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Abstract

General quantitative stability results for stochastic pro�
grams are formulated in terms of probability metrics� spec�
i�ed to scenario�based stochastic programs and applied to
a bond portfolio management problem�
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� INTRODUCTION

Stability and sensitivity studies for stochastic programs
have been motivated by an incomplete information about
the probability measure through which the stochastic pro�
gram is formulated and also by the e�orts in designing
various discretization and approximation schemes needed
in connection with the development and evaluation of al�
gorithms� The solved real life stochastic programs are
very complex� in numerical procedures� one uses their spe�
ci�c structure and is interested in robust solutions	 Small
changes in the input �in our case mainly perturbations
of the probability measure� are supposed to cause only
small changes of the output �the optimal value� the set of
optimal solutions�� Evidently� such requirements can be
cast under quantitative stability analysis� see for instance
���� ��� and references therein� ���� ���� ���� and ����	

For a general stochastic program with a �xed con�
straint set

minimize EP f�x� �� on a set X � Rn ���

where P is a �xed probability measure on ���B� belong�
ing to a class P � with EP the corresponding expecta�
tion operator� X � Rn a given nonempty closed set and

f 	 X ��� R� a given function� denote

��P � � inf
x�X

EP f�x� �� ���

the optimal value and

��P � � argmin
x�X

EP f�x� �� fx � Xjf�x� P � � ��P �g ���

the solution set� To adapt the general quantitative sta�
bility approaches means to select a metric distance d of
probability measures which is suitable from the point of
view of the structure of the considered stochastic pro�
gram and�or of the particular type of approximation of
probability measure P for to get a Lipschitz �or H�older�
property of the optimal value

d�P� P �� � � � j��P � � ��P ��j � K�

and possibly also a Lipschitz �or H�older� property of the
Hausdor� distance of the corresponding solution sets with
respect to perturbations of P measured by d� naturally�
the Lipschitz �or H�older� constants depend on the chosen
metric d�

The �rst results concerning the optimal value can be
found in ����� Special assumptions are needed for to ex�
tend these results to the optimal solutions� A H�older sta�
bility result for solution sets of two�stage stochastic pro�
grams with random right�hand side is obtained in ���� It
is formulated in terms of Wasserstein metric on all prob�
ability measures having �nite �rst moments �and appear�
ing as metric �� in Section ��� The result is essentially
based on a strong convexity property of the expected re�
course function which is now well understood� cf� �����
Later it has been clari�ed in ���� and ���� that second or�
der growth conditions for the objective function around
the solution set lead to �upper� Lipschitzian stability re�
sults for two�stage models� Unfortunately� such growth



conditions are only available in special situations �cf� also
Section ��� Therefore it is expedient to investigate also
quantitative stability for the sets of ��optimal solutions

���P � � �� argmin
x�X

EP f�x� ��

� fx � XjEP f�x� �� � ��P � � �g ���

which hold true under more general circumstances �cf�
����� an idea suggested in �����

For the purposes of an algorithmic solution� the pre�
vailing approximation technique is discretization of the
initial probability measure	 It is replaced by a discrete
probability measure concentrated in a �nite numbers of
atoms� called scenarios� To design an approximation which
is representative enough and such that the obtained so�
lution enjoys plausible robustness properties is of a great
importance� Quantitative stability results for these scena�
rio�based programs may help to quantify the desirable ro�
bustness properties also in rather complicated instances
of stochastic programs with random recourse�

The success and applicability of the quantitative sta�
bility results depend essentially on an appropriate choice
of the probability metric used to measure the perturba�
tions in the model input�

Example� Consider the well known newsboy problem	
The newsboy sells newspapers for the cost c each� Be�

fore he starts selling� he has to buy the daily supply at
the cost b a paper� c � b � 	 The demand is random
and the unsold newspapers are returned without refund
at the end of the day� How many newspapers should he
buy�

Assume that the demand is random with a known dis�
crete distribution P concentrated at S points ��� 	 	 	 � �S
of a closed interval �D�� D��� D� �  with probabilities
ps � � s � �� 	 	 	 � S�

P
s ps � �� The problem is

min
x��

EP f�x� �� 	� ��b� c�x� c
X
s

ps�x� �s�
��

Let an additional scenario �� � �D�� D�� be taken into
account� it corresponds to the degenerated probability
measure Q � 
�� � The considered perturbed problem
is related to a probability measure carried by the ini�
tial scenarios �s� s � �� 	 	 	 � S and by ��� Assuming that
the proportions between the initial probabilities ps� s �
�� 	 	 	 � S are kept we can specify this probability mea�
sure as P� � �� � ��P � �Q where � � �� �� is the
probability of ��� Evidently� the di�erence between the
initial and the perturbed objective values EP f�x� �� �
EP�f�x� �� � ��EP f�x� ���EQf�x� ��� can be non�zero
only on the interval �D�� D�� and at each x � �D�� D��� its
value depends on the probability � of the additional sce�
nario and on the di�erence of the two objective functions

EP f�x� ��� EQf�x� �� � f�x� ���� It is easy to bound
the di�erences of the values of the random objectives
f�x� �� 	� �b � c�x � c�x � ��� for two di�erent real�
izations	

jf�x� ���f�x� ���j � cj�x������x�����j � cj����j �x
���

so that the di�erence of the two considered objective func�
tions

jEP f�x� ���EQf�x� ��j � cj
X
s

ps�x��s�
�� �x����

�j

� c
X
s

psj�s � ��j ���

The di�erence between the function values depends
obviously on the position of the additional scenario with
respect to the initial ones� Let us have a look how is this
fact re�ected by common distances of the one�dimensional
probability measures�

Let F�G denote the distribution functions associated
with P�Q� The Kolmogorov �or uniform metric�

dK�P�Q� 	� sup
t�R

jF �t��G�t�j

equals

max�

sX
j��

pj � ��

sX
j��

pj � if �� � ��s� �s��� for some s

and equals � otherwise�
Contrary to our expectations and the above results

the Kolmogorov distance does not distinguish the magni�
tude of the �positive� distance of the additional scenario
from the convex hull of the initial ones� The least in�u�
ential additional scenario �� � ���� �S� should minimize
the maximal value of �

Ps

j�� pj � ��
Ps

j�� pj �� a condition
which is ful�lled for median �� of the distribution P �

An important class of probability metrics in our con�
text� are the Fortet�Mourier metrics �p� p � �� which are
de�ned in Section �� Here we use the explicit formulas
which are available for �p in the one�dimensional case�
With the notation from above� it holds that �cf� Chapter
� in ����

�p�P�Q� �

Z ��

��

maxf�� jtjp��gjF �t��G�t�jdt

The metric �� forms the L��counterpart of the Kolmogo�
rov metrics and is called �L��� Wasserstein or Kantorovich
metric� Similarly as for the Kolmogorov metric we have
���P� P�� � ����P�Q� and

���P�Q� �

SX
j��

pj j�j � ��j



Notice that the distance between the additional scenario
�� and all original ones is taken into account and that the
least in�uential additional scenario coincides again with
the median �� of P	 For �� � �D�� D���

X
j

pj j�j���j � ���P�Q� � max fEP� �D�� D� �EP�g 	

The next section summarizes the general quantita�
tive stability results and provides their speci�cation to
scenario�based programs� The last section is devoted to
an application to a bond portfolio management problem�

� QUANTITATIVE STABILITY

RESULTS

We assume that the constraint set X is convex and closed�
and that the function f 	 X �� �� R� has the properties
that f�	� �� is convex for each � and f�x� 	� is measurable
for each x� Then the objective function

x 
� EP f�x� �� 	�

Z
�

f�x� ��P �d�� ���

is convex on Rn for any probability measure P �on ���B��
such that ��� is �nite� Later we only consider probability
measures having this property�

The structure of the convex program ��� suggests to
consider a probability semimetric of the form

dF�P�Q� 	� supfj

Z
�

f����P �d���Q�d���j 	 f � Fg

���
whereF 	� ff�x� 	� 	 x � Xg is the class of all measurable
functions from � to R� that appear as integrands in ����
The probability distance dF�P�Q� is �nite whenever P
and Q belong to the set

PF��� 	� fQ 	 sup
f�F

j

Z
�

f���Q�d��j ��g

of probability measures �on ���B�� satisfying a uniform
moment condition with respect to F �

Now� ��� is regarded as a convex parametric program
with parameter P belonging to the semimetric space
�PF���� dF �	 The following stability result is a conse�
quence of a more general perturbation theorem in ����

Theorem �� In addition to the general assumptions� let
��P � be nonempty and bounded� P � PF��� and the
function x 
� EP f�x� �� be locally Lipschitzian on X �
Then the solution set mapping � is �Berge� upper semi�
continuous at P and there exist constants L � � 
 �
 such that ��Q� is nonempty and j��P � � ��Q�j �
LdF�P�Q� whenever Q � PF��� and dF �P�Q� � 
	

Upper semicontinuity of � at P means that for any
� �  there exists a 
 � 
��� �  such that whenever
Q � PF��� and dF �P�Q� � 
� sup

x���Q� d�x� ��P �� � �	
Of course� it would be desirable to quantify the semiconti�
nuity behavior of �� i�e�� to derive an explicit representa�
tion of the function 
��� �e�g� of the form 
��� � ���K�k

with constants k � � and K � �� To obtain such quanti�
tative stability results� it is well known that growth con�
ditions for the objective function EP f�	� �� near ��P �
play an important role� So far growth conditions have
been explored only for stochastic programs with linear
recourse and random right�hand sides or certain situa�
tions of random technology matrices ������ ������ Besides
further conditions� the existence of a density to P be�
ing positive on certain sets related to ��P � is decisive
for growth conditions in two�stage models� Since we are
interested in models with random recourse and also in
purely atomic measures P � these results do not apply�
Fortunately� the set of ��optimal solutions ���P � of ���
enjoys a much better stability behavior when perturbing
the probability measure P �

Theorem �� Adopt the setting of Theorem �� Then� for
any �� � � there exists a constant �L �  such that for
each � � �� ��� the estimate

dH����P �� ���Q�� � ��L���dF�P�Q�

holds whenever Q � PF��� and dF�P�Q� � �	

�Here dH denotes the Hausdor� distance on subsets of
Rn��

The result is taken from ����� Its proof is based on
estimates for ��optimal solution sets of convex programs
�cf� Theorem ���� of ��� or ���� and on further properties
of level sets� It is worth mentioning that the Lipschitzian
stability result for �� at P is valid without assuming a
growth condition for EP f�	� �� and� hence� applies to
many convex stochastic programs�

It is also useful to note that both theorems remain
valid true if the class F of measurable functions from
���B� to R� is replaced by a suitable larger class �F � F
leading to favorable properties of the distances dF �e�g�
to nice representations or explicit formulas�� For two�
stage stochastic programs� classes of locally Lipschitzian
functions with a prescribed growth of Lipschitz moduli
are of particular interest� We assume in the following
that � is a subset of a Euclidean space and B is the �
algebra of Borel sets relative to �� We denote by Fp with
p � � the class of real�valued functions f on � satisfying
the Lipschitzian property

jf���� f����j � maxf�� k�kp��� k��kp��gk� � ��k

for all �� �� � �� and by Pp��� the class of all proba�
bility measures Q on ���B� having p�th order moments�



i�e��
R
�
k�kpQ�d�� � �	 Then the distance �p�P�Q� 	�

dFp
�P�Q� is called Fortet�Mourier metric and ��p�Pp����

forms a metric space� The metric �p enjoys a well devel�
oped duality theory and convergence analysis �cf� ����� In
particular� the following dual representation of �p is valid	

�p�P�Q� � inff

Z
���

maxf�� k�kp��� k��kp��g

k� � ��kR�d�� d���g

over all Borel probability measures R on ��� such that
R�B����R���B� � P �B��Q�B��B � B �cf� Chapter
� in ����� A consequence of this result for � 	� R� is the
explicit formula for �p that is used in Section ��

The next result is a conclusion from Theorem � in case
of discrete probability measures and of integrands f�x� 	�
that satisfy a certain Lipschitz property�

Theorem �� Adopt the setting of Theorem � and let
P be a discrete probability measure on ���B� having the

form P �
PS

i�� pi
�i 	 Assume that there exist constants
p � � and Lf �  such that the function �Lf �

��f�x� 	�
belongs to Fp for each x � X � Then� for any �� � � there
exists a constant L �  such that for each � � �� ��� the
estimate

dH����P �� ���Q�� �

L

�
inf

��
�

SX
i��

�SX
j��

�ijk�i � ��jkmaxf�� k�ik
p��� k��jk

p��g

��
�
���

subject to

�ij � �� ���

SX
i��

�SX
j��

�ij � ��

and

SX
i����i�B

�

�SX
j��

�ij � pi� �

�SX
j�����j�B

�
SX
i��

�ij � qj��B � B

holds whenever Q is a probability measure on ���B� hav�

ing the formQ �
P �S

j�� qj
��j and the property �p�P�Q� �
�
Lf
	

Pro o f	 Let �� � 	 We choose �L �  as in Theorem �
and select some � � �� ���	 Then Theorem � implies that

dH����P �� ���Q�� �
�LLf
�

�p�P�Q�

whenever �p�P�Q� � �
Lf
� where we used that dF�P�Q� �

Lf�p�P�Q�	 Due to the duality result for �p� we have that

�p�P�Q� �

Z
���

maxf�� k�kp��� k��kp��gk����kR�d�� d���

holds for any probability measure R on ��� of the form

R �
PS

i��

P �S
j�� �ij
�i
��j such that for any B � B

R�B � ���R���B� �

SX
i��

�SX
j��

�ij�
�i�B�� 
��j �B��

� P �B��Q�B� �
SX
i��

pi
�i�B��

�SX
j��

qj
��j �B�	

Taking the in�mum subject to all such �ij � �� �� and

putting L 	� �LLf completes the proof�
�

The theorem provides an estimate for the Hausdor�
distance of ��optimal sets to ��� associated with two dis�
crete probability measures in terms of the optimal value of
a certain linear program� This estimate can be exploited
to develop procedures for deleting scenarios of a given dis�
crete probability measure or for studying the in�uence of
certain scenarios to changes of the problem� To discuss
this in more detail� let P �

PS
i�� pi
�i play the role of

a discrete approximation to a certain original probability
measure� P might be obtained by a suitable statistical es�
timation procedure based on a �nite �but large� sample�
Hence� one might wish to reduce that large number S of
scenarios ��� 	 	 	 � �S in order to obtain moderately sized
programs in practical applications� Deleting the scenario
�k of P could be done if the distance dH����P �� ���Qk��

is small� where Qk �
PS

j���j ��k qj
�j with properly cho�
sen probabilities qj � Theorem � indicates that minimizing
the optimal value of the linear program in the right�hand
side of the estimate ��� �with �S � S��� f���� 	 	 	 � ��S��g �
f��� 	 	 	 � �k��� �k��� 	 	 	 � �Sg� subject to all weights qj �
�� ���

P
j qj � �� is such an appropriate choice� A strat�

egy for deleting scenarios could then be based on repeat�
ing this argument successively� Finally� we study the in�
�uence of an additional scenario �� � � by looking at the
probability measure P� � ��� ��P � �Q� where Q � 
��
and � � �� ��� cf� ���� For small � � � Theorem �
provides the estimate

dH����P �� ���P��� �
L

�
�p�P� P�� �

L�

�
�p�P�Q�

�
L�

�

SX
i��

pik�i � ��kmaxf�� k�ik
p��� k��k

p��g� ���

where ��� contains the explicit solution of the linear pro�
gram in ���� The least in�uential additional scenario ��
then corresponds to the minimizer of the function in ���
subject to �� � �	



� AN APPLICATION

The main purpose of the considered bond portfolio man�
agement problem is to preserve the value of a bond port�
folio of a risk averse or risk neutral institutional investor
over time� It has been formulated as a multiperiod two�
stage scenario�based stochastic program with complete
random recourse �e�g�� ����� The main random element
is the evolution of the short interest rate over time which
is regarded as the only factor that drives the prices of the
considered default free government bonds	

Given a sequence of equilibrium future short term in�
terest rates rt valid for the time interval �t� t � ��� t �
� 	 	 	 � T � �� the fair price of the j�th bond at time t
just after the coupon was paid equals the total cash�ow
fj� � � � t��� 	 	 	 � T generated by this bond in subsequent
time instances discounted to t	

�jt�r� �

TX
��t��

fj�

���Y
h�t

�� � rh�
��

����

where T is greater or equal to the time to maturity�
In formulation of the stochastic program one works

with a suitable discrete distribution of the T � dimensional
vector r of the short rates rt� t � � 	 	 	 � T � �� where r�
�the rate valid in the �rst period� is known� The possi�
ble �nitely many realizations of r are called scenarios� we
shall index them as rs� s � �� 	 	 	 � S and assign them prob�
abilities ps � � s � �� 	 	 	 � S�

P
s ps � �� Generation of

scenarios is a rather demanding estimation� callibration
and sampling procedure� The applied input distribution
is thus burdened by various inherent errors and our pri�
mal goal is to analyze the in�uence of these errors on the
obtained optimal decisions and on the optimal value of
the portfolio�

We denote
j � �� 	 	 	 � J indices of the considered bonds and Tj

the dates of their maturities� T � maxj Tj �
t � � 	 	 	 � T� the considered discretization of the plan�

ning horizon�
bj �  the initial holdings �in face value� of bond j�
b� �  the initial holding in riskless asset�
fsjt cash�ow generated from bond j at time t under

scenario s expressed as a fraction of its face value�
�sjt and �sjt are the selling and purchasing prices of

bond j at time t for scenario s obtained from the corre�
sponding fair prices ��� by adding the acrued interest As

jt

and by subtracting or adding scenario independent trans�
action costs and spread� the initial prices �j� and �j� are
known� i� e�� scenario independent�

xj�yj are face values of bond j purchased�sold at the
beginning of the planning period� at t � � xsjt�y

s
jt are

the corresponding values for period t under scenario s�

zj� is the face value of bond j held in portfolio after
the initial decisions xj � yj have been made� zsjt are the
corresponding holdings for period t under scenario s�

The �rst�stage decision variables xj � yj � zj� are non�
negative�

yj � zj� � bj � xj �j� ����

y�� �
X
j

�j�xj � b� �
X
j

�j�yj ����

where the auxilliary nonnegative variable y�� denotes the
surplus�

Provided that an initial trading strategy determined
by feasible scenario independent �rst�stage decision vari�
ables xj � yj � y

�
� �and zj�� for all j has been accepted�

the subsequent second�stage scenario dependent decisions
have to be made in an optimal way regarding the goal of
the model� i� e�� to maximize the �nal wealth subject to
constraints on conservation of holdings and rebalancing
the portfolio	

maximize V s
T�

	�
X
j

�sjT�z
s
jT�

� y�sT� � �y�sT� ����

subject to

zsjt � ysjt � zsj�t�� � xsjt �j� � � t � T�� ����

X
j

�sjty
s
jt �

X
j

fjtz
s
j�t�� � ��� 
� � rst���y

�s
t�� � y�st �

X
j

�sjtx
s
jt � �� � 
� � rst���y

�s
t�� � y�st � � � t � T�� ����

xsjt � � ysjt � � zsj�t � � y�st � � y�st � �j� � � t � T�
����

with y�s� � � y�s� � y�� � z
s
j� � zj� �j� the auxilliary vari�

ables y�st �y�st describe the �unlimited� lending �borrow�
ing possibilities for period t under scenario s and with
parameters 
� � � 
� � � � � � �xed according to the
background of the solved problem�

With VT��x�y� z�� y
�
� � r

s� the corresponding maximal
value of the second�stage scenario subproblem ����������
the full stochastic program can be now written in the
form which allows to apply the general results of Section
�	 The probability measure P �

PS

s�� ps
rs � the vec�
tor of the original decision variables x � �x�y� z�� y

�
� ��

the set of feasible solutions X is de�ned by nonnegativity
constraints on all �rst�stage variables and by constraints
���� ����� the random objective function f�x� �� �
U�VT��x�y� z�� y

�
� � r�� with U a concave nondecreasing

utility function� �The symbol � relates the notation
used in Section � to that used in the application�� No�
tice that set of feasible �rst�stage solutions is nonempty
and bounded and that the function VT��	� r� is concave



in x�y� z�� y
�
� for any r � RT 	 In this notation� the con�

sidered stochastic program maxx�X EP f�x� �� reads

maximize

SX
s��

psU�VT��x�y� z�� y
�
� � r

s�� ����

subject to nonnegativity constraints on all variables and
subject to ���� �����

The stochastic program ���� obviously �ts into the
setting of Section �� In order to apply the quantitative
stability results of Section � to study the behavior of �����
we introduce the class F of relevant integrands as

F 	� fU�VT��x�y� z�� y
�
� � 	�� 	 x�y� z�� y

�
� are feasibleg

and the semimetric dF on the class PF�R
T � of probability

measures as in Section �� Moreover� let ���P � be the set
of ��optimal solutions to ����� Then Theorem � applies
and we obtain the following stability result for �����

Theorem �� For any �� � � there exists a constant
�L �  such that for each � � �� ��� the estimate

dH����P �� ���Q�� �
�L

�
dF �P�Q�

holds whenever Q is another discrete probability measure
on RT and dF �P�Q� � �	

For the proof it remains to note that all discrete prob�
ability measures having �nite support in RT belong to
PF�R

T � and that the assumptions of Theorem � are sat�
is�ed�

Of course� it would be desirable to identify classes of
functions �like the class Fp in Section ��� that contain
F and allow dual representations for the corresponding
metrics� So far this remains an open problem�
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