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1 Introduction

We consider n independent p-dimensional observations X; with means and covarian-
ce matrices

(1.1) E(X)=%B , D(X)=% (i=1,...,n),

where z; are the rows of a known n x k matrix Z of rank k. The k X p matrix B and
> are unknown parameters. The unknown distribution of X; will be denoted by P;.
The matrix with rows X; will be denoted by X . Bayes estimates are wellknown under
normal distributions P; and normal-Wishart prior distributions for the parameter

(1.2) £ =(B,Q) , Q=x1!

(see De Groot (1970) or Zellner (1971)). Bayes estimates for B and ¥ are not only
useful, when some prior informations is incorporated into the statistical analysis
in form of a prior distribution, but also as a basis for the construction of sensible
estimates by adapting the parameters of the prior, e.g. estimating them (see Lindley
(1972) and Efron and Morris (1973) or choosing their values by minimization of an
estimate of the risk of the Bayes estimate (see Bunke (1986)). Moreover they are
useful for producing by some limiting process the maximum likelihood estimates,
namely by noninformative limits of priors and corresponding posteriors (see Box
and Tiao (1973) and Hartigan (1983)). An alternative approach to the description
of a noninformative situation could be to take the posterior as a new prior and
calculate the corresponding posterior and repeate the procedure again and again
hopefully converging to a value, which we will call “selfinformative limit* (see section
3.).In parametric problems under some regularity conditions the posterior means
calculated in this way converge to the maximum likelihood estimate (see Bunke,
Hennig and Schmidt (1976)).

The model (1.1) is semiparametric, when the distributions P; are unknown even
under fixed parameters B,Y. Our paper is concerned with the characterization of
posterior distributions and corresponding Bayes estimates of B, and of P; and
with the structure of their selfinformative limits in some special cases. This may give
some insight into the problem of maximum likelihood estimation in semiparametric
models, its treatment being still not complete (see Gill (1989)). The special case of
Bayes estimation in a univariate semiparametric location model has already been
treated under different priors by several authors (see Diaconis and Freedman (1986)
and its discussion).

2 Prior and Posterior Distributions

The Dirichlet distribution D, of a random (probability) distribution G will be used
to define our priors. It is determined by a finite measure a on (RP, B”).The reali-
zations of G are distributions on (RP, BP). D, is the distribution under which for
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each finite partition of RP into disjoint Borel sets By,...,B,, the random vector
q = (G(B1),...,G(By,)) with values in @ = {g € R™|q; > 0,) ¢; = 1} follows a
J

Dirichlet distribution with density

(2.1) ) o Ha NuL

The mean of G under D,, is

(2.2) /GD (dG) = B3 =a"a,

where a = «(RP). Under D,, almost all realizations G are distributions with means
me and covariance matrices C (see Hartigan (1983), Ferguson (1973) and Simar
(1984) for details).

We will introduce a prior for the unknown parameters and distributions which allows
a calculation of the posterior distribution and generalizes the prior used in Diaconis
and Freedman (1986) (first construction there). To define the prior we write

(23) Xl = ZiA + UiA71/2,

and assume that

(i) the vector 1 = (1,...,1)" is contained in the linear space R(Z) generated by the
columns of Z,

(ii) the p-dimensional random vectors Uy, ..., U, are i.i.d. with distribution G if
A, A, G are fixed and

(iii) under the prior the parameter ¥ = (A, A) and G are independent, G having a
Dirichlet distribution D, with 3 = a~'a = N(0, ) and ¥ having a normal-Wishart
density with f =r +p — k 4+ 1 degrees of freedom:

(2.4) F9) o< [A"2e[A(Sy + (A — Ag)'To(A — Ag))],

where r > k,e[M] = exp[—trM /2], Ay is a k x p matrix and [y, Sy are positive
definite symmetric matrices.

The equation (2.3) generating the observations X; determines the relationship bet-
ween (i) the actually interesting parameters B, Y in (1.1) and distributions

P, = P,(A A, G) of X; and (ii) the parameters A, A and distribution G. It holds

(2.5) B=A+Z"ImcA™V? | S =AY2C,A712
where Z+ = (Z'2)"17".

It is important to know prior means of the parameters of interest to allow a sensible
choice of the constants in (2.4).



Theorem 2.1 Under the prior introduced for 9,G and (1.1), (2.8) it holds, that
E(G) = N(0,I) and

(2.6) EB)=4, , EX)=a(r—k)*(a+1)"'S,.

We now discuss the posterior distribution of ¥, G, which determines the posterior
means of B, by (2.5) and of the unknown distributions P; by (2.3). Because under
the condition of fixed A, A, G the random vectors Y; = (X; — z;A)AY? are i.i.d. with
distribution (G, we obtain the conditional posterior of G under the condition of fixed
A, A as the Dirichlet D,, corresponding to

(27) ay = o+ Z (5)/1

where ¢, (see Ferguson (1973)) denotes the Dirac measure degenerated at y. There-
fore (see (2.3)) the posterior mean of P; = P;(A, A, G) (the distribution of X;) will
be (for PX— almost all X w.r.t. the marginal distribution P* of X )

(2.8) P, = E(P|X) = kExN(%A,A™") + RExQy,
where
(2.9) Y, = VA2 4 2 A = X+ (2 — 2))A,

(2.10) k=af(la+n) , R=1—-k

and )y denotes the empirical distribution of Yi....,Y,, Ex denoting the mean
w.r.t. the posterior distribution of .

The posterior distribution for ¥ is determined by the prior of ¥ and the marginal
distribution W of the matrix U with rows U; (see (2.3)). Under W the conditional
distribution of U,, under the condition of fixed Uy, ..., U, is

m—1

211)  (a+m—1)" [m(o, IEDY 5&}

(see Hartigan (1983)) and therefore the probability is positive, that some of the
rows U; are identical. More specifically it holds (see Ghorai and Rubin (1982) and
Lo (1984))



(212) W =) W(M)W,,

ceC

where C is the set of all partitions

el
(213) ¢ N={lL...n}=> Ng

of the set N into disjoint subsets N, L. is the linear subspace of all n x p matrices
U with identical rows U; = U; if 1, j € Ng,

(214) MC:{UGLC‘Uz#UJ leENCt,jeNch,t%h}

and W, is the conditional distribution of U under the condition U € M,. From (2.11)
it easely proven by induction, that

(2.15) Te = W(M,) = n.a(a+1)-(a+n—1)]"

lc|

(2.16) Ne = H |Net|!! , (]Ne|: number of elements in N).
t=1

V~VC is the distribution of a random matrix U with values in L., the different rows
being i.i.d. with distribution N (0, ), and W, is the restriction of W, on M,.

A consequence of the structure (2.12) is the mixture structure of the posterior dis-
tribution Px of ¥

(217)  Px=)» PWUE€M|X)P.x |
ceC

where P, x is the posterior of ¢ under a model (2.3) with a fixed distribution W, of
U. Fortunately, some or even many of the terms in (2.17) may vanish together with
the posterior probabilities for U € M,, as shown in the next theorem 2.2. For this
we introduce some notation:

The image of the mapping (2.3) under the restriction U € M will be

(2.18) T(M):={X=ZB+U|B¢€ R Ue M}.
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We introduce the following subsets of partitions:

(2.19)  D(c) ={ce C|T(L) = T(Lc)}

(220) D ={ce C|T(L,) = R"™"}

and (denoting the dimension of T'(L,) by d.) the subsets of observations

(2.21) T.={XeT(M.,)|X¢T(L,) Vec:d.<d.,T(L;) #T(Lc)},

(222) T=|J T . T=T.

ceD(c) ceD

The set C' of partitions is obviously the union of equivalence classes D(c) (= D(c) for
¢ € D(c)) of partitions leading to same images T'(L.). The set T'(c¢) of observations
corresponds just to the class D(c), including only observations generated by “errors*
U from M, (R™*? has been already partitioned in the disjoint subsets M..) and leaving
out the observations belonging to images T'(L.) of smaller dimension (or different
from T'(L.), if the dimension is the same). D and T correspond to the full dimension
d. = n. We denote by A\, the Lebesgue measure on the o-algebra of Borel sets of
the linear subspace L C R™*P and by Ay its extension to B™"*P. Then it is easy to
see, that T'(L.), T'(M.) and T'(c) differ only by a nullset w.r.t. the Lebegue measure
)\C = >\T( Le)-

In the following we will use the positive semidefinite (possibly singular) matrix

(2.23) Q. =211 7" + K.,

the elements k.;; of K. being equal to one, if 7 and j belong to the same subset N
and zero otherwise, and the constants

(2.24) d. =rank Q. =dimT(L.), s.=r+d.+p+1—k.

Finally we denote the determinant of a matrix G by |G|, the Moore-Penrose inverse
of G by G* and we introduce the functions

(225)  @u(X) = Q7P S0 + (X — ZA)QF(X — Z4g)| ™
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(2.26) w.(X) = g, w.(X).

The constants

(2.27) gfz/wxxmauvzw%>

may be shown to depend on ¢ through s, writing w.(X) as the density of a generalized
Student distribution (see De Groot (1979)) in the matrix variable Y = U.X defined
by the diagonalization or spectral decomposition Q. = U!Diaglw,, . . .|U..

Theorem 2.2 Under the above assumptions, for all ¢ € C and for P* almost all
X in T'(¢) it holds, that
(2.28)  P(U€ M| X)=rw(X)/ Y mawe(x),

ceD(?)

if c € D(¢) and

(229)  PUEMI|X)=0 if ceC— D).

Let v, the Lebesgue measure on the o-algebra of Borel sets of the set of positive
definite p x p matrices. An explicit expression for the density of P, x w.r.t. a product
measure of the form p. = Ag, X v, can be derived for PX - almost all X in T'(c).
The linear space R, will be generated by the matrix A, defined in (2.34):

(2.30) R.={A.H | H € R*?},

Theorem 2.3 Under the above assumptions and for PX-almost all X € T(L,) the
distributions P, x have the densities w.r.t. p.

(231)  pe(®]|X) o [AJCHE2ALS, + (A — A)AL(A - A},

where

(2.32)  S.=8,+ (X — ZA)'QH (X — ZAy),
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(2.33) Ao = Ag+ T3 210 (X — ZAy),

(2.34) A, =Tyt =Tt zi0rzrgt.

The means of A and A1 under the “generalized normal-Wishart“ density (2.31) are
A, and (see De Groot (1970))

(2.35) A7t =(d.+7r—Fk)'S..

These means yield together with (2.5), (2.17) and theorem 2.2 the posterior means
of B and ¥, which are Bayes estimates w.r.t. quadratic risks. For each observation
X € T: the terms appearing in the expressions correspond to partitiones ¢ leading
to the same linear space T'(L.) = T(Lz):

Theorem 2.4 Under the above assumptions and for P)f— almost all X € T(Lz)
(¢ € C) leading to densities (2.51) with some matrices A, S. for all c € D(C) the
posterior means B and ¥ of B and ¥ are

(2.36) B = Z r.B. , Y= Z rod..
where r. = P{U € M.| X) and

(2.37) B.= A 4+ RZT1(T — ZA.),

(2.38) T:n_lin : E:n_lzzi,

(2.39) Y. = wlkA; + E(gA + R, — RTT,)],

where

(2.40) w=(a+n)/(a+n-+1),



(243)  Re=n""> rlra.

Moreover the posterior mean of P; is a mixture

(244)  B= Y rlkFie + F(viePe + Ticke)
ceD(2)

of distributions, where F; . has the density

(245) f’L,C(y) = f(y | Sc + 17 hic + ]-7 SC7 ZiAc)a
(246) hic = ZiAch s

(247)  flyla,b,S,d) oc | S+b(y—d) (y —d) |~
being the density of a generalized Student distribution, P;. has the density
(248)  piely) = Y mit it gie (fy — Xi(G, )] /hise)

jEJic

being a “kernel desity estimate” depending on “pseudoobservations”

(249)  X,(j,¢) = zA. + (X; — 2 A,),

and F.. is the empirical distribution of the pseudo observations X;(j,¢),j € Vie,
using the notation



(250) h?jc == (Zi — Zj>Ac(Zi — Zj)t7

(2.51) Jie=1{j € N|hijc. >0} , Vie=N—Jg,

(252) qZC(y) = f(y ’ Sey 17 ch O)a

(253) Vie = mic/n > Vie = 1— Vie mic = | Jic |

3 The Location-Scale Model

The location scale model is the special case k =1, Z = 1 of (1.1), where we write
v = I'y. Here we have T(M,.) = M, , these sets being different for different c.
Therefore D(c) = {c} for all ¢ and

(3.1) PU e M., | X) =10,

for PX-almost all X € M,, so that for these X the Bayes estimates of B and ¥ are of
the form (2.37) and (2.39), provided that the distribution P. x has a density of the
form (2.31), see theorem 2.4. This is the case, because following from the definition
of W, the distribution P, x is the posterior under the parametric model (2.3), where
i =1y....,1% and where i; is a fixed index from N, for each ¢, the random vectors
Ui,,...,U;, being i.i.d. with distribution N (0, I'). In this normal location-scale model
the posterior density is wellknown (see Zellner (1971)) and of the form (2.31) with

(3.2) Se =S+ |c| H. + |¢| Me(T — Ae),
(33> Te = ZX% / |C| )
t

(3.4) He = Z(Xz - ECY(X% =)/ |,

t
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(3.5) Ae=7(v+ le))7,

(3.6) A= AAg + (1 - AT

For PX-almost all X € M, we obtain the Bayes estimates

(3.7) B. =k Ay + (1 = \)T| + R,
(3.8) Se = w[r(l+ Rl + el YA + RH. + wR(T — A) (T — A,)]
where

(3.9) T=n"tY a; , A71=(lc] +r—1)718.
=1

We remark, that 7. and H. are the sample mean and covariance matrix of the
subsample consisting of the different observations Xj.

The Bayes estimate P; of P; will be (see (2.44))

(3.10) P, = kF, +RF |

where F, has the density f(y|s.+1,(y+ |¢|)~ +1,S., B,) and F' is the empirical
distribution of the observations 1, ..., z,, all constants (2.46) vanishing.

Remark 1: Because of the law of large numbers, for a fixed distribution G and fixed
parameters B and 3, the mean 7. and H, will be consistent estimates of B and X
resp. and the empirical distribution F will be consistent for the distribution P of
X;. Therefore all our Bayes estimates B, 3, P will be consistent in the frequentist
sense.

Remark 2: We will investigate “selfinformative® limits of Bayes estimates, which are
obtained by taking the posterior Py in place of the original prior for 9 in a parametric
problem, calculating the corresponding posterior and repeating this procedure again
and again. . We will define a selfinformative limit in a precise manner, which is
equivalent to the above mentioned iterative procedure if the determination of the
conditional expectation given by (2.36), (2.39), (2.44) is used.
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We consider m replications of the model (1.1), that is precisely, we take n = mn
in place of n, Z = 1,, ® Z in place of Z and take independent observations X;(i =
1,...,n) in place of X;, ® denoting the Kronecker product. Now we have the model

(3.11) EX=7B, DX =Y ®I;
replacing (1.1).

Definition 3.1 We assume ,,X = 1,, ® X and denote by B, f], PZ the Bayes esti-
mates corresponding to observations X € R™P defined by (2.36), (2.37), (2.39) and
(2.44). The limit of B, or of P, calculated for X = ,, X and for m — oo, if it
exists, is called a selfinformative limit.

We calculate now selfinformative limits in the location-scale model and assume, that
all observations X; are distinct. Then the Bayes estimates are (3.7), (3.8) and (3.10),
where T, and H, are the mean T and the covariance matrix

(312)  S=n") (X;-7)'(X; -7

i=1

of the whole sample Xi,..., X, resp. The “sample* ,,X of size n has the same
mean and covariance matrix and also the same empirical distribution (each value X;
appears m times and its probability under the empirical distribution is m/n = 1/n).
The matrices A, and S, for this sample have the limits (using |¢|72)

(3.13) lim @, =%, lim m™ 'S, =nS,

m—00 m—00

so that

3.14) Al=(r+n—k 'S, —S.

We obtain the selfinformative limits

(3.15) B—7 , ¥—=S , PoF

because of (3.7), (3.8).(3.10) and

Lo

(3.16) Ae=v(y+mn)t =0, k=ala+mn)”
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4 The Two-Sample Model

The two-sample model is the special case k = 2,

(L., O A
(4.1) Z—( 0 Iln2> ,B—<bt2

of (1.1), the size of the i-th sample being n;. We will restrict our attention to the
estimation of the means b; and b, of both samples and assume

w; 0 akby >
4.2 I'y = Ay = i
(4.2) 0 < 0 ws ) ’ 0 < aby

It is easy to see, that T'(L.) = R"*? for the partitions

(4.3) ¢ : N= Z{i}

and, (for all 4,j with 1 <i<mn; <j<n=mn;+ny)

(44) (i) N=Y {m}+{i.j},

m#%]

while T'(L.) is a subspace and Lebesgue null set of R™*? for all other partitions.
Therefore we have

(4.5) D={c}+V , V=A{cli,j)|i<ni<j<n}

(see (2.19). Then the set T' (see (2.22) is the complement of the Lebesgue null set

1<i<k<ni n1<j<m<n 1<ifk<N7p:iFk
ny<j€m<n:j#m

being the union of linear subspaces

(4.8) Lijim ={X = ZA+ U|A€ R¥?.U € R™? : U; = U;, Uy, = Uy, }.

Theorem 2.4 gives after a cumbersome algebraic calculation (see appendix):
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Theorem 4.1 The posterior means of by, by in the semiparametric two-sample mo-
del (1.1), (4.1) under the above assumptions on the prior and (4.2) are given for
PX_-almost all X € T by

(4.9) B = reBet+ > TeipBes,
1<i<ni <j<n
(4.10) B, = A +FR1(T- %dfﬂ - %éiz)a

(4.11) @ = (o + W) (T + wWial,,),  (m=1,2),

(413) di(i,j)Z = d[]].IX + )\1(Xj — Xz) + Xj + ()\1 — nl)agl + (1 — Ng — )\1)&62],

where

ni

(414)  T=ny') X; , Ty=n;' Xn: Xi,

n=1 i=ni1+1

(4.15) Am = Ny, — 1+ wy, (m=1,2),

(4.16) d=(n—1+w; +w) "
The weights r. in (4.9) are determined by:

(A17)  re=so/(Set D Sei):

1<i<ni<j<n

where

14



(418) s = [y + Dngws + D] P2] So+ Qu 0,

2
(4.19) Q.= X'X — Z(nm W) N2 E T,

where

(4.20) X =X —ZA,

ni n2
(4.21) Bi=n' Y Xio, Ta=nyt Y X,
=1 1=n1+1

(4.22) g=r+p+1-—k,

and

(4.23) Se(ing) = (A~ wywa)P? [ Sy + Qi |71/,

where

(4.24) Qij = X'X —dMTLTy; + Wi; — Hyl
(4.26) Wi = XIT, + TIX,; + XITj + T;X; + (d — \)XIX; + (d — M) X1 X;

(4.27) Hij = MAe X! Xo s+ XL (T — ATy) + (T — AT X,

ni
(428) Ti=> Xp-Xi , = > X.-X , X;=X-X,

m=1 m=ni+1
The Bayes estimates > and P, may be calculated in an analogous manner but yield
even more complicated expressions and therefore are omitted here.

The calculation of the selfinformative limit of the Bayes estimate (4.9) of B yields
the maximum likelihood estimate under normal distribution G = N(0, 1):
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Theorem 4.2 Under the assumptions of theorem 4.1 and for P~ -almost all X € T
the selfinformative limits of the Bayes estimates of the means by, by are

(4.29) [
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5 Appendix

1. Proof of theorem 2.1:

(2.6) follows from (2.5), the prior independence of ¥ and G, the means

(A.1) Emg=mg=0 |, ECg=ala+1)"'Cs=ala+1)I

under a Dirichlet D,, (see Ferguson (1973)) and the means

(A.2) EA=4Ay, , EN'=(@r—-k'S
under (2.4) (see De Groot (1970)).

2. Proof of theorem 2.2:

Because of the definition of W, and (. the conditional distribution of X under the
conditions U € M, and of a fixed A is the normal N(ZAg, A~ ® Q.). It has the
density

(A.3) F(X e, A) oc |A|%2 e[AM(X — ZAg) QF (X — ZAy)]

w.r.t. A, as stated in the following lemma, which may easely be proven using prin-
cipal components of X and of its subvector X and the known densities of normal
distributions with nonsingular covariance matrices.

Lemma 1: Assume

X, Y1 X2
X~ N,(0,%) , X = - ,
(0,%) ( Xo ) < Yo Yo )

where Xo € R* with k < n and Y99 € R¥*¥. We use the notation

(A.4) Ly ={Zub|be R"*}, L, ={Zyb|bec R}
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The distribution of X has w.r.t. A\, xr, the density p(x) o e[x*STx]. For almost all
Xo € Ly the conditional distribution of X1 under the condition Xy has w.r.t. A\r,, the
density

(A5) p(X1]Xa2) oc e[ (X1 421285 X0) (D11 — B12X53501) T (Xy + X155, X0)].
Using the integral

(A6) / |A|b€[AS]dA — k'b |S|—(b+p+1)/2

(see Zellner (1971)) we may integrate (A.3) w.r.t. the prior distribution of A (see(2.4))
and see, that the conditional distribution P, of X under the condition U € M, has
a density w.r.t. Ap(z.) =: Ac, which is given by w.(X) (see (2.26)).

Now it easy to see, that (see (2.21)

(A.7) T(L.) =T,UT, with some set T, obeying \.(T.) = 0,

(A.8) Ae(Te) < A(T(Le)) =0 ifd. > d,
(A.9) T.NT(L)=¢ if d.<d. T(L.) #T(Lc).
Therefore for all ¢ € C' the distribution P. has a density w.r.t.

(A10) A=) A

ceC

dP.,
d\

This follows from A\, = A. (¢ € D)), (A.7), (A.8), (A.9) leading to

(A.11) = |D(c)| " o) (X)we(X).

(A12) / T (X )we(X)dA(X) =
Z/IHQT(C Jwe(X)do(X |/wc )dAe(X).
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Bayes formula together with (2.15) and (A.11) proves the theorem.

3. Proof of theorem 2.3:

The prior (2.4) and (A.3) give for P¥-almost all X € T'(c) the marginal density

(A.13) p(Ale, X) oc [A]detr=R/2e[AS,]

under P, x. The conditional distribution of (;) under the conditions U € M, and A
is the normal N(Gp, A™' ® U..), where

(A (Tt Ttz
N N G )
The conditional density of A under the condition of a fixed X is known from Lemma
1 and yields together with (A.13) the density (2.31).

4. Proof of theorem 2.4:

The posterior mean (2.44) follows from (2.8) together with (2.17) and (2.31) because
of

(A15)  E.x(N(zA,A)|A) = N(zA. , (hie + DA™Y
leading with (A.6) to the density (2.45) of E. xN(z;A,A™'); and

(A16)  E.xdy, = Ecx N(Xi(j,c), BiAY 0 j€ Jie

leading to the density (2.48) of the distribution P,.. The posterior means (2.38)
follow from (2.5) together with (2.31), (A.1) and (A.2) and

(A17) B, = wE.x A2 C,u,, A7V =
== WEQX |:HA1/2[A1/2 + Enil Z(Xl — ZZA)t(Xz - ZZA> -

—R (T —zA)' (T — zA)} =
= w {/{/f\? + EEC,X{RC +nt Z(ziAcz;?)A—l _
—E[(E —ZA) T —ZA) + (Z A, zt)A—l] }} = (2.39).
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5. Proof of theorem 4.1:

The proposition (4.9) follows from (2.31) and (2.36) by a cumbersome algebraic
calculation using v; = w; * and the matrices

(A.18) Q.. = Diaglvy Jp,,vo Jp,| +1 ,  Jpm = 1,11

]ml + Uljml Ul:n- 0 0
’Ul]lt 1 “+ 0 1
(A.19) Qenyne) =
0 0 Im2 + UQJm2 UQ]l
0 1 Ugl]_t 1+ V2

Their inverses are

(AQO) QC_*I = Diag[[nl — (n1 + wl)_IJm s In2 — (TZQ + IUQ)_IJnQ]

and
dillml — Jm1 —/,LQI]_ —J Aol
— 2l a1 AT — A Ao
(A21) Q. =d ;
—J )\1]]_ d_1]m2 —J _,U/I]I
)\2]lt —)\1)\2 —,ullt ,ul)\g
where

Their determinants are

(A.23) |,

= (U1n1 + 1)(7}2’02 + ].) s |Qc(i,j) | = (wlwgd)_l.

We remark, that the matrices €. j) are obtained from €., »,) by row and column
permutations.
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6. Proof of theorem 4.2:

Following the definition of selfinformative limits given in section 3 we take r repli-
cations of the two-sample model, that is, we replace in (1.1), (4.1) n; by rn;, Z by
1, ® Z, use the observation matrix 1, ® X and take the limit of the corresponding
Bayes estimates (4.9) for r — oo, assuming X € T.

For r — oo we obtain

(A24) B, —7 (m=12)

and for (i,7) € V
(A25) BZ(i,j)l — hijl =7+ TZQ_ITL(XZ — X])

(A26) ’62(2-,]-)2 — hijQ =7+ nl_ln(Xj — Xz)

Moreover we have:

(A27)  r'Qu— Q=) X[Xi—mTT —noThTs

(A.28) rilQi,j — @z’j =Q+ny (Tl—hij1)t(f1—hiﬂ)+n2(f2—hz’j2)t(f2—hij2)-
We see for (7,7) € V, that @ij — (@ is positive semidefinite and that

(A29)  Q;=Q ifand only if hyjy, =T, (m = 1,2).

With

(ASO) (Zal) eVi= {@7 D eV | hﬂm =Tm (m = 172)}

we obtain for r — oo the limit

(A.31) S 8e(ig) = Qi (T)P? — g = (N nina)??

where
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(A32)  qii(r) = [] (nmwy! + 7 wm(n+ 7wy +wy — 1))

m=1

With (i, j) € Vo =V — Vit holds that |Q| < |@Q, | and therefore that

] (g+rn)/2

— 0.

(A33) s 'seig) = aiy(r)| [r " So+r7Qu] [ So + 771 Quy

From (A.31) and (A.33) follows that

(A.34) Te(ij) — 0 (4, 5) € V]

(A35) Te, =™ 0= (1 + "/1|Q)71 y o TeGig) = 04 [(Zaj) S ‘/1]
Finally (A.28), (A.34), (A.35) yield

(A36) b= Y. rbl, > T

ce{cs JUVIUV,
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