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Capital Growth with Security

Abstract

This paper discusses the allocation of capital over time with several risky assets. The

capital growth log utility approach is used with conditions requiring that specific goals are

achieved with high probability. The stochastic optimization model uses a disjunctive form for

the probabilistic constraints, which identifies an outer problem of choosing an optimal set of

scenarios, and an inner (conditional) problem of finding the optimal investment decisions for a

given scenarios set. The multiperiod inner problem is composed of a sequence of conditional

one period problems. The theory is illustrated for the dynamic allocation of wealth in stocks,

bonds and cash equivalents.

1 Introduction

The problem of capital accumulation under uncertainty has occupied an important place in the

theory of financial economics. Given a set of risky investment opportunities, a decision maker

must choose how much of available capital to invest in each asset at each point in time. When

the criterion for selecting an investment policy is maximizing the expected value of the logarithm

of accumulated capital, the resulting policy, known as the Kelly or capital growth criterion, has

many desirable properties. The maximum expected logarithm strategy asymptotically maximizes

the log run expected growth rate of capital (Kelly 1956, Breiman 1961). Moreover, the optimal

policy is myopic and period-by-period optimization can be used to compute the optimal decisions

(Hakansson 1972). Breiman (1961) has shown that the expected time to reach asymptotically

large wealth levels is minimized by this strategy. A theoretical exposition of the properties of the

capital growth strategy in the intertemporally independent and weakly dependent cases appears

in Algoet and Cover (1988). Rotando and Thorp (1992) apply the Kelly strategy to long-term

investment in the U.S. stock market and demonstrate some of the benefits and liabilities of that

strategy. MacLean, Ziemba and Blazenko (1992) discuss a theory of growth versus security using

fractional Kelly strategies which are convex combinations of cash and the Kelly fraction and apply

this to several speculative investment applications; see also MacLean and Ziemba (1991, 1999).

MacLean, Ziemba and Li (2000) show that the fractional Kelly strategies lie on a growth-security

efficient frontier if the assets are lognormally distributed. Without lognormality, the tradeoff of

growth versus security is monotone but not necessarily efficient. Hakansson and Ziemba (1995)

review the capital growth literature and various applications.
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The optimality properties of the Kelly strategy are related to expected values, either of log

wealth or first passage times. But the fraction of wealth invested may be unacceptably large be-

cause the Arrow-Pratt risk aversion index is the reciprocal of wealth and is essentially zero for

reasonable wealth levels. Furthermore, if uncertainty in the return on investment is considerable

then the probability of wealth becoming negligible at some point is high with the capital growth

strategy.1 This downside risk of investment strategies has led to a growing interest in risk control.

The traditional approach to risk control has been to include the variance of wealth in the de-

cision problem, and solve for mean-variance efficient strategies (Markowitz 1959). More recently

Value-at-Risk based risk management has emerged as the standard (Jorion 1997). The VaR is the

floor below which wealth can fall in a specified time interval, with a prespecified small probability.

Investment models can be formulated in discrete or continuous time. In continuous time the

dynamics of asset prices are usually defined by geometric Brownian motion, with the asset prices

having log-normal distributions (Merton 1992). A continuous time model with VaR constraint

is studied by Basak and Shapiro (1999), where the VaR risk managers’ strategies are contrasted

with portfolio insurance. The discrete time analogue to the Brownian motion model is a random

walk. Computational approaches to obtaining optimal growth strategies in discrete time without

assumptions on asset price distributions are presented by Cover (1991); see also Helmbold et al

(1996).

In this paper the computation of strategies for investment in discrete time which achieve max-

imal capital growth subject to a VaR constraint is considered. The emphasis is on defining a

multistage stochastic programming problem where the constraints are identified by a selection of

scenarios sampled from the space of potential financial market outcomes. Using the VaR con-

straint, the outcomes are classified as critical and noncritical, with feasible investment strategies

maintaining the critical outcomes at a small percentage. An algorithm for classifying scenarios is

developed and illustrated with the optimal trade-off of cash, bonds and stocks over time.

2 Capital Accumulation Model

Consider an investor with initial wealthW0 and the opportunity to invest inm risky securities. The

following assumptions are made about capital markets: no transactions costs; no taxes; infinite

divisibility of assets; assets have limited liability; borrowing and lending are allowed at the same

rate; and short selling is permitted. These conditions will be referred to as the market assumptions.

The trading price of securityi at timet is Pi(t), i = 1, · · ·, m. In discrete time the rate of return

1For example, Ziemba and Hausch (1986) ran a simulation where an investor has initial wealth $1000 and makes

700 independent wagers, all of which have an expected value of $1.14 per $1 wagered and all of which have not

small probabilities of winning. In 166 of 1000 replications the Kelly bettor had a final fortune of $1,000,000 or more.

However, the minimum final wealth was only $18.
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on a unit of capital invested in securityi at timet is

Pi(t + 1)

Pi(t)
= Ri(t), i = 1, · · ·, m. (1)

It is assumed that the returns follow a log-normal distribution, so considerYi(t) = ln Pi(t), i =

1, · · ·, m. WhereasPi(t) is a geometric process,Yi(t) is an arithmetic random walk with increments

Zi(t) = ln Ri(t), i = 1, · · ·, m, with Zi(t) having a normal distribution. Therefore, the increments

can be represented as a random effects linear model

Zi(t) = πi + δiεi(t), i = 1, · · ·, m (2)

where ε(t)> = (ε1(t), · · ·, εm(t)) is N(0, I) and π> = (π1, · · ·, πm) is N(µ, Γ), with µ> =

(µ1, · · ·, µm) andΓ = (γij). So,γij is the covariance betweenπi andπj, the random expected

rates of return of securitiesi andj, respectively.

From the arithmetic random walk with normal increments the conditional distribution of log-

prices at timet, givenπ and∆ = diag(δ2
1, · · ·, δ2

m) is (Y (t)|π, ∆) ∼ N(πt, t∆). The marginal

distribution of log-prices isY (t) ∼ N(µt, Σ(t)), whereΣ(t) = t∆ + t2Γ.

Although this log-normal model for securities prices is specialized, the random rates of return

provide the flexibility required to match the theoretical prices to observations. This discrete time

model is the analogue to the geometric Brownian models in continuous time. The dynamics of

price movements are clear from the distribution parameters. The underlying parameters(µ, Γ, ∆)

generate the securities prices. If these parameters are known or estimated then the price distribu-

tions can be specified. Parameter estimation is discussed in Section 6.

From the initial values the forward price process evolves as a random walk with intertem-

porally independent increments defined by (2). Consider the rate of returns processRa(t)
> =

(R1(t), · · ·, Rm(t)), t = 1, · · ·, T , and denote the multivariate rate of returns distribution at timet

by Ft. For the stochastic processRa(t)
> = (R1(t), · · ·, Rm(t)), a trajectory or realization of the

data process is associated with an outcomeω in the sample spaceΩ of all outcomes (trajectories).

The distributionsF1, · · ·, FT generate a probability measureP onΩ and the associated probability

space(Ω, B, P ). The sample space can be represented asΩ = Ω1, · · ·, ΩT , with ωt ∈ Ωt, the data

for time t. The information available to the investor at timet is the data on the past, and is repre-

sented by the filtrationB0 := {∅, Ω} ⊂ B1 ⊂ · · · ⊂ Br := B, whereBt := σ(ωt) is theσ-field

generated by the historyωt of the data processω to timet. So the stochastic process is adapted to

{Bt; t = 1, · · ·, T}, the augmented filtration generated byω.

In addition to the risky securities defined on(Ω, B, {Bt}, P ) there is a riskless asset with rate

of returnR0(t) = 1 + r(t). Let R(t)> = (R0(t), Ra(t)
>).

An investment decision at timet is the proportion of wealth to allocate to each asset, given by

X(t)> = (X0(t), · · ·, Xm(t)). (3)

4



It is assumed thatX(t) can depend on the data historyωt but not on unknown future returns, so

it is Bt predictable. The budget constraint at each time requires
∑m

i=0 X(t) = 1. The proportions

of wealth invested in risky assets are unconstrained, since the proportion invested in the risk-free

asset can always be chosen (with borrowing or lending) to satisfy the budget constraint.

An investment strategy is anm + 1 vector process,X = {X(t), t = 1, · · ·, T}, whereT is the

planning horizon. With initial wealthW0, rate of returns processR and investment processX, the

capital accumulated to timet is

W (t) = W0

t∏
s=1

R(s)>X(s), t = 1, · · ·, T. (4)

The paths of the capital accumulation process are controlled by the investment strategy, and the

investor selects a strategy based on anticipated performance as indicated by measures for growth

and security (risk)

3 Downside Risk Control

For the geometric growth process of capital accumulation in (4) a natural performance measure is

the geometric meanE
[
W (T )

1
T

]
= E

[(∏T
t=1 R(t)>X(t)

) 1
T

]
. Since

W (T )
1
T = W0

(
exp

{
1

T

T∑
t=1

ln(R(t)>X(t))

})
,

G(X) = 1
T

∑T
t=1 ln(R(t)>X(t)) is the growth rate of capital. The geometric mean is maximized

by the optimal expected growth rate strategy from

max
X

E[G(X)] =
1

T

T∑
t=1

E[ln(R(t)>X(t))]. (5)

The growth optimal strategyX∗ from (5) is called the Kelly (1956) strategy. This strategy has

been studied extensively. For advanced proofs of optimality properties with minimal assumptions

see Algoet and Cover (1988).

The Kelly strategy is very risky. Although it provides optimum growth in the long run it is

possible to experience negative growth in the medium term and in any period experience a sub-

stantial loss of capital (drawdown). Discussion of these properties appears in Table 1 of MacLean

and Ziemba (1999).

Because of the volatility of financial markets it is prudent (and frequently it is a legal require-

ment) to include downside risk control in the decisions on investment strategy. To put risk mea-

surement in context, consider the following definition, an adaptation of one provided in Breitmeyer

et al (1999).
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Definition 1. (Downside Risk Measure.) Consider a wealth process{W (t), t = 1, · · ·, T} with

corresponding distributions{Ht, t = 1, · · ·, T}. Let q ∈ < be an arbitrary number which parti-

tions wealth trajectories into acceptable and unacceptable sets, denoted byC andC̄, respectively.

If V is the set of probability distributions for the wealth process, a downside risk measureφ is a

functionφ : V ×R → R satisfying the axioms

1. (non-negativity):φ(H, q) ≥ 0,

2. (normalization): IfH(ω) = 0 for all ω ∈ C̄, thenφ(H, q) = 0,

3. (downside focus): IfH andH̄ are distributions over wealth trajectories such thatH(ω) =

H̃(ω), for ω ∈ C̄, thenφ(H, q) = φ(H̄, q).

There are additional axioms which consider properties such as consistency, continuity and

invariance (Breitmeyer et al. 1999, Artzner et al. 1999), but the properties in our definition are

basic.

The standard measure for downside risk in the financial industry isValue at Risk(Jorion 1997).

It is defined asthe loss, which is exceeded with some given probabilityα, over a given time

horizon. The intention is to controlVaR, so a prespecified minimum valuew∗ is given and the

value at risk with probabilityα must exceedw∗. Equivalently, the probability that wealth exceeds

w∗ at the VaR horizon is at least1− α.

Although VaR is widely used, it has some undesirable properties (see Artzner et al. 1999, and

Basak and Shapiro 1999). Other proposed measures are the period-by-period drawdown (Gross-

man and Zhou 1993) and incomplete mean (Basak and Shapiro 1999). The drawdown used in this

paper considers the potential fraction of wealth lost at each period. The incomplete mean is the

partial expected value in the lowerα percentile of the wealth distribution. Consider then the formal

definition of the alternative risk measures.

Definition 2. (Risk Measures.) Consider a wealth process{W (t), t = 1, · · ·, T} with correspond-

ing distributions{Ht, t = 1, · · ·, T}.

1. The value at risk measure for horizonT and wealth valuew is

φ1(H, w) = Pr[W (T ) ≥ w] = 1−HT (w).

2. The drawdown measure for decay fractionb ∈ [0, 1] is

φ2(H, b) = Pr[W (t + 1) ≥ bW (t), t = 1, · · ·, T ].

3. The incomplete mean measure for specified percentileα is

φ3(H, α) =

∫ wα

0

wdHT (w)

wherePr[W (T ) ≤ wα] = α.
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Each of these measures satisfies the basic axioms for downside risk.φ1(H, wα) andφ3(H, α)

have the same unacceptable sets, andφ3 is a measure of the expected loss on the unacceptable set.

With respect toφ2 it is possible to linkb to the valuew in φ1.

Let b(w) =
(

w
W (0)

) 1
T

, and see that the unacceptable set forφ1 is contained in the unacceptable

set forφ2. Thereforeφ2(H, b(w)) ≤ φ1(H, w). Soφ2 andφ3 are more stringent risk measures than

φ1.

The purpose in defining a risk measure is to develop an investment strategy which achieves

capital growth while controlling for risk. Subsequent discussion of risk will concentrate on the

VaR measureφ1. The approach followed is easily adapted to other risk measures.

Consider the general growth with security problem

sup
X
{E[G(X)]|φ1(H(X), w) ≥ 1− α} (6)

whereH(X) = (H1(X), · · ·, HT (X)) is the distribution over wealth generated by investment

strategyX = {X(t), t = 1, · · ·, T}, w is a prespecified wealth floor and1 − α is a confidence

level. It is assumed that the measurability conditions previously discussed for the return process

and the investment process are imposed.

Let w∗ = w
W (0)

. Problem (6) can be written more explicitly in terms of rate of returns as (CCP):

sup
X

{
T∑

t=1

E ln(R(t)>X(t))

∣∣∣∣∣Pr

[
T∑

t=1

ln(R(t)>X(t)) ≥ ln w∗

]
≥ 1− α

}
. (7)

The rate of return processR = {R(t), t = 1, · · ·, T} and the investment processX = {X(t), t =

1, · · ·, T} are defined on(Ω, B, {Bt}, P ). For a given trajectoryω ∈ Ω let the associated return

path beR(ω) = {R(ω, t), t = 1, · · ·, T} and the investment path beX(ω) = {X(ω, t), t =

1, · · ·, T}. The risk measure refers to acceptable and unacceptable sets of wealth trajectories. Con-

sider sets of measure1 − α in the probability space, given byBα = {A|P (A) ≥ 1 − α}. There

are associated sets of wealth trajectories forA and its complement̄A. An equivalent formulation

to (7) based on trajectories is (DP):

sup
A∈Bα

[
sup
X

{
T∑

t=1

E ln(R(t)>X(t))

∣∣∣∣∣
T∑

t=1

ln(R(ω, t)>X(ω, t)) ≥ ln w∗, ω ∈ A

}]
. (8)

The disjunctive formulation in (8) defines a sequence of stochastic convex dynamic program-

ming problems, referred to asinner problems, with a constraint for eachω ∈ A.

Another reformulation of (7), found by introducing a weighing variableθ(ω), ω ∈ Ω, with

0 ≤ θ(ω) ≤ 1, is (NCP):

sup
(x,θ)

{
T∑

t=1

E ln(R(t)>X(t))

∣∣∣∣∣ θ(ω)

[
T∑

t=1

ln(R(t)>X(t)) ≥ ln w∗

]
≥ 0, E[θ(ω)] ≥ 1− α

}
. (9)
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At the optimal solution to (9) the weighing variable is an indicator function. That is, if(X∗, θ∗) is

optimal then there is a setA such thatθ∗(ω) = 1 for ω ∈ A, θ(ω) = 0 for ω ∈ Ā. Hence, for the

optimal investment strategy: (CCP)⇔(DP)⇔(NCP).

The growth with security problems (7-9) provide a framework for individual portfolio choice,

where risk is controlled at a specific level. In multi-dimensional financial markets it is common to

identify the underlying sources of systematic risk, and to define a small set of generating portfolios

or mutual funds. These funds serve an intermediary role for fund managers to create products

which satisfy investor preferences. It is important that the growth with security problem works

within this intermediation theory.

To understand the generating portfolios (mutual funds) recall for the price process it is assumed

there existp < m independent latent factorsU> = (U1, · · ·, Up), Ui ∼ N(0, 1), i = 1, · · ·, p, so

that the log-prices are represented as

Y (t) = µt + tΛU +
√

tξ, (10)

whereµ> = (µ1, · · ·, µm), λ = (λij) for loadingsλij, i = 1, · · ·, m and j = 1, · · ·, p, and the

covarianceCov(ξ) = diag(δ2
1, · · ·, δ2

p). Assume thatE[ξ] = 0, andU andξ are independent. As

before,Y (t) has the distributionN(µt, Σ(t)), whereΣ(t) = t∆ + t2Γ andΓ = ΛΛ>. The factor

model (10) and the associated conditions are referred to as the structural model assumptions.

In this structure imposed on the price process, the factorsU> = (U1, · · ·, Up) are the standard-

ized log-prices for the mutual funds.

Theorem 1. (Financial Intermediation) Suppose there existm risky securities and a risk-free

asset satisfying the market and structural model assumptions. Then there exists a risk-free and

p < m risky mutual funds, so that growth with security investors as defined by (7) are indifferent

between choosing portfolios from among the original securities and choosing portfolios from the

mutual funds.

Proof. Consider the return in periodt, R(t)>X(t) =
∑m

i=0 Ri(t)Xi(t). From the model for

securities pricesRi(t) = exp(µi +Λ>i U +δiεi), whereΛi is theith row of them×p loading matrix

Λ in (10). LetA0 = (aij), whereaij =
λ2

ij

(σ2
i−δ2

i )
, andA =

(
1 0

0 A>
0

)
. Defineq(t) = A ·X(t). From

(10),
∑p

j=1 λ2
ij = σ2

i − δ2
i and

p∑
j=0

qj(t) = X0(t) +

p∑
j=1

m∑
i=1

(
λ2

ij

(σ2
i − δ2

i )
Xi(t)

)

= X0(t) +
m∑

i=1

(
p∑

j=1

λ2
ij

(σ2
i − δ2

i )
Xi(t)

)

=
m∑

i=0

Xi(t) = 1.
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With A−, the generalized inverse ofA, let X(t) = A−q(t). Hence, the return in periodt is

R(t)>X(t) = (R(t)>A−)q(t) = M(t)>q(t) =
∑p

j=0 Mj(t)qj(t), with Mj(t) the return on risky

mutual fundj, j = 1, · · ·, p andM0(t) = 1 + r(t). Since the returns in each period are the same

for the mutual funds and the original securities, the statement in the theorem holds.

The investment processX = {X(t), t = 1, · · ·, T} is defined on the space of trajectories

(Ω, B, {Bt}, P ), whereX(t) is Bt predictable. An important property of the investment process

is path independence (Cox and Leland, 1982), so that it depends only on the reinvested return on

the securities, not on the whole price history. This property is satisfied by the growth with security

investor.

Theorem 2. (Path Independence) The optimal growth with security investment strategyX∗ is path

independent, i.e.X(t)∗ depends on the level of wealth at timet, wt, but not on the particular path

to achieve that wealth.

Proof. Consider the growth with security problem in the disjunctive form

DP: sup
A∈Bα

[
sup
X

{
T∑

t=1

E ln(R(t)>X(t))

∣∣∣∣∣
T∑

t=1

ln(R(ω, t)>X(ω, t)) ≥ ln w∗, ω ∈ A

}]
.

If IA is the indicator function for the setA andλ(ω) ≥ 0 is a multiplier so thatλ ∈ L(Ω, B, P ),

the space of Lebesgue integrable functions onΩ, then a Lagrangian for (DP) is

L(X, λ,A) = E

[
T∑

t=1

ln(R(ω, t)>X(ω, t)) + IAλ(ω)

(
T∑

t=1

ln(R(ω, t)>X(ω, t))− ln w∗

)]
.

(11)

If a solution exists for (DP) then there exist elements(A∗, λ∗) so that the solution to (DP) is

given bysup
X
L(X, λ∗, A∗). The Lagrangian can be written as

L(X, λ∗, A∗) =
T∑

t=1

E[(1 + IA∗λ
∗) ln(R(t)>X(t))].

Considerη∗0 = E[1 + IA∗λ
∗] andη∗t = ET−t(1 + IA∗λ

∗), whereET−t is the expectation over

the data process from timet + 1 to time T . Then,η∗t = η∗t−1 · β∗t , whereβ∗t depends only on

the additional data in periodt. To see this note thatln η(ωt) =
∑t

s=1 ms(ωs), wherems(ωs) =

Et−sm(ωt)− Et−s+1m(ωt). Then

sup
X

T∑
t=1

E[(1 + IA∗) ln(R(t)>X(t))] = sup
X

T∑
t=1

E[η∗t−1 · β∗t ln(R(t)>X(t))]

= sup
X

T∑
t=1

E
[
β∗t · Et−1[η

∗
t−1 ln(R(t)>X(t))]

]
9



whereEt−1 is the expectation with respect to data for periods1 to t − 1. With η̄∗t−1 = Et−1η
∗
t−1,

and

Et−1[η
∗
t−1 ln(R(t)>X(t))] = η̄∗t−1Et−1

[
η∗t−1

η̄∗t−1

ln(R(t)>X(t))

]
≤ η̄∗t−1 ln

(
Et−1

[
R(t)>

η∗t−1

η̄∗t−1

X(t)

])
from Jensen’s inequality andBt−1 measurability ofη∗t−1 andX(t). ButRi(t) = exp(Zi(t)), where

the incrementsZi(t) are intertemporally independent. With̃X(t) = Et−1

[
η∗t−1

η̄∗t−1
X(t)

]
, the problem

becomes

sup
X

T∑
t=1

η̄∗t−1E[β∗t ln(R(t)>X̃(t))],

whereX̃(t) does not depend on the pathωt−1, t = 1, · · ·, T .

The path independence property is within the context of planning forT periods with a given

distribution over returns. As will be described in Section VI, at the start of the nextT period

plan the history of prices is used to update the distribution over returns. So decisions depend on

trajectories through the estimation ( filtration) process, which is separated from the optimization.

4 Scenario Selection

The growth with security problem in its disjunctive form (8) or equivalent Lagrangian form (11) in-

volves complicated multivariate integration. Some form of discrete approximation to distributions

for securities prices is required to proceed with computation.

Consider the distributionsFt on the returnsRa(t), t = 1, · · ·, T . Assume that in<m a grid

is constructured with rectangles so that the probability mass fromFt in each rectangle is equal.

Sample a point from each rectangle, generating the empirical distributionF n
t . Let the space of

trajectories corresponding to the empirical distributionF n
t , t = 1, · · ·, T , beΩ(n), and the corre-

sponding probability space be(Ω(n), B(n), P (n)). SoΩ(n) = {ω1, · · ·, ωI} andP (ωi) = 1/I.

With this lattice structure, a discrete approximation to the growth with security problem is

(DPn):

sup
A(n)∈B(n)

{
sup
Xn

{
E

T∑
t=1

ln(Rn(t)>Xn(t))

∣∣∣∣∣
T∑

t=1

ln(Rn(ω, t)>Xn(ω, t)) ≥ ln w∗, ω ∈ A(n)

}}
.

(12)

The inner problem and the set selection problem are now discrete. For a givenA and the

correspondingA(n) the convergence of the solution of the discrete inner problem to the solution of

the continuous inner problem has been established and bounds on the error for givenn developed

(Pflug 1999). The identification of the optimal setA(n) , whereP (n)(A(n)) ≥ 1 − α, is required.
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Assume that the specified targetw∗ at the horizonT is such that problem (12) has a solution for

A(n) = Ω(n). The process for identifying the optimal set of scenarios isbackward elimination

(Culioli 1996). Ifk is the largest integer such thatk/I ≤ α, then up tok constraints corresponding

to scenarios inΩ(n) get eliminated and the remaining constraints yield the optimalA(n). The

elimination is one constraint at a time starting fromΩ(n) and working backward. In describing the

elimination procedure the notationA(n)(ij|ij−1, · · ·, i1) refers to a set of scenarios in the family of

setsA(n)
j (ij−1, · · ·, i1) defined by thej − 1 elimination steps, where scenariosωi1 , · · ·, ωij−1

have

been eliminated sequentially. The basis for the algorithm is the inner problem

P (A(n)) : sup
Xn

{
T∑

t=1

E ln(Rn(t)>Xn(t))

∣∣∣∣∣
T∑

t=1

ln(Rn(ω, t)>Xn(ω, t)) ≥ ln w∗, ω ∈ A(n)

}
.

The algorithm proceeds as follows

[1] Setj = 0 andA
(n)
o = {Ω(n)}.

[2] (Solution step) For eachA(n)(ij|·) ∈ A
(n)
j (·), solve the problemP (A(n)(ij|·)), denoting

the optimal (strategy, value) by (X(A(n)(ij|·)), G∗(A(n)(ij|·))), and the set of scenarios

corresponding to the active constraints byCj+1(A
(n)(ij|·)). If j = k or Cj+1(A

(n)(ij|·)) =

∅, then designate the problemP (A(n)(ij|·)) ask-reduced and go to step [4].

[3] (Reduction step) For eachA(n)(ij|·) ∈ A
(n)
j (·), generate a family of reduced sets, indexed

by ij+1,

A
(n)
j+1(ij, · · ·, i1) =

{
A(n)(ij+1|·)

∣∣A(n)(ij+1|·) = A(n)(ij|·)/{ω}, ω ∈ Cj+1(A
(n)(ij|·))

}
.

Return to step [2] withj updated toj + 1.

[4] From the set of allk-reduced problems select the setA(n) with the maximum optimal value

G∗(A(n)). The optimal strategy for the growth with security problem (DPn) is X∗(A(n)).

The reduction step in the elimination algorithm is founded on the following simple result which

establishes the existence of candidate scenarios for elimination.

Theorem 3. (Scenario Elimination) Assume there exists an “optimal” setA(n) for the prob-

lem (DPn) and consider thej step reduced problemP (A(n)(ij|·)) where j active constraints

have been sequentially eliminated. That is, the corresponding scenarios are inΩ(n)/A(n). If

C
(n)
j+1(A

(n)(ij|·)) 6= ∅ are the scenarios corresponding to active constraints in the solution of the

reduced problem, then

Cj+1(A
(n)(ij|·))

⋂[
Ω(n)/A(n)

]
6= ∅.
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Proof. It suffices to consider the first elimination. In the solution to the problem with all con-

straints,P (Ω(n)), there are sets of scenariosC1(Ω
(n)) andΩ(n)/C1(Ω

(n)) corresponding to active

and inactive constraints, respectively, whereC1(Ω
(n)) 6= ∅. Since the inactive constraints exceeds

the goalln w∗

C1(Ω
(n)) * A(n) and C1(Ω

(n))
⋂[

Ω(n)/A(n)
]
6= ∅.

.

The procedure for identifyingA(n) has a tree structure for reduced problems. If, for example,

the number of active constraints in each reduced problem isr ≥ 2, then thek eliminations require

solving
∑k

j=1 rj problems. This could be unmanageable. A simple heuristic is to solve one reduced

problem at each stage corresponding to eliminating the active constraint in the previous stage with

the best result (highest expected log wealth). With this heuristic method at mostrk problems are

solved. The heuristic is equivalent to the exact method if there is at most one active constraint at

each stage.

5 Application to the Fundamental Problem of Asset Allocation

over Time

The computation of growth with security strategies is now illustrated with the determination of

optimal fractions over time in cash, bonds and stocks. Consider the yearly asset returns corre-

sponding to the S&P500, the Salomon Brothers Bond index and U.S. T-bills for 1980-1990 with

data from Data Resources, Inc. Without loss of generality cash returns are set to one in each period

and the mean returns for other assets are adjusted for this shift. The standard deviation for cash is

small and is set to0 for convenience.

Table 1: Yearly Rate of Return on Assets Relative to Cash (%)

Parameter Stocks Bonds Cash

Mean:µ 108.75 103.75 100

Standard devia-

tion: σ

12.36 5.97 0

Correlation:ρ 0.32

A simple grid was constructed from the assumed lognormal distribution for stocks and bonds

by partitioning<2 at the centroid along the principal axes. A sample point was selected from each
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quadrant with the goal of approximating the parameter values. The sample points are shown in

Table 2.

Table 2: Rates of Return Scenarios

Scenarios Stocks Bonds Cash Probability

1 95.00 101.50 100 0.25

2 106.50 110.00 100 0.25

3 108.50 96.50 100 0.25

4 125.00 107.00 100 0.25

The planning horizon isT = 3, so that there are 64 scenarios each with probability 1/64.

Problems are solved with the VaR constraint and then for comparison, with the stronger drawdown

constraint.

(i) VaR Control withw∗ = a

Consider the problem

max
X

{
E

3∑
t=1

ln(R(t)>X(t))

∣∣∣∣∣Pr

[
3∑

t=1

ln(R(t)>X(t)) ≥ 3 ln a

]
≥ 1− α

}
.

With initial wealthW (0) = 1, the value at risk isa3.

Table 3 presents the optimal investment decisions and optimal growth rate for several values of

a, the secured average annual growth rate and1− α, the security level.

The heuristic was used to determineA, the set of scenarios for the security constraint. Since

only a single constraint was active at each stage the solution is optimal. The mean return structure

for stocks is quite favorable in this example, as is typical over long horizons (see Keim and Ziemba,

2000), and the Kelly strategy, not surprisingly, is to invest all capital in stock most of the time. It

is only when security requirements are high that some capital is in bonds. As the requirements

increase the fraction invested in the more secure bonds increases. The three-period investment de-

cisions become more conservative as the horizon approaches. Although this example is simplified

the patterns observed illustrate the effect of security constraints on decisions and growth.

(ii) Secured Annual Drawdown:b

The VaR condition only controls loss at the horizon. At intermediate times the investor could

experience substantial loss, and in practice be unable to continue. The more stringent risk control

constraint, referred to as drawdown , considers the loss in each period. Consider, then, the problem

max
X

{
E

3∑
t=1

ln(R(t)>X(t))

∣∣∣∣∣Pr
[
ln(R(t)>X(t)) ≥ ln b, t = 1, 2, 3

]
≥ 1− α

}
.
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Table 3: Growth with Secured Rate

Secured

Growth

Ratea

Secured

Level

1− α

Period Optimal

Growth

Rate (%)

1 2 3

Stocks Bonds Cash Stocks Bonds Cash Stocks Bonds Cash

0.95 0 1 0 0 1 0 0 1 0 0 23.7

0.85 1 0 0 1 0 0 1 0 0 23.7

0.9 1 0 0 1 0 0 1 0 0 23.7

0.95 1 0 0 1 0 0 1 0 0 23.7

0.99 1 0 0 0.492 0.508 0 0.492 0.508 0 19.6

0.97 0 1 0 0 1 0 0 1 0 0 23.7

0.85 1 0 0 1 0 0 1 0 0 23.7

0.9 1 0 0 1 0 0 1 0 0 23.7

0.95 1 0 0 1 0 0 1 0 0 23.7

0.99 1 0 0 0.333 0.667 0 0.333 0.667 0 18.2

0.99 0 1 0 0 1 0 0 1 0 0 23.7

0.85 1 0 0 1 0 0 1 0 0 23.7

0.9 1 0 0 1 0 0 1 0 0 23.7

0.95 1 0 0 0.867 0.133 0 0.867 0.133 0 19.4

0.99 0.456 0.544 0 0.27 0.73 0 0.27 0.73 0 12.7

0.995 0 1 0 0 1 0 0 1 0 0 23.7

0.85 1 0 0 0.996 0.004 0 0.996 0.004 0 23.7

0.9 1 0 0 0.996 0.004 0 0.996 0.004 0 23.7

0.95 1 0 0 0.511 0.489 0 0.442 0.558 0 19.4

0.99 0.27 0.73 0 0.219 0.59 0.191 0.218 0.59 0.192 12.7

0.999 0 1 0 0 1 0 0 1 0 0 23.7

0.85 1 0 0 0.956 0.044 0 0.956 0.044 0 23.4

0.9 1 0 0 0.956 0.044 0 0.956 0.044 0 23.4

0.95 1 0 0 0.381 0.619 0 0.51 0.49 0 19.1

0.99 0.27 0.73 0 0.008 0.02 0.972 0.008 0.02 0.972 5.27
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Table 4: Growth with Secured Maximum Drawdown

Draw-

down

b

Secured

Level

1− α

Period Optimal

Growth

Rate (%)

1 2 3

Stocks Bonds Cash Stocks Bonds Cash Stocks Bonds Cash

0.96 0 1 0 0 1 0 0 1 0 0 23.7

50 1 0 0 1 0 0 0.846 0.154 0 23.1

75 1 0 0 0.846 0.154 0 0.846 0.154 0 22.5

100 0.846 0.154 0 0.846 0.154 0 0.846 0.154 0 21.9

0.97 0 1 0 0 1 0 0 1 0 0 23.7

50 1 0 0 1 0 0 0.692 0.308 0 22.5

75 1 0 0 0.692 0.308 0 0.692 0.308 0 21.3

100 0.692 0.308 0 0.692 0.308 0 0.692 0.308 0 20.1

0.98 0 1 0 0 1 0 0 1 0 0 23.7

50 1 0 0 1 0 0 0.538 0.462 0 21.2

75 1 0 0 0.538 0.462 0 0.538 0.462 0 18.6

100 0.538 0.462 0 0.538 0.462 0 0.538 0.462 0 16.1

0.99 0 1 0 0 1 0 0 1 0 0 23.7

50 1 0 0 1 0 0 0.385 0.615 0 21.2

75 1 0 0 0.385 0.615 0 0.385 0.615 0 18.6

100 0.385 0.615 0 0.385 0.615 0 0.385 0.615 0 16.1

0.999 0 1 0 0 1 0 0 1 0 0 23.7

50 1 0 0 1 0 0 0.105 0.284 0.611 17.7

75 1 0 0 0.105 0.284 0.611 0.105 0.284 0.611 11.8

100 0.105 0.284 0.611 0.105 0.284 0.611 0.105 0.284 0.611 5.84

The simple form of the constraint follows from the arithmetic random walkln W (t), where

Pr[W (t + 1) ≥ bW (t), t = 0, 1, 2] = Pr[ln W (t + 1)− ln W (t) ≥ ln b, t = 0, 1, 2]

= Pr[ln R(t)>X(t) ≥ ln b, t = 1, 2, 3].

In Table 4 the optimal investment decisions and growth rate for several values ofb, the draw-

down and1 − α, the security level are presented. The heuristic is used in determining scenarios

in the solution. The security levels are different in the table since constraints are active at different

probability levels in this discretized problem.

As with the VaR constraint, investment in the more secure bonds and cash increases as the

drawdown rate and/or the security level increases. Also the strategy is more conservative as the

horizon approaches. For similar requirements (comparea = 0.97, 1− α = 0.85 andb = 0.97, 1−
α = 0.75), the drawdown condition is more stringent, with the Kelly strategy (all stock) optimal for
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VaR constraint, but the drawdown constraint requires substantial investment in bonds in the second

and third periods. In general, consideration of drawdown requires a heavier investment in secure

assets and at an earlier time point. It is not a feature of this aggregate example, but both the VaR and

drawdown constraints are insensitive to large losses, which occur with small probability. Control

of that effect would require the lower partial mean violations condition or a model with a convex

risk measure that penalizes more and more as larger constraint violations occur, see e.g. Cariño and

Ziemba (1998). These results can be compared with those of Grauer and Hakansson (1998) who

do calculations with the standard capital growth-Kelly model and Brennan and Schwartz (1998)

who use a Merton, continuous time model with the instantaneous mean returns dependent upon

fundamental factors. Each of these three models tend to lead to hair trigger type behavior, very

sensitive to small changes in mean values (see Chopra and Ziemba 1993).

6 Portfolio Rebalancing

The approach to investment planning with downside risk control is to develop an optimal strategy

over aT period planning horizon using projections of the multivariate returns distributions on

securities. Although securities prices are dynamic, the changes are generated from a pricing model

with seed parameters(µ, Γ, ∆).

It is anticipated that the planning horizon is short, and the values of the seed parameters will be

reconsidered at the end of the horizon. An important feature of the proposed pricing model is the

ability to revise the seed parameters using data collected during the planning period.

Consider the observations{Y (1), · · ·, Y (T )}. Since(Y (T )|π) ∼ N(πT, T∆) andπ ∼ N(µ, Γ),

from Bayes Theorem

(π(T )|Y (T )) ∼ N(πT , ΓT ), (13)

where

πT = µ + (I −∆T Σ−1
T )(ȲT − µ),

ΓT =
1

T 2
(I −∆T Σ−1

T )∆T ,

ȲT =
1

T
Y (T ),

∆T = T∆, and

ΣT = T∆ + T 2Γ.

(14)

Furthermore, from the incrementsZi(t) = Yi(t + 1) − Yi(t), t = 1, · · ·, T − 1, the covariance

matrix ST can be computed. With the number of factors (mutual funds) set atp < m, perform

a factor analysis onST obtaining a loading matrixLT and the specific variance matrixDT =

diag(D2
1, · · ·, D2

m). LetS∗T = LT L>T +DT . ThenS∗T is an estimate ofΣT , andDT is an estimate of
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∆T . If there is a common mean,µ> = (µ, · · ·, µ) and ¯̄YT = 1
m

∑m
i=1 Ȳi(T ), then ¯̄YT is an estimate

of µ. All parameters in (13) and (14) are now estimated and the rate of return distribution for the

nextT period planning cycle can be specified.

The revision of the rate of return distributions produces a rebalanced portfolio in the next

planning cycle in light of new information on securities prices. The formula forπT in (14) displays

reversion to the grand mean. Considering the impact of errors in estimating mean values (Chopra

and Ziemba 1993), the improved estimates lead to more reliable investment decisions.

An alternative to blending the mean estimate with a grand mean would be to blend the mean

with the prior Bayes estimate. That is, for successive planning periods{1, · · ·, T1, T1 + 1, · · ·, T1 +

T2} the revised estimate for the mean rate of return isπT2 = πT1 + (I −∆T2Σ
−1
T2

)(ȲT2 − πT1). This

approach provides smoothed estimates where the full history of prices is considered with the past

being weighted in the manner of exponential smoothing.

7 Conclusion

This paper considers the problem of investment in risky securities with the objective of achieving

maximal capital growth while controlling for downside risk. Working in discrete time, a geometric

random walk model for asset prices was developed. The model has two important feature. The

increments in the random walk have a Bayes framework, so that the asset prices dependent on hyper

parameters. In addition the correlation in the asset price distributions was related to a structure al

model and therefore the hyper parameters are identified from data.

A variety of risk measures were defined and corresponding capital growth with security prob-

lems were presented. The emphasis was on the Value at Risk, but control of period-by-period

drawdown was also considered in the application.

An algorithm for the computation of growth with security strategies was presented for the

problems using discrete approximations to the distributions on asset returns. The computational

procedure is general and applies to any price distributions, although it was presented in the context

of the geometric random walk and log normal asset prices.

The methods were applied to an example where investment capital is allocated to stocks , bonds

and cash over time. At low levels of risk control the capital growth or Kelly strategy is optimal. As

the risk control requirements are tightened the strategy becomes more conservative, particularly

close to the planning horizon. The solved problems are discrete in time and state and in contrast to

the continuous time lognormal model (MacLean, Ziemba, and Li 2000) a fractional Kelly strategy

is not optimal.
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