instance, that a certain community A with schema
SA, wants to query an XML database D from a certain community B with
schema SB, and publish the results on the world wide web. In order to answer
the incoming query, B applies a certain transformation T to the database
D, and sends the resulting document T (D) back to A. Before A can auto-
matically process the document T (D) to publish it, the document has to be
dynamically validated against the local schema SA. If this validation fails, the
automated processing of the incoming document is hardly possible. Indeed,
validity against the local schema can, for example, be a necessary precondition
of the algorithms that process the documents.

When many documents are exchanged between the same two communities
using similar transformations, this dynamic validation of incoming documents
can be a very time-consuming task. This motivates the need for static type-
checking : given the schema SB of the sending community, the schema SA of
the receiving community, and a transformation T , we are asked whether for
every document D in SB, T (D) is valid with respect to SA.

Suppose that a static type checker would decide that for every document
D in SA, we have that T (D) is valid with respect to SB. Then, B would not
anymore have to validate the incoming documents coming from A which are
transformed by transformation T . Even better, A can update its document D,
and as long as D is valid with respect to SA, B still does not have to validate
the document T (D) coming from A. It is clear that, in such as setting, a static
type checker can save an important amount of time.

The static typechecking problem has been investigated in several varieties:

Complete Versus Incomplete Typechecking: Of course, the typecheck-
ing problem is undecidable when the transformation language is Turing
complete. In this case, our best hope is to approximate the answers to the
typechecking problem as well as possible. The usual approach that many
typecheckers take, is that they are sound, but not complete. This means
that the typechecker only passes transformations that actually typecheck,
but it sometimes also unjustly rejects a transformation. The aim is of course
to minimize these unjust rejections. We refer to [17] for an excellent tutorial
on this area of XML typechecking.

Data Values Versus No Data Values: Sound and complete typechecking
for XML transformations which have the ability to compare data values
seems to be a very difficult problem. Indeed, even for very restricted cases,
the typechecking problem becomes undecidable [1]. However, many XML
schemas do not constrain the data values in the documents, and the behavior
of many filtering or restructuring transformations does not depend on the
actual data values.

In this paper, we focus on sound and complete typechecking algorithms
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for abstractions of XML documents in which data values are not considered.
The purpose of this paper is twofold. First, we visit the two components of
the typechecking problem: the XML schema languages and the XML to XML
transformations. We give a detailed overview on formal models for several
XML schema languages, such as DTD [2] and XML Schema [23], and discuss
some of their properties and alternative characterizations, which are meant
to give the reader insight into their exact expressive power. We also take a
detailed look at sevaral formalisms that have been used to model XML to
XML transformations. Second, we want to to present several useful tools
for obtaining complexity/decidability results on the typechecking problem for
XML transformations.

The outline of this paper is as follows. In Section 2, we introduce some
necessary notation and we formally define the typechecking problem. Sec-
tion 3 discusses the first main ingredient of the typechecking problem: the
schema languages. Among others, we provide formal models for the expres-
sive power of DTDs [2] and XML Schema [23]. We also discuss several al-
ternative characterizations of these formal models which give more insight in
their exact expressive power. Finally, we discuss closure properties of these
XML schema languages under Boolean operations. The second main ingredi-
ent of the typechecking problem is discussed in Section 4: the XML to XML
transformations. We treat two formalisms in detail, and give an overview of
other important formalisms that have been used in the past. In Section 5,
we provide a high-level overview of some techniques that have been used to
obtain complexity/decidability results on the typechecking problem. We treat
complexity upper bounds as well as complexity lower bounds.

2 Preliminaries

2.1 Trees

In this section we provide the necessary background on trees, automata, and
tree transducers. In the remainder of the paper, Σ always denotes a finite
alphabet.

It is common to view XML documents as finite trees with labels from a
finite alphabet Σ. There is no limit on the number of children of a node.
Figure 1 gives an example of an XML document together with its tree repre-
sentation. Of course, elements in XML documents can also contain references
to nodes. But as XML schema languages usually do not constrain these nor
the data values at leaves, it is safe to view schemas as simply defining tree
languages over a finite alphabet.

We assume familiarity with DFAs (Deterministic Finite Automata), NFAs
(Non-deterministic Finite Automata), and REs (Regular Expressions). Given
a DFA, NFA, or RE A, we denote the language accepted by A by L(A).

Throughout this paper, Σ always denotes a finite alphabet. The set of
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<store>

<dvd>

<title> "Lola Rennt" </title>

<price> 11 </price>

<discount> 6 </discount>

<summary> ... </summary>

</dvd>

<dvd>

<title> "Goodbye, Lenin!" </title>

<price> 20 </price>

<summary> ... </summary>

</dvd>

</store>

(a) An example XML document.

store

dvd

title

“Lola Rennt”

price

11

discount

6

summary

“...”

dvd

title

“Goodbye, Lenin!”

price

20

summary

“...”

(b) Its tree representation with data values.

store (ε)

dvd (1)

title

(1 1)

price

(1 2)

discount

(1 3)

summary

(1 4)

dvd (2)

title

(2 1)

price

(2 2)

summary

(2 3)

(c) The tree of Figure 1(b) without data values. The nodes are anno-
tated next to the labels, between brackets.

Fig. 1. An example of an XML document and its tree representation.

unranked Σ-trees, denoted by TΣ, is the smallest set of strings over Σ and the
parenthesis symbols “(” and “)” such that, for a ∈ Σ and w ∈ T ∗

Σ , σ(w) is in
TΣ. So, a tree is either ε (empty) or is of the form a(t1 · · · tn) where each ti is
a tree. In the tree a(t1 · · · tn), the subtrees t1, . . . , tn are attached to the root
labeled a. We write a rather than a(). Note that there is no a priori bound on
the number of children of a node in a Σ-tree; such trees are therefore unranked.
For every t ∈ TΣ, the set of nodes of t, denoted by Dom(t), is the set defined
as follows:

(i) if t = ε, then Dom(t) = ∅; and

(ii) if t = a(t1 · · · tn), where each ti ∈ TΣ, then Dom(t) = {ε} ∪
⋃n

i=1{iu |
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u ∈ Dom(ti)}.

Figure 1(c) contains a tree in which we annotated the nodes between brackets.
Observe that the n child nodes of a node u are always u1, . . . , un, from left to
right. The label of a node u in the tree t = a(t1 · · · tn), denoted by labt(u), is
defined as follows:

(i) if u = ε, then labt(u) = a; and

(ii) if u = iu′, then labt(u) = labti(u′).

In the sequel, whenever we say tree, we always mean Σ-tree. A tree language
is a set of trees. In the sequel, we will use the letters t, t1, t2, . . . to denote
trees.

2.2 The Typechecking Problem

We define a tree transformation to be a mapping T : TΣ → TΣ.

Definition 2.1 Let T be a tree transformation and Sin and Sout be two
tree languages. We say that T typechecks with respect to Sin and Sout, if

for every t ∈ Sin, T (t) ∈ Sout.

Definition 2.2 Given Sin, Sout, and T , the typechecking problem consists in
deciding whether T typechecks with respect to Sin and Sout.

Of course, the typechecking problem is undecidable when arbitrary (that is,
Turing complete) classes of tree transformations and arbitrary tree languages
are used. We therefore restrict these notions in the following sections.

3 Formal Models for XML Schema Languages

We define several common restrictions on tree languages: DTDs, extended
DTDs, single-type extended DTDs and restrained competition extended DTDs.
Later in this section, we discuss alternate characterizations of these schema
languages and their closure properties under Boolean operations.

3.1 The Schema Languages

DTD is the most widely used XML schema language in practice and only
imposes local restrictions on trees [2]. That is, they only impose restrictions
between the label of a node and the labels of its children. We abstract DTDs
as extended context-free grammars:

Definition 3.1 A DTD is a pair (d, sd) where d is a function that maps Σ-
symbols to regular languages over Σ and sd ∈ Σ is the start symbol. A tree t
satisfies d if its root is labeled by sd and, for every node u with label a, the
sequence a1 · · ·an of labels of its children is in L(d(a)). By L(d) we denote
the set of trees that satisfy d.
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We usually denote (d, sd) by d when the start symbol sd is understood
from the context. We parameterize the definition of DTDs by a class of rep-
resentations M of the internal regular string languages such as, for instance,
the class of DFAs (Deterministic Finite Automata), NFAs (Non-deterministic
Finite Automata), or REs (Regular Expressions). For instance, DTD(DFA)
is the class of DTDs, in which the regular languages in the definition of d are
represented by DFAs. In examples, we denote the regular languages in the
definition of a DTD by regular expressions. For clarity, we write a→ r rather
than d(a) = L(r). We also do not list rules of the form a→ ε.

Example 3.2 In this notation, a simple example of a DTD(RE) defining the
inventory of a store which sells DVDs is the following:

store → dvd dvd∗

dvd → title price discount? summary

where the start symbol is “store”. The DTD defines trees of depth 3, where the
root is labeled with “store” and has one or more children labeled with “dvd”.
Every “dvd”-labeled node has three or four children. From left to right, these
children are labeled “title”, “price”, “discount” (which is the optional child),
and “summary”, respectively. The tree in Figure 1(c) is in the language
defined by this DTD.

In this paper, we assume that DTDs do not contain useless symbols, unless
mentioned otherwise (such as in Propositions 5.1, 5.2, and 5.3). That is, we
assume that, for every DTD d and for every a ∈ Σ, there exists a tree t ∈ L(d)
and a node u ∈ Dom(t) such that labt(u) = a.

We now turn to a more expressive formalism for XML schema languages:
extended DTDs [20]. 1 The class of tree languages defined by extended DTDs
corresponds precisely to the regular (unranked) tree languages [3]. We recall
the definition of extended DTDs:

Definition 3.3 ([20]) An extended DTD (EDTD) is a 4-tuple d = (Σ, Σ′, d, µ),
where Σ′ is an alphabet of types, d is a DTD over Σ′, and µ is a mapping from
Σ′ to Σ. Note that µ can be extended to define a homomorphism on trees. A
tree t then satisfies an extended DTD if t = µ(t′) for some t′ ∈ L(d). Again,
we denote by L(d) the set of trees satisfying d.

As with DTDs, we parametrize the definition of EDTDs by a class of
representations M of the internal regular string languages. For example,
EDTD(DFA) is the class of EDTDs (Σ, Σ′, d, µ) in which d is a DTD(DFA).

For ease of exposition, we always take Σ′ = {ai | 1 ≤ i ≤ ka, a ∈ Σ, i ∈ N}
for some natural numbers ka, and we set µ(ai) = a. If a node is labeled by

1 Papakonstantinou and Vianu used the term specialized DTD as types specialize Σ-
symbols. We prefer the term extended DTD as it expresses more clearly that the power
of the schemas is amplified.
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some ai ∈ Σ′, we call ai the type of the node. For simplicity, we also denote
EDTDs in examples in a similar way as DTDs, that is, we write ai → r rather
than d(ai) = L(r).

Example 3.4 A simple example of an EDTD(RE) is the following:

store1 → (dvd1 + dvd2)∗dvd2(dvd1 + dvd2)∗

dvd1 → title1 price1 summary1

dvd2 → title1 price1 discount1 summary1

Here, dvd1 defines ordinary DVDs, while dvd2 defines DVDs on sale. The rule
for store1 specifies that there should be at least one DVD on sale.

We consider two restrictions on EDTDs in the remainder of this section,
the first of which is the single-type EDTD [19]. Single-type EDTDs are an
interesting subclass of EDTDs since they correspond to the expressive power
of XML Schema [23], which is a widely used XML schema language in practice.

Definition 3.5 ([19]) A single-type EDTD (EDTDst) is an EDTD (Σ, Σ′, d, µ)
with the property that for every a ∈ Σ′, in the regular expression d(a) no two
types bi and bj with i 6= j occur.

The EDTD in Example 3.4 is not single-type as both dvd1 and dvd2 occur
in the rule for store1.

Example 3.6 A simple example of a single-type EDTD(RE) is the following:

store1 → regulars1 discounts1

regulars1 → (dvd1)∗

discounts1 → dvd2 (dvd2)∗

dvd1 → title1 price1 summary1

dvd2 → title1 price1 discount1 summary1

Although there are still two element definitions dvd1 and dvd2, they can only
occur in different right hand sides.

The second restricted EDTD that we consider is called the restrained com-
petition EDTD. It was originally defined because it is more expressive than
a single-type EDTD, while still admitting a fast and simple top-down val-
idation algorithm [19]. Interestingly, it has been shown recently that this
restriction corresponds precisely to the semantic notion of one-pass preorder
typeable EDTDs: it defines the largest class of EDTDs for which every node
can be assigned the correct type at the first time it is met in a depth-first
left-to-right traversal of the tree [14]. We elaborate on this in Section 3.2.

Definition 3.7 ([19]) Let d = (Σ, Σ′, d, µ) be an EDTD. A regular expression
r over Σ′ restrains competition if there are no strings waiv and wajv′ in L(r)

274



with i 6= j. We call d a restrained competition EDTD (EDTDrc) if all regular
expressions occurring in the definition of d restrain competition.

Example 3.8 An example of a restrained competition EDTD(RE) that is
not single-type is given next:

store1 → (dvd1)∗ discounts1 (dvd2)∗

dvd1 → title1 price1 summary1

dvd2 → title1 price1 discount1 summary1

Note that every single-type EDTD is also restrained competition. The
classes of tree languages defined by the grammars introduced above are in-
cluded as follows: DTD ( EDTDst( EDTDrc( EDTD [19]. These strict
inclusions can be understood by investigating Examples 3.4–3.8. Using the
characterizations in Section 3.2, it is easy to see that every one of these exam-
ples defines a tree language that is not expressible in the weaker formalisms.

3.2 Alternative Characterizations of the Schema Languages

The expressive power of the above defined schema languages can be character-
ized in several manners: types of EDTDs that functionally depend on a part
of the tree, DTDs that make use of contextual patterns, and closure proper-
ties of tree languages under under subtree exchange [14]. These alternative
characterizations make use of the ancestor-string and the ancestor-left-sibling
string of a node, which we define next.

Let t be a tree and v be a node. By ch-strt(v) we denote the string
formed by the children of v, i.e., labt(v1) · · · labt(vn) if v has n children. By
anc-strt(v) we denote the string formed by the labels on the path from the
root to v, i.e., labt(ε)labt(i1)labt(i1i2) · · · labt(i1i2 · · · ik) where v = i1i2 · · · ik.
By l-sib-str(v) we denote the string formed by the labels of the left siblings
of v, i.e., labt(u1) · · · labt(uk) where v = uk. By anc-sib-str(v) we denote the
string

l-sib-strt(ε)#l-sib-strt(i1)# · · ·#l-sib-strt(i1i2 · · · ik)

formed by concatenating the left-sibling strings of all ancestors starting from
the root. Here, we assume that “#” is a special symbol not occurring in Σ.

For a tree t and a node v we denote by precedingt(v) the tree resulting
from t by removing everything below v, all right siblings of v’s ancestors and
of v, and their respective subtrees. We illustrate the just defined notions in
Figure 2.

Definition 3.9 We say that an EDTD d = (Σ, Σ′, d, µ) has ancestor-based
types if there is a (partial) function f : (Σ ∪ {#})∗ → Σ′ such that, for each
tree t ∈ L(d) the following holds:

(1) there is a unique tree t′ ∈ L(d) with µ(t′) = t; and

(2) for each node v ∈ Dom(t), the label of v in t′ is f(anc-strt(v)).

275



���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

v

t

v

t

v

t

v

t

Fig. 2. From left to right: a tree t, the ancestor-string of v in t, the ances-
tor-sibling-string of v in t and the preceding of v in t.

∈ L

t′1

v1

t1

∈ L

t′2

v2

t2

∈ L

t′2

v1

t1

⇒

Fig. 3. Label-guarded subtree exchange.

We say that d has ancestor-sibling based types (respectively, label-based types)
if the same holds with anc-strt(v) replaced by anc-sib-strt(v) (respectively, by
labt(v)). We say that d has preceding-based types if there is a (partial) function
f : TΣ → Σ′ such that the above statement holds with precedingt(v) in place
of anc-strt(v).

Definition 3.10 An ancestor-guarded DTD d is a pair (d, sd) where sd ∈ Σ
is the start symbol as in a DTD. But in contrast to a DTD, d is a finite set
of triples (r, a, s), where a ∈ Σ and r and s are regular expressions. A tree
t satisfies d if for every node v ∈ Dom(t) the following holds. If labt(v) = a
then there must be a triple (r, a, s) in d such that anc-strt(v) matches r and
ch-strt(v) matches s.

An ancestor-sibling-guarded DTD is defined in the same way with the dif-
ference that r has to be matched by anc-sib-str(v).

Note that it does not make much sense to define a label-guarded DTD, as
this would simply be a DTD.

In the following definition, we denote by t1[u← t2] the tree obtained from
a tree t1 by replacing the subtree rooted at u ∈ Dom(t1) by t2. By subtreet(u)
we denote the subtree of t rooted at u.

Definition 3.11 We say that a tree language L is closed under ancestor-
guarded subtree exchange if the following holds. Whenever for two trees t1, t2 ∈
T with nodes u1 ∈ Dom(t1) and u2 ∈ Dom(t2) it holds that anc-strt1(u1) =
anc-strt2(u2), this implies that t1[u1 ← subtreet2(u2)] ∈ T . We call it closed
under ancestor-sibling-guarded subtree exchange (respectively, label-guarded
subtree exchange) if the same holds with anc-sib-strt1(u1) = anc-sib-strt2(u2)
(respectively, labt1(u1) = labt2(u2)) as precondition of the implication.

These subtree exchange properties are illustrated in Figures 3, 4, and 5.

The following theorems characterize the expressive power of DTDs, single-
type EDTDs, and restrained competition EDTDs. We assume in both theo-
rems that L is a tree language in which every tree has the same root label.
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Fig. 4. Ancestor-guarded subtree exchange.
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Fig. 5. Ancestor-sibling-guarded subtree exchange.

Theorem 3.12 ([14]) For a regular tree language L the following are equiv-
alent:

(a) L is definable by a single-type EDTD;

(b) L is definable by an EDTD with ancestor-based types;

(c) L is closed under ancestor-guarded subtree exchange; and,

(d) L is definable by an ancestor-guarded DTD.

A corresponding theorem also holds for DTDs, by replacing ancestor by
label. The equivalence between (c) and (a) is then already obtained in [20]
(and the other equivalences are straightforward).

For restrained competition EDTDs, a similar theorem holds, but it has
one extra characterization:

Theorem 3.13 ([14]) For a regular tree language L the following are equiv-
alent:

(a) L is definable by a restrained competition EDTD;

(b) L is definable by an EDTD with ancestor-sibling-based types;

(c) L is definable by an EDTD with preceding-based types;

(d) L is closed under ancestor-sibling-guarded subtree exchange; and

(e) L is definable by an ancestor-sibling-guarded DTD.

The extra characterization (c) is quite interesting indeed. It states that
an EDTD with ancestor-sibling-based types does not become more expressive
when we allow its types to depend on the entire preceding of a node. The
importance of this characterization becomes apparent in the context of val-
idating XML documents as SAX-streams. Intuitively, the SAX-stream of a
tree is obtained from a tree by traversing it in a depth-first left-to-right man-
ner and writing the opening tag <a> for every a-labeled node that is met for
the first time (when coming from the node’s parent) and the closing tag </a>

for every a-labeled node that is met for the second time in the traversal (when
coming from the node’s children). Indeed, Theorem 3.13 shows that the class
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of restrained competition EDTDs is precisely the class of EDTDs that allow
to unambiguously assign a type to a node when its opening tag is met in the
SAX-stream (or, in other words, when the node is visited for the first time in
the depth-first left-to-right traversal of the tree).

3.3 Closure Properties

It is well-known that unranked regular tree languages (and, hence, EDTDs) are
closed under union, difference, complement, and intersection. But does this
also hold for DTDs, single-type EDTDs, and restrained competition EDTDs?
Most of these questions are investigated by Murata et al. [19,18]. We sum-
marize their results, along with closure properties under complement, in Ta-
ble 1. Here, we define the complement of a DTD (d, s) to be the language
{t ∈ TΣ | labt(ε) = s} − L(d) to avoid problems with the start symbol. We
define the complement of languages defined by EDTDsts and EDTDrcs analo-
gously.

union difference complement intersection

DTD not closed not closed not closed closed
EDTDst not closed not closed not closed closed
EDTDrc not closed not closed not closed closed
EDTD closed closed closed closed

Table 1
Closure properties of DTDs, single-type EDTDs, restrained competition EDTDs,

and EDTDs.

We give some insights about why these results hold. We start by showing
that DTDs, EDTDsts, and EDTDrcs are not closed under complement, which
is quite easy using the characterizations of Section 3.2:

Example 3.14 Consider the DTD (d, a) over the alphabet Σ = {a, b} defined
as

a→ b∗

b→ b∗.

This DTD defines the set of trees where the symbol a is only allowed to occur
at the root. We show that the complement of this DTD is not definable by
a EDTDrc, which shows that DTDs, EDTDsts, and EDTDrcs are not closed
under complement. Indeed, consider the two trees in Figure 6(a), which are in
the complement of the DTD d. By applying ancestor-sibling-guarded subtree
exchange on the circled nodes, we obtain the tree a(b(b)b(b)), which is not in
the complement of d.

As the tree language {t ∈ TΣ | labt(ε) = a} is definable by a DTD, this
example shows that DTDs, EDTDsts, and EDTDrcs are also not closed under
difference.
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Fig. 6. Counterexample trees for Example 3.14 and Example 3.15.

We can use a similar argument to show that DTDs, EDTDsts, and EDTDrcs
are not closed under union:

Example 3.15 Consider the DTD (d1, a) over alphabet {a, b, c} defined as

a→ b∗c∗

and the DTD (d2, a) over alphabet {a, b, c} defined as

a→ b∗

b→ c.

In the union of these DTDs, either every b-child of the root has a c-child, or,
none of the b-children of the root has a c-child. We show that this union is
not definable by a EDTDrc. Indeed, consider the two trees in Figure 6(b).
Note that the left tree is in L(d1) and the right tree is in L(d2). However, by
applying ancestor-sibling-guarded subtree exchange on the circled nodes, we
obtain the tree a(bb(c)), which is not in the union of d1 and d2.

Finally, the closure of DTDs, EDTDsts, and EDTDrcs under intersection
can easily be shown by direct construction, using a straightforward product
operation on the characterizations of Theorems 3.12(d) and 3.13(e). An al-
ternative proof can be found in the appendix of [19].

4 Formal Models for XML to XML Transformations

The second main ingredient of the typechecking problem are the tree trans-
formations. In this section, we revisit several formalisms that have been used
to model XML to XML transformations.

4.1 Simple Tree Transducers

We first consider a class of tree transducers which was defined in order to inves-
tigate settings in which the typechecking problem becomes tractable [10,11].
These tree transducers are not very expressive (in fact, they are the least
expressive transducers in this paper), but they are also not meant to model
a full-fledged query language. Instead, they are intended to model simple
document restructurings that occur often in practice.
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For a set Q, denote by TΣ(Q) the set of Σ-trees where leaf nodes are labeled
with elements from Σ ∪Q instead of only Σ.

Definition 4.1 A simple tree transducer is a 4-tuple T = (Q, Σ, q0, R), where
Q is a finite set of states, Σ is the input and output alphabet, q0 ∈ Q is the
initial state, and R is a finite set of rules of the form (q, a)→ t, where a ∈ Σ,
q ∈ Q, and t ∈ TΣ(Q). When q = q0, t is restricted to be either empty, or to
have a Σ-symbol as its root label. Simple tree transducers are required to be
deterministic: for every pair (q, a), there is at most one rule in R.

The translation defined by T = (Q, Σ, q0, R) on a tree t in state q, denoted
by T q[t], is inductively defined as follows: if t = ε then T q[t] := ε; if t =
a(t1 · · · tn) and there is a rule (q, a) → t′ ∈ R then T q[t] is obtained from t′

by replacing every node u in t′ labeled with state p by the sequence of trees
T p[t1] · · ·T

p[tn]. Note that such nodes u can only occur at leaves. So, t′ is
only extended downwards. If there is no rule (q, a) → t′ ∈ R then T q[t] := ε.
Finally, the transformation of t by T , denoted by T (t), is defined as T q0

[t].

For simplicity, we have only used trees on the right hand sides of rewrite
rules in simple tree transducers. Usually, their right hand sides contain hedges,
which are essentially sequences of trees. For more details, we refer to [10,11].

Example 4.2 We describe a simple tree transducer T that returns, for a
“store”-document conforming to the DTD in Example 3.2, the “store”- doc-
ument in which first the DVD titles occur together with their prices, and
further in the document, every DVD title occurs with its summary. Here, we
abbreviate “title” by “t”, “price” by “p”, “discount” by “d”, and “summary”
by “s”.

Let T = (Q, Σ, q0, R) where Q = {q0, qtpd, qts}, Σ = {store, dvd, t, p, d, s},
and R contains the rules

(q0, store) → store

qtpd qts

(qtpd, dvd) → qtp

(qtpd, t) → t
(qtpd, p) → p
(qtpd, d) → d

(qts, dvd) → qts

(qts, t) → t
(qts, s) → s

Intuitively, qtpd and qtp select the “t”, “p” and “d” descendants of the “dvd”
node, or the “t” and “s” descendants of the “dvd”-node, respectively.

Example 4.3 In Figure 7 we give the translation of the tree t from Fig-
ure 1(c) by the transducer of Example 4.2. For brevity, we again abbreviate
“title”, “price”, “discount”, and “summary” by their initial letters, respec-
tively. In order to keep the example simple, we abbreviated sequences of the
form T q[a1] · · ·T

q[an] by T q[a1 · · ·an].

Simple tree transducers can easily be extended with XPath expressions [11].
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T q0[t]
↓

store

T qtpd[dvd(tpds)] T qtpd[dvd(tps)] T qts[dvd(tpds)] T qts[dvd(tps)]
↓

store

T qtpd[tpds] T qtpd[tps] T qts[tpds] T qts[tps]
↓

store

t p d t p t s t s

Fig. 7. The translation of the tree in Figure 1(c) by the transducer T of Example 4.2.

In that case, right hand sides of rules in the tree transducer can contain pairs
of the form 〈q, X〉, where X is an XPath expression. The semantics of such a
pair is that the transducer continues computation in state q in all the nodes
selected by X (where the current node is the context node), rather than in all
children of the current node. For more details, we refer to [11].

4.2 Macro Tree Transducers

We now turn to a much more powerful model of tree transducer for which the
typechecking problem has been investigated: the macro tree transducer [5].
The reason why we treat macro tree transducers in this paper, is that they
are not only a powerful transformation formalism, but they have also proven
to be a useful tool to obtain upper bounds on the complexity of typechecking
(cfr. Section 5.1.4).

As opposed to the XML schema languages from Section 3 and the simple
tree transducers from Section 4.1, macro tree transducer are defined on ranked
trees instead of unranked trees. However, it is well-known that unranked trees
can be encoded to ranked trees in various ways, which provides a way to
define the semantics of macro tree transducers over unranked trees. We will
illustrate one such encoding later, when we explain the operation of a macro
tree transducer.

Before we define macro tree transducers, we need to introduce some notions
on ranked trees. A ranked alphabet (or ranked set) is a pair (Σ, rankΣ), where
rankΣ : Σ → N is a function that maps each symbol a to the number of
children that an a-labeled node is allowed to have in a ranked Σ-tree. For
k ≥ 0, we denote the set the set {a ∈ Σ | rankΣ(a) = k} by Σ(k). We also
write a(k) to indicate that that rankΣ(a) = k. For a set S, 〈Σ, S〉 is the ranked
set Σ× S with rank〈Σ,S〉(〈a, s〉) = rankΣ(a) for every 〈a, s〉 ∈ 〈Σ, S〉.

Formally, the set T R
Σ of ranked Σ-trees is the set of Σ-trees a(t1 · · · tk),

where a ∈ Σ(k) and each ti is a ranked Σ-tree.

We fix a set of input variables to be X = {x1, x2, . . .} and a set of output
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variables to be Y = {y1, y2, . . .}. For k ≥ 0, Xk = {x1, . . . , xk} and Yk =
{y1, . . . , yk}. We require that Σ ∩X = Σ ∩ Y = ∅.

Definition 4.4 [[5]] A (non-deterministic) macro tree transducer (MTT) is
a 5-tuple M = (Q, Σ, ∆, q0, R), where Q is a ranked alphabet of states, Σ
and ∆ are the ranked alphabets of input and output symbols, respectively,
q0 ∈ Q(0) is the initial state, and R is a finite set of rules of the form

〈q, a(x1, . . . , xk)〉(y1, . . . , ym)→ ζ (∗)
for q ∈ Q(m) and a ∈ Σ(k) with m ≥ 0, k ≥ 0. Here, ζ ∈ T R

〈Q,Xk〉∪Σ(Ym). 2

A macro tree transducer is called deterministic if, for every q ∈ Q(m) and
a ∈ Σ(k), at most one rule of the form (∗) exists.

The rules of M can be viewed as term rewriting rules in the obvious way,
with the input variables xi ranging over T R

Σ and the parameters yj ranging
over T R

∆ . Then M induces a derivation relation⇒M on T R
〈Q,T R

Σ
〉∪∆

and an input

tree s ∈ T R
Σ is translated by M into a set of possible output trees t ∈ T R

∆ with
〈q0, s〉 ⇒

∗
M t.

In the Example 4.5, we illustrate the derivation relation induced by a macro
tree transducer in detail.

In order to operate a macro tree transducer over unranked trees, we con-
sider unranked trees as binary trees over the first-child and next-sibling rela-
tion. That is, the left child of a node in the binary tree is the first child of the
node in the unranked tree, and the second child of a node is the next sibling of
the node in the unranked tree. We insert the special symbol ⊥ when no first
child or next sibling exists. For instance, the tree of Figure 8(a) then becomes
the tree in Figure 8(b).

store

dvd

t p d s

dvd

t p s

(a)

store

dvd

t

⊥ p

⊥ d

⊥ s

⊥ ⊥

dvd

t

⊥ p

⊥ s

⊥ ⊥

⊥

⊥

(b)

Fig. 8. An unranked tree (Figure 8(a)) as a binary tree over the first-child and
next-sibling relation (Figure 8(b)).

2 Recall that for a set S, we denote by TΣ(S) the set of Σ-trees where leaf nodes are labeled
with elements from Σ ∪ S. Hence, T R

〈Q,Xk〉∪Σ
(Ym) is the set T R

〈Q,Xk〉∪Σ∪Ym
where for every

y ∈ Ym, rankY (y) = 0.
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Example 4.5 We give an example of a MTT that removes all “dvd” nodes
(and their subtrees) that are not on discount from documents satisfying the
DTD from Example 3.2. Again, we abbreviate “title”, “price”, “discount”,
and “summary” by their initial letters, respectively.

The rules of this MTT are depicted in Figure 9. Intuitively, qid is a state
that performs the identity transformation, and qsearch-d is a state that searches
the subtree for a “d”-labeled node and prunes its left subtree in the output
unless the “d”-labeled node is found.

When executed on the tree t in Figure 8(b), we get the derivation in
Figure 10. In this derivation, we denoted by t/u the subtree of t rooted at u.

〈q0, store(x1, x2)〉 → store

〈qsel-d, x1〉 ⊥

〈qsel-d, dvd(x1, x2)〉 → 〈qsearch-d, x1〉

〈qid, x1〉 〈qsel-d, x2〉

〈qsearch-d, a(x1, x2)〉(y1, y2) → 〈qsearch-d, x2〉

y1 y2

for a = t,p

〈qsearch-d, d(x1, x2)〉(y1, y2) → dvd

y1 y2

〈qsearch-d, s(x1, x2)〉(y1, y2) → y2

〈qid, a(x1, x2)〉 → a

〈qid, x1〉 〈qid, x2〉

for a = t,p,d,s

〈qsel-d,⊥〉 → ⊥

〈qid,⊥〉 → ⊥

Fig. 9. Macro tree transducer from Example 4.5.

4.3 Further Tree Transducer Formalisms

4.3.1 k-Pebble Tree Transducers

The research on typechecking for XML transformations was initiated by Milo,
Suciu, and Vianu [16]. As a formal model for tree transformations, they de-
fined k-pebble tree transducers, which they designed to model many existing
XML query languages (without data-value joins), and for which the type-
checking problem w.r.t. extended DTDs is decidable.

283



〈q0, t〉 ⇒M store

〈qsel-d, t/1〉 ⊥

⇒M store

〈qsel-d, t/11〉

〈qid, t/11〉 〈qsel-d, t/12〉

⊥

⇒∗
M store

〈qsel-d, t/11〉

t/11 〈qsearch-d, t/121〉

〈qid, t/121〉 〈qsel-d, t/122〉

⊥

⇒∗
M store

〈qsel-d, t/11〉

t/11 〈qsearch-d, t/121〉

t/121 ⊥

⊥

⇒2
M store

〈qsel-d, t/11〉

t/11 〈qsearch-d, t/12122〉

t/121 ⊥

⊥

⇒M store

〈qsel-d, t/11〉

t/11 ⊥

⊥

⇒2
M store

〈qsel-d, t/1122〉

t/11 ⊥

⊥

⇒M store
dvd
t

⊥ p
⊥ d
⊥ s
⊥ ⊥

⊥
⊥

Fig. 10. Derivation of the execution of the MTT in Figure 9 on the tree t in
Figure 8(b).

Intuitively, a k-pebble tree transducer is a finite state transducer which
uses up to k heads (i.e., pebbles) that can be placed on the input. However,
the transducer must place and remove the pebbles from the input in a stack-
based fashion, and it can only move the highest ranked pebble that is placed on
the input. In order to produce output, k-pebble tree transducers are equipped
with output transitions. Such an output transition writes a symbol to the
output, and creates a fresh copy of the k-pebble tree transducer for every
child of the current node. These copies then run further in parallel, do not
communicate to each other, and inherit the positions of all pebbles on the
input.

Suciu presented the functional language RecQL, which is meant to char-
acterize precisely the transformations that are expressible by k-pebble tree
transducers [25].

Engelfriet and Maneth investigated the connection between macro tree
transducers and k-pebble tree transducers [4]. They obtained that the trans-
formation of a k-pebble tree transducer can be carried out by a composition of
k + 1 macro tree transducers. Conversely, they also showed that a macro tree
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transducer can be simulated by a composition of four 1-pebble tree transducers
(that is, a pebble tree transducer with only one head).

4.3.2 tl-Transformers

Recently, Maneth et al. defined tl-transformers, which are a much more pow-
erful version of the simple tree transducers presented in Section 4.1. For
instance, tl-transformers are not deterministic, and they can use unary or
binary MSO formulas as match and select patterns, respectively. That is,
their programs consist of rules of the form f(m) ⇒ A, where f is a function
name, m is a unary formula that is determine to which nodes the function f
is applicable (the match pattern), and A is the action associated to f . Here,
the action A can contain binary MSO formulas to select the nodes in which
the program can continue (select patterns).

A typechecking algorithm for tl transformations is obtained by decom-
posing tl transformations as a composition of macro tree transducers (See
also Section 5.1.4).

4.3.3 Typechecking with Data Values

Sound and complete typechecking for transformations that have the power
to test equality between data values has been investigated by Alon et al. [1].
They defined the query language QL, which defines queries that map trees with
data values onto trees without data values. Queries in QL are tree templates
in which each node is labeled with a formula, and a Σ-symbol or a variable.
The formulas are existentially quantified conjunctions over path expressions
and comparison formulas. Path expressions are formulas of the form XRY ,
where X and Y are variables (ranging over nodes in the input tree), and R
is a regular expression. Nodes X and Y satisfy such a formula when there
exists a path in the input tree from node X to node Y that matches the
regular expression R. Comparison formulas are formulas of the form X = V
or X 6= V . Here, V can either be a variable ranging over nodes in the input
tree, or a data value. The output of such a query on an input tree is defined
in terms of possible matches of the free variables in the tree template on the
input tree. The tree-structure of the output is inferred from the tree-structure
of the query itself. For the precise details, we refer to [1].

Alon et al. characterize several fragments for which the typechecking prob-
lem for QL transformations is decidable, but they also show that the problem
turns undecidable even in very restricted cases [1].

5 Methods for the Typechecking Problem

5.1 Methods for Proving Upper Bounds

In the past, a variety of methods for proving upper and lower bound for the
typechecking problem have been devised. In the present section, we survey
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some of these methods. With the word “schema”, we refer to any of the
schema languages presented in Section 3.

5.1.1 Emptiness

The emptiness test of tree automata or EDTDs seems to be a basic building
stone of complete typechecking algorithms. Both the type inference and in-
verse type inference methods discussed in Sections 5.1.2 and 5.1.3, respectively,
usually make use of the emptiness test of the schema languages at hand.

Formally, the emptiness test of a schema S is the following:

Emptiness: Given a schema S, is L(S) = ∅?

A direct reduction to the emptiness test of the schema language in the
typechecking problem has been used in [10,11], to show tractability of several
fragments of the typechecking problem. Here, it was used that testing empti-
ness of an EDTD in which the regular languages are represented by NFAs, is
ptime-complete [10].

5.1.2 Type Inference

Type inference might intuitively be the most straightforward technique to
obtain a typechecking algorithm. Intuitively, we want to characterize the
set of documents that can result from the transformation, when the input
is conform to the input schema. Finally, we should test whether this set is
contained in the output schema. This idea is used in several incomplete type
checkers such as, for instance, in the programming language XDuce [6].

The type inference approach can be summarized more formally as follows:

Type Inference: Given input and output schemas Sin and Sout and tree
transducer T , compute the tree language Lout = T (L(Sin)). Then verify
whether Lout ⊆ L(Sout).

The last inclusion test usually involves computing an automaton A for
the language Lout ∩ L(Sout), and testing whether L(A) = ∅, which is why
this approach is usually more involved than the emptiness test. Here, L(Sout)
denotes the complement of L(Sout).

The main difficulty in this approach lies in precisely characterizing Lout.
Indeed, even when Sin is a DTD and T is a simple tree transducer, Lout can
be non-regular. For example, consider the DTD s → a∗ defining Sin and the
simple tree transducer T with the rules

(q0, s)→ s(q1q2q3)
(q1, a)→ a
(q2, a)→ b
(q3, a)→ c.

Then, the language Lout = {s(w) | w = anbncn for n ∈ N}, which is clearly
not regular. Note that it is even not possible to approximate Lout: there is no
smallest regular tree language containing Lout. Indeed, for every regular tree
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language L that contains Lout and for every tree t ∈ Lout − L, L − {t} is a
better regular approximation for Lout than L.

A sound and complete typechecking algorithm based on type inference
is presented in [11], to show that arbitrary simple tree transducers can be
typechecked w.r.t. DTD(RE+)s in ptime. 3 However, the main difficulty in
this approach was showing the correctness of the algorithm, as it only infers
an approximation of the language Lout.

5.1.3 Inverse Type Inference

Inverse type inference is inspired on type inference, but here we want to infer
the set of input trees t for which T (t) is in the ouput schema (or, not in the
output schema, depending on the preferred variant).

More formally, inverse type inference can be described as follows:

Inverse Type Inference I: Given input and output schemas Sin and Sout

and tree transducer T , first compute the pre-image Lin = {t ∈ TΣ | T (t) ∈
L(Sout)}. Then, test whether L(Sin) ⊆ Lin.

Of course, one could also try another variant of inverse type inverence:

Inverse Type Inference II: Given input and output schemas Sin and Sout

and tree transducer T , compute the complement L(Sout) of L(Sout). Then,
compute the pre-image of L(Sout) through T , that is, Lin = {t ∈ TΣ | T (t) ∈
L(Sout)}. Then verify whether L(Sin) ∩ Lin = ∅.

The preferred variant of the inverse typechecking method depends on the com-
plexities of computing the complement of the output schema, and computing
the pre-image of a tree language.

The inverse type inference technique was used for typechecking k-pebble
tree transducers [16], macro tree transducers [4], and tl-programs [9]. Even
though the transformation languages were quite powerful in all the three cases,
it turned out that the inferred set Lin is regular when the output schema defines
a regular language.

5.1.4 Compositions of Macro Tree Transducers or k-Pebble Tree Transducers

Of course, one can always reduce to instances of the typechecking problem
which are known to be decidable, such as for macro tree transducers or for k-
pebble tree transducers. Maneth et al., for example, reduced the typechecking
problem for tl-transformations to the typechecking problem for a composition
of macro tree transducers [9]. More specifically, they showed that a tl program
can be rewritten as a composition of (i) three deterministic MTTs when the
tl program is deterministic, or (ii) two MTTs and one stay MTT otherwise.
Here, a stay MTT is a MTT which does not have to go to the children of the
current node in a computation step, but is also allowed to stay at the current
node.

3 Here, RE+ is a restricted fragment of regular expressions.
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The time complexity for the inferred typechecking algorithm will be rather
high with these approaches. In the case of macro tree transducers, it is hyper-
exponential in the number of compositions, and in the case of k-pebble tree
transducers it is hyperexponential in the number of pebbles [4,16].

5.2 Methods for Proving Lower Bounds

5.2.1 Inclusion, Emptiness, Universality

The most obvious way to obtain lower bounds on the complexity of the type-
checking problem is to use a (trivial) reduction from the inclusion problem
of the schema language at hand. Indeed, the inclusion problem is simply an
instance of the typechecking problem in which the tree transducer performs
the identity transformation.

Inclusion: Given schemas Sin and Sout, is L(Sin) ⊆ L(Sout)?

Note that, when considering settings of the typechecking problem where
the input and/or output schema is fixed, this straightforward approach does
not work anymore. When only the output schema is fixed, the emptiness test
of the input schema is a lower bound: test whether L(Sin) ⊆ ∅. When only
the input schema is fixed, the universality test for the output schema can be
a lower bound: test whether TΣ ⊆ L(Sout). When considering a setting for
typechecking in which both schemas are fixed, however, one of the simulation
methods in Section 5.2.2 might be more interesting.

The following propositions give an overview on the complexity of the inclu-
sion, emptiness and universality problems for the the schema languages from
Section 3:

Proposition 5.1 The inclusion problem is

• ptime-complete for D(DFA)s [12,13];

• pspace-complete for D(NFA)s and D(RE)s [7,13,24]; and,

• exptime-complete for EDTD(DFA)s, EDTD(NFA)s, and EDTD(RE)s [21],

where D stands for DTD, EDTDst, or EDTDrc.

Proposition 5.2 The universality problem is

• nlogspace-complete for D(DFA)s;

• pspace-complete for D(NFA)s and D(RE)s [7,13,15]; and,

• exptime-complete for EDTD(DFA)s, EDTD(NFA)s, and EDTD(RE)s [21].

where D stands for DTD, EDTDst, or EDTDrc.

Proposition 5.3 The emptiness problem is

• ptime-hard for DTD(DFA) [12]; and,

• in ptime for EDTD(NFA)s and EDTD(RE)s [10].
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As opposed to the rest of the paper, we do not assume here that DTDs
do not contain useless symbols (otherwise, the emptiness problem would be
trivial).

Maybe a note on the mentioned references is appropriate: pspace complete-
ness of the universality and equivalence problems for regular expressions and
NFAs is shown in [7,15,24]. For DFAs, these problems are in ptime. In the
full version of [13], it is shown that these upper bounds carry over to DTDs,
EDTDsts, and EDTDrcs (lower bounds carry over trivially).

Proposition 5.2 states that the universality problem is nlogspace-hard for
DTD(DFA)s and in nlogspace for EDTDrc(DFA)s. The former is immediate,
since graph reachability is nlogspace-hard. The latter follows from the fact
that universality for EDTDrc(DFA)s can be decided using a reachability algo-
rithm. Indeed, for a given EDTDrc d = (Σ, Σ′, d, µ), we have to test whether
the extended context free grammar d contains a symbol s that is (i) reachable
from d’s start symbol, and (ii) for which µ(d(s)) 6= Σ∗. If this test succeeds,
the EDTDrc is non-universal. The result follows, as nlogspace is closed under
complement.

Seidl showed that the inclusion and equivalence problem are exptime-
complete for standard non-deterministic tree automata [21]. The exptime up-
per bounds for EDTD(NFA)s and EDTD(RE)s can then be obtained through
unranked-to-ranked encodings (which we also used in Section 4.2). Finally, the
ptime-hardness for emptiness of DTD(DFA)s is shown in [12], and ptime mem-
bership for emptiness of EDTD(NFA)s and EDTD(RE)s follows from results
in [10].

5.2.2 Simulations with the Tree Transducer

Perhaps the technically most interesting way to obtain lower bounds on the
complexity of typechecking, is through simulation of a certain automata model
(or, simulation of acceptance for classes of regular expressions) by the tree
transducer.

Here, we focus on simulation of finite automata. 4 To this end, let A be a
class of finite automata. The overall idea is to generate all possible inputs of
A with the input schema. Then, we use the tree transducer to simulate one
or more automata in A on the input tree and write to the output whether
the input is accepted or not. The ouput schema can then verify whether some
property holds for the simulated automata.

In this manner, we can test various decision problems of automata such as
emptiness, inclusion, equivalence, and universality. For the inclusion problem
of tree automata A1 and A2, for instance, we can do the following reduction.
Our goal is to construct an instance of the typechecking problem that type-
checks if and only if L(A1) ⊆ L(A2). The input schema defines all possible

4 Of course, the techniques we present can also be used to test e.g. satisfiability or validity
of logical formulas.
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input trees for A1 or A2. Given an input tree t, the tree transducer copies the
t twice and simulates A1 and A2 in parallel on the left and right copy of t,
respectively. At the end of this simulation, it can write to the output whether
A1, respectively A2, accept t or not. Finally, the output schema can verify
whether the tree transducer’s output always encodes a situation in which A1

had an accepting computation only if A2 had an accepting computation. Note
that, for this reduction, the tree transducer only has to be able to simulate the
automata in A, and copy a subtree of the input twice. Also, when the alpha-
bets of the automata A1 and A2 are fixed, the constructed input and output
schemas in the reduction do not depend on the given automata. Therefore, it
is possible to obtain complexity hardness results using this reduction even in
settings where both the input and output schemas are fixed.

When the tree transducer has the power to copy a part of its input tree
an arbitrary number of times, the following problem can be interesting:

Intersection Emptiness: Given finite automata A1, . . . , An, is

L(A1) ∩ · · · ∩ L(An) = ∅?

The reduction in this case is analogous to the reduction that we just sketched.
Typically, the tree transducer copies its input tree n times and simulates all
the automata A1, . . . , An in parallel. Finally, the output schema should verify
whether the tree transducer’s output always encodes a situation in which at
least one simulated automaton rejects.

The following proposition gives the complexities of the intersection empti-
ness problem for various kinds of automata (or schema languages):

Proposition 5.4 The intersection emptiness problem is

• pspace-complete for DFAs, NFAs, and REs [8];

• exptime-complete for top-down deterministic (standard) tree automata [22];

• pspace-complete for DTD(DFA)s, DTD(NFA)s, and DTD(RE)s [13];

• exptime-hard for EDTDst(DFA)s [13]; and

• in exptime for EDTD(NFA)s and EDTD(RE)s.

In the last item, membership in exptime is immediate, as a product au-
tomaton for the intersection can be constructed in exptime, and we can test
emptiness of this product automaton in polynomial time in the size of the
automaton [10].

This technique has been used many times in the literature. Milo, Su-
ciu, and Vianu used a simulation of acceptance by star-free generalized reg-
ular expressions to obtain a non-elementary lower bound on the complexity
of typechecking k-pebble tree transducers, even for fixed input and output
schemas [16]. Martens, Neven, and Gyssens used a simulation of top-down
deterministic standard tree automata by the simple tree transducers of Sec-
tion 4.1 to obtain exptime lowerbounds in several settings of the typechecking
problem, also for fixed input and output schemas [12].
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Abstract. The timed modal logic Lν has been proposed in order to
express timed properties over real-time systems modeled as (composi-
tions of) timed automata. In this paper, we present a short survey of
results about Lν : complexity of model checking, expressivity, composi-
tional methods, relationship with strong timed bisimulation etc. We also
show how Lν can be extended in order to express new properties.

1 Introduction

Model checking is widely used for the design and debugging of critical reactive
systems [Eme90,CGP99]. During the last fifteen years, it has been extended to
real-time systems, where quantitative information about time is required.

Timed models. Real-time model checking has been mostly studied and developed
in the framework of Alur and Dill’s Timed Automata (TA) [ACD93,AD94], i.e.
automata extended with clocks that progress synchronously with time. The be-
havior of a real-time system can often be modeled as a parallel composition
of TA. There now exists a large body of theoretical knowledge and practical
experience for this class of systems.

Timed specifications. Temporal and modal logics provide a fundamental frame-
work for formally specifying systems and reasoning about them [Eme90,MP92].
For example, a property like “any problem is followed by an alarm” can be easily
expressed with most of the temporal logics (CTL, LTL, µ-calculus, etc.).

When specifying real-time systems, it is necessary to express timed property
like:

”Any problem is followed by an alarm in at most 10 time units.” (1)

In order to express timing aspects of computations, we can extend the clas-
sical temporal or modal logics. A first possibility is to use timing constraints
tagging temporal modalities [AH92]. For example, with the timed version of
CTL, namely TCTL, one can specify the property (1) as follows:
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AG
(

problem ⇒ AF≤10 alarm
)

A more expressive method consists in adding clocks – a.k.a. freeze variables –
in the specification language [AH94,BCM05]. In this framework, a formula clock
(with the in operator) can be reset and compared with some constant later
on. For example, the previous property can be written as follows:

AG
(

problem ⇒ x in AF(x ≤ 10 ∧ alarm)
)

The same extensions can be done for modal logics with fixpoint operators.

Outline. In this paper, we consider the timed modal logic Lν that has been in-
troduced in [LLW95]. It is a natural extension of classical modal logics for finite
labeled transition systems with (1) two modalities 〈δ〉 and [δ] in order to deal
with delay transitions of the system to be specified (in addition to the stan-
dard modalities for action transitions), (2) with formula clocks and (3) maximal
fixpoint operators.

We address complexity questions for model checking and present several
properties about the expressive power of Lν . This paper contains results from
the following papers [AL02,LL95,LLW95,LL98,BCL05a].

2 Definitions

We first define the timed automata proposed by Alur and Dill [AD94] and then
we introduce the timed modal logic Lν .

2.1 Timed Automata

Notations. Let Act be a finite set of actions, and let N and R+ denote the sets of
natural and non-negative real numbers, respectively. Let X be a set of clocks. A
clock valuation for X is a function from X to R+, the set of valuations is denoted
R

X
+ . Given a valuation v ∈ R

X
+ and t ∈ R+, v+ t is a valuation assigning v(x)+ t

for any x ∈ X. Let r ⊆ X, v[r ← 0] be the valuation assigning 0 (resp. v(x)) for
any x ∈ r (resp. x ∈ X \ r).

We use C(X) to denote the set of clock constraints defined as the boolean
combinations of atomic constraints of the form x ∼ p or x−y ∼ p, with x, y ∈ X,
p ∈ N, and ∼ ∈ {<,≤, >,≥,=}. Given g ∈ C(X) and v ∈ R

X
+ , we write v |= g

when v satisfies g. We write Cl(X) for the restriction of C(X) to the positive
combinations of constraints x ≤ p or x < p, with p ∈ N.

Definition 2.1. A timed automaton (TA) is a tuple A = (L, `0,Act, X, Inv, T )
where L is a finite set of locations, `0 ∈ L is the initial location, X is a finite
set of clocks, Inv : L → Cl(X) is a function that assigns an invariant to each
location, and T ⊆ L× C(X)× Act× 2X × L is a finite set of edges. A quintuple
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(`, g, a, r, `′) ∈ T — denoted by `
g,a,r
−−−−→ `′ — represents an edge from location

` to location `′ with action a, g is the guard and r is a set of clocks to be reset
to 0.

A guard is used to specify when a transition can be performed. An invariant
is used to avoid excessive time delays in a location and thus it may enforce action
transitions to be performed.

The semantics of TA is defined as a Timed Transition System (TTS), that is
a tuple S = (Q, q0,Act,→S) where Q is a set of states, q0 ∈ Q is the initial state,

and →S⊆ Q× (Act ∪ R+) ×Q is a set of transitions (we write q
e
−−→S q′ when

(q, e, q′) ∈→S). The transitions labeled by a ∈ Act (resp. t ∈ R+) are called
action (resp. delay) transitions. We make the following common assumptions
about delay transitions in TTSs:

– 0-delay: q
0
−→S q

′ if and only if q = q′,

– Time-Additivity: if q
t
−→S q

′ and q′
t′

−→S q
′′ with t, t′ ∈ R+, then q

t+t′

−−−→S q
′′,

– Time-Continuity: if q
t
−→S q′, then ∀t′, t′′ ∈ R+ with t = t′ + t′′, there exists

q′′ such that q
t′

−→S q
′′ t′′

−→S q
′,

– Time-determinism: if q
t
−→S q

′ and q
t
−−→S q

′′ with t ∈ R+, then q′ = q′′.

Standard notions of finite or infinite runs apply to TTS.
Given a TA A = (L, `0,Act, X, Inv, T ), we define its semantics as the TTS

SA = (L × R
X
+ , (`0, v0),Act,→SA

) where v0(x) = 0 for all x ∈ X and →SA

consists of:

1. action transition: (`, v)
a
−−→SA

(`′, v′) if there exists an edge `
g,a,r
−−−−→ `′ in T

s.t. v |= g, v′ = v[r ← 0] and v′ |= Inv(`′);

2. delay transitions: (`, v)
t
−−→SA

(`, v′) if t ∈ R+, v′ = v + t and1 v′ |= Inv(`).

Then a state (or configuration) of a timed automaton A is a pair (`, v), where
` is a location – a control state – and v is a clock valuation forX. A key point (for
decidability) is the synchronous time elapsing: all clocks have the same speed.

The size of a TA is |L|+ |X|+
∑

(`,g,a,r,`′)∈T |g|+
∑

` |Inv(`)| where the size

of a constraint is its length (constants are encoded in binary).

Networks of timed automata We model real time systems as parallel compo-
sitions of timed automata with n-ary synchronization functions. Let A1,. . . ,
An be n timed automata. A synchronization function f is a partial function
(Act∪{•})× . . .× (Act∪{•})→ Act, where • denotes a distinguished no–action
symbol. Note that f is a synchronization function with renaming. We write
(A1| . . . |An)f for the parallel composition of A1,. . . ,An w.r.t. function f . A net-
work configuration is a pair 〈¯̀, v〉 where ¯̀= (`1, . . . , `n) is a vector of locations
and v is a valuation for X = ∪iXi, i.e. the clocks of the network (we denote by
vi the restriction v|Xi

).

1 due to the definition of the invariants, this entails: v + t′ |= Inv(`) for any 0 ≤ t′ ≤ t.
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The semantics of (A1| . . . |An)f can be defined as a TTS whose states are the
configurations of the network and the transitions are given by the two following
rules:

〈¯̀, v〉
t
−→ 〈¯̀, v + t〉 iff ∀i ∈ {1, . . . , n}, 〈`i, vi〉

t
−→ 〈`i, vi + t〉

〈¯̀, v〉
b
−→ 〈 ¯̀′, v′〉 iff ∀i ∈ {1, . . . , n}, ai ∈ Act implies 〈`i, vi〉

ai−→ 〈`′i, v
′
i〉 and

ai = • implies (`′i = `i ∧ v′i = vi) and
v′ = v′1 . . . v

′
n and f(a1, . . . , an) = b

Note that the parallel composition does not add expressive power: from any
parallel composition, one can build an equivalent (i.e. strongly bisimilar, see
Section 4.1) timed automaton.

2.2 The Timed Modal Logic Lν

We now define Lν , a timed modal µ-calculus [LLW95]:

Definition 2.2. Let K be a finite set of clocks (disjoint from X), and Id be a
countably infinite set of identifiers (ranged over by X,Y ). The set Lν of formulae
over Act, K and Id is generated by the following grammar:

ϕ ::= tt | ff | ϕ ∧ ϕ | ϕ ∨ ϕ | r in ϕ | g | [a] ϕ | 〈a〉 ϕ |

[δ] ϕ | 〈δ〉 ϕ | Z

where a ∈ Act, g ∈ C(K), r ⊆ K and Z ∈ Id.

The meaning of the identifiers is specified by a declaration D assigning an Lν

formula to each identifier in order to define properties with maximal fixpoints.
Let A be a TA or a parallel composition of TA. We interpret Lν formulae over
extended states (`, v, u) where (`, v) is a configuration of A and u is a clock
valuation for K. This satisfaction relation |=A,D is defined as the largest rela-
tion satisfying the implications in Table 1 (for |=A,D the implications are bi-
implications). The modalities 〈e〉 with e ∈ Act ∪ {δ} correspond to existential
quantification over action or delay transitions, and [e] is the counterpart for uni-
versal quantification. An extended state satisfies an identifier Z if it belongs to
the maximal fixpoint of the equation Z =ν D(Z). Finally the formula clocks are
used to measure time elapsing in properties. We write A |= ϕ for (`0, v0, u0) |= ϕ
where u0(x) = 0 for all x ∈ K.

We can use Lν formula to express classical temporal (and timed) properties:

– z in 〈δ〉 (z < 10 ∧ (〈a〉 tt ∨ 〈b〉 tt)) specifies that an a-action or a b-action is
enabled before 10 time units (without performing any action transition).

– We can express that some formula ϕ holds for any reachable state
(“ALWAYS(ϕ)”, corresponding to the AG operator from CTL). This can be

defined by the following equation: Z
def
= ϕ ∧

∧

a∈Act

[a] Z ∧ [δ] Z.
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(`, v, u) |= tt =⇒ tt

(`, v, u) |= ff =⇒ ff

(`, v, u) |= g =⇒ v |= g
(`, v, u) |= ϕ1 ∨ ϕ2, =⇒ (`, v, u) |= ϕ1 or (`, v, u) |= ϕ2

(`, v, u) |= ϕ1 ∧ ϕ2, =⇒ (`, v, u) |= ϕ1 and (`, v, u) |= ϕ2

(`, v, u) |= r in ϕ =⇒ (`, v, u[r ← 0]) |= ϕ

(`, v, u) |= [a] ϕ =⇒ for all (`, v)
a
−−→SA

(`′, v′), (`′, v′, u) |= ϕ

(`, v, u) |= 〈a〉 ϕ =⇒ there is some (`, v)
a
−−→SA

(`′, v′), (`′, v′, u) |= ϕ

(`, v, u) |= [δ] ϕ =⇒ for all t ∈ R+ s.t. (`, v)
t
−−→SA

(`, v + t), (`, v + t, u + t) |= ϕ

(`, v, u) |= 〈δ〉 ϕ =⇒ there is some t ∈ R+ s.t. (`, v)
t
−−→SA

(`, v + t), (`, v + t, u + t) |= ϕ
(`, v, u) |= Z =⇒ (`, v, u) |= D(Z)

Table 1. Satisfaction implications for Lν

– Given two subsets of events Act1 and Act2, we can state that any event
in Act1 is followed by an event in Act2 in less than ∆ time units (assume
∆ ∈ N):

Z1
def
=

∧

a∈Act1 [a] (y in Z2) ∧
∧

a∈Act\Act1 [a] Z1 ∧ [δ] Z1

Z1
def
= (y < ∆) ∧

∧

a∈Act2 [a] Z1 ∧
∧

a∈Act\Act2 [a] Z2 ∧ [δ] Z2

– To express that some property ϕ will hold during at least ∆ time units,
whatever the transitions performed (ϕUpTo ∆), we can use the Lν formula
z in Z1 with:

Z1
def
= (z > ∆) ∨

(

ϕ ∧
∧

a∈Act

[a] Z1 ∧ [δ] Z1

)

3 Model checking

Region graph technique. Automatic verification of timed systems modelled as
(networks of) timed automata is possible despite the uncountably infinite num-
ber of states associated with the semantics of a timed automaton. The decision
procedure for the problem A |= ϕ is based on the well known region technique
(see [ACD93] for a description for TCTL). Given A and ϕ, it is possible to
partition the uncountably infinite set of time assignments over X ∪ K into a
finite number of regions, s.t. two extended configurations (`, v, u) and (`, v′, u′),
where uv and u′v′ are in the same region, satisfy the same subformulae of ϕ.
Let cmax be the maximal constant occurring in the guards and invariants of
A and in the formula ϕ. The regions can be defined as the equivalence classes
induced by the equivalence relation over valuations defined as follows: two val-
uations w,w′ ∈ R

X∪K
+ are in the same region iff they satisfy the same clock

constraints from the set Ccmax
(X ∪K) containing C(X ∪K) expressions whose
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integer constants belong to {0, . . . , cmax}. Due to this bound over the constants,
the number of equivalence classes is clearly finite.

Then we can define a symbolic semantics [LLW95] for A over a finite transi-
tion system, called the region graph, whose states are pairs (`, γ): a location and
a region. And formulae in Lν can be interpreted over the states of the region
graph.

Thus the region graph technique provides decidability results for many ver-
ification problems over timed systems because it allows us to reduce a question
over an infinite transition system to a problem over a finite one. But note that

the number of regions is in O(|X∪K|!·c
|X∪K|
max ) and the size of the region graph is

in O((|L|+ |T |) · |X∪K|! ·c
|X∪K|
max ). Then in practice, the region graph is not built

in timed model checkers. and in the tools like Uppaal[LPY97] or Kronos[Yov97],
the algorithms are based on an efficient data-structure, the DBMs – Differences
Bounded Matrices – that allow to handle convex sets of valuations. Moreover
several heuristics have been developed to improve the efficiency of the algorithms
(on-the-fly algorithms, reduction of the number of clocks, . . . ).

Verification of Lν properties. Model checking Lν over networks of timed au-
tomata is then decidable:

Theorem 3.1 ([AL02]). Model checking problem for Lν is EXPTIME-
complete. The specification and program complexities are also EXPTIME-
complete.

The EXPTIME membership comes from the fact that applying standard
verification algorithms for modal logics over the region graph can be done in
time linear in the size of ϕ and the size of the region graph, this provides an
algorithm which is exponential in |A| and |ϕ|.

The EXPTIME-hardness is proved by reducing the acceptance of a word w
by a linear (space) bounded alternating Turing machine M to a model check-
ing problem for Lν . We assume (w.l.o.g.) that there is a strict alternation of
existential and universal states in M and that the initial state is existential.
First one can build a timed automaton AM,w that represents the behavior of
the non-alternating version of M over the word w (clocks are used to encode
the contents of the |w| cells of the tape): any action transition corresponds to
a step of M and between two actions one require a strictly positive delay. We
distinguish three labels for actions of M : Init corresponds to the writing of w
on the tape at the beginning of the computation, a labels any step of M and
Accepting labels accepting states of M. Secondly one can use the Lν formula

Φna
def
= [δ] [Init] Y with :

Y
def
= [Accepting] ff ∧ [δ] [a] (〈δ〉 〈a〉 Y )

Then the formula Φna holds for the initial state of AM,w iff M does not
accept w. See [AL02] for the full proof.
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The main difference with reachability or TCTL model checking (which are
PSPACE-complete problems for TA) is the ability for Lν to simulate the alter-
nating behavior ofM.

From the previous construction, one can easily deduce that the program
complexity is also EXPTIME-hard since the formula used in the reduction does
not depend onM and w.

Finally the specification complexity comes from the ability of Lν to encode
the behavior of timed automata. The previous reduction could have been done
for a simple automaton with no clock and no edge and with a more complex
formula. This can be obtained as a direct consequence of the properties of Lν

presented in the next section.

Satisfiability. The decidability of the satisfiability problem — given an Lν

formula Φ, does there exists a timed automaton A s.t. A |= Φ — is still
an opened problem [LLW95]. Note that for most of the timed branching-
time temporal logics (TCTL, Tµ) the satisfiability problem is undecid-
able [ACD93,AFH96,HNSY94]. For the timed linear-time temporal logics like
MTL, satisfiability is undecidable for the (standard) interval-based seman-
tics [HNSY94], but is decidable for pointwise semantics [OW05].
Finally note that if we bound the resources of A — its number of clocks and
the maximal constant occurring in its guards — the problem is decidable for
Lν [LLW95].

4 Expressivity

4.1 Strong timed bisimulation

The standard notion of bisimulation [Mil89,Par81] can be naturally extended
to timed systems : let SA and SB two TTSs and and QA and QB be their
set of states, the strong timed bisimulation ∼ is defined as the largest symmetric
relation over QA×QB such that whenever qA ∼ qB, we have (1) for any qA

a
−→ q′A

with a ∈ Act, there exists qB
a
−→ q′B and q′A ∼ q

′
B, and (2) for any qA

t
−→ q′A with

t ∈ R+, there exists qB
t
−→ q′B and q′A ∼ q

′
B.

We say that two TA A1 and A2 are strong timed bisimilar if their corre-
sponding TTSs are strong bisimilar. In the following we show that some Lν can
express strong timed bisimilarity of timed automata.

Let A1 = (L1, `10,Act, X1, Inv1, T1) and A2 = (L2, `20,Act, X2, Inv2, T2) be two
timed automata. Let σ be the binary synchronization function defined as follows :
∀a ∈ Act, we have σ(a, •) = a1 and σ(•, a) = a2. With σ, the action transitions
of the TA are not synchronized and they are tagged by the number of the active
TA. But the delay transitions are synchronized : every clock of the composition
progresses synchronously with time.

Now assume A1 and A2 have no invariant (for any location `, we have
Invi(`) = tt). Then we have: A1 ∼ A2 iff (A1|A2)σ |= Z with:

299



Z
def
=

∧

a∈Act

(

[a1] 〈a2〉 Z ∧ [a2] 〈a1〉 Z
)

∧ [δ] Z

Indeed the definition of Z is precisely the definition of the strong timed
bisimilarity.

When the automata contain invariants, the parallel composition (A1|A2)σ

does not contain all the behaviors of A1 and A2: from a configuration

(`1, `2, v1v2) of (A1|A2)σ, a delay transition
t
−→ is enabled iff it is enabled for

both automata. If `1 has an invariant, the parallel composition does not contain
delays that violate this invariant even if such delays exist in A2. The solution
consists in defining new TA A′

i’s with the same locations Li, the same clocks Xi,
the set of actions Act ∪ {InvFail}, but without invariant and with another set of
edges T ′

i defined as follows:

– For any location ` ∈ Li, we add a transition (`,¬Inv(`), InvFail, ∅, `) to T ′
i .

– For any transition (`, g, a, r, `′) in Ti, we add a transition (`, g ∧ Inv(`) ∧
(Inv(`′)[r ← 0]), r, `′) to T ′

i . Where g[r ← 0] denotes the constraint g where
every occurrence of the clocks in r are replaced by the constant 0.

The first kind of transitions is used to mark states which are not reachable
in Ai because the current invariant is violated. The second kind of transitions
corresponds to original action steps but we require in the guard that the current
invariant has to be satisfied and also that the invariant of the target location
has to be satisfied by the valuation after the reset: indeed we want to deal only
with transitions that are actually enabled.

Finally we have: A1 ∼ A2 iff (A′
1|A

′
2)σ |= Z where Z is defined as above.

4.2 Compositionality

Compositional model checking [And95] is possible for Lν : given a parallel com-
position (A1| . . . |An)f and some Lν formula Φ, one can build a quotient formula
Φ/A1 s.t. (A1| . . . |An)f |= Φ iff (A2| . . . |An)f |= Φ/A1. The formula Φ/A1 in-
tegrates the initial property and the pertinent part (w.r.t. Φ) of the behavior of
A1. By repeatedly quotienting components from the network into the formula,
we will finally be faced with the verification problem: nil |= Φ/A1/ . . . /An where
nil is an untimed automaton unable to perform action transitions.

Table 2 presents the definition of quotienting for Lν [LL95,LL98]. Note that
the quotient is defined for a formula, a location and a synchronization function f .
Moreover the clocks of the quotiented automaton become formula clocks in the
quotient formula. Finally any fixpoint variable of Φ may give rise to |L| variables
in Φ/A.

We have the following theorem:

Theorem 4.1 ([LL98]). Given two timed automata A1 et A2, a synchroniza-
tion function f and an Lν formula ϕ, we have the following property for any
configuration (`1, `2, v1v2) of (A1|A2)f and u ∈ R

K
+ :
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(ϕ1 ∧ ϕ2)/` = (ϕ1/`) ∧ (ϕ2/`) Z/` = Z`

(ϕ1 ∨ ϕ2)/` = (ϕ1/`) ∨ (ϕ2/`)

“

〈a〉 ϕ
”

/` =
_

`
g,b,r
−−→`′s.t.f(b,c)=a

g ∧ 〈c〉
“

r in (Inv(`′) ∧ ϕ/`′)
”

“

[a] ϕ
”

/` =
^

`
g,b,r
−−→`′s.t.f(b,c)=a

g ⇒ [c]
“

r in (Inv(`′)⇒ ϕ/`′)
”

〈δ〉 ϕ/` = 〈δ〉
“

Inv(`) ∧ ϕ/`
”

[δ] ϕ/` = [δ]
“

Inv(`)⇒ ϕ/`
”

(x + c ./ y + d)/` = (x + c ./ y + d) (x in ϕ)/` = x in

“

ϕ/`
”

Table 2. Quotient construction.

(

((`1, `2), v1v2, u) |= ϕ
)

iff (`2, v2, uv1) |= ϕ/`1

This technique allows us to avoid the construction of the (exponential) con-
struction of the product corresponding to the parallel composition (A1| . . . |An)f ,
but of course this complexity is reported in the formula: the size of the quotient
formula Φ/A1 is in O(|Φ|·|A1|). In order to be applied, the compositional method
needs to be completed with reductions: after every quotienting operation, we ap-
ply reduction laws in order to keep the size of the formula as small as possible
(see [LL98] for a description of these reductions).

The tool CMC (Compositional Model Checker)2 implements this method for
the verification of Lν properties for TA.

This technique has also been extended to linear hybrid systems [CL00].

4.3 Characteristic properties of timed automata

Given a timed automaton A = (L, `0,Act, X, Inv, T ), it is possible to build an Lν

formula ΦA that precisely characterizes the behavior of A: a timed automaton
is strongly timed-bisimilar to A iff it satisfies ΦA. This construction can be done
directly from the definition ofA [LLW95] or it can be seen as a consequence of the
ability to express timed bisimilarity and the compositionality. Indeed consider
the variable Z defined as above to express strong bisimilarity, then the formula
Z`0 defined as the quotient3 Z/`0 verifies the following property for any TA B:

A ∼ B iff B′ |= Z`0

where B′ denotes the TA without invariant described in Section 4.1.
Then the timed modal logic Lν is expressive enough to describe the behavior

of timed automata.
2 http://www.lsv.ens-cachan.fr/̃ fl/cmcweb.html
3 with a declaration assigning a definition to every new identifier Z`.
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5 An extension of Lν

Recently a new operator has been added to Lν in order to express controllability
properties [BCL05a]. More generally the expressivity of Lν is limited in the way
of dealing with delay transitions: the modalities 〈δ〉 and [δ] are respectively too
weak or too strong for specifying some natural properties.

For example, consider the classical EaWb formula: “there exists a path satis-
fying aWb” where W stands for the weak until operator: either the path satisfies
aUb (there is eventually a b and the previous states satisfy a), or it satisfies Ga
(“always a”). In classical Kripke structures, this property can be expressed as

the greatest fixpoint of Y
def
= b∨ (a∧EXY ) where EX denotes the Next operator.

In our framework, the property EϕWψ cannot be expressed in Lν due to the
lacks of expressivity of 〈δ〉 and [δ] . Indeed, from a current state, we need to
state that there is a way of letting time elapse s.t. all visited states satisfy ϕ,
until a state where an action can be performed and so on. But the formula 〈δ〉 ξ
allows us to specify that after some delay, the property ξ holds, but there is no
requirement on the intermediary states. And the formula [δ] ξ requires that any
state reachable via a delay transition has to satisfy ξ. This does not allow us to
express EϕWψ and which has motivated the introduction of the operator [δ〉
defined as follows [BCL05a]:

(`, v, u) |= ϕ [δ〉 ψ ⇔ either ∀t ∈ R+, (`, v)
t
−−→ (`, v + t)⇒ (`, v + t, u+ t) |= ϕ

or ∃t ∈ R+ s.t. (`, v)
t
−−→ (`, v + t) and (`, v + t, u+ t) |= ψ and

∀0 ≤ t′ < t, we have (`, , v + t′, u+ t′) |= ϕ

Note that in [HNSY94] a timed µ-calculus (Tµ) has been defined with a
modality B whose semantics is close to the one of [δ〉 4.

The new operator [δ〉 is a kind of weak Until operator over delay transitions.
We could have defined the operator [δ〉〉 corresponding to a (strong) Until re-
quiring that a position satisfying ψ exists. But we can easily define this modality
with [δ〉 and vice versa:

ϕ [δ〉〉 ψ ≡ ϕ [δ〉 ψ ∧ 〈δ〉 ψ
ϕ [δ〉 ψ ≡ ϕ [δ〉〉 ψ ∨ [δ] ϕ

Let L+
ν be the extension of Lν with the modality [δ〉 . This new logic is more

expressive than Lν :

Lemma 5.1 ([BCL05a]). The L+
ν formula ([a] ff) [δ〉 (〈b〉 tt) has no equivalent

in Lν .

The full proof can be found in [BCL05b]. Let Φ be the formula
([a] ff) [δ〉 (〈b〉 tt). The difficult point is that it is not possible to find two TA A

4 The main difference between B and [δ〉 is that B may include an action transition
after the delay
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and B such that A |= Φ, B 6|= Φ and A |= ψ ⇔ B |= ψ for any ψ ∈ Lν . Indeed as
we have seen in Section 4.3, Lν formulas allow us to distinguish between two TA
that are not bisimilar and if A |= Φ and B 6|= Φ, then A 6≈ B. This is a classical
problem in temporal logic [EMSS91] where one shows that two temporal logics
may have different expressive powers even if they have the same distinguishing
power and this makes the proof about expressivity more difficult.

Adding the modality [δ〉 does not modify the interesting properties of Lν :

– The logic L+
ν allows compositional model checking. It is sufficient to add the

following rule to the quotient definition:

(

ϕ1 [δ〉 ϕ2

)

/`
def
=

(

Inv(`)⇒ (ϕ1/`)
)

[δ〉
(

Inv(`) ∧ (ϕ2/`)
)

– Moreover there is no additional complexity for the verification: Model check-
ing L+

ν is EXPTIME-complete.

Control and controllability. The main motivation for adding [δ〉 to Lν was related
to control problems. In this framework, we address a more general problem than
classical model checking: given a plant P and a control objective Φ, one aims at
synthesizing a controller C such that C(P ) |= Φ where C(P ) denotes the plant
supervised by C. Usually P is a (timed) automaton describing a system and its
environment and we often distinguish between controllable and uncontrollable
events in P : the controller can only act over controllable event in order to satisfy
the property Φ. Moreover the notion of supervision C(P ) can be seen as a simple
synchronization function between the two automata. Finally note that we can
consider different kinds of controller: the sampled controllers (performing an
action every ∆ time units — ∆ being fixed), or the more general case of the
dense-time controllers (we just require that at least ∆ time units elapse between
two controllable actions).

Note that synthesizing C — when it exists — is closely related to the sat-
isfiability problem and it is an open problem when P , E and C are TA and
Φ ∈ Lν .

Nevertheless it has been shown in [BCL05a] that when a control objective
belongs to a deterministic fragment of Lν , it is possible to reduce the controlla-
bility problem — the existence of a controller — to a model checking problem.
More precisely, given P and Φ, the existence of a controller for P and Φ can be
reduced to a model checking instance (P |A∆) |= Φ′ where:

– Φ′ is an L+
ν formula that can be constructed automatically from Φ,

– A∆ is a simple timed automaton describing the type of the controller (sam-
pled, or dense-time).

If Φ′ holds for (P |A∆) , then we know that there exists a strategy for choosing
controllable actions in P in order to satisfy Φ. This strategy — i.e. the controller
— is a timed transition system but it may be non definable as a timed automaton:
a TTS is much more general.
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